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Abstract

The quantum Hall effect in curved space has been the subject of many theoret-
ical investigations in the past, but devising a physical system to observe this ef-
fect is hard. Many works have indicated that electronic excitations in strained
graphene realize Dirac fermions in curved space in the presence of a back-
ground pseudo-gauge field, providing an ideal playground for this. However,
the absence of a direct matching between a numerical, strained tight-binding
calculation of an observable and the corresponding curved space prediction
has hindered realistic predictions. In this work, we provide this matching by
deriving the low-energy Hamiltonian from the tight-binding model analyti-
cally to second order in the strain and mapping it to the curved-space Dirac
equation. Using a strain profile that produces a constant pseudo-magnetic
field and a constant curvature, we compute the Landau level spectrum with
real-space numerical tight-binding calculations and find excellent agreement
with the prediction of the quantum Hall effect in curved space. We conclude
discussing experimental schemes for measuring this effect.
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1 Introduction

When two dimensional electrons are subject to a magnetic field, one of the best known
quantum effects in solids is displayed. Electronic wavefunctions are confined to cyclotron
orbits with discrete energy levels known as Landau levels, and the quantum Hall effect is
famously observed [1]. While electrons with parabolic dispersion as found in semiconduc-
tors display equally spaced Landau levels, the advent of graphene brought to prominence
the fact that massless Dirac fermions display a different type of Landau quantization with
En = vF

√
2nB, where vF is the Fermi velocity, which has then been used as proof of the

existence of Dirac quasiparticles in many systems beyond graphene ever since [2].
Interestingly, a new type of Landau quantization was predicted long ago for Dirac

fermions living in a background curved space with constant Riemannian curvature K [3].
While the dynamics of Dirac electrons in curved spaces is complex, the presence of constant
curvature and magnetic fields leads to a remarkably simple Landau level spectrum of the
form

En(B,K) = vF sgn(n)
√

2|nB|+ n2K, (1.1)

valid for |B|K > 1
2 if K > 0, and for |B||K| > (|n| + 1

2) if K < 0. This prediction is of great
interest because it allows one to probe the effects of Riemann curvature on Dirac fermions
by measuring their spectrum in magnetic field, but it has remained untested because of
the difficulty in realizing a physical system with Dirac fermions in constant B and K.

Among the possible systems available, strained graphene is actually one of the better
suited physical candidates to observe this type of physics [4–8]. In the presence of strain,
the low energy Dirac electrons in graphene behave as though they feel an effective magnetic
field and move in a curved space-time [9–19]. Indeed, for strains where the magnetic field is
constant, a Landau level spectrum should develop, which has been shown in tight-binding
calculations [20, 21] and in experiment [22–25]. Since strain should serve both to provide
the magnetic field and the curvature, without the need of an external magnetic field, this
makes this system an ideal playground to study Dirac fermions in curved space. We note
that the surface states of topological insulators, which also realize Dirac fermions, have
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often been discussed in this context as well, since the surface can take any shape and is
in general curved [26–32]. The magnetic field, however, has to be supplied externally and
its spatial dependence is fixed.

As promising as the graphene platform might be, elaborating on its microscopic model
illustrates an unsolved challenge. Electrons hopping on the graphene honeycomb lattice
can be described by a tight-binding (TB) model [33], and its continuum limit provides the
Dirac fermion action naturally [34]. When strain is applied, the local hopping strength
varies across the lattice, and these leads to two corrections to the Dirac action [9–13,35–37]:
An emergent space-dependent gauge field (and thus a magnetic field) and a space depen-
dent Fermi velocity tensor, which can equally be interpreted as a the vielbein coupling
fermions to a curved space. Given these ingredients, it appears that an exact mapping
between the tight-binding model of strained graphene and the corresponding continuum
field theory must exist, which would allow to find the strain profile that realizes any de-
sired curved space. Since certain aspects of this mapping are quite subtle, it has remained
a challenge to produce a real space lattice calculation whose spectrum exactly matches a
field theory prediction in curved space. The subtleties include the momentum origin of
the low-energy expansion, the different orders of expansion in strain, how to deal with
the volume form when comparing with tight binding and whether a spin-connection term
should appear in the description.

In this work, we derive the mentioned mapping at the lattice level to all orders in strain,
and we take the simple field theory prediction for Landau levels in constant curvature,
Eq. 1.1 as a benchmark to test it. Using the mapping to choose an appropriate strain
profile, and expanding to second order in strain, we show that the spectrum of a real space
lattice calculation with modulated hopping displays the expected series of Landau levels,
with their positions matching accurately the prediction from the field theory in curved
space, Eq. 1.1. We emphasize we realize effective curvature coming purely from the in-
plane strain, in contrast to previous work considering physically curving the graphene
sheet [38]. Our numerical work therefore provides support for our precise mapping, and
shows the strained honeycomb lattice is indeed an ideal system to realize predictions for
Dirac fermions in curved space.

Besides the potential experimental realization in solid state graphene, we propose that
such a strain profile can be engineered—and the effects of curvature seen—in graphene
analogues such as photonic or sonic lattices, where the level of control is much higher than
in conventional graphene. In these systems it is possible to modify the position of each
lattice site individually. It would be exciting indeed to see the effects of curvature on the
quantum Hall effect in these experimental set-ups. Synthetic LL for photons have already
been seen in optical resonators [39,40].

The structure of our paper is the following: In Sec. 2 we introduce the field theory
formalism of a Dirac fermion in curved space. Sec. 3 shows the explicit map between the
continuum Hamiltonian derived from the TB model and the field theory from Sec. 2. We
then focus on a particular strain profile for Sec. 4 and use the expressions from Sec. 3
to evaluate the magnetic field and curvature to second order in strain for this particular
profile. We perform numerics on this TB model in Sec. 5 and see explicitly the effects
of curvature in the results. In Sec. 6 we present a comparison of our results with other
works.
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2 2 + 1D Dirac Fermion in static curved space

In this section, we will review the general form of the Hamiltonian of a 2 + 1D Dirac
fermion in static curved space following the textbook by Bertlmann [41]. It can be seen
that we do not have any term corresponding to the spin connection explicitly.

