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Abstract

We use massive spinor helicity formalism to study scattering amplitudes in N/ = 2* super-
Yang-Mills theory in four dimensions. We compute the amplitudes at an arbitrary point in
the Coulomb branch of this theory. We compute amplitudes using projection from N = 4
theory and write three point amplitudes in a convenient form using special kinematics. We
then compute four point amplitudes by carrying out massive BCFW shifts of the amplitudes.
We find some of the shifted amplitudes have a pole at z = co. Taking the residue at z = oo

into account ensures little group covariance of the final result.
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1 Introduction

The on-shell formulation of scattering amplitudes in quantum field theories has developed rapidly
in the last couple of decades thanks to the clever use of the spinor helicity formalism for massless
theories, see [1-11] and references therein. In particular, it has become a powerful tool in studying
amplitudes in N' = 4 super-Yang-Mills(SYM) theories. It has also aided (super)gravity compu-
tations using the double copy formalism [12]. This formalism has also been extended to theories
with lower supersymmetry, some of the early works in this direction can be found in, e.g., [13]
and [14]. The spinor helicity formalism is well suited to study amplitudes in theories involving
massless fields. However, for obvious reasons, it is important to extend this formalism to theories
with massive fields, and there have been several steps taken in this direction already [15-22].

A natural extension is to do an excursion in the Coulomb branch of the N' = 4 SYM theory
[23-25]. This is equivalent to studying amplitudes involving BPS states. Although BPS states
are massless states from the higher dimensional point of view, they are massive states in four
dimensions, and to accommodate them in the spinor helicity formalism one needs to double the
number of spinor helicity variables. As mentioned earlier original spinor helicity variables are ideal
for describing null momenta. The idea of doubling stems from the simple fact that any time-like
momentum can be described in terms of two null momenta. Since each null momentum needs a
pair of spinor helicity variables, we need a doubling of the variables to describe the momenta of the
massive fields. A related idea has also been explored earlier where one utilises the fact that the long
multiplets of AN/2-extended supersymmetry(SUSY) have the same number of states as the short
multiplet of N-extended SUSY algebra [17,18].

Another place where this generalised spinor helicity formalism can be used is in studying am-
plitudes in the A/ = 2* theory. In this paper, we address this problem by setting up an appropriate
formalism for computing amplitudes in A/ = 2* theory at an arbitrary point in the Coulomb branch.

We explicitly compute three and four point amplitudes in N/ = 2* theory. The N/ = 2* theory is



obtained by writing A = 4 SYM multiplet in terms of N’ = 2 vector multiplet and N = 2 adjoint
hypermultiplet. If the adjoint hypermultiplet is massless then we get N = 4 theory, but if the
adjoint hypermultiplet is massive then it breaks N' = 4 SUSY down to NV = 2. The resulting
theory with a N' = 2 vector multiplet coupled to massive adjoint hypermultiplet is referred to as
the A/ = 2* theory. This theory is in some sense a close relative of the A/ = 4 Coulomb branch
theory, in the sense that the techniques required to study the massive theory amplitudes are similar
to those of the N' = 4 theory in the Coulomb branch. However, there is a crucial difference that
in the classical theory at the origin of the Coulomb branch of the N/ = 2* theory we have massless
vector multiplet coupled to a massive adjoint hypermultiplet, whereas in the Coulomb branch of
the N’ = 4 theory we recover massless N' = 4 SYM theory at the origin. We employ two different
techniques to compute the amplitudes in the A/ = 2* theory. In section 2 we begin with the char-
acterisation of N/ = 2 multiplets, both massless and massive. We describe the massive multiplets
in the N-extended SUSY in terms of ‘long’ multiplets of N /2 extended SUSY. We put long in
quotes because, we employ the same technique when AV = 2 so that A//2 = 1 SUSY, which does
not possess long multiplets, but it does possess multiplets with respect to SU(2) little group which
helps organise the massive multiplets of NV = 2 SUSY. We also obtain N' = 2 massive multiplets
by the projection of A/ = 4 multiplets, a method we use in the computation of three and four point
amplitudes.

In section 3, we embark on the computation of three point amplitudes. After discussing the
special kinematics for three point amplitudes of BPS states 7], we derive three point amplitudes
using the method of projection from the N' = 4 theory. However, we find it convenient to write the
expressions in terms of the u-spinor variable, because this representation turns out to be suitable
for carrying out the BCFW shift which is done in section 5. In the N/ = 2* theory, we have only two
types of three point amplitudes, one that involves three vectors or the other that involves one vector
and two hypers. We derive both using the projection from N = 4 theory. At the end of this section,
we discuss the band structure of the scattering amplitudes. We note that, in three point amplitudes,
besides the MHV and MHV bands that appear in the massless theory, the massive theory also has
an MHV xMHYV band. In section 4 we compute four point function using the method of projection.
In the N/ = 2* theory, there are only 3 types of four point amplitudes involving the massive vector
as well as massive hyper, namely, a four massive vectors amplitude, four massive hypers amplitude,
and the one with two massive vectors and two massive hypers. We derive these amplitudes by
taking appropriate projections.

The BCFW shift in section 5 for the A = 2* theory does not follow from the AN/ = 4 theory



by projection in a straightforward way because the shifts involved in the N' = 4 theory and those
required to implement BCFW in the NV = 2* theory are different. In particular, the Grassmann
variable n? which is shifted in the N' = 4 theory is projected out in the N/ = 2* theory. As a
result, the BCFW shifts are different in the two cases. In general, the massive BCFW shifts are
not little group covariant. It is worth pointing out that this does not jeopardise the little group
covariance of the final amplitude. This situation, in some sense, is analogous to the light cone
gauge computations which do not maintain Lorentz covariance at every step but the final result
is Lorentz covariant. The little group non-covariance manifests itself in the form of the integrand,
as a function of the shift parameter z. One can therefore think of z parametrising the little group
non-covariance. In the N' = 2* case, we find that the amplitude containing gauge fields in the
external legs do have a pole at z = oo, and incorporating the residue from this pole is essential in
getting the little group covariant answer for the amplitudes. We, in fact, find that the little group
non-covariance is a blessing in disguise in the sense that the z dependence of the integrand induced
by it makes the non-covariant terms conspicuous. By accounting for the contribution of all the poles
it is easy to see that the little group non-covariant contributions to the amplitude cancel pairwise
and the final result is little group covariant. We turn this observation on its head to propose that
the covariant amplitude can be obtained by simply ignoring the z dependent parts of the integrand
and hence ignoring the resulting pole at z = co. We believe this may be an efficient way of pulling
out covariant expressions for amplitudes by leveraging the little group non-covariance. We end with
concluding remarks in section 6 where we summarise our main results and speculate about the wider
applicability of our procedure. Our notation and conventions as well as other technical details of

some computations are relegated to appendices.

2  On-shell supermultiplets

In this section, we will discuss the on-shell supermultiplets for A" = 4 and N’ = 2 BPS multiplets.
The BPS condition is defined in (A.16) in Appendix-A where we have listed the spinor helicity
conventions relevant for this paper. Here we first recall the notation used for the representation of
BPS multiplets in AN/ = 4 super-Yang-Mills [18]. We then generalise it to construct BPS multiplets
in /' = 2 theory. In the end, we show that this same multiplet can be obtained by projection of

the N/ = 4 multiplet. We will use this method of projection in later sections.



2.1 N =4SYM 1/2-BPS multiplet

To set the stage for N' = 2 massive on-shell supermultiplets, let us first discuss the construction
of N'=4 SYM 1/2-BPS multiplet [18]. We will utilise the supersymmetric massive spinor helicity
formalism in four dimensions developed in [17]. The basic idea behind this construction is to
capitalise the fact that the dimension of a short multiplet in the N extended supersymmetry is the
same as that of the long multiplet in the A//2 extended supersymmetry. Therefore, to construct a
1/2-BPS representation in AV -extended supersymmetry, one can use the long massive multiplets of
N /2 supersymmetry.

In the original N-extended supersymmetry, a 1/2-BPS representation has the same number of
degrees of freedom as a massless representation. Therefore, when we take the massless limit of the
1/2-BPS representation, it is merely a rearrangement of the components of the on-shell superfield for
the massless representation. This rearrangement can be understood from the fact when we consider
supersymmetry representations with the same maximum spin or helicity, the Clifford vacua for
the massive and for the massless theories are different. For instance, the helicity of the Clifford
vacuum for the massless hypermultiplet is hg = +1/2 whereas the Clifford vacuum for massive
hypermultiplet has spin sqg = 0. We will see that this basis change is implemented by a half Fourier
transform in the Grassmann variables that organise the on-shell supermultiplets.

The mapping between massless multiplets and massive 1/2-BPS multiplets can be implemented

by using the following steps.

e Represent the massive 1/2-BPS multiplet in A-extended SUSY by using the massive long
multiplet in the N'/2 SUSY.

e Take the massless limit of the superfield, by replacing the Grassmann variable ¢ (where a is
the A//2 SUSY index and I = =+ is the SU(2) little group index) for massive fields by a new

set variables n?, ij'® using the rule n* — n® and ny — nie.

e The massless N' SUSY multiplet is then obtained by performing the half Fourier transform

from 77 to 7.

The set (n* = 1, 1/*), are the appropriate Grassmann variables for the massless A" SUSY superfield,
and the half Fourier transform carried above achieves the necessary rearrangement of fields to change
from the Clifford vacuum with helicity sg to Clifford vacuum with helicity hg.

Let us now consider N' = 4 1/2-BPS SYM multiplet. In [18], this was represented as a long



massive vector multiplet! in A/ = 2 supersymmetry which is given as,

a 1 a 1 a7 T
W = ¢+ il — 5771773(6”425(@) + €W ) + gnl}mw‘] O+ minintin?e. (2.1)

To understand how one obtains the massless SYM multiplet in the massless limit of above, let us

carry out the steps outlined earlier. By taking n® — n® and n¢ — 71, we obtain,

G = W‘ ne —n®ng —nte

. _ _ 1 oy 1
= ¢+ 0", + nTaw;r _ 77Ta77b¢(ab) _ nTaﬁbﬁabW(+ ) _ 577a77b5abW( ) _ 5,7’r<177TbEabVV(++)

2 o2 -
+ 577“’77277 i — gnbwﬁ vy + 0Py . (2.2)

This representation is known as the non-chiral representation of the N' =4 SYM multiplet [26]. To
see this note that the helicity of the Clifford vacuum in the above superfield is so = 0. However,
we know that for the massless N' = 4 SYM representation theory, in the chiral representation, the
helicity of the Clifford vacuum is hy = 1. To achieve this rearrangement of fields, let us implement

a half Fourier transform of the Grassmann variables such that 777 to n’®. We get,

6= [T] ()
a=1

=126 + 00" 0Py ey — 00t (Gaz + W) =Py (6ay — W)

__ 2 .- 2 ~ 2 - -

1" ) = 00 Gy + 0t WD = WO SOt — ol 0g + S0 — 0o,
(2.3)
where we used €15 = —1. The above superfield has helicity hg = 1 as expected. We can now rewrite

the above by using (7t = 7%,7/%) to obtain,

1 1
G=g"+n' 1 — §7IAnBSAB — gnAanC&Bc —n'n’n’n'yg” (2.4)
where,
gt = —WHH, g = —W(ff), Sia = —95, Say = —0,
Sl3 — _W(‘F*) _ ¢(12)’ 524 — ¢(12) _ W(‘F*)’ 514 = —¢(11)’ 823 = _¢(22)7
_ 4~ _ _ _ _ _ 4-_
/\123 - _ng ) /\234 = _1/’2 ) /\134 = _1/’1 ) )‘124 = _51/11 )
2 ~ 2 .
Alzgwf, )\2:§¢2+, )\Sziﬂ;: A4:—W-
(2.5)

"'We will interchangeably refer to the vector multiplet as the SYM multiplet in this paper.



