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A feature of the “modern theory” is that electric polarization is not well-defined in a metallic
ground state. A different approach invokes the general existence of a complete set of exponentially
localized Wannier functions, with respect to which general definitions of microscopic electronic
polarization and magnetization fields, and free charge and current densities are always admitted.
These definitions assume no particular initial electronic state of the crystal, and the set of microscopic
fields satisfy the usual relations of classical electrodynamics. Notably, when applied to a trivial
insulator initially occupying its 7' = 0 ground state, the expressions for the unperturbed polarization
and orbital magnetization, and for the orbital magnetoelectric polarizability tensor obtained from
these different approaches can agree. However, the “modern theory of magnetization” has been
extended via thermodynamic arguments to include metals and Chern insulators. We here compare
with that generalization and find disagreement; the manner in which the expressions differ elucidates
the distinct philosophies of these approaches. Our approach leads to the usual electrical conductivity
tensor in the long-wavelength limit; in the absence of any scattering mechanisms, the dc divergence of
that tensor is due to the free current density and the finite-frequency generalization of the anomalous
Hall contribution arises from a combination of bound and free current densities. As well, in the limit
that the density of free carriers vanishes and a trivial insulator results, our expressions reduce to
those expected for the unperturbed polarization and magnetization, and the electric susceptibility.

I. INTRODUCTION

In elementary classical electrodynamics, the macro-
scopic charge and current densities in material media
are written in terms of (electric) polarization P(x,t) and
magnetization M (z,t) fields, and “free” charge and cur-
rent densities op(x,t) and Jp(x,t),

o(xz,t) = -V . P(x,t) + or(x,t),
OP(z,t)

J@) =—75—

+cV X M(x,t) + Jp(x,t). (1)
Going back to the time of Lorentz, P(x,t) and M (x,t)
have typically been taken to involve those charges that
remain “bound” within individual atoms and molecules,
while op(x,t) and Jp(x,t) are associated with other
charges that are “free” to move through the medium.

In more modern treatments of metallic crystals and
doped semiconductors, if the motion of the ion cores is
neglected then gp(x,t) and Jp(x,t) are associated with
intraband electronic transitions within partly occupied
energy bands. In the “long-wavelength limit,” where the
wavelength of an applied electric field is much larger than
the lattice constant, the response of those carriers is cal-
culated as if that field were uniform. For example, in a
too-simplistic model in which scattering is neglected and
the relevant carriers are all assumed to have the same
effective mass mg and carry the electric charge e = —|e|,
for a uniform electric field oscillating at frequency w with
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amplitude E(w) the amplitude of the uniform current
density driven in linear response is
;2
IO w) = SN p), 2)

where the superscript (1) indicates the linear response of
the quantity, and IV is the density of relevant carriers.

Turning then to the other terms in the second of (1), in
the long-wavelength limit the macroscopic magnetization
is uniform, and the “bound” current density OP(t)/0t is
associated with interband electronic transitions involving
occupied or partly occupied energy bands. The simplest
procedure, even more elementary than a Kubo approach,
is to calculate the interband absorption rate using Fermi’s
Golden Rule, and associate that absorption with the ab-
sorption that would result from a model in which the
polarization responded to the electric field through a di-
electric tensor 6% + €/ (w), which would give

mow

P(w) = ﬁeiﬁm(w)El (@), ®)

where superscript indices indicate Cartesian components
and are summed over if repeated. This association iden-
tifies the imaginary part of €/, (w), and the real part
of €. (w) can then be found using the Kramers-Kronig
relation [1]. Using both (2) (or a less simplistic version)
and (3), with €/, (w) so determined, a calculation of
the linear response in the long-wavelength limit is com-
plete. Sometimes one even introduces an “effective” di-
electric constant eélﬂ(w), formally writing the linear re-
sponse J (M (t) of the full current density from the second

of (1) as just JM(t) = 8Pe(é) (t)/0t, with

il (w) — it
D) @)
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Then, in terms of the calculated €, (w) and within the

simple model (2) for the intraband response, we have

il _ sil il AreN
eeff(w) =0"+ 6inter((“}) m0w2 6"

This strategy is somewhat indirect. One might sup-
pose that the polarization would be defined, and then its
response to the electric field calculated. But such a def-
inition is bypassed by calculating eiiflter(w), that is, the
contribution that a purported polarization would make
to the optically induced current density. And there is no
definition of either a purported polarization or magneti-
zation that would exist before the electric field is applied.

Of course, the use of an approach that bypasses such
definitions is not surprising. Any consideration of the re-
sponse of “bound” charges and their currents, and the po-
larization and magnetization to be associated with them,
is at least initially suspect from the perspective of the
quantum theory of solids. In fact, problems in defining a
polarization and magnetization arise even for the ground
state of a crystal [2]. In recent years the “modern theo-
ries of polarization and magnetization” have been devel-
oped to clarify these concepts, primarily focused on in-
sulators [3-5], and have provided many physical insights,
including the “quantum of ambiguity” inherent to the
unperturbed polarization of the T' = 0 ground state [6],
the existence of two distinct contributions to the orbital
magnetization [4, 5], and that a static and uniform mag-
netic (electric) field can induce a polarization (magneti-
zation) [7, 8]. However, the “modern theories” are based
on static or adiabatically varying uniform fields, and are
not immediately applicable to treat the optical properties
of materials, especially at wavelengths so small — beyond
the “long-wavelength limit” — that one has to take into
account the variation of the optical fields over a unit cell.

As well, the main focus of the “modern theories” has
been “topologically trivial” insulators, a class of band
insulators that we define below. Indeed, among the con-
tributions of the “modern theory of polarization” is that
there may be a relationship between a certain “localiza-
tion” of the electronic ground state and the polarization
of an unperturbed crystal [9-11], and it has been argued
that a “localized” ground state is necessary for the polar-
ization to be well-defined; the ground state of a metallic
crystal is found to violate that condition. In contrast, the
“modern theory of magnetization” has been extended to
include metals and Chern insulators [5, 12]. These exten-
sions are based on thermodynamic arguments, and thus
again are not applicable to optical fields. Indeed, there
seems no straightforward roadmap for extending the ap-
proach of the “modern theories” to frequency dependent
polarizations, magnetizations, and free currents.

A set {P(z,t), M (x,t), or(x,t), Jp(x,t)} that satis-
fies (1) is far from unique. An underlying pillar of the
“modern theories” is that, in finite-sized media, P and
M, when taken as the usual charge and current den-
sity dipole moments, are experimentally accessible; it is
assumed that the numerical value of the bulk quanti-

ties should coincide with those [4, 5, 13]. In this way,
strange properties of the bulk expressions, for example,
that the ground state magnetization in a Chern insula-
tor involves a chemical potential or that polarization is
not a well-defined bulk quantity in a metal while magne-
tization is, are justified. However, the relation between
these quantities in bulk and finite-sized systems is not
straightforward and considerations at the boundary are
often important, even in insulators; for example, the bulk
topological magnetoelectric coefficient does not generi-
cally determine that of a thin film [14, 15].

In recent work [16] we have taken a different approach,
which is related more directly to the classical strategy of
Lorentz, and our focus has been on bulk crystals with
static ions. Here, polarization and magnetization fields,
and free charge and current densities, serve as intermedi-
ary quantities that aid calculation and provide physical
insight, but in general only the appropriate combinations
that lead to the charge and current densities have direct
physical significance [17]. To identify the electronic com-
ponent of these quantities, we employ a complete set of
exponentially localized Wannier functions (ELWFs) [18]
(or “modified” versions thereof) with respect to which
we decompose the charge and current density expecta-
tion values [19] as sums of spatially-localized contribu-
tions, one associated with each lattice site R [20]. From
these we define microscopic “site” polarization p%(sc,t)
and magnetization mg(x,t) fields in a manner similar
to that of atomic and molecular physics. Since charge
continuity does not generally hold site-wise [21], a “cor-
rective” contribution mg(x,t) to mg(x,t) arises, and in
all mg(x,t) = mg(x,t) + mg(x,t). Natural definitions
for site charges and currents that link the lattice sites
emerge as well, which are used to define microscopic free
“site” charge and current densities. After identifying the
ionic contribution to those site quantities, we take their
lattice sums to be the microscopic polarization and mag-
netization fields, and free charge and current densities.

For an unperturbed “trivial” insulator occupying its
T = 0 ground state, the spatial integral of mpg(x)
(mpg(x)) coincides with that site’s “atomic-like” (“itiner-
ant”) contribution to M of the modern theory [5]. Here
M is unique (i.e. not “gauge dependent” in that it does
not depend on the choice of smooth frame of the bundle
of occupied electronic Hilbert spaces over the first Bril-
louin zone (BZ), or equivalently on how the ELWFs are
chosen, assuming they are taken “occupied.”); from this
perspective, this is but a special case. In contrast, the
spatial integral of p(z), which coincides with that site’s
contribution to P of the modern theory [6], is gauge
dependent and only unique modulo a “quantum of ambi-
guity.” And in the optical response of such an insulator,
wherein the linearly induced charge and current densities
arise entirely from induced electric and magnetic multi-
pole moments [16], it is only the combinations of such
moments corresponding to those densities that are gen-
erally gauge invariant and of direct physical significance
[22]; we there find agreement with the usual approach



involving a g-expansion of the conductivity tensor [23].

In this paper we implement this approach to treat
the optical response of a metal. In this initial treat-
ment we restrict ourselves to the long-wavelength limit
and consider the independent particle approximation, in
which the interaction between electrons is approximately
treated through an effective potential energy characteriz-
ing the lattice, and by taking the “applied” electric field
in our calculations to be the macroscopic Maxwell electric
field, having frequency components E(w).

