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Abstract

We present a detailed analysis of gravity in a partial Bondi gauge, where only the three
conditions g, = 0 = g, are fixed. We relax in particular the so-called determinant condition
on the transverse metric, which is only assumed to admit a polyhomogeneous radial expansion.
This is sufficient in order to build the solution space, which here includes a cosmological constant,
time-dependent sources in the boundary metric, logarithmic branches, and an extra trace mode
at subleading order in the transverse metric. The evolution equations are studied using the
Newman—Penrose formalism in terms of covariant functionals identified from the Weyl scalars,
and we build the explicit dictionary between this formalism and the tensorial Einstein equations.
This provides in particular a new derivation of the (A)dS mass loss formula. We then study
the holographic renormalisation of the symplectic potential, and the transformation laws under
residual asymptotic symmetries. The advantage of the partial Bondi gauge is that it allows to
contrast and treat in a unified manner the Bondi-Sachs and Newman—Unti gauges, which can
each be reached upon imposing a further specific gauge condition. The differential determinant
condition leads to the A-BMSW gauge, while a differential condition on g, leads to a generalized
Newman-Unti gauge. This latter gives access to a new asymptotic symmetry which acts on the
asymptotic shear and further extends the A-BMSW group by an extra abelian radial translation.
This generalizes results which we have recently obtained in three dimensions.



Contents

1 Introduction 2
1.1 Motivations . . . . . . . . . 2

1.2 Summary of theresults . . . . . . . . .. .. 3
1.3 Outline . . . . . . . . e 8

2 The partial Bondi gauge 9
2.1 Partial gauge fixing . . . . . . . .. 9
2.2 Solution space . . . . . . ..o 10
2.3 Geometry . . . ... e 18
2.4 Newman—Penrose formalism . . . . . . . . ... .. ... ... ... 20
2.4.1  Weyl scalars and covariant functionals . . . . . . . .. .. ... ... ... .. 21

2.4.2 Evolution equations for A=0 . . . . . ... ... ... .. 24

2.4.3 Evolution equations for A0 . . . . . . . ... Lo 30

2.5 Intermediate summary . . . . . . ... Lo 31
2.6 Asymptotic symmetries . . . .. ... 34
2.6.1 Vector fields . . . . . . . . . .. 34

2.6.2 Transformation laws . . . . . . .. ... Lo 35

2.6.3 Symmetry algebra . . . . ... Lo 39

2.7 Symplectic potential . . . . ..o 40

3 The BS gauge 42
3.1 Gauge fixing . . . . . . .. 42
3.2 Solution space . . . . . . . .. 43
3.3 Symplectic potential . . . . . ... 44
3.4 Vector fields and symmetries . . . . . .. Lo 46

4 The NU gauge 48
4.1 Gauge fiXing . . . . . . . . e e 48
4.2 Solution space . . . . . . . . .. e 49
4.3 Symplectic potential . . . . . .. L 49
4.4 Vector fields and symmetries . . . . . . . ... 50

5 Perspectives 52
Appendices 55
A Notations and conventions . . . . . . . . . . .. 55

B Christoffel coefficients . . . . . . .. ... 57

C  Spin coefficients and frame identities . . . . . . . . . .. ... ... .. 58

D  Expansion of the inverse angular metric . . . .. .. ... ... oo 60

E  Expansion of the angular connection . . . . . .. ... .. ... ... 0. 62

F  Subleading solution space . . . . . . . . . .. 63

G Alternative resolution of E,,,, =0 . . . . . . . . .. 64

H Computation of @ . . . . . . . . .. 65

I Offshell B}l 2y - - - oo oo 71



1 Introduction

This article aims at reassessing and relaxing some of the hypothesis used in standard analysis of the
asymptotic structure of gravity in Bondi gauge. We start by presenting some general motivations,
but the reader familiar with the topic can jump to section 1.2 for a summary of the new results.

1.1 Motivations

The formalization and the study of the asymptotic structure of general relativity, pioneered by
Bondi, van der Burg, Metzner, and Sachs [1-7|, followed shortly after by Newman, Penrose, and
Unti [8-12], played a central role in the understanding of gravitational radiation and of its non-linear
nature (see also [13] for a historical account of the contributions of Robinson and Trautman). It was
recognized early on by these authors that the asymptotic symmetry group of asymptotically flat
four-dimensional spacetimes is infinite-dimensional [3, 5, 14]. Recently, these asymptotic symmetries
have received tremendous attention following the unraveling of their connection with memory effects
[15-20] and the soft graviton theorems controlling the infrared behavior of scattering amplitudes
[21, 22]. These connections, which were initially spelled out in gravity in [23-25| (but also extended
to other massless theories [26]), are the manifestation of unexpectedly rich mathematical structures
attached to boundaries of gravitational systems. The investigation of these boundary structures
and of the associated physics has unfolded along several directions, which have all required some
relaxation and extension of the boundary conditions being considered.

In four-dimensional asymptotically flat spacetimes, the historical BMS symmetry group was
extended to include local Lorentz transformations [27-31|, and later on arbitrary smooth diffeo-
morphisms of the boundary two-sphere [32-34]. This was then shown to be connected to a new,
subleading soft graviton theorem [35, 36|, and in turn to a new type of memory effect [37]. This also
brought the perspective of establishing a duality between gravity in four-dimensional asymptotically
flat spacetimes and a two-dimensional conformal field theory living on the boundary celestial sphere
[38—42], which then developed into the program of celestial holography [43—48|. It was shown in this
context that the scattering amplitudes satisfy an infinite tower of soft theorems, which are in turn
controlled by a higher spin symmetry [49-54]. Extending the known relationship between the spin-0
(mass) and spin-1 (angular momentum) charges, the leading and subleading soft theorems respec-
tively, and the supertranslations and superrotations respectively, it was recently shown in [55] that
there is indeed a spin-2 charge [56], related to a new type of asymptotic symmetries, whose asymp-
totic evolution equation is equivalent to the sub-subleading soft graviton theorem [57-62]. This
hierarchy presumably extends to an infinite tower, and the properties of the charges and associated
asymptotic symmetries are under active investigation.

The analysis of the asymptotic structure of general relativity has also been extended to space-
times which are asymptotically (A)dSy [63-69], where part of the motivations and intriguing ques-
tions pertain to the very nature, when A # 0, of gravitational radiation, mass, angular momentum,
and news [70-85]. Even if there is no notion of S-matrix in this context, there are meaningful
asymptotic symmetries and (yet poorly understood) memory effects. This has in particular led to
the introduction of the A-BMS group of asymptotic symmetries [67-69].



Concomitant with these developments studying enlargements of the asymptotic structure and
the associated physics, there as been work focusing on the technical tools used to describe asymptotic
charges [86-89], and to discuss subtle issues related to non-integrability and/or non-conservation
sourced by flux [90-97], symplectic renormalization [98, 99|, and corner ambiguities [100-104].

Three-dimensional gravity has also played an important role in the understanding of the asymp-
totic structure of gravity, of asymptotic symmetries, and of their relationship with holography.
Since the seminal work of Brown and Henneaux on AdSs [105], a variety of boundary conditions
and gauges have been introduced [91, 106-122]. Recently, we have presented an analysis of three-
dimensional gravity in a so-called Bondi—-Weyl gauge, which enables in particular to access Weyl
rescaling of the boundary metric [123]. This analysis has furthermore been performed with so-called
leaky boundary conditions, which are a relaxation of the variational principle due to the presence of
sources for the boundary metric (i.e. the three components of the two-dimensional boundary metric
on ZT are completely free). This is analogous to what happens in four spacetime dimensions, where
the leakiness is however related to the presence of non-trivial news, and therefore to the fact that
the system is open. In this three-dimensional Bondi-Weyl gauge, one finds integrable charges con-
sistently with the fact that there are no local degrees of freedom, but these charges are however not
conserved because of the arbitrary time-dependency of the sources for the boundary metric. More
importantly, we have shown that the asymptotic symmetry algebra, in addition to the! A-BMSs
and Weyl sectors, contains an extra abelian sector corresponding to radial translations. Together
with the Weyl charges these translations form an Heisenberg algebra. The study requires a careful
analysis of issues related to integrability and corner ambiguities, but eventually leads to an extension
of the A-BMS3 group.

In four-dimensional asymptotically flat spacetimes, the Weyl charges and the role of boundary
Weyl transformations were discussed extensively in [28, 124, 125]. Part of the motivations for
the present work is to investigate whether a gauge similar to the one used in [123] exists in four-
dimensional asymptotically locally (A)dS spacetimes, and whether the BMSW group of asymptotic
symmetries with cosmological constant can be enhanced with an extra radial translation. In short,
we are investigating alternative gauge choices for the analysis of asymptotic symmetries, and asking
how much extra structure (such as the time-dependency and sources in the boundary metric) can
be included in the solution space. Interestingly, this brings out the connection with many other
motivations and open questions, which are most clearly understood by summarizing our construction

and the ensuing results.

1.2 Summary of the results

We list by category the various points which are touched upon in this work. It should be noted
that these points are to a large extent independent. For example, the introduction of logarithmic
terms in the solution space is unrelated to the appearance of the radial translation symmetry in the
Newman—Unti gauge, and neither are related to the sources for the boundary metric.

More precisely, the algebra associated to A-BMS3 is bmss when A = 0, and the double Virasoro algebra vit @ vit
when A # 0.



Gauge choices

This work begins with Bondi coordinates and the Bondi form (2.1) of the line element, where
only the three conditions ¢g,, = 0 = g4 are imposed. This is what we call the partial Bondi
gauge. Usually one assumes from the onset a full gauge fixing by supplying a fourth condition,
either chosen as the Bondi-Sachs (BS) determinant condition det(gag) = 7*det(q%g) [3], or as the
Newman—Unti (NU) condition g,, = —1 [9]. Here g4p is the transverse metric on the two-sphere,
and ¢9p is the metric of a fixed round sphere. In [28] the algebraic BS condition was traded for
the differential condition 9, (det(gap)/r*) = 0 in order to allow for an arbitrary two-sphere metric
gap and boundary Weyl transformations. In NU gauge the Weyl rescalings are always accessible
because the determinant condition is dropped [126]. We can however also go further and introduce
a differential NU gauge condition 0,.g,, = 0. We will see that this allows to access time-dependent
Weyl rescalings generated by an arbitrary function of (u, xA).

The BS and NU gauges® differ by the choice of a radial coordinate [126-129]. This latter
is an areal distance in BS gauge, while it is the affine parameter of the null congruence in NU
gauge. Another major difference between the two gauges is the fact that in NU gauge the first
subleading term in the transverse metric, denoted C4p, is allowed to have a non-vanishing trace C
[126, 128, 129]. The asymptotic shear is the trace-free part C'}%, which differs in NU gauge from
Cap by the possible presence of a trace. This trace is set to vanish in BS gauge by the determinant
condition. In addition, and for related reasons, the NU gauge actually possesses an extra asymptotic
symmetry compared to the BS gauge (see table 1 below). This is a radial translation appearing at
order O(rY) in the radial part of the asymptotic Killing vector. This symmetry can a priori be used
to set the trace C' to vanish, which is equivalent to a choice of origin for the affine parameter r.
One should however first investigate whether there is a non-trivial charge associated to the radial
translation, since this would mean that the symmetry is physical and not pure gauge. This is indeed
what we have observed in the three-dimensional case® [123], where the radial translations also act on
a subleading term in the circle metric, and possess a non-vanishing charge which forms a Heisenberg
algebra with the Weyl charges. The study of the charges in the four-dimensional case is devoted to
future work, but here we set the stage for this investigation. Even if this symmetry turns out to be
pure gauge in general relativity and associated with a trivial flux-balance law, there are suggestions
that it could become physical and associated with a memory effect in modified theories of gravity
like Brans—Dicke [130-133]. It would also be interesting to study these charges in the presence of
matter, as in Einstein-Maxwell theory [134, 135].

Interestingly, it is actually possible to perform the whole analysis of the asymptotic structure
(i.e. the solution space, the potential, the symmetries, and the transformation laws) without having
to choose between the BS and NU gauge until the very end. It is therefore possible, as the title
suggests, to completely characterize the partial Bondi gauge. This has the advantage of treating
the NU gauge very closely to the BS gauge. At the end of the day the two gauges can be reached

2From now on we refer to the differential versions of these gauge conditions.
3What we have called the Bondi-Weyl gauge in [123] is actually a differential Newman-Unti gauge. In this
reference the three-dimensional determinant condition is indeed relaxed, and the boundary source (3 is turned on.



by imposing different conditions on the traces of the subleading tensors in the transverse metric. So
far, studies of the NU gauge have relied on the Newman—Penrose formalism to build the solution
space [126, 128, 136, 137|, while the BS gauge solves the tensorial Einstein equations using the
Bondi hierarchy. Here we build the solution space in the partial Bondi gauge using the tensorial
equations, and then switch to the Newman—Penrose formalism to study the evolution equations.
We therefore treat both the BS and NU gauges in one go using the two approaches (Einstein and
Newman—Penrose).

gauge condition radial coordinate symmetry group

w

algebraic BS | det(gap) = rt*det(¢%g) | areal distance - 00)-dimensional

(
differential BS | 9, (det(gap)/r*) =0 areal distance | (4 - oo)-dimensional
algebraic NU Gur = —1 affine parameter | (4 - co)-dimensional
differential NU OrGur =0 affine parameter | (5 - 0o)-dimensional

Table 1: Summary of the different time-dependent symmetry parameters which appear in the various
gauges. In the algebraic BS gauge the asymptotic symmetry group contains one supertranslation and two
superrotations. In the differential BS gauge this is extended to include a Weyl rescaling. In the algebraic
NU gauge however we have an extra radial translation only, while the use of the differential NU gauge also
allows for Weyl transformations, and therefore leads to a 5-dimensional symmetry algebra given by (1.1)

Logarithmic terms and weakening of peeling

It has been known for a long time that the solution space may contain logarithmic terms in r. These
can appear in two ways. First, they can appear when solving the Einstein equations, as in g, at
O(r=3) [138]. Second, they can actually be introduced by hand from the onset when writing the
radial expansion for g4p, which may be chosen as polyhomogeneous [139]. Although these terms
have slightly different origins (a consequence of the equations in the former case, and a choice in
the latter), they turn out to be related via the evolution equations [139].

Here we include from the onset logarithmic terms in the expansion (2.3) of the angular metric.
Our goal is to see how they affect the solution space, and to derive their evolution equations.
We find, consistently with the Fefferman—Graham theorem, that all the logarithmic terms vanish
when A # 0 [140]. When A = 0 we identify the evolution equations relating the logarithmic
terms, and also explain how the presence of these terms modifies the peeling behavior of the Weyl
tensor by producing overleading non-smooth terms in Wy and ¥;. Such violations of the peeling
and arguments in favor of logarithmic terms have been discussed in the literature on numerous
occasions [127, 138, 141-147|, but there is so far no agreement as to the type of realistic physical
situations in which this would occur. Under some technical assumptions it has indeed been shown
that compact sources with no incoming radiation preserve a smooth peeling [148-150]. Nonetheless,
we include at minor cost logarithmic terms in our solution space for the sake of understanding the
modifications which they induce. In particular, we find that part of the symmetry arguments used
in [124] in order to single out the covariant functionals and the asymptotic equations of motion
actually break down in the presence of logarithmic terms. It will be interesting in future work to



study symplectic renormalization and the construction of the charges in the polyhomogeneous case.
More importantly, it is still unclear how the logarithmic terms in the solution space are related to
the logarithmic terms (in w) appearing in the soft theorems [151-153|.

Enlarged solution space

In addition to the trace terms arising from the use of the partial Bondi gauge and to the logarith-
mic terms discussed above, our solution space is built with a non-trivial time-dependency for the
boundary metric, and also includes the “boundary sources” fy and U64 which appear as integration
constants at leading order in the resolution of the (rr) and (rA) Einstein equations. The boundary
metric on ZT is parametrized by the time-dependent data (S, Ué“, gaB)- While gap is allowed, since
the work of Barnich-Troessaert [27, 28, 30|, to be different from the fixed round sphere metric ¢5 5,
the additional fields By and U64 are typically set to zero by hand (the exception being [67] in four
dimensions and [91, 123, 154, 155] in three dimensions). Here we include them in the construction
of the solution space and the symplectic potential. In NU gauge, the relaxation £y # 0 is required in
order to have access to the time-dependent BMSW group (and not just to time-independent Weyl
transformations). For convenience we will often refer to 5y and UOA as the “boundary sources”, and
therefore leave g4 p out of this denomination. We will also sometimes need to set the sources 8y and
U64 to zero in order to have simpler expressions to display, but we will never freeze g4p. This also
justifies why we call Gy and U()4 the boundary sources (although they are unrelated to any source
of physical radiation).

Allowing for time-dependency of the boundary metric when A # 0 is necessary in order to
attempt discussing radiation in (A)dS (although this remains an ambiguous concept). One of the
Einstein equations indeed implies that when A # 0 the shear C'}%; is related to the time evolution
of the boundary metric and to the boundary source Ué“. If both quantities are excluded from the
solution space, the setup trivializes immensely since C’)%; is forced to vanish on-shell. Including
this time-dependency and A # 0 also enables us to reproduce results of [67] concerning the mass
loss and the symplectic structure in (A)dS. In particular, we identify the canonical partner to gap
in terms of quantities computed from the Weyl scalars, namely a combination of the radiation Wy
and the covariant spin-2 tensors. The solution space presented in section 2.2 is, in summary, an
extension of that in [67] including logarithmic terms (which survive the flat limit) and the trace C
(which survives when going to the NU gauge). We hope that this will also later help study aspects
of sourced holography in Robinson-Trautman spacetimes [156-160)].

The full structure of the solution space is summarized in table 2. After having determined the
radial expansion of the functions entering the partial Bondi gauge line element (2.1), we study the
evolution equations which are implied by the (uu), (uA) and (AB) Einstein equations. While this
is tractable to find the evolution of e.g. some logarithmic terms, it quickly becomes too heavy
to find the evolution of the mass and angular momentum. For this reason we then turn to the
Newman—Penrose formalism in order to translate the partial Bondi gauge solution space and find

more compact expressions for the evolution equations.



Newman—Penrose formalism, Weyl scalars, and evolution equations

The Newman—Penrose (NP) formalism has been used by many authors to study BMS asymptotic
symmetries and charges, and also to discuss the Newman-Unti gauge [82, 126, 128, 136, 161, 162].
Here, after having studied the solution space in the partial Bondi gauge using the tensorial form
of the Einstein equations, we turn to the NP formalism to study the evolution equations when
the boundary sources 3y and U{;‘ are set to zero. This also includes the case A # 0. We start by
computing the Weyl scalars, which enables us to identify and generalize (to the partial Bondi gauge)
the so-called covariant functionals. These are the covariant spin-2, angular momentum, complex
mass, energy current, and radiation. We show (at least in the flat limit and without boundary
sources) that the radiation and the energy current can be rewritten in terms of a generalized news,
which is in turn introduced as a shear in (2.34). We also identify the violations of smooth peeling
induced by the presence of the logarithmic terms. In addition, we explain how these terms break
the covariance properties used in [124] to single out the covariant functionals and the asymptotic
Einstein equations.

We show explicitly how the tensorial evolution equations are neatly repackaged in compact
evolution equations for the covariant functionals. In the case A # 0 we obtain in particular the
mass loss formula (2.77) which was recently derived in [67], and identify which combination of the
Weyl scalars is sourcing it. In the case A = 0 we also study the NP evolution equations for the
logarithmic terms. Finally, we explain how the radial dependency of the NP dyad for the angular
metric affects the Weyl scalars and introduces a mixing in helicities [44, 54]. This will have important

consequences when studying the subleading spin-s NP charges.

Symplectic potential

Assuming the absence of logarithmic terms, we compute the divergent and finite pieces of both
the temporal and radial parts of the Einstein—Hilbert symplectic potential. This is done with an
arbitrary cosmological constant and in the presence of the time-dependent sources for the bound-
ary metric. The flat limit is also well-defined. The resulting expressions are quite lengthy, but we
perform some useful consistency checks on them by setting Sy and U(f1 to zero. First, the diver-
gent pieces in the radial part are shown, consistently, to be the sum of total variations and total
derivatives, which therefore allows to implement symplectic renormalization. Then, in the BS gauge
we rewrite the finite piece of the radial potential in (A)dS in the form (3.8), which generalizes the
result of [67] to the case of non-trivial Weyl sector with é,/q # 0. This also properly identifies the
canonical momentum to g4p as the combination of the radiation tensor and the covariant spin-2
which appear in the (A)dS mass loss formula.

Although the potential obtained in NU gauge is very lengthy in the general case (with the
enlarged solution space) and differs from that in BS gauge by several terms, we identify the simplest
setup in which the BS and NU potentials already differ. This is when we consider the sector of the
solution space where (A, o, U(;‘, dy/q) = 0 but gap # ¢ 5- In this case, the potential (4.3) shows
that the trace C' is conjugated to the 2d Ricci R[g] and also shifts the momentum to g4p. This sets
the stage for the study of the charges in NU gauge which we will perform in forthcoming work.



Symmetries and transformation laws

The partial Bondi gauge (2.1) together with the polyhomogeneous expansion (2.3) are enough
to build the solution space and therefore determine the radial expansion of the metric. Once
this radial expansion is determined, one can find the asymptotic Killing vectors and derive the
ensuing transformation laws. By computing these transformation laws we show that some “covariant
functionals” derived from the Weyl scalars do not actually transform homogeneously under the
subgroup Diff(52) x Weyl because of the logarithmic terms?.

