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Abstract

Integrable A-deformed c-models are characterized by an underlying current alge-
bra/coset model CFT deformed, at the infinitesimal level, by current/parafermion
bilinears. We promote the deformation parameters to dynamical functions of time in-
troduced as an extra coordinate. It is conceivable that by appropriately constraining
them, the beta-functions vanish and consequently the c-model stays conformal. Re-
markably, we explicitly materialize this scenario in several cases having a single and
even multiple deformation parameters. These generically obey a system of non-linear
second-order ordinary differential equations. They are solved by the fixed points of
the RG flow of the original c-model. Moreover, by appropriately choosing initial con-
ditions we may even interpolate between the RG fixed points as the time varies from
the far past to the far future. Finally, we present an extension of our analysis to the
Yang-Baxter deformed PCMs.
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1 Introduction

Two-dimensional conformal o-models play an important réle in string theory, since
they provide consistent backgrounds for propagation of strings in curved spacetimes.

As usual these models are described in terms of the actionE]

5— % /dZU(GMN +Bun)ds XM XN, M=1,2,...,d, (1.1)

from which we read off the background fields for the metric Gyy and the antisym-
metric tensor Bysy. In addition, there is also a dilaton field ®. Demanding conformal
invariance at one-loop order leads to vanishing beta-functions for the metric and the
antisymmetric fields. At one-loop these read [1-4]

1
RmN — A_LHMKLHNKL +2VpMon® =0, VP (e *®Hynp) =0, (1.2)

where Ry is the Ricci tensor and V), is the covariant derivative built out of the met-
ric Gpn, using the Levi—Civita connection. In addition, Hynp = dmBnp + cyclic is
the field strength of the antisymmetric tensor Bysy. The dilaton beta-function requires

that the expression

1
R— EHMNPHMNP +4V2D — 4(00)° = w, (1.3)

when is applied, is a constant labelled here by w. Finally, we may compute the
central charge at one-loop order from the dilaton beta-function or the Weyl anomaly
coefficient as [5,/6]

W=d-3w. (1.4)

In this work we will consider the (multi) A-deformed current algebra CFTs [7], the
A-deformed coset CFTs [7,8] as well as, to a lesser extend, the 1-deformed PCMs [9],

where we will promote the deformation parameters to dynamical functions of timeE|

'The world-sheet coordinates c* and (7, ) are given by

ct =140, 01 :%(E)Tiaa) , d%c=dtdc.

2In practice we promote the target space metric G, with coupling constants A’ to time-dependent
ones
Gu(XM;ANdXPAXY = df + G (X5 A)dXMdXY,

similarly for the antisymmetric tensor By, and the dilaton ®.



We will demand that these functions are constrained in such a way that the result-
ing o-model stays conformal at one-loop order (1.2). This is not a priori a consistent
procedure warranted to lead to a conformal model, especially for a multi-parameter
deformation. However, we will present several cases in which this yields a consistent
system of non-linear second-order ordinary differential equations. These equations
are trivially solved by the fixed points of the RG flows of the original c-model, but,
more interestingly, they also admit time dependent solutions interpolating between
these fixed points. Let us point out that there is no direct identification of the RG scale
with the target-space time as the RG equations do not solve the system of second-order
ordinary differential equations. Yet the system of second-order ordinary differential
equations upon demanding an appropriate behaviour may interpolate between the
tixed points. A similar set-up was considered in [10-12] with the crucial difference
that in these works the starting point was a CFT and the demand was that the dynam-

ical promotion led again to a conformal model at one-loop order.

This work is structured in two classes of models, (I) and (II):
In models of class (I), considered in Sections and [ we study integrable c-models
known as A-deformations [7], which interpolate between a (gauged) WZW model and
the non-Abelian T-dual of a PCM. These models are dynamically extended by adding
an extra coordinate ¢ contributing to its Lagrangian density, letting A depending on ¢
and including a time dependent term in the dilaton. More specifically, in Section 2, we
considered the A-deformed SU(2)r/u(1) [7]. In Section[3, we worked out the scale invari-
ant deformation of the SL(2R)_x/s0(2) coset CFT [13]]. The resulting system of differen-
tial equations can be analytically integrated. In Section [, we studied the A-deformed
SU(2)k case for an isotropic and a marginal deformation [7]. In the latter case we
SU@)SLER) i 1141 1 astly,

(D)= U()
in Section [ we extend our analysis to the Yang—Baxter deformed SU(2) PCM [9].

make contact with the Nappi-Witten expanding universe

In models of class (II), considered in Sections [5| and [fl we dynamically extend (inte-
grable) oc-models which interpolate between exact (coset) CFTs. In Section 5, we con-
sidered the single A-deformed Gy, X Gy, for an isotropic, a marginal and a generic de-
formation A4, [15]. In Section@ we studied the A-deformed SU(2)x, xSU(2)k,/SU(2)y, 4, [16].
Finally, in Appendix |A| we gathered the technical details of the generic deformation
Aqp(t) considered in Section



2  A-deformed SUQR)r/u(1)

In this Section we consider the simplest example, namely that for the A-deformed

SU2)k/u(1) [7] whose action is given by

:_/dz { (94 B0 + cot? B ad_a)

(2.1)
+1 — AZ (sina cotfoia+ cosadyp)(sina cotfo_a + cosad_p) }
Including a diffeomorphism induced by the scalar
® = —Insinpg, (2.2)

the above o-model is renormalizable at one-loop in the 1/k expansion and its RG flow

is given by [17,/18]
dA A

diny?2 ~ k'

where y is the energy scale. From the above expression we find that the operator

(2.3)

O, driving the perturbation, is relevant and has scaling dimension equal to Ap =

2(1 —1/k). This is in accordance with general considerations for the case at hand

din ;2 — A""ECOO AT+ 0N, (2.4)

where Cpp© denotes the OPE coefficient of the operator O with itself. In our case this
operator is the parafermion [19] bilinear corresponding to the coset CFT. To leading
order in the 1/k-expansion there are no higher in A-corrections since Cop? vanishes

due to the fact that the coset CFT corresponds to a symmetric space.

2.1 The Euclidean case

Let us now dynamically promote the above model by adding an extra spacelike coor-
dinate contributing to the Lagrangian the term /7 d td_t and moreover allowing the
constant A to depend on t. In addition, we add to the scalar the term () and
consider the entire ® as the dilaton of the resulting oc-model. Then by imposing the

one-loop beta-function equations for the metric we find the following differential



equations for A(t) and h(t) = ®y(t)

) . AA . A2

In addition, the dilaton beta-function (1.3) yields the constant

1/ \  21+A%
—%<2h —h)-i—%m—w, (2.6)
which is nothing but a first integral of (2.5). This system, as well as the corresponding

action, is invariant under t — —t and in addition, they are invariant under the two

symmetries

L A=A, ko —k, t—it,
- 2.7)
I. A — —A, w—mcii.

This is the analogue of the symmetries of the action and of the beta-function (2.3)
found in [17,20].

