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We describe the foundations and main applications of our proposed theory for describing High-Tc

Superconductivity in cuprates.

1) INTRODUCTION

After more than three decades of the discovery of su-
perconductivity in cuprates many theories have been pro-
posed to explain its mechanism. Almost all of them,
however, fail in providing quantitative predictions that
could be compared to experimental data, being, there-
fore not testable. Conversely, we propose a theory for
High-Tc superconductivity in cuprates, which makes sev-
eral quantitative predictions for the outcome of mea-
surements of physical observables. Such observables in-
clude: the critical SC transition temperature T,(x), the
pseudogap transition temperature, T*(z), the pressure
dependence of the optimal SC transition temperature
Tnae(P), the resistivity as a function of temperature and
magnetic field (p(T) and p(H)) in the normal (non SC)
phases, among other observable quantities, which com-
pare favorably with the experimental data for several
cuprate materials [1-4] including LSCO, YBCO, Hg1201,
Hg1212, Hg1223, Bi2201, Bi2212, Bi2213. Our theory is,
therefore, testable and thus fulfills one of the first pre-
requisites of any acceptable theory.

The theory we propose is derived from the Spin-
Fermion-Hubbard (SFH) Model [5, 6], and its Hamilto-
nian is obtained from the SFH, by performing two stan-
dard operations, [1] namely: a) tracing out the localized
spins degrees of freedom; and b) making a second order
perturbation theory on ¢/U, the ratio of the hopping to
the Hubbard parameters.

An additional key ingredient is the realization of the
fact that a dimerization occurs in the bipartite oxygen
square lattice that is energetically favored and is directly
responsible for the onset of a superconducting state in the
cuprates [4]. Such state has resonating spin zero dimers,
similarly to the RVB state [|. In our case, however, dif-
ferently from the RVB state the resonating dimers are
themselves Cooper pairs formed by two holes with op-
posite spins and belonging to different nearest neighbor
sub-lattices [4].

We have successfully applied our theory in the expla-
nation of the results of several experiments performed in
the cuprates [1-4], hence our claim that our theory is
testable and, moreover, it has passed the several tests to
which it has been submitted so far.

2) THE MODEL

2.1) The Starting Hamiltonian

The first step before writing a model hamiltonian for
this system consists in the realization that the CuO,
planes, which are the stage upon which the physics of
cuprates unfold, contain three intertwined square lat-
tices: the one containing the localized C'u spins, and the
bi-partite square lattice containing the itinerant spin 1/2
oxygen holes, belonging to p, and p, orbitals that alter-
natively hybridize with the Cu™t d,2_,2 orbitals.

The A, B oxygen sublattices are located, respectively,
at (R,R + d;), where

1 1
di = 5[X-Y]; do = 5[X+Y]
1 1
d3=§[—X+Y] ; d4=§[—X_Y]» (1)

where X = aZ and Y = ay are primitive vectors of the
oxygen lattices (see [1]).

In order to derive our theory for the high-Tc supercon-
ductivity (SC) in cuprates, we start from the the Spin-
Fermion-Hubbard (SFH) Hamiltonian, which comprises
the four terms below [1, 4, 13]: the hopping term, the AF
Heisenberg term, the Kondo-like term and the Hubbard
term, namely

Hsppg = Ho+ Har+ Hix + Hy

HO = —tp Z ZL/)LJ(R)wB,a(R'F dz) + he
R,d; o

Hap = Jar Z Sr-Sy
(1)

Hi =Jg Y Sr-|Y nanc Sa+ > nsne Sp
Rel R+del

I
Hy = U,,annf +Up Z nfnf
R R+d

(2)

where w; (R), wg (R+d) are the hole creation operators
on sites R and R + d, respectively, of the A, B oxygen
sub-lattices and S; are the spin operators of the localized
Cu™ ions.