In the partial Bondi gauge, the radial part £ of the vector field is determined a priori by
free functions at all order in a polyhomogeneous expansion. In order to obtain the explicit field-
dependency of these free functions, and therefore also see how many functions actually remain free
and therefore parametrize the symmetries, one needs to complete the gauge to BS or NU. Since
picking such a gauge amounts to a choice of radial coordinate, this is indeed what determines the
coefficients in the expansion of £". We show that £" contains a single free function in BS gauge,
appearing at order O(r) and parametrizing the Weyl transformations. In NU gauge however there
is an additional free function at order O(r) parametrizing the radial translations. This function
acts on the subleading term C4p in the angular metric, and in particular shifts its trace C. This
explains the relationship between this extra mode in NU gauge and the extra radial symmetry [129].
In order to use the radial symmetry to fix C' (say, to zero), one must ensure that the symmetry is
not large (i.e. physical). This will be answered by the computation of the charges.

Finally, by going to an appropriate basis for the asymptotic Killing vector fields (this is often
called a choice of slicing [91, 95, 96, 123]) we show that their bracket in NU gauge forms an algebra
(instead of an algebroid) given by

(diff(Z*) ¢ Ry,) & Ry (1.1)

Here diff(Z 1) stands for the diffeomorphisms diff(S5?) of the two-sphere, generated by superrotations,
together with the temporal diffeomorphisms diff(R) generated by supertranslations (which is a slight
abuse of language since here we cover also the case A # 0). The two abelian sectors Ry, and Ry
correspond respectively to the Weyl rescalings and the radial translations. Moreover, these five
symmetry components have an arbitrary time-dependency. This algebra of vector fields is precisely
the four-dimensional generalization of the algebra found in the three-dimensional Bondi-Weyl gauge
[123]. This is the observation suggesting that, as in the three-dimensional case, the radial translation
k and the trace C' might be associated to a non-vanishing charge.

1.3 Outline

This article is divided into three parts. Section 2, the first and main part, is devoted to the con-
struction and analysis of the partial Bondi gauge. This is where we build the general solution space,
study the evolution equations, the asymptotic symmetries, and part of the symplectic potential.

4We still adopt the terminology “covariant functionals” for convenience.



Then, all these results can be further specified to either the BS or the NU gauge. Section 3 con-
tains some extra details about the BS gauge, and in particular the computation of the symplectic
potential in the cases A = 0 and A # 0. We also explain there how the reduction to the BS gauge
determines £". Section 4 also gives details about the NU gauge, and in particular about the role of
the extra symmetry generator and the trace C. Our notations are gathered in appendix A.

As a word of caution, we should say that many of the calculations presented here (such as the
solution space starting at subleading order and the Weyl scalars) are extremely lengthy and have
been performed with Mathematica. We are happy to provide details about our code if necessary.

2 The partial Bondi gauge

This main section is devoted to the study of the partial Bondi gauge. After defining this partial
gauge, we construct the associated solution space and use the Newman—Penrose formalism to study
the evolution equations. We then study the residual symmetries and the associated transformation
laws before analysing the symplectic potential.

2.1 Partial gauge fixing

We consider 4-dimensional coordinates z# = (u,r,x4), where u is a time coordinate labelling
null geodesics, r is a parameter along these geodesics (whose precise geometrical meaning will be
discussed later on), and z4 = (0, ¢) are angular coordinates in the transverse directions. The
requirements that the normal vector d,u be null and that the angular coordinates be constant
along the null rays translate into the conditions g"(d,u)(d,u) = 0 = g"(d,u)(d,x*), which in
turn imply the three Bondi gauge fixing conditions g** = 0 = g%, or equivalently g, = 0 = g, 4.
Line elements satisfying these three conditions parametrize what we call the partial Bondi gauge,
and are of the form [1-4]

v
ds? = 6267(1’&2 —2e?Pdudr + yap(dz? — UAdu)(dz® — UBdu). (2.1)

At this stage V(u,r,z4), B(u,r,z?), and U4 (u,r, 2B) are four unspecified functions of the four
spacetime coordinates, and the angular metric gap = yap is also unspecified. We denote the
determinant of this latter by v := det y4p, and its associated covariant derivative by D4. In matrix
form the metric and its inverse are given by

Vv 2
625? +yapUAUB  —e?8 —~,5UP 0 € ﬂv 0
Juv = —e2B 0 0 L g = e e e 2pA |, (2.2)
T
—'yABUB 0 YAB 0 —e~28pyA 'yAB

and we can already note that /—¢g = e28 \/7- The Christoffel connection coefficients for this metric
are given in appendix B.

The three Bondi gauge fixing conditions leading to the form (2.1) of the metric are what we
choose to call the partial Bondi gauge. As we are about to see in details, after choosing a radial
expansion for the angular metric this partial gauge is enough to build a solution space and to study



the evolution equations as well as the residual symmetries. After doing so we will explain how to
further reduce the partial gauge to a genuine gauge fixing. So far the gauge is only partial because
there remains the freedom of further fixing a fourth condition. The partial gauge is indeed preserved
under arbitrary x*-dependent redefinitions r — 7(x) of the radial coordinate, under which we get
dudr — (07/0x*)dudz”. In this sense we can therefore understand the reduction of the partial
gauge to a “true” gauge as a choice of radial coordinate. As already mentioned in the introduction,
the two choices discussed in the literature correspond to i) the Bondi-Sachs (BS) gauge, reached
with the so-called determinant condition, and in which r is the areal distance, and i) the Newman—
Unti (NU) gauge, reached with a condition on S, and in which r is the affine parameter for the
null vector d,u. These two gauges are discussed respectively in sections 3 and 4, but we will also
comment on the differences between them on numerous instances below.

We note that the partial Bondi gauge, which was also given this name in [163], played there an
important role in the non-covariant 3 + 1 Hamiltonian analysis with null hypersurfaces.

2.2 Solution space

We now study the Einstein equations E,, = G, + Ag,u, = 0 in order to define the solution space
in the partial Bondi gauge. This resolution follows closely |28, 67]. As usual, the equations in this
gauge conveniently split into four hypersurface equations (the (rr), (rA), and (ur) equations), five
constraint and/or evolution equations (the trace-free (AB), the (uu), and the (uA) equations), and
one trivial equation (the trace of the (AB) equation). In summary, the four hypersurface equations
determine the radial expansion of the four free functions V', 8, and U#, and the remaining non-
trivial equations contain constraints on the free data as well as evolution equations in retarded time
u. While progressing through this hierarchy the equations get more and more involved and lengthy.
For this reason, after presenting their tensorial form using the Einstein equations E,, = 0, we
will also derive the evolution equations in terms of the Weyl scalars using the much more compact
Newman—Penrose formalism.

In order to solve the Einstein equations and define the solution space, we need to choose a fall-off
and a radial expansion for the angular metric. We choose this to be of the general form

1
yaB = 1r2qap +rCag + Dap + - (EIAB Inr+ EAB)

1
+T—2<Fl2AB(ln7’)2+ﬂABlnr+FAB> —1—(’)(7’*3), (2.3)

and therefore relax analyticity by allowing at this stage the presence of logarithmic terms®. This
relaxation is still compatible with conformal compactification. As is well-known, in the case A =0
the solution space contains a logarithmic branch which appears in the solution for U4 at order
O(r~3) [4]. When this logarithmic branch is not removed by hand (as is usually done), the stability of
the solution space under the action of non-trivial residual symmetries necessarily requires logarithmic
terms in the angular metric, as we explain in section 2.6. This can also be seen from the evolution

"By abuse of notation we allow O(r™) to contain logarithmic terms.
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equations, which necessarily require logarithmic terms in the transverse metric (2.3) if one wants to
keep a non-trivial logarithmic term e.g. in U4 at order O(r~2) [139]. This is part of the motivation
for considering the general expansion (2.3). One can alternatively motivate the presence of these
logarithmic terms by the will to be general and have a more relaxed solution space [138, 139, 164].
The modifications of the peeling due to these logarithmic terms will be discuss is section 2.4.1. We
will also see throughout this section how the various logarithmic terms disappear when A # 0, in
agreement with the Fefferman—Graham theorem [140, 165, 166].

Let us also point out at this stage that all the tensors appearing in (2.3) are arbitrary functions
of (u,xA). Their traces are in particular unconstrained at this stage in the partial Bondi gauge.
The traces are constrained in the BS gauge by the determinant condition (starting with Csp), and
in the NU gauge by the (rr) Einstein equation and the requirement that 0,8 = 0 (starting with
D 4p and thereby allowing for the trace C' to be non-vanishing).

At the end of the day, after determining the solution space the fall-offs of the components of the

spacetime metric turn out to be
Guu = O(Tz)u Gur = O(To)u JuA = 0(72)7 gAB = O(T2). (24)

The last condition is standard and comes from the leading behavior of (2.3), while the first three
are the boundary conditions used in BS gauge in [67]. These are relaxed with respect to e.g.
[28, 125, 139, 167] due to the presence of the cosmological constant and/or the boundary sources.
It is important to point out at this stage that these relaxed fall-offs are not choices, but rather
consequences of the Einstein equations in the presence of a cosmological constant. Indeed, the goal
of this section is to simply start from the partial Bondi gauge (2.1), together with (2.3), and to let
the Einstein equations determine the solution space without imposing any additional restrictions
(e.g. on the time dependency of gap, on the boundary metric, or on the logarithmic branches). The
resulting solution space then admits the fall-offs (2.4). This is the logic we have followed in [123].
We recall that our conventions and notations are gathered in appendix A. In particular, we
denote by D4 the covariant derivative associated with gap. The angular indices are lowered and
raised with this leading order metric g4p, appart from when we write v4Z, which is the true inverse

to v4B-

Equation (rr)

We start by solving the (r7) Einstein equation, which determines the radial expansion of the function
B. This equation does not depend on A since g, = 0 in the partial Bondi gauge. Explicitly, we
have

B = (287"5 - ar)ar In \/’7 + iar'YABar’YAB' (25)

The equation E,, = 0 is solved by the expansion

5=B0+%+%+%3(5531D7“+ﬁ3) +0(r™Y, (2.6)
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with

E.,. =04 = 81 =0, (2.7a)

E. =0(r™®) = B2 = 31—2([00] —4D), (2.7b)
Bis = —%Ez,

E.. = 0% = (2.7¢)

48 B3 = —12E + 8[CD] + C3 — C <D + T[CC]) + 6L,

where [CD] = CABDyp and D = ¢*BDyp (we refer the reader to appendix A for a summary of the
notations). As expected, since (2.5) is first order in r the solution features an integration “constant”
Bo(u, ). This function parametrizes part of the induced boundary metric (2.26).

The solutions for the various coefficients in the expansion quickly become very lengthy, but
luckily to compute e.g. the symplectic potential we only need to go all the way down to 3. The
other coefficients can be determined analytically using the results of appendix D on the expansion
of the inverse angular metric and its determinant. In order to derive the evolution equations in
the case A # 0 we need in particular to study the subleading structure of the solution space and
to access 4. These subleading terms are also used to illustrate later on the disappearance of the
logarithmic branches in the case A # 0. This subleading structure of the solution space is reported
in appendix F.

Let us now take a moment to explain the different interpretation of the (rr) Einstein equation
in the BS and NU gauges.

e In BS gauge the tensors entering the expansion (2.3) of the angular metric have their trace
determined by the determinant gauge condition as in (3.2). The (rr) Einstein equation then
determines the expansion of 8 in terms of various contractions and traces of the tensors
appearing in the expansion of the angular metric.

e In NU gauge we have § = 3y fixed by the gauge choice, so all the lower orders in S vanish.
Starting with (2.7b) this determines the traces of the tensors appearing in the expansion of
the angular metric. Importantly, one should however notice that in NU gauge the trace C'
is free. In section 4.2 below we will write the explicit form of the expansion of the angular
metric which satisfies the trace conditions imposed by the E,, Einstein equation in NU gauge.

We therefore see the tradeoff between the BS and NU gauges. In both cases there are constraints
on the traces of the tensors appearing in the expansion of the angular metric. In BS gauge these
constraints are imposed by the determinant gauge condition, while in NU gauge these constraints
are determined on-shell by the E,, Einstein equation. The important point is that, at the end of
the day, the NU gauge has one more degree of freedom contained in the trace C.

Equations (rA)

Once the (rr) equation has been solved to determine the expansion (2.6) of 3, we turn to the (rA)
equations to determine the expansion of U4. Once again these two equations do not depend on A

12



since g,4 = 0. We have

1
E,, = ﬁe—%ABaTUB) + (948 = 040, I /7 — 040, — 57acDpOAC. (28)

el

Together with the above solution for £, this equation is solved by an expansion of the form

Ut =Ug + Urfl + [gl + T%(Ulg‘ Inr+Us') + O™, (2.9)

with
Ea=00"% = Ul =205, (2.10a)
Ea=00"% =  Uf= —%e% (20A38350 + DpCAB aAc), (2.10b)
Ea=00"Y =  Uj= —%ezﬁODBEAB, (2.10¢)

where we have introduced the trace-free quantity
1
Lap =D} — ZCCEFB. (2.11)

This new quantity, and later on similar objects denoted with mathfrak fonts, denotes an object which
will be subject to constraints or evolution equations obtained from the (AB) Einstein equations. We
already see that such constraints are related to the fate of the logarithmic terms in the expansion.

Since the equation for U4 is second order, we get as expected two integration “constants”, which
are the vectors Ug(u, 2P) and U$*(u, 7). The former is part of the data parametrizing the induced
boundary metric, while the latter is related to the angular momentum aspect (whose definition is

not set in stone at this stage since it comes from a free integration constant).

Equation (ur)

To study the (ur) Einstein equation, it is useful to rewrite it in a more manageable form (although
as we will see this can lead to subtleties). Using R,, = 0 = R, 4 gives R = 2¢"" R, + ’yAB Rap.
Together with the convenient fact that %" = (gu,) ! in Bondi gauge, this then shows that E,, = 0
is equivalent to 'yAB Ry = 2A. We have

_ |4 o5V (1 1
VR = R+ e 20, (o 74 DA ) 4 e (L det(am) - 500 )0ran) )

1
—e <2e_257AB&«UA6rUB — (204 In /7 + 20, + 2DAU* + U*04)0, In ﬁ)

—204(v*P0pB) — 2v1P(04B)0B(In /7 + B), (2.12)

so the (ur) equation rewritten in this form is first order in 9, V. As expected it will lead to a single
integration constant, which is the Bondi mass aspect M (u,2z4). The equation YABR,p = 2A is

solved by the expansion

V =r3Vis+r*Vig + Vi1 4+ Viglnr +2M 4+ O(r 1), (2.13)
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with
A

fyABRAB —2A = (’)(7“*1) = Vig= 56250, (2.14a)
YABRAg —2A = O(r7?) = Vig = %62500 — 9y In\/q — DAUS, (2.14D)
AVABRup — 2A = O(r3) - Vi1, (2.14c)
YABRAp — 20 = O(r™?) = Vio = —26250 [CL] + 2625057 (2.14d)
and
Vi = _%e%o (R[q] + % <i[0()] _ C; _ D) + 4D 4048y + 8(5A50)(3A50)>
— (200 + Buin vz + DAV + 2004 ) (2.15)

Notice that here again, as for the previous set of Einstein equations, we see the quantity £4p
appearing in the logarithmic term.

We comment in appendix G on an alternative route for determining the expansion in V using
the (ur) equation. This seemingly treats the logarithmic terms in a different way, but at the end of
the day, as it should, the solution space is unambiguously defined once the (AB) Einstein equations
are solved. This is because the two routes for determining V', which involve two different rewritings
of the initial equation E,, = 0, differ by constraints coming from the remaining (AB) Einstein
equations. We now give the form of these constraints.

Equations (AB)

The four Einstein equations discussed above have now determined the radial expansion of the free
functions (3,V,U4). However, we still have three sets of equations to solve, namely (AB), (uu),
and (uA). These equations are going set constraints and temporal evolution equations on the data.

To study the angular equations E4p = 0 it is convenient to split them into trace-free and pure
trace parts given by®

QFB =Gap — %(VCDGCD)’}/AB =0, ’)/ABEAB = ’)/ABGAB +2A =0. (2.16)
Let us now consider the Bianchi identity V,G& = 0 rewritten as 20,,(v/—g G&)++v/—9 G,0,9"" =0,
for a = r. Using the fact that the non-trivial equations in E,, = G + Ag,, = 0 have already been
solved in the previous steps, we can further write the Bianchi identity as G 450,7*? ~ A9, In+ (the
wiggly equality meaning that we have already used some EOMs). Using this it is then immediate
to see that the trace-free part of (2.16), when satisfied, implies the trace part. We can therefore

5Note that here the superscript in EL5 refers to the trace-free part in vap, and not in gap. The various terms
in the radial expansion of this trace-free Einstein equation will therefore not be trace-free in qap.
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focus on the trace-free part. We find that its expansion starts as

Wlow = —¢ 2P Bip, (2.17a)
1 A
EX] o(0) = _Ze—% (CBh 5 +2[CBqaB) — 3Lan, (2.17b)
1
EXslop ) = 76 2 ((ICC] - 4D) B4 5 — 16[£Bg45 — SCRLCHBLP)
A
— e (auSAB +U§ Dofas + Q(ACDB)UOC) — 5 Biap (2.17¢)

where we have introduced the objects

A
B, = geQﬁOC}; + 8%, (2.18a)
Bohp = (Ouln /g —u)qan — (DaUp)) " (2.18b)

Just like £4p which has appeared previously and resurfaces here, these tensors are trace-free. We
give them an interpretation in terms of a shear in section 2.3 below.

Let us take a moment to discuss the meaning of these equations before continuing. At the
leading order, (2.17a) imposes that %f}lB = 0. In the case A = 0, the requirement that ‘B%B =0
is simply relating the time evolution of the leading sphere metric g4p to the time evolution of its
conformal factor, twisted by the presence of the non-vanishing boundary sources Ué“. In the case
A # 0, this equation is the statement that the shear C’}; is not an independent free data, but is
related to the boundary source Ué“ and the time evolution of the boundary metric. This also shows,
as is well-known, that there cannot be any asymptotic shear in the case A # 0 when the boundary
conditions are chosen such that UOA and the time evolution of the boundary metric vanish. At the
next order, on-shell of B4, = 0 equation (2.17b) imposes that A€4p = 0. This is trivial in the
case A = 0, but enforces the constraint £45 = 0 in the case A # 0. This is the condition which
removes the logarithmic branch in (2.9) in (A)dS. Finally, on-shell of B4 ; = 0 only the last line of
(2.17c) survives. In the case A # 0, the requirement that £4p = 0 tells us that E;'f}; has to vanish
as well. In the case A = 0 we obtain however an equation relating the time evolution of £4p to
itself and to the boundary source UOA. This equation, which has appeared in [67] in BS gauge, is
the generalization with boundary sources of the evolution equation in [138]. As expected, we see
how the (AB) Einstein equations constrain the logarithmic terms to vanish in the case A # 0. This
is summarized in section 2.5 below.

From now on we could in principle impose everywhere the on-shell constraints %f}‘ p=0=ALupB
which have been obtained from (2.17a) and (2.17b), in order to display lighter equations. We refrain
from doing so in most of this section (unless otherwise indicated) in order to really display the full
structure of the (AB), (uu), and (uA) Einstein equations which are obtained from the solution
space defined above.

We now continue with the study of the Einstein equations E}; at order r~2. At this stage the
equations start to get too lengthy to be displayed. The explicit expressions for these equations are
however not needed, since we are more interested in their structure and their meaning. We are
indeed going to recover these equations in compact form using the Newman—Penrose formalism in
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section 2.4, and here we are simply interested in identifying where the evolution equations appear.
Let us therefore set g = 0 = U64 at this stage since it will not impact the conclusions we want to
draw. For the next order we then find

2A 2
EXlpon = S Fdip(nr)’ — EOM(Eiap) Inr — SEOM(Eap). (2.19)
The general form of this equation off-shell of the constraints and with A # 0 is given in appendix I.
For simplicity, let us first analyse the logarithmic term (I.2) on-shell of the constraints. This is

1 1 A
EOM(Eja5) = (20, + 0y In \/q) EfS 5 + §(D(AU§’))TF - §E,%213 + §(5 s — 2FNE). (2.20)

With this equation we see the same mechanism as above, differentiating between vanishing and
non-vanishing A. For A # 0 the squared logarithmic term sets F3% 5 = 0. On-shell of the previous
equations (2.17) the logarithmic term then relates F}'{ to E;BY 5. The trace E; is however vanishing
when the partial Bondi gauge is further reduced to BS or NU (either by the determinant condition
in BS gauge, or by the vanishing of (2.7c) in NU gauge). This then implies the vanishing of F}'{
In summary, these Einstein equations lead once again to constraints removing the logarithmic terms
in the (A)dS case. In the case A = 0 however we obtain an evolution equation for E}’f.

Going further, we now study EOM(F 4p), whose general expression is given in appendix I. First
let us display here this equation in the case A = 0, and furthermore go on-shell of the equations
B9 5 =0 and (2.20). We find

1 3

3 —~
EOM(E4B)|,_, = Ouéan — §(D(A7DB))TF - §C£%M\A:0 + *QACECDCEBM

1 1
+ B <SAB — 3EZIZXFB + 202,43) Ouln /g + - <6 C+ R[ ]) Lap. (2.21)

Here we have introduced the so-called covariant functionals. These are the spin-2 £4p5 defined below
n (2.39), the covariant mass M defined in (2.41) and such that in the absence of boundary sources
M‘A:o = M + 1= (0y + 8, In/q) (4D — [CCY), the covariant dual mass M defined in (2.42), and
the covariant angular momentum P4 defined in (2.40). We identify these quantities in section 2.4
as components of the Weyl tensor. The main thing to notice at this point is that E}'; ) is the
Einstein equation which constrains the time evolution of the spin-2.

