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Abstract

We consider the entanglement entropy in critical one-dimensional quantum systems with
open boundary conditions. We show that the second Rényi entropy of an interval away from
the boundary can be computed exactly, provided the same conformal boundary condition is
applied on both sides. The result involves the annulus partition function. We compare our
exact result with numerical computations for the critical quantum Ising chain with open
boundary conditions. We find excellent agreement, and we analyse in detail the finite-size
corrections, which are known to be much larger than for a periodic system.

1 Introduction

The study of quantum entanglement has become a central research field in theoretical high-
energy and condensed-matter physics. While the initial motivations stemmed from black hole
physics and the holographic principle [1H4], entanglement now finds important applications in
low-energy physics, such as the development of tensor network algorithms to simulate strongly-
correlated quantum systems [5-7]. More generally, entanglement is a very powerful probe of
quantum many-body physics. It can detect phase transitions, extract the central charge and
critical exponents of critical points in one-dimensional systems [8-11]. In two dimensions, the
entanglement entropy can detect and count critical Dirac fermions [12415] as well as intrinsic
topological order, and extract the various anyonic quantum dimensions [16,/17]. It can also
uncover and identify gapless interface modes in both two [18-22] and higher dimensions [23}24].

Given a quantum system in a pure state |¥), the entanglement between two complementary
subregions A and B is encoded in the reduced density matrix py = Trg|¥)(¥|. The amount of
entanglement can be quantified by entanglement entropies, such as the von Neumann entropy

S(A) = —Tra (palogpa) , (1.1)

or the Rényi entropies [25-29)

Su(4) = = Tog Tr (p}) (1.2)
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where n can be any complex number. In particular, the full spectrum of p4, called the entan-
glement spectrum, can be recovered from the knowledge of all Rényi entropies [30]. While most
of the focus on entanglement entropies has been theoretical, in the past few years there have
been many experimental proposals as well as actual experiments to measure them [31-36].

Computing entanglement entropies for strongly-correlated quantum systems is typically a
difficult problem. However, if the system is one-dimensional and critical, the full power of two-
dimensional Conformal Field Theory (CFT) can be brought to bear. Perhaps the most famous
result in this context is the universal asymptotic behaviour [3},8,(9}37-39]

cn—+1
Sn(g)’vg

log ¢, (f — o0), (1.3)

for the entanglement entropy of an interval of length £ in an infinite system (in the above, ¢ is the
central charge of the critical system). CFT computations of entanglement entropies rest on two
important insights. First, for integer values of n, and if A is the union of some disjoint intervals,
the quantity Tr (p’}) can be expressed as a partition function on an n-sheeted Riemann surface
with conical singularities corresponding to the endpoints of the intervals [3,(9]. Such partition
functions are difficult to evaluate in general, although important results have been obtained
for free theories and other particular cases [10,|11,/40-48]. This is where the second insight
becomes crucial. Borrowing a trick from the high-energy physics toolbox of the 1980’s, one
trades the replication of the spacetime of the theory to a replication of the field space of the
CFT [49H51]. Such a construction, known in the literature as the cyclic orbifold CFT [50],
consists of n copies of the original CFT (referred to as the mother CFT), which are modded by
the discrete group Z,, of cyclic permutations. The conical singularities of the mother CFT are
accounted for by insertions of twist operators [49] in orbifold correlators. Thus, the evaluation of
Tr4 (p”4) becomes a matter of computing correlators of twist operators. This orbifold approach
is very general and flexible, as twist operators can be easily adapted to encode modified initial
conditions around the branch points [52], which is relevant for instance in the case of non-unitary
systems [53/52] or for symmetry-resolved entanglement entropy [54-58].

In this article, we consider the entanglement entropy in an open system, when the subregion
A is a single interval away from the boundary. In the scaling limit, such an open critical
system is described by a Boundary Conformal Field Theory (BCFT), with a well-established
[59-61] correspondence between the chiral Virasoro representations and the conformal boundary
conditions (BC) allowed by the theory. The case of an interval touching the boundary has
been extensively studied (see [62] for a review) using either conformal field theory methods
19,39,63-65] or exact free fermion methods [66-68], including symmetry-resolved entropies |69).
It has also been checked numerically using density-matrix renormalization group techniques
[70-73]. When the subregion A is an interval at the end of a semi-infinite line, or at the end
of a finite system with the same boundary condition on both sides, the computation of the
Rényi entanglement entropy boils down to the evaluation of a twist one-point function on the
upper half-plane. Such a correlation function is simply fixed by conformal invariance, and as a
consequence the entanglement entropy exhibits again a simple space dependence, similarly to
. For instance, in the case of an interval of length ¢ at the end of a semi-infinite line one

finds [1] [9] O
cn

12
where g, is the universal boundary entropy [74] associated to the boundary condition a.

Sn(f) log 2¢ 4+ log g, , (l — o0), (1.4)

In contrast, there are very few results for an interval away from the boundary, mainly because
the CFT computation is much more involved. Indeed, after a proper conformal mapping, one has

Lup to an additive non-universal constant coming from the normalization of the lattice twist operator
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to compute a two-twist correlation function in the upper half-plane, which is no longer a simple
power law fixed by conformal symmetry. As a consequence, the corresponding entanglement
entropy is generally not known, despite some partial recent results for free scalar fields [75,[76],
or in the large central charge limit |77]. In this article, we report an exact computation of the
second Rényi entropy So of a single interval in the ground state of a 1D critical system with
open boundaries, assuming the same boundary conditions on both sides: see Fig.

« [0}

Figure 1: A generic bipartition of a 1D system with boundary condition o on both ends.

