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Abstract

We consider a 2d dipolar system, d = 2, with the generalized dipole-dipole
interaction ~ r~%, and the power a controlled experimentally in trapped-ion or
Rydberg-atom systems via their interaction with cavity modes. We focus on the
dilute dipolar excitation case when the problem can be effectively considered as
single-particle with the interaction providing long-range dipolar-like hopping.
We show that the spatially homogeneous tilt 5 of the dipoles giving rise to
the anisotropic dipole exchange leads to the non-trivial reentrant localization
beyond the locator expansion, a < d, unlike the models with random dipole
orientation. The Anderson transitions are found to occur at the finite values
of the tilt parameter f = a, 0 < a < d, and 8 = a/(a — d/2), d/2 < a < d,
showing the robustness of the localization at small and large anisotropy values.
Both extensive numerical calculations and analytical methods show power-law
localized eigenstates in the bulk of the spectrum, obeying recently discovered
duality a < 2d — a of their spatial decay rate, on the localized side of the
transition, a > a47. This localization emerges due to the presence of the ergodic
extended states at either spectral edge, which constitute a zero fraction of
states in the thermodynamic limit, decaying though extremely slowly with the
system size.
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1 Introduction

With the realization of Anderson localization 1] of matter waves in optical lattice and of
light [2], many extensions of disordered quantum systems are proposed [3] and implemented
with and without interactions. A few of notable examples are vibrational modes of polar
molecules [4], Rydberg atoms [5,[6], nitrogen vacancy centers in diamond [7], magnetic
atoms [8,/9], photonic crystals [10], nuclear spins [11], trapped ions [12/13] and Frenkel
excitations [14].

In all these systems power-law decaying interactions are ubiquitous [3]. In addition, in
the experiments of atomic systems the exponent a of this power-law decay can be precisely
controlled in a wide range, 0 < a < 2 [1213] and @ = 3 or a = 6 in [5,6]. If the excitations in
such systems are dilute, the long-range interaction induces the flips of far-away excitations.
Thus, this problem has an effective single-particle description of (nearly) non-interacting
excitations, where the above interacting term works as the power-law decaying excitation-
flip hopping. Usually such excitations have internal degrees of freedom, similar to the dipole
orientation. For homogeneous orientation of all such “dipoles”, perpendicular to their plane,
the corresponding disordered model has deterministic isotropic long-range hopping. Recent
studies show that such models in the dimensionality d = 1 [15517] and d = 3 [1§|, with
fully-correlated hopping terms are localized even beyond the locator expansion convergence
(a < d for the power-law interaction). In particular, isotropic power-law hopping models
1/r* show the power-law localization with the duality between the perturbative regime,
a > d, and beyond it, a < d |15,/16]. Note that for all d < 2 only the measure zero of the
states located at one the spectral edges might be delocalized in such models.

As an experimentally feasible setup of the above generalized dipolar system, one can
consider a set of ions, trapped in individual microtraps, which allows for arbitrary geome-
tries and easy control over the effective anharmonicity of the spatial ion motion near the
microtrap minima. Spin-dependent optical dipole forces, applied to such ionic crystal, cre-
ate long-range effective spin-spin interactions and allow the simulation of spin Hamiltonians
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Figure 1: Model and phase diagram. (a) Two-dimensional (2d) lattice of quantum
dipoles with dipole-dipole anisotropic interaction (1 — 3 cos® ¢;;)/|i — j|%, with few dipolar
excitations (see dipoles down shown by blue tops). i = (iz,4,) is the coordinate vector of
tth dipole, a > 0 is the generalized power-law decay exponent. The anisotropy parameter
B = 3sin?@ is governed by the homogeneous tilt angle @ of all dipoles by the electric
field F, tilted from the normal z-axis towards the lattice plane. ¢;; is the angle between
the spatial 2d vector i —j and the x-axis-aligned projection of the electric field to the
plane. (b) The phase diagram of the anisotropic 2d dipole model with dilute excitations
and the on-site disorder. The color plot shows the r-statistics at L = 200, averaged over
disorder (r)(E) and then over the spectral bulk [-W/2,W/2], (r), the black solid line
a = aap = min [, B/(8 — 1)] separates the localized ("LOC") phase, a > ap, from the
extended phase, a < a 47, while the black error bars correspond to these transition points,
extracted from its finite-size scaling, Fig.[3] According to the analysis, the energy-resolved
r-statistics (r)(E) is homogeneous across the spectral bulk away from the critical point
(see Fig. ). Thus, the finite-size analysis is done on the spectral-averaged (r) and the
crossing point of the finite-size curves occurs at the critical value (r) ~ 0.47. The selected
points with symbols "+" and "x" of the same colors (used in further figures) indicate the
duality of power-law localization of wave functions for a < d =2 and a > d.

that possess nontrivial phases and dynamics (see, e.g., ) Tailoring the optical forces
one can generate arbitrary interactions between spins. Our findings could be observed in
the flip-flop spin-model, as well as in the phonon hopping model itself.

Another way to realize long-range anisotropic model would be to use the dipole radia-
tion in a 2d photonic crystal near the Dirac cone (i.e., dipolar interaction mediated by the
photonic Dirac cone between atoms), see Ref. in which the authors obtain effective
long-range interactions 1/7%/2, based on the results of Ref. . The 1/r anisotropic hop-
ping can be as well relevant for 2d polaritons . One should notice that this interaction
emerges at distances exceeding the wavelength. Consequently, the interaction amplitudes
are complex numbers , and our consideration might need modifications there.

For dimensionality larger than d > 1, the above experimentally feasible dipolar-like
systems are also characterized by common anisotropy which may have drastically different
physics from the isotropic case. Usually the anisotropic terms are considered as quasi-
disorder [22-25] and in the case of random and heterogeneous dipole orientations they
lead to the localization-delocalization transition at a = d. In this paper we show that
the situation is more subtle. In the case of homogeneous dipole anisotropy, relevant for
the experiments in the electric field, Fig. (a), this anisotropy gives rise to the reentrant
localization phase diagram, Fig|l| (b) beyond the locator expansion, i.e. at a < d.
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Thus, in order to combine measure zero of delocalized states from the isotropic case,
d < 2, with the possibility of anisotropy, d > 1, we focus on a two-dimensional, d = 2,
quantum dipolar system with the on-site disordered chemical potential and add a spatially
homogeneous angular anisotropy of an effective dipolar form, Fig. [I{a). We show that
the Anderson localization beyond the locator expansion is robust to the tilt, 8 = 3sin?#,
homogeneous for all dipoles, up to a finite critical tilt value, Fig. (b), unlike the models
with uncorrelated random off-diagonal hopping (see, e.g., [26,[27]). Moreover, we demon-
strate that the anisotropy leads to the reentrant character of localization showing localized
eigenstates both at small (nearly isotropic) and large (strongly anisotropic) tilt. Such sys-
tems bridge the gap between models with deterministic and random interactions and bring
new dimensions of anisotropy-mediated localization to the field of long-range systems. The
extensive numerical simulations showing consistent behavior of level statistics and spatial
wave-function properties are analytically supported by the renormalization group analysis
(similar to |17.{18]) and the newly developed matrix inversion trick [16].

2 Model and its symmetry

We consider the model describing dilute polar excitations propagating via dipole-flips (in-
duced by their dipole-dipole interaction) on a square lattice of sites {i = (i, ,)} of size L,
iz,iy = 0,1,...,L — 1, Fig. (a), with the Hamiltonian

2
H == 3 PO 1 S i), (1)
i,j ij i
_ww
2072
the above interval, the hopping term depends on the distance r;; = \/(iz — jz)2 + (iy — Jjy)?
between two lattice sites and its angle ¢;; with respect to the electric-field projection to
the plane, i.e. z-axis. The effective single-particle hopping model is obtained from
the model of dipoles with dipole-dipole interactions as these interactions induce effective
anisotropic transfer of excitations between sites via dipole-flips (see, e.g., |22,[28]). The
anisotropy parameter § = 3sin? 6 is introduced by analogy to the experimental setup of
dipolar molecules, Fig. (a), and is related to the homogeneous tilt angle 6 of dipoles with
respect to the z-axis. In this work we restrict our consideration to the physical values of
0<pB<3.

The isotropic limit, 8 = 0, considered in an early principle paper by Burin and Maksi-
mov [18] for a = d = 3 and investigated in details for d = 1 in [15/16] represents a newly
discovered universality class of long-range models with fully-correlated hopping. It is these
complete correlations that bring destructive interference of long-range hops back into play,
similarly to the standard weak and Anderson localization case, and localize the bulk of
the system for all values of a at d < 2. Here and further in the paper we mostly focus on
the localization-delocalization transition in the spectral bulk, but not on the nonergodic
wave-function properties.

In the opposite limit of a long-range model with fully uncorrelated random-sign hopping
hig /i 12224,29,30] it is well-known that the localization occurs only for a > d, while the
ergodic delocalization spans over the entire range a < d. The pure d-dimensional dipolar
case of our model, 8 = d, (initially considered in [22-24}31| for different d) leads to the
same result, see Fig. [I[b) [32]. Note that in general for such long-range models the disorder
amplitude plays a subleading role, changing only the size of the wave-function “head” close
to the maximal point, beyond which the wave-function decays polynomially.

where {|i)} are site basis states, p; € | ] is on-site disorder uniformly distributed over
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One may naively expect that the intermediate case of 0 < 8 < d is similar to the
perturbation of the fully-correlated model (5 = 0) by a fraction € ~ [3/d of random-sign
hopping (1 + ehy;)/rf; as finite 3 works as a kind of quasi-disorder. However, in the
latter model any € > 0 immediately delocalizes all the spectral states at @ < d as shown
in [1526], which is not consistent with the phase diagram, obtained numerically and shown
in Fig. [I{b).