In the case A # 0 however, one can see on (I.1) that EOM(FE4p) |A7é0 is instead an algebraic
equation which determines F'}}; in terms of 9,E’";. Therefore, unlike in the flat case, the spin-2 is
unconstrained and a completely free data in (A)dS.

At this point one can note, given the lengthy general expression which we have moved to appendix
I, that the tensorial approach in which we compute the components of the Einstein equations by
brute force is perhaps not the most appropriate one. We will indeed recover this evolution equation
in a much more compact form using the Weyl scalars and the Newman—Penrose formalism below
in section 2.4. This is also the efficient way of accessing the evolution equations for the higher spin
charges, rather than continuing with the expansion of Ej'5

16



Finally, as a cross-check we can verify that the trace part (2.16) does indeed contain redundant

information. Its expansion is

1 1 (A
VABE g = _ﬁe—% [CBA] — 53 (3[02] + e 2P0 (2[DBA] - C[C%A])> + 0™,  (2.22)
which is clearly vanishing when the constraints (2.17) are enforced.

We are now left with three Einstein equations involving the retarded time u. On-shell of the
constraints found above from the (AB) equations, these remaining Einstein equations give evolution
equations in u, in particular for the mass and angular momentum aspects.

Equation (uu)

This is the Einstein equation which gives the time evolution of the mass aspect. The expression is
however too lengthy to be displayed here. Fortunately, we will be able below to write a compact
form of this evolution equation using the covariant functionals in the Newman—Penrose formalism.
For the time being, let us simply mention where the evolution equation appears. For this, we can
restrict ourselves for simplicity to the case Sy =0 = Ué“. We then find

—0= 1
Eulggey = —7(8°B%) (2:234)
—0= A 1 1 1
By | = 1B + SN - JDADPBY, - Z[0BY0, In v, (2.23b)
Bo=0=Uo __ A a1 1 1. oF 1 0
Euu‘ow% Y (DAUls + g[Nﬂ] - 6[02](% In\/q + g[C 0,.L] — 5[El% ]| Inr
F M () (2.23¢)

This shows, as announced, that on-shell of the previous Einstein equations, the (uu) equation
controls the time evolution of the mass aspect M, or equivalently of the covariant mass M.

Equation (uA)

We finally turn to the remaining two Einstein equations, which contain the time evolution of the
angular momentum aspect. For generality, let us go once again off-shell of the (AB) equations. We
then find

Eualpp) = —e B UY (2.24a)
A 1 1
Eual o0y = gL',,LUBU(;F‘ + Z6—250 (CBhpUS + 3[CBMUY) - 5DB%QB + 2845086, (2.24D)

At the next order the equation gets too lengthy to be displayed, so let us consider the case of
vanishing sources Sy = 0 = U{f‘, again without loss of generality concerning the general structure of
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the equations. We then find

Bo=0=Up 1
Bualggon* = 7 (2AU% + CEC DB + Bhp DeCiE — BRCDaCEy — ACH DpBEC) |

(2.25a)

o=ty _ 1 [, (1 !
- ?QO(TE)Q)UO -1 [A <2DBE1TBFA n EDA[CQ] _ Ug%ﬁ3> - 3(8,U% + U0, In \/6)] Inr

+0uPA+(...). (2.25b)

The equations (2.24a), (2.24b), and (2.25a) are trivial. Indeed, on-shell we have on the one-hand
that %ﬁB = 0, and on the other hand that AUA?’ = 0 = AL4p (either because A = 0 in the flat
case, or because £45 = 0 when A # 0).

The key point to observe here is that equation (2.25b) gives the time evolution of the (covariant)
angular momentum aspect Py, as well as an evolution constraint on the logarithmic term (2.10c).
Once again, we postpone the investigation of these equations in compact form to section 2.4, where
we will recover them using the NP formalism.

2.3 Geometry
We now comment on the geometrical meaning of some of the quantities encountered above. First,

we compute the induced boundary metric to find [67]

2 A
ds? 7+ = lim (ds ) = —eMdu? + qap (d:BA - U()Adu) (de — UOBdu). (2.26)

r—o0 \ 72 3

This shows as expected that the integration “constants” £y and U(;‘, together with g4 p, parametrize
the boundary metric, and that this latter becomes degenerate in the flat limit.

Let us now introduce vectors whose shear will be related to the constraints derived above, and
which will be used in the Newman—Penrose formalism. First, we consider the two null vectors

Vv
49, = 0, nto, = e 28 (8u + ?3r + UA8A> , (2.27)

r
such that ¢#n, = —1. The vector ¢ is outgoing and tangent to the null geodesics intersecting 7+
along 2-spheres at constant u. The vector n is ingoing, tangent to ZT, transverse to ¢, and forms

with this latter the binormal (¢,n) orthogonal to the spacelike slices tangent to the 2-spheres. Its
radial expansion is given in (C.7). In addition, let us consider the vectors

%4 |4 \%4
Vo, = e2Pn — Zﬁ = 8, + U4, who), = Pn + Zﬁ = <8u + ?8,, + UA8A> , (2.28)
which satisfy

\%4 v
viw, =0, v = —w? =¥, Moy, = Hw, = —e28, ntv, = —nfw, = —. (2.29)
r r
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We are interested in the 2-dimensional asymptotic shear of these vectors. For this, we define the
extrinsic curvature

1
K (X) = Shih £xgas, he = 6 4+l + Oy, homt = Rt =0, (2.30)

which gives

1 1

Kap(l) = §£Z9AB = iar'YABa (2.31a)
1 1 2 c. VvV

KAB(”) = §£ngAB = 56 au'YAB + V(ACDB)U + 587"7,43 , (2.31b)
1 1 c

Kap(v) = §£UQAB =3 (&NAB +v4cDPpU ), (2.31c)
1 1 c .V

Kyp(w) = §£ngB = 5 OuYAB + 'Y(ACDB)U + 737%43 . (2.31d)

Taking the trace-free parts in the transverse metric v4p then leads to the shears

Sap(l) = —% O, (2.32a)
Sap(n) = —%e*% (B 5 + BY5)r? +rSip(n) + O, (2.32b)
San(v) = —%%%Bﬁ + o), (2.320)
San(w) = —5 B +O0). (2.32d)

This shows as expected that C'}'; is the asymptotic shear of the null congruence, and also gives an
interpretation of the quantity ‘Bf}‘ g as a shear which is set to vanish by the (AB) Einstein equations.
It is interesting to note that the term of order O(r) in the shear of n is

Sialn) = ¢ Ka thnt QV“) T — 5084 + (DUUL)™
A
- ﬂ(42,,4,3 + [CC™]qaB). (2.33)

From this we recover the fact that in the flat case, on-shell of %?4 g = 0, without boundary sources
and without time-dependency in /g, the leading order of Syp(n) is the news’ Nap = 0, C5 [17].
In the general case, this suggests to introduce a generalization of the news, which up to a numerical
factor and on-shell of %f}l g =0 = AEL4p is defined from the shear of n as

1
NAB = 6_2'80 |:<8u —+ £Uo — 5 (BU 1Il\/§+ DAU64)> C}% + (D(AUE))TF

A

+135 (CCYE — [CC™qaB). (2.34)

"We thank Ali Seraj for bringing this to our attention, and for suggesting to study the shear of n.
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In the flat case, this is the generalization of the news in the presence of a free time-dependent
boundary metric. In (A)dS this interpretation is not immediate since one should replace the shear
C'); using ‘Bﬁ 5 = 0. We will see below that this generalized news appears, as expected, in the dual
mass and the energy current.

We can now use the properties of the null vector £ to discuss the different roles played by the
radial coordinate in the NU and BS gauges. First, we compute the parallel transport of ¢ along
itself is, which is

Vil = (20,58)0,. (2.35)

Since ¢* = dx*/dr, the fact that in the NU gauge V¢ =0 (by virtue of the gauge condition
Or8 = 0) implies that in this case r is the affine parameter for £. Of course, r is however defined
only up to an affine transformation r — ar + b corresponding to a choice of scaling and origin.
It is precisely this choice of origin which is typically used to set C' = 0 in the NU gauge (see e.g.
[126]). We will see below however that there is a symmetry generator associated with this choice
of origin in NU gauge. This therefore raises the question of whether this symmetry could be large
and associated to a non-vanishing charge, as in the three-dimensional case [123].

Finally, in order to understand the role of the radial coordinate in BS gauge, we compute the
expansion of £ to find

4
r vy 2
O) = g Ky 0) = 0, In /5 = -0, (74) 2. (2.36)
This expansion is the rate of growth of the cross-sectional area of the geodesic congruence as one
moves along the parameter r. When the determinant condition is imposed in order to reach the BS
gauge, this area is proportional to r? as in flat spacetime, and r is called the areal distance.

2.4 Newman—Penrose formalism

In section 2.2 we have obtained the solution space, but we are still missing part of the evolution
equations (although we have identified where they are encoded in the tensorial Einstein equations
E., = 0). An efficient and elegant way of obtaining these evolution equations is to use the Newman—
Penrose (NP) spin coefficient formalism [8, 9, 168, 169], where they are encoded in the Bianchi
identities. To setup the calculation, let us introduce the null frame fields

er =/, €9 = mn, e3 ==1m =, /P;Ljf (\Mb Oy — i8¢> ) eq =M. (2.37)

60
These are such that ¢#n, = —1 = —m“ﬁzu with all the other contractions vanishing. The spacetime
metric® is g = efej’fnij, where 7 is the Minkowski metric with n'?> = —1 and 73* = +1, and the

angular metric is yap = my AT B)- Notice that because of the doubly-null choice of internal metric
the dyad on the sphere is complex.

8Note that our choice of signature for the metric is opposite to that in e.g. [3, 9, 168, 169]. As a result, the NP
evolution equations (2.53) have a change of sign in front of all the spin coefficients.
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The NP formalism relies on the use of the spin coefficients, whose expression in the partial
Bondi gauge is given in appendix C. One can check that these expressions are consistent with the
geometrical meaning of the coefficients’. We have in particular that x = 0 since ¢ forms a null
congruence, and € + € = 20,3 since these geodesics are not affinely parametrized (unless we are in
NU gauge). Since p € R this null congruence is hypersurface orthogonal (and the rotational optical
scalar w = Im(p) is vanishing), meaning that ¢ is proportional to the gradient of a scalar field. It is
however not equal to the gradient of a scalar field since @ + f — 7 = —2m?943 # 0. Finally, the
tetrads n, m,m have a non-trivial parallel transport along ¢ since 7w # 0 # € — € [168].

We also give in appendix C the radial expansion of the spin coefficients, which is needed in
order to write down the expansion of the NP evolution equations. These evolution equations are
expressed in terms of the Weyl scalars, which we now compute, before studying the case A = 0 and
then the Bondi mass loss for (A)dS.

Contrary to the previous section where we have stayed off-shell of the constraints coming from
the Einstein equations in order to display the structure of the said equations, here we are going to
make repeated use of the constraint ‘Bﬁ 5 =0 as well as AL4p = 0 (which holds either trivially in
the flat case, of because the logarithmic term has to vanish in (A)dS). One must therefore keep in
mind that most of the expressions written here are obtained on-shell in this sense.

2.4.1 Weyl scalars and covariant functionals

The Weyl scalars are defined as contractions of the Weyl tensor with the null tetrad (2.37), which
can then be expanded in terms of the dyad for the angular metric. In order to compute these Weyl
scalars we first define the rescaled frame m4 = r/m4. With this, on-shell we find

Wo = —Wimem = i,ﬂABm mP + 1—3EZABm mB + SABmAmB + (’)(756), (2.38a)
Uy = —Wongm = lnTDB,SABm +- PAm + O, (2.38b)
Uy i= —Wimmn = _Q(Wznm - Wenmvﬂ) = 73(/\4 +iM) +0(r™), (2.38¢)
U3 = —Whmne = T—éjAmA + 03, (2.38d)
Uy e — Wy = %NABmAmB + o). (2.38¢)

—1 gince the frame m? itself is

It is important to note that this is not yet a true expansion in r
r-dependent. We come back to this important point below. The coefficients appearing here are
however r-independent, and given by functionals which we now discuss.

First, in Wy, after two terms due to the logarithmic branches, we find the so-called covariant

Tt is always possible to perform gauge transformations of the tetrads so as to set some of the coefficients to zero,
but this is not necessary for our purposes. We note that in the tetrad formulation of gravity, where the frames are
the fundamental variables, it could be that some of these transformations are not pure gauge but become large.
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spin-2 aspect defined as

5 1 3
Eap = 3E}5 — 5 g — §C£AB + E(JIQ’B([CC} —4D). (2.39)
In ¥, we find the covariant momemtum
3 4 3 _
Pai=—5e 2Woys — 40P By — 5DBs:AB + 3—2e2ﬂoa,4 (e72P (4D — [CCY))
3
+ ZCAB(CBC dcBo — 0P C + DcCPC). (2.40)

In ¥y we find the covariant mass
1
M= e M + Ee—% (0w + OuIn/q + Ug'da + DaUG) (4D — [CCY)
A
+ (84C — DC*B) 4B + 5 (B —4E), (2.41)

and the covariant dual mass

—~ 1 1
M = (8NAB - 4DADB> BC(Cca)™, (2.42)
where €18 = 6AB/\/(} is the Levi-Civita tensor with respect to the leading metric and 48 the

Levi—-Civita symbol. Here we see the explicit appearance of the generalized news (2.34). The mass
and its dual together define the complex mass M¢ := M + iM.

The covariant mass M, angular momentum P4, and the tensor £4p, which have respective spin
0,1,2, are built from M, Ui, and E4p, which are the terms of order »~! in the gyu, gua, and gan
components of the metric. They are responsible in the flat case for the leading, subleading, and
sub-subleading soft graviton theorems respectively [55]. Interestingly, the spin-2 is also involved in
a subleading symmetry and a class of memory observables which are non-local in time [56, 170, 171].

The other covariant functionals are a bit lengthy to write down in the general case, so we turn
off some boundary sources in order to keep the expressions simple. In U3 we encounter the so-called
covariant energy current, which for UOA = 0 is given by

1 1 A 1
Ja = 5D Nap + J04Rlq) - & <PA +3 (CTBFCDB & — CABDeCR + DB(CC’}%)>> . (2.43)

Finally, U4 contains the radiation tensor, which for 5y = 0 and U64 = 0 is given by the trace-free

expression
A2 A2 TF TF A TF
Nap = 56548 — Q[CC CAB — ER[Q]CAB
1 1 A 1
+ §6u <NAB — 50};%% In \/§> - ZQAB <[NC’TF] — i[CCTF]Gu In \/6)
1

1 A
-3 <DA83 — 2qA3D080> Oy In \/q + o (D(Apccgc - qABDCDDCED). (2.44)
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One can see that this radiation tensor is non-vanishing even in the case Ngp = 0 of vanishing news,
signaling that the enlarged solution space which we are considering allows for shear-free gravitational
radiation [172, 173|. This is sourced by the non-trivial time-dependency of the boundary metric
and by the covariant spin-2, and is a necessary ingredient in order to have non-trivial radiation in
(A)dS.

One should however keep in mind that there is so far no well-understood notion of news and
radiation in (A)dS, so the name of N4p might be a misnomer. It is however possible to identify from
this tensor an important quantity which appears in the (A)dS mass loss and which is conjugated to
gap in the (A)dS symplectic structure. This is the trace-free tensor

2
SAB = N4B 4 gﬁgAB : (2.45)

In BS gauge this reduces exactly to S48 = —A2J48 /6 where JAB is (2.41) of [67].
It is interesting to notice that in the flat case and without boundary sources the radiation tensor
can be rewritten in terms of the time derivative of the generalized news as

1

1 1
Naply_y = §6UNAB|AZO 5 <DA33 - 2qA3D060> uln\/q. (2.46)

This can be rewritten more compactly if we introduce the Geroch tensor [174] (see also [34, 175, 176]).
For this, we use the fact that any metric on the two-sphere can be written as g4p = eq’qj 5> Where
® is a time-dependent conformal factor (sometimes called the superboost field [175]) and ¢ 5 is the
metric of the round two-sphere with R[¢°] = 2. Introducing the shifted generalized news

R 1 TF
Nap = Nap — Tas, Tap = <DA8B(I) + 53,4@ 3B@> ; (2.47)
we then find that the radiation (2.46) can be written as

1. .
Nal,_, = §8uNAB~ (2.48)

The Geroch tensor T4 g is sometimes called the vacuum news. Furthermore, since the Geroch tensor
satisfies

1
DATyp + 0BR[] =0, (2.49)
we see that the first two terms in the covariant energy current are
1 g
Talao = §D Nas. (2.50)

We therefore consistently recover the relationship between the radiation, the energy current, and
the shifted news (which is also called covariant news) in the case of a time-dependent boundary
metric. It would be interesting to study further the proper notion of shifted news in (A)dS and/or
in the presence of the boundary sources.
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We now turn to an important remark about the Weyl scalars and the covariant functionals
computed above. These “covariant functionals” generalize the expressions identified in [124, 125],
using a symmetry argument, as the objects transforming as primary fields (i.e. homogeneously)
under the action of Diff(5?) x Weyl. We will see below, when computing the transformation laws,
that the presence of the logarithmic terms does however break the covariance property of some of
these functionals. We therefore use the terminology “covariant” in an abuse of language, to simply
denote the fact that these expressions are identified as components of the Weyl tensor, and that
they generalize the expressions of [124, 125].

An important point to notice is that the scalars (2.38) are computed from the projection of the
Weyl tensor onto the full -dependent spacetime tetrad (2.37), and not from the projection onto
the leading components of this tetrad. Because of this, the expressions in (2.38) as they stand are

1 since the frame mA itself is r-dependent. We will see below the

not genuine expansions in r~
important implications of this simple fact for the consistency of the formalism.

Finally, we should comment on the fact that the inclusion of logarithmic terms in our solution
space also has an impact on the peeling properties of the Weyl tensor. Indeed, we see in (2.38)
that the fall-off of this latter depends on whether the logarithmic terms are present or not. In the
absence of logarithmic branches (which is always the case in (A)dS while it is a choice in the flat
case), we have the standard Penrose-Sachs peeling with fall-offs Uy, = O(r¥=?) for k € {0,1,2,3,4}.

In the presence of the logarithmic branches we get the relaxed and non-smooth fall-offs

vhoo1
Uy = 77? + 7“75(‘1165 Inr +¥5) + O(r°), (2.51a)
1
Uy = (W + 0y) + O(?), (2.51D)
Uy, = OFF5) for k € {2,3,4}). (2.51c)

While this peeling is obviously weaker than the Penrose—Sachs condition, one should keep in mind
that this latter is simply an hypothesis, which might be too restrictive as has been discussed by sev-
eral authors [127, 138, 141-147]. The fall-offs (2.51) are for example consistent with the hypothesis
used in the study of the global non-linear stability of Minkowski spacetime [177], which is

Uy = O~ 2) for k € {0,1,2}, U = O>rF) for k € {3,4}. (2.52)

Here, instead of imposing a priori fall-off conditions we have chosen to simply follow the structure
imposed by the solution space. In the presence of the logarithmic branches, the study (deferred
to future work) of the symplectic potential, the charges, and of the possible interplay with the
memory effects and the logarithmic soft theorems [151-153], will give possible physical criteria for
interpreting the relaxed non-smooth peeling.

2.4.2 Evolution equations for A =0

The evolution equations for the above functionals can now be derived from the NP formulation in
terms of spin coefficients [169], where they are encoded in the Bianchi identities. They take the
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form'°
n*0, Vo = mt0, W1 — (4y — pu)¥o + 2(27 + B)¥1 — 30Uy, (2.53a)
n“aﬂ\lll = m”@ulllg —v¥y — 2(’)/ — ,U,)\I’l + 37¥y — 20V3, (253b)
n“au\lfg = m'uau\l’?, — 20U + 3uPsy — 2(,3 — T)\Ilg — oWy, (2.53C)
n*0, Vs = mt0, Vs — 3vWa +2(2u + 7) V3 — (48 — 7)¥4. (2.53d)

It should be noted that these NP evolution equations are in fact also valid in the case A # 0 (see e.g.
[82] or the appendix to [169]). As we will see in the next section, considering A # 0 only modifies
the expansion of the spin coefficients and of these evolution equations.

In order to expand these evolution equations, we first have to rewrite the scalars (2.38) in a
true Taylor expansion. We will then check for consistency that these NP evolution equations are
consistent with the evolution equations derived above from the tensorial Einstein equations, and
then write the mass loss formula in (A)dS.