As mentioned above, the calculation rests on the evaluation of a two-point function of twist
operators on the infinite strip. With the restriction that the same conformal boundary condition
« is chosen on both sides of the system, this boils down to the computation of the two-twist
correlation function on the unit disk D (with no boundary operator inserted). The main result
of this paper is the computation of this two-twist correlation function in terms of the annulus
partition function of the mother CFT:

(0(0)o(z, 2§ = 922275 [|2l2(1 — [2]2)] "3 Zujalr), (1.5)

where o denotes the twist operator in the Zso orbifold CFT, ¢ is the central charge and Za|a(7')
is the partition function on the annulus of unit circumference, width Im7/2, and boundary
condition v on both edges. The parameter 7 (which is pure imaginary) is related to z via:

0 2 Fp(3, 11— |2
[2(7)] = |z|, orequivalently 7(z,z)=1 2F1 (3 2 =) , (1.6)
03(7) oF (57571§‘$|2>

where the 0;(7)’s are the Jacobi elliptic functions (see appendix . Moreover, the universal
boundary entropy g., appearing in , can be simply defined in terms of BCFT states —
see ([2.26]). These results are completely general, and apply to any mother CFT with a known
annulus partition function. This includes, of course, CFTs built from minimal models and
Wess-Zumino-Witten models [78[79], free and compactified bosonic CFTs [80] to name a few.
This result is reminiscent of the well-known relation between the twist four-point function on
the sphere and the torus partition function Z(7,7) [49,81}82]

4
(o Oatnmoae)e =17 -l 5 27, u= 20| an

The final result for the Sy entropy of an interval A = [u,v] in a system of length L is, up to an
additive non-universal constant coming from the normalization of the lattice twist operator :

S ([u, v]) :2—04 log [SL(QU)SL(Q’U)S%(U + u)s2 (v — u)] 4 2log go — log Za|o(T) (1.8)

where we have introduced the shorthand notation
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The parameter 7 is related to the position of the interval [u,v] (where 0 < u < v < L) via

sin T2~ 05(7)]1?
2L _ |V2
{93(7)} . (1.10)

. omw(vtu)
ST

We give here the organization of the paper. Section [2] provides a detailed derivation of the
main result and a non-trivial check that our calculation does recover the result of [63,9467]
for the So Rényi entropy of an interval A touching the boundary. We also recover the known
results for the Dirac fermion [66,83,84] and more generally the compact scalar field of [75].
Lastly, we extend our results to exact expressions for the mutual information and the entropy
distance in specific situations. In Section |3 we present some numerical checks of for the
particular case of the Ising spin chain, using an efficient numerical method known as Peschel’s
trick, which allows the numerical determination of the entanglement spectrum for fermionic
chains of system sizes up to N ~ 102 sites. We also carry a careful analysis of the finite-size
effects. In Section |4, we conclude with a recapitulation of our results and comment on future
directions for exploration. The Appendices [A] [B] and [C] contain respectively our notations and
conventions for elliptic functions, an alternate derivation of the main result based on boundary
CFT techniques applied to the Z, orbifold, and the computation of the bosonic annulus partition
function.

2 Exact calculation of the second Rényi entropy

We consider a one-dimensional quantum critical system of finite length L, with open boundary
conditions, and at zero temperature. We are interested in the second Rényi entropy of an
interval [u,v]. The critical point is assumed to be described by a CFT. For a large enough
system, the boundary flows to a renormalisation-group fixed point. We will therefore assume
that the boundary condition is scale invariant. For a given bulk universality class, there is a
set of possible such conformal boundary conditions {B,} [59], [61], [60], [85]. We restrict to the
case where the same boundary conditions are applied at the two ends of the system, and we
assume that there is a non-degenerate ground state |1)g).

Evaluating the second Rényi entropy S§([u,v]) boils down to the computation of the fol-
lowing correlator in the Zs orbifold of the original CFT [39], [9], [77], |71]:

(o (u, 1) (v, 0)) 0 = exp[—S5 ([u, v])], (2.1)

where o denotes the twist operatorﬂ This correlator is evaluated on the infinite strip (with
imaginary time running along the imaginary axis) S;, = {w € C, 0 < Re(w) < L} of width L
with boundary condition (o, ) on both sides of the strip. Alternatively this two-point function
is equal to the following ratio of partition functions [3,(9]:

(o(u, @)o (v, 7)) = Zo(u,v)/ 22, (2.2)

where Z; stands for the strip partition function, and Zs(u, v) stands for the partition function on
a two-sheeted covering of the infinite strip with branch points at v and v, being understood that
all edges have the same conformal boundary condition . The main result of this paper rests on

*Here, even though u and v are real, and hence u = @ and v = 7, we use the standard notations o (u, %) and
o(v,v) for bulk operators, which emphasizes the fact that the correlation function is not a holomorphic function
of u and wv.
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the fact that this Riemann surface (once compactified) is conformally equivalent to an annulus,
as was observed in [77]. It is therefore not surprising that the two-twist correlation function
is equal, up to some universal prefactors, to the annulus partition function. We present two
different ways to derive this result. The first method, which we now detail, is more geometric in
nature : we unfold the two-sheeted Riemann surface into an annulus via an explicit conformal
mapping. The second method, which is more algebraic, is based on Cardy’s mirror trick [59,85]
applied to the Zo orbifold. This second approach, which employs a larger set of BCFT and
orbifold concepts, has been relegated to Appendix [B] to avoid congesting the logical flow of the
article.

2.1 Conformal equivalence to the annulus

In order to construct an explicit conformal map between the two-sheeted strip and the annulus,
it is convenient to first map the strip to the unit disk via

sp(w —w) 2L | 7w
- _ = —sin —. 2.
w2 sp(wtu) sp(w) —sin o (2.3)

The above conformal map also sends the two-sheeted strip (with branch points at w = u and
w = v) to the two-sheeted unit disk Dy , with branch points at z = 0 and z = z, with

~sp(v—w)  singp(v—u)
Cosp(v+u)  sing(v+u)’

(2.4)

Note that  is real, and 0 < x < 1. Let us now describe the conformal mapping sending D> ; to
an annulus. First, for any complex number 7 with Im 7 > 0, the function

2
t—z=g(t) = <ZTEE::;) (2.5)

is a biholomorphic map from the torus of modular parameter 7 to the double-sheeted cover of
the Riemann sphere with four branch points at positions

s0 =, o(57) = a(3)=0. a(3) =1 (2:6)

b2(7)\* 2F1 (3,5, 51— 2])
xr = , T=1i 1 N (2.7)
93<T) 2F1 (575)1’|x‘ )

and where the 6;(t, ¢)’s are Jacobi theta functions (see Appendix for definitions and conven-
tions). Using the properties (A.3)) of these functions, we readily see that the function g satisfies

the identity:

with

glt+7/2)=g(t)", (2.8)

for any ¢ on the torus. In the present situation, since 0 < z < 1, the modular parameter 7 is
pure imaginary, with Im 7 > 0. Then, from the above relation we get

g(5+1) =9®T. (2.9)

Now notice that identifying ¢ and 7/2 + ¢ amounts to folding the torus into an annulus of unit
width, and height Im 7/2

I I
mr 3m7’}’ (2.10)
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while identifying z and 1/Z on the two-sheeted Riemann sphere yields the two-sheeted unit
disk Dy ;. In essence, these foldings are the reverse of Cardy’s mirror trick [59]. The relation
ensures that the map g descends to the quotient, yielding a biholomorphic map from the
annulus A, to the two-sheeted unit disk D3 ., as shown in Figure 2.