In the expression above,

1 o
SaB = 51/)2&3)&0@51?(;1,3);9 (3)

is the spin operator of the holes belonging to the p.,p,
oxygen orbitals, associated, respectively, to the A and B
sub-lattices. The sign factors na,ns,nc,n = £1 come
from the pd-hybridization integrals involving the overlap
of p and d atomic orbitals. We are going to consider the
orbital array depicted in Fig. 1, for which the product
nanencng for nearest neighbors A, B is always equal to
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FIG. 1: The CuO2 planar lattice with sub-lattices A and B
represented in red and cyan, respectively. This configuration
leads the magnetic interaction between localized and itinerant
spins to an effective hole-attractive interaction for all nearest
neighbor holes and is responsible for the superconductivity in
cuprates.

We derive our effective Hamiltonian for the cuprates by
performing two standard familiar operations on Hamilto-
nian (2). These are: a) tracing out the localized spins Sy,
in Hap + Hi and b) making a perturbative expansion
on Hy + Hy.

2.2) Tracing the Localized Spins

We start by tracing out the localized spins [13].
We have the partition function given by

Z = Tr,Trs, e~ P HoWI+ Hu 1+ HIS ] (4)

By using a base of coherent spin states, {|{N)}, labeled
by the unit vector N and having the property

(NISIN) = 5N (5)
(s = 1/2 is the spin quantum number), we can express
the trace over the localized spins S; as a functional inte-
gral over the classical vector field N of unit length (see,
for instance [1]) from which, we have [13]

TrSIE*ﬁH[SIJM — /DN5(|N‘2 _ 1)676H[5N1,¢] (6)

We now decompose N in terms of antiferromagnetic
and ferromagnetic components, denoted, respectively, by
n and L. We then write, in terms of the lattice parameter
a:

NI = (—1)1111 1— a4L2 + CLQL[ (7)

such that [N|? = |n>?=1and L-n = 0.
We can re-write the trace over S; as a double func-
tional integral on n and L [1]:

Trg, = /DnDL5(|n|2 —1) (8)

Then, inserting (7) in (6) and expanding in a, we obtain

TI'SIG_BH[SIﬂb] = ‘/_DII_D:[J(;(‘IH2 - 1)

B
exp {—; /dzr/ dr [JAF32VZ-n -Vn
0

+4J ars2a®|L|?

. 0
+L- [JK [nanc Sa +npne Sp) — isn x aﬂ }(9)

We are going to integrate out the ferromagnetic fluctu-
ations by performing the quadratic functional integral on
L. This will produce three terms, corresponding to the
square of the last term in (9): the 2nd term squared,
which provides a kinetic term for n [1], the 1st term
squared, which produces an effective interaction among
the itinerant doped holes (which is the 3rd term in the
exponent of the expression below) and the crossed term,
which vanishes [13, 21], yielding



Trg, e~ PHIS10) _ /Dn5(|n|2 “1)x

7 s 1
exp —/d2r/ dT? {Vin~Vin+ 287n-8Tn]
0 C

J2
+8JA p lz nanc Sa+ > nsnp 531 : lz nanc Sa+ > nsie SB] } (10)

Rel R+der Rel R+der

where ps; = Jﬁ‘TF is the spin stiffness and ¢ = Japa is the spin-waves velocity.

Using the fact that the continuum limit involves the replacement a? Sre [ d?r, we conclude that

—B|Har[Sr]+Hk [Sl,w]:|

2
Trs,e = Znrome P =z, Mexp{—foﬂ dT Y R R+a [Sjﬁ (nancSa +77377’CSB}2} }(,11)

where Zn o, is the partition function of the Nonlinear Sigma Model ( see, for instance [13]).
Inserting the expressions for S4 and Sp in (9), we obtain, up to a constant,

H,y W’] =
J2
S mansnene Y [Why (R)Uh R+ do) + ol (R R+ do)| [1m (R + diar(R) +wpy (R + i)y (R)
R,R+d;
(12)
From Fig. 1 we see that 2.3) Perturbation Theory in Hy
nancnsie = —1. (13)

For this reason, the above interaction is always attractive
between nearest neighbor holes, which belong to different
sub-lattices.