Expansion of the Weyl scalars

In order to obtain the genuine Taylor expansion of the Weyl scalars, we need to take into account

the radial dependency of the dyad. The rescaled frame m? = rim? admits the expansion
mA
mA =mi + —L + O(r2), (2.54a)
r

+1

mi = 200 (M 5 — i5£> , (2.54b)
2q 06

1 _ 1 .-

mi = 1 (C’g (mf —2mf) - (C’chOBTrLOC)mé4 — QCmE?) , (2.54c)
and similarly for the complex conjugates mg‘ and m{‘. The leading frames mg‘ and m()“ are null in
the leading metric g4p, and are related to this metric and to the volume form by ¢*f = méAmaB )
and e1B = —imgAmg ], where the bracket denotes anti-symmetrization. They also satisfy important

relations given in appendix C, and which we use repeatedly below in order to establish the dictionary
between the NP formalism and the tensorial Einstein equations.
Using the above expansion of the frame we can now rewrite the expansion of the Weyl scalars

Due to an opposite choice of signature for the metric there is a change of sign between the equations displayed
here and e.g. reference [169].
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(2.38) as'!

vhoo1

Ty = Tf T 75(\1;{)5 Inr +Wg) + O(r~°), (2.55a)
1

Uy = (U Iy 4+ 05) + O(r?), (2.55b)
1113

Uy = 732 + 0>, (2.55¢)
\1]2

Uy = 723 + 03, (2.55d)
\Ifl

U, = 74 +O(r7?). (2.55¢)

In this genuine expansion in r~", the “coefficients” which appear in the “fake” expansion (2.38) are
mixed due to the radial dependency of the sphere frames. This does not affect the leading terms in
the (polyhomogeneous) expansion, but is evidently important to take in to account when computing

5

the subleading terms. For example, in ¥ the term in 7 is modified and we have

Ud = &= Lapmim¥, b = & = 3Ef ymimB, WO = E+28smimP,  (2.56)

where £ :== &4 Bmg‘m(])g . For ¥; the overleading logarithmic term does not propagate to the covariant
momentum, and we simply have

it = DB apmd, Ul =P =Pami, (2.57)
while for the other scalars we simply get the leading contributions
U3 = Mc = M +iM, U2 =T = Jami, Ul = N = NapmimE.  (2.58)

We will come back to the study of the subleading components (which in particular for ¥y contain
the spin-s charges) in future work. It is clear that each subleading components W7, when written
in terms of tensors and frames, will involve the contraction of overleading coefficients in (2.38) with
subleading coefficients in the expansion (2.54a) of the frame (as it already happens for ¥3).

NP evolution equations

Let us now present the expansion of the NP evolution equations (2.53). Our goal is to verify explicitly
that these equations match the evolution equations derived in section 2.2 using the tensorial Einstein
equations. Once this check is done, we can then rely on the NP equations to write the evolution
of the mass and angular momentum, which we are still missing at this stage. We choose to turn
off the boundary sources, i.e. set fp =0 = U64 at this stage. The study of the NP equations with

"Here the notation U} denotes the coefficient at order =" in the expansion of ¥y, and ¥ denotes a term in

r~"Inr. This differs from the notation which is traditionally used to expand the Weyl scalars [126, 161, 162, 169],
where authors use ¥¢ to denote the leading term in each expansion. The notation used here will be more handy
when studying the subleading components of the Weyl scalars and the Newman—Penrose charges.
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boundary sources is postponed to future work. We also initially set A = 0 in order to study the
effect of the logarithmic terms. On-shell of the constraint B9 5 = 0, we then find that 7o in (C.3a)
reduces to 4y = —0,In /7.

We now expand (2.53) and collect the relevant equations. First, expanding (2.53a) at order
O(r=—*) gives

(Ou —470)L = 0. (2.59)

The expansion at order O(r~°) gives
(8 — 670)¥F = (m{'oa +2p:1) W, (2.60a)
(8w — 670) W§ = (m{da +2B1)P — 302 Mc — 270V§ + (11 + 2Vi1 — 4m) £, (2.60b)

where the first equation comes from the Inr term. Note that here ; is the term in the expansion
(C.2Db) of the spin coefficient 3. Expanding (2.53b) at order O(r—%) gives

(0 — 670) Tt = 0, (2.61a)
(8 — 670)P = mg 9aMc — 202T — 2700 — 1L, (2.61b)
where the first equation comes from the In7 term. Expanding (2.53c) at order O(r~3) gives
(8 — 670) Mc = (m§'9a —251)T — 02N (2.62)
Finally, expanding (2.53d) at order O(r~?2) gives
(O — 670)T = (m{foa — 451N (2.63)

These are the evolution equations for the covariant functionals and the logarithmic terms. We can
now check the consistency of these evolution equations with the ones derived directly from the
tensorial Einstein equations in section 2.2.

Consistency with the tensorial Einstein equations

Let us first note that in the absence of boundary sources and when A = 0 the on-shell constraint

B9 5 = 0 plugged in (C.4) implies that 20,m{' = —9,, In \/gm{' = 4yym{'. This implies immediately

that (2.59) is equivalent to the evolution equation (9,£4p)mgmE = 0, consistently with (2.17c).
Similarly, these relation together with (C.6d) can be used to rewrite (2.60a) in the form of the

projected equation
TF TF 2 C A __B
200E/s g + Ej 50y In\/q — gDAD Lpc | mimy =0, (2.64)

which is equivalent to (2.20) for A = 0 since the trace-free part of the last two terms in the bracket
do not contribute by virtue of the nullness of mg‘ in gap.
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Then one can check the equivalence between (2.60b) and (2.21). We can obtain the former by
contracting the latter with m()“mOB , and using the fact that in the absence of boundary sources and
for A = 0 we have

1
2(8y — 670)Lapmim? ~ (700 — 50uC - 471> £ (2.65)
on-shell of 0,L4p = 0, as well as the identity (C.6d). Equivalently, we can also use this on-shell
relation (2.65) to rewrite (2.60b) as

3 1
(0 — 670)E = (Mm{da +261)P — 302 Mc — 270E — <4R[q] + 5(8“ - 270)0) L, (2.66)

which is the contraction of (2.21) with m§mf. We see that although (2.60b) initially involved
WP, and therefore an object contracted with both m64 and m‘f‘, it is possible to use other evolution
equations to obtain the rewriting (2.60b) in terms of projections solely on the celestial sphere. We
expect that the same mechanism will work for the subleading evolution equations, and that they
can therefore all be rewritten as projections onto the leading frames.

One can then check that (2.61a) is equivalent to (0,U% + U39, In/q)m{ = 0, which is the
evolution equation obtained from the logarithmic term in (2.25b).

Next, one can show that (2.63) is tautological and implied by the definition of the energy current
J and the radiation N, consistently with the fact that we have not encountered this evolution
equation in the tensorial Einstein equations. Indeed, using (C.6e) one can show that (2.63) is the
contraction with mg‘ of the tensorial equation (Ou — 470)j 4 = DPN g, which in turn follows from
the above definitions of the energy current and the radiation tensor.

We are now left with two evolution equations which we have not yet derived from the tensorial
Einstein equation (although we have identified where they appear). This is (2.61b) for the angular
momentum and (2.62) for the mass. To obtain the tensorial form of (2.61b) we use (C.6f) and
(C.6g), and also the fact that without boundary sources and in the flat case vy = 2771()48,470. With
this one can show that the NP equation is the contraction with mé of the evolution equation

(0u — 470)Pa = OaM + eapd® M + CEH TP — 2DF (1oL4p). (2.67)

This shows that the contribution from the logarithmic branch does not affect the evolution of angular
momentum when integrated on the celestial sphere.

Finally, we can write the tensorial form of the evolution equation (2.62) for the covariant mass.
Using the identities (C.6h) and (C.61) we get

1 1
(8, — 670) M = 5DAJA + ZCAB/\/'AB. (2.68)
This is a version of the flat Bondi mass loss. One should however note that here it is written in terms

of the covariant mass M and not the bare mass M, which is why the term in addition to the angular
divergence on the right-hand side is not negative semi-definite. In order to get the more familiar
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Bondi mass loss in terms of M we should use (2.41). In BS gauge and without time-dependency of
the boundary metric (2.68) reduces to the familiar Bondi mass loss

1 1
DM = 5DAJA — gNABNAB. (2.69)

The two definitions of the mass M and M therefore differ in these two key properties: the former is
covariant under the action of BMSW [124] and appears as a Weyl scalar, while the latter satisfies a
manifest mass loss formula at each u when integrated on the celestial sphere. One should however
notice that upon integration over Z* the integrated flux-balance laws for M and M agree.

Removing the logarithmic terms

For comparison with previous results in the literature let us consider the case without logarithmic
terms. The above evolution equations in NP form then read

(0w — 670)T = (m{oa — 4B1)N, (2.70a)
(8 — 670) Mc = (mida —261)T — 02N, (2.70b)
(8 — 670)P = mg 9aMc — 2027, (2.70c)
(8u — 670)E = (m{da + 251)P — 302 Mc, (2.70d)

and are organized in a hierarchy with the functionals successively sourcing each other.

At this point it becomes convenient to assign “quantum numbers” to the various functionals,
which can be used as a book-keeping device for the structure of the various equations (such as the
evolution equations and the transformation laws). These are the conformal (or scaling) dimension
w, the spin j, and the Newman—Penrose spin (or helicity) s. The conformal dimension assigned
to the line element is w(ds?) = 0, while for the coordinates (and their differential one-forms)
w(u) = —w(r) = w(z?) = —1 and for the vector fields w(d,) = —w(d,) = w(da) = +1. The
terms in the expansion of y4p and U# start respectively with w(gap) = 0 and w(U') = 0, and
then have increasing conformal weights. Then, we assign spin j > 0 to objects with j lower angular
indices as j(v4p) = 2, and spin —j < 0 to objects with j upper indices as j(UA) = —1. Finally,
the frames are assigned an helicity (or spin-weight) s(m§) = +1 and s(m§) = —1, while they both

have w(m{) = w(mg) = 0 and j(m§') = j(md)

= —1. Full contraction with the frames therefore
returns a scalar and trades spin j for helicity s. For example T4p with weight w and spin j = 2
gets mapped to the scalar (i.e. spin j =0) T = TABmOAm{)B with weight w and helicity s = 42.
The NP evolution equations can then be rewritten more compactly if we label the various
functionals by their helicity as Qs = ‘Ifgfi = {N ,J, Mc,P,E } and introduce the spin-weighted

derivatives
By = Ou +2(j — w)0, 3= (mjoa+2sB1), 3= (mj0a — 25B1). (2.71)
The equations (2.70) then take the simple form

0,9Qs =0Q5-1 — (s +1)02Qs_2, for —1<s<2, (2.72)
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where the various weights and helicities are given by!'?

N T | Mc|P|EE|L|T,]0]| g Yo | M1 ,81 092 mg‘ ’fné
s | —2| -1 0 112212 0 1(-11]0 0 1 2 1 -1
w | 3 3 3 313|132 1|1 2 1 2 1 1 0 0

We recover the equations of motion written in [161], with the functionals Qs now generalized to the
partial Bondi gauge. In the presence of the logarithmic terms there is no such compact rewriting
of the evolution equations (although of course each evolution equation can be written separately).
Even in the absence of logarithmic terms, the subleading evolution equations become quite intricate
[162].

One should note that the subleading component mf of the frame, given in (2.54c), does not
posses a definite helicity. Because of this, the subleading evolution equations (or the leading equa-
tions in the presence of logarithmic terms) will involve terms which also have no definite helicity.
For example W) has no definite helicity since it involves the term in (2.92). This is also the case
of the spin coefficient «; appearing in the evolution equation (2.60b), as can be seen in (C.3b).
The terms in the radial expansion of the spin coefficients may also have no well-defined helicity
(see footnote 12). We will encounter below examples of quantities which can be rewritten on the
celestial sphere (i.e. on a basis of leading frames m{') but which have no well-defined helicity. This
is the case e.g. for (2.92). This mixing of helicities is a genuine feature which cannot be bypassed.
We also note that this mixing was observed in celestial OPEs [44, 54].

2.4.3 Evolution equations for A # 0

We now briefly study the evolution equations in the case of (A)dS, focusing in particular on the
evolution of the mass. When A # 0, the NP evolution equations are still given by (2.53). Now
however, because the vector n and some of the spin coefficients contain overleading terms with
respect to the flat case, some coefficients and Weyl scalars have to be expanded further. Using the
same notation as above (and again setting the boundary sources to zero) we then obtain evolution
equations which can be repackaged in terms of the spin-s functionals as

<z~5u st 1)CQS> 0, =80, 1 — s+ )o@ + TS (2.73)

for —1 < s < 2. We see that A # 0 brings in the subleading terms \If;"fi in the expansion of the
Weyl scalars.

Let us now focus on s = 0 in order to obtain the evolution of the mass in (A)dS. In order to
compute U3, we need to also extend the solution space to subleading order. This subleading solution

12Note that the spin coefficients v and o only have a well-defined helicity in the case A = 0 and A = 0 = U
respectively. The helicity of p1, £1 and o2 is however always well-defined.
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space is given in appendix F. With this we can continue with the expansion (2.55¢) to find

VS|
U, = 732 + T—4(\Il% + ol Inr) + O(r=), U3 = Mc. (2.74)

The general off-shell expressions for Re(\IJ‘QL) and Re(‘11124) in the case of an arbitrary cosmological
constant are reported in appendix F. For A # 0, all the logarithmic terms disappear on-shell of the
constraints, one has Re(\Il124) =0, and we are left with

1 3 A
Re(¥3) = —§DA7?A — OM+ ﬂCABE/“?. (2.75)

The NP equation for the evolution of the mass is then

A A
(0w — 670) Mc = (m§0a — 251)T — 02N + ch@ - gqf;. (2.76)
Using the fact that (C.3a) gives 4Re(v9) = V9, the real part of the above equation finally leads to

the (A)dS mass loss formula

A

A 1 1

This is in agreement with (2.52) of [67]. One can indeed check with some rewriting that in BS gauge
and in the absence of logarithmic terms we have J4 — AP4/6 = —AN(‘;‘\)/3 and SAB = —A2J4B /6,

JAB are the quantities defined respectively in equations (2.40) and (2.41) of [67].

where N(’?\) and
We note that when A = 0 the functional S48 reduces to N45 . so that the above evolution equation

reduces to its flat limit (2.68).

2.5 Intermediate summary

Starting from the partial Bondi gauge including logarithmic terms in (2.3), we have solved the
Einstein equations in a radial expansion for an arbitrary value of A. We summarize in table 2 below
the structure of the solution space and the role of the various constraints and evolution equations.
The data which is a priori free is given by the mass M, the angular momentum Ug“, the boundary
sources [y and U(;‘, and the (smooth and logarithmic) components of the angular metric. We have
seen and we recall below how some of this data can be repackaged into covariant functionals, which
are the quantities appearing in the NP formalism. Some of this data is also subject to evolution
equations or constraints, such that at the end of the day not all the data is free. This turns out to
depend on whether the cosmological constant is vanishing or not. We also recall in the table below
which assumption (if any) on the boundary sources has been used at which stage. This indicates
what has to be relaxed in future work.

In the case A # 0 the Einstein equations enforce the vanishing of the trace-free parts of the
logarithmic terms. We gather in the table the location of the various equations which remove these
logarithmic terms at the first few orders. When further completing the partial Bondi gauge to reach
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the BS or NU gauge, there are then constraints on the traces of the terms in the expansion of v4p.
In particular, it is important to notice that the traces of the logarithmic terms are always vanishing
in BS or NU gauge on-shell of the A # 0 Einstein equations. This vanishing is imposed by the
determinant condition in BS gauge, and by the vanishing of § at all orders in NU gauge. This
happens at all order and with all the logarithmic terms, and the final result is that there are no
logarithmic terms in the (A)dS solution space.

Moreover, when A # 0 the shear C’}'; is completely determined in terms of the boundary
metric (more precisely U64 and the time derivative of g4p) through the constraint %QB = 0.
This is drastically different from the flat case, in which C'}; is free and independent from gap.
As explained in [67], the (AB) Einstein equations give at every order an equation of the type
Mg = 8u’}/2_31 + (...) for n > 1. This therefore does not constrain E4p in terms of the time
evolution of Dgp since n > 1. For example equation (I.1) shows that F'}; is indeed determined
by 0,€ap (which contains 0,E7%). This means that the solution space is entirely determined by
11 functions of (u,z?). These are the 8 unconstrained functions (B, Ué“,qAB,Efl%), and the 3
functions (M, U3') subject to evolution equations. By contrast, in the flat case the equation (I.1)
has to be interpreted as an evolution equation constraining E';. It is therefore interesting to note
that, in (A)dS where E}}; is unconstrained, this field sources the mass loss (2.77) together with the
radiation tensor. E}}; is therefore part of the radiative data in (A)dS, even when d,qap = 0.

When A = 0, nothing prevents the logarithmic terms from being included in the solution space,
and they are furthermore subject to evolution equations which we also recall in the table. These
evolution equations depend only on the boundary metric and are not sourced by the shear. Among
the data there are, first, the 6 functions (S, Ué“,qAB) with the time evolution of ¢4p constrained
by %?4 g = 0. There is then an infinite tower of functions appearing in the radial expansion of the
angular metric (namely E}';, F15, ...) and admitting a non-trivial time evolution as in (I.1) [28].
The logarithmic terms have a non-trivial time evolution as well, but this latter depends only on
the boundary metric and sources, as for example in (2.17¢) and (2.20). When the boundary metric
has no time dependency and the boundary sources are turned off, the evolution of the logarithmic
terms in y4p can be integrated. For example £4p is a constant of the motion by virtue of (2.17c¢),
and therefore Ejqp evolves linearly in u according to (2.20). This is in accordance with equation
(12) of [138], which is a particular case of our evolution equations.

In summary, the solution space contains an infinite tower of constrained functionals Qs>9 in the
flat case, together with possible logarithmic terms if one chooses to include them in the solution
space. We will come back to the study of these higher spin functionals in future work as here we
have stopped at s = 2. In (A)dS, on the other hand, the quantities Q41 are fixed algebraically by
the time evolution of Qg, leaving only Qo ~ & free [67]. This is the reason for which, in the last
three lines of table 2 below, we have written that (2.73) gives the evolution equations for Qg with
s > 2 only. Indeed, for s = 2 the equation for Qs is (I.1), which is not an equation constraining
E’\'; but rather an equation determining F7}; in terms of 0, F ;.
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condition on A quantity or equation notation and origin simplification

— mass and momentum M and U3 -

— boundary sources Bo and U()4 —

— smooth terms in yap qaB,Ca,Dap, Fap, ... —

— logarithmic terms in yap EiaB, FiaB, Fi2ap, - - -

- covariant spin-2 Eap (2.39) —

- covariant momentum Pa (2.40) -

- covariant mass M (2.41) -

— energy current Ja (2.43) U =0

— radiation Nap (2.44) Bo=0=Ug

- C=0 BS gauge (3.2a) -

- E =0 BS gauge (3.2c) or NU gauge (2.7¢) -

— F2=0 BS gauge (3.2d) or NU gauge (F.1a) —
A#0 F,=0 BS gauge (3.2d) + E% o) -
A#0 F,=0 NU gauge (F.1b) + E’ o) -

Lap=0= Ul‘g EXFB‘O(TO) & (2.17b) -

A0 Efg = B o1y (2.17¢) -
Fiap =0 ABl -2y © (2.20) -

Fit,=0 Bl op2) & (219) -

— evolution of g4p EE%‘O(T) : %ﬁB =01in (2.18) —
evolution of E4p EQFB}O(T_Q) & (2.21) & (2.60b) Bo=0=Ug
evolution of P4 E“A|(’)(r*2) & (2.67) & (2.61b) Bo=0=Us

A=0 evolution of M E““‘O(rﬂ) < (2.68) & (2.62) Bo=0=Us
evolution of £4p EES"O(T*U < (2.17c) = (2.59) -
evolution of ETF, EXE|oq2) © (2:20) & (2.60a) Bo=0=Ug
evolution of U Egi\‘O(r% & (2.25b) < (2.61a) Bo=0=Us
evolution of Qs (2.73) Bo=0=Ug

A#0 evolution of M E““‘O(T*Z) < (2.76) & (2.77) Bo=0=Us

determination of F{’; EE%‘O(T,Q) < (I.1) Bo=0=Us

Table 2: Structure of the solution space in partial Bondi gauge.
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2.6 Asymptotic symmetries

Although the partial Bondi gauge is an incomplete gauge fixing, it still enables to define residual
symmetries and to compute the ensuing transformation laws. This is because the radial expansions
of all the free functions in the line element (2.1) have been determined. We can therefore obtain
general expressions for the asymptotic symmetries and their action on the solution space, before
then reducing these expressions to the BS or NU gauge. For this let us first derive the expression
for the vector fields generating the residual symmetries.

2.6.1 Vector fields

Preserving the partial Bondi gauge, i.e. imposing £¢g,r = 0 = £¢g,4 = 0, imposes that the vector
field &€ = €49, + €70, + €404 has temporal and angular components given by

&=, A=yvA4T4, (2.78)
with

o f =0=20,Y4, 4 = — / dr’ 2Py ABog f. (2.79)

From this we can already compute the Lie derivatives

Levap = (fOu+ £y + £1)7aB + £ 0vaB — YacU0p) f, (2.80a)
Lelny = (fO, 4+ €0,) Iny + 2D — 20404, (2.80b)
Legur = —€* (269008 + 0,6" + UA0af + Ouf). (2.80c)

These expressions will be used below in sections 3 and 4 when looking at the conditions which
preserve the BS and NU gauges.

The radial part of the vector field is then determined by the requirement that (2.80a) be com-
patible with the ansatz (2.3). Preserving the form of the angular metric imposes that the radial
part has an expansion of the form
& 1

¢ =reh G+ 20+ (Rl +&) + 007, (2.81)

where the various coefficients of the expansion are a priori arbitrary functions of (u, xA).

