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Abstract

Non-trivial inflaton self-interactions can yield calculable signatures of primordial non-
Gaussianity that are measurable in cosmic surveys. We calculate the non-Gaussian cor-
rections to Stochastic Inflation within the framework of Soft de Sitter Effective Theory,
from which we derive the associated probability distribution for the scalar fluctuations.
As a consequence of this new result, we show that the phase transition to slow-roll eternal
inflation is often incalculable in these models. Instead, this transition is sensitive to the
non-Gaussian tail of the distribution of scalar fluctuations, which probes physics inside the
horizon, potentially beyond the cutoff scale of the Effective Field Theory of Inflation. We
delineate the parameter space consistent with current observations and weak coupling at
horizon crossing in which the large fluctuations relevant for eternal inflation can only be
determined by appealing to a UV completion. We also argue that this breakdown of the
perturbative description is required for the de Sitter entropy to reflect the number of de
Sitter microstates.



1 Introduction

Developing a complete picture of physics in de Sitter space remains one of the great un-
solved problems in theoretical physics [1-3]. The issues appear in many guises. On the
practical side, we do not have a rigorous (non-perturbative) definition of cosmological ob-
servables [1,4]. More conceptually, confusions abound when attempting to characterize the
eternal inflating phase [5-7]. Meanwhile, these significant challenges do not seem to impede
our ability to make quantitative predictions for the universe we inhabit. Weak coupling
allows us to calculate and understand the structure of observable correlation functions
as a controlled approximation. Yet, our goal in this paper is to demonstrate by way of
a concrete calculation that there are fundamental questions about our own patch of the
universe whose answers are not calculable in perturbation theory, e.g. the possibility that
our universe is eternally inflating.

Cosmological observations suggest that the large scale structures in our universe were
seeded during inflation, a period of quasi-de Sitter expansion [8-10]. The observable impli-
cations of inflation can be captured by an Effective Field Theory (EFT) framework [11,12].
Much progress has been made in understanding how to calculate the statistical predictions
of inflation perturbatively [13,14]. A notable recent advance is the cosmological boot-
strap, which aims to reconstruct inflationary observables directly from locality and causal-
ity [15-21]. Much of the interest in the structure of cosmological correlators centers on
the possible signatures of primordial non-Gaussianity, since this provides an observational
window into the particle content and interactions that played a role during inflation [22].

The fact that the observational and conceptual aspects of cosmology are decoupled is
a simple consequence of dimensional analysis, which additionally underlies the validity of
the EFT of Inflation approach. There is a significant separation between the two energy
scales H and f; that characterize inflation [23] (see also [12,24-35]), as illustrated in
Fig. 1. The EFT of Inflation can be framed in terms of the spontaneous breaking of time
translation symmetry, where the associated Goldstone boson 7 describes the scalar density
fluctuations. The universal scale describing the dynamics of the fluctuations is f? ~ |gz5],
where ¢ # 0 is the order parameter for the breaking of time translation invariance, and
¢ is a fundamental scalar in most concrete UV models. Typical de Sitter fluctuations
are produced with a characteristic energy set by the Hubble parameter during inflation
H, which results in there being a de Sitter temperature 21Ty = H. In more detail, an
emergent scalar degree of freedom ( experiences adiabatic fluctuations, whose amplitude
is 2m2A, = A = H*/(2fY). In our patch of the universe, measurements of the cosmic
microwave background imply A, = 2.1 ~ 107 [36], and so we can infer f, ~ 59H. This
tells us that f, > H is a good approximation in our universe. As we explore the physics
of de Sitter space and the relation to eternal inflation in this work, we will also consider
fr and H to be free parameters, for example the parameter space where f, ~ H.

Primordial non-Gaussianity in single-field inflation arises through derivative interac-
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Figure 1: The relevant energy scales for single field inflation and the regimes of validity of the
EFT of Inflation [orange] and Soft de Sitter Effective Theory (SASET) [blue]. The background
time evolution leads to a scale f,, below which the time translation symmetry is spontaneously
broken (SSB). Primordial non-Gaussianity arises from interactions that are suppressed by the
EFT cutoff scale A, which is related to the amplitude for equilateral non-Gaussianity fyi by
A% ~ f2/ fx1. Requiring the EFT of Inflation is weakly coupled at horizon crossing allows both
A > fr [left] and A < f, [right]. Deviations from a de Sitter background arise at |H| < H?.

tions that are suppressed by some dimensionful UV scale A.! While the precise relation-
ship to the amplitude of equilateral non-Gaussianity fyj varies among different possible
models, the scaling relation fyi =~ f2/A? is universal. Given the current constraints from
Planck, fy] = —26+47 (68% confidence interval) [42], the region of parameter space where
A? < f? remains a viable possibility. On the other hand, canonical models of slow roll in-
flation require that fgl < 1 so that the background evolution ¢ is calculable in the weakly
coupled regime [31,32,43]. Nevertheless, a number of compelling models such as DBI infla-
tion [44], models that utilize non-trivial field space curvature [45,46], and those involving
interactions with massive fields [47,48] can easily produce fyi > 1 self-consistently. It is
only essential that A > H in order to reliably calculate the observational predictions using
perturbation theory [23]. In this work, we revisit whether A > H is sufficient to ensure
perturbative control over all quantities of interest.

For cosmological correlators, all of the thorny issues of observables in de Sitter are
under control as long as one is in the perturbative regime where H?/M2, H?/fZ, and
H?/A? are all small. To an excellent approximation, inflation is described by a fixed
background geometry in which the scalar fluctuations evolve. In the absence of non-
Gaussianity, even the onset of slow-roll eternal inflation is calculable and arises when

'Here we are assuming scale invariant non-Gaussianity. Scale dependent signals [37], such as models
of resonant non-Gaussianity [38], are also possible. As these model also leave signatures in the power
spectrum [39-41], we will not consider them further to ensure a clean separation between the Gaussian
and non-Gaussian effects.



A; > 7%/3 [49]. Building on this, one might expect then that the phase transition to
eternal inflation in models with primordial non-Gaussianity can also be calculated as a
perturbative expansion in H?/A2. As we will show via a concrete calculation, this intuition
fails. There are corrections to the expansion that scale as f2/A? even when f2 > H?
(A¢ < 1) where we might expect eternal inflation does not occur. This implies that when
A < f., there are important observables associated with the inflationary epoch that are
incalculable in the EFT of Inflation [11,12]. Furthermore, this incalculability is not simply
due to the breakdown of the EFT itself, since all the N-point correlators are calculable in
perturbation theory. Our goal is to demonstrate that this in the context of a new technical
calculation, and to provide some intuition for why it occurs.