1
fm e >
a 1
|
|
= 1+ t
® 2 o n : ImT g( ) « «
| D) /\‘
|
|
|
|
v

«

Figure 2: The annulus A, — fundamental domain pictured here — is mapped through ¢ to the
two-sheeted disk Dy ;. The black edges are identified.

2.2 Rényi entropy of an interval in the bulk

Recall that the twist ¢ is a primary operator of conformal dimensions hy, = hy = ¢/16 in
the Zg orbifold CFT. Using conformal covariance under the map ({2.3]), we can relate the twist
correlation functions on the strip and on the unit disk:

(0w, o (0,0)5) = (s1.(u+0)" 7" (50,000 (@, 2)5" (2.11)
where
x:j:wzo. (2.12)
(a,@)

The strategy (adapted from [49]) to compute (0(0,0)o(z,Z))p " in terms of an annulus parti-

tion function is the following. We insert the stress-energy tensor Ty}, into the twist correlation
(ev,a)

function on the unit disk, and study the behaviour of the function (T, (2)0(0,0)0(z,))y
as z — x. Since o is a primary operator, we have the OPE

heo(z,z)  O0yo(z,T)

Torw(z)o(z,Z) = CESE + P + regular terms, (2.13)

and thus

_\\ ()
(o) _ 1 f <T0rb(Z)O'(O,O)O'(CE,:L’)>D dZ, (214)
Cx

8x10g<0-(0’0)0-(1:7j)>]1) = o (0(0,0)0( ,)>(oz,a)
0(0,0)0(z, Z))p

where the integration contour C, encloses the point x and goes anti-clockwise. However, in
(2.13) and (2.14) the parameter x stands for a complex variable (independent of Z). Setting
x = T thus yields

z)o olxr,r (ovx)
0, (10g<0’(0,0)0’($,i’)>]§)a’a) z:f> — 9% 271”j€ (Tor;;(gjé;);?‘i’;);g}i? dz . (2.15)

We will drop the |y—z, but from now on z is assumed — without loss of generality — to be real
positive, with 0 < z < 1.
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In terms of the mother theory, <T0rb(z)a(0,O)a(m,f)}l(ma’a) is the one-point function of the

stress-energy tensor on the two-sheeted surface Dy 5. Since Top(2) = T(2) @ I+ 1® T'(z), we
can write

<Torb(z)0'(0, 0)0’(337 j)>]§)a701)
<O’(0, 0)0’(337 g—;)>]§)a,a)

where the last equality comes from the symmetry under the exchange of the two copies of
the unit disk. The last step is to compute (T'(z))p, by exploiting the conformal equivalence

= 2T(2))3,. (2.16)

between the two-sheeted cover of the disk Dy, and the annulus A, via the map z = g(t)
described in ([2.5)):

2
T8, = () TR+ e, (2.17)

where {t,z} denotes the Schwarzian derivative of the map g. First, the one-point function of
T'(z) on the annulus is
(T'(t)4, = 2im0:-log Zojo(T) (2.18)

where Z,|o(7) denotes the partition function on the annulus A, (with boundary condition a on
both edges). Let |a) be the boundary state associated to the boundary condition a. Since A,
has unit width, and height /2 = —i7/2, we have

Zaja(T) = (a]eimEotLo=e/12) ) (2.19)

We can exploit the differential equation (A.17)) obeyed by the map z = g(t), namely

A 1
<dz> T 4208 (n)2(z — 1)1 —x2) (2.20)
to derive
(1 — 22 c
<T(Z)>]%2,z = Az(z 51:,;)(1 _) zx)a:(: log Zyja(T) + E{t’ z}, (2.21)

where we have also used the relation (A.11)). The Schwarzian derivative can be easily evaluated
using ([2.20)), yielding

322(142) — 4 (z+2°) (2 + 2%) + 2 (22 + 2% 4 2) 22

{t.2} = 822(z — x)%(1 — x2)? ’ (222)
and in particular the residue at z — «x is
QLM' }2 {t,z}dz = —4;(13222) = —é@x log #2(1 — 2?). (2.23)
Finally plugging the above in we get
8, log(0/(0,0)0 (z, 7)) = 8, log Zja(T) — iax log 22(1 — 22). (2.24)
Upon integration, we obtain
((0,0)0(x, 2)) ) = const x [#2(1 — 22)] T Zopa(7) .- (2.25)

In order to fix the multiplicative constant in the above relation, we consider the leading be-
haviour as = tends to zero. In this limit, we have Im7 — 400 and ¢ — 0, with the relation
q = e*™ ~ (z/4)*. Thus

Zoja(r) = (alemmotlome )~ gmehgz g, = |(al0)], (2.26)

Im 7—00

7
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where |0) is the normalized ground state wavefunction of the Hamiltonian with periodic bound-
ary conditions. The twist operator ¢ is normalized so that

(0(0,0)0(z, 7)) ~ 27/t (2.27)

z—0

and hence the fully explicit relation ([2.25) is

(0(0,0)0(, 2)) = 952275 [2%(1 — 22)] 3 Zyal7). (2.28)

Note that in the above equation we have assumed x = Z, with 0 < < 1. For a generic complex
2 on the unit disk, the result still holds up to replacing = by |z| in the r.h.s. as well as in (2.7)).
Back to the original problem on the strip, we obtain

_\\ (a,c)

(o(u,a)o(v,0))g, " = 92275 [sp.(v+u)?sp (v —u)?sp(2u)sp(20)] m ala(T) 5 (2.29)

and we get the announced result (|1.8)) for the second Rényi entropy.