In summary, the residual symmetries are generated by £, parametrized by the free functions of
(u, 2) which are the supertranslations f, the superrotations Y4, and the functions appearing in
the expansion of . These vector fields preserve the on-shell fall-off conditions (2.4) without any
extra restrictions on the generators. The functions appearing in the expansion of £ are for the
moment arbitrary, but will be determined in terms of the field content of the solution space upon
reduction of the partial Bondi gauge to the BS or NU gauge. Since the choice of BS or NU gauge
amounts to a choice of radial coordinate, it is natural that this is what determines the form of the
radial component of the vector field. We show below in section 3 that in BS gauge £" contains a

single free function (in addition to f and Y4), which appears at order O(r) and parametrizes Weyl
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transformations. In section 4 we then show that in NU gauge in addition to this Weyl parameter
there is a free function also at order O(r?), which parametrizes the radial translations. One should
then compute the charges in order to see which part of the vector field is actually associated with a
true (i.e. non-gauge) asymptotic symmetry. We know that the Weyl transformations are associated
to a non-vanishing charge [125], and are therefore physical, while for the radial translations there
is so far no computation of the charge. This lengthy task is postponed to future work, and for the
time being we focus on the algebra and transformation laws.

2.6.2 Transformation laws

In order to obtain the transformation laws of various functionals on phase space, we first expand
the angular part of the asymptotic Killing vector as
I PO e
gA=yA T 122 133 opY
r r r

LA o (P AP AB |, _AB 4
—Y4—¢ - + 55 (2602477 +747) ) OB f + O(r7Y), (2.82)

r 2r2 3r

with By and 4B given respectively in (2.7b) and (D.7a). The transformation laws for the boundary
sources and volume element are

e In\/q = 26", + fO,In\/q — U'oaf + DaY?, (2.83a)
1

S¢Bo = (fOu+ £y)Bo + 3 (&1 + 0uf + Ugtoaf), (2.83b)

5eUS = (fOu + £y + 0uf + U 0c f)Ug' — 9,V — 264508A £, (2.83c)

where £y X4 = [V, X]4 = YPopX4 — XBopY4. This shows that ¢' 1 is related to the Weyl
rescalings of the induced boundary metric. These transformation laws also give the constraints on
the symmetry generators which have to be satisfied if the boundary sources are turned off and/or if
the boundary volume element is kept fixed. In particular, we see that fixing g = 0 = U({‘ imposes
that the Weyl factor is determined by 0, f. We also note that the transformation of Uy does not
depend on £".
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Looking at the radial expansion of (2.80a), we can now read the transformation laws of the
various subleading components of the angular metric. We find

Seqan = (fOu+ £y +2811)qa — UlaOp) f, (2.84a)
5eCap = (f0u+ Ly +&1)Cap + (£1 +265)ga — (Uly + Uly) Op) f

= (fOu+ £y +€L1)Cap + 265948 — 2¢°™ (204 B00p) f + Dadpf) — Ul4dp)f, (2.84b)
8¢Dap = (fOu+ £y)Dap + (£, +&)Ca + (£1, +267)qap — (U + Uy + U(A)OB)f

(
= (fOu+ £y)Dap + &Cap + 261qap — (AaB)f

1
+ 56260 (DCC(AC — C(AcDC — 8(AC’ — 20(1406050) 8B)f

+ %e% (PuCryc = 2DcCap — 2C(ac0) 5 )0 f, (2.84c)
6¢Eap = (fOu+ Ly — &) Eap + & Eiap + £1,Dap + (£, + &) Cap + (£1, + 265)qan

— (Ul + U + [7(1,4 + EacUS ) 0p) f, (2.84d)
SeErap = (fou+ £y — €1) Eiap + 26948 — EyacUs 0p)f — U{30p) [, (2.84e)

where £yCap = Y 9cCup + C(ACaB)YC and we have denoted Uy = C4gU?® and (:]A = DapU?P.
Using 0C = ¢*B5Cap — 6gapCAP we then find the variations of the traces, which are

3¢C = (fOu + Ly — €11)C +4€; — 267 (40450 + D)0 f, (2.85a)
8¢D = (fOu + £y — 26)D + €5C + 4] — 2 (CAB (40P By + DB) + 204C — 2DBCAB>8A f,
0¢Ey = (fOu+ £y — 3651) By + 4¢, — 2Uf50a . (2.85D)

From this we then get that the variations of the trace-free tensors appearing in the solution space
are given by!?

0cCh = (fOu+ £y +E1)Chp — ClicUs 0p) f — 2¢* (204 B00p) f + Dadpf)", (2.86a)
SeElip = (fou+ £y — &11) Elip — l(ACU Ip)f — (U(Aﬁs)f) , (2.86b)
0eLap = (fOu+ £y)Lap — LacUS Op) f, (2.86¢)
66805 = (fOu +0uf + £y +2651)B% 5 — B, US0p) f + BYRUS o f + %(D(A (¢*00p, f))TF,
0¢Bhp = (fOu+ 0uf + £y +2871)Bh 5 — BluoUS Op) f + BAUS 0 f. (2.86d)

The last three variations are used as a consistency check. They show that imposing the constraint
’Bﬁ 5 = 0 and/or removing the logarithmic terms does not give any restrictions on the symmetry
parameters. The variation (2.86b) shows that the logarithmic term U gives rise to a logarithmic
term Ej4p in the angular metric.

*One should note that 6:Chp = 8¢ (Chp) # (556’AB)TF, and similarly for the other tensors, so these are the
variations of trace-free tensors and not the trace-free variations.
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We now give for completeness the variation of the “covariant” spin-2 functional, which can be
computed from the definition (2.39) and the above transformation laws. We find

0¢€ap = (fOu+ £y — €L1)Eap + 3 Bl — 2608an — EacUs Op) f + 2% (Padp) f)™"
— e ((£acDp°f)"" = (0°fDLr)c) " +0°F (400 + Do)€ag).  (287)

As announced above, we see that this functional does not transform homogeneously even for the
subset of symmetries corresponding to f = 0 (which is Diff(S?) x Weyl in the BMSW gauge studied
in [124, 125]). Furthermore, we see that since £4p and Ejap have the same weight for £, in
their transformation laws, it is not possible to find a combination which is homogeneous for f = 0.
Similarly, for the momentum we find

5ePa = (fOu+ £y —261)Pa — UPPRIsf + DB (€, 854) + 36¥ (Mgap — Meap)dP f
+ (terms in d4f), (2.88)

so the logarithmic term coming with £’ ; gives an anomaly. It is interesting to note that these
anomalous terms in the transformation of £4p and P4 are related to the overleading logarithmic
terms appearing at the same 1/r™ order in the expansion (2.38). This suggests that all the leading
terms in the expansion (2.38), or equivalently (2.55), do not suffer from these anomalies and are
actually covariant when f = 0. This is confirmed by the transformation (2.86¢) of £4p, and by the
transformation of the leading term in (2.38b), which is

5¢(DPLap) = (fOu+ £y —265,) (DPLaB) + 0P f(0u + 0uln /g + US D + 2DcUS ) L4
1
-~ 5aAf(1‘,308quc +2U7 D epc) — 0° F(2DPULLAB + £50uapc).  (2.89)
We do not compute here the lengthy transformations of M, J4 and N4 g, but conjecture based on
this observation that these functionals transform homogeneously when f = 0, and therefore truly
deserve the name “covariant” (while, we recall, E4p and P4 are only covariant in the absence of
logarithmic terms). One should note that €45 and P4 are however covariant when A # 0, since in
this case all the logarithmic terms vanish.
It is also interesting to study the transformations of the NP scalars projected on the leading

frames. For this we first compute the variation of the leading frame itself. Decomposing Y on the
null frames as Y4 = ymg‘ + 37mg‘ with Y = YAmg1 and ) = YAT?L(]]B, we find

1 1
demiy = (f0u = &1)mg + 5mip (8(A oy - D<AYB>) + 5mio (m§mg’ —m§mg) (95 fUS — DoY)

= (f0u — €)mi + Lo (Uo(@+8)1 + To(@—B)/ — (34 8)Y ~ (35— 5))
—m{ (8Y — Usdf), (2.90)

with Uy = Ug'm% and Uy = U()Am%, and where we have used mj0f + mydf = 0 f. Note that f

37



is of helicity 0. With this we then find
68 = (f0u = 265, + YO+ YO+ (3+8)(Y — ¥) + (Up — To)(3 + 9) ) £, (2.91a)
5e&) = (fé?u — 3, 4V + YO+ @+ 0)(Y - V) + (Uo— Uo)(@ + 6)f)5, — 6mAUBDf, (2.91b)

5 = ([0 — 34 + Y0+ YO + (B +0)(Y — V) + (Uo — Uo) (@ +D)f )€ + 161 — 2652
+ 2o (47?6 f— 404800 f£ — 2(30f) & — 532 — B fé::), (2.91c)

which shows once again that £ and & transform homogeneously when f = 0 while £ has an anomaly
due to the logarithmic terms.

As explained at the end of section 2.4.2; subleading term in the expansion (2.55) of the Weyl
tensor, such as W) = £+ £, Bmé“m’lB , do not have a well-defined helicity. This quantity can however
still be written in terms of a projection on the celestial basis mOA. Explicitly, this comes from the
rewriting

£ = SABmOAmlB = %(2(0‘2 — 5‘2) — C)Q, (2.92)

where the right-hand side is indeed a projection onto m()“mOB , although it is the sum of terms of
respective helicity +4, 0, and +2. The transformation law for this object is

6Lt = (fOu — 367, + Ym{oa + Ymioa) L — &L
+(@+8)Y =) +4(V81 — V1) + (U ~ Up) (0 +0) ) <02 - 4110> e
+ %e%os(éé + 09 + 03 — 30) f + Le*02(8B0f + dBodf + DBeOf — dBodf), (2.93)

which can be combined with (2.91c) to show that ¥§ does indeed not transform homogeneously.
As a conclusion for this subsection, we can note that all the transformation laws computed
above, for any phase space function O, take the general form

060 = (fOu+ £y + (j —w)&} )0+ (Up- O -0f) + (..), (2.94)

where the terms in (...) do not depend on O. The component £’ of the radial part of the vector
field, which later on will be related in BS and NU gauge to the Weyl transformations, appears with
a factor controlled by the spin and the conformal weight. For the various functionals considered
here these labels are given by

Qs | & | £ qap | Cap | Dap | Eap | Eiap | Pa | Lap | Bhp | C | D | mit | m{
J 0 010 2 2 2 2 2 1 2 2 0]0 ]| -11] -1
w | 3 3|2 0 1 2 3 3 3 2 0 1 2 0 0

The second term in (2.94) is a contraction of the boundary source U64 with an angular derivative
of f and the functional O, whose particular index structure depends also on the spin of O.

The tensor Cap has spin and weight such that 9,Cap = (9, + 27)Cap, which is indeed the
combination appearing in the generalized news (2.34). This latter, just like the news Nyp, has
conformal dimension w = 2, so 9,Nap = 9,N4p in agreement with (2.46).
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2.6.3 Symmetry algebra

Let us finally discuss the algebra formed by the vector fields preserving the partial Bondi gauge.
With the above transformation laws at our disposal, we can use the modified (or adjusted) Lie
bracket [28] to compute the bracket between vector fields where the coefficients of the expansion
(2.81) have an arbitrary field dependency. This generically leads however to algebroids with field-
dependent structure functions. In order to bring the algebra in a more readable form, it is convenient
to imagine having performed a field-dependent redefinition of the radial coefficients in order to write
the vector field as

g = <f, hr+k+ %ewo (40480 + DA)@Af + 0> Y, v4 - %626°8Af + (9(7“_2)> . (2.95)

The function h parametrizes the Weyl transformations and is common to the BS and NU gauges,
while k& parametrizes the radial translations which only appear in the NU gauge. Expression (2.95)
is precisely the form that the asymptotic Killing vector will take in NU gauge, or in BS gauge when
setting k£ = 0.

There is a subtlety to be noted at this stage however, which is that (2.81) contains a priori an
infinite tower of arbitrary functions. Here we are considering in (2.95) only the contributions from
the leading functions &' ; and &j, which are the only ones which will survive the gauge fixing to BS
and NU gauge later on. In any case, one can expect that computing the charges with (2.81) will
reveal that the functions £ ., are pure gauge.

Using the modified bracket on (2.95) in order to take into account the field-dependency, we find

[€(f1, hi ki, Y1), E(fas ha ko, Y2)] = [€(f1, ha,s ke, Y1), E(f2, hay ka, Ya) | — (¢, &2 — 0g,6)

= &(f12, 2, k12, Y12), (2.96)
with
fr2 = f0ufa + Y 0afo — 0e, fo — (1 4+ 2), (2.97a)
hi2 = f10uha + Y 0aha — 0 ha — (1 > 2), (2.97b)
k12 = f10uka + Y Oaka — hiks — d¢ ko — (1 ¢ 2), (2.97¢)
Yia = f10.Y5 + YPOpYs' — 6, V5 — (1 & 2). (2.97d)

When 6(f, Y4, h, k) =0, i.e. for field-independent parameters, we therefore obtain an algebra given
by the double semi-direct sum

(diff(Z") & Ry) & Ry. (2.98)

Here diff(Z) stands for the diffeomorphisms diff(S?) of the two-sphere, generated by Y4, together
with the temporal diffeomorphisms diff(R) generated by f. Let us stress once again that this is
only the asymptotic algebra, and that (2.81) contains a priori more independent functions. In the
BS and NU gauge however only h and k survive.

From these basic commutation relations, we can then compute the structure functions of the
algebra (or algebroid) obtain with any field-dependent redefinition of the parameters. We see for
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example from (2.83) that freezing the boundary volume or turning off the boundary sources imposes
field-dependent consistency conditions on the parameters, which must be taken into account in order
to compute the algebra of vector fields in these special cases.

In the three-dimensional construction of the NU gauge with Weyl and radial translation symme-
tries, a change of slicing is required in order to obtain integrable charges [123]. This change of slicing
is a field-dependent redefinition of the symmetry generators. Based on this three-dimensional result,
one can guess that in the four-dimensional NU gauge with boundary sources a change of slicing will
also be necessary in order to arrive at a “genuine” slicing, defined by the requirement that the charges
be integrable in the absence of news [95]. If such a field-dependent redefinition of the generators
is required in order to reach a genuine slicing, then the structure (2.97) of the algebra (2.98) will
change accordingly. One can conjecture that the resulting algebra will be the semi-direct product of
the A-BMS algebra with two abelian components (corresponding to the Weyl transformations and
the radial translations), but the study of the charges is necessary in order to confirm this.

It is interesting to note that the symmetry algebra (2.98) bears similarities with the so-called
extended corner symmetry algebra recently discussed in the literature. In [178, 179], it was argued
that the corner symmetry algebra canonically associated with co-dimension 2 boundaries has the
structure A¢ = (diff(5?)d-gl(2, R))¢R?, which becomes AS, = (diff(S?)gWeyl)¢-R? asymptotically
and in Bondi gauge [104] (i.e. a subgroup of the linear group becomes the Weyl factor). Similarly to
what happens in three dimensions [123], one can expect that a change of slicing for the asymptotic
Killing vector fields will lead to a rewriting of the algebra (2.98) in the form A%, , where Weyl = R;,
and where the R? encompasses the supertranslations and the radial translations Ry. In this sense,
the symmetry algebra (2.98) is an extension of the BMSW algebra which is closer to the universal
corner algebra A°. This answers in part the question of which gauge and boundary conditions can
lead to an asymptotic realization of A°. One can expect that the inclusion of gl(2, R) will require a
relaxation of the condition g,4 = 0 imposed in the partial Bondi gauge.

2.7 Symplectic potential

The symplectic potential is the object which defines the covariant phase space. It enables to identify
the flux, gives rise to the symplectic structure which identifies the canonical pairs, and serves as the
starting point for the computation of the charges. As is well-known, in some situations the symplec-
tic structure may diverge asymptotically. Instead of curing these divergencies by strengthening the
fall-off conditions, it is now accepted that a procedure of symplectic renormalization should instead
be used [67, 69, 91, 98, 99, 165, 175, 180]. This is done by supplementing the symplectic potential
with a corner term, which in turn can be understood as the symplectic potential of a boundary La-
grangian. In the three-dimensional study of the (generalized) NU gauge with cosmological constant
and boundary sources, this was achieved in [123]|. The initial step is to study the bare symplectic
potential coming from the Einstein—Hilbert action.

The symplectic potential and its components of interest in the partial Bondi gauge are given
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by14

o1 = /—g(g*?orh ; — g'oTL ), (2.99a)
ou = ﬁ(&%AB(sr;gB + (I, + r{éA)), (2.99b)

\%4
0" = \/’7 <5 (FZu + FZ‘A - FZT) + UA(S(FZU + FEB - FZXT) + ?6FfA + 62[3’714361_‘23) . (2'99C)

Our goal is to compute the divergent and finite pieces of the temporal and radial fluxes in the partial
Bondi gauge, in order to then restrict the results to the BS and NU gauges. To do so, we note that
V7 = O(r?), so that the terms multiplying this volume above must be expanded to O(r~?) in
order to obtain the finite and divergent pieces. An additional complication in the NU gauge (and
therefore also in the partial Bondi gauge) is that the co-dimension 2 volume form has a non-trivial
radial expansion (D.10b) due to the relaxation of the determinant condition. This has the effect of
mixing various orders in the terms multiplying the volume in (2.99).

Let us start by analyzing the time component of the symplectic potential. This gives the
symplectic structure on a constant-u hypersurface. Using (D.10) and the expansions

1
U= 5672’30 (27°CIAB + CAB) + (’)(7«*1)7 (2.100a)
Iy, =0, (2.100b)
2 ¢ B
4 = ~-oat O(r3), (2.100c)
we find
u 1 AB -1
o — §ﬁ<2r6(lnq — 480) + Capdg*® + C3(Ing — 250)) +oE. (2.101)

This is in agreement with (B.19) of [125] when C' =0 = fy (i.e. in BS gauge and without boundary
sources). Again, it should be noted that here Cyp is not trace-free if we are not in BS gauge.

The computation of the radial part of the potential is extremely lengthy, and detailed in appendix
H. The only simplifying assumption which we use in this appendix to compute the radial potential
is the absence of logarithmic terms in the solution space. We defer the study of holographic renor-
malization in the presence of logarithmic terms to future work. For clarity and simplicity we are
going to report here the potential when the boundary sources are turned off by setting 5o =0 = U64
(the full result is in the appendix). With these simplifications, the constraint %ﬁB = 0 which we
have found in the solution space becomes

A
0uaan = qapduIn \/q + §CE;;;. (2.102)

Furthermore, it is more transparent to write the potential in BS and NU gauge separately. The
expansion of the radial part of the potential is

0" = 1304 + 1204 +r0] + 0 + O(r ). (2.103)

We work in units in which 167G = 1, so that the Lagrangian is L = \/—g (R — 2A).
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In the absence of boundary sources, the divergent pieces in BS gauge are
2A

3lps = 30V (2.104a)
blps = —00u\/1, (2.104b)
llgs = %Ou(\/z]qABacjg) -4 <\/§R[q] + g\/cj[cco , (2.104c)
while in NU gauge they are given by
O3]y = ©%pg; (2.105a)
Ob|ny = Olps + %5(\/60), (2.105b)
01| yu = Ollps — %au(éx/é(J) + 26(\/5(202 - [CC])). (2.105¢)

We see that all the divergent pieces of the potential (in either gauge) are total variations or total
time derivatives. This is what enables to identify the counter-terms which must be used for the
symplectic renormalization. It is actually expected that the divergent pieces of the potential take
this general form, as this follows from the on-shell conservation of the symplectic current. Indeed,
by definition of the symplectic potential we have on-shell that §L ~ d© = 9,0% + 9,0" + 0,04,
so the divergent pieces in ©" are necessarily the sum of total variations and total derivatives. This
is the argument which explains why it is always possible to implement symplectic renormalization,
and the above explicit rewriting of the divergent components of the potential therefore gives a useful
consistency check. We can therefore perform the symplectic renormalization of the potential in the
BS or NU gauges.

The finite piece Oy = /q 0] of the potential is very lengthy and can be found in appendix H. In
the absence of boundary sources we report its expression in BS and NU gauge in (H.17) and (H.18)
respectively. Because the study of these terms is more involved, we postpone it to the sections below
devoted specifically to the BS and NU gauges.

3 The BS gauge

We now explain in little more details how the partial Bondi gauge is reduced to the Bondi—Sachs
(BS) gauge upon imposing the determinant condition. This provides a useful consistency check
with known expressions in the literature, and also enables us to obtain the expression for the (A)dS
symplectic potential with free boundary volume (i.e. the Weyl sector). We also explain how the
reduction to the BS gauge determines the radial part of the asymptotic Killing vector.

3.1 Gauge fixing

As discussed at length in the previous section, the partial Bondi gauge used to bring the metric in
the form (2.1) still leaves a freedom in the choice of the radial coordinate. In the BS gauge this is
fixed by the so-called determinant condition

C, =0, (%) —0, (3.1)
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where 7 = detyap. When this condition is imposed the radial coordinate is the areal distance
(see (2.36)). In order to satisfy this determinant condition, with v = gr%, the components in
the expansion (2.3) of the angular metric need to have a fixed trace. This can explicitly be seen
for example in (D.10b). Each subleading term in the angular metric is then determined up to a
trace-free tensor. Indeed, imposing the determinant condition at each order leads to

C,=00"% =  C=0, (3.2a)
1
Cy= O(r_4) = Dap = ZQAB[CC] + PaB, (3.2b)
. E,=0 = Euap=d8as,
Cy=0(r") = 1 (3.2¢)
Eup = §GIAB[C@] + &aB,
Fp=0 = Fpap=Tpap,
1
C,=0r% = E=[CE] = Fap=59aB[Cé]+ Fiap, (3.2d)
1 1
Fap = gaan <4[Cf§] +2(29] - 4[00]2> + FaB,

where Y4B, &aB, FAB, 61aB, Fiap and Fp2 45 are all trace-free.

