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Abstract

We study entanglement negativity for evaporating black hole based on the holo-
graphic model with defect brane. We introduce a defect extremal surface formula
for entanglement negativity. Based on partial reduction, we show the equivalence
between defect extremal surface formula and island formula for entanglement
negativity in AdS;/BCFT;. Extending the study to the model of eternal black
hole plus CFT bath, we find that black hole-black hole negativity decreases until
vanishing, left black hole-left radiation negativity is always a constant, radiation-
radiation negativity increases and then saturates at a time later than Page time.
In all the time dependent cases, defect extremal surface formula agrees with island
formula.
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1 Introduction

Significant progress has been made in recent understanding of black hole information para-
dox [1L 2, B]. In particular the island formula for the radiation gives Page curve [28, 29] [30]
and therefore maintains unitarity. The development relies on the quantum extremal surface
formula (QES formula) for the fine grained entropy, which was inspired from the quantum
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corrected Ryu-Takayanagi formula (RT formula) in computing holographic entanglement en-
tropy [33], 134, [35]. While most of the recent studies have been centered on the von Neumann
entropy, we need more detailed information about the quantum state, such as more general en-
tanglement structures, to fully understand the black hole information problem. von Neumann
entropy is a unique measure characterizing entanglement between two subsystems A and B for
a pure state ¥ 4p. In this paper we want to study the entanglement between two subsystems
in a mixed state. In particular we study entanglement negativity in an evaporating black hole
with its Hawking radiation. There are several motivations to do so: First, the entire state
of black hole and radiation is not always pure. Second, understanding the rich entanglement
structures between subsystems of radiation is probably the key to understand how information
escapes from the black hole.

As the analogy of von Neumann entropy for pure states, entanglement negativity is an
important measure of entanglement in generally mixed states [4, [5]. The calculation of en-
tanglement negativity in conformal field theories has been developed via the replica trick
in [6l [7, 8, @]. The behavior of entanglement negativity was analysed in quantum many body
systems [11} 12 [14), 16, 17, 10k 15, 13, 55, H6, 19, 20, 18] and in topological field theories
[211 22], 23] 24], 25]. The entanglement negativity in large central charge limit (large ¢ limit)
was explored in [51I]. Several attempts have been made to understand the holographic dual
of entanglement negativity. In AdS3/CFTy, the lesson is that for two adjacent intervals, the
holographic dual of entanglement negativity is given by the entanglement wedge cross section
(times a constant factor)E] Based on this, the quantum corrected holographic entanglement
negativity and the island formula can be conjectured straightforwardly following the general-
izations of holographic entanglement entropy [40), 38].

In this paper we propose defect extremal surface formula (DES formula) for entanglement
negativity in holographic models with defects. Defect extremal surface is defined by extrem-
izing the RT formula corrected by the quantum defect theory [46]. This is interesting when
the AdS bulk contains a defect brane or string. The DES formula for entanglement negativity
is a mixed state generalization of that for entanglement entropy. Based on a decomposition
procedure of an AdS bulk with a brane, we demonstrate in this paper the equivalence between
DES formula and island formula for negativity in AdS3/BCFT3. We also compute the evolu-
tion of entanglement negativity in evaporating black hole model and find that DES formula
agrees with island formula.

Note added. While this paper is in completion, we get to know the preprint [72] in arXiv,
which has some overlap with this paper.

2 Review of entanglement negativity in CFT,

Entanglement negativity, or more precisely logarithmic negativity, is a mixed state entangle-

ment measure derived from the positive partial transpose criterion for the separability of mixed

states. It can be defined as taking the trace norm of the partial transposed density matrix.
For a bipartite system, the partial transpose p£ p of a density matrix psp is defined by

!There is also an alternative proposal given by mutual information times a constant factor [62].
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transposing only one part of the system, namely

(ia,d8|pk5 | kasts) = Giasls loaBl ka.jB) . (1)

where iy, jp, ka,lp are bases of H4 p (the Hilbert space of subsystems A, B), and the entan-
glement negativity is then defined as

E(A: B) = £ (pa) =log |l . (2)
where |O]; = Tr VOO is the trace norm.

2.1 Replica trick for entanglement negativity

It is possible to calculate entanglement negativity in (1+1)d quantum field theories in analogy
with the entanglement entropy by the replica trick.
The trace norm of partial transposed density matrix can be written in terms of its eigen-
values
Tr‘pTB‘zl—I-QZP\Z‘\ . (3)
<0

Thus the integer power of the partial transposed density matrix
e (p72)" =Y ar (4)
i

depends on the parity of n. Denoting n, = 2m and n, = 2m + 1 for some integer m, the
analytic continuation with n. and n, will lead to different results. If we take n. — 1, we
get our desired result of Tr | pTB|. If we take n, — 1, it only recovers the normalization
Trp’® = 1. This means that the correct way to perform analytic continuation is to consider
the even sequence n, — 1, i.e.