2.1 Vielbein formalism

Let us first introduce some notation that will be useful later on. In particular, we use
the vielbein formalism of General Relativity [42, 43], which exploits the fact that there is
always a coordinate transformation to a locally flat frame. In our work we choose to focus
on the case where the atoms in the graphene sheet only experience in-plane displacements
and hence we end up with a 2 + 1D problem. The metric of static curved space is given
by

gµν(x) =

(
1 0
0 −gij(x)

)
, (2.1)

where i, j, k = 1, 2 represent the space indices. The flat space-time metric is ηαβ =
diag(1,−1,−1). We will use α, β, γ, · · · for local frame indices and µ, ν, λ, · · · for coordinate
indices. We will also use a, b, c, · · · = 1, 2 for space indices of the local frame and i, j, k, · · · =
1, 2 for space indices of the coordinates. The vielbein is given by the definition gµν =

eαµe
β
νηαβ. We raise and lower the local frame indices by ηαβ and ηαβ, we raise and lower

the space coordinate indices by gµν and gµν . We also define the inverse vielbein eµα as
eαµe

µ
β = δαβ . For static curved space, we have

e00 = 1, ei0 = e0a = 0, (2.2)

and all the components of the vielbein are time-independent. The spin connection is 1

ωαµβ = −eνβ(∂µe
α
ν − Γσµνe

α
σ). (2.3)

where Γµλσ is the Christoffel symbol. With the tetrad postulate [42]

∇µeαν = ∂µe
α
ν − Γσµνe

α
σ + ωαµβe

β
ν = 0, (2.4)

we find that the Christoffel symbol in terms of the vielbein is Γµλσ = ∂σ(eαλ)eµα. We also
use the explicit notation of gamma matrices with local frame index γα in 2 + 1D as

γ0 = σ3, γa = σ3σa (a = 1, 2), (2.5)

where σa are the Pauli matrices. We have the anti-commutation relation
{
γa,γb

}
= 2ηabI.

The space-dependent gamma matrices with space-time indices are given by

γµ(x) = eµα(x)γα (2.6)

with the anti-commutation relation {γµ(x), γν(x)} = 2gµν(x)I.

1We consider a torsionless spin connection and smooth valued vielbeins. The field theory in curved
space with torsion is required in the presence of lattice defects such as dislocations and disclinations, see
for example [44–46].
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2.2 2 + 1D Dirac fermion in static curved space

The action of a spin-12 Dirac fermion in 2 + 1D curved space-time is most often written
as [41–43,47]

S = i

∫
d3x
√
|g|Ψ̄γµ(∂µ − iAµ −

i

2
ωαβµ σαβ)Ψ, (2.7)

where we used σαβ = i
4 [γα,γβ] , and g = det(gµν), and Ψ̄ = Ψ†γ0. ωαβµ is the spin

connection. This action in Eq. (2.7), as written, is formally not real, which implies that
the corresponding Hamiltonian is not Hermitian. A properly real action is rather obtained
as [41]

S ′ = 1

2

(
S + S†

)
. (2.8)

However, S and S ′ only differ by a total derivative (see Appendix A for a proof) and are
hence equivalent physically in an infinite system, and because of this S or S ′ are used
interchangeably in the literature [41, 48, 49]. This also implies that S is in fact also real
in an infinite system, upon discarding a vanishing boundary term. In the presence of a
boundary, it is of course S ′ that should be used, or if S is used it should be supplemented
with a boundary condition that makes the whole action Hermitian 2.In this work we will
just use S ′ for simplicity. As a real action leading to a Hermitian Hamiltonian, this is also
the natural choice to compare with a lattice tight binding Hamiltonian.

In a static curved space (2.1), the Hermitian Hamiltonian corresponding to (2.8) is

H = −ivF
∫
d2x
√
ĝ
[
Ψ†eiaσ

a
(←→
∂ i − iAi

)
Ψ
]
, (2.9)

where
←→
∂ µ = 1

2

(−→
∂ µ −

←−
∂ µ

)
only acts on fermion fields. One observes that the spin

connection term in (2.9) has cancelled for a static curved metric (2.1), which is a well
known result for 2 + 1D Dirac fermions [41]. However, the equation of motion derived
from the Hermitian Hamiltonian (2.9) will have an additional term which includes the
derivative of the vielbein. This term originates from the spin connection. See Appendix
A for more details. Aiming at the comparison with graphene, we have inserted the Fermi
velocity vF as appropriate for graphene, and ĝ(x) = det(gij(x)). Furthermore, we have
set the scalar potential to zero as is appropriate for the type of strain that we consider in
this work. We leave the detailed derivation of equation (2.9) to Appendix A.

The Hermitian Hamiltonian in Eq. (2.9) is not yet ready to be compared with the
tight binding Hamiltonian. The reason is that the inner product of the wave function in
static curved space is given by

〈Φ|Ψ〉 =

∫
d2x
√
ĝΦ†Ψ. (2.10)

However, to make a comparison with the tight binding model we need to define a new
field

Ψ̃ = ĝ1/4Ψ, (2.11)

with the corresponding wave function’s inner product

〈Φ̃|Ψ̃〉 =

∫
d2xΦ̃†Ψ̃, (2.12)

2In fact the natural choice of boundary conditions is the one that makes the different surface terms
vanish, see Appendix A1
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since this inner product is the one that will be inherited from the tight-binding model.
The conjugate anti-commutation relation of Dirac fermion in curved space derived from
the action S ′ is

{Ψ†(x),Ψ(y)} =
1√
ĝ(x)

δ(x− y). (2.13)

After the scaling, we arrive at a new anti-commutation relation

{Ψ̃†(x), Ψ̃(y)} = δ(x− y) (2.14)

which is identical to the anti-commutation relation of the electron field in graphene. There-
fore one should map the electron field in the tight binding Hamiltonian to the rescaled
Dirac field Ψ̃ instead of Ψ. Note a similar rescaling has been used in Ref. [32]. The
Hamiltonian in static curved space has the new form

H̃ = −ivF
∫
d2xΨ̃†eiaσ

a
(←→
∂ i − iAi

)
Ψ̃. (2.15)

In the subsequent sections, we will derive the same Hamiltonian (2.15) from strained
graphene. Naturally, the inner product of the electron’s wave function in graphene takes
the form (2.12).