We see as expected that the determinant condition starts by setting C' = 0. This implies in
particular that in BS gauge we have £4p = Z4p, which is indeed the tensor which is set to zero in
order to remove the logarithmic branches in BS gauge [181]. As explained in (E.5), it is important
to recall that due to the determinant condition in BS gauge we have D4 P4 = D4 P4 for any vector
pPA,

3.2 Solution space

In the “traditional” way of studying the solution space in BS gauge, one starts from the onset
with the determinant condition, and therefore the terms in the expansion of the angular metric are
determined up a trace-free part as in (3.2). Solving the (rr) Einstein equation then leads to

E., =0 = B =0, (3.3a)
By = O = By —%[CC], (3.3D)
E,=00"% = Ps = _%[C@]’ (3.3¢)
Bis =0,
Biz4 = 0,
By =00T) = Bua = —%[CEIL (3.3d)
By = —313 (3[05] 4+ 2(29] — i([ccf 4 [0E,])> .

One can check that this is indeed consistent with plugging (3.2) in the solutions (2.7) obtained in
the partial Bondi gauge. The construction of the solution space and the reduction to the BS or NU
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gauge are of course commuting procedures. One can therefore obtain the solution space in BS gauge
from that in the partial Bondi gauge by using everywhere in the previous section the expressions
(3.2) obtained from the determinant condition.

In the case A # 0, as explained above and summarized in table 2, the BS gauge removes all the
logarithmic terms. More precisely, the determinant condition (3.2) sets the traces of the logarithmic
terms to be vanishing, while the trace-free parts are set to vanish by the (AB) Einstein equations.
As explained in [67], the (AB) Einstein equations then give at every order an equation of the type
AMig = aufyg—Bl + (...) for n > 1, which therefore does not constrain &4p. For example equation
(I.1) shows that %45 is indeed determined by 9,&45. This means that the solution space is entirely
determined by 11 functions of (u, ). These are the 8 unconstrained functions (S, U(;‘, 4AB, EAB),
and the 3 functions (M, U4') subject to evolution equations.

In the case A = 0, we still have the 6 functions (5, U64,qAB) but the time evolution of gap
is constrained by ‘B% g = 0. There is then an infinite tower of functions appearing in the radial
expansion of the angular metric (namely &4, % 4B, . ..) and admitting a non-trivial time evolution
[28]. The logarithmic terms have a non-trivial time evolution as well, but this latter depends only on
the boundary metric and sources, as for example in (2.17¢) and (2.20). When the boundary metric
has no time dependency and the boundary sources are turned off, the evolution of the logarithmic
terms in y4p can be integrated. For example £4p = Z4p is a constant of the motion by virtue of
(2.17c), and therefore Ejqap = &ap evolves linearly in u according to (2.20). This is in accordance
with equation (12) of [138], which is a particular case of our evolution equations.

3.3 Symplectic potential

In section 2.7 we have already presented the temporal component of the potential, as well as the
divergent pieces of the radial potential. We now focus on the finite piece of the radial potential,
gathering here once again the results of appendix H and restricting for clarity to the case of van-
ishing boundary sources. This will enable us to perform some consistency checks with the existing
literature, and to present a new expression for the potential in (A)dS.

We recall that in BS gauge we have C = 0 and Nap = 0,C)'z = 0,Cap, and that the
determinant condition and the solution space give (3.2) and (3.3). The potential in BS gauge can
be found by imposing these conditions in (H.14d) and multiplying by the volume. This gives

1 5A
G}BS = 1\/anB5 |:CAB <R[q} + 8[00]) — 2A&4B — 2DADCCBC:|
+ 04 (2M + %DADBCAB + é[CC]@u In \/a> - %\/aCAB(SNAB
3 1
+6 (2\/51\4 + 5V 0u[CCl + 2[0(1]6“\/5)

- %\/ZIDA (DpCAP51n \/q) — 1%8” (3\/55[00] + 2[00]5\/21)

The last three terms are respectively a total variation, a total angular derivative, and a corner term.
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This general expression features A, d,/q, and 0,,/q. The cosmological constant introduces the
spin-2 &4p in the potential and will enable us to reach the flat limit and also the (A)dS rewriting
of the potential. The variation of the boundary volume gives us access to the Weyl sector and
introduces the mass in the potential. Finally, the time derivative of the leading metric will lead to
a u-dependent generalization of BMSW, and also allow us to have non-trivial radiation in (A)dS.

We can now check the consistency of this result in various limits. First, we note that the flat
limit is well-defined. This is the advantage of the Bondi gauge over the Starobinsky—Fefferman—
Graham gauge [67-69]. Taking A = 0 as well as 9,gap = 0 leads to the time-independent BMSW
gauge of [125]. The above expression is then in agreement with (2.36) or (B.18) of [125] (up to the
last corner term). Restricting in addition to /¢ = 0, we can massage the potential to put it in the
form of equation (5.17) of [175]. These limits provide a first consistency check for the expression of
the potential in BS gauge when A = 0.

Let us now rewrite the symplectic potential in the case A # 0 in order to compare it with the
result of [67]. For this we use the constraint (2.102) to rewrite the shear in terms of the time evolution
of the leading metric as ACAP = —3(8quB + ¢4B9, In V/4)- Using this the (A)dS potential (3.4)
can be rewritten as

riAz0 1 1 1
s = SVaa P ollag +6./q <2M + 5 DaDpCY + 2[CC9, In \/§>

45 (2\/51\4 4 g\/aau[cq 4 ;[CC]BU\/&> ~ VA DA(DECAP5 0 )

1 24
— 160 (3\/55[00] +2[CC)6+/q — A\/anB(SNAB> , (3.5)
where we have identified
1 5A 1 3
HAB = §CAB (R[q] + S[CC]> - A@@AB - §D(ADCCB)C — XauNAB. (36)

In order to match exactly [67] we can further rewrite this potential using the tensor S4p defined in
(2.45) and appearing in the (A)dS mass loss formula. We recall that in BS gauge and in the absence
of logarithmic terms this trace-free tensor is given by
A? 5A?
Sap = ?gAB - %
1 1 A 1
+ 5(9“ <NAB - §CA38U In \/a) — 4 14B ([NC] - §[CC]8U In \/§>

A
[CC|CaB — ER[Q]CAB

1 1 A
-5 <DADB - 2qABDCDC) duln/g+ T (D(ADCCB)C . qABDCDDCCD>. (3.7)
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Using the identities (E.9) and ¢*86(gapT) = 2(6T + T 1n \/7), a lengthy rewriting leads to

3 3
naz’ = _K\/anB(ssAB +0v/q <2M + KDADAau In \/a)
5 1 3
+6 <2¢aM — 20,(va[CC)) = 5va D DPCap — S Rlgld, f)
1
~5vaDa (DBCABcSln\/&—|- %(21)1“5111\/5 + DpoghB — 5qABDB)8u In \/a)

1 3 AB _ 3 a —
O <16\/§5[CC]+2A\/§q SNap 4Aq B5Cap0, f+ []5\f>

(3.8)
This shows that the canonical partner to \/anB is the quantity Ssp identified in the (A)dS mass
loss formula (2.77), consistently with [67]. We note, as introduced in (2.45), that this quantity is
not just the radiation tensor, but a shift of this later by the covariant spin-2. We also obtain here a
generalization of the (A)dS potential to the case A-BMSW, and we see in particular that the scalar
quantity conjugated to the boundary volume naturally involves the covariant mass (2.41) (written
here in BS gauge and in the absence of boundary sources).

One should note that here the flat limit of (3.8) is well-defined, provided that we simply go back
to the equivalent expression (3.4). This is to be contrasted with the situation in [67, 69|, where the
flat limit requires the introduction of a corner term. The reason for this apparent difference is that
the starting point of e.g. [69] for the flat limit is their equation (4.4), which upon a matching of the
notations is only the first term in (3.8). Up to the irrelevant terms in 0,/g and the total derivatives,
(3.8) and (4.4) of [69] therefore differ indeed by a corner term, which needs to be reintroduced in
this reference in order to obtain a well-defined flat limit.

3.4 Vector fields and symmetries

We have seen in section 2.6 that the partial Bondi gauge admits asymptotic Killing vectors, where the
functions in the expansion of the radial part (2.81) of the vector field are a priori free. The reduction
to BS or NU gauge, which amounts to picking a radial coordinate, puts additional conditions on this
radial expansion. In order to see this, we use the fact that the asymptotic Killing vectors in BS gauge
must preserve the determinant gauge condition. This amounts to the condition 0,(£¢Invy) = 0,
where (2.80b) in BS gauge becomes

4
Lelny = fo,Iny + ;57“ + 2D 44 — U404 F. (3.9)
This in turn fixes the radial part of the vector field to
¢ = %(% — ULuf — DaIA + UAaAf), d.h =0, (3.10)

where h(u,z?) is an integration “constant” arising because the determinant gauge condition is

differential. Here we have already used the freedom in redefining h up to an r-independent function.
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The reason for performing this redefinition is to obtain the asymptotic expression (2.95) for the
vector field, which as we have shown leads to an algebra (instead of an algebroid). The expansion
of £ is

€ = rh+ %(3250 (4940 + D)0 f + O 1), (3.11)

The radial component (3.10) together with (2.78) define the asymptotic Killing vector in BS gauge,
where f, Y4 and h parametrize respectively supertranslations (which is an abuse of language since
here we also allow for A # 0), superrotations, and Weyl transformations. We note that there are
no other constraints on these symmetry parameters, and that they have in particular an arbitrary
time dependency. For field-independent (f, Y, h) the algebra of these vector fields is simply (2.98)
with £ =0, i.e.

diff(Z") & Ry,. (3.12)

This is nothing but the Weyl extension of the A-BMS symmetry studied in [67, 69] (although in
these references the charge algebra has also been computed).

The transformation laws follow immediately from the general expressions derived in section 2.6
once we use the radial expansion (3.11). In particular we find

deln /7 = 2h + fO,In /g — U3'daf + DaY?, (3.13a)
0eqap = (fOu + Ly +2h)qap — UlaOp f, (3.13b)
6¢Bo = (fOu+ £v)Bo + %(h + Ouf +USAS), (3.13¢)
05Ut = (fOu + £y + 0uf + UG 0cf)Ug' — 8,Y* — %645‘)8‘4 £, (3.13d)
0¢Cap = (fOu+ £y + h) Cap — U40p) f — 26> (2045005 f + Dadsf)"". (3.13¢)

We recall that in BS gauge /7 = r? /@ We also note that with £; determined as in (3.11) the partial
Bondi gauge transformation law (2.85a) becomes 6:C' = (f0, + £y — h)C, so we can consistently
set C' =0 in BS gauge.

Finally, let us mention for completeness the constraints on the symmetry parameters which arise
when turning off the boundary sources and considering a time-independent boundary volume. This
is the context of the time-independent BMSW study of [125] (the only difference being that we have
both the cases A # 0 and A = 0 here). We can see from (3.13a), (3.13c), and (3.13d) that setting
Ouy/q=0and By =0 = Ué4 imposes respectively the consistency conditions

20,h + 0, (DAY ) = 0, h=—0,F, 0. YA = —%af‘ f. (3.14)

When A = 0 we therefore get 9,Y4 = 0 and §2f = 0, which implies that f = T+ uW, where T and
W are functions of 2 only which parametrize the time-independent supertranslations and Weyl
transformations. The resulting BMSW vector field is the one used in [54, 55, 124, 125] to identify
the covariant functionals as the primary fields under the action of Diff(S?) x Weyl parametrized
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by (YA, W), and to identify the asymptotic equations of motion (equivalent to the NP ones) by
looking for primaries under the action of 7. With these restrictions on the solution space and the
symmetry parameters, we can take the time derivative of (3.13e) to find that the transformation of
the news is given by

65NAB‘BMSW = (f@u + fy)NAB —2DA0pW + qABDcE)CW. (3.15)

In general, the time derivative of the transformation (2.86a) of C'}5; in the partial Bondi gauge,
or the transformation of the generalized news (2.34), will be much more complicated due to the
presence of time-dependency and the boundary sources. It should however be studied in the future
in order to understand the vacuum structure in the partial Bondi gauge, and in particular what will
play the role of the Geroch tensor.

4 The NU gauge

We finally turn to the study of the NU gauge. While this latter has been studied previously in the
Newman—Penrose formalism in absence of boundary sources and with C' = 0 [126, 128, 136], here
the partial Bondi gauge enables us to present a treatment which is closer to that of the BS gauge.

4.1 Gauge fixing

Here again, the goal is to complete the partial Bondi gauge with a fourth condition. The historical
Newman-Unti gauge condition which realizes this is g, = —1 [9]. We recall from (2.35) that this
amounts to choosing the radial coordinate as the affine parameter for the null congruence.

Following the idea of Barnich and Troessaert to replace the algebraic determinant condition by
a differential condition in order to unleash the Weyl rescalings |28, 29], here we can also replace the
algebraic condition of Newman—Unti by a differential condition. We should note however that the
Weyl transformations are already accessible in the algebraic NU gauge, as unraveled and studied
in [126]. However, as in the standard BS gauge analysis, the Weyl transformations discussed there
are time-independent. As we will see shortly, going to the differential NU gauge enables to access
time-dependent Weyl transformations.

What we now take as the definition of the NU gauge is the generalized (or relaxed) Newman—Unti
condition

argur =0 = Gur = _62&)7 (41)

with Bg(u, z4) arbitrary. We see that in order to describe this (generalized) NU gauge it is crucial
that we have included from the onset the boundary source fy in our analysis of the partial Bondi
gauge. The NU gauge condition is then simply the requirement that 5,~9 = 0. We will see shortly
that the NU gauge also allows for an extra radial symmetry generator which is implicitly set to zero
in [126].
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4.2 Solution space

If one builds the solution space starting from the NU gauge condition g, = —e?%, the (rr) Einstein
equation determines the expansion of the angular metric as

1
E,. = O(r ) = Dap = quB[CC’] + Dag, (4.2a)
; E =0
E.,=0r"% = 1 1 (4.2b)
EAB = quB <[C@] - 4C[CCTF]> + éoAB,

where P45 and &4p are both trace-free. One can check that this is indeed consistent with the
gauge condition, since plugging these solutions in (2.7) will lead to vanishing coefficients for £,¢.
We do not give here the on-shell expression for F4p, which is obtained at the next order, because
it gets too lengthy and it is not necessary for our purposes. It can however be computed from the
vanishing of 84 given in (F.1c).

Equivalently, we can also reduce the solution space in partial Bondi gauge to that in NU gauge
by imposing the vanishing of the coefficients (2.7) of the expansion of . At each order this vanishing
fixes the trace of a subleading component of the angular metric, and we can then determine this
component accordingly, up to a trace-free part. This gives the expressions (4.2) above.

4.3 Symplectic potential

The temporal component of the potential and the divergent pieces of the radial potential have been
given above in (2.101) and (2.105). One can clearly see by comparison with (2.104) the difference
between the BS and NU gauges. It should be noted that these two gauges do not only differ by C,
but also by terms arising from the fact that the two solution spaces are actually different, as can be
seen e.g. by comparing (3.2) and (4.2).

In the absence of boundary sources, the constant piece of the radial potential in NU gauge is
given in (H.18). Since this expression is quite involved, let us study it in the flat case and with
Ouqap = 0 = 0,/q. For comparison with the BS gauge, we should furthermore rewrite the potential
explicitly in terms of CAZ. This can be done using in particular (A.1h). Denoting Nap = 0,055,
we then find with the simplifying assumptions that

1
bl = 7V (2NadCP — 57 (CH Rlg) — 2D4DCCHe + DadpC) + 6CRlg) )
80 )40 )+ aDal ).

(4.3)

We have omitted the total derivatives and variations since they do not play a role. Already in
this simplified setup, where we have removed the cosmological constant, the boundary sources, the
Weyl factor, and the time-dependency of the leading metric, we see that the trace C' appears in
two places in the potential. It modifies the canonical pair conjugated to ¢*Z, and also appears as
conjugated to the two-dimensional Ricci scalar R[g]. We therefore conclude that the finite piece of

49



the potential in NU gauge differs from that in BS gauge by trace terms. These terms however drop
if we further restrict the setup to that of the original BMS analysis, with a fixed two-sphere metric
¢%p such that §¢% 5 = 0 = 0R[¢°]. Any relaxation of these historical boundary conditions will give
rise to a difference between the BS and NU gauges.

The fact that the BS and NU potentials differ is a surprise, and it suggests that the two gauges
may actually be physically inequivalent. This does not contradict the equivalence statements made
e.g. in [126, 127, 129], because these references set C' = 0. We already see on the simplified setup
leading to (4.3) that with C' # 0 there is an extra canonical pair in the phase space. The general
formula (H.18) shows that for a more general setup (e.g. with A # 0 and a time-dependent Weyl
factor) the BS and NU potentials will differ also by terms not involving C'. Once again, this is
because the solution space is different as we have seen above. As we are about to see in the next
section, it turns out that the presence of C' in NU gauge is intimately related to the existence of an
extra radial asymptotic symmetry. Ultimately, one should of course compute whether C' and /or the
extra symmetry parameter appear in the charges for these asymptotic symmetries. We defer this
heavy task to future work, and present for the time being the structure of the symmetries.

4.4 Vector fields and symmetries

In order to find the asymptotic Killing vectors in NU gauge, we simply need to study how the NU
gauge condition (4.1) constrains the expansion (2.81) of the radial component found in the partial
Bondi gauge. Preserving the NU gauge condition requires 0, (£¢gy,) = 0, where in NU gauge (2.80c)
becomes

Legur = —20 (2( FOu + £204) B0+ 0,E" + UAOAf + B, f). (4.4)

This in turn fixes the radial part of the vector field to satisfy

0pE" = h+ Utoaf — 210480 — UA0a T, d-h =0, (4.5)

where h(u, xA) is an integration “constant”, which we have already shifted here in an r-independent

manner in order to obtain a vector field forming an algebra instead of an algebroid. Upon further
integrating (4.5), we see that the radial component & will contain two integration functions, h(u, z4)
and a new k(u,z?), so that ¢ has in total 5 free functions (f, Y4, h, k) of (u,24). To obtain the
asymptotic expansion of the vector field we first use (2.82) in NU gauge, and then integrate (4.5)

to get
& =rh+k+ %(3260 (48Aﬁ0+DA)8Af+O(T_1), (4.6)

where a log term has dropped because of (2.10a), and where we have once again used the freedom
in redefining the integration constant in order to shift k. This expansion of the radial vector field
should be compared with its BS analogue (3.11). With our choices of integration constants, we
see that these vectors conveniently differ at leading order only by the presence of the additional
symmetry parameter k in NU gauge. At lower orders the components £ in BS and NU gauge
actually also differ, in a way which we do not make explicit here but which can easily be computed.
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The transformation laws can be found by plugging the form of the radial vector field in NU
gauge into the general formulas of section 2.6. Because at leading order the vector field is the same
in BS and NU gauge up to the new symmetry parameter k, most of the transformation laws are
also the same up to the action of k. More precisely, here in NU gauge we get

d¢ln \/y = 2h + fO,In\/q — Ug'daf + DAY + O(r™1), (4.7)

which agrees at leading order with the BS counterpart (3.13a). Note that here this equation is
computing the transformation of the expansion (D.10b), while in BS gauge the transformation is
exact because of the determinant condition. We see that here h plays also the role of a Weyl rescaling,
and that it is allowed to appear in (4.5) as an arbitrary function of (u,z4) and independently from
f precisely because we have considered the differential version (4.1) of the NU gauge. The algebra
formed by the vector field in NU gauge, which contains the free functions (f, YA h, k), is the time-
dependent algebra (diff(Z1) & Ry) & Ry

The transformation laws for the fields Sy, U({‘, and g4p are the same as in BS gauge and given
again by (3.13c), (3.13d), and (3.13b). The influence of the new symmetry generator k is to act on

subleading components of the angular metric, and we find

(6¢CaB)|yy = (0:CaB) |pg + 2kqaB, (4.8)

while for the trace we find
0:C = (f8u+£y—h)0+4k. (4.9)

We therefore see that (4.8) has acquired a shift in k£ with respect to the BS analogue (3.13e).
The transformation laws (3.13c), (3.13d), (3.13b), (4.7), and (4.8), are the generalization to four-
dimensional gravity of the three-dimensional results (2.12) in [123]. Note that (4.8) should be read
with care since in BS gauge Csp is trace-free while this is not the case in NU gauge. What we
mean by this equation is simply that the transformation of C'4p in NU gauge is given by the same
formula (3.13e) as the transformation in BS gauge, although now with a trace-full Cap. In any
case, this is consistent with plugging &, and &) in (2.84b).