At a qualitative level, the onset of slow-roll eternal inflation occurs when the amplitude
of quantum fluctuations exceeds that of classical motion of the field [5,6]. In canonical slow-
roll inflation f2 = , so that the classical distance moved in a Hubble time (At =H™) is
(AD)classical = f2/H. Meanwhile, the Gaussian quantum fluctuation introduce an effective
noise in the motion of the field with an amplitude set by the expansion rate, (A¢)noise =
H. Slow-roll eternal inflation occurs when these two types of field excursions are of the
same order, (A@)dassical =~ (A®)noise,; Which happens when H? ~ f2 or equivalently when
A¢ ~ 1. However, implicit to this argument is that the rate for generating fluctuations
that are larger than H is negligible. If instead there was a non-negligible rate for quantum
fluctuations from the tail of the distribution such that (A¢)wn ~ f2/H with f, > H,
these larger quantum fluctuations could be the dominant effect that would determine the
onset of eternal inflation. The probability of such a large fluctuation is exponentially small
for Gaussian theories. However, primordial non-Gaussianity could, in principle, increase
the rate of these large fluctuations such that they dominate the onset of eternal inflation.
Noting that the energy scale associated with such non-Gaussian quantum fluctuations is
(gz'S)taﬂ ~ H(A})an =~ f2, these fluctuations would correspond to physics above the UV
cutoff for models with A < f.

In this paper, we use Soft de Sitter Effective Theory? (SASET) [50,51] to calculate
corrections to Stochastic Inflation [52] (see also [53-65]), which allows us to demonstrate
that the onset of eternal inflation is incalculable when A < f,. This occurs because large
field variations (corresponding to the tail of the probability distribution) are probes of high
energy physics during inflation. When A < f,, the onset of eternal inflation is sensitive
to the regime where the EFT does not apply. Concretely, the blue shaded region in
Fig. 2 naively corresponds to eternal inflation in our universe and signals this breakdown.
Interestingly, this parameter space overlaps the regions allowed by current observations
and weak coupling at horizon crossing. The source of the issue is that correctly modeling

2While the EFT of Inflation and SASET have overlapping regions of validity, SASET makes manifest the
long wavelength behavior of the fluctuations in the universe, particularly with regards to IR divergences
and their resummation via the dynamical renormalization group (RG). This property of SASET is essential
for deriving the results in this paper.
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Figure 2: The solid blue region shows where primordial non-Gaussianity naively implies eternal
inflation, suggesting a breakdown of Stochastic Inflation and/or the EFT of Inflation. The
region allowed by perturbative unitarity at horizon crossing, derived in [35], corresponds to the
region enclosed by the dashed purple line. The current 1-,2- and 3-o limits from Planck [42]
are shown as solid red lines. We see there is a significant region where the calculation of the
transition to external inflation is breaking down, that is nonetheless consistent with the theory
being weakly coupled at horizon crossing (as determined by unitarity) and current observations.
The parameters & and ¢, are related to the two allowed cubic couplings in the EFT of Inflation,
as defined in Sec. 3. Perturbative unitarity as defined in [35] is particularly conservative and
may explain why regions of parameter space allowed by Planck are excluded. We simply wish to
emphasize that there are regions of parameter space in blue that are perturbative even by that
definition.

the tails of the probability distributions requires a non-perturbative calculation of the
transition probabilities that go beyond the perturbative contributions that are included
in the Stochastic Inflation framework. We interpret the blue region as providing a sharp
bound, akin to a perturbative unitarity bound at the energy scale f,. Otherwise, as we
show below, the EFT predictions would be inconsistent with interpreting the de Sitter
entropy [66] as resulting from a finite number of degrees of freedom (see e.g. [2,3,67-71]).

This work builds upon the vast literature on the perturbative regime inflationary fluc-
tuations [23-35] and the implications for eternal inflation [72-77]. Prior discussions of
eternal inflation are relevant for the parameter space with fr ~ H (A, = O(1)), as this
is the only regime of canonical slow-roll inflation where eternal inflation can occur. In
any parameter regime, it is a necessary condition that the theory is weakly coupled at
horizon crossing, A > H, for calculations to be under control. In the context of previous



discussions of eternal inflation where f, ~ H, the breakdown of weak coupling at horizon
crossing is indistinguishable from the breakdown of the Stochastic framework. In contrast,
most of the discussion in our paper applies to our own observable universe where f, ~ 59H
(A¢ ~ 4.1 x 107®), and where the theories of inflation of interest are weakly coupled at
horizon crossing. Although much is known about the structure of Stochastic Inflation in
canonical slow roll models [52-65], before this work it was not known how to include the
non-Gaussian corrections into the Stochastic Inflation framework. These are exactly the
new ingredients that are required to ask quantitative questions about the phase transition
to eternal inflation.

Our concrete results will show that there is a breakdown in the calculation that is
signaled by the apparent onset of eternal inflation in the regime f, > H. This failure of
Stochastic Inflation is only relevant when attempting to predict the tail of the distribution
of scalar fluctuations and is distinct from having control over perturbative calculations
at horizon crossing. While it is known that the tails of the distribution can break down
using typical perturbative methods (see e.g. [78]), Stochastic Inflation is a resummation of
the perturbative results [50,51] that has been used to calculate the tail of the probability
distribution in a variety of models (see e.g. [79] for review). For example, the tail of
the distribution of a particular class of two-field models was calculated using stochastic
inflation in [80,81]; yet, it is also known that this class of two field models reduces to the
single field models we will discuss below when the second field is massive. In this precise
sense, the unusual behavior of the tail of the distribution we will demonstrate in this paper
is not a generic issue of perturbative calculations, but is instead a failure of a Stochastic
Inflation in a regime where it had previously been successfully employed [23].

The paper is organized as follows. In Sec. 2, we calculate the first higher derivative
correction to Stochastic Inflation from primordial non-Gaussianity in Single-Field Inflation.
In Sec. 3, we solve these corrected equations and use the results to compute the onset of
eternal inflation. We apply these results to interpretation of the de Sitter entropy in
Sec. 4. In Sec. 5, we interpret the surprising dependence on non-Gaussian fluctuation as a
breakdown of Stochastic Inflation requiring a UV calculation of the underlying transition
amplitudes. We conclude in Sec. 6. Two appendices give background for these results. In
App. A, we review aspects of single field inflation that are essential for understanding the
key results in this paper. In App. B, we provide an alternate derivation of our solution
to the corrected Fokker-Planck equation using the Fourier transform and the method of
steepest descents.

2 Non-Gaussian Corrections to Stochastic Inflation

Light scalar fields in quasi de Sitter space, such as the inflaton, undergo random quantum
fluctuations. In perturbation theory, these fluctuations give rise to large infrared (IR)
effects, which can be resummed using the framework known as Stochastic Inflation [52,
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53,56]. This gives rise to a Fokker-Planck equation that determines the evolution of the
probability distribution for the local value of the field.

The canonical formation of Stochastic Inflation provides a leading order prediction for
the field’s evolution. Interactions correct the Fokker-Planck equation at higher orders,
which can be represented on general grounds as [51] (see also [82,83])
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The term proportional to V'(¢) is just the classical evolution of the field, and the rest of the
terms account for the quantum fluctuations. The original formulation due to Starobinski
applies to leading order in the coupling,® in which case the quantum noise is given by
0"=" = H3/(872) with all other Q™ = 0.