Our identification of the electronic component of the
“site quantities” requires the existence of a complete set
of ELWFs, which depends entirely on topological consid-
erations [24]. In Sec. II we briefly discuss such issues,
but the result is that if the Bloch energy eigenfunctions
associated with all of the energy bands are employed, a
complete set of ELWF's can always be constructed. Thus,
the microscopic polarization and magnetization fields we
introduce, and the corresponding macroscopic fields, are
always defined, as are the macroscopic free charge and
current densities. In this paper we will restrict our study
to those crystalline solids for which ELWFs can be con-
structed from the energy eigenfunctions associated with
any set of isolated bands — including the completely oc-
cupied and partly occupied bands in a p-doped semicon-
ductor in its T' = 0 ground state, which is the model of
a metal we adopt in this first communication.

In Sec. II we also introduce the basic equations of
our approach, relying heavily on earlier work [16]. In
Sec. IIT we calculate the polarization and magnetization
in the unperturbed ground state, and discuss their form;
in Sec. IV we calculate the linear response in the long-
wavelength limit. If the crystal is assumed to initially
possess time-reversal symmetry and its energy bands are
isolated, then our results follow the pattern sketched in
the first three paragraphs of this section: The induced
free current can be associated with intraband transitions,
and the polarization current with interband transitions.
Here, of course, we have an explicit expression for the po-
larization, and can calculate the polarization current by
directly taking OP(t)/0t; we can thus construct an ex-
pression for €f(w) by direct calculation, which is gauge-
invariant as expected.

The situation is more complicated in the absence of
time-reversal symmetry. There we find that the first or-
der response of each frequency component of the micro-
scopic charge density, <[)(m,w)>(1), contains a term pro-
portional to w™! and thus diverges as w — 0. It is then
not surprising that the contribution associated with each
lattice site R, pg) (z,w), also diverge as w — 0, and
thus that P (w) — associated with the electric dipole
moments of those localized charge densities — does as
well. Such a result is inevitable in the approach we adopt,
where polarization and magnetization are associated with
quantities localized about each lattice site. This diver-
gent term originates from an “intraband contribution” to
P (w), and leads to a finite contribution to the induced
macroscopic current density —iwP ™ (w) as w — 0. In
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addition to a contribution to Jg) (w) that is divergent as
w — 0, which arises as an expected generalization of (2),
we also find a contribution that is finite as w — 0. When
this is combined with the contribution to —iwP ™ (w)
that is finite as w — 0 we find a gauge-invariant con-
tribution to JM)(w) that is finite as w — 0, and can
be identified as giving rise to the anomalous Hall cur-
rent. The other contributions to the full J™®)(w), which
are also gauge-invariant, correspond to a generalization
of (2) and to a pure interband response of P(M)(w). Here
we can also introduce an eélff(w), but it is perhaps more
natural to write

T ) = o' () Bl (w), (5)
where 0/ (w) = —iw (el (w) — %) /(4n), and at the end of
Sec. IV we give the general expression for o (w).

A reader might ask, “why bother?” Expressions for
o (w) can always be derived using Kubo’s approach [25],
and there is an intrinsic ambiguity in how polarization
and magnetization fields are defined. And isn’t the idea
of a polarization — and certainly an induced polarization
—in a metal suspect if it goes beyond merely the “formal”
role played by, for example, the effective polarization (4)?

One reason is that usual calculations made in mini-
mal coupling can require the identification of sum rules
to show properly behaved results at low frequencies [26—
29] — especially if nonlinear optical response is calculated,
which is a future direction for this work — and that is not a
difficulty with the calculations presented here, since the
response is calculated as due to electric and magnetic
fields directly. A second reason is that in an insulator
there is a clear physical significance to the response of
the polarization to applied fields, as has been demon-
strated within the “modern theory” [6], and we feel it
is interesting to see how that response can be seen to
follow from the response of a p-doped semiconductor in
the limit of vanishing doping. After all, since one can
move from metal-like behavior to insulator-like behavior
in this limit, it would seem physically reasonable to ex-
pect a polarization that would continuously evolve from
that of a metal to that of an insulator. A third reason is
that with this approach we can establish a connection to
an earlier generation of calculations based on strategies
introduced by Blount and co-workers [30]. A fourth rea-
son, we feel, is the interesting way a calculation based on
polarization and free currents highlights the way broken
time-reversal symmetry leads to a response qualitatively
different than usual. And a fifth reason is that, with its
emphasis on ELWFs and the interest in those functions
for electronic structure and response calculations in gen-
eral, we can hope that the approach here will be useful
in numerical calculations.

Our conclusions and perspectives on future work are
presented in Sec. V. Ultimately, when implemented in a
metallic crystal, that our general definitions agree with
past work of Blount and co-workers in a simple limit,
and that the well-known o (w) results, provides positive
support for our approach.



II. SINGLE-PARTICLE DENSITY MATRIX

We consider a simple instance of a metal, a p-doped
semiconductor, perturbed by a uniform electric field. We
restrict our study to bulk crystalline solids of spatial
dimension two or three (d = 2,3), and implement the
frozen-ion and independent-particle approximations; the
spin degree of freedom is neglected. Thus, in the Heisen-
berg picture the only dynamical degree of freedom of the
crystal is the electron field operator. In an unperturbed
crystal we denote that field by 1210(33 t) with dynam-
ics governed by the equation of motion ik two(w t)
[1/10(3: t), Ho] for one- body Hamiltonian operator Ho =
f"/}O il),t Ho(Il?,]J( ))¢O(wvt)dwv where

2

(p(z))

Ho(@,p(x)) = ==+ V(=), (6)
with V(x) = V(x + R) for any Bravais lattice vector R
characterizing Hy(x, p(x)), and with
h e
p(x) = ;V - EAstatic(x) (7)

to allow for the presence of an “internal,” static, cell-
periodic magnetic field described by the vector potential
Astatic(m)a where Astatic(m) = Astatic(w"’_R)? that gener-
ally breaks time-reversal symmetry. We assume that the
set of energy eigenvalues E,j of the cell-periodic Hamil-
tonian (6) admits a band gap, below which we take the
Fermi energy EFr to lie, unless otherwise stated. Thus, a
distinction can be made between the set of Bloch energy
eigenvectors that are associated with partly occupied en-
ergy bands and those that are associated with completely
unoccupied energy bands in the 7" = 0 ground state,
which we take to be the initial state of the crystal.

In recent times, it has become clear that the spectral
data of the relevant Hamiltonian does not entirely char-
acterize a bulk crystal and that some topological data
must also be identified. In particular, the existence of a
complete set of ELWF's [32] is equivalent to the existence
of a global smooth frame of the Hilbert bundle over BZ
with fibres constructed point-wise for each k € BZ as the
linear span of the cell-periodic parts unk(x) = (x|nk) of
the Bloch energy eigenfunctions k() = (x|1)nk) asso-
ciated with all of the energy bands, which we term the
Bloch bundle [33]. In fact, such a frame always exists
[34] and its components |ak) — which, for each k € BZ,
constitute an orthonormal basis of the fibre of the Bloch
bundle at that k — can generally be written [24, 35, 36]

lak) = ZUM ) |nk) (8)

where the Uy, (k) constitute a unitary matrix U(k) at
each k; in what follows, sums are generally taken over all
band indices n or all “type” indices « unless otherwise
indicated. It is then each of the |ak), which are smooth
over the BZ, that can be mapped to an ELWF W, g(x) =

4

(x|aR) via the (inverse) Bloch-Floquet-Zak transform
[37, 38],

@laR) = Vi, [ S5k (alak), ()
Bz (2m)
where €, is the volume of the real space unit cell; each
ELWTF is identified by a type index o and the Bravais lat-
tice vector R with which it is associated. Additionally,
the existence of such a global smooth frame of the Bloch
bundle is equivalent to the existence of a global trivial-
ization thereof, thus any (collection of) Chern number(s)
characterizing it vanish [39]; this is often understood im-
plicitly in the physics literature [40]. The construction
outlined above corresponds to using the eigenvectors as-
sociated with all of the energy bands to construct a com-
plete set of ELWFs; in general, each U, (k) is nonvanish-
ing. However, often times a number of Hilbert subbun-
dles (of the Bloch bundle) that are associated with sets of
isolated energy bands are trivial, in which case a subset
of the complete set of ELWF's can be constructed from
the corresponding subset of all the energy eigenvectors.
We here restrict our study to crystals for which the
Hilbert bundle associated with any set of isolated energy
bands is globally trivial. Taking there to be an energy
gap between bands N and N + 1, U(k) can always be
taken of block diagonal form with the “upper left” block
being N x N dimensional. If the Fermi energy lies in
that gap — for example, if Er coincides with the upper
(red) dashed line of Fig. 1 — then we will classify the
material as a “trivial” insulator, and at each k the U(k)
acts on the occupied and unoccupied states separately.
On the other hand, if the Fermi energy lies below that
gap — for example, if Fr coincides with the lower (blue)
dashed line of Fig. 1 — then at each k the U(k) acts on
the states associated with the N partly occupied energy
bands separate from the remaining unoccupied states.
Such considerations generally apply to any crystal
whose electronic spectrum has a band gap. A more gen-
eral approach to generate such smooth frames in metal-
lic systems where it is not necessary to have isolated
sets of energy bands has been formulated [41]; in fu-
ture work we plan to implement this construction. How-
ever, even within the scheme we implement, an important
distinction between metals and trivial insulators arises:
For a trivial insulator with N occupied energy bands
there exists a global smooth frame of the occupied sub-
bundle with components |ak) labelled by integers « €
{1,2,..., N} that satisfies Vk € BZ : spanc({|nk) |[Enx <
Er}) = spanc({|ak) |a € {1,2,..., N}}), while for met-
als with IV partly occupied bands there exists only such
a frame that satisfies Vk € BZ : spang({|nk) |E.r <
Er}) C spanc({|ak) |o € {1,2,...,N}}) [35, 41]. This
is because for metallic systems the construction of a vec-
tor bundle over BZ whose fibre at each k € BZ is the
Hilbert space spanned by the occupied |nk) fails [42].
Instead, one can construct a vector bundle whose fi-
bre at each k contains, as a subspace, the occupied
Hilbert space at that k, which yields the subset rela-
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FIG. 1: Schematic of the energy bands whose associated eigenvectors would be used in the construction of ELWF's

in a hypothetical d > 1 crystalline solid (the bandstructure of GaAs, which we import from a past publication [31],

is used only for illustrative purposes). Upper (red) and lower (blue) horizontal dashed lines indicate possible Fermi
energies for a trivial insulator and for a p-doped semiconductor, respectively.

tion. Thus, while for trivial insulators the subspace
spang({|ak) | € {1,2,...,N}}) contains only “ground
state data,” this is not so for metals. This does not pose
an issue since we do mot assert that the electronic po-
larization and magnetization fields involve only the ini-
tially occupied energy eigenvectors. Rather, we introduce
p°l(x,t) and m(x,t) using any set of functions that are
sufficiently localized spatially - ELWFs are the most nat-
ural and convenient choice — and, by construction, from
those fields the ground state expectation values of the
charge and current density operators can be found [16].