So in conclusion, in order to compare to the tight-binding Hamiltonian, one has to use
the Hermitian Hamiltonian (2.15) instead of the Hamiltonian derived directly from (2.7).
There is no explicit spin connection term in (2.15).

3 Deriving the Dirac Hamiltonian from the tight-binding
model

3.1 Tight-binding Hamiltonian

Under applied strain, the tunneling parameter in the tight binding (TB) model of graphene
depends on the coordinates. We write the TB Hamiltonian in the following form

HTB =
∑
n,Ri

tn(Ri)
(
ψ†A(Ri)ψB(Ri + ln) + h.c.

)
, (3.1)

where tn(x) is the space dependent tunneling parameter, ψ†A(Ri) is the operator that
creates an electron at position Ri of sub-lattice A and ψB(Ri + ln) is the operator that
annihilates an electron at position Ri + ln of sub-lattice B. ln are vectors from an A site

to its nearest neighbours, l1 = a(
√
3
2 ,

1
2), l2 = a(−

√
3
2 ,

1
2) and l3 = a(0,−1).

We Fourier transform the Hamiltonian (3.1) and expand for momenta close to the
Dirac point K = ( 4π

3
√
3a
, 0). We expand to linear order in the momenta while keeping the

full hoppings tn(x) which might have an arbitrary strain dependence for now. Going back
to position space, we can rewrite the Hamiltonian as

HTB =

∫
d2xvFψ

†(x)
(
−iσiṽij(x)

←→
∂ j − σiAsi (x)

)
ψ(x) (3.2)

with vF = 3t0
2a and the space dependent Fermi velocity is

ṽij(x) =
∑
n

2

3t0a2
linl

j
n

(
tn(x)− 1

2
lkn∂ktn(x)

)
, (3.3)
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and the artificial gauge field due to the strain is given by

Asi (x) =
∑
n

2

3t0a2
εijl

j
n

(
tn(x)− 1

2
lkn∂ktn(x)

)
(3.4)

and ψ(x) is a Dirac spinor with the spinor index corresponding to the sub-lattice index

ψ(x) = eiK·x
(
ψA(x)
ψB(x)

)
. (3.5)

The result (3.2) together with (3.3) and (3.4) are central results of this work. The technical
details of this calculation are left to Appendix B. In Appendix B we also discuss how the
last terms of (3.3) and (3.4) were missed in the previous works [9,10] and the implications
of this. Furthermore, in this appendix we show that there is a symmetry operation relating
the low-energy theory around K and around the other Dirac point K′ = −K, such that
the spectra are the same. We note that there has been some controversy in the literature
about whether to expand the Hamiltonian about the unshifted Dirac point K (as we do
here) or about a shifted Dirac point, defined as the point in k-space where the Hamiltonian
vanishes [12]. However, following through the expansion around the shifted K point in
the formalism, in Appendix C one encounters divergences when attempting to Fourier
transform back to real space, showing that this expansion is inconsistent. In Appendix D
we further show that our method is consistent for the example of a uniform dilatation.

3.2 Mapping to Dirac fermion in static curved space

We will now relate the TB Hamiltonian to the Dirac Hamiltonian in curved space derived
in section 2.2. Since the local velocity ṽij is symmetric by construction, we can rename it
as follows

ṽaj → ṽja (a = 1, 2; j = 1, 2). (3.6)

We can rewrite the tight binding Hamiltonian as 3

HTB = vF

∫
d2xψ†

(
−iṽja(x)σa

←→
∂j − σaAsa(x)

)
ψ. (3.7)

Comparing the TB Hamiltonian (3.7) and the Dirac Hamiltonian in static curved space
(2.15) we obtain the explicit map

eja(x) = ṽaj(x), (3.8)

Aj(x) = eaj (x)Asa(x), (3.9)

Ψ̃(x) = ψ(x), (3.10)

where eaj (x) is the inverse vielbein such that eaj (x)ejb(x) = δab . Note that Ψ̃(x) and ψ(x)

share the same definition of inner product (without
√
ĝ). This mapping confirms that the

low-energy graphene Hamiltonian in the presence of space-dependent tunneling induced
by strain can always be mapped to a field theory of a Dirac fermion in static curved space
and in magnetic field.

Explicitly, the values of the curvature and magnetic field can be obtained from the
local tunneling tn(x) as follows. From Eq. (3.3) and the inverse vielbein eai (x), one can
derive the spatial component of the metric gij(x) = eai (x)eaj (x). The Gaussian curvature
in two dimensions can be calculated using the formula [47]

K(x) =
R1212(x)

ĝ(x)
, (3.11)

3By renaming i to a.
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Figure 1: Sketch of the central region of the lattice. The undistorted honeycomb lattice
is shown in blue, the strained lattice (with strain profile (4.2)) is shown in red. The 10
central sites that are used to calculate the LDOS are marked by a black cross.

where the Riemann curvature tensor is given by

Rijkl = glq

(
∂iΓ

q
jk − ∂jΓ

q
ik + ΓpjkΓ

q
ip − ΓpikΓ

q
jp

)
. (3.12)

The magnetic field in static curved space can be obtained from the vector potential in Eq.
(3.4) as

B(x) =
∂1A2(x)− ∂2A1(x)√

ĝ(x)
. (3.13)

In this paper, we only consider the strain profiles with the condition ∂iu
i = 0, in which

ui is the strain field defined by the displacement xi → xi + ui(x). With these strain
profiles, there is no strain induced scalar potential. However, with a general strain, there
would be an extra term −A0ψ

†ψ contributing to the tight binding Hamiltonian where the
scalar potential is given by [50]

A0 = g∂iu
i, (3.14)

where g is a constant that can be determined by numerical calculation [50]. Consequently,
the tight binding Hamiltonian will be mapped to a more general Dirac Hamiltonian in
static curved space with both vector potential and scalar potential (A.7) with gauge po-
tential Aµ and vielbein eia given by (3.14), (3.9) and (3.8).

We are now in a position to devise a lattice deformation to produce constant magnetic
field and curvature. To do so, we next consider expanding tn(x) to second order in strain.

