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Abstract

We derive a dispersion relation for two-point correlation functions in defect conformal
field theories. The correlator is expressed as an integral over a (single) discontinuity that
is controlled by the bulk channel operator product expansion (OPE). This very simple re-
lation is particularly useful in perturbative settings where the discontinuity is determined
by a subset of bulk operators. In particular, we apply it to holographic correlators of two
chiral primary operators in N' = 4 Super Yang-Mills theory in the presence of a supersym-
metric Wilson line. With a very simple computation, we are able to reproduce and extend
existing results. We also propose a second relation, which reconstructs the correlator from
a double discontinuity, and is controlled by the defect channel OPE. Finally, for the case of
codimension-one defects (boundaries and interfaces) we derive a dispersion relation which
receives contributions from both OPE channels and we apply it to the boundary correlator
in the O(N) critical model. We reproduce the order €? result in the e-expansion using as
input a finite number of boundary CFT data.

'lorenzo.bianchiGunito.it
2davide .bonomi@city.ac.uk



Contents

Introduction and discussion

Defect correlators and Lorentzian inversion formula

2.1 Lorentzian inversion formulae for defect CFT . . . . . . . . ... ..

Defect dispersion relations

3.1 The contribution of bulk and defect identity operators . . . . . . ..

3.2 A dispersion relation with the double discontinuity . . . . .. .. ..

Dispersion relation for Boundary CFT

4.1 The contribution of bulk and boundary identity operators

Wilson line in Y =4 SYM

5.1 Selection rules and superconformal block expansion . . . . . . . . ..
5.2 Strong coupling . . . . . . ...
5.3 Weak coupling . . . . . ... .o

The boundary in the O(IN) critical model

6.1 Order € . . . . . e
6.2 Order €2 . . . . . . .
Kinematics

A1l Genericdefect ¢ >1 . . . . ...
A2 Boundary q=1 . . .. . . . . .. ..

Superblocks
Dispersion relation from Lorentzian inversion formula

Results for F5(1p) with p <3

14
16

17
18
19
21

23
25
26

28
28
30

30

31

33



1 Introduction and discussion

Extended excitations are important probes of Quantum Field Theories (QFT). On the one
hand, the fact that a QFT must support extended excitations (such as Wilson lines for gauge
theories) may provide additional constraints for the classification of consistent QFTs. On
the other hand, it is interesting to understand how to carve out the space of consistent
defects supported by a given QFT. Some of these questions can be made very precise in the
context of defect Conformal Field Theories (dCFT) [1], where this rich interplay between
bulk and defect finds an explicit realization in the defect crossing equation. The latter is the
central ingredient of the defect bootstrap program, an ambitious endeavour which has recently
expanded in various interesting directions, such as the study of line and surface defects in
holographic theories [2-9], the classification of boundaries and defects in free theories [10-16],
the analysis of general boundaries in CFTs and the application to statistical systems [17-27],
the bootstrability program aimed to an exact solution of a defect CEFT [28,29] or the study
of superconformal defects [30-45].

Many of these achievements were possible thanks to a large effort in developing the analytic
techniques that have proven successful for bootstrapping standalone CFTs (see [46] for a
review). In that context, the derivation of a Lorentzian inversion formula, allowing to extract
the CFT data of a given correlator from its double discontinuity [47], has led to impressive
results for CFTs which naturally admit an expansion in a small parameter, such as 1/N for
holographic theories or € for statistical models at the Wilson-Fisher fixed point. For a bulk
two-point function in the presence of a defect there are two different OPE channels. The defect
channel is controlled by the bulk-to-defect couplings and the scaling dimensions of the defect
operators, while the bulk channel is controlled by the bulk OPE coefficients and the one-
point function of the exchanged bulk operators. Correspondingly, two Lorentzian inversion
formulae have been derived. One of them takes a single discontinuity that is controlled by the
bulk OPE to extract the defect data [48], while the other takes a double discontinuity that is
controlled by the defect OPE to extract bulk data [49].

One of the immediate consequences of these formulae is that all the information that is
needed to reconstruct the correlator is encoded in its discontinuity (or double discontinuity).
An important question is then how to reconstruct the correlator starting from its discontinuity.
This is the content of a dispersion relation. The importance of dispersion relations in physics
has been appreciated for a long time. Starting from the optical theorem, dispersion relations
have then been derived for relativistic S-matrices and more recently for four-point correlation
functions in CFTs [50]. These relations are particularly useful when the (double) discontinuity
is simpler to compute than the whole correlator. Furthermore, they often enjoy important
physical properties, such as positivity, which was used to derive an infinite set of dispersive

sum rules [51].

In this paper we tackle the question of deriving a dispersion relation for dCFTs. The
existence of two Lorentzian inversion formulae suggests that we should be able to write down
two distinct dispersion relations, one controlled by the defect OPE and the other controlled



by the bulk OPE. It turns out that the latter is very simple to obtain, as the problem is
effectively one-dimensional and it involves a single discontinuity 3. Therefore, we will derive
it using complex analysis together with the symmetries and the analytic structure of the
correlator and we will confirm it by resumming the result of the Lorentzian inversion formula.
Despite its simplicity (and thanks to it), this formula is still very useful as it allows to easily
reproduce the full correlator in those cases where the discontinuity takes a simple form. In
particular, since the discontinuity is dominated by the bulk OPE, this formula provides an
explicit way to reconstruct the full defect correlator starting only from a subset of bulk data
(the information about the defect is encoded in the one-point functions of bulk operators).
Therefore, the formula is particularly suitable for those theories where the bulk is under great
control and we can exploit that control to get information about the defect.

In this respect, a perfect example is the supersymmetric Wilson line in N' = 4 SYM, which
will be our main application in this work. Perturbative results for the bulk two-point function
at strong coupling were recently derived in [44] by using the Lorentzian inversion formula to
extract the defect CFT data and then resumming the block expansion. We will reproduce this
result with a single line integration, skipping the technically challenging intermediate steps.

One limitation of the Lorentzian inversion formula of [48] is that it fails to reproduce the
CFT data of defect operators with low transverse spin. The meaning of low is related to a
particular double lightcone limit of the correlator and, unlike the homogeneous case of [50],
no bound is known on this behaviour, although in all known examples this value is lower than
two. A similar limitation applies to the defect dispersion relation. In that case, however,
it is easy to overcome this difficulty by introducing a suitable prefactor which improves the
behaviour of the correlator in the relevant limit without altering its analytical properties.

The second dispersion relation should involve the double discontinuity and should be con-
trolled by the defect channel. The derivation in this case is more involved, but for some specific
values of the defect dimension one can relate the problem to the case without a defect [50]
and, since the dispersion relation is a mathematical statement that is valid for any function of
two complex variables with a given analytical structure, we propose a general formula. The
formula is essentially analogous to the one derived in [51] and, in a similar way, it is technically
hard to use. We test it only on disconnected correlators and we leave further checks of this
formula for future work.

A slightly different discussion is needed for the case of codimension-one defects. In that
case, the bulk two-point function depends on a single cross-ratio and the dispersion relation
looks different. In particular, it is not possible to find a relation that is only controlled either
by the bulk or by the boundary OPE. This is not so surprising as a similar drawback is present
for the Lorentzian inversion formula derived in [22]. Therefore, we write down a dispersion

relation which receives contributions from two different cuts, dominated by the two OPE

3A dispersion relation in terms of the single discontinuity has been used also for homogeneous CFTs [52],
although in that case it cannot be derived from a Lorentzian inversion formula, which contains a double
discontinuity.



channels. We show the effectiveness of this relation by applying it to the conformal boundary
of the O(N) critical model. In particular, we show that the results of [20] for the second-order
e-expansion of the two-point correlator can be reproduced by the dispersion relation with a
finite number of defect CF'T data.

Our boundary formula involves two single discontinuities, while the Lorentzian inversion
formula of [22] involves a single discontinuity controlled by the bulk channel and a double
discontinuity controlled by the boundary. It would be interesting to understand whether a
dispersion relation could be derived which exhibits the same features. This would be important
because the double discontinuity is often more constraining than the single one. However
the problem seems technically challenging as no closed form is known for the kernel of the
Lorentzian inversion formula in [22].

Note added: While this paper was in preparation, we became aware of [53], whose content
partially overlaps with the present work. We coordinated with the authors for a simultaneous

submission.