From the above, it becomes clear that the longitudinal mode of the massive W boson arises from
the scalar fields of the massless SYM multiplet. Thus (2.1), describes the Coulomb branch of
N =4 SYM. Note that even though the central charge structure is different for N' =4 and N = 2
supersymmetry, this is not relevant when considering on-shell representations. In this spirit, we will
call massive multiplets in A = 1 supersymmetry as long multiplets even though the central charge
term is absent in /' = 1 supersymmetry. This nomenclature is helpful as massive N' = 1 multiplets
can be used to describe 1/2-BPS N = 2 multiplets analogous to how long A/ = 2 multiplet can be
used to represent 1/2-BPS N =4 SYM.

Before we proceed to construct N' = 2 supermultiplets using N' = 1 long multiplets, let us ask
what is the massless limit of the N' = 2 SYM multiplet (2.1) within N' = 2 supersymmetry. To
perform this massless limit, we need to take n¢ — n* and n® — 7, where 7 organises the massless
limit of the long massive supermultiplet in terms of distinct massless supermultiplets. This leads
to,

Wng e e sie = @ + 19, — %Uanbeabw(") Yy = 0 Sy — 10 €W — ;ﬁanbnb@/;;
1

~a 2 ~a T NN 7
5 AW ) + U B’y — =0 han' 0. (2.6)

N | —

Therefore, we can write the above massless limit in terms of three massless superfields as,

W RV, (2.7)

N | —

— Ao+
ny—=n*n® —ne = O+ —

where the massless superfields are given as,

_ 1, __
¢ = ¢ =+ ana — 3N nbeabW( )7

2
2 ~_
‘I’ZL = %,F - 77b¢(ab) - ﬁbGabW(+ ) — gnbnb% )
4 , ~ 1, -~
W= WO — oy — onned. (2.8)

It is clear from the above that ® and W) superfields describe an A/ = 2 SYM multiplet con-
structed in [13,14], and ¥ describes a massless hypermultiplet. Notice that the longitudinal mode
of the W boson in the long N' = 2 multiplet originates from the massless hypermultiplet. Therefore
if we use (2.1) to describe a massive N/ = 2 theory, then we are likely to obtain the Higgs branch of
N =2 SYM. Notice that the on-shell hypermultiplet here occurs as a superfield which is a doublet
under R-symmetry with Clifford vacuum of helicity hy = 1/2 being a doublet of fermions. This
choice is appropriate as this organises the scalars in the hypermultiplet into a triplet and a singlet
under R-symmetry. This singlet is in fact the longitudinal mode of the W boson in the massive

theory. Therefore, the organisation of R-symmetry is consistent with the Higgs branch. However,

7



in this paper, we are interested in Coulomb branch amplitudes as we are considering N' = 2* theory

where the absence of massless hypermultiplets implies there is no Higgs branch.

2.2 N =2 Supersymmetry 1/2-BPS multiplets

To study the amplitudes in the Coulomb branch of N' = 2* theory, we need the 1/2-BPS on-shell
superfields for SYM as well as hypermultiplets. These representations are obtained by using V' = 1
long massive multiplets as we show below. As before, the fact that central charge structures are
different for N-extended and N /2-extended supersymmetry is not relevant for studying the on-shell
representations. In our case, the NV = 1 long multiplets are those that were introduced in [17]. Here,

we will show that these reproduce the right massless limit when they are used to describe N = 2

1/2-BPS multiplets.

2.2.1 N =2 hypermultiplet

We can now try to construct the N = 2 1/2-BPS hypermultiplet by using the long N/ = 1 chiral

multiplet which is given as,

1 -
d=¢+nx' — 5771?71925- (2.9)

Let us first implement 7_ — 7 and 1, — 7. We then get,
=+ +7x"+ 7o, (2.10)
Half Fourier transform from 7 to 1’ leads to,
&= [ dif (L4 i)+ o+ +itnd)
=76 —ni'x” +x* +no. (2.11)
We can now relabel the Grassmann variables as, n' =7, n? = 1. We then obtain,
O =xt + 0 — X, (2.12)
where ¢, = ((;3, ¢). This clearly the N/ = 2 massless hypermultiplet.

There is one subtlety here, which is that, unlike the N = 4 SYM multiplet, the A/ = 2 hyper-
multiplet is not self conjugate due to SU(2) representation theory. This is complemented by the
fact in the original N” = 1 theory, if the fermion is Dirac then one needs an anti-superfield. There-
fore ® and its anti-superfield provide the massless N = 2 hypermultiplet. Thus N = 2 massive

hypermultiplet is represented by ® from (2.9) as well as an anti-chiral superfield ® with the same

structure.



2.2.2 N =2 SYM 1/2-BPS multiplet

To construct the 1/2-BPS N = 2 SYM multiplet, consider the N’ = 1 massive SYM multiplet,

1 -
W= X+ H + W) — ETIJTI‘I)\I (2.13)

We now have a doublet of on-shell superfields under the little group. Let us first consider the case

of W superfield. In 7,7 variables it reads,
WH =Xt 4 (WD) + H) + W — gt At (2.14)
Half Fourier transform yields,

W = / di' (L' )X+ (W) o+ H) 7l WD — i a)

=AY — g (WSS 4 H) + WEH Lpit (2.15)
Finally in the n = (1, 7’) variables,
W =gt ' = ', (2.16)

where Ay = (AT, A7), g* = W& and o = (W) 4+ H). This is nothing but one of the on-shell
superfields that represent massless N' = 2 SYM. Similarly, by considering the high energy limit of
W™, we can recover the full N/ = 2 massless SYM. We can see that the longitudinal component
for the massive W boson comes from the scalar in massless SYM. Therefore (2.13) is the 1/2—BPS
N =2 SYM on-shell superfield appropriate to describe the Coulomb branch of N' = 2 (as well as
N =2%) SYM.

2.3 Projection from N = 4 supermultiplets to N = 2 supersymmetry

We will now discuss a very useful connection between the N' = 4 SYM theory and a theory with
N =2 SYM coupled to an adjoint A/ = 2 hypermultiplet. For massless case, this connection has
been discussed and utilised to present amplitudes for the N' = 2 theory in [27,28|. For the massive
case, the relationship at the level of multiplets was discussed in the appendix of [18]. However, it
was not utilised to write the amplitudes for N/ = 2* theory. We will discuss the massless and the
massive case below at the level of multiplets, which will help us write the amplitudes for N' = 2*

theory in future sections.



2.3.1 Massless supermultiplet projection

Let us first consider the massless case. The massless on-shell superfield for N =4 SYM is given as,

1 1 -
' nPSag — 0P Nige — n'nPn*nte, (2.17)

=gt 48N, —
G9+77A2 G

If we expand the above on-shell superfield in the Grassmann variables n® and n*, we obtain,
Gpa—y = G}QZQ + 773@/\/:2 + 7]4CI)N:2 - 773774GX/:2, (2.18)
where,

Gj\rf:Q =g" +17"A\ — 7' Sha,

1 _
Dpry = Ay — 1" S3q — §n“nb/\3ab,
_ 1 B
Opneg =M —1"Sya — 577“nb)\4ab,
Grey = Sa + 1" A\g0s — 0079 (2.19)

These are the on-shell superfields for the A" = 2 SYM and N = 2 hypermultiplet. To read off the
amplitudes in the N = 2 theory, begin with the A/ = 4 SYM amplitude and expand in terms of
n® and n* variables. If there is no 13 or n* corresponding to a particular external leg then that leg
corresponds to the superfield G},_,. Similarly, ®_, if there is only n? ®pr_y if there is only n?
and G_, if there is both 1®,n* corresponding to a particular external leg. Conversely, if one has
the N' = 2 superamplitudes, one can appropriately add them with factors of n® and n* to obtain
the N = 4 superamplitude.

2.3.2 Massive supermultiplet projection

Since the massless projection discussed above proved useful in writing down the tree level amplitudes
for N' =2 SYM coupled to a massless N' = 2 hypermultiplet, it is natural to ask if such a connection
exists between the massive 1/2-BPS multiplets. Let us now see how this can be done.

We had represented N' = 4 SYM amplitude by using the N' = 2 long multiplet given as,

1 1 u
W=¢+ WN - —77177J( U¢ ab) T 6osz/V {17) ) + 77177Jb77J ¢I + 771771772772¢ (2-20)

3

Here, a = 1,2. We can expand the above supermultiplet in terms of the Grassmann variables n? to

obtain,

1
W= +npw — énm]e”cb (2.21)
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where,

1
¢ =9+ U}wf — §U}U}61J¢117

9 _
W= d — Mg + it — S

_ 2 ~ 1
D = gy — 577}(195 - §U}<77i€KL¢a (2.22)

Clearly, the above decomposition yielded long massive N’ = 1 chiral and anti-chiral as well as long-
massive N’ = 1 SYM multiplet, which represent A/ = 2 massive hypermultiplet and N/ = 2 half-BPS
SYM multiplet respectively.

Therefore, we propose that amplitude for N’ = 2 SYM in the Coulomb branch with a massive
hypermultiplet can be obtained in non-chiral superspace by expanding the N' = 4 SYM Coulomb
branch amplitude in powers of n?. No n? for a particular leg puts it in ®y—, a single n? for a

particular leg puts it in W and two n? for a particular leg puts it in ®—s.

3 Three point amplitudes

In this section, we will present the three point amplitudes for N/ = 2* theory. We will first review
massless and massive three point special kinematics. We will then review the computation of mass-
less three point amplitudes for N/ =2 SYM coupled to an adjoint N' = 2 hypermultiplet. Further,
we will consider the three point amplitudes of N' = 4 SYM to Coulomb branch to obtain three
point amplitudes for N' = 2* theory by projection. We will also elucidate the equivalence between
different forms of results obtained from the projection and we give the three point amplitudes in

terms of special u spinors that will prove particularly useful for BCFW analysis in the next section.

3.1 Three point special kinematics

Let us first review the well known massless three point special kinematics [7]. Consider three parti-
cles with momentum py, po, p3 respectively. We will consider all external momenta to be outgoing.