2.3 Rényi Entropy of an interval touching the boundary

As a check for the formula (2.29)), we want to recover the expression for the Rényi entropy Sy
of an interval A = [0, {] touching the boundary of the chain [9}|70L86, 71, 63]:

S8(00,4) = & log [Qf sin (7;6)] 108 g (2.30)

Let us consider the two-point function (o (u, u)o (v, 17)>éaL’a) in the limit u — 0. On the left-hand

side of ([2.29)), we can use the bulk-boundary OPE:

o(u, i) ~ A% (u+u)"%1, (2.31)

u—0

where A2 = (g,) ! is the OPE coefficient for the bulk operator o approaching a boundary with
boundary condition «, and giving rise to the boundary identity operator I. Hence, for u real:

(o (uw, a0~ (ga) ™t (2u) " (o). (2.32)

u—0 L

On the right-hand side of (2.29)), the limit © — 0 corresponds to z — 1 and 7 — 0, with

~ —2im /T - $2 ?
g=e ~ T — 0. (2.33)

In a rational CFT, the annulus partition function decomposes on the characters of primary
representations Vj as

Zogal7) = S whaxa(=1/7), lr) = Ty (02 (2:34)
k

In the limit ¢ — 0, we get Z,o(T) ~ nY ,G¢/?*, where k = 0 stands for the identity operator,

and n,, = 1, since we assumed a non-degenerate ground state |1)o). Thus

£

Zpja(T) ~ <1 169”2)_6/12 ~ 21 (‘9%(”)> ° (2.35)

usr(2v)
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where we have used (2.4) to obtain the second relation. After some simple algebra, one gets for
the right-hand side of (2.29)):

u—0

c/8
(oo (@NE ~ g (ul,d) (2u) /3. (2.36)

Hence, comparing ([2.32)) and (2.36)), we recover the well known one-point function
1 c/8
(@) _ 1
<O-(€)>SL = Ga (275 sin 72@) ’ (237)

which indeed yields (2.30)).

2.4 Compact boson

We can further apply our main formula (1.8) by recovering the known results for the Dirac
fermion [66,83}/84] and more generally the compact boson [75]. We consider a compact scalar
field ¢ = ¢ + 27 R with action

Sl = g [ droeons, (2.39)

and Dirichlet boundary conditions. The relevant annulus partition function is (see Appendix

_ 63(=R?/7)
200 =S

Before plugging this partition function into our main formula ([1.8)), let us write it as

(2.39)

_ 03(=1/7) _ 03(—R?/7)  O3(1)  63(—R%*/7)
Z(T)_ 77(_1/7') . 93(—1/7’) - 77(7-) X 93(_1/7_) : (2.40)

Now using

1\)"—‘

03(1) 13 22(1 — 22)] 7T — o3 st (v —u)sp(2u)sp(20) 1
S - Pe - o (g B} B e

we find (up to an additive constant)

sr,(2u)s(2v)s% (v — u)

s%(v ) — log Fa(1), (2.42)

S5 (u,v]) = g log

where the function F»(7) is given by

exp (—iTm?*R? /)
Folr) = 03(—R*/7) _ mze:Z (2.43)
? O3(—1/7) Z exp (—imm? /1) . .

meZ

This is equivalent to the formulae (13) and (18) of [75] provided M = i /47 in (18) [although
we note a typo in the first term of (13)], and the result for the Dirac fermion [namely Fa(7) =1
for R = 1] follows.



2 EXACT CALCULATION OF THE SECOND RENYI ENTROPY

2.5 Other entanglement measures

In this section, we present two other entanglement measures related to the second Rényi en-
tropy: mutual information and entropy distance. Here they are defined in the same context as
considered above, namely in a critical 1d quantum system of finite size L, with open boundaries,
and the same conformal boundary condition on both sides.

When considering two disjoint subsystems A and B, a standard measure of the information
“shared” by A and B is given by the mutual information 14.p, defined as (see [11] and references
therein)

Ianp=Sa+Sp—Saun, (2.44)

where S stands for a given measure of entanglement for a single subsystem. Using our result
, we can express the mutual information (associated to the second Rényi entropy) of two
intervals each touching a different boundary of the system, namely A = [0,u] and B = [v, L].
After some straightforward algebra on and , we get

s(2u)s(2v)
s(v+u)s(v —u)

&
I[O,u]:[v,L} = E log + log Za\a(T) . (2.45)

Back to the situation of a subsystem A consisting of a single interval [u, v] inside the bulk of
the system, we turn to the question of quantifying how much the whole spectrum of the density
matrix p4 depends on the choice of external parameters (see [87| and references therein) — in the
present case, the external parameter is the boundary condition. Here, we shall use the n-norm

of an operator A, defined as
1/n

1Al = {Tr [(ATA)WH (2.46)

and the associated Schatten distance@

Du(p, ) =llp=¢lln- (2.47)

To be specific, we denote by pa . the reduced density matrix associated to the ground state of
our finite critical systems with boundary conditions o on both sides of the system. Then we
consider the Schatten distance Dy, (pa,a,pa,g), Where a and /8 are two distinct conformal BCs.
We restrict to the value n = 2, and we have

1/2

1 1
Da(paapap) = |51 P+ o Ir phap— Tr(paapag)| - (2.48)

The first two terms in (2.48) are given by (1.8), whereas the third term is obtained by a slight
generalization of the previous discussion. Indeed, we can write this term as the two-twist
correlation function

Tr(paapas) = (o(u,@)o(v,0)E" (2.49)

on the infinite strip with BC « (resp. ) on both sides, for the first (resp. second) copy of the
mother CFT in the Zy orbifold. Through the same line of argument as in Section [2.2] we obtain

(o, @0 (v, ) = (gags) 1275 [s1.(v+ w)Psp (v — w)?sp(2u)s1(20)] 3 Zypa(r).  (2.50)

3While the most interesting distance is D1, it can be extremely difficult to evaluate directly. One can instead
exploit a replica trick developed in [88L/89]: one first computes the distance D,, for all even n, followed by an
analytic continuation to n = 1.

10
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As a result, we get

Da(pas pag) =276 [sp(v+u)2sp(v — u)2ss(2u)s5(20)] 7™ Kas(r), (2.51)

where

(2.52)

Kap(r) = | ZaelD) ZBB(T)_ZaB(T)r/2.