2 Defect correlators and Lorentzian inversion formula

We consider a planar conformal defect of dimension p and codimension q. We split the co-
ordinates z* in p parallel coordinates xﬁ and ¢ orthogonal coordinates xi The observable
of interest for this work is the bulk two-point function of two identical bulk primary opera-
tors ¢(x)

(B(1)d(z2)) = — iz 2)

= e Pelra A (2.1)
which is determined up to a function of two conformal cross-ratios z and z. In Appendix A we
summarize our conventions and the relation with different kinematical variables. As usual, we
can understand the variables z and Z thinking of a defect in Euclidean kinematics stretched
along z; = 0. After using the preserved subgroup of conformal transformations to set z; = 0
and z1; = (1,0...0), the residual transformations can be used to fix the point x2 on a plane
with complex coordinates z and z. After Wick rotation, the complex coordinates z and z are
mapped into two real independent lightcone coordinates. The lightcones are then located at
z=0,1and z = 0,1 as shown in Figure 1

Any bulk two-point function admits two different OPE channels. In the bulk channel,
controlled by the limit z,Z — 1, the two operators are expanded in terms of an infinite tower
of bulk operators through the ordinary bulk OPE. In the defect channel, for z,zZ — 0, both
bulk operators are expanded in terms of defect operators using their defect OPE. These two

channels are associated to two different block expansions.

The defect channel expansion reads

_ 2 A _
F(z,z) = Z bA,s fA,s(ZvZ) (2.2)
As
where the sum runs over defect primaries O of dimension A and transverse spin s 4, and

“Defect primaries do not carry SO(p) spin when the external operators are scalars [1].
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Figure 1: A Lorentzian plane orthogonal to the defect, which lies at the origin. The first
operator lies at z = z = 1, while the position of the second operator is parametrized by the
real lightcone coordinates z and Z.

b, , are the bulk-to-defect couplings associated to the two-point functions (¢ @) The defect
conformal blocks in (2.2), eigenfunctions of the quadratic Casimir operator of the SO(p +
1,1) x SO(q) group preserved by the defect, factorize accordingly and their exact form is [1]

Fau(rw) = fa(r)gs(w) (2.3)
with
fA(T) — o F (A, g,A +1- 2,7"2) , gs(w) =w % F) (—s, % -1,2— g - s,w2> (2.4)
In (2.3), we introduced the convenient variables r and w defined by
r
= z = — 25
z=rw 7= (2.5)

In the Euclidean regime, when z = 2z*, r is the norm of the complex number z and w is the
phase. In the Lorentzian case instead, when z and Z are independent real variables, also r
and w are real. The z <+ Z symmetry is translated into

F(ryw) = F(r,1/w) (2.6)

It is useful to notice that the angular part of the defect blocks, for integer s, is actually a
Gegenbauer polynomial in the variable n = % (w + %)

-1
ds(w) = (“;if) o1 () (2.7)
2

The bulk expansion reads

¢
Z ao )\¢¢O fA,@(Z7 2) ’ (28)
A

F(z,2) = ((1—2)\/%—2)>A



where A and ¢ are dimensions and spins of the operators O exchanged in the bulk OPE, a0 is
the coefficient of the one-point function (O) and Ag¢0 is determined by the bulk three-point
function (¢ ¢ O). The bulk conformal blocks fa ¢(z, Z) are fully fixed by conformal invariance,
although, generically, they do not admit a close form [54]. We spell out their expressions in
Appendix A.

2.1 Lorentzian inversion formulae for defect CFT

The idea of the Lorentzian inversion formula for conformal field theories [47] is to provide
a concrete and universal way to extract the defect CFT data from the double discontinuity
of a four-point function (as opposed to the Euclidean inversion formula, which requires the
knowledge of the full correlator and not only the double discontinuity). The powerful feature
of that formula is that it allows for a cross talk between the different OPE channels, and very
few operators in the ¢- and u-channel allow to extract an infinite tower of CFT data in the
s-channel (the prototypical example being the identity operators which reconstruct the whole
tower of double-twist operators in the crossed channel).

For the defect case, there are two possibilities. The first inversion formula was derived in [48]
and it allows to extract the defect CFT data from a single discontinuity that is controlled by
the bulk OPE. In particular the function F(z, %), expressed in terms of the variables (2.5),

can be written as

o p/2+ico g A . R
R =3 [ S s 2:9)
with
Vi(r) = % (fA(?“) + [A(AApr(T)> K, = F(Igé)l’) (2.10)
A 2

The coefficient function b(A,s) encodes in a simple way the CFT data of the exchanged

defect operators. Indeed, b(A, s) has simple poles corresponding to the spectrum of exchanged
operators with residues given by the defect OPE coefficients b2A i [48]. Ome can easily invert

equation (2.9) using the orthogonality properties of §s(w) and ¥ A(r) thus finding a Euclidean
inversion formula. However, it turns out that one does not need the knowledge of the full
correlator F(r,w) to compute b(A, s), but only of its discontinuity through the cut running
fromw=0tow=r

DiscF(r,w) = F(r,w +i0) — F(r, w — i0) (2.11)

This is the content of the Lorentzian inversion formula
N K 1 r .
b(A,s) = —AA/ dr/ dw fi(r,w) go—q—s(w)V 4 (r)DiscF(r,w) (2.12)
iﬂ'Kp_A 0 0

where the integration measure is

f(r,w) = w1 — w?) 2P — 2P (2.13)



This formula was derived in [48] through a contour deformation of the w integration in the
Euclidean inversion formula. This contour deformation is only allowed if the integrand van-
ishes sufficiently fast for w — oo (or equivalently, thanks to (2.6), for w — 0). This means
that the formula (2.12), as well as the original Caron-Huot formula [47], might fail for suffi-
ciently low spin. While in the case without defect ref. [47] managed to derive a bound on the
asymptotic behaviour of the correlator, no bound is currently known for the large w behaviour
of F(r,w). Assuming that the correlator has a power-like behaviour for w — 0, one has that
if F(r,w) ~ w™* for w — 0 then the formula is valid for s > s, [48]. The general expectation,
based on the known examples, is that the correlator is indeed bounded by w™®*, with s, a
small integer (no example is currently known where s, > 2). We will find a similar limitation
for the dispersion relation, but in this case, given a specific value of s*, one can introduce an

additional factor to improve the convergence of the formula (see Section 3).

A second inversion formula can be derived starting from the bulk partial wave decomposi-
tion [49]

d/2+ico dA A
F(z,z)= — b4 z 2.14
=S [ G 00ada) (2.14)

with

1 Ki-
Uaul(z2) =3 <fA,4(z,z) + = A’Zfd_A,g(z,z)> (2.15)

Al

rA - p- DI N30

Kayp =

2

D(A - §)L(55)

KA+e (2.16)

FAHET ORD(A + OD(A 10— 1)

In this case, the coefficient function ¢(A,?) contains all the information about the defect
CFT data of the operators that are exchanged in the bulk OPE. Specifically, it has poles
corresponding to their scaling dimensions and residues given by the product cggpap. Unlike
the previous case, the relevant quantity to extract c¢(A, /) through a Lorentzian inversion
formula is the double discontinuity defined by

]. AN 1
dDiscF(z,2) = F(z,%) — 5Fb(z,z) - 5Fo(z, Z) (2.17)

where the functions F°(z,%) and F®(z, z) are obtained by taking the analytic continuation
around the point zZ = 0 following an anticlockwise and a clockwise contour respectively. The
final formula is very similar to the case without defect and, for identical scalars, it reads

c(A0)=(1+ (—l)g)% /l d*2 w(2,2) fora1.a-dr1(z,2)dDiscF(z, 2) (2.18)
0

with

. (1—2)(1—2)\* |z — 2|9 P21 — 2z|P
e = (02) P

The physical content of the Lorentzian inversion formulae is that the discontinuity of the

(2.19)

correlator around the point z = 1 is sufficient to reconstruct the full defect spectrum, while



the double discontinuity around z = 0 allows to reconstruct the bulk spectrum. Given the full
spectrum of exchanged operators and their OPE coefficients, in principle one can resum the
block expansions (2.2) and (2.8) to obtain the full correlator. Therefore, we conclude that the
knowledge of either the discontinuity at Z = 1 or the double discontinuity at z = 0 is enough to
obtain the full correlator. In practice, resumming the block expansion is usually a pretty hard
task and for this reason it would be more convenient to have a formula that directly relates
the discontinuity (or double discontinuity) to the full correlator. This is achieved through the
defect dispersion relations.

3 Defect dispersion relations

The natural route one can follow to obtain a dispersion relation from the Lorentzian inversion
formula is to insert the expression of the coefficient function b(A, £) (¢(A, ) into the partial
wave decomposition (2.9) ( (2.14) ) and perform the integrals over A and s (A and ). For the
case with the dDisc this seems to be the only viable way and we briefly discuss it in Section 3.2.
For the case involving the single discontinuity at z = 1, instead, there is an easier way to find
a dispersion relation, which exploits the fact that the problem is effectively one-dimensional
5. This allows to obtain the dispersion relation from a simple argument of complex analysis
combined with the symmetry (2.6). In Appendix C we show that the formula we find here
perfectly agrees with the one obtained through the Lorentzian inversion formula.

AN
(‘g

Figure 2: Contour deformation leading to the dispersion relation.