Note that has the trivial solution with A(¢#) = 0,h(t) = constant, corresponding
to the SU(2)r/u(1) x Rg CFT. It is instructive to see how at the linear level, for small A,
the perturbation stays marginal. In the integrable case in which A is constant the CFT
perturbation is bilinear in the compact parafermions of the coset theory and has di-
mension equal to Ap = 2(1 — 1/k), i.e. a relevant operator. This operator is multiplied
by A which does not of course affect this. However, in the dynamical case A(t) acquires
a dimension itself. Indeed, the first of can be easily seen to be approximated as
t — —oo by the equation corresponding to a harmonic oscillator with friction. It is

solved approximately by (recall that i = &)

A(t) =ce™t, Po(t) ~hit, a_=hi—/h?—4>0, (2.8)

where ¢ and h; are integration constants and the corrections are O (e**-!). Reality of

o(t)

the dilaton and demanding a weak string coupling, i.e. e*\¥) < 1, ast — —oo, gives

the condition /; > 2. We may also obtain an approximate solution for 0 < h; < 2

A(t) =~ celitsin [\/4 —h? (t —tg)], Do(t) ~ hyt, (2.9)

20t

again with correction of O (e . For the critical value of the "friction" coefficient



h; = 2 the solution is
A(t) ~ e (c+ét), dot) ~2t, (2.10)

with O (e*) corrections.
To read the scaling dimension of A(t) we first pass to Euclidean signature
T— —it, of = —iz, ¢~ — —iz, 9, —id, o_—id, d’z=drds, (2.11)

where z = T +i0,Z = T — io, with the action in the path integral appearing as e~°.

The scaling dimension of A(t) can be read throughout the general formulae for an

exponential operator. Indeed for the linear dilaton theory (flat worldsheet)
Spq = % / d229XaX, @y = QX, (2.12)

where s = £1, parameterizing a spacelike or a timelike boson X, respectively, we have

the energy—-momentum tensor
T, = —5(8){)2 L QPX, Tu=—Q0dX, (2.13)

with central charge given by ¢, q. = 1 + 6sa’Q?. Then, for an exponential operator we

have that

. aaX . _ & sa _a
Vag=ie™:,  A=A=Z (Q 2), (2.14)

where A and A are the holomorphic and the antiholomorphic dimensions, respec-

tively. In the case at hand, we have a background charge dilaton.

Next we read off various parameters either from (2.8), or from depending
on whether or not the positive constant /; is larger, smaller or equal to 2. We will give
the expressions corresponding to the first case. The results for the others are identical.
We obtain that

X=t, a=a_, s=1, o =—-, Q=h;. (2.15)

Hence, the holomorphic and antiholomorphic dimensions (A, A) equal to 1/k. When
these dimensions and the scaling dimension of the parafermion bilinear Ap =2 (1 — 1/k)
are added up we find the scaling dimension of a marginal operator. Hence, at t — —oo

we find the SU(2)x/u(1) x Rg CFT. This property is supported by the Weyl anomaly



constant coefficient (1.4) for the case at hand (2.6). Using (2.8) equals to

6h?
computedast -+ —c0: W =3-3w=23-— % + TI = Coq+Crq., (2.16)

where we have decomposed the latter expression in the two contributions, namely
that of the coset CFT SU(2)x/u(1)

3k 6 1

and that of the linear dilaton CFT at charge ;. Note that, preserving conformal invari-
ance at linear order does not warrant its preservation to all orders, that is consistency
conditions of the form (2.5) are not always possible to be obtained. In that sense, this

as well as the rest of the examples presented in the present paper are quite intriguing.

An interesting question is what happens as time progresses starting from the re-
mote past. We expect that the model will approach the strong coupling regime in
which A(t) approaches unit. This is analogous to the behaviour of the model with
constant A under RG flow which in the IR reaches A = 1, which is the strong coupling
region. Letting A(#) = 1 — a(t) we find that for small a(¢) the system becomes

S &
f~22+hi)+—, h~—. 2.1
&~ 2(2+hi) + o 1.2 (2.18)
In addition the dilaton equation gives that
. , 2
h—21* 4 =~ k. (2.19)

We may easily verify that for small t we have the approximate solution
t—0": a~2, Oy~ —In(—t), (2.20)

which corresponds to the constant w = 0 in (2.6). Since the latter is the same as that
in (2.17) we find that the constant appearing in the approximate solution valid in the
remote past i; = 1. Hence, the string coupling behaves as e®() ~ —1/t, as t — 0~
(obviously, this value for ¢ can be shifted at will) and the model reaches the strong
coupling region. In that regime one may resort to the non-Abelian T-dual limit, in
which A(t) — 1 and the overall level coefficient k — oo in a correlated manner, so that

the model still makes sense. The limiting procedure here is identical to the constant



A case [7]], it can easily be performed and therefore will not repeat it here. We have
numerically checked that the A(f) — 1~ limit is reached monotonically from the far

past at t — —oo towards t = 0.

2.2 The Lorentzian case

In this case we add to the Lagrangian density the term —k/7dtd_t. Hence, our
results should be obtained from the above Euclidean case by the analytic continuation
t — it (under this h — —ih). Then from and we obtain the system of
equations given by
A =41 +2A h—i h—L (2.21)
B 1—-A2) 7 7 (1-A2)2° '
As before, this has the trivial solution A(t) = h(t) = 0, corresponding to the SU(2)x/u(1)

coset CFT and the free scalar t at zero background charge. In addition, the dilaton
beta-function requires that (1.3) is a constant. Explicitly,

1/ .0 ), 21+A%
. (Zh —h) + i = W (2.22)

Similarly, to the Euclidean case we can solve (2.21) approximately as t — —oo

At) =ce™t, ®o(t) ~hit, ar=hi+/h?2+4>0, (2.23)

where ¢ and h; > 0 are integration constants and corrections of O(e?+!). Hence, the
model is at the weak coupling regime, i.e. e®(*) < 1. In addition, following the

analysis of the Euclidean case the holomorphic and anti-holomorphic dimension of
the solution A(t) can be read using (2.11)), (2.12) and (2.14), where in the case at hand
X=t, a=a,, s=-1, oc’:%, Q=h, (2.24)
leading to holomorphic and antiholomorphic dimensions (A, A) equal to 1/k. When
these are added up they precisely provide the central charge deficit 2/k and the per-

turbation is a marginal one. Hence, at t — —oo we find the SU(2)i/u(1) x Rg CFT. This
is in accordance with the Weyl anomaly coefficient (1.4) for the case at hand (2.22).



Using (2.23) this equals to

6h?
computedast -+ —c0: W =3-3w=23-— % — TI = Crg+Crgq. - (2.25)

Finally, we comment that contrary to the Euclidean case the system (2.21) does not

admit solutions reaching A — 1~ ast — 0.

3 Scale invariant deformation of SL(2R)_¢/s0(2)

In [13] a scale, albeit not Weyl invariant, deformation of the SL(2RR)_x/s0(2) coset CFT

was constructed. The corresponding action is given by

S = K /dza{a+p d_p—coth’pd,Td_7
T (3.1)

+1e* (9. p 4 coth pd 7)(d_p + coth pa_T)} :

This model is scale invariant since it has a vanishing B-function [13]. However, it is
not Weyl invariant since the required diffeomorphism (field redefinition) cannot be ex-
pressed in terms of a dilaton [21]. Equivalently, the corresponding energy-momentum
tensor has non-vanishing trace. Indeed, for a metric background and a flat worldsheet

the trace of the energy-momentum tensor is given by [4]
T - = %ﬁgwamﬂa_xh B = Ry +2V,0,P. (3.2)
In our case the dilaton scalar is
® = —Insinhp, (3.3)
yielding for the oc-model at hand the expression

T, - = %eZT (04+p + coth pd,.T)(0—p + cothpd_T7). (3.4)

Finally, we note that this model can be obtained by taking an appropriate limit [13] to

the A-deformed o-model corresponding to the non-compact coset SL(2R)-«/50(2).