Therefore, momentum conservation reads,
Py +ph + s =0. (3.1)
This leads us to,

= (—p2 - p3)2 = 2py - p3 =0,
ps = (—p1 —p3)® = 2p1 - p3 = 0,

11



p; = (=p1 = p2)* =2p1 - p = 0. (3.2)

From massless spinor helicity formalism, we have,

2p; - pj = (i7)[ij]- (3:3)

By using (3.2) and momentum conservation, we can see that we can have two consistent limits for

three particle special kinematics. Either,

[12] = [23] = [31] =0, (3.4)
or

(12) = (23) = (31) = 0. (3.5)

This is of course made possible by considering momenta to be complex, as for real momenta angle
and square spinors are related by conjugation. When (3.4) is imposed, one obtains amplitudes
written only in terms of angle spinors and vice versa for (3.5).

For massive particles, of interest to us is the three point special kinematics involving amplitudes
for BPS and anti-BPS multiplets. The BPS condition along with central charge conservation for the
amplitude will lead to a condition on the masses of the external legs. If we consider a three particle
amplitude with two BPS and one anti-BPS multiplet then this condition will read m; + ms = ms
where the second leg is taken to be anti-BPS. When this condition is satisfied, the following relation

is satisfied.

—2py - pa + 2myms = —p; — mj = 0,
—2ps - p3 + 2mamg = —pi — mj =0,
2p3 - p1 + 2mamy = p3 +mj = 0. (3.6)
From massive spinor helicity formalism, we have,
1
=21 po + 2y = (127] - (127))(1727) - (1727))
— det([1'27] - (1727)),
—2py - p3 + 2mamy = det([2735] — (273K)),

2ps - p1 + 2mamy = det([3%17] + (35 171)). (3.7)
Therefore, from (3.6), one obtains,
det([i'j7] £ (i"57)) = 0, (3.8)

12



where the relative minus sign occurs when one of the legs is BPS and the other is anti-BPS.

From (3.8), we see that the matrix [ilj7] £ (ifj7) is of rank 1. Therefore we can write,
[i'57] 4 (i'57) = ufv], (3.9)
where ¢ < 7 in cyclic ordering. Not all of these equations are independent. For instance,
([1727] = (1727))([2,3%] = (2,3")) = wjvyua vy’ (3.10)

The left hand side can be shown to vanish by using spin sums (A.8) and the expression for massive

momenta in terms of massive spinors. This gives us,
I I
Uy X Us. (3.11)

Similarly, we can see that all the v spinors are proportional to the corresponding u spinors. This

leaves a scaling freedom, which we can use to set v/ = u! so that,

[i157] £ (57 = wlu! (3.12)

7 g0
where 7 < j in cyclic ordering and the relative sign is as explained before. By contracting the above

with u;; and u;;, we see that the above equations are solved by,

U1[’1[> = UQJ’2J> = U3K|3K> = ‘U>,

u11|1]] = —U2J|2J] = U,3K|3K] = |u] (313)

The above equations capture the three point special BPS kinematics for massive particles. Recall

that we have,
pi = |i)[i1]. (3.14)

It will be useful to see how to decompose this to manifest three point special BPS kinematics.

1J

For u;;, consider dual variables w;; such that w;;w! = e¢/7u;;w;; = 1. We can insert this in the

expression for momentum to obtain,

pi = UiJw;-]|il>[iI|

= wirwy |i)[ig| + w! ") (wislis| — wirlig])
= —’U> [i‘]\wu + wif\i1>[z"1]u“

= —|u) i |w;y £ wir|i)[ul, (3.15)

where the relative sign is minus for anti-BPS leg due to the definition of |u] spinor in (3.13). Further,

variables w;; = |u;|w;; will be useful for some manipulations. The u and v variables defined above
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have been considered before in the context of four and higher dimensional three particle special
kinematics in [3,11,18]. We will see that these u-spinors will be useful to represent the three point
amplitudes in a convenient way to simplify BCFW computations. We will note a few relations that

we will use later. From (3.13), we have,
pilu) = £mylul, (3.16)

where the minus sign applies for anti-BPS legs. The multiplicative super-charges for three point

amplitude are,

1 a a a a
Z5 Q" = L) = wsr12) — iy 13"),
1 a a a
—\/ﬁQaH = ni7|17] — g |2"] + 5, 137). (3.17)

From (3.16), we see that,

[uQar2] = (uQ'). (3.18)

This shows that in the three particle super amplitude the delta functions in the two multiplicative
supercharges are not independent and one has to account for the above relation to obtain the right

supercharge conserving delta function as discussed in [18].

3.2 Three point massless amplitudes by projection

In the previous section, we discussed how the massless N' = 4 SYM on-shell superfield can be
decomposed in terms of Grassmann variables 7, n* to yield on-shell superfields for massless N' = 2
SYM and N = 2 adjoint hypermultiplet. We can perform the same expansion of the N' =4 SYM
tree level amplitude to obtain the scattering amplitude for N' = 2 SYM coupled with an adjoint
hypermultiplet. We will now perform this for three point amplitudes. Let us compute the 3-point
amplitudes. We know that the 3-point MHV amplitude in N' = 4 SYM is given as,

i5(Q)

AYY(Gnr—a, Gr—a, Grr—a) = (12)(23)(31)"

(3.19)

where,

*M(Q H > nitniig). (3.20)

A=1 i<j

We get the desired massless A/ = 2 amplitudes to be,

—1(12
As(Crmy G Glve) = %‘M(@), As(Gry, Glrgy Gy =
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Ao G G ) = 5 (@) AlGoy ,8) = 560(Q)
Ag(Grry, &, ) = %5@)(@), Ag(®, Gy, ®) = ﬁé(‘“(@,
Ag(®. Gy, ) = <;—1i>5(4)(Q), A(®, B, Gry_y) = ﬁé(“(@,
Ag(B,®,Gry_y) = %5@)(@). (3.21)

Amplitudes for hypermultiplets interacting with G{,_, come from the anti-MHV amplitude in ' = 4
SYM.

ANV (GG i0W( [12]7[7i2i2[§i];711]+ [31]n>) (3.22)
We get the desired massless N’ = 2 amplitudes to be,
AG Gy i) = i (120 -+ 2800+ (3.
AsG Gz Gl) = iy (120 + 28001+ 3.
AG Gy ) = -0 (120 + 23001+ 3.
As( Gy ®, @) = 8@ (120 + 28] + 1)),
Ao 8.9) = (12 + 2801 + 31,
As(®,Ceyn®) = 0 (120 + 2301+ 31,
A(®, Gy ®) = o6 (12 -+ (28 + (31,
As(®.8.G ) = 10 (12 + 2301+ 1)),
A3 (0,0, G, = ﬁ&?)([mng + [23]m1 + [31]n2). (3.23)

Four point and higher point amplitudes can also be obtained in a similar fashion as explained
in [27,28]. We will see how an analogous projection can be used to write three and higher point
amplitudes in the Coulomb branch of A = 2* theory. The three point amplitudes considered here
will be obtained as high energy limits of three point amplitudes in N' = 2* theory.
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3.3 Massive three point amplitudes of N' = 2* theory by projection from
N =4SYM

In this section, we will discuss how to get the massive three point amplitudes for the Coulomb
branch of N’ = 2* theory from the N' = 4 Coulomb branch amplitude by using projection. Central
charge conservation for the superamplitude dictates that in a three point amplitude one should take
at most two BPS (anti-BPS) multiplets and the other one to be anti-BPS (BPS). The expression of
massive three point NV = 4 SYM amplitude where the second leg is taken to be anti-BPS and the
other two legs to be BPS is given as [18],

1

m3(qlp1pslq)
1
_ 5D(Q, )6 (401, 3.24

As [Wh sz WS] 5(4)(QTG)5(2)(<Q|]73 | Qa+2])7

where, the R-symmetry index a = {1,2}, and the central charge conservation condition translates
to m; +ms = my. Even though momenta corresponding to the first and the third leg are manifestly
present in the overall factor for the above expression, using momentum conservation p; + ps + p3 =
0, we can replace these momenta with other pairs of momenta. As we had discussed earlier,
three particle special kinematics renders the supercharges along the special u spinor directions
dependent. Therefore the reference spinor |g) is introduced such that (qu) # 0. This helps us
extract the component of the supercharge in the direction orthogonal to |u). It can be shown that
any component amplitude is independent of the reference spinor. Thus the reference spinor is useful
to organise the component amplitudes into superamplitudes. The supercharges for NV = 4 massive

theory are,

Qutz = |1I]77?,I - |21]77§,1 + |3I]77§,17

QTG = _|1I>77[11,I - |21>77(21,1 - |31>77§,1‘ (325)
We will substitute this in (3.24) and expand in terms of 7 variables to obtain,

sW(Q™) = 6P (QN) (127} 3, + (137 )i 3, + (2737 )m3 3.

gt 4+ Smac i+ Smac g ),
5™ (Qay2) = 5@ Q) (_[112J]7]i177§,] + [1I3J]77%,177§,J - [QISJ]HS,IU??J
—%mle”nimij - %mﬁ”ni,mij - %msef‘]n?,zn%,J),
0@ ((qlps| Qaral) = 0 ((alps|Q) (Calps1™Tni v — (alps2VIn3 v + (alpsI3™1m5 )
0P ((qQ)) = 0 ((aQ") (—(at™)miy — (@2")n3 x — (@3™)min) . (3.26)
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where we have defined the super charges, Q™' = Q' and Q3 = Q for N’ = 2 supersymmetry. As
discussed earlier, due to three point special BPS kinematics these supercharges are not independent
but satisfy the relation(u@Q') = [uQ]. Thus, analogous to the N' = 4 case, we can write the
three point supercharge conserving delta functions in two equivalent forms, §? (QT) 5 ({qlps|Q]) =
mid® (Q)6 ((Q") . vi = {1,2.3).

Equipped with the above decomposition of N' = 4 supercharge conserving delta functions, we
can calculate different three point amplitudes in N/ = 2* by using projection. These three point
amplitudes will play the role of the seed amplitudes in the BCFW computations in the later sections.
Analogous to the massless N' = 2 SYM coupled with adjoint hypermultiplet, in the N' = 2* theory
we have two types of three point amplitudes, one with all massive N/ = 2 SYM vector multiplets
Az (W], Wy, WE] and another is the ' = 2 SYM vector multiplet interacting with one BPS-anti-
BPS pair of the N' = 2 hypermultiplet, A3 [W{, D, <I>3}.

3.3.1 Amplitudes with one N = 2 vector multiplet and two hypermultiplets

The three point amplitude which reflects the coupling between N' = 2 SYM and N = 2 hyper-
multiplet involves one massive SYM multiplet with one BPS anti-BPS pair of hypermultiplets. To
obtain this amplitude let us project out either expression of (3.24) with respect to the appropriate

n? variables following (2.21),

= 0 1 0 0 _
A3 [Wll7q)27 q)3:| = ( ) ( —> A3[W17W27W3]

Wi[ 5%5773"] ;=0
g 5
- - (ULl s (3.27)

Since the above answer seems to prefer the external momentum p3 we can try to see if there is any
symmetry when it is replace with the momentum py for the anti-BPS multiplet. We can replace
p3 = —(p1 + p2) and m3 = my — my to get,

B (<Q|P2|1I] — my{ql’)
<CI|P1P2 |Q>

Ay V!, s, 5] ) 52 (Q)3((4Q")). (3.28)

Thus the three point amplitude is symmetric under the replacement ps — ps, mg — —msy. The
minus sign (—) before the factor with mass term ms reflects the fact that the second hypermultiplet
is anti-BPS. One of the key observations in this paper is that there is a way to represent this
amplitude which will make the BCFW computations significantly simpler.