4 Constant curvature and magnetic field from strain

We strain the lattice such that the positions of the lattice sites are displaced as

x→ x + u(x). (4.1)

Let us propose the following strain profile (shown in Fig. 1), which produces a constant
magnetic field at first order in the strain

u =
uB
L

(
2xy

x2 − y2
)
, (4.2)
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where uB is a dimensionless number and L is the total size of the lattice. For our approx-
imations to hold, we want the change in the distance of neighbouring atoms due to strain
to be less than the lattice spacing a. This implies

a∇u� a (4.3)

and if we want this to hold up to the edge of the lattice we therefore require uB � 1. The
hopping usually depends on the distance between nearest-neighbour atoms as

tn(x) = t0e
−β(|ln+u(x+ln)−u(x)|−a)/a, (4.4)

where β ≈ 3 for real graphene [51]. For the photonic lattice, this form is also valid and
β can be tuned. For the purpose of a cleaner numerical match with the field theory, we
will rather use a hopping profile that is exactly linear in the displacement with vanishing
higher order terms

tn(x) = t0(1−
β

a2
(u(x + ln)− u(x)) · ln) (4.5)

while still carrying out the rest of the calculation to second order in strain. The expression
(4.5) for the tunneling results in cleaner LL compared to using the full exponential profile
(4.4). So although this form of the tunneling is not exactly the form that is relevant to ex-
periments, we use it to check that our TB numerics reproduce the field theory predictions.
It has already been noted in [52,53] that this strain profile results in cleaner LL.

The detailed derivation of the space-dependent Fermi velocity ṽij(x) and the gauge
field Asa(x) for the tunneling (4.5) is found in Appendix E: the final expressions are (E.13)
and (E.15) respectively. We apply the map (3.8)-(3.10) and then use the formulae for the
curvature (3.11) and the magnetic field (3.13) from the previous section. For this strain
profile, we find curvature

K = − 4

a2

(
β
auB
L

)2

(4.6)

and magnetic field

B =
4

a2
β
auB
L

. (4.7)

We see that we have both a constant curvature and constant magnetic field, as desired.
We can also perform the same calculation for the exponential tunneling (4.4). We

need to expand to second order in the strain, since we want to investigate the effect of
curvature on the Landau levels, which appears at that order for the given profile. The
calculation is performed in Appendix F. The expressions for the curvature and magnetic
field in that case are given by equations (F.19) and (F.20) respectively. We emphasize that
our approach can be used to compute K and B to arbitrary order in the strain. Beyond
the second order we observe that the curvature and magnetic field are no longer constant
in space.

We note that it is possible to have non-zero curvature at first order in the strain if
∇ · u 6= 0, however in this case the distance between neighbouring sites will significantly
differ from a far away from the centre of the lattice. In addition this leads to the scalar
potential we neglected. For the numerical calculation this results in blurred out LL.

5 Numerical calculation

By exactly diagonalizing the Hamiltonian, we can determine the spectrum and compare
to the field theory calculation. We use a lattice with around 10,000 sites and plot the
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Figure 2: Tight-binding results for the strain profile (4.2) with TB parameter β = 3. We
perform exact diagonalization (ED) of a lattice with 10,000 sites. We show the integrated
LDOS for the parameter auB/L = 0.0105. We plot the expected position of the pseudo
Landau levels with and without the additional contribution from the curvature. It can
clearly be seen that the curvature term is important in order to match the field theory
result to the ED result.

integrated local density of states (LDOS) D(ε) for 10 sites closest to the centre of the
lattice, as shown in Fig. 1. We need to make sure to include the same number of A and
B sublattice sites when calculating the LDOS, since for higher LL the wavefunctions have
different amplitudes on both sublattices. The LDOS is

D(ε) =
∑
n

Θ(ε− εn)
10∑
i=1

|ψn(xi)|2, (5.1)

where the first sum is over all eigenvalues εn with corresponding normalized eigenfunction
ψn(x) and the second sum is over the 10 central sites at positions xi. Θ(x) denotes the
Heaviside step function. We use the strain profile (4.2).

In Fig. 2 we plot the LDOS and compare to the expression (1.1) with B and K given by
(4.7) and (4.6) respectively. The spectrum shows clear jumps at the energies corresponding
to the pseudo Landau levels. We see that we need to include the effect of the non-zero
curvature in order to accurately fit the positions of the pseudo Landau levels. We note
that the zeroth pseudo LL is the sharpest, the reason being that the existence of a certain
number of zero-energy states is guaranteed by an index theorem, which does not rely on
the magnetic field being uniform [54]. Higher pseudo LLs can be smeared out since the
small momentum expansion that we used to derive the field theory is no longer valid [55].
In Fig. 3 we compare the positions of the pseudo LLs with the predictions with and without
curvature for different values of uB which shows that the prediction with curvature matches
the numerical data for all uB investigated.

An additional feature of the QHE in constant curvature is that the pseudo LL degen-
eracy now depends on the LL index n due to the Wen-Zee shift [3,56]. Unfortunately the
LDOS is not a good probe for this effect and we do not see this effect in our numerics.
The Wen-Zee shift is a global property. One can derive the LL degeneracy using the
Index Theorem, which requires an integral over the entire manifold [3]. In addition, the
derivation of the Wen-Zee shift uses the assumption that we have a sphere with a constant

10
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Figure 3: Tight-binding results for the strain profile (4.2) with TB parameter β = 3. We
perform exact diagonalization (ED) of a lattice with 10,000 sites. The circles show the
location of the pseudo Landau levels as determined by the peaks in the local density of
states (LDOS) as a function of the applied strain auB/L. We compare the prediction (1.1)
with (blue curve) and without curvature (orange curve) to the data and see that only the
model with curvature accurately fits the data.

curvature, which we do not have here. We only have a manifold with approximately con-
stant curvature near the center. So in principle, one should not expect to obtain Wen-Zee
shift from LDOS of the current setup.

6 Comparison to previous work

In this section we consider how our results compare with other works that have addressed
the same problem, particularly in light of the different subtleties in the calculation that
we have discussed throughout.