&= nlelgll log Tr (pTB)ne . (5)

To compute (B]), we can use the replica trick introduced in [6]. Consider the system
AB = AU B made of two disjoint intervals [uy, v1] U [ug, v2]. Sewing n copies of the original
system along the branch cut representing subsystems A and B forms a n-sheet Riemann
surface. The trace of the n-th power of the density matrix Tr p; 5 is the partition function
Zn/(Z1)™ on this n-sheet Riemann surface, with Z; the partition function of one copy of the
original system.

The trace of the n-th power of the density matrix can also be written in terms of branch
point twist fields as

Tr plhp = (T (u1) Tn (v1) T (u2) Tp (v2)) (6)

where 7, and T, are branch point twist fields with different boundary conditions.

Taking partial transpose of the density matrix pap with respect to the second interval B
corresponds to the exchange of row and column indices in B. In the path integral representa-
tion, this is equivalent to interchanging the upper and lower edges of the second branch cut in
pap. This interchange can be regarded as reversing the order of the column and row indices
in the subsystem B.
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Therefore, Tr(pg’BB)" is the partition function on the n-sheeted surface obtained by joining
cyclically n copies of subsystem A and anti-cyclically of subsystem B. And the n-th power of
the partial transposed density matrix can be written as

Tr (ph%)" = (T (u1) T (v1) T (2) T (02)) - (7)

We note here that throughout this paper, any n appearing in the calculation of entangle-
ment negativity using replica trick shall be automatically regarded as n..
2.2 Examples of entanglement negativity in CFT,

In this subsection we review the results of some examples in CFT. It is known that the
conformal weight of twist fields is

c 1
h7’n:h7‘—n5hn:24(n—), (8)

where c¢ is the central charge of the CFT.

Single interval We start with the four-point function in . Let v1 — ug and vy — uq, we
have

Tr ()" = (T2 (u2) T (v2)) - )

Setting n = n., we get

2

Ne _
Tr (Pi%) = ((Tn. 2 (u2) T, 2 (02))) (10)
with € a UV regulator. d,, is the OPE constant for the two-point function. And finally taking
analytic continuation n, — 1 leads to

/2

T IR T T \"e 2 0\° ¢ 12
o], = tim T ()" =t (£) == Soe(() 4210810 (11
where ¢ = uy — uj denotes the length of the interval. From [6] we know that for pure state,
entanglement negativity equals to Rényi entanglement entropy S of order 1 /2. The latter

is given by
() _ € (1 l)l (ﬁ) 12
S g\t Jlog{ ). (12)
With n — 1/2,
(12 _ ¢ (5)
S 5 log .- (13)

Seen from holography [52], the minimal entanglement wedge cross section in this case is the

RT surface. We can check that 3
E = 3 Eyw . (14)



SciPost Physics

Two adjacent intervals Let v; — ug in (7)), we have

Tr ()" = (T (u2) T2 (u2) T (v2)) - (15)

To keep it simple, set u1 = —¥¢1, uo = 0 and v = £ and all length are measured in the unit
of €. The conformal dimension of the double twist operator 7,2 and 7,2 is

c (n 2
hy2 = hs Eh,:(—>. 1
TR T T T a2 p (16)
Taking n = n. in (15)), we get
CT T2, T,

(Toe (—00) T2 (0) T, (£2)) = 3,

17)
r . 2h] o —2h1 7 (
51 662 e (61 +€2)4h e 2h‘ne

The OPE structure constant Cr, T2 Th 18 universal. We can actually fix this constant to be

ne

lim Cr 727, =2/ (18)

Nne—r1

by comparing the Rényi reflected entropy and the entanglement negativity, see appendix [Alf]
Taking n. — 1 and choose the normalization d; = 1, we have

T 010 >C/4 c 010 c
B 172 Loc/h g = T _ 12 ~log 2 1
’pA ‘1 > <€1 + 4y £ 4 8 (b1 +0la)e 4 082 ( 9)

Recall the entanglement wedge cross section [41]

c 1+/x
Ew = {GIOg I=ve

9

IAIA
8 8
IN A
N— =

(20)

S ol

with z the cross-ratio 0.0
1£2

xTr = , 21

(61 +d) (b2 +d) (21)

in which d is the distance between two intervals. To recover adjacent interval limit, one can
take d = 2¢ — 0,

& 2 €1£2 >
Eyw — —=1lo ( . 22
wsloel Cln T ) (22)
This again supports the relation
3

For the more general two disjoint intervals the entanglement negativity depends on four-
point function of a CFT, and it is challenging to compute and in most cases non-universal.
Numerical methods are required. In [6], the asymptotic behavior of entanglement negativity
of two disjoint intervals is studied. In the limit of z — 1, the entanglement negativity is
& ~ —{log(l — ). Following the monodromy method of Hartman [39], the authors of [51]
recovers this result in the large c limit.