The amplitude(3.27) in terms of the u-spinors can be represented as follows,

I & _ <UQ><U1[> (2) t
Ao = - (B s g (329
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We have shown in Appendix-B.1 how this can be derived. In BCFW analysis, we will use this form
for the three point amplitude.

Massless limits: In the origin of the moduli space for N' = 2* theory, a massless N' = 2 SYM
multiplet is coupled to the massive adjoint hypermultiplet. We will also be concerned with the
amplitude at the origin of the moduli space. Therefore we take the high energy limit of the above
three point amplitude where the N = 2 SYM multiplet is made massless. As discussed in the
previous section, the supermultiplet W' goes to two on-shell superfields G* and G~ in the high
energy limit corresponding to the choices I = +, — for the supermultiplet. We have the following
three point amplitude with one positive helicity massless SYM multiplet and one pair of massive
hypermultiplets,

As (Gfa CT’2, @3) = <q_1)5(2) (Q) 0 (<QQT>) . (3-30)

Central charge conservation equation implies my = m3 = m with m; = 0. By applying special
kinematic conditions one can verify the identity, (q|p2|Q] = —m{qQ"), which you have used to
express delta functions. Similarly, with one negative helicity massless SYM, we obtain,

1
(qlps|1]

As (G, @9, @3) = — 5@ (Q") 6 ((qlps|Q)) - (3.31)

The above amplitudes will be useful to construct massive four-point amplitudes with massless

interchange which we have given in Appendix-D.

3.3.2 Amplitudes involving only N = 2 vector multiplet

We will now calculate the following three point massive SYM amplitude in the concerning N' = 2*
theory. Starting from the first expression of the amplitude (3.24), and taking the projections with

respect to the n? variables, we get,

- o 0 0 _
As WL W WS = (%fﬁnéﬂnﬁ) A3 (Wi, Wa, W] -
) ) ) ni,1_>
1127 3K + (113K 271 + (273K 1!
m3(q|p1ps|q)
(3.32)

Similarly, if we start from the second expression of (3.24) and by taking similar projections we get,

[1727](g3") + [113%](q2”) + [273%](q1")
(q|p1psla)

as Vg g = - )sP @it 3
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Here we have used the relations between the delta functions, 6 (Q7) § ({g|ps|Q]) = m36® (Q) 0 ({¢Q"))
that arises from three particle special kinematics. The expressions obtained above by using two
different forms for the A/ = 4 SYM amplitude appear to be different even though they describe the
same amplitude. However, they are indeed equal and it can be shown if we multiply and divide the
second expression with [pu], where [p] = 2|g) and use Schouten identity we will obtain the first
form. The use of |u| spinor here is to convert square spinors into angle spinors after the Schouten
identity has been used. i.e., we use [ui’] = 4(ui’), where the minus sign applies to the anti-BPS
leg.
We can further express this amplitude in terms of the u-spinors, in the following way,

(ug)(ul)(278") <uq><u2"><1I3K>> 02 (Q)((¢Q")

mims moms (qlpipslq)

Aa VLWLV = - ( (334

In the next section, we will see how this will simplify the BCFW computation.

Massless limit: If we take the first multiplet to be massless where W+ — G, the amplitude

(3.32) becomes,

. (273%) (glps[1] 5@

Az [GF Wy W] alppsla) (@)3({¢Q"). (3.35)
Similarly, with W~ — G~, we have from (3.33),
- 273K
A G W W] = — Qe (3.36)

The above amplitudes play the role of the seed amplitudes while calculating BCFW recursions with

massless exchanges in Appendix-D.

3.4 Band structure

Band structures of N' =4 SYM amplitudes in the Coulomb branch have been studied in [24]. It
is well known that massless N’ = 4 SYM amplitude has MHV and MHV configurations, however,
in the case of massive theory, there is an additional MHV x MHV band which vanishes in the high
energy limit. In general, various helicity sectors of massless amplitudes combine into single little
group covariant forms and band structures are useful in understanding this phenomenon.

Here we show the band structures of three-point massive vector amplitude in NV = 2* SYM
theory. Let us consider three-point amplitude with the third state being massless. Therefore the

BPS constraint implies m; = my = m. The supercharges are given by,

QM = —|1")ni, — [20m, + [3)m,

19



Q> = [ni, — 2" ms, + (3] (3.37)

Using three-point kinematics we find,

(3Q™) = (3121Qa). (3.38)

m
Three-point amplitude has supercharge conserving delta functions given by,
5@ (QT1> 6 ({q|p1|Q2])

1 1 1
= g ((@Q™M) 3 ((3Q™) 6 (alpi|@2)

- @%)5 ((a@™)) & ({alp1|Q2]) ((B1T)¢4 + (317)¢), (3.39)

where we define ¢; := L (1;Q™). In the high energy limit for MHV amplitude we have the scaling
[iTjt] ~ O <%2>, whereas for MHV amplitude the scaling is (i j~) ~ O (%) [17]. Therefore
in the above equation, either of the two terms survives in the high energy limit depending on the

helicity configuration.
P1
31Ty = —(@3|—1"
B = —EI2
b1
= —z[31% o =13) = z[3]. 3.40
o), B3y = afy (3.40)
So the first term gives rise to MHV amplitude in the massless limit.

B = (31 - (< — (172)ms + O (m?))
= — (31" + 3252y + O (m))

= <3|p1|Q2], asm — 0. (341)
In the second equality we have used the Schouten identity,
B2 = - ((173)(1%27) + (1717 (321)

The term (172%) ~ O (%) and hence is subleading.

Similarly for the MHV case, second term in Eq.(3.39) can be expressed as,

(317)¢. = (31‘% (1) + (1727)me + O (m?))
= —((317)m- + (327 ) + O (m))
= (3Q™), asm — 0. (3.42)

To be consistent with notations in the previous sections we will ignore superscript and subscript on
the super-charges when taking the massless limit. The full three-point massless amplitudes are ob-
tained by taking into account the prefactors multiplying the delta functions along with appropriate

limits of the band structures as discussed above.
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4 Four point N = 2* amplitudes projected from N =4 SYM
amplitudes

In this section, we will calculate the tree level massive four-point amplitudes of the N' = 2* theory
by using projection, similar to how we obtained three point amplitudes in the previous section. The

four-point massive N' = 4 SYM amplitude with two BPS multiplet (V) and two anti-BPS multiplet
(W) is given by,
_ _ sW (gt s (Q,
Ay Wi, Wa, Wi, , W] = ( ) ( +2)7 (4.1)

512841

where, the masses for the external legs satisfy central charge conservation relation m; + mg =
ma +my. The generalized Mandelstam variables are defined as s;; = —(p; + p;)? — (m; £m;)?, and

the four particle supercharges of the N' = 4 theory with a = {1,2} are given by,
o = —1N)ni — 1205, — 35, — 1408 1,
Quy2 = |1I]77?,1 - |21]77§,1 + |3I]77§,I - |4I]772,17 (4.2)

As evident from the notation above, the legs 1 and 3 are BPS and the rest are anti-BPS. We now

decompose the above supercharges in terms of n? variables to get,
sW QM) = 52 (QM <<112J>77%,I77§,J + <1I3J>77%,17732,,J + <1I4J>77%,177§,J + <213J>77§,17]?2>,J + <2]4J>7]§,I7ﬁ,J

1
+(3747 V2 2, + 56” [mang mi.y + mans s, + mans 5., + mwimiﬂ)

0 (Qus2) = 7(Q) <_[1]2J]77%I77§,J + (187t s,y — 147k iy — 12787l o5y + (2747 g i

1
BN - 2 |

3 [ty b o+ o e ] ). (0

where QT and @ are the super charges for the /' = 2* theory as introduced in the previous section.

a) Let us first calculate the massive 4-point amplitude in the N = 2* theory with two BPS
hypermultiplets (®p—o-) and two anti-BPS hypermultiplets (®a—p+) external legs, by taking the
projection from Eq.(4.1) as,

- - 1 0 0 1 0 0 - -
Ay[ @y, @y, D3, Py] = (587]%[{87)%]() (587]%1(8?7%]\[) Ay Wi, Wa, Wi, , Wy

771.2’]—>0
5@ (0@
= (=(1"37)[1;3,] — 2myms) (@)7(Q)
512541
_ 53 5@(QMs@(Q), (4.4)
S12541
where we have used s13 = —(p; +p3)? — (my +m3)? = —2p; - p3 — 2mymz = —(1137)[1;3 7] — 2mym3

which can be deduced with the help of relations given in Appendix-A.
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b) Similarly, we can calculate the 4-point N' = 2* massive SYM amplitude with two BPS and

anti-BPS combinations by projection,

- - o 0 0 0 _ _
A4[W{7WQI7W§<7W£] = (anflangJan§K8n3L> A4[W1,W2,W3,,W4]

= — ((112J>[3K4L] + (11352745 + (114%)[273K]

0(@QNIN(Q)

512541

+ (2735 [1145] + (2745) 1135 + <3K4L>[112J]) (4.5)

c) Finally, by a similar procedure, we can calculate the 4-point amplitude with two massive N' = 2*

SYM and two massive hypermultiplets,

~ - g 0 1 0 0 _ _
A4{W{,W;’¢37¢4] = <— > ( ) A4[W17W27W377W4]

__ ey ———
O, On3 2t On3 i O3, 1 nZ ;=0
_ (<1I|p3|2"] + (27|ps| 1] — ma(1727) — m3[1’2"]) 52(QNH5(Q)
512541
I J J I IoJ IoJ
- (<1 [Pal2’] + (27pal11] + my(1727) + ma[112 ]) 5OQND(Q). (46
512541

From the second last equality to the last one of the above calculation, we have shown that the final
expression is symmetry under the interchange ps — ps and m3z — —my. The negative signs indicate
that the one hypermultiplet is BPS and the other is anti-BPS.

It is easy to show that the other 4-point massive N’ = 2* amplitudes with different combinations
of multiplets (for example, three hyper with one SYM) do not exist by counting the number of
Grassmann variables.