3.1 Restoring conformal invariance

We add the term /7 d4-td_t to the above Lagrangian density and we allow A to depend
on t. We also add to the scalar ® an additional term ®((t). By imposing the
one-loop beta-function equations for the metric we find the following system of
differential equations for A(t) and h(t) = ®q(t)

A=2hA+4A, h=0 (3.5)

and the dilaton beta-function yields the constant

—%(1+h2) —w. (3.6)

The above system is easily solved by

(3.7)

At) = cre™t 4ot a+ = h; = \/hlz +4,

where ¢+ and h; are integration constants. Without loss of generality we take /; > 0.
The model necessarily has weakly and strongly coupled regions. Setting c. = 0,
the function A(t) varies from zero as t — —oo, where the model is at weak coupling

@(t)

e®(t) < 1, towards infinity as t — co where the model is at strong coupling e®(*) > 1.

Following the analysis of Subsection 2.1 the holomorphic and anti-holomorphic di-
mension of the solution A(t) can be read using (2.11), (2.12) and (2.14), where in the
case at hand

1

X=t, a=asr, s=1, zx’:E, Q=h;, (3.8)

hence the holomorphic and antiholomorphic dimensions (A, A) equal to —1/k. When
these are added up they provide the central charge deficit —2/k. In that respect, note
that the perturbation is driven by a bilinear of the non-compact parafermions [22]
whose holomorphic and anti-holomorphic dimensions are equal to 1 + 1/k adding up
to 2(1+ 1/k). Hence, the aforementioned central charge deficit makes the perturbation

a marginal one. In addition, we can also compute the central charge through the Weyl
anomaly coefficient (1.4)) for the case at hand (3.6)

6 6h?
W =coq+cpa., C2d:2+E+"'/ Cg.d.=1+T, (3.9)

10



where we have decomposed the expression in two contributions, namely that of the
scale invariant model (to leading order in 1/k) and that of the linear dilaton CFT
with background charge ;.

4 A-deformed SU(2);
Let us now consider the A-deformed G;, whose action was introduced in [7]

k
SiA(0) = Si(@) + o, [ P [L-ADT) 1), @)

where the action of the WZW model at level k

k _ _ k _
Sula) =~ [ oo 00 00+ - [ T e, 4

as well as the (anti-)chiral currents
]2 = —iTr(t,d+g90 "), J° = —iTr(tag '9-g), Dgp=Tr <tagtbg*1> , (4.3)
with [tg, tp] = ifapctc, Tr(taty) = 64p. In additon, the scalar @ is given [23]
e 2® = det(1 - ADT), (4.4)

where we have ignored a constant proportionality factor. Note that we have given
an alternative expression for the dilaton and for the action compared to the original
literature to cover cases in which the matrix A is not invertible as in the Subsection

below.

4.1 Isotropic deformation
Let us now specialize to the isotropic deformation A, = Ad,, for the SU(2) case

X Nn,0,

g=e , 1y, ={—sinBsiny,sin B cosy,cos B}, (4.5)

11



where 0, are the Pauli matrices. Inserting the above into (4.1) we find [7], in the nor-
malization of (1.1)), the metric

1+A 1—A?
2 _ o 2 2 2 cin2 2
ds T Adrx + Ala) sin” & <d[3 + sin” Bd7y ) , @)
Aa) = (1 —A)?cos?a+ (1+A)?sin®a
and the antisymmetric tensor
B=2k|—a+ Msinrxcos«x sindpAd
— v. 4.7)
A(w)
The scalar ® equals to
o= —% InAx). 48)

The above o-model is renormalizable at one-loop in the 1/k expansion and its RG flow

is given by [17,18]
2
dA cGA . (4.9)
dIn p? 2k(1+A)?

where ¢ is the quadratic Casimir of the group. In the case at hand for SU(2) the prop-
erly normalized generators are t, = ¢2/v2 and cg = 4. The latter RG flow describes an

interpolation between A = 0 in the UV towards the IRas A — 1~ [17].

As before and concentrating on the Euclidean case, we add the term k/7nd;t0d_t to
the corresponding Lagrangian density (I.I), we let the constant A to depend on ¢ and
additionally we add to the scalar the term ®y(t). The one-loop equations for
the metric and the antisymmetric tensor give the following system equations for A(t)
and h(t) = dy(t)

y 82 . A
= )

42 1-20 ., 2—A
(1+A)2)1—A2+M(1—A2)2'

(4.10)

h:(m_

In addition, the dilaton beta-function (1.3) yields the constant

2/ o\ A2 1-201 214214427 —6A3 + A4
E(h‘h)+7(1—A2)2+E a-narae v @l

The system (4.10) has as a trivial solution A(t) = 0, h(t) = constant, corresponding to

12



the SU(2)x x R CFT. Near that point the approximate solution valid for t — —oo is
A(t) ~ celit | Dy(t) ~ ht, (4.12)

where ¢, h; are integration constants and the correction are as before exponential. Hence
the model is at the weak coupling regime, i.e. e®(!) < 1. Following the analysis of
Subsection 2.1} the holomorphic and anti-holomorphic dimension of the solution A(t)
can be found through (2.14) where

;1

X=t, a=2h;, s=1, oc:%, Q=h, (4.13)

yielding A = A = 0. Hence, the deformation around A = 0 is indeed a marginal
one. Hence, at t — —oo we find the SU(2); CFT times a linear dilaton background at
charge h;. Finally, inserting the latter into the Weyl anomaly constant coefficient
for the case at hand (4.11)) we find that

6 6h?

computed ast — —oco: W:4—3w:3—E+1+T:c3d—|—c@d_, (4.14)

corresponding to the central charge of the CFT SU(2)

3k 6 1

plus central charge the linear dilaton background at charge h; respectively

6h?
As in the renormalization group flow (2.3), the parameter A interpolates between A =
Oast — —ootowards A — 1. To show the latter we expand the system (2.5) and the

dilaton beta-function as A(t) =1 — a(t) with a(f) < 1. We obtain that

&2 . aZ
x~ 2(2 4+ dah —, h~— .
4 2+4 )+o¢ 12 (4.17)
and )
& 2
— 2P+ ~kw. 4.1
1.2 h+¢x kw (4.18)

We can solve the system (4.17) approximately as t — 0~ by
w~ 212, Oy~ —In(—t), (4.19)

13



which corresponds to the constant w = 0. Since e®(*)

coupled. Since, the dilaton beta-function is independent of t using (4.14) for w = 0 we
find that i; = 1.

> 1, the model becomes strongly

4.2 Marginal deformation

Next we specialize to the deformation corresponding the diagonal matrix A, = diag(0,0, A3)
for the SU(2) case. This deformation is a marginal one and the background is confor-
mal. We still consider this case so that we recover some known results in the literature.

Parameterize the group element as

g = e/2p+0)06i(/2=w)02/2(¢=0)73 (4.20)

and inserting the above into (4.1) we find in the normalization of (1.1)) the metric and

the antisymmetric tensor

ds? = 2k <dw2 n (1= A3) cos? wd6? + (1 + Az) sin? wd(/)Z)

1+ Az cos2w

(4.21)
A3 + cos 2w
S ARl
1+ A3 cosZaJCh9 A9,
whereas the scalar is
1
® = —=In(1+ Az cos2w). (4.22)

2
This is a string background at one-loop in the 1/k-expansion at it can be checked using
(1.2), corresponding to the SU2)xxU(1)/u(1) gauged WZW model [24]25]]. In addition,
the deformation parameter A3 can be turned-on through an O(2, 2) transformation [26]

on the exact SU(2) string background.