Instead, in the anisotropic model there is a finite tilt Sar(a) up to which the
Anderson transition survives

far(a) =a << aar(B)=B, 0<far,a<2. (2)

This is the main result of the paper summarized in the phase diagram, Fig. [I{b), showing
the localization properties of the bulk states, which is obtained from extensive numerical
simulations.

Note that the Hamiltonian obeys the m/2-rotational symmetry of a square lattice,
$ij <> ¢ij + /2, combined with the disorder strength W, the eigenenergy E,, and the tilt
B rescaling

w By, B
W —— E — —_— 3
A4 1 — B 9 n <~ 1 _ ﬁ 9 ﬁ e B _ 1 ) ( )
because the hopping term goes under this transformation to
1 —Bcos? (¢ij +7/2) 1 — Bsin? gy 1—- % cos” ¢ij
a = a =(1-5) z (4)
T T e

This symmetry relates the interval 0 < 8 < 2 to the ones 8 < 0 and 8 > 2 and causes the
reentrant character of the above phase diagram. In addition, for 8 > 1 the negative factor
1 — B, which rescales the energy and the disorder, corresponds simply to mirroring of the
spectrum and moving of extended ergodic states forming measure zero of all states from
the bottom to the top of the spectrum. Thus, further without loss of generality further we
restrict ourselves to 0 < 8 < 2.

3 Overview of the numerical and analytical results

The eigenfunctions v, (i) and eigenenergies FE,, of the Hamiltonian, Eq. , are numerically
calculated by exact diagonalization for 2d square samples of the linear size L from 75 to
280 (i.e., from ~ 5500 to ~ 80000 matrix size) and for 10> — 103 random realizations of
the diagonal disorder. The ratio level statistics, Figs. [I{b) and [2[b),

1 E, — En
E) = I n,l ) n,1 —
(r)(E) <m1n <r 1 Tn,1>> Tn,1 Fir— By (5)

is calculated across the entire spectrum, with the disorder averaging and binning over
energies. It shows the Poisson value (r) = 2In2 — 1 ~ 0.3863 for all spectral bulk states
in the localized phase, and (r) ~ 0.5307 of Gaussian orthogonal ensemble (GOE) [33},34]
at the spectral edge and for all eigenstates in the extended phase. The spectral-resolved
fractal dimension Dy(FE), extracted as an exponent from the inverse participation ratio
(IPR)

Io(En) = 3 [ (i) o L™ 025 (©

shows consistent behavior in the localized (Dy — 0), critical (0 < Do < 1), and extended
phases (Ds — 1), Fig. [2fc), for the spectral bulk states [[] The non-trivial bulk-energy-

!Note the non-standard definition of the fractal dimension: the dimension of the corresponding fractal
in d = 2-dimensional space is given by d - D».


Ivan Khaymovich
Highlight

Ivan Khaymovich
Highlight


SciPost Physics

Je Poisson

'
I I I L I I H L

-15 -10 -5 0 5 10 15

i T 7 T T T
T N .

1r-—rcrwi—- o~ e Y S R ST T T
~ \"..,.,\ Z"T‘.-.,-«.N' R TV Wit MR VM _
g & ‘ —oB=2
= 1 | B=15
—L A i
N — - — =
. 2 A p=1
P,
(C) | o, A AHAIN TN N P g sl A A p
Or-Y“4-- S A A SR At R

-15  -10 -5 0 5 10 15
E

Figure 2: Emergence of the finite-size mobility edge across the Anderson transi-
tion. (a) global density of states (DOS), (b) energy-resolved level-spacing ratio r-statistics
(ry(E), and (c) energy-resolved fractal dimensions Dy for each eigenstate versus energy E
in the localized (a = 1.5, 8 = 1, blue), critical (a = g = 1.5, yellow), and delocalized
(a = 1.5, B = 2, red) phases. Both panels (b) and (c) show localized (blue), critical
(vellow) and ergodic (red) eigenstate properties in the spectral bulk. The bulk states are
within the range [-W/2,W/2], where we take W = 20. The inset to panel (a) shows
power-law tails of DOS at either (a > aar) or both (a < aar) spectral edges beyond the
bulk, which correspond to the ergodic states in panels (b) and (c). For the energy-resolved
data the bins of the 50 adjacent states are used. The data for Dy are extrapolated from
L =100, 150, 200, and 250 with the corresponding number of disorder realizations 1000,
500, 100, and 50, respectively, see Sec. for details. For the rest of the data L = 250.
The vertical dashed lines provide the position of the finite-size mobility edge extracted
from the finite-size data for r-statistics.

dependence of (r)(E) and Dy(FE) at the critical point might be a result of the finite-size
effect. As in this work we focus on the localized and ergodic phases and only on the
location of the phase transition, further we do not consider the above energy dependencies
and average the data over the bulk of the spectrum, if not stated otherwise.

Basing on the above spectral-resolved data for many (a, 5) points, in the next sections
we perform more deep analysis to determine the phase diagram of the bulk spectral states,
shown in Fig. (b), as well as the fraction of ergodic spectral-edge states in the localized
phase.

In Sec. in order to determine the phase diagram, Fig. [I{b), and confirm the ana-
lytical prediction 8 = Bar(a), Eq. , the more detailed analysis of the finite-size scaling
(FSS) of r-statistics has been performed.
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In Sec. in order to support the claim of the paper on anisotropy-mediated reentrant
localization beyond the convergence of the locator expansion, a < d = 2 and confirm the
consistency of the spectral and spatial measures, we provide the numerical analysis of the
spectrum of fractal dimensions and of the eigenstate spatial decay from the maximum,
inevitably showing the power-law localization of the spectral bulk states at all aap(8) <
a < d and ergodic delocalization otherwise. However, in the latter case the finite-size data
convergence of the fractal dimension to 1 very slow, see Sec. [£.2.1] and the higher-order
extrapolation in 1/In L or the linear one with irrelevant exponent [35] shows significant
fluctuations, see |36] and Appendix [A for details. The static data analysis of Sec. is
supported by the dynamics of the wave packet in Sec. [£.3] confirming the localization at
asr(B) <a<d.

In Sec. in order to understand the contribution of the spectral edge states, in the
localized phase we determine the location of the finite-size mobility edge via the threshold
in the r-statistics, see Figs. [2] and [0 as well as the fraction of the ergodic r-values. In
addition we extract the fraction of ergodic TPR values from the energy-resolved data,
sorted in increasing IPR value, Fig. [[0] The consistency of the data and its agreement
with the analytical predictions allows us to claim that the ergodic spectral-edge states form
a measure zero of all the states in the thermodynamic limit, however, at finite sizes this
fraction decay only as a power of the logarithm of the system size L.

Section [p| represents the corresponding analytical analysis: we show that it is the spec-
trum of hopping for the considered 2d dipolar model, Eq. , which provides the analytical
prediction for the phase diagram in Fig.[[[b). The above idea is formalized by the renormal-
ization group analysis, briefly given in Sec. where the importance of the sign-constant
spectrum of hopping is discussed. Section is devoted to the analytical prediction of the
fraction of ergodic eigenstates and based on the loffe-Regel criterion.

Section [6l concludes our consideration.

4 Numerical results

4.1 Finite-size flow of the ratio r-statistics

Taking into account the fact that r-statistics, Eq. , is homogeneous for all spectral bulk
states in both ergodic and localized phase, we perform the finite-size scaling of the data (r),
averaged both over disorder and the bulk of the spectrum. We determine the transition
line 8 = Bar(a), Eq. and the error bars in Fig. [[|b) via the change of finite-size flow
of (r)(a, 8, L) versus L, Fig. [3a-d).

First, we describe the procedure of the finite-size collapse of the ratio r-statistics. For
each value of the bare hopping decay rate a the disorder- and spectral-average ratio r-
statistics has been calculated for the range of anisotropy parameters 5 and system sizes L
(see Fig. Bfa-d) for a = 0.5, a = 1.0, @ = 1.5, and a = 1.75, respectively).

The first approximation of the transition 5 = Bar(a) is given by the crossing point
of finite-size (3, L) curves, see Figs. [3{a-d). The intersection points of r-statistics versus
B for different system sizes correspond to the Anderson localization transition and agree
quite well with the analytical values shown in Fig. [I(b).

More accurate single-parameter collapse of all curves of the form

(r) (B, L) = R(|8 = Bar| L") (7)

provides best parameters S and v, see Fig. (e—j). It gives Bar = a1+ 0.05for 0 < B < 2
and v = 1.0 & 0.2 for all considered a. At the transition line the mean r-statistics takes
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Figure 3: Spectral-averaged ratio r-statistics versus the anisotropy parameter j.
Level statistics, averaged over the spectral bulk F € [-W/2,W/2], versus anisotropy [ at
(a) a =0.5, (b) a = 1.0, (¢) a = 1.5, and (d) a = 1.75 for the disorder strength W = 20 and
different system sizes L = 75, 100, 150, and 200 (shown in legend) with the corresponding
number of disorder realizations 2000, 2000, 1000, and 400, respectively. Dashed horizontal
lines show the limiting ergodic (r ~ 0.53) and Poisson (r =~ 0.386) values. The vertical
lines show the extracted anisotropy parameter Bar at the localization transition. Panels
(e-j) show the finite-size collapse of all 6 crossing points using (r) = R [(6 — [3AT)L1/”],
with critical values Sa7r and critical exponents v.

the universal value (r) =~ 0.47 independent of a. Note that the pairs of crossings a7 in
Fig. (c./ d) are related to each other with respect to the symmetry within the above
mentioned error bar, while the critical exponents are just the same. The black solid line
in Fig. [I[b) shows the result for the critical value of Sar extracted from Fig. [3] which
coincides with the analytical prediction, Egs. (), (8), within the ~ 10 %-errorbar.