Since topological notions underlie the existence of EL-
WF's, the appearance of related geometric objects in
many identities involving ELWF's is less opaque than it
might otherwise be. One such identity that will be useful
in this work is [35]

% a Quc ik- ca
/WﬁR($)x WaO(a})dm - (271-)d /BZ dkekRgﬁa(k)7

(10)

where, denoting the inner product on the Hilbert space
spanned by the set of cell-periodic functions wu,k(x)
(which are here taken normalized over the real-space unit

cell Q. C RY) by (flg) = ﬁ fQuc f*(x)g(x)de,

Efa(K) = i(Bk|0uak) (11)

are components of the non-Abelian Berry connection that
is induced by a global smooth frame with components
|ak). Here uag(x) = (x|ak) and we adopt the shorthand
0, = 0/0k*. The components (11) are related to the
components of the non-Abelian Berry connection that is
induced by a local smooth frame with components |nk),

o n(k) =i(mk|0,nk), (12)

mn

via the gauge transformation

> Ump(k)EGa (R)UL, (k) = &8, (k) + Wi, (k). (13)
af

In a periodic gauge choice (8), which we always employ,
Unp(k) = Unp(k + G), where G is a reciprocal lattice
vector, all the objects appearing here, including the Her-
mitian matrix W*(k) [2] populated by elements

W (k) =0 (0alUma(k)) UL, (K), (14)

are periodic over BZ. In what follows, the k-dependence
of the preceding objects is usually kept implicit.

The matrix elements of W*(k) that are nonvanishing
depend on the structure of U(k), which for the materials
we consider can take the block-diagonal form discussed
above. Then W? (k) # 0 only if m and n lie in the same
block, for if they are associated with different blocks then
the values of « for which U, (k) # 0 differ from the val-
ues of « for which Upo(k) # 0. In a trivial insulator
the first, “upper left” block acts only on the occupied
states and the second, “bottom right” block only on the
unoccupied states. If we introduce Fermi filling factors
fnke =1 (0) if the state |nk) is initially occupied (unoccu-
pied), then for the trivial insulator f,x = f,, depending
only on the band, and W2 _ (k) # 0 only if f,, = f,. But
in a p-doped semiconductor the first block also acts on
some unoccupied states, and so in general we can have
ng(k) 7é 0 even if fmlc 7é fnk

We account for the interaction between the electron
field and the “applied” electromagnetic field via the usual
minimal coupling prescription. From the resulting mini-
mal coupling Hamiltonian, the field-theoretic charge and



current density operators constituting the Noether cur-
rent can be found in the usual way [43]. Associated with
each spatial component of this current density operator
is the differential operator

e
Tao(@ bl t) = Spi(@n), (15)
where m is the electron mass,
e
‘pmc(m’t) Ep($) - EA(wat)v (16)

and where the vector and scalar potentials A(x,t) and
¢(x,t) describe the classical applied electromagnetic
field. As a consequence, another useful identity will be

/wk/

where the matrix elements are found to be [44]

(@) ok (x)d = py,.,, (k) (k — k),

m

? (En’k - Enk)gg’n(k)'

(17)

pz’n(k) = 577/?1 %aaEnk +

Under the frozen-ion approximation implemented here,
we take the positively charged ion cores that compose the
underlying crystal structure of the material to be fixed,
even in the presence of an applied electromagnetic field,
and introduce the charge density p'°"(z) to describe the
distribution of these static charges. We take p'°"(x) such
that the crystal as a whole is electrically neutral.

In this work, we implement a previously developed
formalism [16] restricted to the “long-wavelength limit,”
wherein we take the applied electric field to be uniform
and the magnetic field to vanish. To simplify these ini-
tial considerations we here neglect local field corrections,
which can be important [45], and take the applied electric
field be the macroscopic Maxwell field denoted E(t) [22].

J

(1) . dk
oap (W) = el (w Quc/
Nar ,BR( ) ( ) BY (2’/T)
. Elw)
iy 07 % [, Gy

where fomk = fok — fmk. The first term of (20) is the
straight-forward generalization of the previously found
perturbative modification for trivial insulators, and can
be understood in the context of time-dependent pertur-

Consideration of phenomena related to spatially-varying
electromagnetic fields is left for future work. A quan-
tity central to this formalism is the so-called (electronic)
single-particle density matrix nor~.gr (t), the definition
of which (see Eq. (15, 27, 30, 33, 36) of Mahon et al. [16])
involves a generalized Peierls phase, the fermionic opera-
tors that generate ELWFs W, g(x) and “modified” ver-
sions W,r(z,t) thereof, and the initial electronic state
of the unperturbed crystal, here taken to be the T = 0
ground state. The operators a,x and &Lk generating the
eigenvectors |¢ni) of the unperturbed Hamiltonian Hg
are also relevant in perturbative calculations and we take
[tnk) = &Lk |vac), where Ho [tnk) = Enk |¥nk). Still in
the Heisenberg picture, these operators here evolve as
ih-L g (t) = [ank(t), H(t)], where H(t) involves E(t).

In what follows, we account for the effect of the ap-
plied electric field perturbatively. Thus we assume the
existence of a valid expansion of all electronic quantities
in powers of E(t). In particular, we take n,r/.gr (t) of
the form

Nar;pr () = 77((11)2// BR T 7781){" \BR/ ) +...
where the superscript (0) denotes the contribution to a
quantity that is independent of E(t), the superscript (1)
denotes the contribution that is linear in E(t), and “...”
denotes non-linear contributions, which we here neglect.
In Appendices A and B we find

(0) _ dk oik-(R'—R') +
UQR,/;ﬁR/ = Quc (27_‘_) ankU nUnﬂa
(18)

and implementing the usual Fourier series analysis,
g(t) = e rg(w), (19)
w

we also find that the first-order perturbative modification
to Nar:pr (t) due to E(w) is

(R'"-R’) Z fnm,k TmffnnUn,B
Emk - nk: - h(w + ZO+)
dk Y
etk (R Z I frr)U, (20)

27)d

[
bation theory as arising from the interaction term [46)

—eE(t / dk " al (¢

n#m

(k)am(t).

Due to the form of this interaction term we will later de-
scribe any first-order modifications that involve the first
term of (20) as being “interband.” The second term of



(20) is a new contribution, here related to the presence
of a Fermi surface. Notably this term diverges in the dc
limit, and indeed it is this term that will lead to the ex-
pected dc divergence of the induced free current density,
as we later show. This term can here be understood as
arising from the interaction term

—er) [ avy” (ailk(t)s;zxk)ank(t)

+ %dilk(t) (Datink(t)) — ;(aaa;k(t))ank(t)>.

The first contribution (that involving £2%,) to this interac-
tion term gives a vanishing contribution to 7753}2//; sr (W)
for both metals and trivial insulators initially occupying
their T' = 0 electronic ground state (see Appendix B).
In contrast, although the second and third contributions
as well give vanishing contributions to né%,,; sr(w) for
such trivial insulators, they give rise to finite contribu-
tions if the crystal is metallic; these finite contributions
involve only the states with energies “near” the Fermi
energy. Due to the form of this interaction term we will
later describe the first-order modifications that involve
the second term of (20) as being “intraband.” Such an
identification of interaction terms that give rise to inter-
and intraband contributions at linear response is implicit
in the earlier works of Blount [47] and others [48]. The
primary difference between our approach and those is
that this investigation is a limiting case of a more general
framework within which spatial and temporal variation
of electric and magnetic fields can be taken into account;
that is not the case in earlier works.

The limit of a trivial insulator can be reached from
(18) by taking fnx — f» and requiring each |ak) to be
an element of either the initially occupied or unoccupied
Hilbert subspace; the second condition implies that, in
general, Wi (k) # 0 only if f, = f, (see discussion
below (14)). In this limit, one can define an analogous
filling factor f, associated with |«ak); we set the f, asso-
ciated with |ak) to equal the f, associated with the set
of |nk) used in its construction. The sum over n in (18)
then corresponds to the matrix multiplication of U(k)
and its inverse giving the unit matrix at each k, which

J

pR(t) =
aBR' R

in components is d,5. It then follows that, in this limit,

(0;insulator)
nozR”;,BR’ = faaaﬁ(sR”R’7

as expected [16]. Implementing this limit in (20) we find

dk otk (R'—R')
pz (2m)4
fnm U(lmginn U"ﬂ
% ; Epto — B — h(w +107)’

1;insulator
ng&R”;ﬁR‘;} )(W) = eEl(W)Quc

again, as expected [16].
III. DIPOLE MOMENTS

In general, the presence of an applied electromagnetic
field will break the discrete translational symmetry of the
unperturbed crystal. Consequently, in the minimally-
coupled system, contributions to a given electric or mag-
netic multipole moment that are associated with distinct
lattice sites of the crystal will generally differ. However,
in the long-wavelength limit, all of the site contributions
to a given multipole moment are equivalent. In particu-
lar, the site electric and magnetic dipole moments satisfy

pr(t) = pr(t) , vr(t) = vr (D),
for any Bravais lattice vectors R and R’ of Hy(x, p(x)).