2This is an assumption that the entanglement negativity and half the n = 1/2 Rényi entropy coincide in
the large ¢ limit, which is also the starting point of this paper. We will discuss this in detail in sec
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3 Holographic results and island formula

3.1 Holographic computation of entanglement negativity

Kudler-Flam and Ryu proposed that the holographic dual of CFT logarithmic negativity
E(A : B) is proportional to the entanglement wedge cross section in the classical gravity
limit of AdS/CFT [52, [53]. They provided a derivation of the holographic dual of logarithmic
negativity based on the observation that n = 1/2 Rényi reflected entropyﬁ and entanglement
negativity may coincide in the large ¢ limit of CFTy

L oay2
€=55:"", (24)

where Sﬁ{n) is the Rényi reflected entropy of index n. It is therefore conjectured that the
negativity has a holographic dual which is proportional to the area of the wedge cross section
I" in the dual AdS space

3 3 Areal[l]
E=obw ="y -

Several checks have been done to support the conjectured formula :

(25)

e In [52], the results from holographic calculations agree with the CFT results derived by
monodromy method in [51] near x ~ 1.

e In [53], the four-point function of twist operators are calculated using the Zamolodchikov
recursion relation numerically and the authors find that the negativity matches the
entanglement wedge cross section with a high precision.

However, as pointed out by Dong, Qi and Walter in [54], the above derivation assumes the
dominance of replica symmetric saddle. In general the replica non-symmetric saddle could
dominate, which may take the holographic dual of logarithmic negativity for two disjoint
intervals away from the wedge cross section. In this paper we will restrict ourselves to adjacent
two intervals.

Kudler-Flam and Ryu also conjectured the quantum corrected logarithmic negativity for-
mula

E(A:B) = ;’W + &P (1 b) + O(GN) , (26)

where the entanglement wedge of AB is divided into two regions a,b by the cross section
0a N db, and A is the area operatorﬁ EPulk(g : b) is the logarithmic negativity for the density
matrix fgp of the bulk field theory, as shown in fig[l]

The quantum corrected logarithmic negativity formula is similar to the Faulkner,
Lewkowycz and Maldacena (FLM) formula of entanglement entropy [37]. Notice that FLM
formula only computes the first two orders as an approximation. Engelhardt and Wall proposed
that holographic entanglement entropy can be calculated exactly [38] in bulk Plank constant
using the so called QES formula which extremizes the generalized entropy (which coincides

3In a recent paper [75], the authors found counterexample (given by a special quantum state) where the
reflected entropy is not a correlation measure. However, reflected entropy is still a valid correlation measure
for holographic states [76]. See also [77] for the monotonicity property of reflected entropy in free fields.

*Here we focus on the static case and employ quantum extremal surface (instead of RT surface of AB) to
define the entanglement wedge of AB.
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Figure 1: Schematic picture of quantum corrections to entanglement negativity . The
quantum corrections come from bulk matters.

with FLM if evaluated on the classical minimal surface)ﬂ In the same spirit, it is tempting
to conjecture a quantum extremal cross section which can provide exact result for logarithmic
negativity. This leads us to the QES formula for logarithmic negativity

r_
E(A: B) = extqy {2 Area(Q4C—;N@a AL

+ ebulk(g b)} , (27)

where the quantum extremal cross section is denoted by @’. We emphasize that A and B are
adjacent intervals.

3.2 Island formula for entanglement negativity

It has been found recently that QES formula can be generalized to island formula for von
Neumann entropy. See [32] for a review. Given that there is a QES formula for logarithmic
negativity, it is tempting to generalize it to gravitational system. In later sections we will dis-
cuss explicitly the two-dimensional eternal black hole + CFT model of black hole evaporation,
where the generalizations of QES formula for logarithmic negativity can be justified. There a
black hole version of the generalized QES formula can be easily written down

3 Area(Q' = by, N ObR)

£(By, : Bg) = min exty {5 e + &y, : ﬁbR)} ; (28)

where b7, and bg are the entanglement wedges for left black hole and right black hole respec-
tively. Accordingly the island formula of logarithmic negativity for radiation isﬁ

/
£(4: B) = minextoy {5 L ZOBA NILE)
N

We emphasize again that A and B are adjacent intervals. In the remaining text, we refer to
the first term in {- - - } of or as “area term” and the second term as “matter term”. We
call the entirety in {---} “the generalized (entanglement) negativity”. We leave more detail
discussions about island formula of logarithmic negativity to seclf] and sec[7] We also note
that in [71], the island formula is obtained by considering the Rényi reflected entropy in large

¢ limit through E|

5See [43] for further discussions.