We start by observing that the radial part of the Lorentzian inversion formula (2.12) is

essentially equivalent to its Euclidean counterpart, i.e. it does not involve any contour defor-

5We are grateful to M. Meineri for suggesting this strategy to us and for very helpful discussions on this
point.



mation. As a consequence, one is led to expect that the associated dispersion relation only
involves the angular variable w. Furthermore, since the inversion formula involves a single
discontinuity it is clear that one should be able to find an elementary derivation of the disper-
sion relation. Indeed, fixing r € (0, 1), we see from the bulk and defect block expansions that
the two-point function is regular everywhere in the complex w plane except for two branch
cuts at (0,7) and (%, 00). Therefore we can simply use Cauchy’s theorem for the variable w

Plrw) = f 5 Tt 3.1)

2mi w' —w

and write

We can now deform the contour to wrap it around the branch cuts as shown in Figure 2. We
assume for the moment that we can drop the contribution from all the circles, i.e. the circle
at infinity as well as the small circles around w = 0,r,1/r 6. If this is case, we can write

rdw 1 < du' 1
Fr,w) = / . Discoeu e F(r, ') + / o Disc,, 1 F(r,w')  (3.2)
0 s

2mi w' — w 1 2miw
e

Finally, we can use the symmetry F(r,w) = F(r, %) to change variable w’ — % in the second

integral and get

" dw' 1 1 1
F(r,w) :/0 o ( + T - w’) DiscF(r,w') (3.3)

— T 1
2m\w —w  w -

where the discontinuity is taken around the branch point at w = r as in (2.11).

We now discuss the behaviour at w’ = 0 and w’ = r. The latter is controlled by the bulk
OPE, i.e. the block expansion (2.8). The bulk blocks fa ¢(z,Z) behave like (w — r)2~* for
w — 1 so the correlator is dominated by the exchanged operator with lowest twist, which is
the identity. Then we conclude that for w — r the correlator goes like

F(r,w) ~ (w — r)_A¢’ (3.4)

Therefore, for Ay > 1, some care is needed in interpreting the formula (3.3). Since the
integral we started from, before deforming the contour, was guaranteed to be finite, if no
other singularity is present, also the contribution of the small circle around w’ = r combined
with the integral in (3.3) must be finite. What happens is that the discontinuity in equation
(3.3) must be interpreted in a distributional sense and values of A, > 1 give additional finite
contributions localized at w’ = r. We will see some examples in the explicit correlators we

analyze below.

For the behaviour near w = 0, the situation is the same as in (2.12). While equation
(2.12) allows to extract the defect CFT data for sufficiently high spin (s > s.), the dispersion
relation (3.3) reconstructs only part of the full correlator and the missing terms are given by
low spin conformal blocks (summed over all the A) which are polynomials in w but arbitrarily
complicated functions of r. Therefore, it is important to improve this formula in order to

5Notice that, thanks to the symmetry (2.6), we just need to require a sufficiently good behaviour at w = 0

and w = r. This automatically implies that we can neglect the circles at |w| = co and w = 1

10



include the missing contributions. This can be easily done after knowing the behaviour of the
correlator for w — 0 (or equivalently for |w| — co). In particular, if one knows that

F(ryw) ~w™® for w—0 (3.5)

then we can define

S«+1
F(r,w) = <m> F(r,w) (3.6)

which, by construction, goes like w™! at large w. Therefore, formula (3.3) certainly applies
for the function F. We can then write down an improved version of the dispersion relation

F(r,w) /T dw’ 1 N 1 1 Di
— — — | Disc
(w—r)s=tl(2 — p)s=tl 0 2mi \w —w w — % w’

1
w

F(r,w")
(w' — T)S»ri’l(% — p)stl
(3.7)
The main advantage of the formula (3.7) is that the discontinuity at w = r is controlled by
the bulk OPE. Indeed, the bulk blocks (A.9) are of the form

fay = (w=7r)"7 falrw) (3.8)

where fA’g(r, w) is regular at w = r. This turns out to be particularly powerful in a perturba-
tive setting where the dimensions of the exchanged operators are deformed away from integer
values A

A=AO 4 eyM 42,2 4

3.9
Agonan = A0 x4 2@ 4 (39)
Plugging this data in the bulk OPE expansion (2.8) we find the following structure
F(Z, 2) = Z )\(O)fA(O)yg + € ()\(l)fA(O),g + )\(O)V(I)OfA(O)yg>
(3.10)

1
+ e </\(2)fA<o>,z + (A(O)’Y(Q) + )\(1)7(1)) Ofn ¢+ 5)\(0) (7(1))232fmo),e> te

where we used the notation dfx) , = da faela—a and we suppressed the dependence of
the blocks on the cross ratios. We can use this expansion to compute the discontinuity of
the correlator, term by term in the expansion. The advantage of doing this is that not all of
the above terms contribute. Indeed it is clear from the explicit form of the blocks (4.5) that
the relevant discontinuity is given by the derivatives of the blocks, which produce logarithms
when the derivative hits the exponent of [(1 — 2)(1 — 2)]¥. We see that those terms at any
given order depend on lower order OPE data and the anomalous dimensions at the order we
are working at. Furthermore, since the anomalous dimension at a specific order multiplies the
lowest-order OPE coefficient A9, we only need the anomalous dimensions of the operators
that contribute at leading order. In other words, the discontinuity can be computed from a
subset of OPE data. In particularly convenient cases, such as the one we are going to analyze
in Section 5, this subset is finite and the formula provides a convenient and immediate way
to reconstruct a correlator from a finite number of bulk CFT data. In general there may be

11



an additional source of discontinuities. If the correlator goes at large w worse than % we may
need to introduce a prefactor, in order to drop the contribution at infinity in the dispersion
relation. That prefactor may introduce additional poles in the OPE expansion, which will
contribute to the discontinuity.

3.1 The contribution of bulk and defect identity operators

The simplest application we can consider is the bulk identity operator, i.e. the trivial defect. In
the conventions of equation (2.1), the bulk two-point function without the defect corresponds

F@j”‘(Q—Zﬁf—w>A¢‘<ufﬂw;r—fOA¢ 340

w

to the function

For w — 0 the function (3.11) goes like w™¢ and for w — 7 it goes like (w —r)~%¢. Therefore,
the circle contributions in Figure 2 can be neglected for 0 < Ay < 1 and in this regime we
can simply use equation (3.3). The discontinuity of equation (3.11) at w = r is given by

Disc (1 - %)7% = 2isin(rAy) (% - 1)7% (3.12)

Then, one can check that

sin(mrAy) [T, r A r A
T : /0 dw (w’l—w+w’1—i}_ulJ’)((l—rw’)(UC,—l)) ¢:((1—rw)(1—;)) ¢

(3.13)
for 0 < Ay < 1. For Ay > 1 one can include the contributions of the small circle around

w = r and still find perfect agreement with the expectations.

A subtler example is the defect identity, i.e. F(r,w) = ai with ag the coefficient of the
one-point function (¢). In this case, we have F(r,w) ~ w® for w — 0 so one needs to use
equation (3.7) with s, = 0. Naively, one would conclude that the discontinuity vanishes,
however one should interpret equation (3.7) in a distributional sense such that

: 1 .
Disc <w’ — r) = —2mi §(w' — 1) (3.14)

Using this relation, the dispersion relation is a trivial consequence of

1 " 1 1 1 1
‘W‘”(w‘ﬁﬂdw<w_w+w_;‘w)a—ﬁwumzl (3.15

w

Therefore, we checked that the dispersion relation correctly reproduces the disconnected part
of a defect correlator, i.e. F(r,w) = ai + (m)%{ In section 5, we will apply our
dispersion relation to more interesting examples and we will show that it allows to repro-
duce, in one line, perturbative results that were previously obtained by resumming the block
expansion.

12



3.2 A dispersion relation with the double discontinuity

Plugging the result of the Lorentzian inversion formula (2.18) into the partial wave decom-
position (2.14) and performing the sums over spin and dimension should lead to a dispersion
relation involving the double discontinuity at z = 0. In general, this is hard because no closed
form is known for the bulk blocks. However, we should remember that this is true also for
the case without the defect. To strategy of [47] was to derive a formula for d = 4 and d = 2
and then argue for its validity in general. We believe a similar logic applies to our case. In
the particular case of p = 2, for any d, we can exploit the following fact

fai(z,2z) = (12(;2)9?21,1“(1 —2z,1—2) (3.16)
where fa (2, Z) is the bulk block and gg,l(z, Z) is the conformal block for a four-point function
without the defect in dimension d. Then, if we rewrite the defect two-point function as

_ A, _
o 2Z (1-2)(1-2) s l—3
F(z,z) = <(1—z)(1—2)> T G(1—2,1-2) (3.17)

then the function G(z, z) is a function which can be expanded in ordinary four-point function

conformal blocks. This means that it can be computed it using the dispersion relation for
Regge-bounded four point functions derived in [50]. The formula reads

G(u,v) = G'(u,v) + G*(u,v)

1
Egt(u,v) = / d*w K (u,v,u,v")dDisc (ulg(u/,vl)>
0 v

v

(3.18)

z

-7 and we have introduced the

where the u-channel expression is obtained by sending z —

variables
u=zZz v=(1-2)(1-2) (3.19)

In these coordinates the kernel K (u,v,u’,v’) is

Ko o) 220 =V s o <1 3
Y 647‘(’(’[1,7)11/1}/)% 272’

2,1 — x> (O(x —1) —46(x — 1)) (3.20)

where

1,4/
. 16V uwvu'v (3.21)

(Vi Vo) = (Val + VPV = Vo) = (Vil = Vo]

Therefore for our correlator we find

F'(z,2) = <<1 _ﬁ_z)>A¢ 1 izzz

F(w,w) <(1_mu(nlu‘_w)> 8o 4 ;;Uw]

1
/ dwdw K(1—2,1—-2,1—w,1 —w)
0 (3.22)

x dDiscg—g
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This formula is derived and guaranteed to work for p = 2 and arbitrary d, however we notice
that the function F'(z,Z) has the same analytic structure for all p and that the prefactors
in the formula do not introduce new singularities. Since the original formula is derived from
a contour deformation argument which is essentially based on the analytic structure of the
functions, we conjecture that this formula works for all dimensions and codimensions, if F'(z, z)
is appropriately bounded (otherwise we can simply add the suitable prefactors).