We conclude that the ground-state of the system
should be the one depicted in Fig. 2.
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FIG. 2: The ground-state in the SC phase. Notice it is an The complete effective Hamiltonian we use for describ-
RVB-like state, where the resonating dimers are spin zero  ing the cuprates is obtained by carrying on a second order
Cooper pairs formed out of neighbor holes belonging, each of perturbation theory on the Hy+ Hy terms [1]. Including
them, to different sublattices A and B. this result, we obtain the following effective Hamiltonian:

Heopply)] = —tz Wl (R)Yps (R4 d;) + he
> [wm JUhy (R +d) + 0l (R+ d)wl (R)] [V (R + di)woar(R) +vay (R)Ys (R + d)|

~gp Z Wl R (R+d) + 6, (R)Up (R +di)| [0h (R +di)uas(R) + 6, (R+d)va (R)]. (14)



where gg, is the hole-attractive interaction coupling parameter and gp, the hole-repulsive one, given, respectively, by

J% 2t2
= =2 15
95 = 37,7 9P =7 (15)
This is the effective Hamiltonian of our theory for High-Tc ?uprates.
2.4) The Effective Hamiltonian:
Hubbard-Stratonovitch Fields
We can write our effective Hamiltonian in terms of the
Hubbard-Stratonovitch fields ® and yx, as [1]
Hepp=—tp szﬂAa )UB.o(R+d;) + he
+ Z [wm Joh, (R + dy) + 0 (R+ ol (R)] + he
+ Z [d}m( J¥pt(R+d;) +¢L¢(R)¢B¢(R+di)} + he
1
L Y ol Rd)ER,d) + — S (R d)x(R, ), (16)
95 R, 9P g d,er
In order to describe the doping process, we add to the above Hamiltonian the chemical potential term
- [Z (hotoao +¥h otm0) - d<x>] a7
where d(z) is a function of the stoichiometric doping parameter x, to be determined self-consistently.
[
From this we derive the field equations these operators, namely
A(d;) = (20)
ot (R, d;) = (18) g5 (vl R)wh, (R + ) + v, (R + d)ul (R))
s |l Rk, R+ ) + vl R+ djel (R)]  and
M(d;) = (21)
and

gp (0l (R)Upr (R +di) + vl (R)Up, (R + dy))

X' (R,d;) = (19) Notice that, because of the invariance under Bravais lat-
gp wLT(R)wBT(R +d;)+ wLL(R)z/Jgi(R + dz)} tice translations, it follows that A(d;) and M(d;) do not
depend on the Bravais lattice sites’ position R, rather,
they depend only on d;.

t . . .
Observe that ®7 creates two holes with opposite spins, We find [1], in momentum space

each one in neighboring sites ). It is, therefore, a Cooper
pair creation operator. xT, conversely, creates an electron

and a hole with parallel spins, also in the neighboring A(k) = Acoskia’ — cosk_a’] (22)
sites A, B. It is, therefore, a spin one exciton creation

and also that
operator.

Let us examine the ground-state expectation value of M (k) = M [coskya’ — cosk_a'] (23)



where ki = k’\j/%ky.

We see that the SC and PG order parameters both
have a d-wave symmetry, namely, change the sign under
a 90° rotation, and have nodal lines along the +% and
44 directions

3) THE PHASE DIAGRAM OF CUPRATES

3.1) The Stationary Point

Replacing ® and x by their ground-state expectation
values A and M in the Hamiltonian (16), and using this
in the grand-canonical ensemble, after functional inte-
gration over the fermionic (holes) degrees of freedom, we
obtain the grand-canonical potential where

Q(AaMa :u‘) = 7kBT1nZG(A7M7 M) (24)

where

Za (A, M, 1) = Trge HH=1N? (25)

is the grand-partition function.
Using the four-component Nambu fermion field,

wA,T,a

v, = VBt , (26)

in which the index a indicates to which of the parallel
CuOs planes the electrons and holes belong and runs
from 1 to N, where N = 1,2, 3..., according to the num-
ber of planes the specific material possesses.