The results obtained in the previous section and this section for three and four point amplitudes
using projection is one of the main results of this paper as well as convenient expressions for three
particle amplitudes in terms of w-spinors. In the next section, using these results as an anchor,
we attempt to compute the four point amplitudes in N’ = 2* amplitude by using supersymmetric
massive BCFW. Even though the seed three point amplitudes and the final four point amplitudes
are related to the A/ = 4 results by projection, BCFW computation for N' = 2* are significantly
different. This is because, when we carried out the projection, we factored out the Grassmann
variables n? from both the three point as well as four point amplitudes. However, these variables
also played a role in the BCFW analysis in N’ = 4 theory. Due to this subtlety, we will see that
unlike N' = 4, in N' = 2* we will encounter poles at infinity in the BCFW analysis. We will
further see some nice features which are highlighted since the answer is known from the projection

independently.
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5 Four point amplitudes for N/ = 2* theory from BCFW

In this section, we will construct the four point amplitudes from three point amplitudes obtained
in section-3. Even though we obtained the four point amplitudes using projection in the previous
section, BCFW analysis to obtain these amplitudes with the results from projection as anchor
could give us insights on massive super BCFW in NV = 2 theories. This is precisely one of the main
motivations to study N = 2* theory as we can utilise its intimate connection with A" =4 SYM to

obtain general insights on A = 2 theories.

5.1 Massive BCFW shifts

Massive BCFW has been discussed in [18,21,22,29]. We will review the massive super-BCFW
analysis from [18] and point out subtleties in N' = 2* Coulomb branch BCFW as compared to the
Coulomb branch of N' =4 SYM.

The massive BCFW shifts are necessarily little group non-covariant as the SU(2) little group
structure makes it impossible to write a covariant shift for two legs. The shift can be defined as

follows. Consider a shift in ¢ and j legs. The shift in momentum is,

Di = pi + zr, pj = pj — 2T, (5.1)

where p;-r = p;-r =r-r = 0. We will use Mandelstam variables appropriate for massive scattering.
ie., sy =—(pk +pl)2 — (my £ ml)Q, where the relative sign occurs if one leg is BPS and another is

anti-BPS. Under the above shift a Mandelstam variable s;;, where k # ¢, 7 will be shifted as,

A (2 —2r1) _ Sik
Sik = TSk s Bl = 5— -
zr 2pi -

(5.2)
To obtain r which satisfies the required properties, it is useful to write momenta p; and p; in terms
of two null momenta. This defines a special frame. The detailed properties of this special frame
are not important for this paper. In this special frame, one can solve for the null momentum r and
it breaks the little group covariance. One can further supersymmetrise the above shift by finding
shifts for the supercharges that respect the BPS condition. These shifts in supercharges also break
little group covariance. However, since the final amplitude will be covariant, the little group non-
covariance must cancel. In N'= 4 SYM Coulomb branch, it was found that the 2z dependence of the
four point amplitude drops out before performing the contour integral in z. Therefore, the precise
forms of the shift were found to be irrelevant.

In N/ = 2* theory Coulomb branch, even though the amplitudes are related to that of N’ = 4

theory by projection as discussed in previous sections, the BCFW analysis is not identical. This
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happens because while applying projection we project out the n? Grassmann variables which were
also shifted in the case of N' = 4 theory. This subtlety leads to the appearance of a pole at
infinity (z — o0) in the BCFW analysis for four point amplitudes in N' = 2*. However, we find
that in the contour integral the integrand, obtained by gluing three-point amplitudes, furnishes
the covariant expression of the desired four-point amplitude provided we ignore the z-dependent
terms. z-dependent terms are non-covariant and there are mutual cancellations of the little group
non-covariant terms coming from all the residues including the boundary term. This property may
have validity beyond N = 2* theory as we show in appendix-D.1, where we consider scattering
amplitude with massless N' = 2 hypermultiplet interchange. Even though the amplitude matches
that of N’ = 2* theory, this particular channel is absent in A/ = 2* due to the absence of massless

hypermultiplets.

5.2 Amplitude with two massive hypers and two massive vector multi-
plets

Let us consider the four-point amplitude Ay [W{ W ,<I>3,<T>4} with two massive hyper and two

massive SYM multiplet in the A/ = 2* theory. Here, we take legs 1 and 3 to be BPS and the rest

are anti-BPS, and all external states are taken to be outgoing. With these conventions, momentum

conservation reads p; + ps + p3 + p4 = 0, and the central charge conservation relation is given as

mq + ms = mo + my. We consider BCFW shifts in legs 3 and 4 with the complex parameter z as,

Ps = D3+ 27,

pr = pa—ar, (5.3)

where the null momentum r breaks little group covariance and satisfies orthogonality properties
as discussed earlier. With this choice of shift only the sj4-channel diagram will contribute to the

massive amplitude.

- - —
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The incoming arrows indicate the outgoing anti-BPS states to show the central charge flow. After

contour deformation away from z = 0 , we can write,

- - dz =z 2 -1 _ .
Ay WIS 5,8, = ¢ EE /d%;pAL [W{,@,cbp] - Ap [@715,@3,%’} . (5.4)
ZZ—Zr S14
z#0
where, the massive exchange momentum P = —(p1 + p4). The generalized Mandelstam variable
appeared in this diagram s;4 = — (p; +p4)2 — (mq — m4)2 and the value of the simple pole z; =

—54-. The left and right three-point amplitudes can be expressed in terms of the u-spinors as,
P1

P N UL i LA A
Ac W 805 ] = S e (QL) 6 Q)
_ - (u g) (u)27) @ (At .
Ar[_p o, W] = =S tre e (@) o ((alpelnl) (5.5)

For the left amplitude, we take the hypermultiplet with P momentum to be outgoing BPS state
with mass mp. For the right amplitude the hypermultiplet with momentum —P to be an outgoing
anti-BPS state with mass mp. Throughout the calculation, we have used the following analytic

continuations of the massive spinors and the Grassmann variables.
|~ P =P, |-Ph=dPl), AT, =), ol =inh. (5.6)

Clubbing the delta functions in left and right amplitudes, and performing the 7, integration, we

obtain,
A A . . (R) (L)
[ 8 (Q1) 5 (talpui@11) 5 (%) & ((alpelnl) = mlmZW(S@)(Q*)(S@(@)-
P,M P
(5.7)

The detailed calculations are presented in Appendix-B.2 and we finally get,

A4 [Wllv Wéja (1)37 64}

(R) , (L)M
R ug%fi(lKlI)ug?L)@Ly) (uf”MuP ) 52 (Q1) 62 (Q)
Csul) zz-z mymsy (B (D)
20 Upntp
I (97 Tl 111 IoJ I9J
zZ 22— Zr 512541
270
I J I J I9J I9J 11,197 11,197
S12514
(5.8)
(R) (L)M\? o L :
Here we have used, (u palp ) = —$12 which is explained in the appendix of [18], and we know,

(q]ppl\q) = (uMg)?, also, <q|]5p2]q> = (ug)2. We emphasize that in the penultimate step of
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the above equation the integrand is nothing but the four-point amplitude that we obtained using
projection from N = 4 SYM amplitude, but with deformed momenta. This is consistent with the
fact that fz:o dz@ = A and one can simply read off the four-point amplitude from the integrand
by ignoring the z-dependent terms.

To evaluate the boundary term, BB, we substitute z = % and calculate the residue around u = 0,

du i I J I J
B = — — 1 2714+ (1 2

u=0
= —z ((Ur|27] + [1'|r]27)) . (5.9)
We see that the little group non-covariant boundary term cancels precisely with the little group
non-covariant part of the residue at z = z;. The final amplitude,

(1pa|27] + [ |pa]27) + ma[1727] + my(1727)

512514

Ay DWW D, ] = — ( ) 52(Q1)52 (@), (5.10)

which is in full agreement with (4) calculated by projection.

5.3 Amplitude with four massive hypermultiplets

In this section we want to compute four-point hypermultiplet amplitude A4 [CDI, Dy, P, <T>4] in N =
2* theory. Similar to the previous section, we will take legs 1 and 3 to be BPS and the rest of them
to be anti-BPS, and all external states to be outgoing. Consider BCFW shifts in legs 1 and 3 in

terms of the complex parameter z as,

pr = p1+zn

p3 = p3— 2r, (5.11)

the conditions on the null momentum r remain the same.

— A~ ~ —
2 3 1 2
\ ; \ ’

\ , \ ’

\ / \ ’

N P * 3
\ / \ ’

\ W \ 7
\ /7
’ \ , \

’ \ , \

% * P «

/7 \ , \

’ \ , \
~ 7 N 7 AP
1 4 4 3

Here both the sjs-channel and the sy4-channel will contribute with massive WW-boson exchange such
that,

dz  z11

A4 [®17(§27¢37é4] = PR
220 1,1

/d27715AL [@4,&)17)/\)24] oM Ar [W]_Vp,‘i)%qss}

S14
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dz 219

2, 2 = M —€EMN DN A _
2 Z_Zm/d mpdds [ 81 @0 WY | AR (WY 00,8, (512

270

with the pole contributions at, z;; = 514 and 2o = . Let us study factorisation in sj4-channel

2

first. After contour deformation away from z = (0 we can erte,

= = dz 27 2 = 2 M| TEMN N & &
A5 [y, By, By, B, = § L 4%, A [@,cb, ] A[ A,CD,@], 5.13
4[1 2; ¥'3 4} ZZ_ZM/ NpAL | %4 1WP 514 wap 2; ¥'3 ( )
2#0
where the generalized Mandelstam variable sj4 = — (p1 + p4)2 — (my — m4)2. The left and right

amplitudes can be expressed as,

ap [Brdowy] - SO ‘A;; 5 (Q1) 8 ((alflQs])
Ap [ WYy ] = ST s (01 5 (4l ) (5.14)

mamp(q|Pps|q)

Similar delta function manipulation and 7, integration gives,

AZM |:®17 é?a (1)37 (i4:|

1 dz 2z (B ) (wPg) (u® PEY u® Py) (uPq)(uPq) ., 2
- . T ( (R) , (1)M )5()(@) 5 (@)

s Z z—z 2 (g| P P
u ) r1 - mp{q|Ppila){q|Ppslq) o lp

= L0 gh s Q). (5.15)

S14

In the penultimate step we have used the spin sum (A.8) to write, (u(®) PX) (u®) Py) = m? (u;RAZug)M>
and, (q|Pp1|q) = (uDq)?, also, (q|Pps|q) = (u®)g)? as discussed earlier. It is to be noted that un-
like the analysis of amplitudes involving vector multiplets where residue over one channel always
contains a pole in another channel, in this case, this does not occur. Therefore we have to consider
contributions from both the diagrams given above in the BCFW analysis.

Similarly, from the sjo-channel computation we get,

A5 [y, By, By, By] = 6@ (Q1) 52 (Q)., (5.16)

S12

and the total amplitude,

A4 [q)la &)27 q)?n éll] = AZM [q)17 é27 q)?n &)4:| + AZlQ [q)lu 6)27 q)37 6)4}
518 50 QN s? (Q). (5.17)

512514

From the definition of generalized Mandelstam variables and applying momentum conservation,

p1 + p2 + p3 + ps = 0 and central charge conservation m; +mg = mq + my we get, s19 + S14 = —S13.

27



5.4 Amplitude with four massive vector multiplets

To calculate the four-point massive SYM amplitude Ay [W{ WY WE ,Wﬂ in NV = 2* theory, we
take deformations in legs labeled by 1 and 2 in terms of the complex parameter z,

pro= pi+art

Py = ph—zrt (5.18)

where the complex null vector r* is orthogonal to both the momenta p; and p,. For this BCFW

shift only the si4-channel diagram will contribute.