Given the intuitive description of Stochastic Inflation, it might seem surprising that
calculating these higher order corrections remained elusive until recently [51,82,83]. Tt
had often been suggested that the Stochastic framework is related to IR divergences in
dS [50,82-92]. Leveraging this insight to systematically improve the framework naturally
results in the SASET approach [50]. The SASET converts the full theory IR divergences
into EFT UV divergences in the usual sense (see e.g. [93]). This allows one to resum
full theory IR divergences using the usual RG playbook within the EFT. Specifically,
Stochastic Inflation is equivalent to the (dynamical) RG for SASET composite operators.
The contributions from the quantum noise can be extracted from operator mixing under
time evolution, which takes the generic form

oo N+m

(% (i) =2 2 (—1)“@ ) (h=mtmy (2.2)

m=0 n=1

where for a massless scalar field ¢, we identify ¢, as the growing mode mode such that
¢ — Hp,. We also defined t = Ht and Q™ = gm—r=10(™ o simplify the expression in
terms of . Finally, V’'(¢) is replaced by ng), which also receives corrections at higher
orders.

2.1 Stochastic Inflation for Single Field Inflation

The first higher-derivative correction to this framework was calculated in [51] assuming the
UV model was \¢* in fixed dS. We will now extend these results to single-field inflation.
This is a non-trivial generalization both because the metric fluctuates (the background is
no longer fixed dS), and these fluctuations are subject to additional constraints from the
diffeomorphism invariance. The corrections to Stochastic Inflation are most transparent

3See e.g. [51] for a derivation of the power counting for Stochastic Inflation.



when expressed in terms of the scalar metric fluctuation (. This choice is particularly
useful because ¢ transforms non-linearly under large diffeomorphisms [94-97]

Dy :6C=—1—2-9x (2.3a)
Kl :6C = —24' — 24 (f a}g) +220iC | (2.3b)

The Ward identities associated with these symmetries [98,99] impose constraints on cor-
relation functions that are also known as the single field consistency conditions [94, 95].
The above transformation uniquely fixes the definition of {, and it ensures our results will
be free from field redefinition ambiguities and scheme dependence [100]. The important
implication for our purposes here is that these non-linearly realized symmetries fix the form
of possible corrections to the Stochastic Inflation framework. This is already known for the
properties of (&) at separated points, where it leads to the all-orders conservation of ¢(k),
namely ¢ (k) — 0 as an operator statement in the limit &/(aH) — 0 [50,55,101,102]. From
Eq. (2.2), we see that applying these symmetries to Stochastic Inflation is the same as
extending the operator statements to products of (’s at coincident points, ¢.e., composite
operators built from (.

By power counting in the SASET, the dynamical RG of any light field is necessarily
ultra-local in space, in that it contains no derivatives. This implies that the most general
possible result must take the form

a = —
g @) =D Th()cM(@e). (2.4
M
Applying Dyp, from Eq. (2.3a) to the both sides of the equation implies
NGV Z MTR (£)¢MH(E ) (2:5)
Substituting Eq. (2.4) on the left-hand side yields

NY TN )M (@ e) =Y MTY ()M (@ 1) (2.6)

Matching the powers of (, we find
(N+1D)I) = (M + DTy (2.7)

We demand '}, = 0 if N < 0 or M < 0, since operators with fields in the denominator are
unphysical. If we assume N > 0 and the existence of a first non-zero anomalous dimension



'y = v, # 0 for some n, the solution to Eq. (2.7) becomes

N
Y = 7m0 £ (MY 2.8
M — Yn M,N—n H g_n - n Tn M,N—n - ( . )

l=n—+1

Summing over all possible 7, we have

— zn:% (ZZ) N(E ) (2.9)

Finally, we apply the relation between the operator mixing language and Stochastic Infla-
tion (see e.g. [51]), which leads to the following general form for the time evolution of the
probability distribution of (:

a%p(g,t) = Z(—l)"%;—;P(C, t). (2.10)

n>2

This result makes intuitive sense: in order to preserve the nonlinear symmetry, the gen-
eralization of the Fokker-Planck equation can only depend on derivatives of { (no explicit
factors of ¢ appear).

We see from the above result, that we can calculate all corrections to Stochastic Inflation
from the mixing coefficients (" — 1, where 1 is the identity operator. For n = 2, this is
the usual Gaussian (quantum) noise contribution to Stochastic Inflation such that

d3k - A
—(%)3@(@(( ) =2plogalH/K = 7=, (2.11)
where K is an IR regulator and A, is the amplitude of the power spectrum,’
(CR)CHN) = Ack>+ =D 2m)35 (K + &) . (2.12)

Previous studies of stochastic effects in single-field inflation were limited to this contribu-
tion and the classical drift from the potential.

We are interested in computing the leading non-Gaussian contribution, which starts
at n = 3. As we are simply calculating the mixing of operators under dynamical RG,
the coefficient of the n = 3 term is determined by the logarithmic divergence in the two
point function of ¢* and 1, i.e., the one-point function of ¢3. This can be calculated, as
illustrated in Fig. 3, from the bispectrum (three-point function) via

(P@E=0)) = / The ’“Qd EdRadhs e )0 (R)) (2.13)

“Here we are defining A, so that A¢ = 272 A, [103].
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Figure 3: Illustration of the correlation function <C3(f = 0)> represented as an integral over the
bispectrum B(k1, k2, k3) computed at tree-level. The momentum integration is analogous to a
two-loop integral.

In single-field inflation, there are two contributions to this three-point function arising
from the (9;¢9'¢ and (3 interactions, which are given by [104]

1 1
B¢(ai4)2<k1’ ka, ks) = 4 (1 B _) Ag

c2

" (24K3° — 8K2 K32 Ky — 8Ky K2 + 22K33 K% — 6 K,2 K4 + 2K, °)

2.14
and .
Bk, ko, ks) = |6 (c2 — 1) + 8= }A , 2.15
calkrs ko, kea) [ ( ) CK3K,3 (2.15)
where we have defined
<C(E1)C(EQ)C<E3)> = B(k‘l, ]{327 k‘3) (271')35(];1 + EQ + ]zg) s (216&)
B= Bé(aiC)Q + Bc'g , (2.1613)
K1 = kl -+ kQ + ]{33 s K2 = (]{31]{52 —+ ]{?21{?3 + k3k1)1/2 s K3 = (kll{?gkg)l/s . (216C)
Defining x; = k; /k; and changing variables, we find
k1 3 [t v2
3= 1
d d B(1
<C (l’ > / 271' 3 k?) 27T /1/2 X2 T2 /1_12 L3 T3 ( 7$2>$3)
logaH/K  AZ 1 o C3
= 1-— 9+3 — 2.17
oz 162 2 (9+3¢) + 2]’ (2.17)

where we have simply introduced a hard UV cutoff k; = aH and an IR cutoff as ky = K
to regulate the log-divergence. This simple regulator breaks the symmetries of dS, and
so we provide App. A.2, which shows how to derive the same result using the symmetry
preserving dynamical dimensional regularization approach.
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The coefficient 73 is determined from the factor multiplying the log:

AZ» 1 2 C3
B ((1ma) Or3)+5) (2.18)
so that
0 Ao & A 1 cz\ &
el = (g~ (1) 030+ 3) 5 Aotc - @10

This result is consistent with the interpretation that it is a small non-Gaussian correction:
a typical fluctuation in the Gaussian limit is ( ~ AE/Q, so if we assume 0/9(¢ ~ AEUQ,
the first term is O(1) and the second term is (’)(Aém/cg). We can rewrite this estimate in
terms of the cutoff scale, using the relation A = f,c,:

1 H AP 1 m?

~

= éf_# = ’}/38—C3 =2 = ﬂp .

s

A¢ (2.20)
This tells us that for typical fluctuations, the higher order corrections are suppressed by
H?/A? as one would expect.