In matrix form then

- e+ M 0 A
| e+ M —p A 0
A* 0 —e—M I

The corresponding eigenvalues of H — N, are

Sﬁ:(k):\/( (k) + [M(K)[2 + p)? + |A(K)[2. (28)

Then, notice that A and M in (?7?), effectively act
as hopping parameters for the fermion field, similarly to
the dimerization field in the Su-Schriefer-Heeger model
for polyacetylene [13, 30]. In that case, dimerization pro-
duces a nonzero ground-state expectation value of that

field, which generates a gap for the electrons. In the case
of the cuprates, the occurrence of nonzero values for A
and M, respectively, produce a SC gap and the pseudo-

gap.
Also, from Hj, we obtain the tight-binding result

e(k) = —2t [coskya + cosk_a], (29)

Using the eigenvalues €4 (k), given in (28), we can
write

QA M, ) = B 4 IE 4 Ny (e)

“ONTY oy ()% [ d®kIncosh {&(k)}  (30)

Minimizing the effective potential with respect to the
three variables, we find the following three equations:

2Ak[— %F(Ak,Mk,u) + ”(Lgs)} =0 (31)

c

oT N
sz[— = (A, M p) + Ul gf“’)] -0 (32)
and
4T
d(x) = ,U;F(Aky My, p) (33)

where F(Ay, My, 1) is a function, which, in the regime
where [Ag| ~ 0, [M|0 ~ 0 is given by

F(Ao, Mo, 120)||A¢|~0,|Mo|~0 = 12
VIA0? + (|Mo] +Ho($))2}

1
+ 3 In cosh [

2T
1 \/|A0|2+(|M0| — po(z))?
+ 3 In cosh [ 5T }
(34)
and
Ng— g, a
n(Ng)= 49 . 4 -2 (35)

Ng
7(g) is a monotonically increasing function that saturates
at infinity, namely

g—o0

n(g) — 1. (36)

In the expressions above,

e s ]?
a:%[vff]
a

, where hvsy is the characteristic velocity.

A is a characteristic energy scale, which appears [21]
in connection to the characteristic length of the system.
A natural choice for the latter is the coherence length



&, which essentially measures the range of the pairing
interaction (or the Cooper pair size). In cuprates we have
€ > & ~ 10A, whereas in conventional superconductors
€ > & ~ 500A. The energy cutoff is then

h“eff}
A~ on | =S
{ 3

It determines the energy scale below which we may
consider Cooper pairs as quasiparticles, hence it must be
of the order of T..

We have

a_ AT
gc_A_27r

2
= . 37
¢ (37)
The numerical values for LSCO would be a = 3.75 A,
A =0.018 eV, g. = 0.30 eV & ~ 38.6 A. The character-
istic velocity would be given by v = 0.11 eV A.

From (31), it follows that the critical temperature for
the onset of superconductivity is given by

An(Ngs)
2

T.(x (38)

- o ()
In 2 + In cosh lTSW

Now, the denominator in the above expression is a
monotonically increasing function of g, hence it follows
that the maximum value of T,, will occur for a xy such
that po(zg) = 0. From this, we choose the simplest
parametrization for the chemical potential po(x) along
the transition curve T,(x), namely,

po(x) = 2y(zg — ) (39)

where 7y is a parameter to be adjusted, which for LSCO
turns out to be: v = 0.020 eV.
The optimal T, hence, is given by

An(Ngs)
2In2

mar __
T =

(40)

Considering the case of LSCO, for which T]"** =
0.0031 eV, using the equation above, we immediately find
gs = 0.39406. Now, inserting in (15) the values for the
Kondo and Heisenberg couplings, derived from the Spin-
Fermion system [45]: Jx = 1.17 eV and Jap = 0.43 €V,
we obtain

2

JK
= 0.39793 41
S Tur (41)

which is remarkably close to the experimentally deter-
mined value: gg = 0.39406

The pseudogap transition temperature T* can be ob-
tained from (32), namely

An(Ngp)
2

N In [1 + exp [— 52‘3((?)“

T*(x) (42)

where we chose the parametrization
ﬂo(l‘) = 2:)/(530 — .Z') (43)

for the chemical potential along the pseudogap transition
line T*(x). 4 is the only adjustable parameter, which for
LSCO results in 4 = 0.180 eV.