It follows that the macroscopic polarization and magne-
tization fields are uniform [22] and can be written as

Pty = 2O ppg = (21)

for any such R. Because we consider the ionic cores
within the crystal to be fixed, these charges do not con-
tribute to the magnetization; there will however be a
static contribution to the polarization that is found from
the “site” polarization fields that are defined from the
constituents of a decomposition of p'°"(x) into “site” con-
tributions [16, 22]. Irrespective of the initial electronic
state of the crystal, the electric dipole moment associ-
ated with lattice site R is defined to be

( [ = Rpsmare (o, B t)dm) Nogrsar (1) + (wS")’ (22)

(see Eq. (42, 44, 55, 57) of Mahon et al. [16]) and the magnetic dipole moment associated with R to be

Vﬁ(t) = % Z

aBR'R/

(see also Eq. (64, 66, 67) of Mahon et al. [16]),
where  pgri.ar(z, R;t),  Jjsm.er’(x,R;t), and

<6iab /(:Ca - Ra) (ng/;aR“ (:13, R; t) + ng/;aR” (CC, R; t)) dm) NaR'";8R (t) (23)

(

EBR,;QRH(QR; t) are termed generalized (electronic)



“site-quantity matrix elements” and were introduced
previously [16]. Again, with the assumption of a valid
perturbative expansion (22,23) can be written

pr(t) = py + % @) + ...,
@

VR(t)—IJR)—i—...7

and the same can be done for (21). The first term in each
such expansion is identified as the “unperturbed contri-
bution,” and these are the focus of the rest of this section.
Although the matrix elements appearing in (22,23) are
generally of quantities arising from a minimally coupled
Hamiltonian and written in a basis of “modified” Wan-
nier functions [16], we explicitly show in the following
subsections (and in Sec. IV) that, as usual, terms ap-
pearing at each order in a perturbative expansion can be
written in terms of energy eigenvectors (or equivalently in
terms of ELWFs in a crystalline solid) of the unperturbed
system. When practical, we include the expression for a
quantity written as a product of a BZ integral and an
integral involving ELWF's, and as a single BZ integral.
Although both forms are equivalent, the numerical im-
plementation of the expressions might favor a particular
form. For example, when written as a single BZ integral,
some quantities involve diagonal matrix elements of the
Berry connection &2, (k), which are typically not easy
to evaluate numerically. For such quantities, evaluating
integrals involving ELWFs may be more tractable.

A. Electric polarization

1(0)

), the electronic contribution pu% O

From (22 to pg’ is

uR = eRe
afR’

(/ WﬁO yWaR’ (y)dy> 775?1)2/;[3}23

and implementing (10,13,18) we find ,ud(o) to be inde-

pendent of R, as expected. The resulting unperturbed
polarization is

PO _, / dk
BZ (

(mig)’
Quc ’
(24)

+ W)+

which is formally similar to that of a trivial insulator
[6, 44], for which fug — fn. As is the case there, apart

J

afR’

e dk
- °R
2he C /BZ (2r

@ni > Fare® ((ffm + Wit )0y Bk +i (B —

from a gauge dependent contribution, P(®) vanishes if the
unperturbed Hamiltonian is inversion symmetric; as dis-
cussed previously [44], we take the gauge dependence of
the electronic quantities to be contained entirely within
the U(k) and consider any terms that involve this object,
including the Wi(k), to be “gauge dependent.” While
it appears that the gauge dependent term appearing in
(24) no longer generally evaluates to an element of a set
of discrete values, at least not following from the same
argument that is presented for trivial insulators [6], P(%)
maintains the physically sensible characteristic that upon
shifting the origin of all ELWF's by a constant Bravais lat-
tice vector Ry, the polarization is altered by an additive
constant that is proportional to Rs. That is, although
there is no longer a “quantum of ambiguity” associated
with P(©) for a general change in U, (k), as occurs for a
trivial insulator [6], taking |«R) — |aR + Rs), or equiv-
alently U, (k) — e U, (k) and thus W¢,, (k) —
We (k) 4 Onm RE, yields

P9 - PO L eNyR,,

where Ny = fBZ (%)d Z fnk is the number of electrons
per unit volume. Thus, with respect to simple shifts in
the positions of the Wannier function a discrete ambiguty
does arise. We do note however that an expression for-
mally similar to (24) arises in the case of a Chern insu-
lator [13], and while in that case the gauge dependent
contribution again would not be discretely valued by the
original argument of Resta [6], it indeed has this property
when treated carefully. We here consider a more general
notion of gauge dependence than in the “modern theo-
ries” and generalizations thereof, therefore those results
are not directly applicable. Nevertheless it may still be
the case that the gauge dependent contribution to (24)
always evaluates to an element of a set of discrete values
and we postpone such an investigation for a later work.
Finally, (24) is manifestly invariant under a translation
of the energy zero, as one would expect.

B. Orbital magnetization

We first identify the “atomic-like” contribution [4, 16]
to the unperturbed magnetization, which arises from the
term involving jgr.or(, R;t) in (23). We find

MO = o Re Y (” [ Wiotw)'s @)War- <>dy) Taksn

Enk)ﬁ?mnﬁﬁ@n - ZZ (Enk -

m

Emk) ngf?ﬂn) :
(25)



The “itinerant contribution” [4, 16], which arises from the term involving jsr:.ar~ (x, R;t) in (23), is found to be

~ . e dk ) ) “ ) .
MZ(O) = Tthe/ 7(271_)(1 Z fnkemb (( gLn + Wgn)abEnk +1 Z(Enk - Emk)wnmwfnn t1 Z (Enk: - Emk)W"m 'lf)"”) '
BZ n m m

(26)

In the trivial insulator limit described in Sec. IT, (25) and (26) separately reduce to the usual expressions; taking frr —
fn and W2, (k) # 0 only if f, = f,,, and using iQupk(x)/0k* = 3, &%, (E)umk(x) to find (Ouunk|Hi|Oyunk) =
> Bkl (k)EL,,, (K), the expressions for Myc and Mic of the “modern theory of magnetization” in a trivial
insulator [5] are recovered from (25) and (26), respectively. More generally, combining (25) and (26) we have

e dk ia a a - a a
) = TﬁcRe /BZ 7(27T)d ; fnke b(?( nn + Wnn)abEnk +1 Z(Emk - Enk)( nm g@n - anwrbnn)>

m

Mi(O

e

dk . _ )
= 3R [ g 2 (20uSab) €+ Wi+ Fa Eak 4 o S B

Bk 3 (fonk = k)W W), (27)

where the second equality follows under the assumption that the integrand is sufficiently well-behaved such that all
surface terms can be taken to vanish upon an integration by parts; in the later perturbative analysis we also employ
such an assumption. Of course, in the trivial insulator limit the usual expression [5] is again recovered; that is, in this

limit (27) reduces to

o dk ;
Mz(O;lnsulator) _ € / E zab( e FnkOa b i £ E JO b )
2the Bz (2m)7 4 Ik EnieOolnn + oy kS

In particular, in that limit (27) is gauge invariant. Moreover, (27) generally vanishes if the unperturbed Hamiltonian

is time-reversal symmetric, as expected.

If we again consider the effect of shifting the origin of
each ELWF by a Bravais lattice vector Rg, we find

, , , dk
M) — MO 4 & iebga / ST kb (),
mec Bz (2m)¢ En: (k)
where we have used p, (k) = 5 0,En from (17). The
term involving Ry vanishes as the net current that flows

in an unperturbed crystal occupying its 7" = 0 ground
state is zero; that is,

/BZ (;:i)d Z fnkpgm(k) =0.

Thus, (27) is unaffected by shifting ELWF's, as physically
expected. Moreover, it is manifest that (27) is unchanged
by a translation of the energy zero.

IV. FIRST ORDER MODIFICATIONS

We here consider the linearly induced macroscopic
charge and current densities, which can be understood to
arise from the induced macroscopic polarization and the
induced free charge and current densities; in the long-
wavelength limit considered here, the induced macro-
scopic magnetization would be uniform [22] and thus not

(

contribute to (1). Under the frozen-ion approximation
that we implement, there are only electronic contribu-
tions to such quantities.

A. Electric polarization

We first consider the contribution to (22) that is first
order in E(w). Making contact with past work [22, 44],
we mention that the pgr/.ar” (€, R;w) do not involve the
electric field and so the only contribution to ug)(w) is
“dynamical,” arising from the modification of the single-
particle density matrix due to E(w); this is the same as
the situation for insulators. Implementing (20) we find

Pi(l)(w)

k nm e (Em + Wim
:eQEl(w)/ d Srm ke&han (& + . )
BZ (27T)d oo Emk, — Enk — h(w + 'LO+)

o EYw) dk ) i

(28)

This expression has two notable features; it is gauge de-
pendent, and it diverges in the dc limit. The gauge de-
pendence is not troubling because induced free charges
and currents are also involved here; ultimately it is only



the net induced charge and current densities that need
be gauge invariant. Also, in the limit of a trivial insu-
lator the second term vanishes and the expected result
is recovered [49]. It is notable however that the dis-
tinct terms of (28) are sensitive to different aspects of
the gauge transformation; the first term, the interband
term, involves only off-diagonal elements of W¢(k), while
the second term, the intraband term, involves only di-
agonal elements. This is to be expected because of the
way in which the Lie algebra components of the Berry
connection appear. Second, it is notable that a diverging
linearly induced polarization in the dc limit is not un-
precedented. For example, if one considers a hydrogen
atom initially occupying its 2s state, dc divergences oc-
cur as a result of non-vanishing matrix elements between
2s and 2p states facilitated by an electric dipole interac-
tion term. Such a divergence could arise from the first
term of (28), but does not occur here as we take the crys-
tal to initially occupy its unique electronic ground state,
in contrast to this example for the hydrogen atom. So
although such a divergence is not entirely novel in prin-
ciple, the mechanism underlying the divergence of (28) is
distinct from that of atomic and molecular physics. We
return to this issue in Sec. V.