First, regarding the order of expansion in strain uij , most works like Refs. [9, 10, 57]
initially considered only an expansion to linear order. Later works like [13,58] extended the
expansion of the Hamiltonian to second order in strain, obtaining expressions for the gauge
field and Fermi velocity [13]. These works however focused only on the computation of
the effective magnetic field, without drawing the connection to curved spaces and without
computing the Riemann curvature. This is of key importance since the Riemann curvature
only has a contribution to second order in strain for the profile we considered. If any of
the previous works had computed the lattice spectrum in the presence of strain that leads
to spatially constant B, the LL energies would not have matched those predicted by the
continuum calculations, because none of them considered the effect of the curvature.

A related issue is that of the order of derivatives of the strain field that needs to be
included. Ref. [9] and several subsequent works did not consider derivatives of the strain
field in the expansion, but in this paper we do (Eqs. (3.3) and (3.4)). The difference in
the magnetic field and curvature that results from including this does not appear to first
order in strain, but these corrections become important for the terms to second order in
strain. Again, calculations ignoring these effect would not have resulted in a perfect match
with numerics. This is further explained in Appendix E.

Another key point in the matching with continuum calculations is to ensure that the
field normalization is the same as that inherited from a TB model, which requires the
rescaling of the field (2.11). The inclusion of this is a difference with Refs. [14, 59], for
example. This rescaling has been explicitly used, for the mentioned reason in Ref. [32] in
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the context of topological insulator surface states.
Another source of difference with other works is the question of whether to perform

the momentum expansion around the original Dirac points of the honeycomb lattice, or
around new, shifted Dirac points that are a function of the strain, as done in [14]. In
Appendix C we show that the second choice is ill-defined when carried out to second and
higher orders in strain, while the first choice leads to the effective theory that matches the
numerical calculation precisely.

Finally, the same strain profile that we used is also studied in [59]. Their expression
for the energy levels differs from our result in two regards. On the one hand they employ
a different definition of the emergent magnetic field, namely H = ∇×A, whereas we use
the curved space formula B = (∇ × A)/

√
g. This accounts for the apparent difference

between our result and that of [59], when written directly in terms of the strain field the
results are the same, except that [59] neglects again the curvature correction to the energy
levels (the n2 term).

7 Conclusions

In this work, we have shown that the effective low-energy theory governing strained
graphene is that of a Dirac fermion in curved space coupled to an artificial gauge field.
Armed with the precise mapping between lattice and continuum field theory formulations,
we aimed to test our theory with the simple prediction of the Quantum Hall effect in con-
stant curvature. We have been able to reproduce the well known spectrum of this problem
in exact diagonalization of the real space tight-binding Hamiltonian and the agreement be-
tween the theory and the numerics vindicates out low-energy theory. This is the first term
that these corrections to the Landau levels due to curvature have been seen in strained
graphene.

Throughout the paper, we have commented on several subtle points in the derivation
of the mentioned mapping that are important to obtain our results. First, the volume
form must be absorbed in the continuum fields in order to define a Hamiltonian for Dirac
fermions in curved space that can be compared with a lattice calculation. Second, we
have addressed a controversy regarding the origin of the momentum expansion in the
tight-binding Hamiltonian. And third, we have carried out the calculation to second order
in strain when matching with the constant curvature scenario. The importance of these
three points is illustrated simply by realizing that if these are not taken into account, the
match with numerics is not obtained.

Besides straining ordinary graphene, there are two other promising platforms that
offer more control over the desired strain profile. The first is a photonic lattice, where
waveguides are etched into a crystal in a hexagonal arrangement and hopping of photons
between waveguides is well-described by a tight-binding model. Signatures of the quantum
Hall effect in the photonic analogue of strained graphene have already been observed
[60–63]. The main signature seen so far in the photonic analogue are the robust chiral
edge modes. It would interesting to extend this work in order to be able to measure
the Landau levels themselves. However, this would require measuring the local density
of states, something that has proved elusive in this system so far. On the other hand, a
system which offers a way of measuring energies directly is the sonic lattice [64–66]. A
similar Hamiltonian has also been constructed for ultracold atoms in an optical lattice [67].
Finally, another avenue for further research would be to consider different strain profiles
that may be able to simulate more exotic gravitational analogues, for example the graphene
analogue of a wormhole [68].
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A 2 + 1D Dirac fermion in static curved space

Let us start by reproducing the argument for why S and S ′ are used interchangeably in
the literature [41, 48, 49]. We recall the action (2.7) of a spin-12 Dirac fermion in curved
space-time

S = i

∫
d3x
√
|g|Ψ̄γµ(∂µ − iAµ −

i

2
ωαβµ σαβ)Ψ. (A.1)

The Hermitian conjugate of (A.1) is

S† = i

∫
d3x
√
|g|Ψ̄

[
γµ(−

←−
∂µ − iAµ)− i

2
ωαβµ σαβγ

µ

]
Ψ, (A.2)

where
←−
∂µ only acts on Ψ̄. Defining S ′ = 1

2

(
S + S†

)
, one can show that [49]

S − S ′ = i

2

∫
d3x∂µ

(√
|g|Ψ̄γµΨ

)
, (A.3)

therefore S and S ′ are equivalent up to a surface term and we can use either of them for
the theory of a 2 + 1D Dirac fermion in curved space-time.

Let us now focus on the boundary conditions specific to the set-up of our study. In a
system with boundaries in the spatial directions, the natural boundary conditions should
be chosen such as Dirac particle cannot escape the system. Such boundary conditions
satisfy the following constraint

n̂iJ
i = n̂i

(√
|g|Ψ̄γiΨ

)
= 0, (A.4)

where n̂ is the normal vector of the boundary. In addition, if one considers the boundary
in the time direction, the vanishing of (A.3) is the requirement for conservation of the
global charge dQ/dt = 0 with

Q =

∫
d2x J0, J0 =

√
|g|Ψ̄γ0Ψ =

√
|g|Ψ†Ψ. (A.5)

Thus the boundary term (A.3) vanishes with a suitable choice of the boundary conditions.
In other words, the actions S and S ′ are equivalent. Combining equations (A.1) and (A.2),
we obtain