We checked this formula explicitly for the bulk identity correlator, which corresponds to

1—2z2z
(1-2)(1-2)

and the check reduces to the one performed in [50] for generalized free fields. We leave further

G(l—2,1-72) = (3.23)

checks of this relation for future work.

4 Dispersion relation for Boundary CFT

In this section we treat separately the case of codimension one, i.e. boundaries and interfaces.
The main difference with the case of general defect lies in the presence of a single cross-
ratio z, which is reflected in the absence of the transverse spin. In a sense, this provides
a simplification. Nevertheless, it was observed in [22] that this feature leads to a different
structure for the Lorentzian inversion formula, which contains two different contributions: a
term involving a single discontinuity, controlled by the bulk OPE, and a term with a double
discontinuity, controlled by the boundary OPE. Unlike the general defect case, it is not possible
to find an inversion formula controlled by a single channel. Another drawback of this case
is that the integration kernels are not known in a closed form, except when the difference of
the external dimensions is an odd integer. The first obstacle is present also in our case. We
can indeed use a simple contour deformation, as in section 3, to derive a dispersion relation
involving two discontinuities, but, unlike the case of the general defect, there is no symmetry
relating the two contributions. This leads to a less powerful formula, which requires knowledge
of a subset of bulk CFT data as well as a subset of defect CFT data. Nevertheless, we will
show in section 6 that, for some important perturbative settings, such as the boundary of
the O(N) model at the Wilson-Fisher fixed point, only a finite number of CFT data will be
needed to reconstruct the full correlator.

We start from the two point function
F(z)
(4|11 [|or )2

Notice that our conventions are slightly different compared to the general defect case to match

(p(z1)9(72)) = (4.1)

those that are commonly used in the literature. The boundary block expansion reads

F(z)=> b5 fa2) (4.2)

with



and the bulk block expansion is

z Ao
F(z) = ( > Y aocgsofalz) (4.4)
A

1—=2
with A A d d
falz)=(1-2)7 2F1(2,2+1—2,A+1—2,1—z> (4.5)

From the block expansions we see that the correlator has branch cuts for z € (—o0,0) and
z € (1,400).
Following the same logic as for the general defect we start from
1 F(Z)
F(z)=— Qpd’ —= 4.6
(2) 27riy§zz’—z (4.6)

where the integration contour encircle any regular point z.

Figure 3: Contour deformation for the boundary case.

We can deform the contour as shown in Figure 3 and, assuming again that we can neglect
the contribution from the circle at infinity and the two small circles at 2’ = 0 and 2’ = 1, we

get
Py = - [ g DiscrcoF() | 1 [, Disersy(P()

- S -
27 ) oo Z ==z 2w Jq 2=z

(4.7)

In other words, the two-point function can be computed from its discontinuity, defined as
the difference between two analytic continuations of the correlator above and below a certain
branch cut

Disc(F(z)) = F(z + i€) — F(z — ie) (4.8)

Before moving to the applications, let us discuss the convergence at 2’ = 0,1, co. The light-
est exchanged operator in the boundary channel is the boundary identity, which corresponds
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to A = 0 in (4.2). All other boundary operators will contribute with terms that vanish for
z = 0, so this limit does not present any problem. At z = 1, the leading contribution is given
by the defect identity, which, using (4.4), corresponds to F(z) ~ (1 — z)~®¢ exactly like the
general defect for w — r (see (3.4)). Therefore, the same considerations that we applied in
that case can be applied here.

The circle at |z| — oo is again subtler as it is not directly controlled by an OPE expansion.
Compared to the case of higher codimension, however, the situation is slightly different as the
authors of [22] managed to derive a bound on the large |z| behaviour of a boundary correlator,
i.e.

F(z) ~ 252 for |z| = o0 (4.9)

We can then improve the dispersion relation (4.7) by introducing a suitable prefactor as we
did in (3.7). A possible choice is

. F(2') ) . ( F(z') )
ZA¢+1 /0 DISCZ <0 (4(2’)A¢+1 N ZA¢+1 /oo dZ/ DlSCz >1 (Z’)A¢+l
1

- dz' ; - ;
2 J_ o Z =z 27 2=z

F(z) = — (4.10)

Of course this choice affects the behaviour of the integrand at 2z’ = 0 and one should then
reanalyse the contribution of the small circle around 2z’ = 0 and take into account the con-
tribution of the small circle around zero in case the integral diverges, as we discussed around
(3.4). We stress that the choice (4.10) is by no means unique and we will see in Section 6 that
in a perturbative setting, this freedom can be used to simplify the computation by reducing
the number of exchanged operators that are needed to compute the discontinuities.

4.1 The contribution of bulk and boundary identity operators

As we did for the general defect, we can test our dispersion formula on the contribution of the
identity operator. The identity operator in the boundary corresponds to A = 0, therefore,
according to (4.3)
2
F(z) = ay (4.11)

where a4 is the coefficient of the one-point function (¢(z)) = ﬁ. If we want to reproduce
T

this correlator from the dispersion relation, we need to improve its behaviour at large z by
adding a prefactor of % Then we have

Disc,< (iF(z)) = 27ri5(z)a§3

X (4.12)
Disc,>1 <F(z)> =0
z
and therefore we trivially have
o [0 1 2
F(z) :a¢z/ dz Z/_Z(s(z) = ay (4.13)
—0o0
From (4.4) we see that the bulk identity operator corresponds to a correlator
Fe) = 2 (4.14)
z) = 125 :
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Since Ay > 0, it behaves like a constant for large z, therefore we need to add a prefactor in
order to drop the large circle contributions in the contour integral. We have

PAYAY
Discz<o <1F<z>> = isin(r(Ay — 1)) D
z (I—2)% (4.15)
2B '
Disc,>1 (iF(z)> =2 SiH(W(AaS))(Z_f)%
and finally
0 1 sin(n(Ay—1)) (—z)2¢
F(Z):_Z/ dz o — 2 T 1— 2)2
oo 1 sin(mAy) zAd’( |
_Z/l 4 ¢ T (4.16)
2R
=05

for 0 < Ay < 1. One can recover the Ay > 1 result from analytic continuation or by
reintroducing the contributions of small circles around z = 0, 1. When the external dimension
is an integer, the discontinuity has to be interpreted as a delta function, as we said before.

5 Wilson line in N =4 SYM

A non-trivial example of conformal defect, which has been intensively analyzed in the litera-
ture, is the supersymmetric Wilson line in A" = 4 SYM theory
1 o .
W = NTrP exp [/ dr (iAud* + |x|91¢1)] (5.1)
where we take the contour to be a straight line parametrized by 7 and the unit vector 67
(0767 = 1) is a constant SO(6) vector which we will take to be #® = 1 and 4 = 0 for

A =1,...,5. We are interested in the two-point function of %BPS operators of protected
dimension A = P, where P is their R-charge. Let us start from the case P = 2

O (2) =Tt |4/ ()6 () — 06" (@) (o) 5:2)

This operator is the superprimary of the NV = 4 stress tensor multiplet and it changes in
the 20’ representation of the SO(6) R-symmetry group’. To handle the dependence on R-
symmetry indices it is often convenient to introduce the complex null vector Y/, YTY; = 0
and define

Os(,y) = Tr (Y - 6(x))? (5.3)

By acting with a suitable differential operator it is always possible to transform functions of
Y into SO(6) tensor structures. This expression readily generalizes for higher-dimensional
BPS operators

Op(x,y) = Tr (Y - ¢(x))" (5.4)