SIn the context of AdS/CFT [52, 53], the prefactor 3/2 in is true only for 3-dimensional bulk geometry.
We will see that the coefficient is still preserved in the 2d effective theory description following partial Randall-
Sundrum reduction. The detail will be discussed in sec

"See also related works [59) 60, 61, 62 [63], [64] [65], 66, [67), 68, 691 [70 [72], [73], [74].

+E(AUTS(A) : BU IS(B))} . (29)
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4 Holographic BCFT model with bulk defect

In [42], Takayanagi proposed a holographic dual for BCFTy by considering a classical AdSs
bulk truncated by a boundary codimension-one brane () with Neumann boundary condition
imposed on it. The bulk action can be written as

/FRQA /FKT) (30)

167rGN 87TGN

where B and (@) stand for the bulk and the brane respectively, and T is the constant brane
tension. By variation of the bulk action, we get the Neumann boundary condition on the
brane

Kap = (K = T)ha , (31)

where hg is the induced metric and K, the extrinsic curvature of the brane. The AdS3z bulk
metric can be written as

—dt? + dy?
ds? = dp* + 1% cosh? ? . #
) Y (32)

l
= ;(—dtQ + dz? + d2?) |
with [ the AdS3 radius, and the relation between the coordinates (p,y) and (z, z) is as follow

z= —y/cosh? , x= ytanh? : (33)

Assume that the brane @ is stationary at a constant position p = pg > 0, where the constant
po is related to T by [406, 47, [48]

tanh (22
T:nl(l). (34)
In the remaining part of this paper, we also use the polar coordinate 6, which is related to p
via Colsg = cosh( ) thus the brane is located at
_ po\1~1
0y = arccos |cosh 7 >0. (35)
The boundary entropy can be evaluated from the disk partition function. The difference of
the partition function between p = 0 and p = py is given by Ir (po) — Ip(0) = —3Z-. Then
we obtain the boundary entropy
Po
Shay = —— 36
bdy = Jan (36)

Now we introduce the Holographic BCFT model with conformal matter on the brane. This
model is inspired by the work of Almheiri, Mahajan, Maldacena and Zhao [29] but we treat
the theory on the brane differently. Instead of replacing the brane matter by a part of AdS
wedge, we treat the conformal matter as defect theory on the brane embedded in the bulk.
Moreover, we obtain the 2d gravity on the brane from the partial Randall-Sundrum (R-S)
reduction of the bulk.

Similiar to [29], our model has three alternative descriptions as illustrated in fig2}
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AdS, bulk CFT + gravity

3d-Gravity 2d-Gravity QM

Figure 2: Three different descriptions of the holographic BCFT model.

e 3d-Gravity: 3d gravity theory in AdSs with an End-Of-the-World (EOW) brane as a
bulk defect on part of the space (x < 0), and with a rigid AdS boundary on the rest
(x > 0). There is conformal matter on the EOW brane.

o 2d-Gravity: 2d CFT + gravity theory living on z < 0 coupled to a 2d CFT living on
x > 0. The gravity is obtained by partial R-S reduction.

e QM: A two-dimensional CF'T on the half-line z > 0 with particular boundary degrees of
freedom at x = 0. This description should be viewed as the fundamental one.

Now we describe how to change from the 3d-gravity description to the 2d-gravity descrip-
tion via partial R-S reduction and AdS/CFT correspondenceﬁ As illustrated in ﬁg starting
with the 3d-gravity description, we first decompose the AdSs bulk into W; and Wy, where
Wy is half the entire AdSs space. For Wi, we perform the brane world reduction, or the
Randall-Sundrum reduction [45], along the extra dimension p to obtain a 2d gravity theory
on the EOW brane Q). For Wj, we replace it with the half-space CFT according to AdS/CFT
correspondence. Finally we get the 2d effective theory which is a brane gravity theory with
CFT on it glued to a flat half-space CFT. Note that during this process, as shown in fig[3]
the part of the geodesic in Wj (i.e. the red arc in ﬁg, whose length is arctanh(sin ), is
reduced to the area term in the island formula of the 2d effective theory description, and
this explains the 3/2 coefficient of the area term in the island formula .

flat CFT

arctanh(sin 6y):

Figure 3: (Modified from [46]) The reduction procedure, during which W is reduced to the
gravity on the EOW brane and Wy is dual to a flat half-space CFT. The part of the geodesic
in Wy (the red arc) is reduced to the area term in the 2d effective theory description.

The effective Newton constant on the EOW brane is

1 Lo c .
= —— = —arctanh(sinfy) . 37
1GP 4Gy 6 (sin fo) 7

This is interpreted as boundary entropy in the original AdS/BCFT proposal [42].