4.2 Eigenstate properties: multifractal analysis and wave-function spa-
tial decay

In addition to the spectral properties, we consider eigenstate ones. We focus on the multi-
fractal analysis, based on the spectrum of fractal dimensions f(«), fractal dimension Do,
as well as on the spatial decay of the wave functions with the distance from their maxima.

4.2.1 Spectrum of fractal dimensions f(«) and fractal dimensions D,

In this subsection we focus on the spectral-bulk properties, define the spectrum of fractal
dimensions and provide the standard extrapolation procedure for it (see, e.g., [15,/16}26,
37,38]) and for the fractal dimensions Dy [30], Eq. (6).

The standard multifractal analysis is based on the generalization of the IPR @ to the
other wave-function moments:

I, = <Z |wn<z'>|2‘I> = ¢ L= Pa (8)

where the scaling exponents D, are called fractal dimensions of the order q.
The finite-size fractal dimension is defined by the formula D,(L) = InI,/(1 — ¢)In L¢
and the main contributions to it are given by the scaling exponent D, and the prefactor
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Figure 4: Comparison of extrapolated fractal dimension Ds versus power a for
the anisotropic model with fixed bare disorder W = 20 (yellow squares) and for the 2d
power-law random banded model (blue circles). The anisotropy is taken to be 5 = 2.
Dy are extrapolated from L = 100, 150, 200, and 250 with the corresponding number of
disorder realizations 1000, 500, 100, and 50, respectively.

The resulting extrapolated D- is shown in Fig. ] versus a for 5 = 2. One can see there
(yellow squares) the transition from localized phase a > 2 with Dy — 0 to the extended
one, Dy > 0, at a < 2. As a reference point (blue circles) we consider the generalization
of the power-law random banded matrix (PLRBM) model [30,39] to 2d by replacing the
correlated factor 1 — Bcos? ¢;; in by a ii.d. random numbers, and show the fractal
dimension extrapolated using the simple linear formula @ The latter confirm the known
results Dy =1 for a < d = 2 and Do = 0 for a > d with good accuracy. The discrepancy
between these models in the extended phase is due to severe finite-size effects in anisotropic
model (we address this issue in the Appendix [A]).

Next we consider the dual measure, namely the spectrum of fractal dimensions f(«),
characterizing the multifractality of the states, which is defined via the probability distri-

bution
P(In ¢ (i)%) ~ L@~ (10)
of the logarithm of the wave-function intensity @ = —1In |, (7)[2/In L? [30] and can be
extracted directly from the histogram over « 16,26, 37,38,/40].
The relation between the spectrum of fractal dimensions f(«) and the fractal dimen-

sions Dy is given by the saddle-point approximation for the disorder averaged generalized
IPR [30]

<Iq> — Ld/P(a)L—dqada _ Ldmaxa(f(a)—qa) = Ld(l—q)Dq o Dq _ min,, (qa — f(Oé)) ’

q—1

(1)

where under the disorder average the sum over coordinates is replaced by the factor L? and

each summand is averaged over P(«). This confirms that f(«) contains all the information
about D, via the above Legendre transform.

In addition, usually for the non-ergodic extended states in most cases f(«) obeys a so-

called Mirlin-Fyodorov symmetry f(1 —da) = f(1 4 da) — dax [30]. The ergodic extended

state corresponds to a J-function at a = 1, E], while the localized state has f(0) =0 and a

*With the additional tail f(a) = (3 — a)/2 for a > 1 due to the statistics of de Broglie-like oscillations
of ¥n, see, e.g., the Supplemental Information in [37] and [40] for details.
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certain (usually linear) form of f(a > 0) = ko, with k£ = 0 for exponential and k£ > 0 for
power-law localization. E]

As for the finite-size effects, due to the normalization condition of the probability
distribution , one should take into account finite-size prefactors of P(«)) which depend
on the system volume L slower than any power. In order to take this into account, we
use the following expression f(a, L) at the finite system size N = L%, d = 2

c&l) C((IQ)

mrid " (In L%)

fla, L) = f(a) + 5+ (12)

with a certain a-dependent constants c&k), depending on the P(«)-prefactors. Here and

further we stick to the quadratic in 1/ In L¢ behavior in order to have reliable extrapolation.

1

| a=1.5,b=-1,E=5
08|
—L=100
=150
f(a)~0.41
<06 ()=pata, L=200
T 04 %
02+ o
0 e p
0 1 2 o 3 4

Figure 5: Finite-size extrapolation of the multifractal spectrum f(«a) for the energy
E = 5, disorder strength W = 10, a = 1.5, and § = —1. f(«) is extrapolated from L = 100,
150, and 200 with the corresponding number of disorder realizations 1000, 500, and 100,
respectively.

The corresponding finite-size f(«, L) and extrapolated f(«) curves are given in Fig.
for a certain mid-spectrum energy F = 5 in the localized phase, a = 1.5, 8 = —1 and obey
the normalization condition, max, f(a) = f(ag) = 1, of the probability distribution P(«).

Generally, the position of the maximum «ag of f(«) and its slope k = 1/« corresponds
to the effective power-law spatial decay of the wave function with the distance r = |i — o]
from its maximum i = 4. Indeed, with the distance the eigenstate decays as L~9 =
(D)2 ~ 7@ v(a) = 2max(a,2d — a), while the number of states increases as the
volume LY (@) ~ rd_ Thus, resolving these expressions with respect to r one obtains

o (a)
fla)=—, ayp=-—*=max(a,2d —a), (13)
o d
which is confirmed by the numerical simulations, Fig. [5

In the model at a = 1.5 < d = 2 as an example (solid lines) the spectrum of fractal
dimensions of the bulk spectral states, Fig. [bfa), shows power-law localized (8 = 1, blue),
critical (8 = 1.5, yellow), and ergodic (8 = 2, red) behavior in the localized phase, at the
transition, and in the extended phase, respectively. The corresponding data at a = 2.5 > d
is always power-law localized (dashed lines) with v(a) = a.

At the critical a = d = 2 of the convergence of the locator expansion the wave-function
behavior is consistent with the critical localization, Fig. [7} f(a) ~ ka, with k& = 1/2
corresponding to the critically localized eigenstate and the spatial decay [17].

8Note that k = 1/2 corresponds to the critical localization as f(a) = a/2 in this case still obeys the
Mirlin-Fyodorov symmetry [30].
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Figure 6: Spatial properties in the spectral bulk. (a) spectrum of fractal dimensions
f(a) and (b) power-law spatial decay of eigenstates in the bulk of the spectrum for a = 1.5
(solid), 2.5 (dashed), and 5 = 1 (blue), 1.5 (yellow), 2 (red). The panel (b) confirms the
duality of power-law spatial decay rate vy(a) ~ v(2d — a) [15H17] in the localized phase
(8 < a<dora>d), also supported by the slope k < 0.5 of f(«) in panel (a). f(a) is
extrapolated from L = 75, 100, 125, 150, 200, 225 and 250 with the corresponding number
of disorder realizations from 2000 for L < 125 to 300 for L > 225, see Sec. [4.2.1]for details.
and with the disorder amplitude W = 20. For the spatial decay L = 250 and W = 20
for a = 1.5, for a = 2.5 we choose bigger W = 200 in order to make the power-law tail
dominant on moderate sizes.

0

(104, (r) )

0 1 o2 3 0 Inr 5

Figure 7: Spatial properties at the dual line a = d = 2. (a) spectrum of fractal
dimensions f(a) and (b) power-law spatial decay of eigenstates in the bulk of the spectrum
at the self-dual line a = 2 of for f =1 (blue), 2 (red), 3 (green). The linear behavior
of f(a) with the slope close to k = 0.5 supports the critical localization for 5 # 2. The
exceptional point a = § = 2 shows the transition from ergodicity (W = 4, dashed) to
localization (W = 40, solid) over the disorder amplitude. The disorder strength for 5 =1,
3is W =40. f(«) is extrapolated from L = 75, 100, 125, 150, 200, 225 and 250 with the
corresponding number of disorder realizations from 2000 for L < 125 to 100 for L = 250,
see Sec. for details. For the spatial decay L = 200.

The wave-function spatial decay (In |, (i)[?) of the typical wave-function intensity
19, (i) |? with the distance r = |i —ip| from its maximum i = iy suggested as the localization
measure in [15] and used in [16}/17,[26] shows the consistent power-law localization with
the decay rate being dual with respect to the critical line « = d = 2

|t (3)| ~ ™ for a > d (14a)
[ (D)| ~ %2 for a < d (14b)

11
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as in [15H17|] in the whole range of anisotropy parameter § in the localized phase, o >
aar(B), Eq. (), see blue lines in Fig. [ffb) and in Appendix

At the self-dual line a = d = 2 of , Fig. , the wave-function behavior is consistent
with the above critical localization f(«) ~ «/2 and corresponds to the localized eigenstate
and the spatial decay [17]

thn(3)| ~ 7% (Inr) "2 . (15)

The pure 2d dipole point a = § = 2 considered in [31] and revisited in [36] is exempted
here as it shows the transition from ergodicity to localization over the disorder amplitude.