As it turns out, the following identity holds [4] (Sup-
plementary Material):

yzon(N = )N = 3ioi(N = 1)/, (44)

From this equation, we determine 7(1) = n(gp) =
0.01565, and out of which we obtain gp = 0.30476 eV.

Now, using in (15) the values for the hopping and Hub-
bard parameters, derived from the Spin-Fermion system,
namely, [45]: t = 0.91 eV and U = 5.50 eV, we obtain

212
7= 0.30113 eV (45)

which is remarkably close to the experimentally deter-
mined value: gp = 0.30476 eV'.
From (38), we can derive [1]

In2 Thax

T.(z) = o T <o
In2+ 20 1 (l—e_ Te(w) )
(46)
Tc(x) — In2 Tmas x > o

In [l—i-exp[— ;6(8)]} 7

the application of which to Hgl1201, we display in Fig.3.
For this compound, we find v = 0.031 eV and ¥ =
0.186 eV

4)THE RESISTIVITY OF HIGH-TC CUPRATES

4.1) General expression for p (T, z)

Let us determine the resistivity as a function of the
temperature in the different non-SC phases of cuprates.
For this purpose, we shall use the Kubo formula for the
conductivity at a finite temperature [? | and invert it.
The DC conductivity matrix is given by

oo = lim 1= Jm 1Y w81, (40

w—0 w

where IT%¥ is the retarded, connected current-current cor-
relation function:

7 = ('), (48)
which is given by

B 52QA]
A" (w, k) A7 (w, k)’

(7'5)c (w, k) (49)
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FIG. 3: The phase diagram of Hg1201, showing the SC and
PG phases. The solid lines correspond to analytical expres-
sions derived from our theory, namely, (42) and (46) [1]. Ex-
perimental data from [36].

where Q[A] is the grand-canonical potential in the
presence of an applied electromagnetic vector potential

.. —1
pid = e
N

J

A (w, k)that is obtained from
Z[A] = Trpopqre PHAI=1N, (50)

The electromagnetic field A is introduced through the
usual minimal coupling prescription

e(hk) — e(hk + eA), (51)

which yields the grand-canonical potential in the pres-
ence of an applied electromagnetic vector potential A,
namely, Q[A].

Using (49), and (51), we obtain

732& [A] tanh (gl [A] )

G e=0w=0)=N ) 555 25T

I=%1
(52)

where

EFIA] = A3 + (VP (MK + eA)Z + M7 + zu)Q. (53)

Inserting the last expression in (52) and this in (47) we
obtain the DC conductivity per CuO5 plane, after invert-
ing the conductivity matrix and dividing by N [2]:

59 M

(54)

| M+p]

hBV —1le2¢2 tanh

2
A2+ <M+M>

P
Z&Q+»<A4——u)

| M —pl

2kpT

+ = tanh

2kgT

T ()

where V' = da? is the volume of the primitive unit cell, per CuOs plane, with d being the distance between planes, a
the lattice parameter and v, the characteristic velocity of the holes, such that (hv/a) &~ 2.86 x 10~2eV [2].
In the SC phase, we have A # 0 and M = 0, implying that the resistivity vanishes as it should:

ij 84 M M—>% (55)
Psc = —
_ 2 VAZ+p?
hBV —1e20? {\/A;:-;ﬂ tanh [ %BTH } }

In the non-superconducting phases, conversely, we have A = 0, which leads to the following expression for the

resistivity

849 M

(56)

p =

This can be rewritten as

KBV —1e2p2 {tanh H}gﬂ + tanh [%7;;} }

(

(From now on we will drop the ij index)

M p
T)= BTG | —, =
o) =176 (i ) 6D



where the scaling function G of the critical variables
Kl = MQ/]CBT and KQ = /,L/kBT, given by

cosh K + cosh K5
2sinh (K1)

G (K1, K;) = K, (58)
In the previous expressions the (almost universal) con-
stant B is
(i
hv

_h d
where h/e? ~ 25812.807€) is the resistance quantum and

= - 59
e22m (59)
d is given in A -units.