8Details of this reduction can be found in [48].

10
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Discussion: Karch-Randall braneworld model. Here we add the discussion on the
relationship between our model and the model proposed in [78| [79], where the AdS bulk
bounded by Karch-Randall brane is expected to be dual to two CFTs and the one on the
brane may be called as an inherent CF'T. This is not our perspective in this paper. By partial
reduction we perform explicit dimension reduction (which may not be applicable in higher
dimensions) for the AdSs gravity action between Karch-Randall brane and the tensionless
brane. The resulting 2d gravity is therefore equivalent to 3d gravity in that region, which means
that we do not need additional duality to translate this part AdS gravity to some inherent
CFT. In our set up we treat the brane CFT as a bulk defect representing some bulk degrees
of freedom from the beginning. Our perspective has received a bunch of tests [406], 47, [48].

5 Entanglement negativity on bulk defect

Now we return to the 3d-gravity description and calculate the entanglement negativity on bulk
defect. If the tension of the EOW brane @) is zero, the EOW brane will be orthogonal to the
asymptotic boundary. By adding matter or turn on the tension in the viewpoint of [42], the
EOW brane can move to a position with constant angle 6. According to [30], the CFT on
AdSs can be mapped to a BCFT in flat space via a Weyl transformation. The Weyl factor
can be read from the induced metric on the brane ds? == Q7%(y)ds3,,, i.e.

y cos g

o) = |2 (39)

5.1 Single interval [0,y| on the brane

From [§], the calculation of a single interval [0,y] including the boundary point means con-
sidering the one-point function of the double twist operator 7,2 inserted at y. The conformal
invariance fixes the form of one-point function on a flat BCFT and by the analysis of twist
operators in 8 44] [
gn

T2 (y = (Too(y))> = —I" 39

(T = Ty = o (39)
with €, the UV cut-off on the brane.

From Weyl transformation , the one-point function on the brane is

2h,, 2h,,

<7;l2(y)>ﬂat =9n

1y cos b

(T = [

€y cos tp
21

(40)

Finally, the entanglement negativity on the brane is obtained by taking n — 1 of the brane
one-point function

gdefect = 71113111 10g <7;12(y)>Q

c (41)
= —log +logg .

4 €y cos Oy

9From now on we will use (- - )., for correlation function on flat BCFT, (- *)o for correlation function on
brane, and (---) for correlation function on flat CFT.

11
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In our model, the boundary do not admit physical degrees of freedom, so we can pick log g = 0.
Notice that in this case the entanglement negativity on the brane is a constant and does not
depend on the length of the interval.

5.2 Single interval [y, y2] on the brane

Now we derive the the entanglement negativity on the brane for a single interval [yi,y2].
Following [8] we insert two double twist operators 7,2 and 7,2 at y = y; and y = y» respectively.
Applying Weyl transformation, the two-point function is given by

’
2h,,

(T2 )T (42))gae - (42)

/
y1 cos By 2hn,

l

1y cos g
l

(T2 T2(2)) =

Using the doubling trick, this BCFT two-point function can be seen as a four-point function
in the full plane. Employing the same trick developed in [44] for BCFT entanglement entropy,
one can find analytical results in the large ¢ limit.

Inspired by the holographic calculation [44] [39, 40], we expect that the BCFT two-point
function has two possible dominate channels: the operator product expansion channel (OPE)
and the boundary operator expansion channel (BOE). This corresponds to different way of
doing operator product expansion, see [44]. The dominant channel can be determined by the
cross-ratio

n(y1, y2) = ( Ay (43)

Y1 —y2)?
From the holographic side, this two channel endures a phase transition due to the change of
RT surface from the connected phase to the disconnected phase.

OPE channel Ifn — oo, the OPE channel dominates. The corresponding two point function

1S ’
4h,,

- €
(T2 T (W2) ) gy = y74h/ ; (44)
(Y1 — y2)*m
The entanglement negativity is derived from (42)):
P(y1 — y2)?

& =< 1
=—lo .
defect 4 g U1 y2612/ P 90

(45)
BOE channel If7n — 0, the BOE channel dominates. The corresponding two point function

1S ’
4(1-n/2) 4h.,
€y

= g
T2(y) T, (y =2 v 46
< n( 1) n( 2)>ﬂat (4y1y2)2hn ( )
The entanglement negativity is then:
c 21
& =—log— . 47
defect 2 og €, COS 0o ( )

By the same analysis in [46], in the large ¢ limit, OPE channel dominates when n —
00, otherwise the BOE channel dominates. Equating these two results, we have the phase
transition point at n = 1.