Both and can be understood in terms of the renormalization group (RG)
analysis similar to the one in [L7}[18], given in Sec.[5.1]

4.3 Wavepacket dynamics. Return probability

In addition to the static properties given in the previous section by multifractal analysis
and wave-function spatial decay, we confirm the eigenstate localization dynamically.

= —a=15L=75 \ My, .
04} —a=1.5,L=100 \ R
a=15L=150 o,

ool -ra=25L=15 Jie .
| a=25L=100
a=25L=150
O L
107 10° 10°

Figure 8: Survival probability of the delta-peak initialized wave packet in the
localized phase for the disorder strength W = 20, § = 0.3, and a = 1.5 (solid lines), a =
2.5 (dashed lines) for different system sizes L = 75, 100, and 150 with the corresponding
number of disorder realizations 1000, 750, and 400, respectively.

For this purpose we initialize the wave packet with the delta function at time ¢ =0
¥(0) = 8(z —z0) = ) ¥} (x0,0)thn(,0) (16)
n

and compute the evolution of it in time

Z¢ 20,0)¢hn (1) = Z¢ 0, 0)¢pn (, 0)e ™"t (17)

by considering the survival probability defined as [41-43|

R(t) = [(O)w@)* = [thn(w0,0)*[thm (w0, 0)?e EnEm)t (18)

n,m

which is an important dynamical measure relevant also for many-body localization [44,/45].
By definition at time ¢ = 0 the survival probability equals unity and then as time
evolves it decays (with some revivals) to the constant value at long times

t — OO Z |wn :1:07 ) (19)
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analogously to the IPR with the summation over energies, but not coordinates. The scaling
of the latter measure with the system size L¢ shows the localization properties of the wave
packet and, thus, of the underlying eigenstates.

Figure [§| shows the survival probability at § = 0.3, a = 1.5 and a = 2.5, corresponding
to the localized phase § < a < d = 2 and a > d, respectively, for several system sizes,
averaged over the disorder realizations and several initial coordinated xg. From the data it
is clearly seen that in both cases the limiting value does not scale with the system size
confirming the localization of the eigenstates. The larger limiting value of R(t) for a > d
corresponds to the smaller localization region of localized states with respect to < a < d
according to the renormalization group predictions.

4.4 Finite-size mobility edge and the fraction of ergodic states

‘ -3.25 1
""""""""""""""" =100 ’
- L=150
L=200 -3.3 o
. ! - L=250
[ - Poisson éo -
e ‘ - GOE . i .
3 0.45 = 3 W A (In L)2/3
1 34
0.4 (a) T‘ t (b)
: o -3.45 - ‘ ‘
-10 0 10 -1.7 -1.6 -1.5
) —Inln L

Figure 9: Threshold analysis of ratio r-statistics versus the energy F.
(left) Energy-resolved (r)(E) for the disorder strength W = 10, a = 1.5, and § = 0.3
for different system sizes L = 100, 150, 200, and 250 with the corresponding number of
disorder realizations 1000, 1000, 150, and 50, respectively. Dashed horizontal lines show
the limiting ergodic (r ~ 0.53) and Poisson (r ~ 0.386) values. The orange shaded region
shows the threshold r € [0.48, 0.52] used for the extraction of the fraction fee of the ergodic
states in the main text. (right) Fraction feg of ergodic extended states below the finite-size
mobility edge, F < —FE* < 0, extracted from the data in the left panel in the localized
phase, a = 1.5, 8 = 0.3, versus the system size L. The number of disorder realizations is
from 2000 for L < 100 to 150 for L = 250. Numerical fog (symbols) is consistent with
analytical predictions (dashed line) in (23).

From the spectral-resolved measures, considered in Sec. [3] one can extract the position
of the finite-size mobility edge —FE* below which all the states are ergodic both at a < aar
and a > a4, while the other ones are power-law localized above E > —FE* for a > aar
and extended with smaller extrapolated Dy for a < aar.

In order to determine E*, first, we consider a threshold analysis of the energy-resolved
r-statistics, see Fig.[9l The data on the right panel shows that the corresponding fraction
of ergodic states ferg = fE<_E* p(E)dE/L% in the localized phase decays with the system
size L, but does it logarithmically slowly, according to the loffe-Regel criterion, considered
in Sec. [4.4]

Next, we focus on the estimation of the fraction of ergodic high-energy states in the
localized state at 0 < 8 < a < 2 from the IPR. For this we consider the plot of energy-
dependent IPR values sorted in increasing order for different system sizes versus the renor-
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(b)

0
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Figure 10: Energy-resolved inverse participation ratio sorted in increasing order
versus renormalized state index (a) IPR itself showing collapse at the localized states
and (b) IPR renormalized to the system size L¢ showing the collapse for ergodic states. The
disorder strength for a = 1, § = 0.3 is W = 20. Finite size data is represented for L = 200
(solid blue), 250 (dashed red), and 280 (dash-dotted yellow) with the corresponding number
of disorder realizations 100, 80, and 50, respectively.

malized fraction of the states (n/L%)3~/In L, see Fig. Panels (a) and (b) show the
IPR itself I and its renormalization L?- Iy in order to confirm the scaling of the localized
and ergodic states, respectively, given by the right panel of Fig. [9] for the ratio r-statistics
versus energy.

The consistency of the above spectral and spatial data leads us to the conclusion that
in the localized phase, a > aar, there is measure zero of the delocalized edge states which
can be neglected in the thermodynamic limit.

In the next section we provide an analytical consideration of the model and explain
the non-trivial bulk-spectrum phase diagram with the localization beyond the convergence
of the locator expansion and its relation to the decaying fraction fe,4 of ergodic high-energy
states.

5 Analytical methods and results

The non-trivial phase diagram for the bulk spectrum, Fig. [I{b), and anisotropy-mediated
reentrant localization can be understood from the structure of the high-energy states and
spectrum of hopping in both isotropic, = 0, and anisotropic, 8 > 0 cases of a dipole
system (I). Indeed, the hopping term > DAL = Beos? ¢i;)/]i — j|* in (1), which is
translation invariant and therefore can be diagonalized in the momentum basis |q) =
>, €9%n) /L2 as >_q Vala)(al, diverges at small |q| < ¢ < 1and a <d=2

0o 27 ) _ 2
Vyg=— / rdr / dpetar os WW@W =coq® 2 [B—a—(2—a)Bcos® pg] -
0 0
(20)

Here ¢, = —7;1;1({5//22)) > 0, I'(a) is a Gamma-function, and the momentum q = 7 (mz, my) =
q(cos ¢q, sin ¢q) is written in polar coordinates q, ¢q, with my,m, = 0,1,...,L — 1, see

Appendix [C] for the calculation details.

As a result of this divergence, there are eigenstates of the Hamiltonian at high
energies |Eq| >~ |Vq| > E*, with |Eq| > W and |q| < g«, which are barely affected by the
on-site disorder and represented by superpositions of plane waves only with small momenta
lg] < g« Note that for the isotropic case 8 = 0 these divergent energies appear only at the
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negative side of the spectrum (see Fig. . As the corresponding momenta |q| < g« in d < 3
constitute an extensive number, but zero fraction of all ¢, these states are non-ergodic or
even localized in the momentum space, meaning that they should be diffusive or ballistic
in the coordinate basis.

Although the above ezact eigenstates with large energies |Eq| ~ |V4| > E* constitute
a zero fraction of all states, they give the dominant contribution to the hopping term due
to their eigenvalues

> Valaal =3 . . Bal o) {(Bal + Jres 21)

Here we keep the index q for these states as their large energies are almost insensitive
to the disorder term and therefore close to their bare kinetic values V4. The last term
Jres in r.h.s. contains the summation over the small energies |Eq| < E* and perturbative
deviations between |q) and |Eg).

The action of the total kinetic term on the bulk eigenstates E,, > E*, being orthogonal
to the above ones, (Eq|Ey,) = 0, is equivalent to the action of the residual hopping term
Jres only. If there is no compensation in the first sum of Eq. , the residual term Jes
should be much smaller than the total kinetic term, having substantially faster spatial
decay. This effectively short-range hopping Jyres leads to the localization of the entire
spectral bulk providing a new localization mechanism due to the presence of measure zero
of delocalized high-energy states orthogonal to them H

These simple arguments work provided the extended high-energy states appear on the
only spectral edge and, thus, their contribution to is not compensated by the states
from the opposite one. The effect of extended spectral edge states has been partially
understood for the case of the only such state in terms of cooperative shielding in [47]
and explained in details for the general case a > 0, d = 1 by the matrix inversion trick
in [16,26] and by the renormalization group in [17]. In our model (], the condition that
Vq diverges at small |¢| < g«, a < d, and do not change the sign for different momentum
orientations ¢q in order to have high-energy states on the only spectral edge is given by

Va(¢q)/Va(0) >0 < alf—2[>]a—2|5. (22)

It immediately provides the phase boundary of the localization 8 < Sar(a), valid for all
a and f, see Eq. for 8 < 2 and the symmetry for the rest values. In order to
illustrate it, in Fig. 11| we show the kinetic spectrum V}, (top) and the corresponding 2d
dipolar system in a tilted electric field for a = 1 < d = 2 for (a) isotropic, 5 = 0, and
(b) anisotropic, 8 = 0.75 localized cases, as well as for (c) the delocalized one, 8 = 2.25.
One can see that for the localized cases the spectrum diverges to the only direction, even
at finite anisotropy, while its two-sided divergence immediately leads to the delocalization.

Note also that the power-law growth of the spectral-edge energies Eq ~ V4 ~ g2
with decreasing momentum ¢ is explicitly represented by the power-law decaying tail of
DOS on either (both) spectral edge(s) in the localized (extended) phase, see the inset to
Fig. [2[a).