Equation (4.9) shows that the new symmetry parameter k appearing in the NU asymptotic
Killing vector is related to the presence of the non-vanishing trace C' in the said gauge. This trace
C' can be set to zero by a choice of origin for the affine parameter (which in NU gauge is the radial
coordinate r), but the extra symmetry parameter at order 7° in £” can shift this value. Said the
other way around, one can argue that the presence of this symmetry allows to fix C' = 0. This is
used explicitly e.g. in [129]. But the question remains whether this symmetry is gauge or physical,
i.e. associated to a (non-)vanishing charge. In the three-dimensional analogue of the generalized NU
gauge studied here, there is indeed a non-vanishing charge associated with these radial translations,
and they furthermore form an Heisenberg algebra with the Weyl charges [123]. In order to study
the (possible) charge associated with k in the present four-dimensional context, one should first
investigate the simplified solution space leading to the potential (4.3) (where C survives). We
expect, based on results from the three-dimensional theory, that extracting the proper charges will
require the use of a corner ambiguity and also a possible change of slicing [91, 95, 96, 123]. All these
aspects will be investigated in forthcoming work.
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5 Perspectives

In this article we have studied the structure of asymptotically locally (A)dS and flat gravity in Bondi
coordinates, using the partial Bondi gauge (2.1). This partial gauge, built with only three gauge
fixing conditions and with no determinant condition, enables to treat together the Bondi-Sachs (BS)
and Newman—Unti (NU) gauges, which can each be reached at any later stage of a calculation in
the partial gauge by further imposing a specific fourth condition. So far, the Newman—Unti solution
space has been studied in the literature using the Newman—Penrose formalism [126, 161, 162]. Here
we have presented an analysis of the solution space which is by design similar to the analysis in BS
gauge. This enables to clearly contrast the two gauge choices.

We have recalled why the NU gauge features an extra mode, which is the trace of Cxp, while
this trace is set to vanish in BS gauge by the determinant condition. The NU gauge also admits an
extra asymptotic symmetry, which is parametrized by a function at order O(r°) in the radial part
of the asymptotic Killing vector. Together with the supertranslations, the superrotations, and the
Weyl transformations, which are also present in BS gauge, this extra component in NU gauge leads

to the asymptotic symmetry algebra
(diff(Z7) & Ry) & Ry (5.1)

The extra radial translation k present in NU gauge acts precisely by shifting the trace C. The fate
of this trace mode and that of the radial symmetry are therefore related. Indeed, one should now
compute the asymptotic charges in order to see whether the radial symmetry (used to fix the value
of C'in [126, 129]) is pure gauge or physical (as in the three-dimensional case [123]). We have chosen
to postpone this investigation to future work, but the key ingredients for this calculation have been
laid out here.

In this study of the partial Bondi gauge we have also included logarithmic terms in the solution
space by working with the polyhomogeneous expansion (2.3). We have seen that, consistently, all
these logarithmic terms are forced to vanish when A # 0 when completing the partial gauge to BS or
NU gauge and going on-shell. When A = 0 however, the logarithmic terms are involved in evolution
equations and also modify the Weyl scalars. Moreover, we have kept in the construction of the
solution space a free boundary metric with time-dependent fields S, U64, and g4ap. The solution
space constructed here is therefore an extension of that in [67] in two respects: the relaxation to the
partial Bondi gauge, and the inclusion of the logarithmic terms. The prospects are however similar,
namely to also study sourced holography and understand radiation in (A)dS. We have seen how, in
this endeavor, the Newman—Penrose formalism using the Weyl scalars and spin coeflicients proves
to be very useful. This has enabled us in particular to recover the (A)dS evolution equation (2.77)
for the mass, and to identify the quantity SA? sourcing this equation and conjugated to gap in the
symplectic structure (3.8), as the radiation tensor shifted by the covariant spin-2. This use of the
NP formalism bypasses the symmetry arguments used in [124] to identify the covariant functionals
and derive the evolution equations.

There are many interesting prospects to be explored in future work, and which rely on some of
the extensions of the asymptotic structure and the solution space presented here. A non-exhaustive
list is as follows:
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¢ Radial translation charges.

An immediate and important follow-up is to compute the asymptotic charges and the asymp-
totic charge algebra in the partial Bondi gauge. The question is that of the fate of the new
generator k in NU gauge, or equivalently the term of order O(r°) in the partial Bondi gauge
expansion (2.81). In three dimensions, we have shown in [123] that this radial translation is
a physical symmetry with a non-vanishing charge, and a choice of corner term and integrable
slicing was necessary in order to obtain integrable charges. In the four-dimensional case, one
can expect that similar subtleties will arise, and that there will be a preferred genuine slicing
in which the charges become integrable in the absence of radiation. Although, as we have
seen, there is no flux-balance law associated with the trace mode C, it would be interesting to
investigate whether and how this changes in the presence of matter [134, 135] and in modified
theories of gravity [130-133].

e Subleading Weyl scalars and higher spin charges.

In the flat case there is an infinite tower of functionals whose time evolution is constrained.
These are the subleading components of the angular metric, which appear in “covariant” form
in the subleading terms \I/’ODE’ in Wy. We have seen here how E’}'; appears in covariant
form E4p in \1’8. These subleading terms are related to the higher spin charges [51, 54] and
to the Newman—Penrose conserved charges [182-185]. We have explained here how these
subleading terms can have mixed helicities. It would be interesting for future work to analyse
these subleading terms in details (not necessarily in the partial Bondi gauge), in order to
understand their relationship with the higher spin symmetries and to relate them with the
operators defined in the context of celestial holography.

e Logarithmic terms.

Another aspect of the present work which should be explored further concerns the polyhomo-
geneous expansion and the role of the logarithmic terms. While in the asymptotically locally
(A)dS case the logarithmic terms are necessarily vanishing on-shell, in the flat case they are
subject to evolution equations which we have derived. The question is now how these loga-
rithmic terms affect the symplectic renormalisation of the potential and the construction of
the charges. We have also seen how the logarithmic terms relax the standard fall-offs of Weyl
scalars, and one should now study how they modify the subleading terms in the Weyl scalars
and the Newman—Penrose charges [182-185]. Moreover, it would be interesting to understand
whether the logarithmic terms in the solution space are related to the log soft theorem [151—
153]. Finally, let us mention an example where logarithmic modes play an important role.
This is the case of three-dimensional chiral gravity [186], where it has been shown that there is
a new mode, the “logarithmic primary”, which violates the usual Brown-Henneaux boundary
conditions and requires a larger class of boundary conditions [187-194]. While the setup is
quite different from the present analysis, this shows nonetheless that logarithmic modes can
arise in certain contexts. One should also extend the present construction to include matter
in order to see whether the logarithmic terms can lead to new flux-balance laws and memory
effects.
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e Radiation in (A)dS.
The notion of radiation for spacetimes with A # 0 is poorly understood [70-85]. Although
here we have not directly discussed notions pertaining to gravitational waves and quadrupole
formulas in (A)dS, we have seen how certain well-defined quantities in asymptotically flat
spacetimes generalize to the case A # 0 and 0,gap # 0 (the question of whether these
remain the relevant quantities is however open). For example, we have proposed a notion
of generalized news in (2.34), and also identified the role of the unconstrained spin-2 in the

SAB

quantity sourcing the mass loss and entering the symplectic structure. We hope to clarify

in future work the role of these quantities when studying the memory effects in (A)dS.

¢ Robinson—Trautman solutions.
Our extended solution space, which includes in particular arbitrary time-dependent sources for
the boundary metric, is adapted to the study of the algebraically special Robinson—Trautman
spacetimes [156-160, 175]. These spacetimes are interesting in their own right in order to
study sourced holography and memory effects, but could also provide a simplified setup in
which to study the role of the trace mode C and the radial symmetry in NU gauge.

e Asymptotic structure at spatial infinity.

We have focused in this paper on the analysis at null infinity, and raised several questions
regarding how much the boundary structure should be relaxed (e.g. so as to include logarithmic
terms and/or time-dependency). A necessary complementary analysis, which could help shed
light on many of the questions raised here, should be performed at spatial infinity, where
the asymptotic structure also encodes important physical information [195, 196]. The radical
difference between charges at null and spatial infinity is that typically these latter are conserved
and do not include flux [197-201]. The matching of the charges from null to spatial infinity
(or from past to future null infinity via spatial infinity) should therefore put strong constraints
on the null asymptotic structure, and in particular possibly fix part of the time-dependency
of the symmetry generators. Such a study would however require to also extend the study
of the asymptotic structure and boundary conditions at spatial infinity. Interestingly, it has
already been noted!® that spatial infinity supports symmetries which are more general than the
usual BMS transformations, and are in particular related to so-called logarithmic translations
[202, 203]. It would be interesting for future work to study how the partial Bondi gauge
presented here can be matched to an extended gauge and boundary conditions at spatial
infinity.
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Appendices

A Notations and conventions

We gather here some notations and conventions used throughout the main text, as well as some
useful identities.

e All the angular indices A, B, ... are lowered and raised with the leading order angular metric
qap. We therefore have CAB = ¢AC¢BPCyzp, and Uy = quapUP.

e The one and only exception to this rule is with the full angular metric 45, whose true inverse
such that v4“~pc = 5§ is denoted y45B,

e It is sometimes more compact to lower and raise indices with other two-dimensional tensors,
in particular in the study of the symplectic potential in appendix H, so in these cases we write

Ua = qapU?, Ua =vapUP, Ua = CaUB, Uy = DagUP.

e The contraction of indices is denoted with square brackets, and in particular we have
[MN] = gapM*Np, [MN] = yapMANP, [MN] = CapMAN?,
as well as objects such as [CC] = CABCyp.

e The traces in the metric g4 are denoted by index-free objects, e.g. C' = ¢BC4p.

e Trace-free components are denoted by C\; = Cap — %C’qAB, and it is easy to see that we
therefore have [C™ D] = [CD™] = [C™" D].

e The covariant derivative associated with v4p is D4 and satisfies 'yABDCUB = DCUA.
e The covariant derivative associated with gap is D4 and satisfies gapDcU B — DaUy.

e For the expansions in 7 we use the big-O notation, so that solving an equation E = O(r™")
means that the terms in »~"*1 and above have been killed. By abuse of notation we also use

O(r~™) even for the polyhomogeneous expansions containing logarithmic terms.

e We define symmetrization as P 4Qpy = PaQp + PpQa, i.e. without factor 1/2.
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A few useful identities used throughout the main text are

Capdg™P + C4B5qap = 0, (A.la)
qapdCAE + ¢4B5C 15 = 26C, (A.1Db)
CiacDg) = ([CD] = CD)gap + DCap + CDag, (A.1lc)
1
CacC§ = 5([co] — C*)qap + CCap, (A.1d)
1 1
CacCCPCpp = ;C(cc) - C*)qap + 5 ([cCl+ C?)Cag, (A.le)
1
F0lCCl = (C? = [CC))on /g + CAB(5Cap — Cdqag), (A.1f)
1
(610 /g + 6) In /G = —068\/3, (A.1g)
V4
0,CapdCAB = 9,0 %6CAB — % 156 (C0,q"P)
1
+ <2QABau + auQAB) (CsCcaB)

1/1
+3 (2C2aquBcquB + 0,06C + C6CHy, In /g — C9,CS1n \/a> . (A.1h)

We give other useful identities involving covariant derivatives in appendix E below.
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B Christoffel coefficients

We gather here the components of the Christoffel connection for the metric (2.1) in partial Bondi
gauge. Noting that here the repeated angular indices in F;‘ ', are summed, and using the notation
Uy = ’yABUB, we have

FZT = 07 (Bla)
Iy, =0, (B.1b)
u _ 1 _og 25V A7rB
Fuu = 56 87" € 7 + ’YABU U + QHuB’ (B].C)
1 .
Au = —56725&@4 + 948, (B.1d)
1 _
hp = 5¢ " 0an, (B.1e)
r_ Lo ((V A AprB 1
r 1 o 28V 1 ArrB A
Fur = _56 81” € ? + §’YABar(U U ) -U aAﬁ, (Blg)
L7, = 20,8, (B.1h)
r Lo (V5 B By [ 5 B 1 .
s = 3¢ ?@UA +UP0uvap +UP0Us + UpdsU ) — 278AV, (B.1i)
1
i = 5 14B0:U” + 0B, (B.1j)
T 1 —28 14 a -
Lap =3¢ Ou+ —-0r | 4B +PaUp +DpUs |, (B.1k)
1 _ 1 -
Lo = SU (700,90 + 40u8) — 57" (9guu +20.U5). (B.11)
1 ~ 1 - ~
T = —5¢ U005 + 57¢ (8CUB — 950c + &[yB(j) + UAdR0, (B.1m)
1 -
Doy = —Ze‘zﬁ <6T'YABU AUP + &[UU}) + 0y In /7 + U048, (B.1n)
1
1 = 57’40&730, (B.1o)
Iy =0,In\/7, (B.1p)
1 ~
Lo = §7AB (0pe* — 0,Up), (B.1q)
1 _
T4 =T + € U0 ap. (B.1r)
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C Spin coefficients and frame identities

Using the vectors ¢ and n defined in (2.27) and the null frames (2.37), the Ricci rotation coefficients

are defined by

Vijk = €5erVuein.

(C.1)

Below we give their explicit expression in the partial Bondi gauge, as well as their on-shell expansion

using the expansion (2.54a) for the frames. We find

1 1 - . - 1 _ -
a = =(v124 — Y344) I7, —mBVamp | m? = —Dami + O(r™2),
2 2 2r
1 1 A 1 A —2
Y123 — ’7343 TA rA — m AMpB = —5Vamyg r )
f=5 2 7, — PV Dyt +0(r™?)
1 _ 1 A
Y= 2(’7122—’7342) o) 2/3( RV —-V) - on nfm VmA—Er+’yo+l+(’)( 2,
1 1 P A A 2 Az
¢ =5(nz =) = g0an (mAm? —mAmP) - o,
1

A _B ~A-B
2

+
1 A 1
T = Y21 = — <26 Pyapd UB + 3A5> m? =3 (672”801731 + CABf)BﬁO) mg + O(r~?),

Vv .
V—’Y422—< 64 (23Aﬁ—6 ’YAB@«UB>—F;ATL”>W_’LA

A A
= graAﬂomg‘ + (2e‘2508AV+2mg‘ + 3aAﬁom{‘> + 0,

A A

1 1%
M:’Y423:—§6725 (81;111\/’»)/_{' 27“87‘11'1\/7}/"‘DAUA> :—g —70—’— +O( )

1 _ V ~ 2
A= Y424 = —5¢ 26 <<3u + 27'&) YAB + QDAUB> P
1

A
=5 <GC:£% - 6460%%3) mymg +O0(r~1),

k=131 = 0,

1 _ R 2 _
T =132 = <3A,3 - 5¢ 2’8’YAB<9TUB> A = ;3A50m64 +0(r™2),

1 A 1
0 =733 = 2 r’YABmAmB o 2C'ABm(‘???”Lo +0(r™ ),
1 1 C
p=7134=§arlnﬁ=; 42+O( %),

o8

(C.2a)
(C.2b)

(C.2c)

(C.2d)

(C.2e)



where
1 _ _ _ _
Yo = 16 260 <V+2 + m648,4 (U%még) - m648,4 (U%mg) - mOBU64DAm(]J3)

1 A
+ e 2o (mé‘m(’? - m(’;‘mé?) <‘Bﬁ3 +2DAUp — 662[3002%) ’ (C.3a)

8

| —A(4D—[C’C]) A cc — ap | (mgmf —mimf)

MNlyy=0 = 6 2 AB | \gmyy — My My
1

+ 2 (Qugan — Blp) (mgmt — mgmy) + (Damg'mg — Damg'm§ ) p o

8
+ 5o (Nan = 5CB4 ) (it — mihm). (©30)
[ = %(202 +4D - 3[CCY)
_ ; 20 ((2au +0uIn /G + DAU)C +4(Viy + DU + Ff‘ABUéB)). (C.3c)
The frames (2.54) used in the NP formalism satisfy important identities. First we have the time
derivative
Oumi = (iauQAB (mgmg —mgmg) — 3 In \f> mg — %(%%cm(}?moc)méa (C.4)

which can in turn be used in (2.54c) to compute the time evolution d,m4'. Then, we have other
identities involving the time evolution, which are

nimE (ACap — 384 5) 0, In /4, (C.5a)

momE (0aqap) = mgmg ((a + 9y In/q)Cap — (0 + 0y In \/a)%gB) . (C.5Db)

w

Finally we have the identities

CapmigmE = O EmimE = iqace“P CHamimy, (C.6a)
mE Dpmi = m{ Dpm¥, (C.6b)
mE Dpmi = —m{ Dpm, (C.6¢)

(mé@A + 261) (VAmS‘) = (DAVB)m(?mOB, (C.6d)
(mg'0a — 481) (Tapmiymf) = (DPTER)m{ (C.6e)
209 Vami = —CL% VAmO : (C.6f)

(VAmO ) (TABmf;‘mO ) = TasVAmE, (C.6g)
2Re((mida — 261) (Vami')) = DAVA (C.6h)
4Re(ooTapmiymy) = —CRTAP = —CapTHP, (C.61)

which hold for any vector V4 and any symmetric tensor T4p, and which can easily be complex-
conjugated to obtain mirror relations.
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To compute the above expansions of the spin coefficients we have also used the expansion of the
normal n* = (n* n",n?), which is

nt =e 20 L OFr2), (C.7a)

; A r _ L A
n :7‘264-56 Q’BOV+2+§€ 260V+1+%(4D_ [CCD

+ %e*% <V + = ([CC] 4D) (69, In /g + 6D UG — 6250A0)> +0(r72), (C.7b)

A = 2oy 4 gaA/ﬁo + o). (C.70)
T

D Expansion of the inverse angular metric

Here we explain how to obtain analytically the asymptotic expansion of the determinant and the
inverse of the angular metric. We initially assume that there is no logarithmic term in the expansion
of the angular metric, but the construction can straightforwardly be applied to take such terms into
account.

Let us denote all the matrices appearing in (2.3) by ¢ = qap, C = Cyp, and so on. We also
denote by ¢! = ¢*P the inverse to ¢, by C* = CAB = ¢=1Cq¢~! the tensor with indices raised by
gaB, and by a dot the matrix product C*.D* = C*¢D* in q. We then use the fact that, for arbitrary
matrices A and B such that A and A + B are non-singular, we have

(A+B)'=a"! (i(—BAl)">. (D.1)

n=0
Applying this formula to v (and discarding once again for simplicity the logarithmic terms) with
A=r%’gand B=7rC + D+ O(r~!) enables to extract the coefficients in

-1 - Tn
N = — (D.2)
n=2
In particular, this gives

V1 =-D"+C".C, (D.3a)
v =—E*4+C*"D*+ D*.C* — C*.C*".C", (D.3b)
v =—F*+ D"D*+C"E* + E*C* — C*.C".D* — C*.D*.C* — D*C*.C* + C*.C*C".C* . (D.3c)

This can then be rewritten using the fact that for 2 x 2 matrices we have
AB + BA = (trA)B + (trB)A — det(A + B)I + (det A)I 4 (det B)I, (D.4a)
det(A + B) = det A + det B + (det A)tr(A™'B), (D.4b)

where tr(-) is the usual matrix trace. Introducing now the trace with respect to ¢ defined as
try(C) = tr(¢~'C) = ¢*BCyp and using the notation [CC] = tr(C*C) = CABCyp we find

det(¢q~'C) = (trq(C)2 —[cQ)), (D.5a)
det(¢”'C)tr(C7'D) = det(q_ 'D)tr(D7'C) = [CD] — try(C)try(D), (D.5b)
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which we can use to obtain

c.Cr = %([CC’] —try(C)?) g™ + try(C)C*, (D.6a)
C*D* + D*C* = ([CD] — try(C)try(D))q " + try(D)C* + try(C)D*, (D.6b)
Croner = %(trq(C)([C'C] 5, (0))q 4 (I0C] + 1, (CP)CY). (Do)

Combining these formulas and switching back to the notation of the main text finally yields
7P =D+ oChP + %[CC]qAB, (D.7a)
NAB = _EAB L DA 4 DoAB — %([CC] +C%)CAB 4 %(03 - Clco] + 2[C’D])qA37 (D.7hb)
eP = —FAP + CEAP + ECP + DD2P — %([CC] +C?)DAB + (C([cC] - D) — [CD])CAP
+ 1 ([C)([CC) ~2D) + 4[CE] +21DD] ~ 4C(CD) + C*(6D — €*) )¢ (D.7¢)

The subleading components ny and 7543 are unfortunately necessary because they appear in the
symplectic potential and when solving respectively for # and (3 in section 2.2.

To obtain the determinant, we proceed with the same notations as above and use formula (D.4b)
to expand

det(v) = r* det(q) + 2 det(C) 4 det(D) + det <E + O(T‘Q))
r
-1(.3 2 F -2
+ det(q) tr [q (7“ CH+r D—l—rE—i—D—F?—l—(’)(r ))}
-1 D —2
+ det(O)tr [C’ <TD +FE+ - +O(r ))]
(E -2
+det(D)tr (D™ —=+00"7) )] . (D.8)
r
To go back to the notations of the main text we then note that
det(C) 1

det(q) 5(02 - [ea)),

det(C)
det(q)

tr(C~'D) = CD — [CD], (D.9)

and similarly with the other tensors appearing in the angular metric. Combining all these results,
we can for example extract the next order in the partial Bondi gauge solution (2.7), which is used
in appendix F.