B. Macroscopic bound and free currents

Like the macroscopic polarization and magnetization,
the spatial uniformity of the electric field renders the
macroscopic bound and free current densities uniform
[22]. Thus we do not indicate any spatial dependence of
such quantities. Moreover, both the macroscopic bound
and free current densities can found from any one of the
“site quantities” used in their construction [16].

Implementing (28) we find the linearly induced macro-
scopic bound current density [16, 22],

I (w) = —iwPM (w). (29)

This is non-diverging in the w — 0 limit, as would be ex-
pected physically. Furthermore, in Appendix C we show
that (29) vanishes in the w — 0 limit if the unperturbed
Hamiltonian is time-reversal symmetric.

We now consider the linearly induced macroscopic free
current density. The corresponding microscopic density

10

is defined as [16]

jr(z,w) = % Z s(z;R,RI(R,R;w). (30)
RR/

From the definitions presented in that past work, we
find the first-order modification to the link currents
I(R, R;w) to be of the form

I(l)(R R':w)

(1) (0) (0) (1)
zhz( aR)\R’ )77,\R/aR WaR;AR/H,\R/;aR(W))

1 0
hz< aR,\R'nM)W ar(W) — 77&12{,)\5'/( )Hg\li’;ocR)'
(31)

The first term of (31) is termed a “compositional” modifi-
cation, arising due to a dependence of the generalized site
quantity matrix elements on the electromagnetic field,
and the second a “dynamical” modification. An expres-
sion for (31) is given in Appendix D, which can explicitly
be shown to satisfy

IY(R,R;w) = —I1Y(R, Ryw),

as required, as well as
IV(R,R;w)=IY(R+ R, R + R,;w),

and

Zl(l)(R,R’;w):

R’

as one would physically expect for a translationally in-
variant system subject to a uniform electric field. The
latter can be understood by noting that the electronic
“site charges” evolve according to [16]

dQR ZI R, R';t

and in this case we expect there to be no build up of
charge at any particular lattice site; we therefore expect
dQr(t)/dt to vanish. In fact, from the definition of Qg (¥)
and using (20) it can be show that

(1) 1)
ZnozR aR =0.

Then, in Appendix D we show



1

T W) = 35—

> (R' = RHIY(R, R';w)
R/

e2
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dk .

ie? dk ' e
e gl v § ! o1
+ 5 (w) /Bz (271’)d ; Jrm e&mnWim < + Epk — Eng — Bw + i0+)>

ie?  EY(w)

dk
R+ 577 oy, T O OB %

where the first term in the second line results from the
compositional modification of (31), while the second and
third terms from the dynamical modification. Notably
J }1)(w) diverges in the dc limit, which is as one would
physically expect given that we have not accounted for
any scattering mechanisms. In fact, it is the third term in
the second line of (32) that will lead to the dc divergence
of the electrical conductivity tensor; this term involves
the second term of (20). Moreover, J}l)(w) is gauge

dependent, akin to J](Bl)(w), and it is only through this
gauge dependence that (32) involves “interband” contri-
butions. Notably if all of the energy bands of the unper-
turbed crystal were isolated from one another and the
corresponding Hilbert bundles assumed trivial, then one
can take Uy (k) proportional to d,, such that W2 _ (k) is
proportional to é,,, and thus the interband contributions

J

dk

(

to JI(,I)(w) vanish; in this limiting case the induced free
current density involves only “intraband” contributions,
which is as one would expect for simple models.

C. Time-reversal symmetry

The general expression (28) that we derive for P (w)
has the feature that it contains an intraband contribu-
tion and this contribution diverges in the dc limit. From
the simple picture of polarization presented in Sec. I, the
presence of such a contribution is unexpected. While
in general our description thus asserts that this sim-
ple picture is not complete, in Appendix C we show
that such an intraband contribution vanishes if the un-
perturbed Hamiltonian is time-reversal symmetric and
P (w) takes the more expected form

PO (w) z eQEl(w)/

BZ (27T)d o Emk — Enk — h(w + ZO+) '

Here Z will denote an equality that holds in the presence of time-reversal symmetry. Adopting the approach of (3),

we find

fnm,kfinn( ;m + W;Lm)

inter

el (w) L 47‘(’62/ dk

BZ (27T)d oy Emk - E’I’Lk: - h(w + i0+)’

which, apart from the gauge dependence, is consistent with the insight from analogies with molecular response and
the more simple approaches mentioned in Sec. I. That is, for crystalline solids in which time-reversal symmetry holds,
it is only interband contributions that are involved in P (w). However, even in this simple case P(!)(w) and €/ _ (w)
remain gauge dependent, and thus the introduction of ELWFs and the ambiguity in their choice need be involved in
any discussion of such quantities. In this case the induced macroscopic free current density (32) reduces to

l % 52 l
i(1) 7; - 2 El dk fner,k:§7nnW7Lm & E (W) / dk E
Tr (@) S i wE (W) /BZ (2m)d an Eonts — Bts — hw +10%) 1 o +0%) Jz 207 Zn Frk OO,

still having both interband and intraband contributions. Notably the interband contribution is gauge dependent and
cancels with the gauge dependent term appearing in the induced bound current density fin(l)(w) and thus the
net induced current density is gauge independent, as one would expect. In the special case of isolated bands, U, (k)

can be chosen proportional to §,, and the gauge dependent contributions to P(l)(w) and Jg)(w) separately vanish.
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In addition, if the “parabolic band approximation” is implemented, that is, if one takes each energy eigenvalue of an

occupied state to be g, = h2|k|2/2m, J\ (w) agrees with (2) after the identification mq

we find under the parabolic band approximation that

fnm k&mnfnm

=m and N = Ng. In fact,

2
4me Nel il

il T il 2
eog(w) =06 +47T€/B dZE

or

mk —

fnm kgmn nm

)

BEnp, — h(w +1i0%)  mw(w + i0F)

)
1e“ N il

oil(w) —i62hw

In moving from the first to the second line in this expres-
sion for o™ (w), relations that hold only in the presence
of time-reversal symmetry are implemented. However,
we will find that this latter form of ¢*(w) holds even in
the absence of time-reversal symmetry. Moreover, in the
absence of that symmetry P(1) (w) takes the more compli-
cated form (28), which generally involves intraband con-
tributions. This results in P™)(w) having a more general
gauge dependence and as well Jl(,l) (w) having a more gen-
eral gauge dependence. However, as was the case here,
when these more general expressions are combined, for
instance when constructing €’t(w) or o' (w), the gauge

J

m)d Z Epk — Enk — R(w +401)  m(w +i071)
Z fnm k(Enk — mk)ginn ;m + i€’ Nei il
Emk — Enk — A(w +i01) m(w + i07T)

(

dependent terms again cancel.

D. Induced macroscopic current density

Returning to the more general investigation, and thus
allowing the possible breaking of time-reversal symme-
try, we again find that although (29) and (32) are not
individually gauge invariant and thus are not themselves
directly physically observable, their sum is. Indeed, com-
bining (29) and (32) we find

anmk nk —

mk_

The first term comes from taking —iw = (Eng — Fmk) +
(Emk —Enk—iw) in the interband contribution of P (w)
to Jg)(w) ((28) to (29)). Then it is only the term that is
gauge invariant and explicitly energy dependent in this

particular contribution to Jg)(w) that is not cancelled
with terms appearing in Jl(rl)(w), (32). In particular it
is part of the first term of (32), which is a compositional
modification, that combines with the second term of the

contribution of (28) to (29) when we calculate JM) (w),
J

mk:)dnnf%m + ﬁ El(w) /
nk - h(w + ZO+)

dk
iEnk.
B h(w ¥ Zo+) 27T)d zn: fnkalaz nk

(

and ultimately it is the combination of these terms that
cancel with the interband contribution of (28) to (29)
that does not explicitly depend on energy. The second
term arises from the induced free current density alone
and is the only term in (32) that does not cancel with
terms from (29). While the “origin” of each of the terms
can most easily be seen in the above form of the expres-
sion, it can be rewritten in the more familiar form

Emk - Enk i i
A T o )
Emk - Enk)2

ie?
_ 7El
h /

ie?  ElY(w)
+ h R(w +i0%) /BZ (27)

This is in agreement with usual perturbative calculations

(Bmk — E

d Z fnkalaiEnk-

7 l l 7
8)2 — (h(w + i07))2 (&nm&mn = Enmémn)

(

that implement the minimal coupling Hamiltonian. In



particular, using (17) to rewrite the integrands of (33) to
involve velocity matrix elements v,/ (k) = 9, (k)/m,
for example, Eq. (25,26) of Allen [50] are reproduced.

The final term of (33) can be understood as a “Drude”
contribution. This term follows from the final term of
(20), and enters here via the induced free current den-
sity (32). Notably, such a term can lead to an induced
current density that is orthogonal to the applied electric
field. This is not to be confused with the well-understood
anomalous Hall conductivity however, because in this
case since the Cartesian components ¢ and [ are symmet-
ric there exists a basis in which this contribution to the
conductivity tensor is diagonal. Physically this means
that, were the applied electric field characterized by a
single non-vanishing component with respect to such a
basis, the induced current density arising from this term
would be parallel to that field. Thus, we understand the
possibility of such an induced orthogonal current density
to be entirely a consequence of crystalline anisotropy.

In contrast, the first and second terms of (33) are re-
lated to both the induced bound and free current densi-
ties. Notably, the second term can be understood as a

J
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finite-frequency generalization of the “anomalous Hall”
current density [51]. This portion of the induced cur-
rent density is unique because, unlike the contribution
from final term of (33), the spatial components ¢ and [
are asymmetric and consequently there does not exist a
basis in which this contribution is diagonal; there does
not exist a basis in which the induced current associated
with this term is parallel to the applied electric field.