The finite-size mobility edge E* ~ Vg, found numerically can be determined by Ioffe-
Regel criterion. Indeed, a state is localized as soon as its localization length ¢;,. is smaller
than the system dimension L. In 2d systems the localization length is exponentially growing
with the mean-free path o, ~ e*Fémfr with a certain constant ¢ ~ O(1). Fixing the Fermi

*Similar effects have been recently observed in non-integrable many body systems where the special
spectral-edge states lead to the departure from the eigenstate thermalization hypothesis in the spectral
bulk [46].
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Figure 11: Illustration of the spectral divergence and the localization at a < d
for (a) the isotropic, 5 = 0, (b) anisotropic localized, 0 < 8 < Sar(a), and (c) anisotropic
delocalized, 8 > Bar(a), cases. The top panel shows the one- or two-sided divergence of
the spectrum, while the bottom illustration shows the tilt of the 2d dipolar system in the
strong electric field.

momentum at kp = ¢ one calculates the mean-free path £,,r,(q) ~ v47, via the group
velocity vy = dVq/dgq ~ ¢ %1 at the momentum ¢ and the level broadening determined
by the Fermi Golden rule I' = Tq_l ~ sz(Eq) ~ W?2¢?@=¢ for the plane wave scattering
on impurities p; ~ W. This gives the fraction fe of ergodic extended states below the
finite-size mobility edge, £;o. ~ L,

forg = mq% ~ [W2In L] /79 (23)
which decays only as a power of the logarithm of the system size, see Fig. [9]

In the next parts of this section we provide the sketch of the renormalization group
approach to the localization at a < d, see Sec. and the loffe-Regel argumentation for
the location of the finite-size mobility edge and the corresponding fraction of the ergodic
states in this localized phase, see Sec. [5.2]

5.1 Main idea of the renormalization group analysis

In this Section we follow [17},/18,148] and reproduce the idea of the renormalization group
(RG) analysis for the 2d anisotropic system. The main assumption of this RG written in the
limit of large disorder strength W >> 1 is that at each step, as we consider only the hopping
terms at the distance R, the localization length £(%) of an eigenstate |¢§> = > R(0) |i)
around its maximum ¢ = n is small compared to R >> ¢(f),

For clarity let’s consider the first step of the RG. Similarly to [18] we take the disorder
amplitude W > 1 to be large compared to the nearest-neighbor hopping V; ;11 and apply
the RG procedure to study this problem. As a step of the RG we first cut off the tunneling
at a certain scale Ry and calculate the wave functions (Ry modes) for this scale. Then new
cutoff Ry > Ry is chosen and new modes (R; modes) are constructed as a superposition of
Ry modes. The localization length increases from ¢y < Ry to £1 < Ry due to the presence
of resonances. At large disorder strength W > 1 only pairs of resonances are relevant, as
the probability to realize triple or higher order ones is smaller in 1/W (please see |17 for
more details).

The projectors |w,(€1)) on new R; modes can be written via the initial site projectors |i)

as follows
) = 2 u @) - (24)
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1—p3 cos? ®ij . .
—— a7, rewritten in new operators takes the form
)

va (Gl = Zwk yzw “G)Vis (25)

Thus, the hopping term V;; = —

According to RG assumption the modes wlil)(m) are localized ry,, < ¢1 at the length,
much smaller than the distance to the next resonance ¢; < Ry, thus, one can neglect the
difference between Vj; and Vi (|rij — | < mie + 750 < 2l S R1). As a result, Eq.

reads as
S LBt Zz Ao d’m"rwmwnr, (26)

e
7,7 v

with the effective charge I, = >, Y2 (i).
In order to estimate the renormalized hopping term [} /r, we consider the mean
squared value of [ at a certain energy F as follows 48]

<12>E _ <Zk l,%é(E - Ek)> —

p(E)
<Zk Z|i*ki\’<R1 Z|J*1j’<R1 wl(cl)(z)wl(cl)*(])é(E - Ek)>
p(E) l_’
- Zigien (M Giy) | T Gooyy (F)

T

Here the result is written in terms of the density of states (DOS)

<Z§E Ek> LdZImG (28)

and the Green’s function )

E+in—H’
averaged over the diagonal disorder G(E) = (G(E + in)) and, thus, diagonal in the mo-
mentum space. The latter reads as

G(E+1in) = (29)

-~ 1

)= ————— .

CalF) = sy (30)
with the self-energy given by a simplest coherent potential approximation ¥ = ——Gg( ),
consistent with the Fermi Golden rule result

W2

Here we consider for simplicity the box distribution of the disorder —W/2 < p; < W/2
with the finite variance <pl2> = W?2/12 and use it in the determination of the self-energy
of the Green’s function.

In the coherent potential approximation, for the bulk of the spectrum E ~ W, DOS is ¢-
independent and is determined solely by the disorder amplitude (like in [17]), p(E) ~ 1/W.
Thus, the imaginary part of the Green’s function is given by a Lorenzian

7 W
mGo(B) > gy 5oy rwjiz

(32)
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and, thus, the mean squared charge takes the form of the integral over the momentum
orientation angle ¢q, with ¢ ~1/R < 1

@y, = W [T dba W doq
E " 2on? o E-Vq—-% 272 ), (E—Vq— ReX)2+12"°

At a < d the integrand denominator dominated by the hopping spectrum, Vg has infrared
divergence, so the angle averaging depends on whether Vg versus ¢4 changes the sign or
not for g~ 1/R < 1.

Indeed, for sign-definite Vg, Eq. , the above integral is given mostly by <l2>E ~

(33)

WT/V2 g ~ W?R*4) and leads to
~ W
Im Gqu/Rl (E) ~ m s (34)
Ry
and the effective hopping for all a within the RG approximation scales as
. (1 W?
VRff = min (m, R%d—a) ; (35)

giving localization with the characteristic change of the power law tail at R ~ W1/(d=a)
1. This result can be equivalently obtained from the matrix-inversion trick [16]. More
rigorous calculations done at a = d = 2 |17] give logarithmic corrections leading to .

In the opposite case of a < aar, when Vg4 changes sign with respect to ¢4, simple
calculations give <12>E ~ W/Vini/r ~ R yesulting in [¢p(i)|> ~ 7~ This critical
behavior, formally equivalent to the critical case of a = d for the random-sign hopping
term hy; /r?j, hints that the delocalized phase at a < aar is nonergodic. However, more
rigorous calculations of transport based on Kubo formula [36] give logarithmic corrections
leading to ergodic behavior.

This analysis puts the basis under the simple localization-delocalization arguments
given by Egs. and and Fig. |[11]about the presence of high-energy states on either

or both spectral edges.

5.2 Toffe-Regel criterion for the fraction of high-energy ergodic states

Here we estimate the energy-dependent mean-free path for a < d and, based on the loffe-
Regel criterion of localization, estimate the location of the finite-size mobility edge as well
as the fraction of ergodic states in the localized phase of the considered anisotropic model,

Eq. .

The mean-free path at a certain energy E can be estimated as follows

Zmf:D(E) =V Teg » (36)

where the energy-dependent momentum ¢ and the corresponding group velocity v, are
determined from the following equations

E=V,< ~q¢ %= qg~min [1, gY <d*a>} (37)
dV, de
qudf;‘qu“ ', (38)
while the level broadening I' = Tq_El can be estimated with Fermi Golden rule of the
scattering of plane waves on the impurities y; ~ W (see Eq. (31)))
_ w2
Tom = ImGi_j—o(E) ~ p(E)l—2 . (39)
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Small qg corresponds to large energies £ > W, thus, the DOS at such energies is not
determined by p(E) ~ 1/W, but involves gg as follows

d'qp 2d—a
p(E>W) = v, "% (40)
As a result, we obtain
Conpp(E) ~ W72q%a—3d—1 ~ W2 EBd+1-20)/(da) (41)

According to the Ioffe-Regel criterion the states are delocalized
e ind=1as soon as {joc ~ lmpp > L;

e in d =2 as soon as {jp, ~ e“Emsr > [

e in d =3 as soon as qely,fp > 1.

leading to a certain upper cutoff ¢qg < ¢.. The fraction of such delocalized states is given
by

qx
ferg = / ddq ~ qg . (42)
0
After straightforward algebra the mobility edge can be estimated as
eind=1

1
-+ d
4E < Go = <W2Ld> 20-a) forg ~ @ ~ L~ 2207, (43)
eind=2 L
4B < gy = (W2 In Ld> D S fog ~ g2 ~ I L5 (44)
eind=3 )
qr < Qs = W= o-2a = ferg ~ qg ~ O(l) : (45)

In the 2d case of the considered model (see Figs. E] and the fraction of ergodic states
decays as the power of the logarithm of L?. This Toffe-Regel-based estimate coincides with
the fraction of states which are non-ergodic or localized in the momentum g-basis, see [49].