3 Eternal Inflation and Non-Gaussian Tails

Now that we have the leading corrections to the Fokker-Planck equation in the presence of
a non-trivial bispectrum, we want to apply this formalism to see how it impacts the onset
of eternal inflation and the implications for the de Sitter entropy. Even without appealing
to a microscopic description, we can define an order parameter for the end of inflation ¢.
Within the EFT of Inflation, there is a natural choice [29]
f2

6= FAt+m) = (- 0), (3.1)
where 7 is the Goldstone boson of the EFT of Inflation (see Appendix A.1 for review)
defined such that ( = —Hn + O(en?), where € is the slow roll parameter, and f?2 is the
decay constant for w. By construction <¢) = f2. Since we will be working in the limit
e — 0, we can treat Eq. (3.1) as an exact relation to define ¢ in terms of ¢:

H
-5 (3.2)

Here ¢ will be the field that defines the end of inflation so that ¢ € (—o0,0) corresponds
to the inflationary regime with inflation ending when ¢ = 0. (Ending inflation at ¢ = 0

(=t

simplifies expressions, but of course nothing can depend on this arbitrary choice).
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To set the stage, we will review how one determines the onset of eternal inflation in
the Gaussian case, y3 = 0. The evolution equation for ( is
0 AV

EPG(C’t) = Ha_CQPG(C’t) ) (33)

whose solutions are given by a Gaussian:

1 w2/

V2mo2t 7

for any choice of the constant (y, and with o = A/(27%). We impose the initial condition
Po((,t=0,) =0(C—¢) sothat ( = ¢ >0 (¢ < 0) at t = 0 in order to be consistent
with Eq. (3.2). Since inflation ends when ¢ > 0, we set P(¢[¢] > 0;t) = 0 by hand.
However, we must also impose the boundary condition that Pg((,t,(;) is continuous at
¢[¢] = 0. Note that every choice of y in the solution Eq. (3.4) gives a d-function §(¢ — (o)
at t = 0. In order to impose our boundary condition at ¢ = 0, we must add additional
solutions in the region ¢[(] < 0 with different values of (, < 0 so that they naively produce
a d-function for ¢ > 0 at t = 0. However, since we are imposing Pg(¢ > 0,t) = 0 by hand,

Pa(C,t,¢) = (3.4)

adding these additional terms remains consistent with our initial conditions. A natural
guess is that the solution takes the form

Pa(8[C] < 0,t,¢) = [e—(c—ci)Q/@a%) 16/ (20%) o~ (e 2% | (3.5)

1
V2ot
where ¢ = 0 corresponds to ( = t. This way of imposing the boundary conditions is
typically called the method of images.

Now that we have the probability distribution, we can apply it to compute the onset

of eternal inflation. Following [49], the probability that reheating occurs at time t is

determined by
d 0
pra(t) =~ | doPe(or®) e (3.6

where we used the Fokker-Planck equation Eq. (3.3) and integrated by parts. From here
we can calculate the average volume of the reheating surface,

(Vg =L? /0 dte* pra(t) ~ L* /0 dtet@-1/@) (3.7)

where L3 is the size of the initial patch at t = 0. The onset of eternal inflation occurs
when this quantity diverges:
o = ¢ > L (3.8)
212 " 6
In canonical slow-roll inflation, the perturbative description remains weakly coupled up

12



to the phase transition and therefore this determination of the critical value of A is
meaningful [49].

Now let us repeat this analysis for theories with primordial non-Gaussianity, ~3 # 0.
The evolution is described by (see Eq. (2.10))

0 o2 0? s O

_PNG<C7t> 9 aCQPNG(Ca ) 3' aCS

- S Pa(Got) (39

Building off the solution in Eq. (3.4), we can make the ansatz for the solution to this
modified Fokker-Planck equation:

P e (DTN 3.10
NG(C?tag()) = eXp 31 aCS G(C QO) : ( : )
Substituting this ansatz into Eq. (3.9) gives
d
Em(t) =—v3 — K(t) = —3t + Ko . (3.11)

We again impose the initial condition at t = 0, ( = (; < 0, and P(¢ > 0) = 0, so the
solution takes the form

3
PNG(C? t7 Cl) = exp <_Ea_> PG(C) t7 Cz) + images ) (312)

31 0¢3
where the images are solutions with (; > 0. While this can be solved in principle, a closed
form solution to these equations is both unnecessary and beyond our scope. Specifically,
the phase transition is determined by the behavior at ¢ = 0 or ( — t in the limit t — oo.
In this limit, we have

9,
acn Fe

crw| = (S v o) recna (3.13)

(= O—Qn

so that the Gaussian behaves as an eigenfunction of the derivative operator in the t — oo
limit. In this regime, the probability distribution for ¢ becomes

exp (—Ea—g) Pa(Cit,C) — exp [3|t((< CO)) (C_—C“)?] . (3.14)

2¢ 202t

This solution is also derived in App. B using the method of steepest descents.
This probability distribution for ( tells us that the large t behavior for the probability

of reheating is
1 1
PrRNG(t) o exp [—t (— - E—)] . (3.15)
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Repeating the same argument from above to derive the onset of eternal inflation, we see
that (V)ng diverges when

B -3, (3.16)

Note that this result depends on the sign of 75, which is not fixed. Using the explicit form
of 73 given in Eq. (2.18) and 0% = A./(27?), eternal inflation occurs when

11 1 2y G 3Ac
5 ((1— 62) (9+3c) + 02) <57 (3.17)

S S

At this point, we notice something surprising. One might have expected that the
Gaussian term would dominate when H?/A% < 1. However, if we recall that A = f,c,, we
can rewrite this expression as

1, 3A;
== —Z ((2—1) (94 3¢ <= 3.18
2 48 A2 ((Cs ) ( + CS) + 03) 272 ( )
When computing the onset of eternal inflation, we see the corrections scale as f2/A? >
H?/A?. Taken at face value, this implies that for ¢, = 1 (¢, < 1), eternal inflation
occurred in our universe for ¢3 < 24 (c3 < —9). In Fig. 2, we compare this region to
current observational constraints from Planck denoted by the red contours in Fig. 2 on the

parameter space (taking A, >~ 0), in terms of ¢, and

2
=t 10-<) (3.19)
3¢z 2 2
The figure also shows conservative bounds on these parameters from perturbative unitarity
at horizon crossing, derived in [35] (see Appendix A.3 for a review of perturbative unitarity
constraints on the EFT of Inflation).