[\l

1

After contour deformation away from z = 0, we can write,

_ _ d o 1 _ N
A4 [WII7 W2J7 W3Kv W4L] = % _Z if /dQT}PAL |:sza W1]7 Wjjg] _AR [W—PM7 Wé]a Wg )
2t0 22— 20 S14
(5.19)
where, the generalised Mandelstam variable is s14 = — (p1 + p4)2 — (my — m4)2 and the location of
the pole z; = ﬁ. The left and right amplitudes can be expressed as,
AL REWL W] = 50 (015 (gl Q1))
e mi (qlp1palg) g ’
_ - N, . .
Ar [W_ﬁM,Wé],Wﬂ = W}:ﬂsmda) <QE> 0 (<€I|p2|QR]> ; (5.20)
where the full expressions of the numerators in terms of the u-spinors,
(L) (L)4Ly (11 pM (L)1 (4L pM (L) . R
Ny = L) <<u WP OWWPY) ) ) (g pny 4 01440 p)
P 4 1 P
(R) (R)5JI\ (3K P (R)3K\ (57 P (R) . o
Ny = - (<“ L8P | WS ) ) (09 g5y 0K 275
P 2 3 P
(5.21)

After combining the delta functions and integrating over the 75 variables we get,
Ay [W{,W;,Wg,V_\/ﬂ

&= DEATE DIy E R)J oK F: R)K /3.7 £ L) (RN
B f;ﬂ?z—zl (PP TR P ) (w35 Py 4 a2 Py ) () ulV) |
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(2) 2)
0P (Q1) 6% (@)

2
$12514Mp

. (5.22)

Using multiple Schouten identities, and after nice cancellations between various terms, finally, we

have,

dz 2z

Ay [W{7W;7W3K7Wf] :_%

20 22— 21

(<112J>[3K4L] + <113K>[2J4L] + <114L>[2J3K]

3(@QNIN(Q)

512541

+ (27351145 + (2745)[1735] + <3K4L>[112J]) (5.23)

Here we see again that before performing the z integral, the expression inside the integral is the
shifted version of the answer we obtained from projection. This suggests that the little group
non-covariant part of the residue at z = z; cancels precisely with the little group non-covariant
contribution from the pole at infinity. Thus little group non-covariance is useful to deduce the

amplitude here before performing the explicit z integration.

6 Conclusions

Massless spinor helicity formalism has been playing a central role in the computation of on-shell
amplitudes in massless field theories. The extension of this formalism for massive field theories is
an essential and obvious step. There has been some progress in this direction already. We have
explored the application of the massive spinor helicity formalism to four dimensional N/ = 2* theory
at an arbitrary point in the Coulomb branch moduli space. We used two different techniques to
compute three and four point amplitudes in this theory. The first method is to write the amplitude
in terms of the u-spinor which is amenable to setting up the BCFW formulation. Another method
is to use the projection method to compute N = 2* amplitudes from N = 4 SYM amplitudes. The
four point amplitudes involving four massive hypermultiplets (4.4), four massive vector multiplets
(4.5), and two massive vector multiplets and two massive hypermultiplets (4.6) are computed using
the projection method. We then proceeded with the BCFW shift for four point amplitudes. One
would have naively thought that like the amplitudes, the BCFW analysis could also follow trivially
by projection. However, that is not the case because in the N' = 4 theory the usual BCFW shift
involves the Grassmann variable 7. However, in the projection method, this variable is projected
out. As a result the BCFW rules for A/ = 2* do not descend down in a trivial way from N = 4
theory. In fact, this difference also shows up in the integrand, which has a pole at infinity in the
case of N = 2*. Our BCFW shift is not little group covariant but of course, the final amplitudes

are. While this is expected, the contribution of the pole at infinity is instrumental in restoring the
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little group covariance of the amplitude. We believe this feature may be generic for theories for
which BCFW shifts are not little group covariant. It appears that the non-covariant shifts generate
good tests for the covariance of the integrated amplitudes. For example, in (5.8), the integrand
of the contour integral already has the correct little group covariant form of the amplitude, if we
replace shifted variables with unshifted ones. We believe that this feature may extend beyond the
N = 2* theory and may suggest the utility of the little group non-covariant shifts. Also, because
the pole at infinity recursive structure of the amplitudes is nontrivial, it will be interesting to study
higher point amplitudes with these massive BCFW shifts.

It would be interesting to extend this analysis to loop amplitudes. Additionally, it would be
worthwhile to derive these results from higher dimensional spinor helicity formalism [4,11] so that a
unified structure could be uncovered in the computations of scattering amplitudes of massless and
massive fields. It would be also interesting to see if the amplitudes of A/ = 2* theory can be put in

a CHY-like [9] formulation.
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A Notations and conventions

A.1 Spinor helicity variables for massive particles

We use the “mostly positive” signature for the metric n,, = diag(—1,+1,+1,+1) in 4-spacetime

dimension and the momentum bi-spinor for the massive particle for mass m is given by,

Pai = V005 = = D P alrly = 3 Ipilade'l, (A1)
T 1

we can also write,

P =t = =3 ) ' = 3 ) ol (A2)
I I

Here, I = {1,2} is the SU(2) little group index for the massive particle and {a, 8} are the usual

SL(2,C) spinor indices. The SU(2) little group indices can be raised and lowered through,



as follows,
e = psla (pilg =P’ (A.4)
The determinant of the momentum bi-spinor gives,

detp = —ptp, = m>. (A.5)

The bi-linear product of the spinors is given as,

<pIpJ> — 7n€IJ7 [pIpJ] — —mEIJ. (A6)

These spinors also satisfy the Weyl equation,

plp'] = —mlp"), plp’) = —m|p']

Pl = m@', ®'p=mp", (A7)
and spin sums,

prlalp'l? = —Ip'lalpil” = md)

@'y = —lp") (pily = —mds. (A.8)

Some useful identities are listed below,

2p.g = (p1q.)[p"q’], 2mymq = (pras)(p"q¢’) = [praslp’q’], (A.9)
(d'lpplk”) = —p*(d"k7), [¢" lpplk’] = —p*ld" k7], (A.10)
(q"|plk7] = [k |plg"). (A.11)

The high energy limit of the massive spinors and the Grassmann variables give,

pt = pl, Ip1—=0, [pYYy—=0, [p7)y——p), n-—n, ny—0. (A.12)

We have used the following analytic continuation for the massive spinors and the corresponding
variable,

| =P =dP'] |- P)=dP)  nlp=inp, (A.13)
similarly in the massless case,
—pl=dpl =P =il =m0l =) (A.14)
The generalized Mandelstam variables are defined as,
sij = —(pi +pj)* — (m; £mj)?, (A.15)
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where the masses are added if the states are both BPS/anti-BPS and subtracted if they are different.
The BPS condition reads,

PO = +m;Qia 2, (A.16)

for NV = 4 supersymmetry and a+2 — a+ 1 on the right hand side for A/ = 2 supersymmetry. Plus
sign here holds for BPS legs whereas the minus sign holds for anti-BPS legs. The supercharges Qja
and @), 2 are defined for each leg and throughout the paper we have considered total supercharges.

Our convention for the total supercharges follows that of [18] where,

—Q*“ = Zmzlz = "y + D ik,
f !
Qa+2 Z 7711’@ Z 77ﬂ|jl] + Z ﬁTfl’ (A17)
5 k

where ¢ runs over all the BPS legs, j runs over all the anti-BPS legs and % runs over the massless

legs and a + 2 — a + 1 on the left hand side for N’ = 2 supersymmetry

B Useful calculations

B.1 Three point amplitudes in terms of u-spinors

In this section, we illustrate how to express the massive three-point amplitudes of the N/ = 2*

theory in a simpler form using the u-spinors. We can use (A.6) to write,

1
my = —§EJK<3J3K>. (B.1)

Let us start with the expression of the amplitude, As [W{ LDy, <I>3}, for which the numerator can be

simplified by using the Schouten identity and the u-spinors,

(lpal1 ]+ mafat!) = —(a32)3'1)+ Gern((@3)) (351 + (63)(13")
(qu) (110} )

my
Following the three particle special kinematics, we have used the identity, [3/17] 4+ (3717) = uul
to get,
_ 1)
As (W @y, @3] = —(M)WQ(S Q™). B.3
3[ 1 2 3] m1<q|p1p3|q> ( ) (< >) ( )

Now to represent the amplitude, A [W{ , Wéf ) W:,f{ } in terms of the u-spinor, we need to do a few

manipulations. By multiplying (B.2) with 22220 and using the Schouten identity we can write,

<Q|p3|1m]<2‘73K> I <Q|p3‘3;]<112‘]> _ <UQ><7~7;1 7352‘]3K> —(g27)(113K), (B.4)
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We can then express the term (g|p3|27] — m3(q2”), as follows,

(q|p3]27)(113%) _ <Uq><U2J><1I3K>_|_<q2J><113K>‘ (B.5)

Now clubbing the above terms together we have,

A WL W] _(<uq><ulf><2J3K>+<uq><u2.]><1131<>>5@(@)5(@@» B6)

mims moms (qlpips|q)

We note that while in the original form of the three point amplitudes the BCFW manipulations
are not obvious, these representations of three point amplitudes in terms of u-spinor simplify the

manipulations significantly.

B.2 Some detailed BCFW calculations

In this section, we will explain some calculations used in section 5. For example, using the u-spinor

as shown in (3.15), we can write,

Bo= o)+ ), (B.7)
= @(Wﬂu@\—|u<L>>[4w|>, (B.5)

where [i%) = ;7|i’). With the above representations of the momenta corresponding to the left

amplitude and using the Schouten identity, we have,

uON D)y )
(dipila) = %«WMWD

- O (B9)

Similarly, one can show, {(g|paps|q) = (uf)q)2.

Another crucial calculation in (5.7) of combining the delta functions involves,

5(u4,K<4K\p1|QR]> _ (%)5@47[{(4@@;@]). (B.10)

The definitions of a and 8 come from the Schouten identity,

(WP q) (@] + (qu) (P | 4 (uPu) (g| = 0, (B.11)
such that the relation, u;,RAZ = au —i— Bq holds with,
R L
_ uyR(3e) ug e (3" 4M)uily,
= B = D ) (B.12)
g ar (4 q) (g4 huy 3y
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In a similar procedure, starting with the expression (q|p;|u'"] <q|f’ , and using the Schouten identity,

we can write,

~

P D
— =l (M B g 2 B.13
<Q|mp 7“471\4( |m1 + <Q|ml ) (B.13)

where, the coefficient A\ is not relevant for our purpose, and

V= @) (qhigy’ '
mlmPu4,M< q)

With these definitions of «, §, and « one can obtain (5.7).

C N=4

BCFW recursion relations for N’ = 4 SYM amplitudes in chiral superspace are very well developed
[7]. Here we present some BCFW analysis for four-point amplitudes in N' = 4 SYM theory in

non-chiral superspace.