If instead, following [16,50], one calculates the fraction of modes which are localized in
the momentum ¢-basis, this condition will be more restrictive for all d > 1 as it provides
the fraction of plane-wave states, while most of delocalized modes in d > 2 are of diffusive
nature. Such a condition is related to the level spacing |V, — V,, 1x/1| to be of the order
of the corresponding hopping

) w
|V¢1E - VQE+7T/L| ~ % > W (46)
which leads to
eind=1 )
. L2y @
g < ¢ = ( » ~ (47)
e ind=2 .
ok W “3-a
g <q = <t0) < g« (48)
eind=3 )
b n
e < ¢ = <L1/3t0> < s (49)
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6 Conclusion and Outlook

To sum up, we explicitly show both numerically and analytically the phenomenon of
the anisotropy-mediated reentrant Anderson localization transition relevant for generic 2d
quantum dipole models. The transition is demonstrated to occur at a finite anisotropy-tilt
angle of dipoles depending on the exponent a of the generalized dipole-dipole interaction
controlling excitation hopping. Moreover, close to the pure 2d dipole-dipole interaction
1 < a < 2 the phase diagram has a reentrant nature showing the localization both at
large and small tilts,given by the rotation symmetry of the system accompanied by the tilt
transformation.

The further research should take into account the robust localized nature of eigenstates
in dilute dipolar systems with respect to the ones with randomized interaction strength.
This difference between the models with deterministic and random interactions plays an
important role also in dense systems where the many-body localization has different prop-
erties for such systems (see, e.g. [51}63]). It might be interesting to understand whether
there is a many-body localization transition driven by the anisotropy of long-range cou-
plings in such systems.

Acknowledgements

We thank V. E. Kravtsov for illuminating discussions. We also thank G. V. Shlyapnikov
and Luis Santos for previous collaboration on related topics.

Funding information This research was supported by Russian Science Foundation,
Grant No. 21-12-00409 (I. M. K.), by Carrol Lavin Bernick Foundation Research Grant
(2020-2021) and by NSF CHE-2201027 grant (A. L. B.) by the DFG projects SA 1031/11,
SFB 1227 DQ-mat, and by the Federal Ministry of Education and Research of Germany
(BMBF) in the framework of DAQC. (X. D.).

References

[1] P. W. Anderson, Absence of diffusion in certain random lattices, Phys. Rev. 109(5),
1492 (1958), doi:/10.1103/PhysRev.109.1492.

[2] D. S. Wiersma, P. Bartolini, A. Lagendijk and R. Righini, Localization of light in a
disordered medium, Nature 390(6661), 671 (1997), doiil0.1038/37757.

[3] B. A. Van Tiggelen, Localization of Waves, pp. 1-60, Springer Netherlands, Dordrecht,
ISBN 978-94-011-4572-5, doi:10.1007,/978-94-011-4572-5 1 (1999).

[4] B. Yan, S. A. Moses, B. Gadway, J. P. Covey, K. R. Hazzard, A. M. Rey, D. S. Jin and
J. Ye, Observation of dipolar spin-exchange interactions with lattice-confined polar
molecules, Nature 501(7468), 521 (2013), doi:10.1038 /naturel12483.

[5] J. Zeiher, J.-y. Choi, A. Rubio-Abadal, T. Pohl, R. van Bijnen, 1. Bloch and C. Gross,
Coherent many-body spin dynamics in a long-range interacting ising chain, Phys.
Rev. X 7, 041063 (2017), do0i:10.1103/PhysRevX.7.041063.

[6] S. de Léséleuc, V. Lienhard, P. Scholl, D. Barredo, S. Weber, N. Lang, H. P. Biich-
ler, T. Lahaye and A. Browaeys, Observation of a symmetry-protected topological

20


https://doi.org//10.1103/PhysRev.109.1492
https://doi.org/10.1038/37757
https://doi.org/10.1007/978-94-011-4572-5_1
https://doi.org/10.1038/nature12483
https://doi.org/10.1103/PhysRevX.7.041063
Ivan Khaymovich
Highlight


SciPost Physics

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

phase of interacting bosons with rydberg atoms, Science 365(6455), 775 (2019),
doi:10.1126/science.aav9105.

G. Waldherr, Y. Wang, S. Zaiser, M. Jamali, T. Schulte-Herbriiggen, H. Abe,
T. Ohshima, J. Isoya, J. Du, P. Neumann et al, Quantum error
correction in a solid-state hybrid spin register, Nature 506(7487), 204 (2014),
d0i:10.1038 /nature12919.

A. de Paz, A. Sharma, A. Chotia, E. Maréchal, J. H. Huckans, P. Pedri, L. San-
tos, O. Gorceix, L. Vernac and B. Laburthe-Tolra, Nonequilibrium quantum
magnetism in a dipolar lattice gas, Phys. Rev. Lett. 111, 185305 (2013),
do0i:10.1103/PhysRevLett.111.185305.

S. Baier, M. J. Mark, D. Petter, K. Aikawa, L. Chomaz, Z. Cai, M. Baranov, P. Zoller
and F. Ferlaino, Extended bose-hubbard models with ultracold magnetic atoms, Sci-
ence 352(6282), 201 (2016), doii10.1126/science.aac9812.

C.-L. Hung, A. Gonzélez-Tudela, J. I. Cirac and H. J. Kimble, Quantum spin dynamics
with pairwise-tunable, long-range interactions, Proceedings of the National Academy
of Sciences 113(34), E4946 (2016), doi:10.1073/pnas.1603777113.

G. A. Alvarez, D. Suter and R. Kaiser, Localization-delocalization transition in
the dynamics of dipolar-coupled nuclear spins, Science 349(6250), 846 (2015),
doi:10.1126 /science.1261160.

P. Richerme, Z.-X. Gong, A. Lee, C. Senko, J. Smith, M. Foss-Feig, S. Micha-
lakis, A. V. Gorshkov and C. Monroe, Non-local propagation of correlations in
quantum systems with long-range interactions, Nature 511(7508), 198 (2014),
doi:10.1038 /nature13450.

P. Jurcevic, B. P. Lanyon, P. Hauke, C. Hempel, P. Zoller, R. Blatt and C. F. Roos,
Quasiparticle engineering and entanglement propagation in a quantum many-body
system, Nature 511(7508), 202 (2014), doi:10.1038/naturel3461.

S. K. Saikin, A. Eisfeld, S. Valleau and A. Aspuru-Guzik, Photonics meets
excitonics: natural and artificial molecular aggregates, Nanophotonics 2(1), 21 (2013),
do0i:10.1515 /nanoph-2012-0025.

X. Deng, V. E. Kravtsov, G. V. Shlyapnikov and L. Santos, Duality in power-law
localization in disordered one-dimensional systems, Phys. Rev. Lett. 120, 110602
(2018), doi:10.1103/PhysRevLett.120.110602.

P. A. Nosov, I. M. Khaymovich and V. E. Kravtsov, Correlation-induced localization,
Physical Review B 99(10), 104203 (2019), doi:10.1103/PhysRevB.99.104203.

A. G. Kutlin and I. M. Khaymovich, Renormalization to localization without a small
parameter, SciPost Phys. 8, 49 (2020), do0ii10.21468/SciPostPhys.8.4.049.

A. L. Burin and L. A. Maksimov, Localization and delocalization of particles in
disordered lattice with tunneling amplitude with r—2 decay, JETP Lett. 50, 338
(1989).

J. Perczel and M. D. Lukin, Theory of dipole radiation near a dirac photonic crystal,
Phys. Rev. A 101, 033822 (2020), doi:10.1103/PhysRevA.101.033822.

21


https://doi.org/10.1126/science.aav9105
https://doi.org/10.1038/nature12919
https://doi.org/10.1103/PhysRevLett.111.185305
https://doi.org/10.1126/science.aac9812
https://doi.org/10.1073/pnas.1603777113
https://doi.org/10.1126/science.1261160
https://doi.org/10.1038/nature13450
https://doi.org/10.1038/nature13461
https://doi.org/10.1515/nanoph-2012-0025
https://doi.org/10.1103/PhysRevLett.120.110602
https://doi.org/10.1103/PhysRevB.99.104203
https://doi.org/10.21468/SciPostPhys.8.4.049
https://doi.org/10.1103/PhysRevA.101.033822

SciPost Physics

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

A. Gonzélez-Tudela and J. I. Cirac, Exotic quantum dynamics and purely long-range
coherent interactions in dirac conelike baths, Phys. Rev. A 97, 043831 (2018),
d0i:10.1103/PhysRevA.97.043831.

R. Pandya, R. Y. S. Chen, Q. Gu, J. Sung, C. Schnedermann, O. S. Ojambati,
R. Chikkaraddy, J. Gorman, G. Jacucci, O. D. Onelli, T. Willhammar, D. N. John-

stone et al., Ultrafast long-range energy transport via light-matter coupling in organic
semiconductor films, doi:10.48550/ARXIV.1909.03220| (2019).

L. S. Levitov, Absence of localization of vibrational modes due to dipole-dipole
interaction, Europhys. Lett. 9, 83 (1989), doi:10.1209,/0295-5075/9/1/015.

L. S. Levitov, Delocalization of vibrational modes caused by electric dipole interaction,
Phys. Rev. Lett. 64, 547 (1990), doi:10.1103/PhysRevLett.64.547.

L. Levitov, Critical hamiltonians with long range hopping, Annalen der Physik 8(7-9),
697 (1999), doi:10.1002/andp.199951107-921.

J. T. Cantin, T. Xu and R. V. Krems, Effect of the anisotropy of long-range
hopping on localization in three-dimensional lattices, Phys. Rev. B 98, 014204 (2018),
do0i:10.1103/PhysRevB.98.014204.

P. A. Nosov and I. M. Khaymovich, Robustness of delocalization to the inclusion
of soft constraints in long-range random models, Phys. Rev. B 99, 224208 (2019),
doi:10.1103/PhysRevB.99.224208.

A. G. Kutlin and I. M. Khaymovich, Emergent fractal phase in energy stratified
random models, SciPost Phys. 11, 101 (2021), doi:10.21468/SciPostPhys.11.6.101.