Since the correction we calculated scales as f2/A? it is natural to guess we have become
sensitive to the cutoff scale for the EFT of Inflation. This suggests that we would become
sensitive to even higher derivative corrections. We can estimate the size of these terms
by dimensional analysis, using their relation to the connected correlators of (. Using our
normalization of higher dimension operators in terms of A, we have

. H 2n—4
Vo =2 O <X) : (3.20)

Extending the ansatz in Eq. (3.10) to include higher derivatives, we find

P(C:t,G) = exp (Z(—m ot O ) Po(C:t,G;) + images | (3.21)

| n
n>2 G ac
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so that

1 Yo 1
pR(t) X exp [—t (TCQ + mﬁ)] . (322)
n>2

Again, we see that in the t — oo limit, all the ~, corrections contribute to coefficient of
the exponential decay but do not change powers of t in the exponent. As a result, the
reheating volume diverges when

1 n’}/n 1 2
5+ > (=1 <302 . (3.23)

nl O—2n—2
n>2 ’

Now we notice that the n'™ term is the sum is

Y 1 N 1 1 H 2n—4 1 N fﬂ 2n—4 -
wem? Sug\x)  amr=\x) (3:24)

Therefore, the series is under control for typical couplings when A > f,.

On the other hand, when A < f,, it is possible, in principle, to tune the coefficients
of the higher order terms so that 73 is the dominant contribution. Yet, the fact that our
results naturally organize into an expansion in f, /A suggests that something more drastic
is occurring in the parameter space where A < f, that cannot be resolved by fine tuning.
We will revisit this interpretation in Sec. 5.

4 The de Sitter Entropy and Microstate Counting

The interpretation of these corrections in the context of eternal inflation becomes even
more more drastic when we apply them [2,67,68] to our interpretation of the de Sitter
entropy [66],

T 87T2]\41§l
T HGy  H?
where Gy is Newton’s constant. During inflation, the de Sitter entropy is slowly changing
as H(t) decreases, such that

Sas

(4.1)

des . des . 167T2M§1H 472

dt  Hdt HY A

(4.2)

In analogy with the entropy of a black hole, it is natural to interpret this entropy as
reflecting a finite number of degrees of freedom describing the microphysics of (quasi) de
Sitter space. One crude test of this hypothesis is to compare the de Sitter entropy to
the entropy of the fluctuations that are observable after inflation ends, following [2]. The
number of Fourier modes that are being “created” (i.e., crossing the horizon) per e-fold is
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simply the expansion rate
d log Nmodes

dt
If the de Sitter entropy is to be interpreted as resulting from the size of the Hilbert
space describing the modes that live in de Sitter, Sgs o log Ngates, then we should be

=3. (4.3)

prevented from observing more than a de Sitter entropy’s worth of Fourier modes, so that
Nmodes < Nstatesa which 1mphes

d1og Niodes dSas
dt————— dt ) 4.4
/ AT / It (44)

Our general expectation is that Nyoges <K Ngtates Since the semi-classical fluctuations should
capture only a small fraction of the gravitational microstates.

In the models of interest here, the integrands are nearly constant so that Eq. (4.4) holds
at the level of the integrand:

d log Nmodes deS 47[_2
— =3< = . 4.5
dt dt CSAC ( )

Naively, one can imagine violating this interpretation by taking

? 42

A )
¢~ 3¢,

(4.6)

However, to derive a contradiction, it should be unambiguous that all Npoqes are inde-
pendent and observable. This would be verifiable if inflation ended everywhere in the
universe, allowing us a vantage point from which to reconstruct all of inflation. However,
if inflation never ends, i.e., we are eternally inflating, then these modes are not accessible
to an observer. In canonical slow-roll inflation (¢; = 1 and ¢3 = 0), the onset of eternal
inflation was determined in Eq. (3.8). Therefore, a finite period of inflation always satisfies
the inequality
w2 4r?

A —_ < —. 4.
(<5< (4.7)

As a result, we never encounter a regime where more than eds

modes are produced while
maintaining control of the background in canonical slow-roll inflation.

In the presence of non-Gaussianity, the onset of eternal inflation is modified, potentially
allowing a contradiction with this interpretation of the de Sitter entropy. In particular,
demanding a finite inflationary volume while violating our de Sitter entropy bound is

possible when
I 1 C3 Ar?
—_ - = 1——= 2 — A : 4.
T (< 02)(9+305)+c2)> ¢> 30 (4.8)

S S

When ¢, < 1, the left hand side of this equality scales as 1/c?, which easily allows a
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window where A; > 472/(3¢,) without transitioning to eternal inflation. If we set ¢z = 0,
this equality can be satisfied for any

¢y < 0.095 . (4.9)

When ¢3 # 0 and ¢, < 1, we can satisfy the inequality for c3 < 9.

Rather than seeing this as a breakdown of the relation between the de Sitter entropy
and the microstate counting, it is natural to interpret this as a breakdown of the EFT of
Inflation. The likely possibility is that ¢, < 0.095 is in the strongly coupled regime of the
EFT of Inflation, telling us that we cannot trust the calculation of the onset of eternal
inflation. Concretely, we can again rewrite this equality in terms of A = ¢, f; as

a2 g2 f2 4
Tt ogs (=) (9+3c) —e5) > Ac > 3. (4.10)

We can again only satisfy this inequality when A? < f2, and in the case ¢, < 1 we require
A? < f2. However, eternal inflation occurs when A; > 472 /(3¢;):
H* - 872
fi = 3

(4.11)

This is only satisfied for f, < H and therefore the regime of interest is where A? < H?.
This strongly suggests that we cannot see more than a de Sitter entropy’s worth of modes in
the regime that is under control within the EFT of Inflation. We might even interpret c; >
0.095 (when A, > ‘:13%2) as a bound on the regime of validity of the EFT defined by the de
Sitter entropy. We compare this to the bound from naively applying perturbative unitarity
in Appendix A.3 and find good agreement. One may hope that a further exploration of
the de Sitter entropy will bound the range of parameters in the EFT of Inflation directly
from the cosmological background, complementing other approaches more similar to QFT
in flat space [32,105,106].

5 On the Breakdown of Stochastic Inflation

By direct calculation, we have shown that the presence of primordial non-Gaussianity leads
to a series of large corrections that can dramatically modify the onset of eternal inflation
when A < f,. Our goal here is to make the case that this should be interpreted as a
breakdown of Stochastic Inflation akin to the breakdown of the EFT of Inflation in the
strong coupling regime. This should not prevent us from calculating the phase transition
in a UV complete model. We can understand both issues by returning to the origins of
Stochastic Inflation.