2
) k% ~ 0.37 x d nQem/K?,

J

This general form of the resistivity, whose dependence
on the temperature (T') and on the doping parameter (z)
has been made explicit, holds in all phases of the phase
diagram of cuprates, except the SC one. The peculiar
form of the resistivity in each of the different phases will
be determined by the form the function G (K1, K2) as-
sumes in each phase.

4.2) The Resistivity in each Phase

The scaling function, in the different non-SC phases of cuprates [2]

exp[Kg — Kl}

G (K1, Ky) =4 0L
1

where C' = cosh (%) and Ko = D.

The results above immediately imply a T2 dependence
of the resistivity in the FL phase, with a coefficient
B ~ 2.45 nQcm/K?, which remarkably agrees with the
experimental result [31] B ~ 2.50 & 0.1 nQcm/K?2.

It also implies a linear dependence on T" with a slope
proportional to 7" in the SM phase. In the PG phase,
conversely, it presents an exponential increase of the re-
sistivity for Ko > K;, a quadratic dependence on T', for
K5 ~ K and a linear dependence on T for Ko — K < 1.

4) THE INFLUENCE OF AN APPLIED
PRESSURE ON THE SC TEMPERATURE 7.(z)

We have seen in [1] that, under an applied pressure P,
the SC coupling varies as

K1 #O,KQ#O,PG
K, =0; Ky # 0;SM
K1 :O,KQZO,FL

(60)

where k£ must be adjusted. Hereafter, we use the con-
vention that P is the pressure with respect to the atmo-
spheric pressure: P = Pr — P,m, where Pr is the total
pressure.

The function 7(gs), consequently, changes as

e (62)

The optimal SC transition temperature, T,.(x = xo; P),

gs(P) = gse’/", (61) by its turn, will be modified as
|
An(P)
Te(zo; P) = 2 ) 63
© 2v(P)eo (P)[1- 20|
. _ =9 2l o =z
In2+ y(P) OT(CIZQ)CEP;O(P)} _ % 1—e Te(70; P) n
Now, from (??), it follows that
Y(P)ao(P)n(N = 1; P)/Y = 5(0)ao (0)n(N = 1;0)"/%
n(N = 1;0)/N
P P)=~(0 0 64
AP)zo(P) = 2(0)mo(0) 2= B (64)



Writing

then, we have

=1; P)U/N

LOVY _ A(P) (66)

Choosing g(P) = AY/2(P), we have f(P) = AY/2(P). Inserting in (63), we get

TC(.’E();P) =

An(P)
2 (67)
24(0)zg ()] Aa(P)—aL/2(R)]| T
24 LOnOIAO AD] 1y e )

where n(P) is given by (62).

Now, solving for T.(z¢, P), assuming that zo(P = 0) = z(, namely, that the system without pressure is at optimal
doping, we obtain, for Hg1212 and Hgl1223, using the parameters of Table 1 and adjusting in (61) only kK = 9 GPa

for the former and x = 4 GPa for the latter:
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FIG. 4: T.(x = x0(0); P) for Hg1212. The solid line is given
by our analytical expression (67) by adjusting a single param-
eter, namely, Kk = 9 GPa. The experimental data are from
(32]

Notice that for P = 0, our expression (67) reduces to
the optimal temperature (?7).

5) CONCLUSION

The pairing mechanism in our theory derives from the
ferromagnetic fluctuations of the Kondo-like interaction
between doped holes and localized Cu ions, the Pseudo-
gap stems from the Coulomb repulsion among holes or,
equivalently, the Coulomb attraction between electrons
and holes, while the main resistivity mechanism consists
of hole-exciton scattering. The PG T™*(z) line is a 2nd.
order transition, whose order parameter is the ground-
state expectation value of the exciton creation operator.
The PG phase is an exciton condensate, M # 0. M and

(
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3 : s s
Hgl223 P — Patm (GPa)

FIG. 5: T.(x = x0(0); P) for Hg1223. The solid line is given
by our analytical expression (67) by adjusting a single param-
eter, namely, k = 4 GPa. The experimental data are from
(32]

A compete, they cannot be both nonzero.
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