X. Deng, B. L. Altshuler, G. V. Shlyapnikov and L. Santos, Quantum levy flights
and multifractality of dipolar excitations in a random system, Phys. Rev. Lett. 117,
020401 (2016), doi:10.1103/PhysRevLett.117.020401.

A. D. Mirlin and F. Evers, Multifractality and critical fluctuations at the anderson
transition, Phys. Rev. B 62, 7920 (2000), doi:10.1103/PhysRevB.62.7920.

F. Evers and A. D. Mirlin, Anderson transitions, Rev. Mod. Phys 80, 1355 (2008),
d0i:10.1103/RevModPhys.80.1355.

I. L. Aleiner, B. L. Altshuler and K. B. Efetov, Localization and critical diffusion
of quantum dipoles in two dimensions, Phys. Rev. Lett. 107, 076401 (2011),
d0i:10.1103/PhysRevLett.107.076401.

However, in a recent paper of two of authors [36] it has been shown that the critical
point @ = f = d = 2 is more subtle: it shows diffusive transport and non-ergodic
eigenstates like in [31] for strong diagonal disorder and superdiffusion with ergodic
wave functions at small disorder.

V. Oganesyan and D. A. Huse, Localization of interacting fermions at high

temperature, Phys. Rev. B 75, 155111 (2007), doii10.1103/PhysRevB.75.155111.

Y. Y. Atas, E. Bogomolny, O. Giraud and G. Roux, Distribution of the ratio of
consecutive level spacings in random matrix ensembles, Phys. Rev. Lett. 110, 084101

(2013), doi:10.1103/PhysRevLett.110.084101.

22


https://doi.org/10.1103/PhysRevA.97.043831
https://doi.org/10.48550/ARXIV.1909.03220
https://doi.org/10.1209/0295-5075/9/1/015
https://doi.org/10.1103/PhysRevLett.64.547
https://doi.org/10.1002/andp.199951107-921
https://doi.org/10.1103/PhysRevB.98.014204
https://doi.org/10.1103/PhysRevB.99.224208
https://doi.org/10.21468/SciPostPhys.11.6.101
https://doi.org/10.1103/PhysRevLett.117.020401
https://doi.org/10.1103/PhysRevB.62.7920
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1103/PhysRevLett.107.076401
https://doi.org/10.1103/PhysRevB.75.155111
https://doi.org/10.1103/PhysRevLett.110.084101

SciPost Physics

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

F. Evers, A. Mildenberger and A. D. Mirlin, Multifractality of wave functions
at the quantum hall transition revisited, Phys. Rev. B 64, 241303(R) (2001),
do0i:10.1103/PhysRevB.64.241303.

X. Deng and A. L. Burin, Superdiffusion in random two dimensional system with
long-range hopping v(r) oc r~2, doii10.48550/ARXIV.2205.14715/ (2022).

A. De Luca, B. L. Altshuler, V. E. Kravtsov and A. Scardicchio, Anderson localization
on the bethe lattice: Nonergodicity of extended states, Phys. Rev. Lett. 113(4),
046806 (2014), doii10.1103/PhysRevLett.113.046806.

V. E. Kravtsov, I. M. Khaymovich, E. Cuevas and M. Amini, A random matrix
model with localization and ergodic transitions, New J. Phys. 17, 122002 (2015),
doif10.1088 /1367-2630/17,/12,/122002.

A.D. Mirlin, Y. V. Fyodorov, F.-M. Dittes, J. Quezada and T. H. Seligman, Transition
from localized to extended eigenstates in the ensemble of power-law random banded
matrices, Phys. Rev. E 54, 3221 (1996), doi:10.1103/PhysRevE.54.3221.

D. J. Luitz, I. M. Khaymovich and Y. Bar Lev, Multifractality and its role in
anomalous transport in the disordered XXZ spin-chain, SciPost Phys. Core 2, 6
(2020), doi:10.21468/SciPostPhysCore.2.2.006.

G. De Tomasi, M. Amini, S. Bera, I. M. Khaymovich and V. E. Kravtsov, Survival
probability in generalized Rosenzweig-Porter random matrix ensemble, SciPost Phys.
6, 014 (2019), doi:10.21468/SciPostPhys.6.1.014.

S. Bera, G. De Tomasi, I. M. Khaymovich and A. Scardicchio, Return probability for
the Anderson model on the random regular graph, Physical Review B 98(13), 134205
(2018), doi:10.1103/PhysRevB.98.134205.

G. De Tomasi, S. Bera, A. Scardicchio and I. M. Khaymovich, Subdiffusion in the
anderson model on the random regular graph, Phys. Rev. B 101, 100201(R) (2020),
d0i:10.1103/PhysRevB.101.100201.

E. J. Torres-Herrera and L. F. Santos, Dynamics at the many-body localization
transition, Phys. Rev. B 92, 014208 (2015), doi:10.1103/PhysRevB.92.014208.

F. Borgonovi, F. Izrailev, L. Santos and V. Zelevinsky, Quantum chaos and
thermalization in isolated systems of interacting particles, Physics Reports 626, 1
(2016), doi:10.1016/j.physrep.2016.02.005, Quantum chaos and thermalization in
isolated systems of interacting particles.

M. Haque, P. A. McClarty and I. M. Khaymovich, Entanglement of midspectrum
eigenstates of chaotic many-body systems: Reasons for deviation from random
ensembles, Phys. Rev. E 105, 014109 (2022), doi:10.1103/PhysRevE.105.014109.

G. L. Celardo, R. Kaiser and F. Borgonovi, Shielding and localization
in the presence of long-range hopping, Phys. Rev. B 94, 144206 (2016),
doi:10.1103/PhysRevB.94.144206.

W. Tang and I. M. Khaymovich, Non-ergodic delocalized phase with Poisson level
statistics, Quantum 6, 733 (2022), doii10.22331/q-2022-06-09-733.

V. Motamarri, A. S. Gorsky and I. M. Khaymovich, Localization and fractality in
disordered russian doll model, doi;10.48550/ARXIV.2112.05066/ (2021).

23


https://doi.org/10.1103/PhysRevB.64.241303
https://doi.org/10.48550/ARXIV.2205.14715
https://doi.org/10.1103/PhysRevLett.113.046806
https://doi.org/10.1088/1367-2630/17/12/122002
https://doi.org/10.1103/PhysRevE.54.3221
https://doi.org/10.21468/SciPostPhysCore.2.2.006
https://doi.org/10.21468/SciPostPhys.6.1.014
https://doi.org/10.1103/PhysRevB.98.134205
https://doi.org/10.1103/PhysRevB.101.100201
https://doi.org/10.1103/PhysRevB.92.014208
https://doi.org/10.1016/j.physrep.2016.02.005
https://doi.org/10.1103/PhysRevE.105.014109
https://doi.org/10.1103/PhysRevB.94.144206
https://doi.org/10.22331/q-2022-06-09-733
https://doi.org/10.48550/ARXIV.2112.05066
Ivan Khaymovich
Highlight


SciPost Physics

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

F. A.B. F.de Moura, A. V. Malyshev, M. L. Lyra, V. A. Malyshev and F. Dominguez-
Adame, Localization properties of a one-dimensional tight-binding model with
nonrandom long-range intersite interactions, Phys. Rev. B 71, 174203 (2005),
doi:10.1103/PhysRevB.71.174203.

A. L. Burin and Y. Kagan, Low-energy collective excitations in glasses. new relaxation
mechanism for ultralow temperatures, Zh. Eksp. Teor. Fiz. 106, 633 (1994).

N. Y. Yao, C. R. Laumann, S. Gopalakrishnan, M. Knap, M. Miiller, E. A. Demler
and M. D. Lukin, Many-body localization in dipolar systems, Phys. Rev. Lett. 113,
243002 (2014), doi:10.1103/PhysRevLett.113.243002.

R. Singh, R. Moessner and D. Roy, Effect of long-range hopping and interactions on
entanglement dynamics and many-body localization, Phys. Rev. B 95, 094205 (2017),
do0i:10.1103/PhysRevB.95.094205.

D. J. Luitz and Y. Bar Lev, Emergent locality in systems with power-law interactions,
Phys. Rev. A 99, 010105(R) (2019), doi:10.1103/PhysRevA.99.010105.

T. Botzung, D. Vodola, P. Naldesi, M. Miiller, E. Ercolessi and G. Pupillo, Algebraic
localization from power-law couplings in disordered quantum wires, Phys. Rev. B
100, 155136 (2019), doi:10.1103 /PhysRevB.100.155136.

S. Roy and D. E. Logan, Self-consistent theory of many-body localisation in a
quantum spin chain with long-range interactions, SciPost Phys. 7, 42 (2019),
d0i:10.21468/SciPostPhys.7.4.042.

S. Nag and A. Garg, Many-body localization in the presence of long-range
interactions and long-range hopping, Phys. Rev. B 99, 224203 (2019),
doi:10.1103/PhysRevB.99.224203.

A. L. Burin, Many-body delocalization in a strongly disordered system with
long-range interactions: Finite-size scaling, Phys. Rev. B 91, 094202 (2015),

doi:10.1103/PhysRevB.91.094202.

A. L. Burin, Localization in a random xy model with long-range interactions:
Intermediate case between single-particle and many-body problems, Phys. Rev. B

92, 104428 (2015), doii10.1103/PhysRevB.92.104428.

I. V. Gornyi, A. D. Mirlin, D. G. Polyakov and A. L. Burin, Spectral diffusion and
scaling of many-body delocalization transitions, Annalen der Physik 529(7), 1600360

(2017), doi{10.1002/andp.201600360.