The Stochastic framework follows as a consequence of general Markovian evolution.
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For a scalar field ¢, this evolution is described by

0

5P0.0 = [ d86[P(© - 20.W(6l6 - A0) - PO.OW(o+ 80l80)] . (5.)

where W (¢|¢') is the transition amplitude for the field to jump from ¢’ to ¢ during the time
dt. If these transition amplitudes are sufficiently “local,” we can Taylor expand Eq. (5.1)

to get
%) 1 o
where N
0(0) = [ 420 (~86)" W(20.0), (5.3)

and W(y,m) = W (z + y|x). For approximately Gaussian transition amplitudes, the mo-
ments of the distribution should be well defined, leading to a reasonable derivative expan-
sion. Indeed, for the case of A\¢* theory [51] and inflation (Sec. 2 above), we have verified
that these coefficients are calculable by explicitly evaluating them.

Scalar metric fluctuations ¢ are constrained by an additional non-linearly realized sym-

metry (Eq. (2.3)), which enforces that W (¢|¢) = W(¢ — ¢') or W(y,z) = W(y). Using
the expected scaling behavior for ~, given in Eq. (3.20), we write

H 2n—4
pu— n _— -4
w=a (1) (5.4)

so that g, = O(1) and

0 2P NS, 1 H2O\"

This is the scaling behavior we would get from a transition amplitude of the form

W(AQ) =~z exp [—(ﬁfﬁ <1+Z(—1)”gn (755 )] . 60)

n>2

where A = ( — (’. This series expansion will break down when

A2
or, using A = HA¢/ f2, A2
HAG> 5. (5.8)
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Notice that the expression on the left is HA¢p ~ gzﬁ It is natural to interpret the large
changes in the field over a Hubble time as a probe of the high energy limit of the theory
E > H, which explains why we encounter the EFT cutoff scale A.

If the breakdown is indeed due to strong coupling within the EFT, we would expect
that a large correction to the onset of eternal inflation would coincide with violations
of perturbative unitarity at energies £ = f,. Since f, > H, we can approximate the
subhorizon region as flat space and can calculate the partial wave amplitudes for two-to-
two scattering of (. These amplitudes are provided in App. A.3 along with their associated
perturbative unitarity bounds. If we take ¢, = 1, then s-wave scattering in the center of
mass frame with incoming energies of E = f, is consistent with perturbativity when

—1.85 < 3 < 0.85 . (5.9)

For comparison, we saw that the non-Gaussian corrections naively imply an infinite reheat-
ing volume when ¢35 < 24 (again for ¢; = 1). In this sense, the breakdown of our intuition
regarding eternal inflation is indeed tied to the breakdown of perturbative unitarity at
E = f..

Ultimately, the question of whether or not a given model of inflation is eternally inflating
should be calculable. However, clearly the method of calculating the correlation functions
to determine equations of Stochastic Inflation is insufficient. Furthermore, nothing about
the calculation of the individual correlation functions will change if we work in the UV
completion (rather than the EFT). This is particularly clear when Stochastic Inflation is
expressed in terms of (, so that all the coefficients are constants and can be calculated
from the perturbative correlation functions.

5.1 Breakdown in DBI

For concreteness, DBI inflation [107] provides a useful analogy from which we can try to
understand the breakdown of our calculation [23]. In DBI, the action is given by

L=A\1+ a“ﬁ% —V(g). (5.10)

The potential V(¢) generates a rolling field, ¢ = ¢(t + 7). Expanding the square root, we
find

» —
A4\/1 _ e 2”A4 umo'm) 3 %Mﬁ(% — 9T (5.11)

n

where

. (i)2 " an
M = A1) (F V= X‘X:WM , (5.12)
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and , .
¢ ¢
s 12 1

so that ¢, < 1 requires ¢2 ~ A*. Clearly in that limit, any process that involves a transition

¢ ~ HA¢ > A? will require the full DBI action. In fact, we see the Taylor expansion of
Eq. (5.11) will break down when sooner, when

¢2 7.Tc a,uﬂ'ca“ﬂ'c ¢2 2 cs<K1 7:‘-0
vE T ) <i-mmd S g< (5.14)

AT

DO |chw

where 7. = f27 is the canonically normalized field in the EFT of Inflation (see Appendix A
for review). Since 7, scales like the energy of the mode E, 7. ~ E? and, therefore, Eq. (5.14)
tells us that our Taylor expansion is only valid for energies E? < ¢?f?/2 = A?/2. The
cutoff scale we identified in the EFT is the scale where we can no long Taylor expand the
DBI action.

The DBI example naturally suggests the how to resolve this breakdown: we need to
calculate the full transition amplitudes using the UV completion.® In the case of DBI, we
expect that modeling large field transitions requires knowing the complete non-perturbative
form of the DBI action. In contrast, for smaller transitions, we can Taylor expand the
DBI action to reproduce the same results as we would find using the EFT of Inflation.
In practice, DBI may not be the simplest model in which to directly calculate the full
transition amplitude, as more weakly coupled UV completions of small ¢, may offer some
advantages; it is possible UV complete this regime of EFT of Inflation parameter space by
integrating out a weakly coupled massive field [23,45-47]. In that case, we would expect
that calculating the transition amplitude requires “integrating in” the high energy field.
We leave the exploration of this interesting direction to future work.

6 Conclusions

In this paper, we extended the framework of Stochastic Inflation in single field inflation
to include the impact of (equilateral) primordial non-Gaussianity. We showed that the
single field consistency conditions demand that these corrections can only include higher
derivative terms with constant coefficients. We then calculated a two-loop anomalous
dimension in SASET and used it to determine the cubic derivative correction to Stochastic
Inflation.

Using these evolution equations, we set out to calculate the onset of eternal inflation
in the presence of non-Gaussian fluctuations. We showed by explicit calculation that this

5The contributions to Stochastic Inflation in DBI were previous discussed in [108,109]. The contributions
for higher derivatives did not appear in those works and thus they did not find the need for a non-
perturbative calculation.
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transition cannot be calculated within the framework of Stochastic Inflation when the
cutoff for the EFT of Inflation A < f; = 59H, even for the weakly coupled parameter
space with A > H. For a wide variety of models producing observable non-Gaussianity,
the onset of eternal inflation is incalculable and requires appealing to a UV completion of
the Stochastic framework and the EFT of Inflation.

We interpret the breakdown of Stochastic Inflation as a sign that the tail of the prob-
ability distribution for the scalar fluctuations is a probe of sub-horizon physics during
inflation. This conclusion is relevant to other probes of non-Gaussianity from rare fluc-
tuations [110-114], most notably as applied to the formation of primordial black holes
(PBHs) [115-118]. Like the onset of eternal inflation, the rate of PBH formation in canon-
ical slow-roll inflation is calculable using Stochastic Inflation, both in the single and multi-
field regime (see e.g. [79-81] for discussions of the connection between PBHs and Stochastic
Inflation). Nevertheless, generic non-Gaussianity was known to impact these rates of rare
fluctuations in ways that might not be calculable in perturbation theory [78]. Our results
suggest it is the EFT of Inflation that is breaking down, which implies that one cannot
resolve this effect within the EFT itself, e.g. by resumming EFT Feynman diagrams.