"The %BPS operators in A/ = 4 SYM are often identified by the Dynkin labels [0, P,0] and the operator
(5.2) corresponds to the [0, 2, 0] case.
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The overall normalization of these operators is clearly related to the normalization of the
field ¢ in the NV = 4 Lagrangian. In this work we take an abstract point of view, using only
the symmetries and the internal consistency of the SCFT. We never need to make explicit
reference to a Lagrangian formulation and all the quantities we compute are independent
of the normalization of the field ¢. For this reason, we will take the operators (5.4) to be

normalized as

VYo"
(Op (Y,21)0p (Y, 22)) = ( L 2) (55)
12
We are interested in the two-point function in the presence of the Wilson line
(O (Yi,21)0p (Yo, 1))y, = (2201 20O (05, 22 )W) (5.6
W)
which can be written as [43,44]
Y10 Yy-0\"
(Op(Y1,21)Op(Ya, x2))yy = (12> Fr(z 2,0) (5.7)
1L ][72. |

where z and Zz are the same kinematical cross-ratios as in (2.1) and o is the R-symmetry
cross-ratio V.Y,

= (5.8)
It is not hard to realize that the function Fp(z,z,0) is a polynomial in o of order P. We can

then write it as

P
Fp(z,2,0) =Y o' "Fpp(z %) (5.9)
n=0

It is worth emphasizing that the dispersion relation (3.7) holds separately for the functions
Fpn(z,Z) provided that we know their behaviour at w — 0. In the following, we will consider
the expansion of the functions Fp,(z,Z2) at weak and strong coupling and discuss how a
subset of the bulk operators is sufficient to reconstruct the full correlator. Before doing this,

we need to introduce the selection rules and the superconformal block decompositions in the

bulk channel.

5.1 Selection rules and superconformal block expansion

The function Fp(z, z,0) can be expanded in the bulk and in the defect channel. The block
expansions discussed in Section (3) are improved to superblock expansions in the presence of
supersymmetry. Here we summarize the results for the selection rules and the superblocks
derived in [43,44] and we refer the reader to these works for a thorough discussion.

The operators Op are superprimaries of the %BPS multiplet By p] (here we used the
notation of [55] for the N' = 4 supermultiplets). In the bulk channel, we are interested in
taking the fusion By pg; X B, p] and select the supermultiplets with a non-vanishing defect
one-point function. Combining the results of [56] and [31,44], we have

P P—1 P—2
Bjo,po) @ Bjo,po) = 1@ ZB[O,%,O] ® Z ZC[O,%,OM ® Z Z A[Ao,zk,o],@ (5.10)
k=1 =1 ¢ k=0 AL
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where Cg o1,0),¢ are semishort multiplets with protected scaling dimension A = 2+2k+¢, while
A[ﬁ2 k0], 2T€ long multiplets with arbitrary scaling dimension A > 242k + /. Each exchanged
supermultiplet corresponds to a superblock Fa ¢(z, z, o), which encodes the contributions of all
the superdescendants in the associated supermultiplet and for this reason it can be expressed
as a linear combination of ordinary bulk blocks. Then the correlator can be expanded as

_ P
Fp(z,2,0) = < Vezo )> ZAppoao]:A,e(z,z, o) (5.11)
o

1-2)(1-z2
where the sum is taken over the superprimary operators O for each of the supermultiplets that
are allowed to appear in the OPE (5.10). The coefficients are given by a product of a bulk
three-point function Ap and a one-point function ap. When also the exchanged multiplet is
short, the OPE coefficients are known exactly

VP P,P3
N
P Y (5.12)

T oftly L(VN)

)\Pl PPy —

ap

Each superconformal block Fa ¢(z,Z,0) can be expressed as a linear combination of ordinary
bulk conformal blocks fa ¢(2,%) (A.9) as shown in Appendix B. In the defect channel, each
supermultiplet Bjg p ) is expanded in defect superblocks. For this work, we will not need the
details of this expansion, which can be found in [43,44]. Our next goal is to understand the
implications of the dispersion relation (3.7) for this setup.

5.2 Strong coupling

We start our analysis at large N and large A, where the supersymmetric Wilson loop is
described as the string worlsheet of minimal area ending on the contour of the loop. The
correlator of bulk operators can be computed perturbatively by Witten diagrams where some
propagators end on the worldsheet. At large N and large A, the leading contribution to the
correlator (OpOp),, is just (5.7), i.e. the two-point function without the defect. At order
1/N? we have two contributions: a disconnected one, which simply gives the product of two
one-point functions at leading order and a second one, suppressed by \%)\ which is the leading
connected contribution, i.e.
A (0) ©, 1 (1) 1
<OPOP>W = <OPOP> + el <<0P>W <OP>W + ﬁ <OPOP>W + O(l/)\)) +0 (]V4>
(5.13)
Correspondingly, the function Fp(z, z,0) reads
2z o P A P 1 @, _ 1
(1—Z)(1—Z)> ]V2<2P+2+ﬁfp (Z,Z,U)ﬁLO(l/)\))JrO(M)
(5.14)

where we used the result for the one-point function (5.12). The function ]:](31)(2,2, o) has

Fp(z,2,0) = <

been computed for P = 2,3, 4 in [44] by extracting the defect CFT data using the Lorentzian
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inversion formula and resumming the defect block expansion. Here, using the dispersion
relation (C.9) we can skip the intermediate step and recover the result by performing a very
simple integration. This gives a clear understanding of the reason why the final result for the
correlator is particularly simple.

The crucial observation of [44] is that very few operators contribute to the discontinuity
at Z = 1. In particular, at large N and large A, the bulk theory is described by an effective
supergravity theory in AdSs and the spectrum of light excitations contains only the protected
Kaluza-Klein modes in the short By pg) multiplets and double trace operators with dimension

A=2P+2n+{+O(N"?) (5.15)

Notice that the twist of the double trace operators (1 = A—¢ = 2P~+2n) is significantly higher
than the lower bound allowed by the selection rules (5.10) which would allow for long operators
of twist as low as two. Then the factor (w —r)¥ in (3.8) together with the prefactor in (5.11)
ensures that the contribution of the double trace operators goes like (w — )" with n > 0.
Therefore, double trace will not contribute to the discontinuity as long as no improvement is
needed, i.e. if we can use (3.3) instead of (3.7). In [44] it was argued that the behaviour of

the functions FI(;}T)L(Z, z) in (5.9) for w — 0 is FS) P—n—1

n
is needed only for FI(Dll)J_]L and F ](311)3. For all the cases when the improvement is not needed,

(ryw) ~w so that the improvement

only short operators contribute to the discontinuity.

)

For P = 2, no improvement is needed to compute F2(10 (z,z). Following [44], we compute the
discontinuity from the OPE, keeping only the negative powers in the superblock expansion.
This gives a d-function contribution

(r2w (T4 — 2r2log (r2) — 1))

: (1) .y (1)
Disc(Fyq (r,w)) = —2miA5550(r — w 5.16
(F33 ) bl =) e (5.16)
where )\512)2 is the strong coupling expansion of (5.12). More generally, we define
VA
APPOGO = ﬁ)\gjl)PO +O0(N) (5.17)

Equation (5.16) can be immediately integrated in (3.3) obtaining with no effort the final result
of [44]

(1) NG r2w (7“4 —2r2log (7,2) - 1)
Fz,o (ry,w) = —As99 5 3
(r2 =17 (r —w)(rw—1)

In principle, we could follow a similar procedure for the other R-symmetry components, but

)

the situation is more complicated. For example, the function F}}l (r,w) goes like w® for

(5.18)

w — 0 and it needs an improvement given by (3.7) with s, = 0. Therefore, it will receive
contributions also from twist-four double traces with any spin. This is still a simplification
compared to resumming the full block expansion as it requires to resum a single infinite family
of operators (fixed twist, any spin), instead of two. Still, in this case this procedure is not very
practical and a more efficient one, proposed in [44], would be to use the dispersion relation
(3.3) to determine F' g%(hw) up to low spin ambiguities and then fix the ambiguities using
superconformal Ward identities.
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In general, we can carry out this same procedure for all (OpOp), confirming and extending
the results of [44]. Indeed, in this holographic setup only short operators contribute to the
discontinuity in all the cases where we do not need to improve the dispersion relation. This
means that in (5.10) only the multiplets Big 21,0 need to be considered for the discontinuity.
Furthermore the multiplet By op) is too high in dimension and it does not contribute. We
can then compute the discontinuity at the order we are interested in as

( \/ﬁ()’ P P-1

) D _
Disc(Fp’(2,%,0)) = Disc A== §)> ; App2ka2kY(0,2k,0) (2, Z, 0) (5.19)

and use the dispersion formula to find the FS; up to p = P — 2. Notice that, as for the case
P = 2 all the contributions are distributions, specifically J-functions or derivatives thereof.
For example for P = 3

(rgw (TG +9rt—9r2 —6 (7‘4 + 7‘2) log (7‘2) — 1))
4(r? — 1)5 (rw—1)

Disc(Fyg (r,w)) = A0 (w —r)
B )\%)2 §'(w— 1) rdw
4(r2 = 1)° (rw — 1)2

+ (7“2 — 1) (37“6w — P (w2 + 1) + 9rtw — 1003 (w2 + 1) + 972w —r (w2 + 1) + 3w) )
(5.20)

(2r2 (—57‘410 +3r3 (w2 + 1) — 212w + 3r (w2 + 1) — 5w) log (7“2)

Which gives the expected result [44]

§ r3w? (r4 — 42 log(r) — 1)
42— 1) (r — w)2(rw — 1)2

FiQ(r,w) = (5.21)

Computing at higher P does not involve any conceptual obstacle and it is only an algorthmic

procedure. We checked the conjecture of [44] for the function F}(Dl())

W, .. P (22)2 1422  2z%log(22)
Fro(z,2) = =7 (SR s A (e (5.22)

up to very high values of P and we always found perfect agreement. We also derived the

functions F' ](31;(2, z) with p < P — 2 for several values of P. As an example, in Appendix D

we spell out the results for Féz, which is the first case that did not appear in [44].