K. S. Tikhonov and A. D. Mirlin, Many-body localization transition with power-law
interactions: Statistics of eigenstates, Phys. Rev. B 97(21), 214205 (2018),

doi:10.1103/PhysRevB.97.214205.

G. De Tomasi, Algebraic many-body localization and its implications on information

propagation, Phys. Rev. B 99, 054204 (2019), doi10.1103/PhysRevB.99.054204.

X. Deng, G. Masella, G. Pupillo and L. Santos, Universal algebraic growth of
entanglement entropy in many-body localized systems with power-law interactions,

Phys. Rev. Lett. 125, 010401 (2020), doi:10.1103/PhysRevLett.125.010401.

24


https://doi.org/10.1103/PhysRevB.71.174203
https://doi.org/10.1103/PhysRevLett.113.243002
https://doi.org/10.1103/PhysRevB.95.094205
https://doi.org/10.1103/PhysRevA.99.010105
https://doi.org/10.1103/PhysRevB.100.155136
https://doi.org/10.21468/SciPostPhys.7.4.042
https://doi.org/10.1103/PhysRevB.99.224203
https://doi.org/10.1103/PhysRevB.91.094202
https://doi.org/10.1103/PhysRevB.92.104428
https://doi.org/10.1002/andp.201600360
https://doi.org/10.1103/PhysRevB.97.214205
https://doi.org/10.1103/PhysRevB.99.054204
https://doi.org/10.1103/PhysRevLett.125.010401

SciPost Physics

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

A

I. M. Khaymovich, V. E. Kravtsov, B. L. Altshuler and L. B. Ioffe, Fragile extended
phases in the log-normal rosenzweig-porter model, Phys. Rev. Research 2, 043346
(2020), doi:10.1103/PhysRevResearch.2.043346.

I. M. Khaymovich and V. E. Kravtsov, Dynamical phases in a
“multifractal” Rosenzweig-Porter model, SciPost Phys. 11, 45 (2021),
d0i:10.21468 /SciPostPhys.11.2.045.

V. E. Kravtsov, I. M. Khaymovich, B. L. Altshuler and L. B. Toffe, Localization
transition on the random regular graph as an unstable tricritical point in a log-normal
rosenzweig-porter random matrix ensemble, doi:10.48550/ARXIV.2002.02979 (2020).

E. Bogomolny and M. Sieber, Power-law random banded matrices and ultrametric
matrices: FEigenvector distribution in the intermediate regime, Phys. Rev. E 98,
042116 (2018), doii10.1103/PhysRevE.98.042116.

L. M. Khaymovich, M. Haque and p. A. McClarty,
Eigenstate Thermalization, Random Matrix Theory, and Behemoths, Phys. Rev.
Lett. 122(7), 070601 (2019), doi:10.1103/PhysRevLett.122.070601.

A. Bicker, M. Haque and I. M. Khaymovich, Multifractal dimensions for random
matrices, chaotic quantum maps, and many-body systems, Phys. Rev. E 100(3),
032117 (2019), doi:10.1103/PhysRevE.100.032117.

J. Biddle, D. Priour, B. Wang and S. Das Sarma, Localization in one-dimensional
lattices with non-nearest-neighbor hopping: Generalized Anderson and Aubry-André
models, Phys. Rev. B 83, 075105 (2011), doi:10.1103/PhysRevB.83.075105.

S. Gopalakrishnan, Self-dual quasiperiodic systems with power-law hopping, Phys.
Rev. B 96, 054202 (2017), doii10.1103/PhysRevB.96.054202.

X. Deng, S. Ray, S. Sinha, G. V. Shlyapnikov and L. Santos, One-dimensional
quasicrystals with power-law hopping, Phys. Rev. Lett. 123, 025301 (2019),
doi:10.1103/PhysRevLett.123.025301.

S. Roy, I. M. Khaymovich, A. Das and R. Moessner, Multifractality without
fine-tuning in a Floquet quasiperiodic chain, SciPost Phys. 4, 25 (2018),
d0i:10.21468 /SciPostPhys.4.5.025.

Here there is an open question whether severe finite-size effects in an ergodic phase
are related to weak ergodicity. In this weak ergodic phase the fractal dimensions
D, — 1, but along the path different from the ones from the random-matrix theory,
due to the occupation of only a finite fraction of the total Hilbert space by eigenstates
mediated by the breakdown of the basis-rotation invariance [64-66]. This phase plays
an important role in several recent papers [16,26},40,/67-H69|.

Unlike the long-range static [70-72] and short-range driven [73] models with correlated
(quasiperiodic) on-site disorder, in the current model multifractality does not emerge
in the extended phase due to the mixture of localized and ergodic states.

Extrapolation of the fractal dimension in the extended
phase

In this Appendix we focus on the extended phase of the considered anisotropic model.

25


https://doi.org/10.1103/PhysRevResearch.2.043346
https://doi.org/10.21468/SciPostPhys.11.2.045
https://doi.org/10.48550/ARXIV.2002.02979
https://doi.org/10.1103/PhysRevE.98.042116
https://doi.org/10.1103/PhysRevLett.122.070601
https://doi.org/10.1103/PhysRevE.100.032117
https://doi.org/10.1103/PhysRevB.83.075105
https://doi.org/10.1103/PhysRevB.96.054202
https://doi.org/10.1103/PhysRevLett.123.025301
https://doi.org/10.21468/SciPostPhys.4.5.025

SciPost Physics

o Dy(N),|E|<la=1,8=2W=14
1 ---—155/InN +0.94 .
P N 9.40/(InN)? — 3.49/In N + 1.03
=, - 0.76/(In N)? + 9.16/(In N)?
209 - —3.47/In N + 1.04
QN ) - ——(—2.40 + 4.40N"931) /In N 4 1.01
0.8t (a) 1
0 0.05 0.1
1L " @ Dy(N), [E|<5,a=0,3=2 W =20
ey ---—2.09/InN +0.79
~~~~~~~~~~~~~~ 19.84/(In N)? — 6.14/In N +0.99
o T 8.59/(In N)* + 18 41/(In N)?
2, 0.8t T —6.13/In N +0.99
S T T ——(—6.42 + 8.09N )/ In N + 1.05
061,y
(b) ‘

0 0.02 0.04 0.06 0.08 0.1
1/InN

Figure 12: Finite-size extrapolation of the fractal dimension Dy (symbols) with
linear (blue dashed), quadratic (red dash-dotted), cubic (green dotted) expressions in = =
1/In LY as well as the one with irrelevant exponent (violet solid) considered in [35]. We
show two parameter sets (upper panel) a = 1, 8 = 2 is W = 4 and (lower panel) a = 0,
B =21is W = 20 in order to emphasize that this issue present both at weak and strong
disorder. Dy is averaged over the energy interval |E| < W/4 and extrapolated from L = 75,
85, 100, 125, 150, 175, 200, and 250 with the corresponding number of disorder realizations
2000, 2000, 2000, 2000, 1000, 600, 600, and 300, respectively.

First, we should mention that the extrapolation of Dy in this case is more subtle. Due
to limited system sizes in 2d the linear approximation @ provides unreasonable results
and, thus, following recent literature some of the authors of this paper use quadratic in
1/In L? extrapolation and compare it with further cubic one both for weak and strong
disorder, see Fig. [12[[74]. In order to double check we also fit the data with the expression
with irrelevant exponent suggested in 35|

(1—q) ey + y LY
In L4 ‘

D,(L) = D, + (50)

All the results confirm the ergodic nature of the extended phase in the considered model [75|
which is spoiled by severe finite-size effects forcing one to go beyond linear extrapolation,

Eq. @

B Wavefunction spatial decay

Similar to Figs. [6{b) and [{b) in the main text and the results of [15/]17], we consider
the typical wave function spatial decay with the distance with respect to its maximum.
Fig. [13| confirms the duality of power-law spatial decay rate v(a) =~ v(2d — a) [15-H17| in
the localized phase of the anisotropic model between the standard locator expansion states
a > d =2 and beyond it a < d.
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Inr

Figure 13: Power-law spatial decay of eigenstates in the bulk of the spectrum for
a =1 (solid), 3 (dashed), 5 = 0.5, at the system size L = 200 with 200 disorder realizations.
The disorder amplitude is taken to be W = 20 for a = 1 and W = 200 for a = 3 in order
to make the power-law tail dominant on moderate sizes in both cases.

C Spectrum of hopping, Eq.

_ 2 4.
The spectrum of the hopping term Vj; = —157%*% from Eq. (1) is given by its Fourier
ij
transform due to translation-invariance of hopping

o = 2 4.
Vq = — Z elqr(lz*h)+1%(1y*3y)—B:ss ¢Z] . (51)
7:7j /L‘]

For a # d = 2 the latter can be calculated in the continuous approximation as

[e's] 2w ) _ 2
Vg = —/ rdr/ dgpelrcos (¢—¢q)1€$¢ =caq" ?[B—a—(2—a)Bcos® ¢y| .
0 0
(52)

M, I'(a) is a Gamma-function, and ¢ = mn/L is the quantized

Here ¢, = w2t~ 711(@/2)
momentum ,with integer n < L/ag, ag is the inter-atomic distance which we choose to be
unity ag = 1 without loss of generality. The special case of a = d = 2 should be considered
separately as the result depends explicitly on ag

Vaq=7|2—-75) (e +1n(ga0/2)) — 5003(2%) , (53)

with the Euler — Mascheroni constant vg ~ 0.577216.
The divergence of both Eqgs. and at ¢ — 0 at a < d signals on the presence of
(the measure zero of) high-energy delocalized states [16,/17].
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