292 293 9a9s

Plugging in the expression of the annulus partition function in terms of Ishibashi states

Zoyp(7) = {afelmm ot bome/12)| gy — N (W) W]y (1) (2.53)

J

yields
1/2

Kas(r) = |53 |45 -4l )| (254)

Interestingly the term j = 0 cancels out, as follows from A§ = Ag = 1. This means that the
vacuum sector does not contribute to the Schatten distance. Furthermore this last expression
is rather suggestive : it is the distance associated to the following L? norm (weighted by the
positive coefficients x;(7)/2) on the A; space

1/2

1

= {33 14 60| (255)
J

We shall now consider some limiting cases of the Schatten distance (2.51)).

2.5.1 Small interval in the bulk

The limit of a very small interval in the bulk is recovered for v — v, which corresponds to

g = e*™ — 0. In this regime we have

X (1) ~ g/ (2.56)

As mentioned above the term j = 0 does not contribute, so the L? norm (2.55) is dominated
by the term jp corresponding to the most relevant state such that

a B
As # AL (2.57)

Then
th0/270/48 ' (258)

1 o 38
Kaslr) ~ 5|45, = 4,

and in the limit of a small interval in the bulk (¢ — 0) the Schatten distance behaves, up to a
constant prefactor, as

‘ a _ gpB
L Jo Jo
Da(pac: pas) o Phael? s, (20)2hio (2:59)
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3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING

2.5.2 Interval touching the boundary

In the limit v — 0 (v fixed), the parameter g goes to 1 so it is more convenient to work with
G = e 27/T. Thus we use expression ([2.52)) together with

k ~Lo—c/24 ~hj—c/24
Zap(7) = zk:naﬁ (/1) (L) = Ty (7)< g (2460)
For the vacuum sector to propagate, the left and right conformal boundary conditions must be
the same [90] :
Nag = ap (2.61)

This implies that the identity character xo does not appear in the expansion of Z, 3(7) for
a # B. Thus, the leading order behaviour of the annulus partition function is:

Zayp(7) ~ G240 (2.62)

where kg corresponds to the most relevant state that can propagate with boundary conditions
a on one side and 5 on the other. Equivalently, hy, is the lowest allowed conformal dimension
in the spectrum of boundary changing operators between « and . This implies that for an
interval strictly touching the boundary the states p4. and p g simply become orthogonal

Da(paapas) = \/Ipaal?+lpasl?. (2.63)

Furthermore the vanishing of the scalar product between p4  and pa g as u — 0 is controlled
by hy, :

2h
Tr(paapas) Za)(T) i <5L(2”)> . (2.64)

- 2
lpaallloasl Zaja(r) Zgy5(r) " 852 (v)

3 Comparison with numerics and finite-size scaling

3.1 Rényi entropy in a quantum Ising chain

In order to compare the theoretical prediction obtained in Section [2| with numerical determina-
tions of the Rényi entropy in a critical lattice model, we have focused on the model that was
the most numerically accessible, i.e. the Ising spin chain with free boundary conditions, with

Hamiltonian:
N—1 N
Hfree = — Z 8?8?+1 —h Zsj‘v (31)
Jj=1 Jj=1

where the s7 have their usual definition — they act as Pauli matrices 0% at site j and trivially on
the other sites of the system. The chain is taken to have length L = Na, where a is the lattice
spacing, and N is the number of spins. The scaling limit of this system corresponds to taking
N — oo and a — 0 while keeping the chain length L fixed. Finally, to achieve criticality, the
external field A should be set to h = 1. We stress that both the bulk and the boundary of the
chain are critical at this point in the parameter space of the model.

A convenient feature of this model is that it can be mapped to a fermionic chain through a
Jordan-Wigner (JW) transformation

k—1
c}; = H sjz-sg , sf =—(sp tis). (3.2)
5=0

DN |

12



3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING

Once the Hamiltonian of the fermionic chain has been obtained, one proceeds to find a basis of
fermionic operators 7, nj that diagonalizes it — and still satisfies the standard anti-commutation
relations {n;, 77;} = 0;j, etc. For free or periodic boundary conditions, the procedure is standard,
and we refer the reader to the excellent review [91]. Having found the diagonal fermionic basis
i, niT one proceeds to build the correlation matrix M = <n . nT> withn = (n1,..., 9N, n}L, ,njV)T.
The eigenvalues of M are simply related to the values of the entanglement spectrum, and thus
one can calculate Rényi entropies for large sizes with an advantageous computational cost that
scales as O(IN) with the number N of spins in the system. This method, known in the literature
as Peschel’s trick [92,93], has been employed in several works [94,67] for both free and periodic
boundary conditions, and we refer to them for detailed explanations of the implementation.

Due to the JW “strings” of s* operators in , the relation between the fermionic and
spin reduced density matrices of a given subsystem may be non-trivial [94}95]. For free and
periodic BC though, the ground-state wavefunction has a well-defined parity of the fermion
number, and, as a consequence, the fermionic and spin reduced density matrices of a single
interval can be shown to coincide. The Peschel trick fails, however, for the case of fixed BC,
where the above feature of the wavefunction no longer holds, as pointed out in [66]. There has
been progress, however, in adapting the trick to fixed BC, for the case of an interval touching
the boundary [66H68]. Extending the technique to efficiently find the entanglement spectrum
for an interval A that does not touch the boundary is still an open problem.

To give concrete expressions to compare with the numerical data, we will quickly review some
basic aspects of the CFT description of the critical Ising chain. It is well known that in the
critical regime, the scaling limit of the infinite and periodic Ising chains is the Ising CFT, namely
the CFT with central charge ¢ = 1/2 and an operator spectrum consisting of three primary
operators — the identity I, energy ¢ and spin operators o — and their descendants [80]. The case
of open boundaries is also well understood from the CFT perspective. There are three conformal
boundary conditions for the Ising BCFT, which, in the framework of radial quantization on the
annulus, allow the construction of the following physical boundary states [59,80]:

|f) =10) —|€e)) (free BC), (33)
1 1 1
[+) = EIH» + Ek» + W'U» (fired BC), (3.4)

where |i)) denotes the Ishibashi state [59,96] corresponding to the primary operator i. The
physical boundary states |«) are in one-to-one correspondence with the primary fields of the
bulk CFI{} |f) <+ o and |+) <> I/e. The annulus partition function for the Ising BCFT is
compactly written in terms of Jacobi theta functions for all diagonal choices of BCs (a|a) and,
in consequence, in terms of the parameter x defined in Section

Zpp(r) = | B0 s (sv1=a2)

n(t)

&l

(3.5)

and

Zy (1) =2 (r) = VIS V) el tt (V1= x2>_112 . (36)
2y/n(7) 2

These relations allow us to express the orbifold two-point correlator on the disk in an elementary

way:

(0(0,0)(z, 2) S = [JaP (L~ aP)] ", (3.7)
(0.0 )5 = L [ - ) F (33)

“This statement is strictly true if the bulk CFT is diagonal, see [97] for a detailed discussion.