E. Microscopic charge and current densities

The divergence of (28) in the dc limit may raise con-
cerns about our identification of the polarization. We
are thus motivated to consider the first-order modifica-
tions of the expectation values of the electronic charge
and current density operators due to E(w) — quantities
that could be found from traditional perturbation theory
with the minimal coupling Hamiltonian [52] — with the
hope that further insight might be gained. Implementing
(20) into previously developed expressions [16], we find

fnm,kfirm

~ 1 2 dk *
oo =B [ o 2 B T — ha 07 V(@) Omi(2)

i L e S g (Vi ), (39
and
(Fo)” = S0 [ S i @) )
i L, e X o (@ ) at) (39)

The electronic charge and current density operators that
we implement are those that arise via Noether’s theorem
and thus satisfy the continuity equation

O bl t) + o 1) = 0.

Assuming an expansion of these operators in powers of
the electric field exists, continuity must then hold at each
order in E(w). The same must then be true of the ex-
pectation values of such operators. This can explicitly be
shown to be the case at first order in E(w); implementing
(34,35), we find

. 0 /e M
—iw (p(@, ) + 5 (@ w)) =0,

given that in principle charge continuity holds in the un-
perturbed system in a perturbative scheme.

Notably, (34) has a dc divergence taking a form sim-
ilar to that of (28). Like that second term of (28), the
second term of (34) vanishes if the unperturbed system
is time-reversal symmetric, although this symmetry does
not cause the second term of (35) to vanish. Thus, it ap-
pears that if one insists on defining electric multipole mo-
ments by way of partitioning the electronic charge density
into portions that are used to define “site” polarization
fields from which “site” multipole moments are extracted
and summed to give the full electric multipole moments
of the crystal, whether that be via the approach we im-
plement here or some other method, it is unavoidable
that one will find a such a dc divergence. In a sense, this
unexpected dc divergence is not arising as a consequence
of our identification of the polarization, but rather it is
inherent to the induced charge density at low frequencies.



V. CONCLUSION

In this work we have considered how polarization and
magnetization fields can be defined for metallic systems.
In contrast to the approach of the “modern theories of
polarization and magnetization,” we employ a previously
developed strategy [16] for defining microscopic polariza-
tion and magnetization fields in general crystalline solids,
the macroscopic analogues of which are defined by spa-
tial averaging. FExponentially localized Wannier func-
tions play a central role in how the electronic compo-
nents of such quantities are defined. In a trivial insulator
the macroscopic charge and current densities can be ob-
tained from the macroscopic polarization and magnetiza-
tion fields alone, both for the ground state and in linear
response, while for a metal one would naturally expect
contributions from the macroscopic free charge and free
current densities, and we have identified them here.

We implemented this approach for a p-doped semicon-
ductor initially occupying its T' = 0 ground state, and we
assume that the Hilbert bundle over the first Brillouin
zone associated with any set of isolated energy bands
is globally trivial. With this, and because we assume
the existence of a band gap above the Fermi energy, con-
tact with expressions for a trivial insulator can readily be
reached as a limiting case of the more general expressions
we obtain. Indeed, in Sec. IIT we employ the general def-
initions in this setting to obtain expressions for P(®) and
MO and in the limit of vanishing doping our expres-
sions reduced to those of the “modern theories.” While
in that limit P is unique modulo a “quantum of am-
biguity” and M () is gauge-invariant, this is not so for a
metal. Nonetheless, P(©) exhibits the expected property
that under translation of the origin of all ELWFs by a
Bravais lattice vector R, P(©) is changed by an additive
constant proportional to R; M(® is unaffected by such a
translation, and both quantities are unchanged by a shift
of the energy zero.

Although the expressions we obtain for P(©) and M(©)
agree with the “modern theories” in the limit of a trivial
insulator, the two approaches disagree more generally. In
the “modern theory of polarization” it has been argued
that P is not well-defined in metallic systems [9, 11].
In the approach implemented here, a definition is always
admitted and we obtain a P that is formally simi-
lar to that of a trivial insulator. Meanwhile, the “mod-
ern theory of magnetization” has been generalized using
thermodynamic arguments to obtain an expression for
M valid for metals and Chern insulators [11, 12], but
even so the expression we derive does not agree. This
disagreement is not surprising; there is an inherent am-
biguity in what one might identify as a magnetization,
and the underlying philosophies of these approaches dif-
fer. We consider polarization and magnetization to fun-
damentally arise as microscopic quantities from which
macroscopic analogues are obtained, while the “modern
theories” view such quantities as being fundamentally
macroscopic. These differences are elucidated in the way
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the expressions for M(® differ; we find M) to be gauge
dependent, owing to the central role played by a set of
ELWFs in its identification, while in the “modern the-
ory” it is found to explicitly involve a chemical poten-
tial, even in the case of a Chern insulator, emphasizing
the inherent thermodynamic considerations and the as-
sumed relation to finite-sized systems. In bulk crystals
both approaches are valid, each with positive features
particularly evident in the domain of considerations that
motivate them. Some advantages of the approach imple-
mented here is that the polarization and magnetization
are on the same footing, both being defined for all media,
that definitions for free charge and current densities are
admitted, and that the charge and current densities (1)
arise directly from an analysis of the underlying micro-
scopic theory.

In Sec. IV we investigated the linear response of a
metallic crystal to an optical field at finite frequency w, a
more general response than is typically considered in the
“modern theories.” We considered the “long-wavelength
limit,” within the independent particle and frozen-ion ap-
proximations, where the applied electric field is taken to
be the macroscopic Maxwell field. Here only P(¢) and
Jr(t) make a contribution to the linearly induced macro-
scopic current density, JM(t) = aPW(t)/0t + Jg)(t).
While in elementary models of the optical response of
metals 9P (t) /0t is associated with interband response

and J 1(?1) (t) with intraband response, here we find a more
general scenario; in general, that simple association is no
longer the case and both contributions are gauge depen-
dent. However, we do find that if all of the energy bands
of the unperturbed crystal were isolated from one another
then Jl(,l) (t) would have only intraband contributions and
would be gauge invariant, in agreement with those more
simple models. Nevertheless, the general o%(w) we ob-
tain is gauge invariant and reproduces the usual conduc-
tivity tensor of a metal, consisting of a finite-frequency
generalization of the “anomalous Hall” and a “Drude”
contribution; the latter is entirely due to J él)(w).

We also found that if an unperturbed metallic crystal
violates time-reversal symmetry, then there is a term in
the linear response of the microscopic charge density pro-
portional to w™'; in an approach such as ours that relates
the macroscopic polarization to electric dipole moments
associated with “site” contributions to the microscopic
charge density, this leads to a term in P()(w) propor-
tional to w~!. It is the same mechanism that gives rise to
the dc divergences of both P (w) and JI(Jl)(w). That is,
both divergences involve the second term of (20), which
we show in Appendix B is a consequence of an interaction
term that gives rise to the intraband response; in this way
of identifying inter- and intraband contributions to the
linear response we can make contact with earlier work by
Blount and others, although the formalism in which we
work is indeed much more general.

Given that the association of J}l)(t) with intraband
response and 0P (1) (t)/0t with interband response does



not hold, that both contributions are gauge dependent,
and that P (w) involves a term proportional to w1,
one could argue that a different definition of polariza-
tion would be more appropriate. However, such a pur-
ported new polarization could not be associated with the
dipole moment of microscopic charge densities localized
about individual lattice sites. In fact, a more general
argument could be made against the philosophy of our
investigations. Our goal, a critic might assert, should
be to seek what could be taken as “unique” definitions
of P, M, or, and Jp, and for a metal we do not even
demonstrate that for P and M in the ground state. We
would reply that such uniqueness is not a reasonable goal.
After all, even in the ground state of a trivial insula-
tor the value of P is subject to a “quantum of ambigu-
ity.” And once one moves to a general temporal and spa-
tial dependence there are clearly a host of fields P(x,t),
M (x,t), or(x,t), and Jp(x,t) that could be used to de-
scribe the physical quantities o(z,t) and J(x,t) via (1).

J
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Our perspective is that the focus should be on exploring
what might be useful ways of introducing such quantities,
for the purpose of both physical insight and calculation.
Within that framework this paper can be taken as one
such contribution.
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VII. APPENDICES

Appendix A: Perturbation theory — A strict approach

Recall Eq. (37) of [16], the general equations of motion for the single-particle density matrix n.r.gr'-

We here

consider the long-wavelength limit, E(x,t) — E(t) and B(x,t) — 0, of those general expressions. This yields

5 0
nN— . ’
atnaR,BR &

where, in this limit, QY (x,t) = E(t) - (x — y) and

Huorpr (t

10

Z (HaR sr(Omrrsr () — Narpr () Har s/ (t)) — Q% (R )narsr (1),

(A1)

)= [ Win(@)Ha(e,p@)Wor (@)de  § [ Win(@)(An(est) + O (@) Won (2)do

Shom — 5E'@) [ Win@)a' = RWor(@)de = SE'®) [ Win(@)(e' - B)Win(e)da.

Assuming valid power series expansions for all quantities with respect to the applied electric field E(t), we have

0, 1

_ 7(0) (0) (1)
= Z Hipoarr (Mrrsr () + Mg gr () + -

AR/

Y 1
o Z (nlgéI){;kR” (t) + 77((11)3;,\12// (t) —+ ...

) A\ e

AR/

—eE'(t) Y / Weinre (@) Wao(@)dz ) (0\Rorare (1) + 1o o () + )

AR

0 1
+ eEl(t) Z (77&12: s () + 7721;;,\1%”(75) +
)\R//

— eE'(t)(R!

0 1
- R") (77&1);5 sre(t) + 77,(11){5}2/ ) +...