This work makes a sharp connection between a number of important topics in theoret-
ical and observational cosmology: the regime of validity of cosmological EFTs, primordial
non-Gaussianity, probes of the tail of the distribution of scalar fluctuations, eternal infla-
tion, and the de Sitter entropy. A natural next step is to explore the connection between
these results in models that are UV completed beyond the cutoff of the EFT of Inflation.
Given a concrete model, e.g. DBI inflation [107], one could compute the tail of the distri-
bution or the onset of eternal inflation. More generally, de Sitter holography (quantum
gravity) also connects many of these topics and offers a parallel and unique perspective
on the de Sitter entropy [3,69-71], non-Gaussianity [94,119] and (potentially) eternal in-
flation [120,121]. Naturally, one would like to understand the breakdown of Stochastic
Inflation from a holographic perspective. Our results imply the need for a deeper non-
perturbative definition of eternal inflation, which may provide a concrete opportunity to
link these (often) distinct approaches to cosmology.
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Appendices

A Calculations for Single Field Inflation

In this appendix, we review the basics of the EFT of Inflation, and review results for
the power spectrum and bispectrum that are used for the calculations in the main text.
Then in App. A.2, we provide some technical details for how to regulate the key integral
that appears in the calculation above using a dimensional regularization like approach
that explicitly preserves the symmetries of the problem. We then review the perturbative
unitarity constraint derived using flat space amplitudes in App. A.3.

A.1 EFT of Inflation: Power Spectrum and Bispectrum

The EFT of inflation, in the decoupling limit, is described in terms of a Goldstone boson
7 that non-linearly realizes time translations that are broken by the evolving background.
Since 7 shifts by a constant under time translations, the variable U = t+7 (¢, &) transforms
linearly under time translations. We can then express the action in terms of U:

oo 1 .
S = /dtd‘ga:\/_—gzo HM;f(U) (0,U0"U + 1), (A1)

such that the n'® term is O(M27™) (note we are using the (— + ++) signature for the
metric). The coefficients M and M} are fixed by Einstein’s equations (or equivalently
by eliminating the tadpole). The resulting quadratic and cubic contributions to the La-
grangian are given by

. . M2|H -
Ly = M2|H| (7%2 - (w)2> oM = % (# - cg(wf) , (A.2)
and
L3 = (2M24 - %M?j*) 7 — oM (Vr)? (A.3)

where My = M2|H|(1 - ¢2)/(2¢2).

Using ¢ = —Hn + O(en?), where e = —H/H? is the slow roll parameter, and defining
the pion decay constant as f2 = 2M§1|H |cs, one finds the power spectrum at zeroth order
in slow-roll is

—(2m)35 (F + 1), (A.4)
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and the bispectra are [104]

1 1 9
BC(azC)Z (kla k’g, ]fg) — _Z (1 - 0—2) . Ac
’ (A.5)
(24K5° — 8K2K3° Ky — 8K K2 + 22 K33 Ky ® — 6 K52 Ky * + 2K, 9)
X K39K,3 ’
and
ki, ko, k L 5+ S A? L A
Por bbby =41 =g ) (495 ) & o (A0)
The coefficient ¢3 is defined in [122] such that it is related to our c3 by
4 2c:
~ 4 4 s ~ 3
CgMQ = Mg = 03—2 — C3 = W R (A?)
so that )
_ 2 €3 2

We have also defined K; the set of symmetry functions of the magnitudes of the momenta
k1737

Ki=ki+ky+ks,  Ky=(kiky+ koks + ksk))"? . Ks = (kikaks)® . (A9)

Since the bispectra are necessarily symmetric under permutations of k;, it is natural to
write the correlators in terms of these symmetric functions. The appearance of poles in
K3 is particularly noteworthy, as these are the cosmological avatars of energy conservation
(also known as the total energy pole).

A.2 Dynamical Dimensional Regularization

When working with scalar fields in fixed dS, we were able to regulate divergent integrals
in a symmetry preserving way by introducing a mass for the scalars, a procedure we
called dynamical dimensional regularization (dyn dim reg) [50]. Our interest here is in
regulating divergent integrals involving the adiabatic mode (. However, ( transforms
non-trivially under the non-linearly realized symmetries defined in Eq. (2.3) above. (This
explains why correlation functions of the adiabatic mode ( are time-independent outside
the horizon.) As a result, we cannot regulate divergences by introducing a mass for ,
without breaking these symmetries. Fortunately, by definition, the background itself breaks
time-translations, which will provide us with a way to regulate divergent integrals while
respecting the symmetries. Having such a symmetry preserving regulator is important for
justifying the consistency of the EFT approach.

To see how dyn dim reg works in this setting, we will recompute the leading quantum-
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noise term in Stochastic Inflation from correlators of ( when ¢, = 1. For comparison, we
performed this calculation using a hard cutoff above, see Eq. (2.11). We start with the
quadratic action

S = /dtd%a }(I()) ,.COMC . (A.10)

Here we are making the time dependence of H (t) manifest, since we will use this property
to regulate divergences. For a general inflation model, H(t) is some arbitrary function of
t. If we define some reference time t,, we can therefore expand H(t) as a power series near

t =1,
M2 H(t*) - 2+2¢+n ‘
S= [ dtdiz—2 5 (= 2 — 9,00 Al
Jarwa (D) (- a0 (A1)
where )
H é
€=—7r and n= e (A.12)
T~ —1/(aH) is the conformal time, and we used
d H(t) d H2(t)
T—log| ————— | =7—log =—2—1. (A.13)
dr <M§1|H(t)]> dr <M§1€(t)

The resulting power spectrum is

where k, 7, = —1. We can use this to repeat the one-loop calculation we performed in
Eq. (2.11) using a hard cutoff:

w o mann=1 &Pk H'() 1 (£> o
¢"—=C 2 / (2m)3 4M§1]H(t*)| k3 \ k,

on(n—1) H(t)! ( 1 )
_ i - tlog K7, ) | A5
ST A ey TBAT (A.15)

where K is an IR regulator®. To regulate the divergence, we introduce the normalized

operator and the counterterm Z — 1 in the minimal subtraction scheme:
1 nn-1) H(t)*

2bn Am MAH(L)]

2 =77  with Z=1+ (A.16)

6This result is similar to a 1/(ns — 1) pole found in the one-loop power spectrum in [123]. The appearance
of these inverse powers of slow-roll parameters in loop calculations is, a priori, not necessarily problematic
as they signal the need for dynamical RG in the sense we describe here.
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From here we can determine the dynamical RG by enforcing that our predictions are
independent of aH (t,), which yields

dlogZ  n(n-1) H(t,)* (A7)
dlogaf(t,) 4  M2|H(t)| '

For comparison, we can repeat the calculation using a hard UV cutoff aH with €,n7 — 0:

n n—2 n(n — ]‘) ot

—logaH/K . A18
e T TR (A18)

This yields a counterterm

n(n—1) H*

Z=1- —logaH(t,)/K , A.19
T Y (A.19)

from which we can recover
dlogZ  n(n-1) H* (A.20)

dlogaH(t,) Am® M2|H| '

In this sense, using the hard cutoff at one-loop will reproduce the results of a more careful
treatment with dynamical dim reg and minimal subtraction. Precisely the same approach
can be applied to regulate the two loop integral in the main text as well.