12
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5.3 Adjacent intervals [y;,y»] and [y, 00| on the brane

For adjacent intervals on brane, we need to consider a different boundary two-point function.
We insert 7, and 7,2 at y = y; and y = y respectively. The two-point function would be
2h.,

<7;L(3J1)722(y2)>ﬂat . (48)

y1 cos by 2hn

l

Yo cos by
l

(Ta(y) T (y2)) , =

BOE channel By the same analysis as above (also see ﬁg we break the two-point function
into product of two one-point function, so the method in [44] still works. The result reads
(3-2n) 2hn+2h],

— 9 Y
<7;’L(y1)7;’b (y2)>ﬂat - (2yy)2hn (2y2)2h; , )

thus the entanglement negativity is

c 21
gdefect = = log

) 50
4 €y cos Oy (50)

Y2 Y% U1 Yo

OoPE,*

Figure 4: (Modified from [48]) Left: The holographic dual of possible channels. The boundary
point of the brane BCFT is dual to an EOW brane denoted by the dashed vertical line. The
RT surface for A U B is denoted by the red arc. From the field theory point of view, the
BOE channel corresponds to a product of two one-point BCF'T correlators. Right: The OPE
channel corresponds to a four-point function on a whole CFT, and the four-point function
duals to the cross section (blue dashed arcs).

OPE channel For the simple case in which there is no degree of freedom on the boundary,
we can evaluate the analytic results by making use of the doubling trick. The doubling trick
maps a BCFT to a chiral CFT on the flat plane. The BCFT two-point function is now mapped
to a four-point function in the chiral CF'T, which is in general hard to compute. However, if we
assume large ¢ limit and vacuum block dominance, this four-point function can be calculated
numerically and one can check that the dominate channels are indeed the ones corresponding
to the holographic configurations, as illustrated in figlfl In Appendix [B] we give a numerical
check and show that™]

lim (7o (y1) 77 (92)) gy = i (T2 (=) T (—y) T () T2 (2))
c/4 (51)

— 9(c/2)/2 (Y2 + 1) (Y2 — y1)
(2y1)ey

101y we use 7' and T’ to represent the chiral operators, which have half the conformal weight of the
original operators.
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The entanglement negativity on bulk defect is then obtained,

21

C
E =—log ——— 52
defect 4 0og fﬁy COS 00 ( )
with 5
Y291
€ =95 _ 95" (53)
Ys —

Note that the £ defined here is slightly different from the ordinary cross-ratio. At large c limit,
the OPE channel dominates in the case of £ > 1, while the BOE channel dominates in the
case of £ < 1. The critical value & =1 is given by equating and .

5.4 Adjacent intervals [0,y2] and [y, ys3] on the brane

Following the previous twist operator calculation, we insert 7,2 and 7, at y = yo and y = y3
respectively. The two-point function would be:
2h,,

Y3 cos by 2

l

Y9 cos By
l

(T (y2)Talys)) g = (T2 W2) Tn(Y3) ) gy - (54)

BOE channel The two-point function is given by

g(3—2n)€2h;+2hn
y

, g
(T (W2) Tn(¥3)) o = o2y (55)

as above, thus the entanglement negativity for BOE channel is

c 21
& =-—log———. 56
defect 4 0og €, COS 00 ( )
OPE channel In this channel the entanglement negativity is
c 21
E =-log——— 57
defect 4 og ’ffy CO8 00 ( )
with 5
Y3y2
£= 53, (58)
Ys — Y3

and the phase transition point is also at . = 1.
6 Defect extremal surface for entanglement negativity

In this section, we will propose the defect extremal surface formula for entanglement negativity
and compare the results from DES and island formula in single interval and adjacent intervals.

14
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6.1 DES: the proposal

In the 3d-gravity description, we consider a quantum theory living on the defect which is
regarded as a part of the full bulk theory since it is coupled to the bulk. When the classical
RT surface terminates on the defect, the defect theory should contribute to the entanglement
negativity. Following the idea of [46] we propose the defect extremal surface formula for
entanglement negativity including defect contributio

3 Area(I")

EpEs = Iff%? {eXtF,X [24GN + Edefect [D]” , X=I'nD, (59)

where I' is a 1d curve in AdSs, D denotes the defect, and X is the 0d entangling surface
given by the intersection of I' and D. Egefect 18 the entanglement negativity on bulk defect,
which is derived in the previous section. We will call the [---] part of “the generalized
negativityﬂﬂ7 with its first term “the area term” and the second term “the defect term”.

6.2 Single interval [0, u]

Y

Figure 5: The case of a single interval [0, u]. The blue area denotes the entanglement wedge
of this single interval.