At the end of the day, we can also reintroduce the logarithmic terms in order to expand the
determinant and the inverse of the polyhomogeneous metric (2.3). In this case we find that the
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angular metric and the volume element have an expansion of the form

AB AB AB
AB _ 4 c Y4 L/ aB  naB
Y - 7’2 - ?“3 + ’1“4 +ﬁ(75 _El 11’1’]”)
1

+ 6 (’yf;‘B + ([CEl]qAB — CE,¢*P + E,CAB + CEMP — FZAB) Inr — F2P(In 7“)2)

+ 0™, (D.10a)
ﬁ 2 ¢ 1 TF 1 1 TF TF
e — —(2D — — | E+ - —|CD El
NG r +2r+4( cC D+2T +4CWC ] = [CD™] + Ejlnr

T S SV | . )
T2 <32 (3C" —4[CCT" —4C%[CC)) = 1C°D + S D[CC) + 5D + C[CD] - [DD]
+ CE — 2[CE] + 2F + (CE; — 2[CEj] + 2F)) Inr 4 2F2(In 7“)2> +O(r™3). (D.10b)

All of these expressions can of course be obtained with a computer, although there can be a lot
of guess work involved as more and more combinations of the tensors appear as one goes to lower
order in the radial expansion.

E Expansion of the angular connection

In this appendix we assume once again for simplicity and clarity that there are no logarithmic terms
in the expansion of the angular metric. The Levi-Civita connection associated with the angular
metric y4p then admits an expansion of the form

r¢ r¢ r¢
Tiph] = Tipld + 22+ %B+'i?3+0075, (E.1)
with
¥yp = %(DACg + DpCq — D°Cap), (E.2)
TSap = %QCD (0aDpp +dDap — dpDap) — %CCD (04Cpp + 08Cap — pCag)
+yana T, (E.3)

1 1
T$ip = §CICD (0uaEpB + 0EAD — OpEAB) — §CCD (0aDpp + 0Dap — OpDap)
1
+ 575013 (04CpE + 05Cap — OpCag) + Vanad TN 54, (E.4)

with 74 5 and 75 5 given above in (D.7). When the determinant condition is satisfied we have at all
orders the properties

Ti50h] ZETh5le = 04ln /g, DaPA Z DyPA, (E.5)

. . BS
or in terms of the above expansion Ff A = 0, Vn.
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We now give a few identities involving combinations of covariant derivatives. In the computation
of (H.11) we use identities of the form

D(aPpy — C(acDpyP¢ — 2T, g Pc = P DcCag, (E.6a)
_ 1
DAPA —CABDPp — TPy =T, ;P = 5PAaAC, (E.6b)

which hold for any vector P4 with P4 = CABPg, and where we have denoted qABF?AB = F?.
With the expansion (2.9) we have

DU = DU + %(DAU{‘ + T 5U8) +O(r2). (E.7)
For any symmetric trace-free tensor T4p we have
DYDcTap — (DaDTpyc)"" = Rlq|Tas. (E.8)
Finally we note that

(6 +61n/q)Rlg] + 2D*D 481n /g = —D4Dpdq*?, (E.9)

which also holds when replacing e.g. § — 0, or § — 0a4.

F Subleading solution space

Here we report part of the structure of the solution space at subleading order. This is necessary
in order to compute the evolution equations in the case A # 0 and also to understand how the
logarithmic branches disappear in the case A #% 0. Since we compute the evolution equations in
section 2.4 with the boundary sources turned off, i.e. By =0 = U64, we also do so in this appendix.

The solution for § is actually independent of the boundary sources fy and U64. Going further
in the expansion of (2.6), we find terms in r—* (ﬁl24(ln )2+ Buulnr + 54), with

s =~ 2 Fi, (F.1a)
_3 e _3p L
Bia = 320El+ 32[CEZ ] 8Fl+ 4Fl2, (F.1b)
1
3204 =—12F +4F, + 9[EC""] + 3CE — CE; — ;[EZCTF] +4[£D] + D?
1
+ éD(3O2 —22[CCY)) — 5C[LC] — 3—3202[00] + 2[00]2. (F.1c)

The expansion (2.9) then continues with terms in r~*(U#,(Inr)? + Uf{ Inr + Ug'), with

24
Uity =0, (F.2a)
vh=-3 (;C’U,g‘ + CAUE — Dyp(BF)A ;8AE1> , (F.2)
Uf* = (lengthy). (F.2¢)
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Finally, we find that the expansion (2.13) continues with r=!(Vjz;(Inr)® 4+ Vi3 Inr + V1), where

5A
‘/121 = EEZ, (F3a)
A (5 1,1 1 1. A 3
= = (2CE —2Fs +5F ) + ~DAUA — ~CVjg — ~0uEy — —[EB] - ZE0,1 F.
Vi 17 (40 1 2 +5 z) + 5 aUj3 4CVzo 23u I~ g [EB"] 1 10, 1n\/q, (F.3b)
Vi = (lengthy). (F.3¢)

The expressions for Uf* and V; have been used for the computation of the NP (A)dS mass loss
equation, but are too lengthy to be displayed here.

We now give the real parts of the subleading terms in the Weyl scalar W4 in the absence of
boundary sources. Off-shell of the (AB) Einstein equations we have

1 A 1
Re (¥4 = —ZDAU;;)‘ + Z[EpBA] -3 <[EZC] + 2[C’£]> : (F.4a)
1 3 A
Re(W3) = =2 D4Pa— SOM+ 2 Cape??
A F 1 ap 1 1
+ o (S[CEl |+ [cs]) — 5DaDpC"P + L[N — S[CLo, InvG.  (Fdb)

On-shell of the constraints and in the case (A)dS we therefore get Re(¥5') = 0 and (2.75), which is
what we have used in the main text.
G Alternative resolution of E,,., = 0

The field equation E,, = 0 can rewritten using its trace to obtain the equivalent form R, = Agy,.
At the difference with vAZ R p = 2A, which is first order, this equation is second order in V since
we have

Ryr = (0; — 0, In\/7)T0, + 04T + 040 (In /7 + 2B)

1 1 -
+ Z(ﬁu'yAB)(awAB) + iyABrﬁch] (6362’8 — 8TUB), (G.1)

which contains 0,I'],,.. The expansion which solves this equation is of the form

V=r*Vig+r* Voo + (Vi Inr + Vi) + Viglnr + 2M + O(r™ 1), (G2)

which differs from (2.13) by the presence of an additional 7 Inr term. The rewritten equation sets

Rur — Aguyr = O(r™ 1) = Vig = %6260, (G.3a)
A
Rur — Agur = O(r72) = Vi = g62/300 — 9y In\/q — DAUZ, (G.3b)
1
Rur — Agur = O(r™3) = Vi = —5[0%% (G.3¢)
Ry —Agur = O(r %) = Vio = [DB"] - iC[C’BA] + gem’El, (G.3d)

64



where the logarithmic terms involve 8% 5 defined in (2.18). As expected, we see that with this
method of resolution the logarithmic terms involve the constraints whose vanishing is implied by
the (AB) Einstein equations. The construction of the solution space is therefore consistent if we
follow the route presented in this appendix or that of section 2.2.

H Computation of O

Here we present the details of the calculation of the radial part ©" of the symplectic potential in
the partial Bondi gauge, assuming there are no logarithmic terms in the angular metric and the
solution space. We first rewrite the radial component of the potential in the form

v
0" =~ <6(Fgu +T, -1 ) +UAS(TY, +TE —T7,) + 75Ff.‘A + e25yA35FQB>
— ﬁ(5A+UA615%A+<C+]D>). (H.1)

We then study each term separately using the off-shell expansion of the connection components
(B.1). The only simplification which we use is to set $; = 0 since at the end of the day this on-shell
condition is common to both the BS and NU gauges. We also assume that the logarithmic branches
have been removed so that e.g. Ul’g does not appear in the expansion of U4,

The first term in the above rewriting is

A=TY +T24, —TT =rA + Ao+ % + % +0O(r ), (H.2)
with
Ay =2Vy3, (H.3a)
Ay = —e P [UgUn] + 2[UodBo] + Viz + 9u(In \/q + 255), (H.3b)
Ay = —e 0 ([UUL] + 2[UgUs) + [TpUn]) + 2[U1080) — 462V + %auc, (H.3¢)

Ay = —67250 (3([UOU3] + [Ule]) + [[71(]1] + Q[UoUQ] + [ﬁoUl] — Zﬁz[UoUl])
+2([Us0Ba] + [U2060]) — 2M — 45:V> — 665V + 10u(2D — [OC] +86).  (H.34)

The second term is

Bia  Boa

B = T4, + T4 — T4, = Boa + T2t o), (H.4)
with
Boa = e 290U} + daln /g, (H.5a)
Bia = e 2P0 (2U3 + U}) + %8,40, (H.5b)
Boa = e~ 20 (3U% + 203 + U} — 26,U}) + iaA(w - [ca)). (H.5¢)
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The third term is

|4 Ci Gy

_ VA 1 2 -3
C= T&FTA Co + . +T2+O(r ) (H.6)
with
2Cy) = —V430C, (H.7)
2C) = =V 00C + V+35([CC] — 2D),
2Cy = —V416C + V26 ([CC] - 2D) + %V+35(C?’ —6E —3C[CC] +6[CD]). (H.9)

Finally, the fourth and most intricate term is

Do

D = *PAABSTY p = rDyy 4+ Do + % + 5+ o(r3), (H.10)
with
D1 = ¢*P6(qapVis) — 4680 Vs, (H.11a)
Do = ¢*%5 {QABV+2 - %CABV+3 + %auQAB + DAU%}
+6B0(CVis — 4Vio — Oy Ing — 2DaUG') + Vi35G, (H.11b)

D, = ¢*55 {QABVJrl - %CABVJrQ + %%CAB + DUp + CacDpU§ + ;U()CDCCAB}
_ 4B {;aquB 4 DAU%}
— 880 <4V+1 — OViy + ([CC] = 2D)Vis + 8,C + 2D AU + U({‘aAO)
+ Vi20C + %6V+3([CC’] —2D) + Vi <7fBanB — %CABécAB — 4552> , (H.11c)
Dy = ¢*5§ {QMQAB + %CABV-H + %%DAB - ;EABV+3}
+ a6 {Da(UR + Ub + UB) = T35 (U +08) ~ TS45U8 |
_ ABg {qABV+1 + %CABVH + %aucAB +DaA(Us+UR) - FchBUg}
+ 486 {QABV+2 + %CABV+3 + %aquB + DAU%} + 886 (qapVis)
— 6B (8M OV — 2DViy — EVig + ¢*B8,Dap + [CCVys — CABauC’AB>
— 5o <VfB (CaBVis + Buqas +2DAUR) + 2’)/543(]ABV+3)
— 268 <DA(U5‘ + 0§ — CABTY) + %(U{‘ + U 0aC + (CAPTE,  — rg?)Ug>

+0B2(CVy3 — 4Vyg — 0, Inq) — 4685V 3. (H.11d)
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We then collect all these pieces and use the expansion (D.10) of the boundary volume to find

" = \/q(r*05 + r*05 + ro} + 0), (H.12)
with
05 = 6A 11 + Dy, (H.13a)
05 = 0Ag + Do + Co + [UpdBo] + %Ceg, (H.13b)
07 = A1 + Dy + Cy + [UgdBy] + [U16Bo] + %09; + é(zu) —C? - 2(0C)) 63, (H.13c)

1 1
04 = 6Ag + Dy + Co + [UgdBs] + [U10B1] + [Ua6Bo] + 500{ - g(4D — C* —2[CC])64
1 1
+3 <4E +3C[CC] — 4[CD] — 2CD — 203> 05. (H.13d)

T

m>n Which come from the relaxation of the

Here we clearly see in each 6], the terms involving 6
determinant condition, or in other words the fact that the co-dimension 2 volume has a non-trivial
expansion. It is immediate to see that these terms drop in the BS gauge.

These expressions are so far valid off-shell. The only assumptions we have made about the
expansion is 1 = 0 and the absence of logarithmic terms. It is now convenient to use the on-shell
expressions derived in the partial Bondi gauge in section 2.2 in order to separate these components
of the potential into sources pieces (S) which vanish when the boundary sources (8o, U§') are set to
zero, and fixed pieces (F) which remain even in the absence of boundary sources. For compactness
and convenience we will however adopt a mixed notation where we still keep e.g. UlA without its
on-shell value since it is a pure source term. We also keep 2 and (3 unspecified in order to later be
able to reach the BS or NU gauge, and sometimes keep writing V,;" instead of their explicit on-shell
values.
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We now decompose each coefficient in the expansion of the potential as 67 = F67 +©&g" keeping
in mind that we are now using the solution space of section 2.2. For the terms which remain in the

absence of boundary sources we find

®r =V, 361Ingq, (H.14a)
M5 = (2CVis — Oy lng — 8,)d In /g — %5(1’438qu3 + %V%\, (gapdCAE +260), (H.14D)
D0 = 20" {qAB {e% (R[q] o2 (i[cc] R D)) (@ + 2‘o‘u>0] }

+ %qAB(S{CAB (Oulng — CVyis) + 23uCAB} - %CAB(SauQAB

+ i(cwg — Oy lng +20,)0C + Vi <7f36q,43 — %CAB(SCAB + i5[00]>

+ %C<F>95 - %(41) — C? —2[CC]) ™5, (H.14c)
®gr = 2(5Ing + 6)M + %qAB(S {auDAB — BEapVis + Da (e% (95C — DCC’BC)> }

+ %qABacAB {62/30 <R[q] + % (Z[CC] _ C; - D>> + %(au In /G + 2@)0}

— %cf“-ffa{cmg(cv+3 —OyIng) + 2aucAB} + %(wv+1 — C8Vyq)

1
+ iva (5{QAB (CVis — Ouln q)} +0CABVi3 + 58UQAB> + 72 85qaV 3

+ 1({971(5(21) — [CC] + 852) + 25{ﬁ2 (8u Ing — CV+3)} + 9055 (au Ing— CV+3)

+ = (CVy3 — 9y Ingq)d([CC] - 2D) + %VH&(C?’ —6E — 3C[CC] +6[CD])

e

1 1
+ 5e% (04C — DpC*P) 046 In \/q + §C<F>9{ +3 (4D — C* - 2[CC)) ™63

1 1
+3 <4E +3C[CC] - 4[CD] — 2CD — 2C3> ®gr — 10633V, s. (H.14d)
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For the terms which drop when turning off the sources we find

©95 = 26V, 3, (H.15a)
©05 = 206V, 3 — 5{e—25° [UoUn] — 2[UdPBo] — 20uf0 + 3DAU0A} + [Uo6By)

+q*B5(DAUY) — (DAUSSIng — 680 (CViys — By Ing — 2D UG, (H.15b)
®o] = —%CIABfS {QAB [6250 (4DA5A50 + 8(3A50)(3A50)) + %(DAU64 + 2U648A)C] }

1
+ ¢85 {DAU}3 + CacDpU§ + 2UOCDCCAB} — CAB5(DAUY)

1
+ éawg (3[CC) - 4D) L (DAUG)SC + iqABé(C’ABDCUOC )

2
56 (4v+1 — CVig + ([CC) = 2D)Vis + 8,C + 2D AU + U5“8A0)
- 5{6*250 ([U2U1] + 2[UsUs] + [UoUl])} + 26[U1850)]
1 1
+ [UodB1] + [U13Bo] + 5C 965 + S (4D — €2 = 2(CC)) 5, (H.15¢)
®gr = —gABs {DA (e CpcdCBo) — Da(Uh +UR) + T 5 (UL +TL) + FQCABUg}

1 1
n ZqAB(SCAB {6260 <4DA6A50 + 8(aA/30)(aA50)> + §(DAU54 + 2U0A8A)C}

+ CABg§ {;CABDCUOC — Da(Up +UB) + F?ABU?;}

+ 448 (;CAB(5V+3 —8(gapDcUS) + 5(DAUg,)> + 72 B gapdVys

— 860 (8M Vi1 — 2DVig — EVig + ¢*B0,Dag + [CCVis — CABaucAB>

— 350 (%fB (CaVis + Ougap +2DAUR) + 2’754BQABV+3>

258 <DA(U2A F O = CAPOB) + LU+ 0)0aC + (€T, — rg)Ug>

— 5 {e %% (3([UoUs] + [U1U3]) + [O1TA] + 2(00Us] + [Tolh] — 265[UolA] ) |

+25([Uo0Ba] + [U2080]) — 46(B2DalUs") + 2682 Dal' — %DAUé*é([CC] —2D) — 6836V,
+ [UgdBa] + [U10B1] + Us'd (e 2PU}) — e*0CAP 0450056 In /g + %c%{

1 1
+ %(413 —C? - 2[0C))®0; + 3 <4E +3C[CC] — 4[CD] — 2CD — 203> ®gr. (H.15d)

From these expressions it is then possible to reduce the potential to the BS or NU gauges. This
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reduction is done by imposing either of the following two conditions:
BS) <« C=0 D= %[CC’], E=[C9], (H.16a)

1 2 1
(NU) — D= Z[C’C’], E= 3 <[C@] + §C’(C2 — 2[00])> ,  (H.16Db)

where in NU gauge the conditions on D and E are equivalent to S5 = 0 and 83 = 0 respectively.

In the main text we have focused on the potential ™6, in the absence of boundary sources, i.e.
with By =0 = Ué4. We have furthermore split the potential between a part which survives in BS
gauge, and additional terms which are only present in NU gauge (involving essentially C'). The
divergent pieces are reported in (2.104) and (2.105). The constant piece 6, is however still very
lengthy so we report it here. In BS gauge it is given by

05| g = 2(5Ing + 6)M QqABa(A(g’AB + D4DC CBC)

1 A 1 1
+ ZqAB(scAB <R[ ]+ 5[CC]> + §5CA38UC’AB ~ g0 (CB5CaR)
+ % <SCABauCAB — DACABaB) 61I1\/(j]
1
+3 ([00]5 In\/q — 3CAB<50AB)6U In /. (H.17)

In NU gauge we find instead

s =
NU 01BS
+ <AC’%{‘B - A((12 +[oC))cAB + %CCABau In \/a> 8qanB

1
<37A03 — @C[CC] +C(C8, — Rlq] — C*P0yqap) +04Co4 — 1[CC10,In \/a> 5In /g

3 Ingq + 20, )> J[CC]

A 2A
+ g02 - lcc) - auc - gcau In \/a> 5
+ gccAB Ae2gnm ;jg (eleil'a ;1 q*P (9, 1n /g + 2au)c> §Cag

5(DA8BC)+ L850, (CCHB) —

8
1
3 §(CC*P0,q48)

(e
<
it

— 25(CRlq)) + 05((28 + 0, ln\/§)0) %a (¢?0mm g — CCoqap)

n W([C’C] +C2)60,/G — 76(\f[09]) ~16¢

+ 4\[0(8 (vVaa"?3Cap) - 0.6(viC) - 0,(5aC)). (L.18)

This expression can surely be simplified further, but we refrain from doing so here. One should just

AB§(9,q45[CC) + qapd,[CC))

note that the additional terms which differentiate the BS and NU potential are not only proportional
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to C. The reason for this is two-fold. First, we see by comparing (3.2) and (4.2) that the on-shell
expression of the subleading components of the angular metric differ in BS and NU gauge. Second,
we should recall that in BS gauge 3,~0 # 0 while in NU gauge 3,~0 = 0. Since the NU potential is
written in (H.18) as the sum of the BS potential and extra terms, these terms need to remove the
non-vanishing f3,~9 # 0 which are present in the BS potential (in order to ensure that for the NU
potential we have (3,s9 = 0).

I Off-shell By, o

We report here the off-shell expression for E’f . This is the expression from which the

‘/30 =0=Uo
equations (2.19), (2.20), and (2.21) have been derlved in the main text (upon further imposing A = 0
and going on-shell of %?4 5 = 0). The length of this expression also illustrates the clear advantage
of the NP formalism over the use of the tensorial Einstein equations. We have

Bo=0=Up _ 2A

EFB (9(7"*2) = 3 lQAB(IHT') —EOM(EIAB) Inr
5) 2 1 1
+ A{ ap — 6FZAB gFEB - ZC(AC(EITF)g) + ECE};FB
1 /4 5 1
— (=D TF Y2 e 2
+ 3 <3 [cctt+ 60 [CC] 60 [CCI* ) qaB

1 1

1 a Loy 1o, 3 AL
+4(3El 5E + ;0D — <C +16(J[CC]>‘BA3 SIEB s

2 1 3 3 —~
- 3{augAB - §(D(A7DB))TF SCAEM| o+ §QAC€CDC5%M
1 3 9 15
+ B (gAB — 3ElT/fB — §C£AB — ZCEFBD + 8£(AC(CTF)g)) Oy In\/q
1 3 1 3 e
+ 5 0uC + §R[Q] Lap + éC&JSAB + Z(C )(AauSB)C
9 TF 7 11, .
+ *D(C )(Aau(JC’B) + S(ACC Pouapp) — *(C )( (%%D)SB)
+ C( £PBY ) — CS( Bep) + f[mso]cAB
21
+ 350 cCSPCTE (%0) B - [C’C]C( o(B9%,

7
—@CC(ACCCD*B%BWLC[CCTF]% B+ 020( (8% — —C[C%O}C }

1 1
-3 ((2au +0uIn /q) Efip + Q(D(AU?))TF>

1 1
+ <2EZC(‘A Ef, )SBO)C+5<E—4EZ> 8% 5, (I.1)
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with M|, _ =M + 15(0u + 0y In/q) (4D — [CC]) and

1
EOM(Eiag) = (20, + 0, In \/q) E/X5 + = (D(AUB)) 5]3;%943 (1.2)
3
ET(ZC%O?+ SEBhp + [Ez% laas
A 1
+3 <5 ap — 2F4] CElAB+ ([CC] 02)£AB+8(C(ACSCDODB))TF>.

We note that the first term on the second line is always vanishing on-shell. This is because we have
BY 5 = 0 in the flat case and Eff5 = 0 in (A)dS.
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