)(/W;R'uR'(w)leﬂo(w)dw)
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where we have used the translation property Wor(x — R1) = War+r, () of the ELWFs. Upon “matching powers”
of E(t) on the LHS and RHS, the above is equally expressed as a collection of independent equations,

J (o 0 0 = (0
matm(u)a BR’(t) = Z (H(I)% /\R”ng\l-zf/’ .BR/ (t) — 77&12: AR (t)Hg\F)w;ﬁR/), (A2)
)\R//
L0 ) (0) ) 1) (0
ZﬁanaR;BR’ (t) = Z (HaR ARHWE\RH ﬂR’( ) — 77<(1R;/\R” (t)Hizéﬂ;BR')
)\R//

— By / e (@) Wao(@)da )1y (1)

AR
+eE'(t) ZnaRAR” /W,\RH r (®)2' Wio () da )
AR
— eB'(O)(R' — R' 0o (1)
= Z (fo%;ARHWE\?%" ﬂR’( ) — 77&11)2 ar (t )H/(\(g”;BR/) QS}zﬁRf( )s (A3)

AR/

etc.
From (A2) we recognize that 77&01)2;,8R’ (t) evolves as the wunperturbed single-particle density matrix

(gs| e iHot/hg T rprre” Mot/ o) under the unperturbed Hamiltonian Ho, as we expect. In particular, starting from the
equation of motlon for the unperturbed electron Green function i (gs| 1[)8 (y, t)@@o(m, t) |gs), the related single-particle
density matrix evolves as (A2); the argument is analogous to that which yields (A1) from the “global” Green function
(which is related to the minimal coupling Green function by a generalized Peierls phase). Now, via (8,9) the relation

between the operators generating ELWFs and those generating the |t¢,x) is found to be

9] )
At o uc —ik-R AT
il =\ [ ke 3 Una (k)i (A4)
which we then implement to find
©  _q dk_ ir.(r-R)) Z f (K)Uns(K) (A5)
naR;ﬁR’ — Sfuc (271_) nk nB 5

which is independent of time.
We now consider (A3) and will closely follow the procedure of Appendix B of [44], however we will not introduce
filling factors associated with the ELWFs. It is useful to define the intermediate quantity

Dmkeink’ (1) = Z (Vmi|tR1) NuRy R, () (VR2|Ynk ) (A6)
nrvR1Ro

and from (A3) it follows that

o) (¢
ih nmknk()

S = (Bt — Bate )it () Y- el uR1) Q) o, (1) (R

nrRi Ro

Then, implementing the usual Fourier analysis via (19), we find

) (@) =— )3 (Ymr|pRa) Q ,(LR1 Vo, (@) (VR |
T]mk: ink’ Emk — Enk’ _ h(w + ’LO+) s

urvRi Ro

where 0 entering in the denominator describes the “turning on” of the electric field at ¢+ > —co. Finally, using the
inverse of (A6), we find

(@R |tpmp) (i pR1) Q (W) (v Ra|thnr) (Vi [BR')
(1) / uRl vRy
Meprpr @ == > dk:dk Bor o ha 1107 : (A7)

urvRi Ry mn
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Now, using the identity (10) and the result (A5), we find

/B  dkdk! (R Y] (k) Q' %k, (@) (VR2|tnir) (Y| BRY)

nrRi Ro

BZ

Uns(k),

where the first term in brackets results from the two terms in Qill)h R, (W) that involve dipole moments of the ELWF's,

and the second term in brackets results from the term —eE!(w)(R} — Ré)nl(l%l;u R, I Q/(}}el;u R, (w). In re-casting this
second term as a single BZ integral, an integration by parts is performed and all surface terms are taken to vanish.
While the integrand is periodic over BZ, it may not be smooth. Thus, this result is only valid only if the ground
state projector y . fuk [tnk) (¥nk| and therefore )" farUL, (k)Uns(k) for any «, 8, which appears in the integrand,
is smooth over BZ. While this is always true for insulators — topologically trivial or not — it is here an assumption.
However, in the case of p-doped semiconductors considered here, we believe this to be valid if there are no degeneracies
at the Fermi energy. With this we arrive at the result (20).

Appendix B: Perturbation theory — An
old-fashioned approach

Although Eq. (20) can be found as the extension of our
earlier work presented in Appendix A, we believe some
insight can be gained by looking at its derivation using a
more traditional perturbation theory approach.

Consider first a molecule, where nuclei are considered
fixed and the dynamics of the electron field operator

P(x,t) follows from the usual minimal coupling Hamil-
tonian,

1 e 2
Hane(@.1) = 5= (p(2) = SA(.1)) + V(@) + eo(a. 1),
where p(x) is given previously (7), the applied electro-
magnetic field is described by the scalar ¢(x,t) and vec-
tor A(x,t) potentials, and V(x) is the potential energy
that confines the electrons to the nuclei. If the wave-
length of light is much larger than the molecule, then the
electric field E(x,t) can be taken as uniform over the
molecule, E(x,t) = E(t), and the magnetic field can be
neglected. Via usual strategies [16], it can be shown that
the dynamics of the electron field follows from the dipole
Hamiltonian

Hdip(mvt) = Ho(z,p(x)) — ex - E(t),

where Ho(z,p(z)) = o= (p(2))” + V().

The use of (B1) to describe instead the response of the
electrons in an infinite crystal to long-wavelength radia-
tion, where Ho(x) is now taken to be the Bloch Hamil-
tonian, is a strategy followed by Blount and others [47];
it has even been used to describe the nonlinear optical
response of metals [53]. The appearance of a position
operator in the interaction Hamiltonian requires calcula-
tions to be done cautiously, for giving meaning to matrix
elements of the position with respect to the Bloch func-
tions of the infinite crystal in a careful way is obviously
problematic. In fact, the usual position operator is gen-
erally ill-defined to act on the Hilbert space containing

(B1)

(

such Bloch functions [9]. Moreover, it does not seem
possible to implement a generalization of this kind of ap-
proach to treat instances where the electromagnetic field
cannot be approximated as uniform. Indeed, that is one
of the reasons the approach applied in this paper was
developed. Nonetheless, this strategy does allow for the
interaction Hamiltonian to be written as the sum of two
terms, which can be identified as “interband” and “intra-
band.” This permits the identification of the interband
and intraband contributions to (20), at least within this
perspective, and allows us to make contact with earlier
work. And so we here present a derivation of (20) using
this approach. Although most derivations [47] work in
the electronic Hilbert space spanned by Bloch functions
from the onset, some issues related to the position op-
erator can be avoided if one works, at least initially, in
an isomorphic Hilbert space spanned by a set of expo-
nentially localized Wannier functions; the latter is a sub-
space of the space of square-integrable functions, where
the usual position operator is well-defined. This is the
approach we follow here. Moreover, we believe that this
approach elucidates the physics of the two terms. Yet we
ask the reader to forgive the mathematically question-
able steps that are part of the derivation and that are
not characteristic of the rest of this paper. We feel that
the cavalier approach we take in this Appendix is justified
by the insight that the resulting expressions provide.
Working in the Heisenberg picture, the one-body op-
erator on the electronic Fock space related to (B1) is

H(t) = Ho(t) + Vaip (), (B2)

where

fo(t) = [ 4o, 0) Ho(a.p(@)i e 1)
Vaip(t) = —eE“(t)/i*(w,t)maiﬁ(w,t)dw.

The primary quantities of interest, the expectation values
of the electronic charge and current density operators for



a crystal initially occupying its T' = 0 ground state |gs),
can be extracted from the single-particle electron Green
function

Gla,y;t) =i (gs| OF (y, )i (. ) |gs) . (B3)

We now move from the Heisenberg picture to the interac-
tion picture, wherein operators on Fock space evolve un-
der Ho and the effect of the perturbation is accounted for
in the evolution of the electronic state [1(t)) = U(t) |gs),

where the time-evolution operator U(t) is given by [54]

to

+Z / N Gt / Dnt), (B

—0o0
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for Vi(t) = —eE(t) fz/?é(m,t)m“@o(@t)dw. The electron
Green function (B3) is then rewritten as

i (W (1) 5 (ys thdo(a, 1) [(2))

Noting that a (complete) set of ELWF's spans the single-
particle electronic Hilbert space, the related operators
can be used as a basis with respect to which the electron
field operator ﬁo(sc, t) can be expanded [55],

)= War(®)iar(t), (B6)
aR

G(x,y;t) = (B5)

where the operator a(T) & (t) here evolves as ih4a ik(t) =
(t

[dgl)z(t),lilo] and thus a )() — ¢ifot/ng gl){ —iHot/h
Then,

E(t) a;ﬁ ( /B ) dke““‘(RR')EgB(k)> il g (asr (t) — eE*(t) > RG} p(H)aar(t). (B7)

aR

Implementing (B7) in (B4) and using that result in (B5), we find

G(z,y;1)
= i (gs] 0w, D)ol 1) lgs) + 1 / ' {gs| 03y 1o 0 (¢ les) — 5 [ (e V() o, 0o, ) o) +
=i Y Wor(@) (0 + W) - ) Wim, () (B8)

v R Ro

Note that in Eq. (36) of past work [16] we introduced the single-particle density matrix nog;srs such that it involved
operators generating “adjusted Wannier functions” W,r(z,t) (see Eq. (27, 30, 33) of Mahon et al. [16]) as well as
a generalized Peierls phase ®(x,y;t) (see Eq. (15) there). Thus, in general, it is not the minimal coupling Green
function G(x,y;t) to which nor.sr is “naturally” related, but rather the “global” Green function. However, in
the case of a uniform electric field considered here, the corresponding vector potential A is necessarily uniform and
O(x,y;t) = 5= (x —1y) - A(t) for a choice of straight-line path in the relators. Then, in this case, Eq. (32) of that work
simplifies as

G(:c, Y; t) =1 Z V_VocR(ma t)ﬁaR;BR’ (t)V_VER’ (y7 t)
aSRR/

t)(z—y) Z War(x

aSRR’

©)narsr (HW3g (Y)- (B9)

In this Appendix we employ the gauge choice ¢(x,t) = —x - E(t), A(t) = 0, such that the phase ®(x,y;t) on the
RHS of (B9) vanishes. Thus, the identification of the single-particle density matrix in (B8) is consistent with past
work.