S ′ = i

∫
d3x
√
|g|Ψ̄

[
γµ(
←→
∂ µ − iAµ) +

i

4
ωαβµ {σαβ, γρ}eµρ

]
Ψ, (A.6)

where
←→
∂ µ = 1

2

(−→
∂ µ −

←−
∂ µ

)
only acts on fermion fields. From the definition of the static

curved space vielbein, we see that the anti-commutator in the above equation vanishes,
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there is actually no spin connection term in (A.6). If we consider the Dirac action with the
Fermi velocity vF replacing the speed of light, we obtain the corresponding Hamiltonian
in a static curved space

H = −i
∫
d2x
√
ĝ
[
Ψ†vF e

i
aσ

a
(←→
∂ i − iAi

)
Ψ− iA0Ψ

†Ψ
]
. (A.7)

If we consider an applied magnetic field only and chose the Coulomb gauge A0 = 0, the
Hamiltonian has the form

H = −ivF
∫
d2x
√
ĝΨ†eiaσ

a
(←→
∂ i − iAi

)
Ψ. (A.8)

The above equation is nothing but the Hamiltonian (2.9) in the main text.
Since S and S ′ differ by a total derivative, they should give rise to the same equation of

motion for the field Ψ. How can this be reconciled with the fact that the action S in (A.1)
has a spin connection term while the action S ′ (valid for static curved space) in (A.6) does
not? When we compute the equation of motion for Ψ from (A.6), we need to integrate

by parts to convert the derivative
←→
∂ µ into a derivative ∂µ acting only on the right. In

this process, we end up with a derivative of
√
ĝ and a derivative of the vielbein (since the

vielbein is implicit in γµ). The term including the derivative of
√
ĝ is cancelled after we

redefine the Dirac field as in equation (2.11). The derivative of the spin connection term
can be shown to be precisely equivalent to the term coming from the spin connection when
the equation of motion is derived from (A.1) 4.

B Derivation of effective tight-binding Hamiltonian

The TB Hamiltonian (3.1) is Hermitian by construction. We will map the final result to
the Hamiltonian of a 2 + 1D Dirac fermion in static curved space. Since the Hamiltonian
is Hermitian, the corresponding action is S ′ instead of S, and one then discovers that
the mapped Hamiltonian does not have the spin-connection term which is (2.15). In the
continuum limit, we define the field operator in momentum space

ψI(x) =
∑
k

1

N
e−ikxψI(k), ψI(k) =

∑
x

eikxψI(x), (B.1)

where I = A,B, and N is the total number of unit cells, and rewrite the Hamiltonian
(3.1) as

HTB =
∑
n,k,k′

1

N2
tn(k− k′)ψ†(k)

(
0 e−ik

′ln

eikln 0

)
ψ(k′), (B.2)

with the definition of Fourier transformation

tn(x) =
∑
k

1

N
e−ikxtn(k), tn(k) =

∑
x

eikxtn(x), (B.3)

and ψ(k) = (ψA(k), ψB(k)). We define the two Dirac points K = ( 4π
3
√
3a
, 0) and K′ = −K.

We then define k = q + K, and redefine ψ(K + q)→ ψ(q). Expanding up to second order

4We note that in [9], there is a term with the derivative the space-dependent Fermi velocity in the
equation of motion, which corresponds to the derivative of the vielbein after the mapping we will introduce
in section 3.2.
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in the small momenta q and q′, we find

HTB = i
∑
n,q,q′

1

N2
tn(q−q′)ψ†(q)

σ · ln
a

σ3×

(
1 + iqil

i
n − 1

2qiqjl
i
nl
j
n 0

0 1− iq′ilin − 1
2q
′
iq
′
jl
i
nl
j
n

)
ψ(q′).

(B.4)
We then define

Q =
1

2
(q + q′), s =

1

2
(q− q′). (B.5)

We can rewrite the above Hamiltonian in the following form

HTB = i
∑
n,Q,s

1

4N2
tn(2s)ψ†(Q + s)

σ · ln
a

σ3

×

(
1 + i(Qi + si)l

i
n − 1

2(Qi + si)(Qj + sj)l
i
nl
j
n 0

0 1− i(Qi − si)lin − 1
2(Qi − si)(Qj − sj)linl

j
n

)
ψ(Q−s),

(B.6)

where the factor 1/4 comes from the change of variables (Jacobian). Using the Fourier
transformation to convert it back to coordinate space, we obtain

HTB = i
∑

n,Q,s,x,y

1

4N2
tn(2s)e−iQ(x−y)−is(x+y)×

ψ†(x)
σ · ln
a

σ3

(
1 + i(Qi + si)l

i
n − 1

2 (Qi + si)(Qj + sj)l
i
nl
j
n 0

0 1− i(Qi − si)lin − 1
2 (Qi − si)(Qj − sj)linljn

)
ψ(y).

(B.7)

Using the identity
∑

Q e
−iQ(x−y) = 4Nδx−y,0, and the identities

∑
x,y

iQie
−iQ(x−y)−is(x+y)ψ†(x)Σψ(y) =

∑
x,y

e−iQ(x−y)−is(x+y) 1

2

(
∂ψ†(x)

∂xi
Σψ(y)− ψ†(x)Σ

∂ψ(y)

∂yi

)
,

(B.8)

∑
x,y

isie
−iQ(x−y)−is(x+y)ψ†(x)Σψ(y) =

∑
x,y

e−iQ(x−y)−is(x+y) 1

2

(
∂ψ†(x)

∂xi
Σψ(y) + ψ†(x)Σ

∂ψ(y)

∂yi

)
(B.9)

up to surface terms, where Σ is any 2 × 2 matrix, we go back to position space, the results (3.2)
together with (3.3) and (3.4) follow after we replace∑

x

→ 1

a2

∫
d2x (B.10)

and integrate by parts. We discard all terms that have more than one derivative acting on fermion
fields, since these cannot be brought into the form of the Dirac Hamiltonian. We also discard
terms that have more than one derivative acting on the hopping tn(x) and terms with higher order

in
←→
∂ . These terms are all higher-order in the momentum and will be relevant far from the Dirac

points, ie once we get to high Landau levels.