6.2.1 DES result

In this case we consider a single interval which contains the boundary point. The curve I' can
only end on the brane, as shown in figJs] Assuming that the intersection point X is located
at y, then the length of " can be derived from the same geometric analysis in [46]. We denote

; y? + u? + 2yu sin by

60
2(u + ysinby) (60)
% 4+ 2yusin fy — y? cos 26
‘96 _ arcsinu + 2yusin (') Yy~ cos 20 . (61)
u? + 2yu sin 6y + 32
The generalized negativity is given by considering both contributions in (59))
c 20 ¢ ) c 2l
ggen (y) = Earea + gdefect = 1 log Z + Z arctanh(sm 96) + Z log EyCTeO , (62)

" Our proposal eq, only works for matter localized at EOW brane, and should be improved for the cases
that the bulk matter is distributed in a more general fashion. In the DES formula, both extremizations over
the local shape of RT surface and the location of the end point are involved. The geodesic connecting two
given points is unique.

12Since we will always distinguish the calculation from DES and island formula, the generalized negativity
here will not be confused with the generalized negativity in or , and the same is true for the area term
below.
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where ¢’ denotes the central charge of the defect CFT, and we use the single interval bulk

defect result .

In order to extremize Egen(y), let OyEqgen(y) = 0, the intersection point of defect extremal
surface and the brane is located at

y=u, (63)

which means that the extremal surface is the same as the RT surface. This is expected because

Edetect coming from brane matter is a constant. The resulting entanglement negativity from

DES is , / y
Epps = E log =4l arctanh(sin 6p) + ¢ log

4
€, 4 4 (64)

€y cos O

6.2.2 Island result

Here we switch to the 2d-gravity description. Since we have already proposed the island
formula of the entanglement negativity, i.e. and , we will calculate it explicitly below.

In this case, it can be viewed as a single interval with length v + y. From the calculation
in [46], we can see that

2
C xrKT — X
Eet (xl,x2)=4log( o1 — | > , (65)

€162 (x1,71) Q (22, T2)

where €1 2 are the UV cut-offs and 2 comes from the Weyl factor of the metric ds? = Q2dzdz.
Thus we derive the matter term

c (u+1y)2l
off = — log ———— .
Eot 4 8 €y €yY cOs by (66)

The generalized negativity is obtained by adding the area term

5gen(y) = geff([_:% U]) + 5area(y)

c (u+ )2l c . (67)
= —log —————— + —arctanh(sin ) .
1108 ey cos O + 7 arctan (sinfp)

Extremizing gives the location of the quantum extremal surface
y=u, (68)

which is the same as the end point of the defect extremal surface. The entanglement negativity
is

4ul
EqQrs = ¢ log = 4 ° arctanh(sin 6)
4 €u€ycostpy 4 (69)
c1 2u+c tanh(si 0)—|—Cl 21
= —log — + — arctanh(sin —log ——— .
4 geu 4 0 4 geycoseo

If we consider the simple case that ¢ = ¢, this result would recover our previous result
. The bulk DES result agrees with the QES result from island formula.
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Uy Ug

Y1

RT
Ya !

RT,

Figure 6: The disconnected phase of a single interval [u1, us]. Disconnected phase means that
the RT surface intersects with the brane.

6.3 Single interval [ug, us]
6.3.1 DES result

Here we consider a general single interval which does not contain the boundary point. In this
case the entanglement negativity has a phase transition due to the variation of the cross-ratio
between the operators. Note that the “phase” below always refers to the phase of the BCFT
on the rigid AdS boundary.

Phase-I: connected phase In this phase, the extremal surface does not intersect with the
brane. Thus the defect term Egefect vanishes and the generalized entanglement negativity is
given by the boundary contribution only, i.e.

Eoen = = log —~ | (70)
which is a trivial single-interval result. See [8] for exact calculation.

Phase-II: disconnected phase The defect extremal surface terminates on the brane as
shown in ﬁg@ and the entanglement negativity of an interval [—y;, —y2] on the brane con-
tributes. When the cross-ratio on the brane n — oo, the generalized negativity is given by

ggen(yla y2) :€F1 + €F2 + gdefect

c y% + u% + 2y1uq sin 6y u% + 2yquq sin 6y — y% cos 26y
=—|lo . + arctanh . : >

4 (u1 + y1sinbp)ey ui + 2y1ug sin by + vy

4 log Y3 +ul + 2@{2U2 sin @y + arctanh u} +22y2u2 sin 99 — Y3 CO; 260 (71)

(u2 + Y2 s1n 90)611 us + 2youo sin g + Y3
12 _ 2
Flog L))
Y1y2€; cos? by
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By extremizing Egen(y1,y2) with respect to y1 and y», we find that 9yEgen(y1,y2) < 0 for any
y1 and yo thus there is no extremal surface. When n — 0,