C.1 Massless amplitude

We choose deformations in external states 1 and 2 which are given by,
pr=pi+zr,  p2=p2— 2, (C.1)

with the conditions that p; -r =py-r =12 = 0.
Motivated by the conservation of momenta and supercharges, we consider the following shifts

in the spinor and Grassmann variables,

1] = 1]+ 2[2],

2) = [2) —=[1),

~Q

0=+ ans,
ﬁ;a = ﬁga_zﬁiav a=1,2. (02)

It can be checked that under the above shifts supersymmetric charges, Qf = li)yn®, and

Q=[] X |i]a“ remain invariant.
a=1,2 1
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Let us consider the u-channel factorization.

~ ~

1 2

In this case, the four-point amplitude can be obtained by,

d
A4[GlaG2:G37G4] = ‘% _ZA(Z)
{= 0} <

= d?
%;z 0} < / nPAL

i} ﬁ;m7zia/¥W&”)lA“”
_ / Prp A (21) - AR(z,) (C.3)

(2)

where z; = T

from the large z behavior of the amplitude.

Three-point sub-amplitudes are given by,

Alz/[HV [G47é1,G13} = m 5@ <QT) <<41>n;r: 4 <1P>ﬁla 4 <P4>7ﬂ“> ’
A%lti-MHv [G_sz,Gs} = m&@ (QR) ([PQ]n [23]77}’_;, + [3]5]77§> . (C.4)

First we perform the 7 integration. Solutions to 1 and ﬁ}; are available from the delta functions.

On the support of §( ([152]77§ + [23]n% + [315]%‘) we get,

59 (a) = o (] <|4>ng+|1>ﬁ?+|15>77?3>>

a=1,2

a=1,2

= (1] Zu)ng). (C.5)

a=1,2 i=1

To go from second equality to the last one we have used momentum conservation. Similar manip-

ulations holds for §* (Q R) on the support of the other delta function,

[ o (Q1) 6 (canyily + Pyl + (Payal") 6 () 6 (P2l + (230, + [3P1ng)
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=(41)223]%6™ (Q1) 6™ (Q). (C.6)

Therefore,
41)[23]
d*nsA A — _ <A ol s@ (o) @
[ dnten) = s (@) (@
_ i(g(?) (01 6@ (Q). (C.7)
S12
The four point amplitude is then,
Ay [G1, Gy, Gy, Gy] = §W (QN 6™ (Q). (C.8)
S12514

C.2 Massive amplitude with massless exchange

Here we consider the external states to be massive YW-bosons and in the intermediate channel mass-
less vector multiplet is exchanged. We want to find out the four-point amplitude A4 (Wl, Wa, W, V_V4) .

We consider shifts in legs 1 and 2 as before.

The left and right three-point amplitudes are,

Ap (Wi W, Gp) = — 2150 (01) 6 ((glpn]Qa]) = —— 5 (0,) 6 (1a€})

miaP? n(gP)?
Ar (G_p Wo, Ws) = ﬁaw (k) 8 ((alfelQnl) = =50 (Qn) 6 (100}
(C.9)

Central charge conservation in the half-BPS limit implies that,
my = My, Mo = Ms3. (C]_O)

Using the above relations we can determine x factors,

i) glP] = gy = 100 blBID)
m ~ {alp|P) ma|pP]
D2\ py P > gy = T2 D) _ loplP) (C.11)
My (alp2| P malpP]



Product of the two three-point amplitudes gives,
/dZHPAL <W47 Wh GP) AR <G_P7 W27 W?))

50 (03) 6% ()00 (05) 50 (i)
= | P 6 (@) 8 (0l Q) o ((PIQal) 6 ((all@e]) 0 (102

ma(qP)* m2{qP)?
(C.12)
Now, on the support of §® (QF) we have,
(PO})+(PQ}) = 0
1 . 1 . .
= —(P|p1|Qc] — —(P|p2|Qr] = 0. (C.13)
mq mo
Using Eq.(C.11) we get,
MiZ14 , 2, . | A
(Plp1|Qr] = ———(P[p2| Qrl. (C.14)
MmaTa3
From the above two equations, we then obtain,
(PinlQl = (1+52) (Pl Oal c.15)

Therefore,
Ay (Wi W1, Gp) A (G_p, Wa, W)

A A ~ -2
- ey <1+”f23) (1) 5 Q) [ s ((alin|@nl) 8 (190). (C.16)

m3ma(qP)* T4

Performing the 7 integral we get,

2 qP 4
/d 10 ((qlpllQR}) <(qQT> (<QIp1P\Q>> = mf< A2> : (C.17)
1
Then the integration in the complex plane is given by,

A4 (W1,W2,W3,W4)
dz =z 1 1z T —2
= _f e S (1 + A23) s (Qh) 6@ (Q)
{

2=0} & % — Z1M1M2 S14 T14 L14

-1

dz  zr 11 |21 A 4 4
- _]{ = — 1= (1+A ) §W (QN 6™ (Q). (C.18)
{

z=0} & # T RIM1M2 S14 | T23 L14

The expression inside the box brackets can be manipulated as follows,

N N 2 N N
T4 T23 T4 X23
X23 L14 X23 X14
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[P‘ﬁl‘p>[p’ﬁ2’Q> + [P|252|P>[P‘131‘Q>
mima[pPl(qP) — mama[pPl(qP)
— 9y -
— Ak
mime
S (C.19)

m1m2.

To go from the second equality to the third, we have used the fact that P. p1 = 0 and pP. P2 =0 on
z = z; which implies the momenta bispinors anticommute. Then the four-point amplitude is given

by,

Ay (Wi, Wa, W, Wy) = L s (Q") 6™ (Q). (C.20)

512514

D Amplitudes with massless exchange
In this section, we show the evaluation of some four-point amplitudes with massive external states

where the intermediate propagators are massless.

D.1 2 vector and 2 hypermultiplet amplitude

We consider the four-point amplitude Ay [W{ WY, s, @4}. For simplicity we apply shifts in the
hypermultiplet legs 3 and 4, such that,

P3 = p3 — 2r, D4 = P4+ 27 (D.1)

From the on-shell condition we have z; = 2?;1.

The three-point sub-amplitudes can be expressed as,

Ap |0, W] 0] = <q[|]; 333]6@) (@)6(@@2)):%6@ (@r) 5 ((aQh).
An [0_p W, 8] = <q[|]; S (@R)a(@c?b):%a@ (@r) 5 (14@h) . (D2)
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where 214 and I3 are given by,

4 [p|p1|1f’> B m1<qI:’> By — [p|p2|lf’> _ m2<qp> (D.3)

milpP]  (am[P) T malpP]  (glpelP]

Using BCFW analysis we can write,

A4 [Wlla Wé]) q)?)u i)4]

:_7{ dz =y, [@,W{,%} LA, [cltp,Wé’,(is]

2=0} & % T RI S14

_ _j{ dz 2 £14£23[P11][152J]L/dznpé(z) (QL) 5 <<QQTL>) 5@ (QR) 5 (<QQAE>)

a0} 2 221 mamy(qP)?  Su

— e a mlPYIPZLL () ) e gy s g
{

z=0} & % T RI myma S14 L14

_ 7{ Gz L PP (2 + ) 62 (Q1) 6 (Q)
{

2=0} # % — ZI 512514

_ _7{ % 27 1 []51[][?2‘7] ([p]p1|p> n [p|p2|P>) 52 (QT) 5@ Q)
{

2=0} % Z—Z1812514  [pP] my ma

= f T e (PR 1PRY) 6 (@) 6 (@

2=0} < % — 2T 512514

== o (W) W)+ )+ ma(1721) 6% (@) 5 (@)
{

2=0} & % — 2T 512514
52 (Qf) 52) (Q)
S12514 .

(D.4)

= [(Vlpal27] + [V |pa2”) + ma[1727] + ma(1127) + 2 (1 [r]27] + 2f[11]r[27) + B]

To obtain the fourth equality from the third we have used Eq.(C.19). In the last equality we have
computed residue at z = z; and along with the pole at infinity. To evaluate the boundary term, B,

we substitute z = % and calculate the residue around u = 0,

B = — g du_a

— (2] + 2" (D.5)

L () + 1 r2))

Therefore the required four-point amplitude is,

52 (QT> 5§ (Q)

A4 [Wll, V_Vé], @3, (134] = [<1I|p4|2J] + [11’]74’2]) + m4[1I2J] + m4(112‘7>} S10s
12914

(D.6)

We note that even though the amplitude matches with the AN/ = 2* amplitude, the channel we
have considered here does not exist for N’ = 2* theory since we have used massless hypermultiplet
exchange. However, it would exist in a theory where massless hypermultiplets are coupled to massive

N =2 SYM and hypermultiplets. Therefore the above calculation applies to such a theory.
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D.2 4-point hypermultiplet

We want to evaluate the four-point amplitude Ay (<I>1, Dy, Py, <T>4) with massless spin-1 exchange.

We consider shifts in legs 1 and 3, given by,

p1 = p12r1, D3 = p3 — 2T (D.7)
The amplitude is then obtained by summing over factorization channels, u = — (p; —|—p4)2 and
—(m +p2)2-
2. 31 2
i 14 3
BCFW analysis yields,
_ _ 211 9 —1 h o= A
Ay (01, By, By, &) = — 42, A <I>,<I>,GA>—A (G A,q>,<1>>
4(1 2, 3 4) zz—znz/ NpAL | ¥4, %1 SMR _pr 22, @3
{z=0}
dz 219 / -1 s =
. 42, A <I>,<I>,G>—A (G ’z,@,cb,), D.8
zz—zmz NpAL 1, ¥2 12 R _pr F3 ¥4 ( )
{2=0}
with 271 = m and 275 = 5- (;ﬁm) are the location of simple poles when the two propagators

go on-shell respectively.

Let us first consider the factorization on u-channel. We have,

Ay (B4,81,G7) Ar (G5 B, 8 = maw (@) 6 ((a@1)) 6 () & ((alp=1Qn))

= s (@) o (@) 6 (Qh) 5 (1)

Ay (81,81,G7) Ap (G5, 8, 85) = mw (@L) ¢ (talpalQe]) 5@ (Qr) o ((a@:)

= ™ (1) o (tahlQn) o (@) o (1eQh).
(D.9)

where,
_ [P|ﬁ1|f3> _ m1<q]5) Fron — [P‘pﬂ]s) _ m2<qp> (D.10)
milpPl  (aplPl 77 malpP]  (glpalP) |

Supersymmetric charges are expressed as,

~

Qr = |y, — 4" s + |P]ﬁ;,
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TL = —|il>ni,1 - |4I>774,1 + |p>77f3,
Qr = —|Plil — 12'Inas + [3"ms .

QE = _|p>7715 - |2I>772,I - |?’I>"7:§,1-

It can be checked that,

(Plp1lQr] = mi(PQL),
(Plpa|Qr) = —mafPQY).

We also note that,
5 (1) 8 (twQh)) = -0 (QL) & ((aliu))

1
and similarly for the right delta function.