With the valley dual (VD) transformation 5

ψ(x)→ σ1ψ′∗(x), (B.11)

5Which can be thought of as the combination of the sublattice symmetry A ↔ B and the time reversal
symmetry transformations.
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one can map the effective Hamiltonian near K (3.2) to the effective Hamiltonian near K′ after
some manipulations 6

HTB =

∫
d2xvFψ

′†(x)
(
iσiṽ

ij(x)
←→
∂ j − σiAsi (x)

)
ψ′(x) (B.12)

for ψ′(x) = e−iKx(ψB(x), ψA(x)). From the valley duality, each eigenenergy of the effective Hamil-
tonian near K′ corresponds to the same eigenenergy of the effective Hamiltonian near K.

C Which K point should one expand about?

In this appendix, we analyze the expansion around the space-dependent K point used in Ref. [12].
We will show that by careful calculation, this approach is ill-defined at higher orders in the strain
field. The starting point is—as before—(B.2)

HTB =
∑
n,k,k′

1

N2
tn(k− k′)ψ†(k)

(
0 e−ik

′ln

eikln 0

)
ψ(k′), (C.1)

and we define the new variables

Q =
1

2
(k + k′), s =

1

2
(k− k′). (C.2)

Beware that this definition is not the same as (B.5) due to the difference between k and q.
Remembering the Jacobian for this transformation, we obtain

HTB =
∑
n,s,Q

1

4N2
tn(2s)ψ†(Q + s)

(
0 e−i(Q−s)ln

ei(Q+s)ln 0

)
ψ(Q− s). (C.3)

Now define

HTB =
∑
s,Q

1

4N2
ψ†(Q + s)ĤTB(Q, s)ψ(Q− s), (C.4)

where

ĤTB(Q, s) =
∑
n

tn(2s)

(
0 e−i(Q−s)ln

ei(Q+s)ln 0

)
. (C.5)

We now follow Ref. [12] and define the spatially-dependent K-point via

∑
n

tn(2s)

(
0 e−iK

±(2s)ln

eiK
±(2s)ln 0

)
= 0. (C.6)

We then expand ĤTB(Q, s) around (K±,0).

ĤTB(Q, s) = iσ3[(∓σ2f2(2s) + σ1f1(2s))(Q−K±(2s))− (σ1f1(2s)∓ σ2f2(2s))σ3s], (C.7)

where the expressions for f1,2(2s) and K±(2s) can be found in Ref. [12]. Let us write K±(2s) =
K±(0) + δK±(2s) and consider the term at second order in strain

−iσ3σ1f1(2s)δK±(2s) ∈ ĤTB(Q, s). (C.8)

Now plugging back into (C.4), we need to evaluate a term of the form∑
s,Q

ψ†(Q + s)f1(2s)δK±(2s)ψ(Q− s). (C.9)

6We obtain the same effective Hamiltonian by repeating the direct calculation for the expansion about
K′ point.
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We transform back to real space∑
x,y

∑
s,Q

ψ†(x)e−i(Q+s)xf1(2s)δK±(2s)ψ(y)ei(Q−s)y (C.10)

and evaluating the sum over Q this becomes

N
∑
x

∑
s

ψ†(x)e−2isxf1(2s)δK±(2s)ψ(x). (C.11)

In particular let us study the matrix∑
s

e−2isxf1(2s)δK±(2s) =
∑
s,y,y′

e−2isxe2iys+2iy′sf1(y)δK±(y′) =
N

2

∑
y

f1(y)δK±(x−y). (C.12)

Assuming tn(x) is well-defined, f1(x) and δK±(x) be well-defined as well. However, in general,
the sum in (C.12) will not converge. This shows that the expansion about the spatially-dependent
K-point is not well-defined. One can check that it is the case for our choice of strain profile (4.2).
Defining uij ≡ ∂iuj we have

f1(x) = vF

(
1− βu11(x)
−βu12(x)

)
= vF

(
1− 2βuB

L x2
− 2βuB

L x1

)
(C.13)

and

δK±(x) = ± β

2a

(
u22(x)− u11(x)
u12(x) + u21(x)

)
= ±2β

a

(
−x2
x1

)
(C.14)

for the given strain profile. Hence the expression (C.12) contains terms like

N
∑
y

y1(x1 − y1) (C.15)

which do not converge.

D Uniform dilatation

Let us consider the case of a uniform dilatation of our atomic lattice

x′ = x + u(x) = x + εx (D.1)

and so with the hopping (4.5) we find

t′ = t0(1− βε) (D.2)

and hence via (3.3) we have
v′F = (1− βε)vF . (D.3)

But now we need to remember that our Dirac Hamiltonian is written in the atomic frame (x
coordinates), instead of in the lab frame (x′ coordinates). If we start with the Hamiltonian in the
atomic frame

Hatomic = −iv′F
∫
d2x ψ†σi

∂

∂xi
ψ (D.4)

then in the lab frame we obtain, then by virtue of the transformation (D.1) (see e. g. [70] for
details)

Hlab =

∫
d2x′ψ†

[
− iv′F

(
σi +

∂ui
∂x′j

σj

)
∂

∂x′i
+ v′F (K · ∂′iu)σi

]
ψ (D.5)

which simplifies to

Hlab = vFσ
i

∫
d2x′ψ†

[
− i (1 + ε− βε) ∂

∂x′i
+ ε(1− βε)Ki

]
ψ. (D.6)
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Now going to momentum space

Hlab = vFσ
i 1

N2

∑
k

ψ†(k)

[
(1 + ε− βε) (ki −Ki) + ε(1− βε)Ki

]
ψ(k) (D.7)

and up to second order in ε

Hlab =
vFσ

i

N2

∑
k

ψ†(k)

[
(1 + ε− βε) (ki −Ki − δKi)

]
ψ(k), (D.8)

where δKi = −εKi. So the final result is consistent with our expectations: We have a→ (1 + ε)a
and t→ t(1− βε) so vF = 3

2 ta→ vF (1 + ε− βε) and K = 4π
3
√
3a
→ K(1− ε).