5.3 Weak coupling

At weak coupling things get more complicated as there is no simplification in the spectrum of
exchanged operators and all the operators that are allowed to appear actually appear. Still,
we can use some of the results obtained in [43] for (O203) to explore the implications of the
dispersion relation. The function F(z, Z, o) is expanded at small X as

)\2
+m

A

Folz,2,0) = F\O(2,2,0) + ﬁJTQ“)(Z, z,0) F¥ (2,2, 0) (5.23)
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and, at each order the functions ]-"2(i) are decomposed as in (5.9). At order zero there is
a disconnected contribution, corresponding to the identity operator being exchanged in the

bulk. The only non-vanishing function is then (in our normalization)
Fy) (r,w) = 1 (5.24)

At order one, if we look at the superblock boundary expansion, according to the argument
below (3.10), there are no logarithmic contributions from the anomalous dimensions, since
at this order they would be proportional to the order zero coefficients. The discontinuity is
then generated by the negative powers in the OPE that come only from the short multiplets.
Indeed if we expand around w = r we have only one divergent contribution for the function
(1)
oy
4/\222ag1) r
(1 —wr)(l— %)

F2,11) = + regular (5.25)

(1)

where a4’ is the leading order term in the weak coupling expansion of (5.12). From this we

find
. 4)\222 agl) Tw

Disc(Fy ;) = 2mi 0 o) 5(w—r) (5.26)

Inserting this into (3.3) we find

Ry = = wr")”(l —5 (5.27)

in agreement with [43] At second order things become more complicated. For the first time
we get terms with logarithms in the OPE expansion (3.10). It turns out that these terms only
contribute to F2(22) and F2(?1). We can write down these terms as infinite sums but we cannot

evaluate them because the bulk blocks are not known in closed form.

The FQ(QO) term is simpler, and its discontinuity receives contributions only from negative

powers. Assuming that F2(20) goes as a constant for w going to infinity, we find

) 2, Tw B (2) 3r? (—27"2 + (7"2 + 1) log (7“2) + 2)
Disc(Fyg) = T—re rwé(w T) ()\224a4 R o
o @+ 12 (1=r2) 2 R (04 4,0+ 4,20+ 81— 12) '
=) doxa )
pard 16(¢ + 2)

(2)

where )\225%2 is the product of OPE coefficients and one-point function of twist-four semishort

operators in the Cjg 4], multiplet. From (3.3) we get

2 ) 2 2 1) 1 2 2
F2(,20) = )\224%(;2) (e ((Tz +1))3 8 () +2)
ré —

042

5.29
oy (C+ 4,0+ 4,20+ 8;1 —r?) (5:29)

16(¢ + 2)

= C+1)r? (1 —r?
=3 o )rr(1—r?)
=0
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We see that FQ(%) can be reconstructed only from short and twist-four semi-short operators.

Since there is no closed form for the semi-short OPE coeflicients, we could not perform this sum
analytically. However we have checked that this expansion reproduces the known result [43],

which we reproduce here for convenience

@2 1 . (2 (147 . (1—r ‘
Fyy = 1982 <2L12 (r*) + 4Liy < 5 — 4Lis 5 — 8Lia(r) — 4log(1 — r) log(r)

+4log (W) log(r + 1) 4 8log(2) tanh 1 (r) + 7r2)

(5.30)

6 The boundary in the O(IN) critical model

The advantage of the dispersion relation (4.7) is that, in some cases, the discontinuity can
be computed without knowing the full correlator. One example where this is possible is the
O(N) statistical model at the Wilson-Fisher fixed point. We start from a free scalar theory
in the presence of a boundary. This was analyzed with bootstrap techniques in [17] where it
was found that two possible solutions to the boundary crossing equation are of the form

FN(z):< & >A¢+zﬁ¢ FD(z):< & )A(b—z% (6.1)

1—=2 1—2

with Ay = g — 1. These two solutions are associated to Neumann and Dirichlet boundary
conditions respectively. In this case, the expansion in bulk blocks features a single primary
operator, ¢? with dimension A = 2A4, which is the only exchanged operator, other than
the identity, that has a non-vanishing one-point function (whose sign changes from Neumann
to Dirichlet). Also in the boundary channel expansion a single operator is exchanged: ngﬁ of
dimension A = A, for Neumann (when D¢ = 0) and 9. ¢ of dimension A = Ay + 1 for
Dirichlet (when ngb = 0) 8 We start from this solution and we perturb it by expanding the
bulk and defect CFT data. Let us start from the bulk channel expansion (4.4) and, after
defining a = apcgpo, we take

A=AO 4 eyM 42,2 4

6.2
a=a® + eaV) + 2a® + ... (6.2)
Plugging this data in the bulk OPE expansion, we have the following structure
1—2)\% 0 1 0). (1
< . ) F(z) = Za( ) fa (2) + € (a( ) fa@ (2) + a0 )8AfA(z)\A<o>> (6.3

+ € <a(2)fA(0)<z) + (@9 + aDy"D)dA fa(2) a0 + 30 (7(1))28ifﬁ<z)’A(0)> + .

where the sum is taken over the exchanged bulk operators. In the case we are discussing, there
is a single bulk operator with non-vanishing a(®) and its anomalous dimension will appear in

8The derivatives 0, refer to derivatives in the direction orthogonal to the boundary and therefore L(ﬁ is
not a boundary descendant.
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the combination a4 at order e. All the operators with a one-point function of order e,
i.e. non-vanishing aV), will enter at first order with their classical dimension A(©),

An analogous expansion holds in the defect channel

l)2A — b(o) + Eb(l) + 625(2) + (6.4)
and inserting these into (4.2) we obtain
F(Z) = Z b(o)fA(O) (Z) + € (b(l)fA(O) (Z) + b(o)fy(l)aA AA (Z)|A(O)> (6 5)

+ & (6 fam(2) + O + 65095 f1 ()

o + BOGO2 AA(Z)|A(O>) g

Also in this case, the only exchanged operator at leading order will appear at order e with its
anomalous dimension 4(1). All other operators with non-vanishing b(") will enter with their

classical dimension.

We would like to use these expansions to compute the discontinuities of the correlator by
exchanging the discontinuity and the sum. In other words, we compute the discontinuity of
each term in the above sum first, and then we sum the contributions. The advantage of doing
this is that, thanks to the perturbative expansion, not all of the above terms are necessary
to compute the discontinuity. Let us see how this happens. The idea is to use the boundary
block expansion to compute the discontinuity at 2/ = 0 in (4.7) and the bulk block expansion
for the discontinuity at z’ = 1. If we consider the boundary OPE expansion, it is clear from
the explicit expression of the boundary blocks (4.3) that the discontinuity at z = 0 is given
by two sources. The first source are the logarithms from the terms da fa(z), which contain

Oaz2.

Notice that these terms are proportional to the anomalous dimensions at the order
we are working and to lower order OPE coefficients. Therefore they are absent for all the
operators that did not appear in the previous order. The other possible discontinuities are
poles that come from the additional factor we need to add in (4.10) to improve the convergence
at infinity. Indeed, we should always keep in mind that the discontinuity must be interpreted
in a distributional sense. Therefore, if the function F(z) has a pole at z = 0, its discontinuity

will be given by

mi(—=1)"0"1(§(2
Disc,<o(z7 ") = 2mi( }7)1(_91)'(6( ) (6.6)

The important point is that using (6.5) we can compute the discontinuity of a correlator from

a subset of the defect CFT data. This remains true also at higher orders and it works also
for the z = 1 discontinuity, where we can use the bulk expansion. One drawback of this
procedure is that we need to know the anomalous dimensions of some operators at the order
we are interested in, i.e. the discontinuity is not completely fixed at a given order by lower
order data, as it is normally the case for the double discontinuity. Nevertheless, for the case at
end we will see that this procedure is still extremely powerful as we only need a finite number
of defect CFT data to reconstruct the full correlator up to order €.