Now, using Eq.(D.9) and summing over both helicities in the exchange we get,

> A (B4, 01,Gh) A (G0, @, B5)
h=+

- %5(2) <QTL> g (<q|ﬁ1|@L]> 0% (Q}r%) 0 <<Q|P2|QR]>

- i (12 (@) 6 @0 (10 10al) o (100

m1m2<qp>2

Performing the 71, integral we get,

[ e (talpn1@n)) 5 (1aQ) = (alf Pla) = m <215>2

Therefore contribution from the u-channel is,

1
— 5@ (QT) 52 Q).
S14
Similar contribution comes from s-channel where s14 is replaced by sis.
Using s12 + S14 = s13, the four-point amplitude is determined to be,

Ay (By, By, 03, D) = —262 (Q1) 52 (Q).

514512

14

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

We note that since we have used the massless N' = 2 SYM here in the intermediate leg, this

amplitude is appropriate for the origin of the moduli space of N' = 2* theory.

References

[1] E. Witten, “Perturbative gauge theory as a string theory in twistor space,” Commun. Math.

Phys. 252 (2004) 189-258, arXiv:hep-th/0312171.

41


http://dx.doi.org/10.1007/s00220-004-1187-3
http://dx.doi.org/10.1007/s00220-004-1187-3
http://arxiv.org/abs/hep-th/0312171

[2] R. Britto, F. Cachazo, B. Feng, and E. Witten, “Direct proof of tree-level recursion relation
in Yang-Mills theory,” Phys. Rev. Lett. 94 (2005) 181602, arXiv:hep-th/0501052.

[3] C. Cheung and D. O’Connell, “Amplitudes and Spinor-Helicity in Six Dimensions,” JHEP 07
(2009) 075, arXiv:0902.0981 [hep-th].

[4] T. Dennen, Y.-t. Huang, and W. Siegel, “Supertwistor space for 6D maximal super
Yang-Mills,” JHEP 04 (2010) 127, arXiv:0910.2688 [hep-th].

[5] T. Dennen and Y .-t. Huang, “Dual Conformal Properties of Six-Dimensional Maximal Super

Yang-Mills Amplitudes,” JHEP 01 (2011) 140, arXiv:1010.5874 [hep-th].

[6] Z. Bern, J. J. Carrasco, T. Dennen, Y.-t. Huang, and H. Tta, “Generalized Unitarity and
Six-Dimensional Helicity,” Phys. Rev. D 83 (2011) 085022, arXiv:1010.0494 [hep-th].

[7] H. Elvang and Y .-t. Huang, “Scattering Amplitudes,” arXiv:1308.1697 [hep-th].

[8] J. M. Henn and J. C. Plefka, Scattering Amplitudes in Gauge Theories, vol. 883. Springer,
Berlin, 2014.

[9] F. Cachazo, A. Guevara, M. Heydeman, S. Mizera, J. H. Schwarz, and C. Wen, “The S
Matrix of 6D Super Yang-Mills and Maximal Supergravity from Rational Maps,” JHEP 09
(2018) 125, arXiv:1805.11111 [hep-th].

[10] R. Jha, C. Krishnan, and K. V. Pavan Kumar, “Massive Scattering Amplitudes in Six
Dimensions,” JHEP 03 (2019) 198, arXiv:1810.11803 [hep-th].

[11] M. Chiodaroli, M. Gunaydin, H. Johansson, and R. Roiban, “Spinor-helicity formalism for

massive and massless amplitudes in five dimensions,” arXiv:2202.08257 [hep-th].

[12] Z. Bern, J. J. Carrasco, M. Chiodaroli, H. Johansson, and R. Roiban, “The Duality Between
Color and Kinematics and its Applications,” arXiv:1909.01358 [hep-th].

[13] S. Lal and S. Raju, “The Next-to-Simplest Quantum Field Theories,” Phys. Rev. D 81 (2010)
105002, arXiv:0910.0930 [hep-th].

[14] H. Elvang, Y.-t. Huang, and C. Peng, “On-shell superamplitudes in N<4 SYM,” JHEP 09
(2011) 031, arXiv:1102.4843 [hep-thl.

[15] N. Arkani-Hamed, T.-C. Huang, and Y .-t. Huang, “Scattering amplitudes for all masses and
spins,” JHEP 11 (2021) 070, arXiv:1709.04891 [hep-th].

42


http://dx.doi.org/10.1103/PhysRevLett.94.181602
http://arxiv.org/abs/hep-th/0501052
http://dx.doi.org/10.1088/1126-6708/2009/07/075
http://dx.doi.org/10.1088/1126-6708/2009/07/075
http://arxiv.org/abs/0902.0981
http://dx.doi.org/10.1007/JHEP04(2010)127
http://arxiv.org/abs/0910.2688
http://dx.doi.org/10.1007/JHEP01(2011)140
http://arxiv.org/abs/1010.5874
http://dx.doi.org/10.1103/PhysRevD.83.085022
http://arxiv.org/abs/1010.0494
http://arxiv.org/abs/1308.1697
http://dx.doi.org/10.1007/978-3-642-54022-6
http://dx.doi.org/10.1007/JHEP09(2018)125
http://dx.doi.org/10.1007/JHEP09(2018)125
http://arxiv.org/abs/1805.11111
http://dx.doi.org/10.1007/JHEP03(2019)198
http://arxiv.org/abs/1810.11803
http://arxiv.org/abs/2202.08257
http://arxiv.org/abs/1909.01358
http://dx.doi.org/10.1103/PhysRevD.81.105002
http://dx.doi.org/10.1103/PhysRevD.81.105002
http://arxiv.org/abs/0910.0930
http://dx.doi.org/10.1007/JHEP09(2011)031
http://dx.doi.org/10.1007/JHEP09(2011)031
http://arxiv.org/abs/1102.4843
http://dx.doi.org/10.1007/JHEP11(2021)070
http://arxiv.org/abs/1709.04891

[16] A. Ochirov, “Helicity amplitudes for QCD with massive quarks,” JHEP 04 (2018) 089,
arXiv:1802.06730 [hep-ph].

[17] A. Herderschee, S. Koren, and T. Trott, “Massive On-Shell Supersymmetric Scattering
Amplitudes,” JHEP 10 (2019) 092, arXiv:1902.07204 [hep-th].

[18] A. Herderschee, S. Koren, and T. Trott, “Constructing N' = 4 Coulomb branch
superamplitudes,” JHEP 08 (2019) 107, arXiv:1902.07205 [hep-th].

[19] A. Guevara, A. Ochirov, and J. Vines, “Scattering of Spinning Black Holes from
Exponentiated Soft Factors,” JHEP 09 (2019) 056, arXiv:1812.06895 [hep-th].

[20] B. Bachu and A. Yelleshpur, “On-Shell Electroweak Sector and the Higgs Mechanism,” JHEP
08 (2020) 039, arXiv:1912.04334 [hep-th].

[21] S. Ballav and A. Manna, “Recursion relations for scattering amplitudes with massive

particles,” JHEP 03 (2021) 295, arXiv:2010.14139 [hep-th].

[22] S. Ballav and A. Manna, “Recursion relations for scattering amplitudes with massive particles

II: massive vector bosons,” arXiv:2109.06546 [hep-th].

[23] M. Kiermaier, “The Coulomb-branch S-matrix from massless amplitudes,” arXiv:1105.5385

[hep-th].

[24] N. Craig, H. Elvang, M. Kiermaier, and T. Slatyer, “Massive amplitudes on the Coulomb
branch of N=4 SYM,” JHEP 12 (2011) 097, arXiv:1104.2050 [hep-th].

[25] L. V. Bork, N. B. Muzhichkov, and E. S. Sozinov, “Infrared properties of five-point massive
amplitudes in N=4 SYM on the Coulomb branch,” arXiv:2201.08762 [hep-th].

[26] Y.-t. Huang, “Non-Chiral S-Matrix of N=4 Super Yang-Mills,” arXiv:1104.2021 [hep-th].

[27] H. Johansson, G. Kélin, and G. Mogull, “Two-loop supersymmetric QCD and half-maximal
supergravity amplitudes,” JHEP 09 (2017) 019, arXiv:1706.09381 [hep-th].

[28] G. Kilin, G. Mogull, and A. Ochirov, “Two-loop N/ = 2 SQCD amplitudes with external
matter from iterated cuts,” JHEP 07 (2019) 120, arXiv:1811.09604 [hep-th].

[29] C. Wu and S.-H. Zhu, “Massive On-shell Recursion Relations for 4-point Amplitudes,”
arXiv:2112.12312 [hep-th].

43


http://dx.doi.org/10.1007/JHEP04(2018)089
http://arxiv.org/abs/1802.06730
http://dx.doi.org/10.1007/JHEP10(2019)092
http://arxiv.org/abs/1902.07204
http://dx.doi.org/10.1007/JHEP08(2019)107
http://arxiv.org/abs/1902.07205
http://dx.doi.org/10.1007/JHEP09(2019)056
http://arxiv.org/abs/1812.06895
http://dx.doi.org/10.1007/JHEP08(2020)039
http://dx.doi.org/10.1007/JHEP08(2020)039
http://arxiv.org/abs/1912.04334
http://dx.doi.org/10.1007/JHEP03(2021)295
http://arxiv.org/abs/2010.14139
http://arxiv.org/abs/2109.06546
http://arxiv.org/abs/1105.5385
http://arxiv.org/abs/1105.5385
http://dx.doi.org/10.1007/JHEP12(2011)097
http://arxiv.org/abs/1104.2050
http://arxiv.org/abs/2201.08762
http://arxiv.org/abs/1104.2021
http://dx.doi.org/10.1007/JHEP09(2017)019
http://arxiv.org/abs/1706.09381
http://dx.doi.org/10.1007/JHEP07(2019)120
http://arxiv.org/abs/1811.09604
http://arxiv.org/abs/2112.12312

	Introduction
	On-shell supermultiplets
	N=4 SYM 1/2-BPS multiplet
	N=2 Supersymmetry 1/2-BPS multiplets
	N=2 hypermultiplet
	N=2 SYM 1/2-BPS multiplet

	Projection from N=4 supermultiplets to N=2 supersymmetry
	Massless supermultiplet projection
	Massive supermultiplet projection


	Three point amplitudes
	Three point special kinematics
	Three point massless amplitudes by projection
	Massive three point amplitudes of N=2* theory by projection from N=4 SYM
	Amplitudes with one N=2 vector multiplet and two hypermultiplets
	Amplitudes involving only N=2 vector multiplet

	Band structure

	Four point N=2* amplitudes projected from N=4 SYM amplitudes
	Four point amplitudes for N=2* theory from BCFW
	Massive BCFW shifts
	Amplitude with two massive hypers and two massive vector multiplets
	Amplitude with four massive hypermultiplets
	Amplitude with four massive vector multiplets

	Conclusions
	Notations and conventions
	Spinor helicity variables for massive particles

	Useful calculations
	Three point amplitudes in terms of u-spinors
	Some detailed BCFW calculations

	N=4
	Massless amplitude
	Massive amplitude with massless exchange

	Amplitudes with massless exchange
	2 vector and 2 hypermultiplet amplitude
	4-point hypermultiplet