Next, we dynamically promote the aforementioned string background by including
the term ¥/ 0t d_t to the corresponding Lagrangian density and taking A3 to be
a function of ¢, adding to the dilaton & the term ®y(f) and demanding confor-
mality at one-loop [11,/12] (see also [27] for earlier considerations)

(4.23)

s = Ay <2h— Ao ) B

1-AZ 1- A2’

14



where h(t) = ®y(t) and the dilaton beta-function yields the constant

2h% 2 Az(A3 —4A3h)
4 —w. 424
R T R (.29

The latter system of differential equations can be easily solved in general and has as
a trivial solution A3(t) = constant and ®¢(t) = Qt, hence it corresponds to the exact
string background SU(2)<U(1)/u(1) X Rg.

In its Lorentzian version t — it, it was shown in [12] that the corresponding string

(2)gxSL(2,R) _
LI(kl)xU(l) £ [14]. For

completeness we present the mapping in our parameterization. In particular Eqgs.(14)-

(17) in [14] with (¢, s, A, p; kipere, ) to the dynamical model (1.1), 4.21), #.22) with
(t,w, 0, ¢;k, A3(t)), where

background can be mapped the Nappi—Witten exact CFT su

p=t, s=_—w, p=¢, A=0, kpeo =2k, (4.25)

where A3(t) and the dilaton ®(t) are given by

sina + cos 2
A3(t) = Y

1
= Dy(t) = —=In(1 i 2Y) . 4.2
1+ sinacos2y’ o(t) n(1+sinacos2p) (426)

2

As a consistency check we have verified that the equations of motion (4.23) (they
remain unaltered in the Lorentzian version) are satisfied from the above solution
Asz(t), Po(t) and that the dilaton beta-function, taking t — it in (4.24)), vanishes

2 B ).\3(/.\3 — 4/\3h) -

2—hz+— 0 (4.27)
ko ko 2k(1-A3) ’

which was expected since the dilaton beta-function plays the role of the central charge

at one-loop in the 1/k-expansion through (1.4).

5 The A-deformed Gy, x Gy,

One may wonder if the promotion of the deformation parameters to functions of time
is consistent with conformal invariance for a general deformation matrix A,;. In fact
it is conceivable that these matrices may obey certain necessary conditions for con-
formal invariance to be restored. Since we are dealing with second order equations

it is rather hard to provide an answer for the A-deformed action (4.1). However, we
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have managed to do so for the A-deformed action [15] which provides, for particular
choices of the deformation matrix, new classes of integrable models, closely related,

but distinct to those in [15]. The action is given by

k
S = Si,(01) + Seal0) + 1 A | PO 6.1)

where k = /kik, g; are group elements of a semi-simple Lie group G and Sy, (g;) are
the corresponding WZW actions at level k; (4.2). In addition

Jo = —iTr(tadigi0; ), Jo = —iTe(teg; '0-0i), [tats] = ifwcte, Te(taty) = 6up,

witha =1,...,dg and the scalar ® is a constant. In the isotropic case A,, = Ady, the
above o-model is renormalizable at one-loop in the ¢c/k expansion and its RG flow is

given by [15]

A2Z(A = Ag) (A — ATE
dA __¢t (A 0)( o) . A= k_l (5.2)
dInpu? 2k (1—A2)2 ko

The above system of RG flows has apparently three fixed points namely: A = (0, A9, Ay b,
Assuming that k, > k;y or Ay < 1 it was shown in [15] that the action interpolates
between the UV fixed point Gy, X Gy, at A = 0 and the IR fixed point Gy, _, X Gy, at

A = Ap. Expanding the above B-function around the aforementioned fixed points we
can read through the classical scaling dimension of the driving operator around
each fixed point [28,29]

(0@l /\0
UV: Ap=2, IRi Ap=2+—F+ .
© R v

(5.3)

We emphasize that the model is renormalizable for a generic A, at one-loop in the 1/k

expansion and its RG flow is given by [30]

dA, 1
dIn :lz - ﬂ/\/—acd/\/bd(nc / (54)

where we use the definitions

Nabc = ./V‘abc(/\/ /\61) = (Aad/\befdef - Aal/\effabe> 8fc, Nab(T)C = Nabc(/\T/ /\0)
(5.5)
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with g% = g{;} with g =T —ATA and § = I — AAT. The above RG fixed points persist

even for non-isotropic deformations with general A ,.

5.1 Isotropic and marginal deformation

After adding the term %8#8_1‘ to the corresponding Lagrangian density (1.1) for
Agy = Adgp, we let the constant A to depend on t. As before we add to the constant
scalar ® the term Py(t).

5.1.1 Isotropic deformation

Then, by imposing the one-loop equations after specializing to the SU(2) case we
find the equations for A(t) and h(t) = Dy(¢)

. AN (A= Ag)(A—Agt)  AA2

A =2hA —
= T (5.6)
LA =Agh) | 3N Ak '
- 1= A2 A—A22 1-A2

where the latter system, as well as the corresponding action, is invariant under t —
—t. In addition, has two trivial solutions, namely A(t) = 0 and A(t) = A with
h(t) = constant corresponding to the CFTs SU(2)x, x SU(2)x, x Rg and SU(2)x, x
SU(2)x,—k, x Rg, respectively. In addition, the dilaton beta-function gives the

constant

_4nr 2(Ao+ A (1-3A%) +8A%  3(1-3A%)A2  12AAn y 5.7)
k k(1 —A2)3 k(1—-A2)2 k(1 —-A2) 7 ‘

from which we compute the central charge using the Weyl anomaly coefficient (1.4).

To further analyze the system (5.6), for the SU(2) case, we consider with no loss of

generality that ko > k1. Around t — —ooc it has an approximate solution
A(t) = ceit, @y(t) = hit + O <e4hif> , (5.8)

where c and h; > 0 are integration constants and where we have integrated for the
dilaton field. Hence, the model is at weak coupling regime, i.e. e®(*) < 1. Following

the analysis of Subsection the holomorphic and anti-holomorphic dimensions of
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the solution A(t) can be found through (2.14) with
, 2
X=t, a=2h;, s=1, DC:%, Q=h;, (5.9)

yielding A = A = 0. Hence, the deformation around A = 0 is indeed a marginal
one. Hence, at t — —oo we find the SU(2), x SU(2)i, CFT times a free scalar at
background at charge h;. This is consistent with the Weyl anomaly coefficient for
the case athand (5.7). Since W is time independent we may compute it at any moment,

in particular in the remote past for t — —oo using (5.8). This leads to

6 1217

computed ast — —co: W =7— P (Ao + /\0_1> + p ! (5.10)

This corresponds to the central charge of the SU(2);, x SU(2);, CFT
()_ Sk, Sk _ o 6 6 (1 11
W12 ez Ok Rk C 2, ) 1)

plus the central charge of a free scalar t at a background charge h;
- 1217

ey = 1+6s0/Q? =14 . (5.12)

Unlike the models we have considered in previous sections in this case we may de-
mand that in the remote infinity the solution reaches the IR fixed point at A = A, i.e.