Before showing how to obtain the result, let us comment on the relation between our
work and [20], where the authors also used the discontinuity to bootstrap the results that we
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are reproducing here ?. In their case, they took one particular discontinuity of the crossing
equation, which allowed them to extract the boundary CFT data using only consistency of
the crossing equation. Here we use two different discontinuities to reconstruct the correlator
(which they computed by resumming the OPE expansion) and a finite number of boundary
OPE data are the input for our formula. In this sense the two approaches are complementary.
Notice also that we always use the OPE expansions in their region of convergence so we do

not have to worry the subtleties that were discussed in [20].

6.1 Order ¢

Let us start from order e. It was pointed out in [17] that it is sufficient to add a bulk block
corresponding to the operator ¢* with classical dimension Aga = 2d — 4 to find a consistent
solution to the defect crossing equation. Given the reduced number of operators that are
relevant for this order, the dispersion relation is not more convenient than the ordinary block
expansion in this case. Nevertheless, we briefly show how it works as it helps in illustrating
the main features that will be useful at higher orders. From now on, we will focus on the
Neumann case although everything works exactly the same way for Dirichlet. First of all, let
us take d = 4 — € and define a rescaled correlator

~ 1

F(z) = mF(z’) (6.7)

Consider first the discontinuity at z = 0, which is controlled by the boundary expansion (6.5)
with a single operator gZ; of dimension

A d
Aj=5-1+e+0() =1+ - 1/2) + O() (6.8)

(1
2 ¢ )

The order ¢ term for F reads

bV fi(2) + 0O (3 = 1/2)04 fa(2)|A_
F(z) = 2 hi) i(fl _Z)/ 0afal)la (6.9)

In this case the block expansion coincides with the full correlator, but the idea is that, in

general, we always extract the discontinuity from the expansion without knowing the full
correlator. Since fi(z) = z(1 + 1), the only contribution to the discontinuity comes from
the derivative 04 f A (2)| A_; and specifically from the logarithm that is generated by the action
of the derivative on the term 22 in (4.3). Thus we have

: 2 () — oi 5O 51 _ 1 1
Disc,<oF'\V (2) = 2mi b¢ (’y¢ 1/2) (1 — + i z)2> (6.10)

A parallel argument allows to derive the discontinuity at z = 1 using the bulk expansion (6.3)

with two exchanged operators

Ap=d—2+el) +0() =2+ (1) —1)+0()  ap=1+el) +0(*) (6.11)

Ay =44 O(e) ag = eaf;) + O(€?) (6.12)

9The same result was also rederived in [57] by mapping the problem to AdS and solving the bulk equations
of motion
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where for the operator ¢* we neglected the anomalous dimension because its OPE coefficient
ags is already of order €. For this channel we also need to take into account the prefactor

A
< £ > " in equation (6.3) with

1—2

d
Ay = 5 1+ e*yé)l) +0() =1+ 6(’}/;1) —-1/2) (6.13)

All in all we get

e A2 R() +all () + a0 = s fa)laze +log =0 — 1/2)5(2)
F(z) =
(1-2)?
(6.14)
Here all the terms contribute to the discontinuity: some of them contribute with a §-function

and some with a logarithm. The only term which requires additional care is the one that
log(1—=2)

comes from the log(1 — z) in the last term of (6.14). In that case we have Disc ( T

The obvious way to do the computation is to compute explicitly the contribution from the
little circle around z = 1 in the contour in Figure 3. However it turns out one can give
to this discontinuity a sense in terms of a distribution, i.e. given a test function f(z), the
discontinuity for z < 0 is

0 . log [0
dx f(z)Discz<o )= —2mi dz0, f(x) log(—x) (6.15)
Using this formula and inputting the boundary CFT data
. . «
'yél) = —« AN = o aé}} =3 'y;l) =0 7(5)12) =2« (6.16)
e 1 (20 +1)(= — 2)z1og(2)
+1)(z — 2)zlog(z
FO(z) = log(1 — 2) — -2 1
(2) =2 (a + 5= 22) og(l —=2) 2 =1) (6.17)
which agrees with the result of [17]. Here « is a free parameter for the solution of the
crossing equation and it can be identified with o = %%—ig by matching the result to explicit

calculations in the O(N) model. We stress again that the dispersion formula does not provide
a simplification in this case because all the (few) boundary CFT data are needed to reconstruct
the correlator. The real simplification happens at order €.

6.2 Order €2

At second order an infinite number of double trace operators enter the OPE both in the
boundary and in the bulk channel. The great advantage of our dispersion relation is that just
a finite subset of these operators are sufficient to reconstruct the full correlator. In the bulk

channel we have operators with dimensions
A, = (4 +2n) + O(?) (6.18)
while in the boundary channel we have operators with dimensions

A, =En+0() (6.19)
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with n an odd integer for Neumann boundary conditions. Naively, we would expect the OPE
coefficients of these operators to be necessary to reconstruct the full correlator at this order,
however it turns out that the discontinuity does not depend on them and we can reconstruct

the correlator without knowing these new operators.

First, we compute the discontinuity at z = 0 by looking at the perturbative expansion in
the boundary OPE

FO(z) = (03)? fao (2) + (03) O + (02) D150 30 (2)
L9 0y (202 7 - 21(2) £ (6.20)
+§(bA) (’Y(z; )70 faw (2) +Z(6A)n fa, (2)
n=0

where we used the short-hand notation GfA(m(z) = aAfA(Z)|A:A<0>~ The factor 1/z in the
prefactor (6.7) is always canceled by the blocks or their derivatives, so that the discontinuity
is given only by the logarithmic terms arising from the derivatives of the block. These terms
can be computed from the OPE data at lower order plus the anomalous dimension of (;AS at
order €2 which is

@ _ 5 90— _
7 —12a(2a 1)(4a — 1) (6.21)

Notice that the new operators do not contribute. If we evaluate explicitly the perturbative
expansion and keep only the terms with logarithms we find

5a (8a? — 6a + 1) (z — 2) log(2) 2o+ 1)2(z — 2)log?(2)

FO(z) ~
12(z — 1)2 8(z —1)2 (6.22)
T (20 + 1)(2a(2 _42 : BQIOg(l — z)log(2) + regular at (z = 0)
The discontinuity therefore is
_ . _ ba(8a® —6a+1) (2 —2)2m  (2a+ 1)%(z — 2)4milog(—=2)
Dise:<o(F?(2)) = - 12(z — 1)2 - 8(z —1)? (6.23)
(2a+1)(2a(z — 1) — 1) log(1 — 2)2mi '
+ 1z 1)

The discontinuity at z = 1 is more complicated, since the prefactor introduces poles propor-
tional to the identity and ¢? contributions. However, it is still true that the new operators do
not contribute. We can compute the discontinuity using the following finite set of OPE data

1 1

yéf) = —Eoz(Qa -1) 'yfz) = —Ea@a —1)(20a + 3) (6.24)
1

7 =2 alf) = —ga(20—1)(5a — 1) (6.25)

In other words we have reduced the problem of finding infinite coefficients at order €? to
that of finding only the OPE coefficient of ¢? and the anomalous dimensions. The latter,
moreover, are bulk anomalous dimensions so they can be (and have been) computed in the
theory without the boundary. In summary, the only boundary OPE data that we need for
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2
¢2
previous case and yields the following singular terms at z =1

(2)

reconstructing the full correlator are a, and g The computation is analogous to the

F(2) (Z) ~ o?Lig(1—2)  n2a?2 (1*4042(2*1))10%2(1*2) _ a?(20a(z—1)—212423) log(2)

z—1 6(z—1) 8(z—1)2 12(2—1)2
((20a+72—-14)+2)a  (4a(z—1)+2—2)log?(z) | a(132—11)log(z)
5G=1) - Senr ot e (6.26)
+ IOg(l . Z) (a(2a—1)(122(2(z£zl—)21)—42+5) + (2a+1)(22((;_—11))2—1) 10g(z)> 1 regular

From this, we can extract the discontinuity at z = 1, which will get contributions from the
logarithms and the negative powers. By plugging the two discontinuities in the dispersion
relation (4.7) and using (6.15) we can compute the correlator. After doing the integral and

removing the prefactor we find

zlog(z) (5a (802 — 6a + 1) (z — 2) — 3(2a + 1)(2a(z — 1) — 1) log(1 — 2))

FO)(z) = 12(z - 1)
zlog(1l — z) ((3 — 12a2(z — 1)) log(1 — 2) + 2a(2cc — 1)(—20a + 4(5cr — 1)z + 5))
a 24(z — 1)

(20 + 1)2(2 — 2)zlog?(2)
* 8(z—1)

(6.27)

which corresponds to the result in [20]. One can follow the same procedure for the Dirichlet

case and find again perfect agreement with the literature.
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A Kinematics