13



3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING

which is, of course, very convenient for numerical checks. Note that the Zy orbifold of the Ising
model is equivalent to a special case of the critical Ashkin-Teller model [98]. Therefore, the
CFT we are considering here is nothing but the Zy orbifold of a free boson. This might explain
why the above two-point functions end up being so simple.

Recall that the lattige operator o, labelled by discrete indices is described in the scaling
limit by Gpmn ~ Aathe g(w, @), where w = am + ian, and A is a non-universal amplitude.

Hence, to obtain collapsed data for various chain lengths, it will be convenient to introduce

: Garrs 1 2N o~ () 1 2N
05 (1K) = 83 () - glog () = ~toGromual s~ glog () . 69

so that, in the scaling limit, one expects from (2.11)

aa 1 2L
G5 (1) ~ ~ oglo . o(w.0) 1o (2F) (3.10)
~ —log(o(u,w)o (v, 17)]%)&’&) + %log [sin W(ZZ U)} , (3.11)

where u = aj and v = ak. We remind that the length of the interval is given by £ = v —u = am
with m = k — j, and emphasize that the entanglement is considered for the ground state of the
free BC Ising chain.
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0.2 |
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Figure 3: Plot of shifted Rényi entropy g{ (IN/2,N/2 + m]) for the Ising chain with free
BC, against the scaled interval size m/N. The deviations from the theoretical predictions
are stronger as the interval grows closer to the boundary.

To graphically emphasize the agreement between the fermionic chain data and the theoretical
prediction, we have looked at two ways of “growing” the interval length ¢. In Figure |3 we have
considered an interval that starts in the middle of the chain and grows towards one end. This
corresponds on the lattice to applying the first twist operator to the middle of the chain, and
the second one progressively closer to the right boundary. Since twist operators are placed
between lattice sites, one should consider even system sizes. The curves of Figure [4] follow the
dependence of the Sy entropy as the interval length ¢ is grown equidistantly from the middle
of the chain towards the boundaries. We see, in both cases, that the agreement with the CFT
prediction is very good, although, as we will detail below, one needs to consider unusually large
system sizes to reach it.
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3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING
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Figure 4: Plot of shifted Rényi entropy gg ([N —=m)/2, (N +m)/2]) for the Ising chain with free
BC, against the scaled interval size m/N. The deviations from the theoretical predictions are
stronger as the interval is grown towards the boundaries.
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Figure 5: Plot of shifted Rényi entropy g{([(N —m)/2, (N +m)/2]) for a wide range of system
sizes. The sizes typically accessible to exact diagonalization (N ~ 10) or DMRG methods
(N ~ 103) suffer from large finite-size effects.

3.2 Finite-size effects

There is a plethora of sources of finite-size corrections to the orbifold CF'T result calculated in
Section[2] One should be aware of corrections from irrelevant bulk and boundary deformations of
the Hamiltonian [99], as well as unusual corrections to scaling as analysed in . Finally,
one should generically worry about parity effects but, in agreement with [103], we have
found no such corrections in the numerical results.

The strongest corrections, however, come from the subleading scaling of the lattice twist
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3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING

operators [52]. We remind that the lattice twist operator o can be expressed, in the continuum
limit @ — 0 as a local combination of scaling operators [104]:

Gmm = Ad®o(w, @) + Ba?o= o (w, @) + ... (3.12)

where the integers (m,n) give the lattice position of the operator as w = a(m+in), and the dots
in denote the contribution from descendant operators. The amplitudes A and B of the
scaling fields are non-universal, and thus cannot be inferred from CFT methods. However, since
the expansion does not depend on the global properties of the system, it is independent
of the choice of BC. Using the exact results for the correlation matrix M of the fermionic system
associated with an infinite Ising chain [§], and the well-known result for the Rényi entropies of
an interval of length ¢ in an infinite system [3},9], one can find a fit for the values of A and B.

Moving on, the excited twist operator o. can be defined through point-splitting as [52], [105]:
02w, @) := lim | (2 — w])™* o(w, @)(c(n.7) )| - (3.13)

This operator has conformal dimensions hy, = hy, = he + he/2. The expansion (3.12) implies
that in our case, the correlator of twist operators on the Ising spin chain with free boundary
conditions can be expressed in terms of CF'T correlators as:

Grooro)f ! = A% (o(u, D)0, 7))
4ho+he = =\ (Ff) = =\ (F5F)
+ ABa (oc(u, w)o(v,0))g, " + (o(u, w)o:(v,0))g,
+... (3.14)
Using the map ({2.3)), and recalling that L = Na, we get
f?f)

) ( T >c/4 (0(0,0)0 (z, 7)Y B ( 77 )c/4+hs

- o/ 2
2N [sin W(gz_v)} 2N

Grodro)i’ =

Gr(u,v)+... (3.15)

where u = aj and v = ak are the physical positions of the twist operators, and x is given by
ZD. The first term in the right-hand side of (3.15)) corresponds to the two-point function
2.29), whereas the function G (u,v) in the second term is defined as

y"e (0.(0,0)0(x, 2) Y + ¢ (0(0,0)0. (x, 2)) )

Grlu,v) = i m(utv) c/4+he ’ (3.16)
S1n 51
with y = sin Z%/sin ﬂ(gzv). The exact determination of the function Gp(u,v) is beyond the

scope of the present work — for instance, through a conformal mapping, it would imply the
calculation of the one-point function of the energy operator on the annulus. Since, in the Ising
CFT, we have h, = 1/2, this second term gives a correction of order 1/ VN to the Rényi entropy
predicted by , which is in agreement with the results of |[71,100,66]. This is a very significant
correction, and it shows why the system sizes accessible through exact diagonalization (limited
to N < 30) are not sufficient to separate the leading contribution from its subleading corrections.

To show the dramatic effect of this term, Figure [5] contains a comparison of the collapse for
diverse system sizes. As noticed in other works [63], where DMRG methods were used, system
sizes of N ~ 100 are not enough to satisfyingly collapse the data.