A.3 Perturbative Unitarity from Scattering

To understand the results of this paper, it is helpful to understand the energy scales
where various processes become important. With the introduction of a non-trivial speed
of sound, understanding the physical scales in the problem becomes more challenging,
as the distinction between a momentum and energy scale is important. To simplify the
problem, we can rescale the spatial coordinates to put time and space on the same footing
P . £4
T =1a'cs L=¢cL, T = fir., M} = cnczTﬂ—l : A= frcs, (A21)
S
so that ¢o = (1 —¢2). After rescaling, it is convenient to organize the action in terms
of the artificially Lorentz invariant derivatives éu and time derivatives, so that the action
takes the form

E= b (0m) 4 4 [alfrf — aut, (%)1 o [ﬂlfré — 2 (Om.) + 85 () 4} ,
(A.22)
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where

— 2 4 —
ol = —262 (1 — CS) — 563 N Qg = 202 s

1 212 2 2 2 1 <A'23)
Bi=gc(1—c) +2c3(1—c)+35¢a, Po=—ca(l—c))—2c3, fB3=3c.

Crucially, we notice that the quadratic action is Lorentz invariant in terms of the T vari-
ables. The scattering amplitude for 2 — 2 scattering in the center of mass frame is [32]

2

9 3 S
M(s,0) = (—Zoﬁ —4aj; — 6o + 551 + 23 + (3 + cos? 9)5;;) A (A.24)
Now if we define the partial wave expansion of the amplitude as
M(s,0) = 167 > (2( + 1)ay(s) Py(cos b) , (A.25)
¢

then |as] < 1/2 in order for the partial waves to be consistent with the optical theorem
in perturbation theory, 7.e., the theory satisfies the constraint of perturbative unitarity.
Integrating the amplitude over cos 6 we find

1 s
agp (S) = 19? (—3 (30&1 + 40[2)2 + 1861 + 2462 + 40ﬁ3) F s (AQG&)
Py s

For ag, perturbative unitarity places a bound on a complicated linear combination of ¢y,
cs and ¢4. This degeneracy can be broken by considering scattering in boosted frame. In
contrast, if we demand |ay| < 1/2 when the external energies are both f, so that s = 42
then we find that ¢, > 0.31 if perturbative unitarity holds [32].

These bounds can be strengthen by considering scattering beyond the center of mass
frame. This is analysis was performed in [35], leading to the exclusion in terms of ¢; and
ay:

G =—o2 S5 O (A.27)

This is the bound shown in Fig. 2.

Consistency with the de Sitter Entropy

With some extrapolation, we can also apply these results to the consistency of the de Sitter
entropy discussed in Sec. 4. Concretely, we could observe more than a de Sitter entropy’s
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worth of modes if we could satisfy the inequalities

I 1 c3 A?
— - — 1——= 2 — A . A2
T (< 62) (9+3c) + 62) > B¢ > 5 (A.28)

S S

This appears to be possible when ¢, < 0.095, but we interpreted as a breakdown of EFT of
inflation as the cutoff dropped below the Hubble scale, A < H. We check this interpretation
by comparing it to the perturbative unitarity on ¢, of the d-wave amplitude, |a2(F)| < 1/2,

which implies [32]
E* c
7 < 307r1 — (A.29)

Although taking £ = H is not well-defined, since we are far from flat space (where the

unitarity calculations are performed) in that limit, we can still use this bound as a check on
our interpretation of the apparent violation of de Sitter entropy bound. Throwing caution
to the wind, we combine this inequalities using £ = H to find

8r?  H? ct

— < —<30 = A.30
BT o ( )

S

The only viable solutions to these inequalities occurs when
cs > 0.68 . (A.31)

We see that c¢s; < 0.095 clearly falls outside this region, so that it lies in the strongly
coupled regime derived using this naive interpretation of the partial wave unitarity bound.
The bound on ¢, from the de Sitter entropy is a clearly a weaker constraint, but has the
advantage that it applies in the de Sitter background directly.

For c3 # 0, the flat space perturbative unitarity bounds become more complicated, as
the s-wave amplitude depends on ¢, c3 and ¢4 (see Eq. (A.26a)). A proper comparison of
the de Sitter entropy and scattering based bounds would require the next (4“‘) order in
the derivative expansion in the Fokker-Planck equation which is beyond the scope of this
work.

B Solving the Fokker-Planck with Steepest Descents

In this appendix, we will present an alternate solution to the Fokker-Planck equation

0.2 62 Y3 83

0
EP(C;'C) = ja—ch(C;t) NS (C;t) (B.1)
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The basic idea is to use the Fourier transform to simplify the derivatives with respect to
(. Specifically, if we define

P((t) = /_oo dke™“FP(k; t) (B.2)

then the Fokker-Planck equation becomes

0 e\ 2‘72 373 )
EP(k,t) = (—k 5 — ik i P(k;t) . (B.3)

This can be integrated to obtain

2 2
P(k;t) = Cexp (—k AL ikSEt) . (B.4)

2 3!

To determine the probability distribution of {, we take the inverse Fourier transform

[e.e]

P(Ge) = C/ 472 3!

—00

A
dk exp <—i§k R z’k@t) . (B.5)

For large t, we might suspect we can calculate this integral using the method of steepest
descents. Specifically, we can deform the £ contour in the complex plane so that is goes
through a point k, such that

d o’ 3
— | —iCk — P —t —ik* =t =0 B.6
dk( i 2" "l )M ’ (B.6)
which occurs when
o? 273¢
k,=i— [ 1+4/1+ i ) (B.7)
V3 o°t

Noting 73 < A¢, we should take the — solution, since it lies closer to the real axis. We
will assume 87*y3(/t < 1 so that

QQ

—_— B.
2062 (B.8)

NG :
k, ~ i + 173
The resulting probability distribution can be determined approximately by using k = k,+k

2 3 o0 ]
P(¢;t) ~ Cexp (— ¢ + 2B ¢ )/ dle tAck?/(2m%)

202t 3! 062

~ ¢ exp <— ¢ + B ¢ > , (B.9)
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where C and C are constants. Here we used the fact the integrand is analytic in the region

enclosed by contours k € (—o00,00) and k € (—00,00) to obtain our final result.

This reproduces Eq. (3.14), which we derived from our exact solution. However, we
also see that the method of steepest descents will become problematic when we take
2v3(/(0%t) > 1. This corresponds to the same condition as above for the failure of the
Stochastic framework to reliably calculate the tail of the distribution.
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