A(t)] iy 100 = Mo- Expanding around Ay we find the approximate solution

4\
Aty =Ag+ce™, h(t)=hr+O(e" "), a_=hs— hi+ iz<0,(5w)
(]
where /i, ¢ are integration constants. Integrating for the dilaton we find
A(t) = Ap + cet-t, Dy(t) = hft +0 (ea_t) , (5.14)

where hy < 0 for validity of the solution, i.e. weak coupling regime e®t) <« 1. As
before, the holomorphic and anti-holomorphic dimension of the solution A(t) can be
found through (2.14) where

2
X=t, a=a_, s=1, tx:E, Q:hf, (5.15)
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leadingto A = A = — K 1233\%)' When these are added up they precisely provide the
central charge deficit and the perturbation is a marginal one. Hence, at t — 400 we
find the WZW for SU(2)k,—, x SU(2)r, CFT times a linear dilaton background at
charge hiy. Then the Weyl anomaly coefficient which for the case at hand is

can be computed in the remote future at t — 4-0o using (5.13). This leads to

6 1 12h2

) _ f
computedast — +c0: W =7— 7 Mol = A%) + 7 (5.16)

which corresponding to the central charge of the SU(2),, x SU(2)k,—, CFT

f)y _ 3k1 3(k2—k1) - _ﬁ_ 6 L
W42 h-k+2 Ok k-k ‘\e ) OY
plus the central charge of a free scalar t at a background charge /¢
1213
ey =1+ —L. (5.18)

The background charges h; and h¢ are related as the Weyl anomaly coefficient is inde-
pendent of ¢t. Equating the two expressions (5.10) and (5.16) we find that

3
AO

We—h?=_—"0__
o T o(1-A)

> 0. (5.19)

In conclusion, the system interpolates between A = 0 and A = A( corresponding
to the CFTs SU(2), x SU(2)k, and SU(2)y, x SU(2)k,—k, times the free scalar t at
background charge h; and /¢ respectively — see Figure

t— —oc0: SU(Z)kl X SU(Z)kZ X Ry

1

t — 4o0: SU(Z)kl X SU(Z)b,kl X ]Rhf

Figure 1: CFT interpolation associated to (5.6). Numerical investigations showed that
A(t) is monotonic.

5.1.2 Marginal deformation

In this Subsection we perturb the SU(2); WZW along the marginal deformation A, =
diag(0,0, A3). We note that in the static case the parameter A3 can be absorbed by an
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appropriate O(4,4) duality transformation on the exact string background SU(2);, x
SU(2), [30]. Dynamically promoting A3 to depend on t by adding %8#8_1‘ to the
corresponding Lagrangian density and to the constant dilaton ® the term ®(¢).
By imposing the corresponding one-loop equations for A3(t) and h(t) = do(t),
which are given by and the dilaton beta-function yields the constant

40> 2 A3(Az —4A3h)

SRy ) P e —w. 5.20

The corresponding o-model for |A3] < 1 possesses no singularities and has a Eu-
clidean signature. The system has as a trivial solution A3(t) = constant and
®y(t) = Qt, hence it corresponds to the exact CFT SU(2), x SU(2), x Rg. Non-
trivial time-dependent solutions can be easily found, in particular those exhibited in
Subsection [4.2] (for the Lorentzian case), i.e. in eq. (4.26), whose central charge can be

read through (5.20) and (T.4), yielding

6(1+ Ag)? (1 1 2 )
W=7-"""22 =7-6(—+— , 5.21
kA k1 + ko + Vkiko ( )

corresponding to a seven-dimensional Euclidean CFT. It will be interesting to see if
this CFT can be identified as it was done for the four-dimensional example studied in

Subsection

5.2 Generic deformation

We would like to generalize the previous analysis for a general deformation matrix
Aqp(t) as well as a time dependent dilaton background ®g(t). The aim of this section
is to determine under which conditions the full time dependent model has conformal
symmetry. We use the one-loop equations of the considered c-model. Following
the analysis of the Appendix we find that A,(t) and b = Py(t) should obey
the differential equations and which are restated here for the reader’s

convenience

Aap = /‘\abTr(Ag_l/\T) o 2(Ag_1ATA)ab + Nachbd(T)C + ZAabh ’ (5.22)
where the NV;;,“’s are defined in and also
2h + Tr(AgIAT) + Tr(Ag A TAgIAT) = 0. (5.23)
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These are accompanied by constraints on A,,, given in Eq.(A.25) (also reproduced
here)

fabc (g_lATAg_l)bc =0, fabc (g_l)‘}‘Tg_l)bc =0. (5-24)

While (5.22), (5.23) describe the dynamical evolution of A, and h, the conditions (5.24)
make sure that the whole construction is consistent with the one-loop conformality. In
addition, the dilaton B-function (1.3) is given by (A.31)

442

(Lasclpar 818 + 3N Ny 87882, + ecdc) — -

_ o
6k

1 . . 1 . 2 1
+ %Tr()\g’l/\Tg’ )~ 1 (Tr()\g’l/\T)) — %Nachbd(Tﬁ(g*lAT)ab (5.25)

w

- %Tr()lg_l/\T)h,

where the I,;,.'s are given by (A.28), also presented here for reader’s convenience
Iabc = Aalfabdgcd + Nbcd (gil/\T)da + Ncad(gil/\T)db . (5-26)

We would like to comment on possible consistent truncations of the general matrix
Agp, in which some of its elements are set to zero. Conceptually, this is similar to
truncations of the RG equations whose existence is non-trivial. On one hand a
consistent truncation in the system of RG flow equations is not necessarily a consistent
one for the second order system (5.22), due to the second term in its right hand side.
On the other hand, in the system of RG flows we can also incorporate generic
diffeomorphisms (*’s for consistency. These slightly modify to [31]

dAgp _ l d (T)e c
T = et (Va4 gl (527)

However, we do not have this freedom in the dynamical (conformal) case, since these

field redefinitions are not consistent with (1.2) for our dilaton ansatz ®¢(¢).

6 The A-deformed SU(2)x, xSUQ2)k,/ SU(2)ky 1k,

In this Section we dynamically promote the deformation parameter in an integrable
model based on a coset CFT more complicated than that in Section 2| Our starting
point will be the A-deformed SU(2)x, xSU(2)k,/sU(2), 4x, [23], whose integrability was
shown in [16]. The action is given by (I.I), where the metric and the field ® are given
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2 2 2
(1 — /\)A (Qmadﬁé +Q/3ﬁd,3 +Q:77d’)’

+20,dadf +205,dpdy +20,,dady ), (6.1)

e 22— A A:(]—txz)(l—ﬁz)_'yzz

with
Oue = (14+207) 227 (22 = (22 = (1 =221+ 47) B)
Qpp = (1 +A%)’2Z’1 <Z2 . <ZZ . /\>2(1 +A52)2> (Xz) )
Q= (1-2)2271, (6.2)
Qup=(1=A)Z B+ (Ao +Ag") 227,
Qpy = A 2(1=A)Z7a, Quy=—-A§(1—A)2Z7'B
and

Ao = ,/i—l, Z=8A+(1-MA)(Ag+As1)2.
2

The above o-model is renormalizable at one-loop in the 1/k expansion and its RG flow

is given by [16]
dA _ cgM1- AT (1= A7) (1= A51) 63)
dlnp? 2(k1 +k2) (1= A;1A)? ’
where
/\1_52—1351’ A 251—1352' A :ﬁ Af:l—;Sslsz (64)
and 12 )
s1 = n +0)% , Sy»= m. (6.5)

The above RG flow equation has apparently four fixed points at A(t) = (0, A1, Az, A3).
Assuming that k; > ky or Ag > 1 it was shown in [16] that the action inter-
polates between the UV fixed point Gk, XGk, /Gy ., at A = 0 and the IR fixed point
Gk —k, ¥Gky /Gy, at A = Aq. Expanding the above p-function around the aforementioned

fixed points we can read through (2.4) the classical scaling dimension of the driving
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operator around each fixed point

B 4
kl—i—kz,

UV: Ap=2 IR: Ap=2-+ (6.6)

ki —ky'
6.1 Restoring conformal invariance

Adding @ d1td_t to the corresponding Lagrangian density (L.1I)), we let the con-
stant A to depend on f and also add to the dilaton the term ®((). Imposing the one-
loop equations we find the equations for A(t) and h(t) = ®y(t)
o BAL=ATIA) (A=A (1 = AT, (BT s2)P = AT
jmopi - AAZAL A=A VA=A fl)\)/

(1— A;lA)Z (1-A)(1—A;

6.7
245%5%)\2 (©7)
(1—A)2(1— /\]71/\)2 '

These admit trivial solutions A(t) = (0, A1, A2, A3) and h(t) = constant. In addition,
the dilaton beta-function (1.3) yields a constant albeit rather lengthy expression which

we will not present here.