Furthermore, the module organization of the fields in the orbifold CFT implies that the
scaling exponents of finite-size corrections are half-integer spaced: there will be contributions
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3 COMPARISON WITH NUMERICS AND FINITE-SIZE SCALING

both at relative order O(N~1), and O(N~3/2), and so on. This increases the difficulty of a finite-
size analysis, since there are more terms with significant contributions for the system sizes that
are numerically accessible. To illustrate this, we give in Figure [6] a plot of the subleading
contributions to the lattice twist correlator

=\ (f+f)
. PO m \¢/4 (0(0,0)0(x, T
Fsubleading(]a k) = <Uj,0 O'k,0>§\ch7f) — A? (ﬁ) (9(0.0) ((+ ) )zﬁ . (3.17)
|:Sln 3T, :|

The plot shows that even at N ~ 102 the collapse is not perfect.
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Figure 6: The rescaled subleading contribution (2N /7)¢/4+he Fiubleading to the lattice two-point
function of twist fields, for an interval starting in the middle of the chain and growing towards
one boundary. The plot shows that even at large system sizes, the finite-size corrections are
significant.
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4 Conclusion

In this article, we have reported exact results for the Rényi entropy Sz of a single interval in
the ground state of a 1D critical system with open boundaries, assuming the same boundary
conditions on both sides. This amounts to computing the two-point function of twist operators
in the unit disk with diagonal BCs (a, «) in the Zy orbifold framework.

By constructing a biholomorphic mapping from the annulus to the two-sheeted disk, we
have managed to express the orbifold two-point correlator of twist fields in terms of the annulus
partition function of the mother CFT. We have also detailed in the Appendix an alternative
derivation of the result for minimal CFTs in the A-series.

We have numerically checked the CFT result, and found good agreement with Ising spin
chain data, for free BC. It was, however, necessary to achieve large system sizes for this purpose,
as the finite-size corrections decayed slowly (~ N "< relatively to the dominant term) with the
number of sites, as opposed to the case of an interval in a periodic chain, where this decay is
of order N=2"= (see [52] for instance). Checking the result for other models and BCs could be
achievable through more sophisticated numerical techniques, like (adaptations of) the DMRG
approach (see [63}/106]).

A natural extension would be to consider the second Rényi entropy for a system with different
conformal BCs on each side of the strip. However, this situation adds the extra complication
of insertions of boundary condition changing operators (BCCOs) into the correlator of twist
operators [85], thus requiring a calculation of the four-point function of boundary operators on
the two-sheeted disk.
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A Conventions and identities for elliptic functions

In this Appendix, we fix our notations and conventions for elliptic functions.

A.1 Jacobi theta functions

We use the following conventions for the Jacobi theta functions 6;(¢|7) :

brtlr) =—i > (=) g, batlr) = Y g

reZ+1/2 reZ+1/2

O3(tlr) = > "2, Oa(tlr) = D (~1)"y g2,

ne”Z neL

(A1)
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A CONVENTIONS AND IDENTITIES FOR ELLIPTIC FUNCTIONS

where ¢ = %7 and y = €%™. Here, t is a complex variable and 7 a complex parameter living

in the upper half-plane. Theta functions have a single zero, located at z = 0,1/2, (14 7)/2 and
7/2, respectively. They have no pole. Using Jacobi’s triple product identity one can rewrite
them as

01(t)r) = —iy 2B [ - ¢™) []Q =y @ -y '™,
n=1 n=0
Oo(tlm) =y P B [T =) []A +ya"™H (A +y '™,
n=1 n=0

o o (A.2)
O3(tlr) = [T —¢" JI Q+yaHA+y'q),

n=1 reN+1/2
Outlr) = [J0—a" JI Q—yaHA-y'q).

n=1 reN+1/2

They satisfy the following half-period relations

01(t7) = —i ™V 0, (t + 7/2|7)
Oa(t|r) = TV (¢ + 7/2]7), (A.3)
O3(t|T) = TV 0y(t 4 7/2|7), '
0,(t|7) = —i T 0, (t 4 7/2|7) .
The functions 0;(0|7) = 6;(7) are
Or(m) =D TV =2 ETT (1 - ¢™) (1 + "),
neL n=1
n?/2 - n n—1/2 2
03(r) =Y q :H(l—q)<1+q ) : (A.4)
nez n=1
n, n2/2 - n n—1/2 2
0a(r) = > (~1)"q" = T[ (1= ") (1= ")
neL n=1
Finally, we note the following relations
03(1) = 03(7) + 03 (1), 203(7) = Oo(7)03(7)04(7) , (A.5)
where n(7) is the Dedekind eta function :
n(r) =gz [](1-q"). (A.6)
n=1
A.2 Elliptic integral of the first kind
The elliptic integral of the first kind K (z) is given by:
[k do B 11 L\ 7,
K(:B)—/O \/m—gFl <2,2,1,x>—203(7). (A.7)
This means 02(r)
2 7—
03(7)
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The parameter x is called the elliptic modulus. The inverse relation is

. K(z'
g = e?"™ = exp (—27r (z )> , ¥ =+1-—22 (A.9)

K(x)

or equivalently

K(V1 — 22
T=1 ( %) . (A.10)
K(2?)
In particular one can check that
d 2
z(1 - z?) u (A.11)

A.3 Weierstrass elliptic function

One possible way to derive the differential equation (2.20)) is to express the function g(¢) defined
in (2.5) in terms of the Weierstrass elliptic function p(¢). The function p : T, — C is defined
on the complex torus T, = C/ (Z + 7Z) and takes values in the Riemann sphere C = CU{o0} :

1 1 1
ot)=5+ > — - 5. (A.12)
()T (0.0) (t —m —nr) (m+nt)

This is a covering map of the two-sphere C with 4 ramification points :

e1 = 0(1/2). ezzp(l‘gT), s=0(l). co=e0). (A1)

The lattice roots e; can be expressed in terms of the theta functions as :

2 2 2

(B3(r) +2604(r) 2= T (03() = 04(7)) . es =~ (203() +64(7)) . (A.14)

™

6]_:?