Now,

Gola,y5t) = i (gs] O}y, Do @, ) gs) =13 / ki W)a()

Z W, r, () <Z (;?)Cd Z/BZ dkfnkeik.(RQ_Rl)UJn(k)Unu(k)> ;Rl (Y)s

urR1 Ry

and we thus identify

(0) _ e ik-(R2—R
anz suRy T (27T)d Z~/BZ dkfnke (R 1) (B].O)
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yielding (18).
Next consider 17,()11)22 R, (), which from (B8) we identify as

t

1 ie Q a
771(/1%2,;1,R1 (t) = E (27T)d / dt E

— 00

)X [ g ) (G, (i (3] () I9) )

aBRR’

wi [ @B O R (0], 0, iLalian?) 1))

t
; Q'LLC
e / dt' B (t)

[ e g, 1) (]l (¢ ()i, (D, (1)) )
BZ

d
h (27) J iR
¢
e u u X
) WO ((eslal ()aar(t)alm, (Dm, (1) les) )
—o0
1;a 1;b
=05 r () 1l R, (). (B11)
We group the second and final lines of (B11) into 771(,3;2?; uR, (1), and the first and third lines into 77511;22); 4R, (1). That is,

n,(leaz) 4R, (t) involves the contributions to 771(,11;2 R, (t) arising from the first term of (B7), while 771(,11;;); R, (t) involves

the contributions to 771(,11){2_ uR, (1) arising from the second term of (B7). After some algebra we find

1
niR&g)uRl (t)

= [ aree )5 R (08, (0 el Vaor () 5~ ]2l om0, (N0 )
R Ry—R;y)

_ 62 o0 ga ucd Z / <fnk€w+w+) ((Rg — ROUL, (k) Unp (k) + z‘aa(an(k)Uw(k)))

fnm kelk (Ro—Fa) a
- Z E Eng — h(w + zO*) o (B)Wr (k) U (R) | (B12)

mk —

where we have integrated by parts and taken any surface terms to vanish; this again demands smoothness of the
integrand over BZ and requires the same assumption described in Appendix A. We have also taken the electric field

E(t) to be adiabatically applied at ¢ = —oo resulting in the “0*” in the denominator and in the phase of e=#(«+i0™)t,
We now consider nill,f:;). WRy (t). Using the completeness relation in the electronic Fock space
1= |gs) (gs| +Z/ dk |cvk) (cvk| + ..., (B13)
o /BZ

where |cvk) = G} ok |g5), [cvk, crvikr) = Gkl g, do, |g), etc., we find

t
1;b i€ Quc
771(/R2),MR1 (t) E ( ) / dt,Ea (t )

/ i RO () (el ), (D, (Dl (F)asr (#)[e9) )

aBRR/

te e / dt' (¢ dkleikf.(R'fR)gga(k/)(<gS| &LR, (t’)daR(t’)&LRl (t)ay g, (t) |gS>)
aﬁRR/ BZ

up @) [ S fan BRI () € () + W (8)) U K
(2m)? £ Bk — Engr — h(w +i0%)

(B14)
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Notably terms resulting from the first term of the completeness relation (B13), which would involve diagonal matrix
elements, cancel one another. Then combining (B12) with (B14) and implementing (19), we find

1 Quc 1a ik-(Ra—Ry U (k)& (k) Uy ()
771(/12&#1:{1(("))_ (27T) E ( )/Bzdkek(R R)anm,kE ll.

mk — Fnk — h(w + ’LOJ")

Que E*(w)

et [ a DR (R = BSOS (KU ) 00 (UL, (U (4) )

. T a
Quc Ea( ) dkezk-(Rg—Rl) anm7 Ul/m(k) mn(k)Un;L(k)

‘@) BZ e~ * Bk — Eng, — h(w +i07)
Qe EY(w) o (Ro—
_ dkE ik-(R2—R1) o T (k (K B1
e (27T)d h(UJ +ZO+) /BZ ~ € (a fk)Ul/Tl( )UI ( )7 ( 5)

where we have again used an integration by parts. Notably the term in (B15) that diverges in the dc limit arises

from the interaction term —eE“(t) Y g R“dLR(t)daR(t), the second term of (B7). At first one might suspect that
it is the sum over Bravais lattice vectors R that leads to the dc divergence, or if not, some other divergence.
But, in fact, thls is not the case because in the linear response calculation the relevant objects are of the form

ZR R* (gb| r, (Davr, (t)&LR(t')daR(t’) lgs) (see the first line of (B12)); thus not all R’s contribute equally and the
result of such a ‘sum appears to be finite.

To gain further insight into origin of the terms appearing in (B15), it is useful to rewrite Vi(¢) in terms of the
operators that generate the single-particle Bloch energy eigenvectors. The second term of (B7) involves

> R} p(t)aar(t) :1/ de( ) (atnks(t)) — (Badil (1)) s (t) ) —/ dk > il ()W (k) (t).
aR nm
(B16)

When implemented in the linear response calculation, the first two terms of (B16) give non-zero contributions only
for those k “near” the Fermi surface and indeed gives vanishing contribution if |gs) is the ground state of a trivial
insulator. That such an interaction term leads to a diverging induced free current density is in-line with physical
expectation. The first term of (B7) can also be rewritten,

Y. dlp®isr (1) / dke™ BTG (k) = / oyl (1) (0 (k) + Wi (6) Jama(0). - (B1T)

afSRR/ Bz uc nm

The net result is

_ uc a ~t ~ ik-(R—R') fa a [
Vl(t)——e(%)dE (t)ag{:R/aaR(t)agR/(t) | dke (B-ROEe (k) — e B ZR (H)aar(t)

— Bt /deank e (k ()+2Ea /de(aank ank()—a;k()(aaank(t))),

which is gauge independent, as expected. As described above, due to the relative negative sign between terms
involving Vi(t) and VT( t) in the perturbative expansion of the electron Green function, the interaction term involving

(t) Jgy Ak >0 nk( )€, (k)amk(t) gives rise only to terms for which n # m, which we refer to as being related
to the “interband response” (see, for example, the cancellation of “intraband” terms in (B14)). In contrast, we refer

to the terms resulting from the interaction term involving iE*(t) [, dk >, ( t) (Oatnk(t)) — (Gadjlk (t))ank (t))
as being related to the “intraband response.”

Appendix C: Time-reversal symmetry

Taking 7 [tne) = e~ (%) [oh, 1) [2], which is equivalent to Vi () = Tihnr () = L e=7ak)y (), or alternatively
ul () z e= PRy (), yields

O (k)

a T i(Am(k)—An(k)) ca —k) — YAm\NV) 1
é-nm( ) e fmn( ) 67”” Oka ’ (C )
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and as well F, T E,_k, which implies f,x z fn—k. Furthermore, time-reversal symmetry allows the ELWF's to be

chosen such that they are real-valued functions [24, 56], and taking W, g(x) i Wi g(x) yields

Una(k) £ UL, (—k)e=(=H),
which leads to

Wign(l) £ /O COITAERDWE (=) = S =55

With these relations one can show
L, e 2 (S0 - Wi E = [ S (68 + Wi 09).

and therefore vanishes. It then immediately follows that J jg,l)(w =0) L0, or equivalently that the term in (28) that
diverges in the dc limit vanishes. Moreover from the relations (C1,C2) it follows that M (%) Zo.

Appendix D: Link currents and the related free current density
Recall from past work [16] that in the “long-wavelength limit”
Hereronre ( / W pr (@) Ho (2, p(2)) Wam (a / Wipe(@)((@ ~ RY) + (@~ R)) - BO)Wan (2), (D)

and since we write Hyrrar (w) = Hiol)%,, SR T H(gll){,,_ \r (W), with all higher order contributions vanishing in this
case, we identify

Hé%hAR/ = /Wa*R"(m)HO(Q%P(w))W/\R'(iﬂ)» (D2)
Hill)%// )\R/ = — = /W;R/I - RH) + (SE - R/)) . E(t)W)\RI (:B) (DS)
With this we implement the definition of I(R, R’;w) previously given, and with (20) we find

I(l)(R R:w)

(1) (0) (0) (1) e (0) (1) (1) (0)
( aR; are ( 77,\R' .aR ~ NaR; )\R/H)\R’;aR(w)) + ih Z (HaR;)\R’n)\R/ ar(W) — aR; A (W )H)\R’;aR>
a
e Q
ih

) D2 |, dedk'tm [ttt 3 e UK Zwk:)Uin(k’)}

— / nm.te' U k/)Un (k')
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The first line of (D4) is the result of a “compositional” modification, while the remainder is the result of a “dynamical”
modification; the second term of (31) is the result of the first term of (20) and the final term of (31) is the result of
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the second term of (20). Notably the first line of (31) is independent of energy and involves frequency only through
E(w), while this is generally not the case for the other terms.

In Sec. IV we are interested, among other things, in the macroscopic free current density, Jr(x,w), related to
the microscopic free current density jpr(x,w). In past work [22] we have described this averaging procedure in some
detail, in particular for the microscopic polarization and magnetization fields. In the limit of a uniform applied electric
field, the expressions Eq. (7), (9), (B4)-(B6), and (B8) presented there result in the macroscopic polarization and
magnetization fields being uniform, and the only contributions being the dipole moments, (21). We here focus on the
macroscopic free current density found by implement a spatial averaging function w(x) to relate the microscopic and
macroscopic quantities. That is,

Jp(z,w) = /w(:zc —x)jr(x ,w)dx'. (D5)

Implementing the definition (30), the relator expansion [22]

96(w - y)

o +. (D6)

s'(wim,y) = (@' = y)o(w —y) - 5 (=" — )@ o)
and noting that the first-order modification to the link currents here takes the form I (1)( R Rw)=1 (1)( R— R w),

we find

T (@w) = 5 S IO(R - Rw) ((Rf ~ Rw(z ~ R) + 5 (R~ R) (R ~ ry@—R) )

RR'

1 7
50 § :I(l)(Rl,w)Rl,
uc Rl

oxd

1 i 1 .. 0

(D7)

where in going to the final line we have used the special case of a uniform applied electric field in Eq. (B8) of [22].

Thus, we arrive at (32).
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