A.1 Generic defect ¢ > 1

We consider a conformal defect of dimension p and codimension ¢, with ¢ > 1, in a d-
dimensional spacetime. We split the spacetime coordinates into p parallel coordinates xﬁ with
a=q,...,d —1 and g orthogonal coordinates z, with i = 0,...¢ — 1. The two-point function
of bulk identical scalars depends on two conformally invariant cross-ratios and we follow the

parametrization of [48], namely

(6(@1) b)) = — 00T

mr L [P may [P

(A.1)
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The cross-ratios are related to the lightcone coordinates (z, z) and the polar coordinates (r, w)
used in the main text by

|x S+ lat P+ ay? 142z 1

- 1
||z )3 r
|y ||z | (22)2 (A.2)
3317,962 z+Zz 1 1
= 1 5( + *)
R 2(22) w
and the lightcone coordinates are related to the radial ones by
zZ=rw
oy (A.3)
zZ=—
w

The correlator satisfies the crossing equation
A
VZZ ¢ _
Z b3 fA s\Zs Z ((1—2)(1—2) Z ao CeppO fA,Z(Z7 Z) ) (A-4)
Al

where the defect conformal blocks are given by

fa(z.2) =2 S LR (— 5,5 12— 5 - )QFI(A g At1- g,zz) (A.5)
They factorize in radial coordinates
Fau(rw) = fa(r)s(w) (A.6)

with

fA(r) =r2yF (A, g,A +1- g,rz) , gs(w) =w %k (—5, g -1,2- g — s,w2) (A.7)

The bulk conformal blocks are not known in a closed form. In [54] they were constructed as
a linear combination of two Harish-Chandra functions

T(0+d—2)0(—0—92) T+ 42 - DL+ 1)

Z2,2) = 19 2,2)+

where f g *2 (z,Z) can be expressed as a double infinite sum

A7 (2, 2) ZZ (1= 2)(1 = 2)] 7 Ty, (A, g)hm(l_g’l_A)n!m! (B 1

2 2)n—m
><4F3(_ - 7%7A2 g+ M_Fl—nw—m%—g—{—%,l)
(1—22)t 2mF(A+e m-+n A+e —m4+n,A+L—2(m—n),1— 27)
(A.9)
where
(3-35-52)
hn(A,0) = d7 A7£ Y (A.10)
(A-§+1L5+3),



A.2 Boundary q=1

When g = 1 the correlator has the form

F(¢)
=0 A1l
($@)82) = i (A1)
and depends only on the cross-ratio
(21 — 22)?
=" A2

where £ > 0 when the two operators live in the Euclidean signature or are spacelike separated
in the Lorentzian signature. The boundary block expansion, corresponding to sending & — oo
reads

GEDIIVNG) (A.13)
A

where the sum runs over the dimensions of the defect operators A, b A are real OPE coefficients
and the conformal block is

Fa©= @2k (8 A+1-F28+2-a ) (A14)

The bulk expansion, obtained by sending & — 0 is

F() = (&)™ Y aocgsofal€) (A.15)
A
where the sum runs over the dimensions of the bulk operators A and
N A A d
12O = O (5.5.8+1-5,¢) (A1)

Here ap are the one-point function coefficients (which are non zero in presence of a defect)
and cgpo are the OPE coefficients. The relation between the variable £ and the variable z

used in the main text is )

=Fr1

z

(A.17)

B Superblocks

Here we review the superconformal blocks that were found in [43] and that we used in Section
5. After defining the R-symmetry block

k k k o
=0 2,0 [—=, —=:—k—1: = B.1
hy=0"22 1( 5 Ty ,2> ( )

30



then the superconformal blocks are expressed as a combination of ordinary bulk blocks fa ¢
(4.5) as

(P+2)%P
128(P + 1)%(P + 3)
(P —2)(P +2)P?

* 16384(P — 1)2(P + 1)(P + 3) hp_afpiapo(2,2)

Gionoe = haferan +biho ferse—2 + (barha + basha + basho) frr6,0+2 + (bsrha + bs2ho) feis e

9By po = hrfro(z,2) + hp-2fpi22(2,2)

+ bgho fryseva + bsho fey10,042
G000 = hofae+ (hama + homz) fat2,e—2 + (hanat + hone2) fato,e+2 + nshofatae—a
+ (hanar + honaz + honaz) favae + n5hofatae+a + (hanet + hone2) fave,c—2+

(hanm + honr2) fate,er2 + nshofasse
(B.2)

where the explicit coefficients can be found in [43].

C Dispersion relation from Lorentzian inversion formula

Instead of using Cauchy’s theorem, we can obtain a dispersion relation starting from the
conformal partial wave expansion (2.9) and inserting the coefficient function b(}s) obtained
through the Lorentzian inversion formula (2.12). Unsurprisingly, after exchanging the order
of integration, we find an expression of the form

1 7
F(ryw) = / df/ dw K(7,w,r, w)DiscF (7, w) (C.1)
0 0

with

S(w, @) =D "L = B%) "Gy (@)gs (w)
2 (C.2)
%—Hoo dA K R
=) — Y= ap—11 _ 22y\p A ~
I(T7 T) /pioo 271 (1 " ) ZTer—A \IJA(T)\IJA(T)

Notice that the contributions from the angular and radial part factorize. The angular contri-
bution S(w, W) can be computed using integral representations of the Gegenbauer polynomials
and of the hypergeometric function and exchanging the sum over spin with the integrals com-
ing from the integral representations. The result is

S(w,w)—1< L ! —1> (C.3)

2m\w—w w—

The remaining contribution I(r,7) can be evaluated exploiting the orthogonality of conformal
partial waves, namely

/01 dr r PN 1= 1?PU R (r) W4 (r) = B0 50y — vg) + 511 + 1)) (C.4)



where A = % + ¢v, and the shadow conformal partial wave

wp_A(r)::}ggﬁApr(r) (C.5)

If we introduce a generic function f(r) and expand it on the W4 (r) basis

p
2+z<>o dA/ R

f(r) = / 92 F( AW A (r) (C.6)

: 27
) —100

then, using the properties above, we find

1
dr I(r,7)f(7)

1 %—l—ioo ’
— / dr 1(r,7) / I 5 A YW (7)
0 1

! —ioo 21

S~

g—&—ioo dA g—i-ioo AN K« . 1
A / ~ ~—p—1 ~2 ~ -
= - ; ‘I’*(T)f(A)/ dr 7P (1—7” )p‘I’A(T)‘l/A/(T)
A A
/g_ioo 2mi P_ico 27 KpfA 0 (C.7)

5T gA (50 A K, N 5 N
_ “= A . nT Ap—A . N /
I = A= S AR )
2 2 p
g-‘rioo dA o
= et
— f(r)
which implies
I(r,7) = 8(r — 7) (C.8)

We can finally collect the pieces (C.3), (C.8) and we find our dispersion relation

oo 1 1 1 _
F(r,w):/o dr/O dw DlscF(r,w)< + —~> d(r—7) (C.9)

o\ g = 5 1
2m\w—w W o

which is exactly the formula we found using Cauchy’s theorem.
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D Results for Fé? with p <3

PO _ 5 (VR 2r6Vr2w! log(r?)
50 = —Z((r2_1)2(r—w)4(rw—1)4 a (r2—1)3(r—w)4(rw—1)4)

F(l) N 5( (r4—387'2+1)7'5w3

51 T A\ 22— 1) (r—w)3 (rw—1)3
rBw?3 (7’6 <w2+1)+57"5w—107"4 (w2+1)+267"3w—107‘2 (w2+1)+5rw+w2+1) log(r2) )

(r2—1)° (r—w)4(rw—1)*

D _s (  3r0uw? (8r% (w?+41) +43r°w—83r (w? 1) +214r° w—83r? (w? +1) +43rw+8w?48)

5 (r2—1)% (r—w)3 (rw—1)3
3row? (r(r9w+7r8 (w2+1)+157’7w—46r6 (w2+1)+284r5w)+w) log(r2)

2(r2—1)" (r—w)3 (rw—1)3
3row? (r(—222r4 (w2+1)+284r3w—46r2 (w2+1)+157‘w+7w2+7)+w) log(r2) )
2(r2—1)" (r—w)3 (rw—1)3

5r5w(r(3r11w+15r10 (w2+1)+20r9w735r8 (w2+1)+833r7w7960r6 (w2+1))+3w) log(rz)
( 2(r2—1)° (r—w)2 (rw—1)2
5row(r(+2208r5w—960r* (w?2+1)+833r3w—35r2 (w2 +1)+20rw+15(w?+1) ) +3w) log(r?)

2(r2—1)% (r—w)2 (rw—1)2

5row(r(9rdw+72r8 (w2 41)+188r7w—503r% (w?+1)+2743r%w—2078r* (w?+1)+2743r%w ) +9w)

(1) _
I3 —%

3(r2—1)% (r—w)2 (rw—1)2
5row(r(—503r2 (w2 +1)+188rw+72(w?+1) )+9w) )
N 3(r2—1)% (r—w)2(rw—1)2
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