To further analyze the system (6.7) we consider k; > ky or Ag > 1. Around t — —oo

the system is solved approximately by

Mty =cet, h(t) =hi+0 (), a=h—\/-8>0, h>2V2 (68)

and integrating with respect to the dilaton we find that
A(t) = ce®t, Dy(t) =t + O (e2”7f> . 6.9)

showing that we are in the weak coupling regime, i.e. e®(*) < 1. The holomorphic and
anti-holomorphic dimension of the solution A(t) can be found through (2.14) where

p 1

X=t, a=a_, s=1, a = ——,
k1+k2

Q="h, (6.10)

leadingto A = A = klsz Adding them up they precisely provide the central charge
deficit and the perturbation is a marginal one. Hence, at t — —oco we find the coset

CFT SU(2), xSU(2)k,/SU(2)y, 1, times the free scalar t at background charge h;. The Weyl
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anomaly constant coefficient computed as t — —oo gives

6 6 6 6h12
computed ast — —oo: W_4_E_E+k1+k2+k1+kz' (6.11)

corresponding to the central charge of the coset CFT SU(2), xSU(2)k,/SU(2)y, 1,

_ _3_°2_° o) = 6.12
3d k1+2+k2+2 ki +ky+2 ky k2+k1+k2Jr k%,z 12

and the central charge of a free scalar t at a background charge h;

2
(i) _ 6]’[1.
“a =1t e (6.13)
Around t — 4o the system is solved approximately by
At) = A+ e, Dy(t) = het+ O (eZﬁ_t) )
" h2+8A3+1<O (6.14)
B A A VI T

where we have integrated with respect to the dilaton and where 11y < 0 for validity of
the solution, i.e. weak coupling regime e®!) < 1. Following the analysis of Subsec-
tion the holomorphic and anti-holomorphic dimension of the solution A(t) can be
found through where

1
_ _ 5 _ r_ —
X=t, a=d_, s=1, zx—kl 5 Q hf, (6.15)
leadingtoA = A = — 5 2 r; Whose sum precisely provides the central charge deficit for

the perturbation to be marginal. Hence, at f — 400 we find the coset CFT SU(2), -, xSU(2
times the free scalar ¢ at background charge hy. The Weyl anomaly coefficient which
ast — +oo gives

6 6 6  Oh

ted as t : W=4— —— — — — 4+ —
computed as t — +o0 k= kz k2+k1+k1+k2'

(6.16)

corresponding to the central charge of the coset CFT SU(2)x,—, xSU(2)x,/su(2

(f) 3(k1—k2) 3k2 o 3k1 . 6 _E 6 1
ST mi2 bt k2 S hok b kTP 2, (6.17)
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and the central charge of a free scalar ¢ at a background charge /i

6h?
¥ =1+ k1+—fk2 . (6.18)

In addition, the background charges &; and hy are related since the Weyl anomaly
coefficient is independent of t. In particular, from (6.11) and (6.16) we find that

2
We—h=——>-_>0. (6.19)
P A
In conclusion, the system (6.7) interpolates between A = 0 and A = A; corresponding
to the CFTs SU(2), xSU(2)k,/SU(2), 1k, and SU2)k, -k, xSU(2)k, /SU(2),, times the free scalar ¢
at background charge h; and s respectively — see Figure 2 I

I — —o0: Su( ) XSU kz/SU k1+k2 X Rh

1
|
|
|

+

t— 4oo:  SUQ)k -k xSU2)k,/sU(2) X ]Rhf

Figure 2: CFT interpolations associated to the system (5.6).

7 The n-deformed SU(2) model

It is important to investigate whether or not the dynamical promotion of parameters
may lead to conformal models if the starting points are integrable models albeit not
the deformations of CFTs or coset CFTs, i.e. the A-models. A natural playground
to investigate this question are the #-deformed PCMs, in particular the #-deformed
SU(2) o-model [9]

Rl Rl + RZ RZ
S = d?c R3RZ ¢, 7.1
27T / { 1+ 72 TR RS 7D
where R% = —\% Tr(0,0+8¢ ') with ¢,’s the Pauli matrices, obeying the exterior
algebra dR? = —-¢,,.RP A R°. The above o-model is renormalizable at one-loo
& /2 p
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order in the T expansion and its RG flow is given by [32]E|

dT

= T’7(1 +772)2/ dlnyz

= —T?(1+#?)?, 5T = constant. (7.2)

dIn p?

7.1 Restoring conformal invariance

We add 5= t0_t to the action (7.1) and let the parameters 7 and T to depend on t. In
271 P i P

addition, we introduce the scalar ® conveniently parameterized as
1
(1) = Dy(t) —Zln{TS(lJriy)z}. (7.3)

Demanding that the one-loop equations for conformal invariance (1.2) are satisfied,

we find for the functions 7(t) and h(t) = ®((t) the system of differential equations

1—n?7
i = 2Ty (1 + 1?)>2 '<2h— ’7@),
i =2Tn(L+17)" +1 T

T=-2T(149*2+T (Zh + %) , (7.4)

B3 mi (T
8T2 14+ #2\T 1+n2)"°

In addition, the dilaton B-function (1.3), yields the constant

37172 2un (T j
—4h2+m+T(3+2172—174)+%(?‘l'%):w- (75)

Note that these equations admit a constant dilaton ® as a solution which would
correspond to a Ricci-flat background. Indeed, in this case, the first two equations
in are consistent and the third one yields the constraint with w = 0, cor-
responding to a vanishing Ricci scalar. In this case, the corresponding second order

equations admit a first-order formulation as differential equations, namely

where the parameter c takes the values zero and one. For these two values, the above

system is nothing but the Lagrange and Darboux—Halphen system, respectively. In ad-

3These RG flow equations were also worked out in [33], leading however to the wrong sign in the
first of them and consequently to the wrong conclusion that the ratio #/T is constant under the RG flow,
instead of the product as stated above.
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dition, the corresponding background solution, which we will not present, describes
the Eguchi-Hanson and the Taub-NUT self-dual gravitational instantons [34,35] en-
dowed with an R x SU(2) structure.

Finally, a comment is in order concerning the relation of the 7-deformed SU(2) model
studied in the case at hand and the A-deformed one studied in Section As it is
known, these models are related up to a Poisson-Lie T-duality and analytic continua-
tion [36}/37,32,38,39], namely

i—7 i
- k= 7.7
i+7 anT @.7)
This map is not consistent with the dynamical equations (4.10) and (7.4). Specifically,
the product 5T is time dependent whereas k is not. Therefore, the Poisson-Lie duality

does not commute with the insertion of time-dependence.