The function ¢(t) as defined in (2.5)) is simply the composition of p(t) with a particular
Mobius transformation that sends the ramification points to 0,1/z,x and oo :

—e ey — e T 2
-3 Vama- (o) a1

as follows from the fact that (p(t) —es3)/g(t) is constant by virtue of being doubly periodic and
holomorphic (i.e. with no pole). Now from the differential equation obeyed by @(t), namely

() = 4 (p(t) — e1) (p(t) — e2) (p(t) —e3) , (A.16)

we get

2
(%) =-ai(r1ata - )1 - 29). (A7)

from which ([2.20)) follows.
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B ALTERNATIVE DERIVATION OF THE SECOND RENYI ENTROPY FOR Ay
MINIMAL MODELS

B Alternative derivation of the second Rényi entropy for A,
minimal models

In this Appendix we present an alternative computation of the two-twist correlation function
based on the mirror trick [59] and BCFT bootstrap methods [85]. The conformal blocks
are obtained in terms of the modular characters (see also [52,82]). The other key ingredients are
the bulk and bulk-boundary structure constants appearing in the conformal block expansion. We
note that the correspondence between conformal blocks and characters has also been employed in
the recent work of [107] for the evaluation of twist correlators on manifolds without boundaries.

In order to avoid some technicalities, we restrict our attention to Virasoro minimal models
in the A, series, for which the torus partition function is a diagonal modular invariant. On the
unit disk, the mirror trick amounts to replacing the disk by its Schottky double [108], namely
a sphere, and bulk fields ¢(z, zZ) by a pair of chiral fields, one at position z and the other at its
mirror image 1/Z :

$(2,2) = d(2) 2 2"4(1/7). (B.1)

Thus we can decompose (o(0,0)0(x, E))I(D)a’a) as a linear combination of conformal blocks on the
sphere

(6(0,0)0( ZX fi(z, T) (B.2)

a(0 o(oo
fi(z,z) = 37%he | )>M< > . (B.3)
o(x) o(1/z)

Indeed, for the Zo orbifold of a minimal model in the A, series, the fusion o x o is of the
form [52]

oXo= Z ;i @ Pj, (B.4)

¢; primary

where the sum runs over the primary operators of the mother CFT. We shall denote by h; the
conformal dimension of ¢; (recall that for A, minimal models, all primary operators are scalar,
so hj = h;). The expansion coefficients X7 in (B.2)) are obtained in terms of OPE structure
constants as

_ %@ ylea)
Xg = Co®" AGS) (B.5)

which in turn can be expressed as [82]

AL = (@ )OS = ((6;(0))8)° = (43)” (B.6)
C4%% = (0(o0) (93 ® 6;)(1)a(O))c = 27 (6 (—1); (1))c = 275, (B.7)

so that
X5 =27% (49). (B.8)

The OPE coefficient A?‘ is very much related to coefficients W% appearing in the decomposition
of the boundary state |a) in terms of the Ishibashi states |j)) :

Ap =gk la) =D Ul (B.9)
0 .
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For minimal models in the A, series, these coefficients are given in terms of the modular S-
matrix elements [109):

Sia | So00
e = L A =212, — B.1
) J SOa Sjo ’ ( 0)

where the index 0 corresponds to the identity operator.

Let us turn to the expression of the conformal blocks f; in terms of the characters of the
mother CFT. By a simple rescaling we have

filw,2) = Fi(n),  n=lzl?, (B.11)
where F;(n) is the standard conformal block

a(0) o(0)
Fi(n) = > ¢ ® ¢; < _ (B.12)
a(n) a(1)

These conformal blocks are known [82] to be related to the characters x;(7) of the mother
theory via

Fi(m) =250 — ) x;(7), 0= [62(r)/05(0)]". (B.13)
Assembling the above results, we obtain the expression

(0(0,0)0(, 2) ") = 275 [|2(1 — |21%)] 73 Y (A% x5(r). (B.14)

J

The last step is to relate the above linear combination of characters to the annulus partition
function:

Zoja(7) = (alem B0t Lo=e/12) |y = N (99)2 (jleimm (Lot Lo=c/1D)| ) = N7 (w9)2 y (7)), (B.15)

J J

using , and g, = ¥§.

C Annulus partition function for the compact boson

For the following discussion, it is useful to have in mind a lattice model whose scaling limit is
given by the free compact boson — we take for example the six-vertex (6V) model on the square
lattice. It is well established (see [110] for instance) that the 6V model with homogeneous
Boltzmann weights

—
<
<t
—
.
l <

is critical in the regime
CL2 + b2 _ CQ
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and is described in the scaling limit by a free compact boson with action

1

Slél = 5

/d% O "¢, é=¢+2nR, (C.2)

where the compactification radius is given by R = 1/(2/7) cos™! A. We consider the 6V model
on a rectangle of M x N sites, with periodic boundary conditions in the horizontal direction,
and reflecting boundary conditions at the top and bottom edges, for even M, N. Any 6V
configuration defines (up to a global shift) a height function on the dual lattice, with steps 7R
between neighbouring heights. Since the local arrow flux into each of the boundaries is zero, the
height function is constant along each boundary, and it is periodic in the horizontal direction.
However, there can be a flux of 2m arrows (with m € Z) going between the two boundaries, and
hence the height difference between the boundaries is of the form 2rmR. In the scaling limit
N, M — oo with N/M = Im7/2, the height function renormalizes to the free boson ¢, and we
get

ZGV(M/N) - Z Zaloc-‘rm(T) > (03)

meZ

where « is an arbitrary integer, and Z,3(7) denotes the partition function of on the
annulus of Figure [2| with Dirichlet boundary conditions ¢(z,0) = 2rRa and ¢(z,Im7/2) =
2nRfB. A path integral computation gives

—irR?(a—pB)2/T

e
Z, = 4
a|ﬁ(7—) 77(_1/7_) (C )
Hence, the scaling limit of the 6V partition function is
—inR?>m? /T f(— R2
Zey(M/N) — Z(7) = Zmez© _ Ol /) (C.5)

n(=1/m) a(=1/7)

In the geometry of the infinite strip of width IV sites, the 6V transfer matrix generates the XXZ
spin-chain Hamiltonian

N-1

Hxxz = — Z (575711 + 87851 + Asisiyy) (C.6)

j=1
where si’y’z are Pauli matrices acting on site j. Reflecting boundary conditions for the 6V model
(and thus Dirichlet boundary conditions for the boson) correspond to free boundary conditions

on the spins.
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