E Second-order calculation: linear tunneling

The hopping has the form

tn(x) = t0

[
1− β

a2

(
u(x + ln)− u(x)

)
· ln
]

(E.1)

and

u(x + ln)− u(x) ≈ (ln · ∇)u +
1

2
(ln · ∇)2u. (E.2)

The last term in (E.2) is the trigonal warping term. This trigonal warping terms needs to be
included when we compute the Christoffel symbols (as well as spin connection) and the curvature,
since we work to second order in the derivatives of the strain field ui(x). This subtlety was missed
in the previous work [9]. We then have

1

a2

(
u(x + ln)− u(x)

)
· ln ≈

linl
j
nuij
a2

+
linl

j
nl
k
n∂iujk

2a2
(E.3)

where we have defined
uij ≡ ∂iuj . (E.4)

It will be useful to define the following matrices

1

a

3∑
n=1

lin = 0, (E.5)

1

a2

3∑
n=1

linl
j
n =

3

2
δij , (E.6)

1

a3

3∑
n=1

linl
j
nl
k
n = −3

4
Kijk, (E.7)

1

a4

3∑
n=1

linl
j
nl
k
nl
l
n =

3

8
Lijkl. (E.8)

The matrices K and L are completely symmetric in all their indices and hence have 4 and 5 inde-
pendent components respectively. All the entries of these matrices are integers. The independent
entries are

K111 = 0, K112 = −1, K122 = 0, K222 = 1 (E.9)

and

L1111 = 3, L1112 = 0, L1122 = 1, L1222 = 0, (E.10)

L2222 = 3.
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We now want to calculate the spatially-dependent Fermi velocity and the gauge field to second
order. Recall the expressions

ṽij(x) =
∑
n

2

3t0a2
linl

j
n

(
tn(x)− 1

2
lkn∂ktn(x)

)
, (E.11)

Asi (x) =
∑
n

2

3t0a2
εij l

j
n

(
tn(x)− 1

2
lkn∂ktn(x)

)
. (E.12)

Plugging in, we find

ṽij(x) = δij − β

4
Lijklukl, (E.13)

ṽij = δij − β

4
(uij + uji + δijukk). (E.14)

Furthermore, we find

Asi (x) =
εij
a

β

2
Kjklukl, (E.15)

As =
β

2a

(
uyy − uxx
uxy + uyx

)
. (E.16)

(E.14) and (E.16) agree with the results in [9]. However, the fact that the results coincide is
non-trivial. We note that compared to [9] we have included the trigonal warping term in (E.2).
We also have the additional derivative terms in (3.3) and (3.4). These additional derivative terms
exactly cancel off the contribution from the trigonal warping. Moreover, the combination of the
trigonal warping and the extra terms in (3.3) and (3.4) also eliminate the extra gauge potential
Ãa of Ref. [12]. The Ãa term of Ref. [12], with the presence of εab, is forbidden by the reflection
symmetry, see [57] and [71] for more detailed arguments.

F Second-order calculation: exponential tunneling

We assume that each lattice site is displaced as

x→ x + u(x). (F.1)

Two lattice sites that were previously separated by ln will now be separated by

l′n = ln + u(x + ln)− u(x) ≈ ln + (ln · ∇)u +
1

2
(ln · ∇)2u. (F.2)

We now note that there are two small parameters in the problem. Defining a ≡ |ln| and L as the
total size of the system,

(ln · ∇)u

a
∼ u

L
, (F.3)

(
(ln · ∇)u

a

)
∼
(

u

L

)2

, (F.4)

(ln · ∇)2u

a
∼ u

L

a

L
. (F.5)

We assume that the two small parameters u/L and a/L are of a similar order of smallness and
expand to second-order in these small parameters. Expanding, we find after some algebra

|l′n| − a
a

≈ linl
j
nuij
a2

+
linl

j
nuikujk
2a2

− linl
j
nl
k
nl
m
n uijukm
2a4

+
linl

j
nl
k
n∂iujk

2a2
, (F.6)

where we have defined
uij ≡ ∂iuj . (F.7)
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To second order (
|l′n| − a

a

)2

≈ linl
j
nl
k
nl
m
n uijukm
a4

. (F.8)

The hopping will depend on the distance between the sites,

tn(x) ≈ t0 ·
[
1− β |l

′
n| − a
a

+ κ

(
|l′n| − a

a

)2]
, (F.9)

where the coefficients β and κ are defined by

β = − a
t0

∂t

∂r

∣∣∣∣
r=a

, κ =
a2

2t0

∂2t

∂r2

∣∣∣∣
r=a

. (F.10)

For the typical exponentially decaying hooping, which is a good approximation in both the case
of real graphene and its photonic analogue, we have t = t0e

−β(r−a)/a and hence κ = β2/2. In
addition to the matrices defined in the previous section, it will be useful to define the following
matrices

1

a5

3∑
n=1

linl
j
nl
k
nl
l
nl
m
n = − 3

16
M ijklm, (F.11)

1

a6

3∑
n=1

linl
j
nl
k
nl
l
nl
m
n l

o
n =

3

32
N ijklmo. (F.12)

The matrices M and N are completely symmetric in all their indices and hence have 6 and 7 inde-
pendent components respectively. All the entries of these matrices are integers. The independent
entries are

M11111 = 0, M11112 = −3, M11122 = 0, (F.13)

M11222 = −1, M12222 = 0,M22222 = 5

and

N111111 = 9, N111112 = 0, N111122 = 3, (F.14)

N111222 = 0, N112222 = 1, N122222 = 0,

N222222 = 11.

We now want to calculate the spatially-dependent Fermi velocity and the gauge field to second
order. Recall the expressions (3.3) and (3.4). Plugging in, we find

ṽij(x) = δij − β
(

1

4
Lijklukl +

1

8
Lijklukmulm −

1

32
N ijklmouklumo

)
+

κ

16
N ijklmouklumo. (F.15)

To first order in strain,

ṽij = δij − β

4
(uij + uji + δijukk). (F.16)

Furthermore, we find

Asi (x) =
εij
a

[
−β
(
− 1

2
Kjklukl−

1

4
Kjklukmulm+

1

16
M jklmouklumo

)
− κ

8
M jklmouklumo

]
. (F.17)

Again, if we work to first order in strain, we find

As =
β

2a

(
uyy − uxx
uxy + uyx

)
. (F.18)

To this order, (F.16) and (F.18) agree with the results in [9]. However, we have calculated the
higher-order corrections. For the strain profile (4.2) and setting κ = β2/2 we find curvature

K = − 4

a2

(
β
auB
L

)2

(F.19)

and magnetic field

B =
4

a2
β
auB
L
− 4

a2

(
β
auB
L

)2

. (F.20)
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