8 Conclusions

In this present paper we studied the result of a modification of some important classes
integrable c-models under which the various constant parameters become dynamical,
i.e. functions of time. The aim was to satisfy the conditions for conformal invariance
at one-loop order. This is a reasonable demand but whether or not it would be mate-

rialized was far from clear.

As a concrete realization, we first considered the A-deformed models interpolating
between a (gauged) WZW and the non-Abelian T-dual of a PCM [7]. The dynam-
ically obtained model satisfies a system of non-linear second-order ordinary differ-
ential equations, whose trivial solutions are the fixed points of the RG flow of the
parental model. Specifically, we considered the two-dimensional A-deformed coset
CFT SU@)/u(1) [7], interpolating from the coset CFT SU(2)x/u(1) at t — —oo times a
linear dilaton background to a strong coupling regime in which A(t) — 17, occurring

at a finite value for t.

We applied the above set-up to the scale-invariant deformation of the SL(2R)_x/50(2)
coset CFT [13] and to the A-deformed SU(2), [7]. In the latter case and for a dy-

namically promoted marginal deformation we obtained the Nappi-Witten expanding
SU(2);xSL(2,R

Uu(1)xuU(l)
we also considered the dynamical promotion of the Yang-Baxter deformed SU(2)

universe )k [14], see also [11,/12] for earlier considerations. In addition,

27



PCM [9] to a conformal model. In this case and for a constant dilaton the system
of non-linear second-order ordinary differential equations admits a first-order sub-
sector corresponding to the Eguchi-Hanson and the Taub—-NUT self-dual gravitational
instantons [34}135] endowed with an R x SU(2) structure.

We extended the above results in the A-deformed Gy, x Gy, and SU(2)k; xSU(2)k,/SU(2), 14,
which interpolate between exact (coset) CFTs [15,16]. The corresponding dynamical
extension corresponds to a conformal model and it satisfies ordinary non-linear dif-
ferential equations, which are trivially solved by the fixed points of the RG flow of
the initial model. In addition, by appropriately choosing initial conditions the time-
dependent conformal model interpolates between the RG fixed points as the time

varies from the far past to the far future.

Let us emphasize that in the class of the A-deformed WZW and gauged-WZW exam-
ples this procedure generates marginal deformations, at least at one-loop order. Note
however, that in the -deformed SU(2) model, which was studied in Section [7] the
dynamical deformation restores the conformal invariance, at least at one-loop order,

since the model is a deformation of a PCM and not of a CFT.

Two comments are in order concerning the models studied in the present work. Firstly,
although most of the models under consideration are classically integrable (apart from
the generic ones in Section we do not expect their dynamical promotion to pre-
serve classical integrability. In that respect, we note that achieving conformality re-
quired the introduction of the dilaton field. Nevertheless, it would be of some interest
to investigate separately the classical integrability of the aforementioned dynamical
models. Secondly, we focused for simplicity on models based on rank-1 groups but

the results of the present work can be extended for generic semisimple groups.

An immediate question is whether conformal invariance persists beyond the one-loop
order. The simplest examples to consider would be the A-deformed Gy, x Gy, [15] and
also the 17-deformed SU(2) PCM [9]. We have studied the corresponding dynamically
promoted models at two-loop order using the results of [40-44]. We found that confor-
mality persists. We will not present the corresponding systems of ordinary non-linear
differential equation, obeyed by the dynamically promoted deformation parameters
and the dilaton, as they are rather complicated while conceptually there is not some-
thing new in their form. More precisely, in the A-deformed Gy, X Gy, the derived sys-

tem of differential equations admits as trivial solutions the RG fixed points A = 0, Ao.
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An asymptotic analysis, similar to that of Section around those fixed points, can
be performed ensuring the existence of an interpolating solution. Monotonicity of the

solution needs to checked independently using numerical methods.

Recall that, the system of non-linear second-order ordinary differential equations ad-
mits a first-order sub-sector in the case of dynamically promoted 7-deformed SU(2)
PCM. It would be worth studying whether there exist analogue first-order sub-sectors
for the other dynamically promoted models considered in the present work. This will

facilitate the search for exact solutions for all values of time.

Finally, it would be worth extending the present set-up to generic c-model (G, By, @)
by promoting the constant moduli to time-dependent ones and demanding one-loop

conformality. For generic c-models this is a rather formidable task but given our anal-

ysis in Section 5.2} (and in Appendix we would expect in the cases that this works

several consistency constraints (like (5.24)) aside from the dynamical evolution of the

deformation parameters (the analogues and (5.23)).
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A RG flows and geometry

A.1 Generalities

Let us consider a o-model of the form (1.1) whose metric and the two-form can be ex-

A A

B _ B
Mme NGAB and BMN—e Me NBAB-

M

pressed in the tangent space, such that Gy;y = e

This tangent space is spanned by the vectors e4 = e4

e = e/ d XM satisfy the torsion-free condition

aXLM and their dual one-forms

Vet =de? + wipnef =0, (A1)
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where V is the covariant exterior derivative and wp is the spin-connection. Similarly,

we introduce the action of the covariant exterior derivative on a mixed tensor V45
VVAG =dVAs + wic AVE — wCp AVAC. (A.2)
From the above we define the Riemann two-form ()45 and the Riemann tensor R 4p/cp
VIVAR = QA A Ve — Qs A VA,
(A.3)

1
QAB = ERAB|CDeC neP = deB +CUAC /\CUCB, Qg = —QOpga.

To compute the spin-connection we use (A.1) and we also assume the metricity of the

covariant exterior derivative
VGAB =0 = dGAB = Wy +wWg4, (A4)

where we emphasize that w 4p is not anti-symmetric except if the tangent space metric
G 4p is constant. Combining the latter with (A.2) yields the practical expression for the

frame components of the spin-connection
WAB = CUAB|ceC, WaB|Cc = W943|c + Gapl'ac”,
0 1
WaBlCc = > (Capc +Cgca — Ccap) . (A.5)
1
Tpc? = EGAD (08Gpc +9cGpp — IpGae) ,
with 94 = e,M9); and we have also introduced the structure coefficients
1
de? = ECABC eB A eC , CABC = —CACB . (A.6)

The above spin-connection can be generalized with the inclusion of a torsion term

1 1
Vied — ¢§ TApceB neC, Wiy = wihp+ ETABC oC (A7)

Using (A.6) and the torsion-full analogue of (A.3) we can compute the corresponding

Riemann tensors

+A o EA +A + A E +A  tE +A S
R™“picp = dcw™ “gp —dpw™ “gic +w™ “ppC cp+w™ g cw g p —w T pw” “p|c
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and the Ricci tensors

£ _ o &C + +C +C D
Ryp = 0cw™"ap — VEw™ " gc —w ™ apw’ pic, (A.8)

where w*

¢ Alcisa Vectorﬂ We may now rewrite the one-loop equations (1.2) in the
compact form

Ryn +2V§om® =0, (A9)

where the torsion-full Ricci tensor and the covariant derivative are built in terms of

the torsion-full connections

1
T M =T M+ EHMKL , (A.10)
yielding
1 1 1
RZ%/IN = RmN — Zle\/IN + EVPHPMN/ R¥ =R - A_LHz' (A11)

We can also rewrite (A.9) in the tangent space
Rop +2V54® =0, (A.12)

where

VgaACIJ = 838A<I> — (U_CA|BaCCI) . (A13)

A.2 Single A-deformed Gy, x Gy,

In this section we derive the differential equations that the time depended defor-
mation matrix Ay (#) and the dilaton background & = ®g(t) should obey, for the
construction to respect conformal invariance. Moreover, we obtain a number of con-
straints which ensure that the chosen background is consistent with conformality. We
closely follow the analysis of [30]. The line element which represents the target space

of the time depended model is given byﬂ

ds? = R'R? 4+ Ay 2171 4+ 205 'RLY + d#, (A.14)

4To prove this we employ (A.7) and V eM4 = 0, yielding
1 1
a):tCA‘C = aMeMA + EBA lndetGMN + ETCAC/

from which it can be easily shown that this transforms appropriately as a vector.
°For simplicity, we have ignored an overall k; factor and also redefined t — /\(1)/ 2.
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where

R* = —iTr (t,ldglgf) , L'=—iTr (taggldg2>
1 — o (A.15)
dR* = -5 faeRPARE,  dL? = 5 FapeL? A LE.

Hence, the unhatted and hatted indices denote the Maurer—Cartan forms of g; and g,

respectively. By introducing the vielbeins
e’ =R e = A (H)RV +A;LE, €0 =dt, (A.16)

as well as the double index notation A = (0,4, @) we move to the tangent space of the

theory where the line element can be written as
ds? = gpeel + efe 4+ e¥e’ = G pele?, (A.17)

where § = T — AAT and we have also defined ¢ = I — ATA for later convenience.
Using these data one computes the spin connection using equations (A.5) as in [30].
Moreover, one needs to consider the torsion contribution from the B-field. The B-field

is given by the following expression
B = By + Ay Agy(£)R* A L. (A.18)

Hence, one finds for the torsion

1
H == Uane = Bfabd(AAT)ca + 2A0A aaMbeA s faer)e” N e’ A e+
1 ) A o
+ E (/\OAbd)\cefade - )\dgfdbc) elil /\ eb /\ eC - ?Ofubcea /\ eb /\ eC_|_ (A19)

FAped Ae? Ael— (AAT) pe? A e A el
where as in [30] we have

1 A2 o
Ho = dBy = —2 fapeRT ARV A RE — % fapeL? AL A LS, (A.20)

Then from (A.7) we compute the new relevant components of the spin connection

where we also used (A.4). Note that the components of the time independent model
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can be found in [30] and are still relevant for this analysis. The full result is

(/\OAbd/\CEfade /\dufdbc) e’ — )‘Lbaeol

w:b = —Ao fabaAcae’,
8_ = (/\)‘ )abe
Wi =
a

g

ﬁ% = _AOfubdAcdec + /\Ofubceér
= ()\AT)abeb - )\abeb ’

wﬁozo.

( fabe = AoAadApeAcs faef + (AAT)aafave + (/\AT)bdfadc) e’ — (AAT)pe?,

Abg
</\07\ad7\be cffaef — (A AT)Cdfdﬂb) e + (Adcfaap — AoAadApefaec) € — (AAT) e,
0,

(A.21)

Inserting the results into (A.8) we find the following components for the Ricci tensor

R = —Agp + Ay Tr(AgTIAT) = 2(Ag AT A)ap + Ao N Npg T

R, =—R.AL,

Ryp = Tr(g'AAT) + Tr(AATg AT 7YY,

Ra_() = _)\O)\abfbcd(g_l/\T)‘g_ )cd _fabc( 1A)‘Tg )bc,

R(;b = /\OAbcfcde(g_l)‘T)\g_l)de ( )bcfcde( 1AATg )de/

R = Aofoca(8 ' ATAG N ea + (SAATE D)o et fede

Ry =0,
Ry, =0,
R =0,

4

(A.22)

where we used the identity AT¢~! = ¢7!AT and the N’s are defined in (5.5).

Considering a background time dependent dilaton ®((t) we obtain from (A.12) and

(A.21) nine components corresponding to various values of A =
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(0,b,b). The resulting expressions are summarized in three different cases:

1. The components ab,ab and 00 leading to the equations (A.23) and (A.24).

2. The components 0b, 0b and a0 leading to the two constraints (A.25).

3. The components 40, b and 4b which trivially vanish.

Let us now analyze separately the first two cases. In the first case, the components
ab,ab and 00 yield the following differential equations for Ay (t) and h(t) = do(t)

A = AapTr(AgIAT) = 2(Ag IATA) gy + NacNpa T° + 240 (A23)
and
2h + Tr(AgIAT) + Tr(Ag A TAgIAT) =0, (A.24)

where we also took into account the redefinition of ¢ described in footnote Bl The
above differential equations dictate the dynamical evolution of the deformation ma-
trix and the dilaton field in a way which ensures that the deformed theory is confor-

mally invariant at one-loop.

In the second case the components 00, 0b and a0, for which the dilaton contribution

vanishes, lead to the following compatibility constraints

fabc(g_lAT}‘g_l)bc =0, fabc(g_lAATg_l)bc =0, (A-25)

which are mapped to each other upon A <> AT. These ensure that the model we
consider is consistent with (A.12). They are trivially satisfied when A is part of the
integrable sector, i.e. A, = Ad,p, reproducing the results of the previous sections. It
is important to note, that searching for actual solutions of the above dynamical equa-
tions, one obtains new constraints. In particular, starting from a deformation matrix
Agp, With a number of vanishing entries, indicates that these should not be intro-
duced by the time evolution. This is an additional constraint which appears in special
choices of the initial deformed theory, where the deformation is not switched on in
every direction. The above requirements ensure that such a set up admits dynamical
solutions. We have explicitly worked out the equations (A.23), and the con-
straints in several examples, including the SU(2),SU(3),SU(4), Gz and Sp(4)
for different choices of the deformation matrix A,;. The resulting expressions are quite

complicated and we will not present them here.
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Finally, we also work out the dilaton beta function (1.3), which can be rewritten
upon using (A.11)), (A.13) and the conformality equation (A.12)
w = %Hz +2V20 — 4(30)2. (A.26)

Reinserting the overall k; and also taking into account of footnote |5 we find (BCID)Z =
”/k and we also evaluate H? using (A.19)

A ~ap ~bg ~ ~ap ~
H? = 22 (Lsc L7 §8 + 3N Ny 87815 + ccdc)
6 (A.27)
+7 (Tr()\g_ljtTg_l) — Tr()\g_lAT)\g_lAT)) ,
where we have defined
Iabc = )\alfabdgcd + Nbcd(g_l/\T)da + Ncad(g_l/\T)db . (A-28)
Similarly, we evaluate V2® using (A-13) and (A21)
1 /. .
Vi = <h - Tr()\g_l/\T)h> . (A.29)
Putting altogether into (A.26) we find
A ~ap 5ba ap 4n?
w= 6_12 (Iabclpqrgupgbqgcr + 3N Npg §7 385, + CGdG> %
(A.30)
7 (Trhg AT )~ Te(Ag ATAGATY) + 7 (i — Te(AgTAT)R) .
k k
or equivalently with the help of (A.23) and (A.24)
A ~ap ~b ap 4n?
w = 6_12 (Iabclpqrgapgbqgcr + 3Nabc pqrgapngggr + CGdG> -
1.« T 1 C 2 1 _
+Tr(Ag AT - 2 (TT(AS 17\T)> - ENachbd(T)c(g A ap (A.31)
- %Tr()\g_l/\T)h.
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