Egen (Y1, ¥2) =Er, + €1y + Edefect

c y% + u% + 2y1uq sin 6y u% + 2yquq sin 6y — y% cos 26
=—| lo : + arctanh 5 : i}

4 (w1 + y1sinfp)ey u? + 2y1uy sin Oy + y3

+ log y% ki u% ha 2?%2% sin b + arctanh u% + 22y2u2 sin 9(.) — y% CO; 260 )

(u2 + Y2 s1n HO)Eu uy + 2y9us sin Oy + Y5
21
+ 2log ) .
€y cos ty

By extremizing Egen(y1,y2) With respect to y1 and o, i.e. Oy, Egen (Y1, Y2) = OypEgen (Y1, y2) = 0,
we get the location of the intersection of defect extremal surface and the EOW brane

Y1 =u1, Y2 =uz, (73)

which means that I' is the same as the RT surface. Following DES proposal we obtain

2 2
EpEs = ¢ <log Y log 29 arctanh(sin 6p) + 2 log > . (74)
4 €u €y €y cos b
To summarize, the final results are
Clog (azu2) 7 — 00
s = {2 log 432 | 2 arctanh(sin fp) + 2 log —2 0 (75)
g [og &% + 2arctan (sinf) + 2log = COSGO} , n—0.

6.3.2 Island result

Phase-I: connected phase In this case, the negativity only includes the matter term

(uz —w1)

C
5QES = 5 log (76)

Phase-II: disconnected phase Since the brane CFT is coupled to gravity, we should
consider the contribution of the interval [—y;,—y2] on the brane. The end points of the
interval have corresponding area term which is given by

1

Earen =2 X ——— = Eawctanh(sin o) - (77)
2 2

Considering the derivation of the negativity of multiple intervals at large ¢ in [39] 1], the
generalized negativity is given by

ggen(a7 b) =Earea + geff([_ylv _yQ] U [Ula UQ])

c :
:iarctanh(sm o) (78)

— log

e (g —ye)Pur —u)?? e (un +y1)?(ug + y2)?l?
+ min ¢ 7 log 2.2 o2 ’ 2.2 o2 ,
4 Y1Y2€5,€, cos® by 4 Y1Y2€5,€, cos® by
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where the two terms in {} correspond to the n — oo and n — 0 case respectively, with 7
the cross-ratio defined in . We note that the general analytic behavior of entanglement
negativity in this case is very different from entanglement entropy [51], the critical point of
n (the phase-transition point) should be determined by numerical calculation, but it will not
affect our current discussion. As we have assumed the large ¢ limit, from holographic side we
can determine the critical point 7. by equating these two results.

In the minimization procedure, we can see for the first term 0y,Egen(y1,y2) < 0, which
means that there is no extremal point. Taking extremization of the second term gives

Yyr=u1, Y2 =1uz. (79)
Thus the final negativity is given by
c . c 16uqugl?
gQES = §arctanh(sm 6()) + 1 log m . (80)
To summarize,
c (uz—u1)
5log *—=—=, n >N
gQES Y 1 4ufu2 2 tanh(sin 6 21 2l (81)
Z[og?—k arctanh(sin 6p) + oggycoseo} , n<ne,

which is exactly the same as .

6.4 Adjacent intervals [0, us] and [ug, vs]

Figure 7: The case of adjacent intervals [0, us] and [ug, va).

6.4.1 DES result

In this case we consider adjacent intervals on the boundary including the boundary point of
BCFT, as illustrated in fig[7] Let I' be the minimal surface in AdS3 with two endpoints us
and y1, thus the area term is given by

3Area(T')  3L(y1)
Z = . 2
2 4Gy 8GN (82)

Earea -

Now we combine the result with the calculation results from sec[5.4] For £ < 1 the defect
contribution is constant. Extremization of Eeen(y1) over y1 gives the location of the intersection
point of defect extremal surface and the brane:

Y1 =uz, (83)
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which leads to

c 2u c . c 21
Eprs = exty, {Earea + Edefect } = 1 log 6—; + 1 arctanh(sin 6p) + 1 log eycTHO . (84)
For £ > 1, we have
3L 21
Egen = (1) + < log ———— (85)

8GN 4 T &eycosby

For (85)), we found 8y, Egen < 0. So there are no extremal surface and brane contributions.

6.4.2 Island result

Note that in large ¢ limit, the four-point function factorizes. The RT surface in the outer side
serves actually as an IR cut-off so it does not contribute to the negativity. When £ < 1, the
four-point function factorizes as

(Tay2) T2 (1) Tt (u2) To(v2)) = (T2 (1) T2 (u2)) (T (y2) Tu(v2)) (86)

which leads to ( 2

c uo + y1)°1

Eef = — log —————— . 87

off = 4 & €u€yY1 cos by (87)

Adding the area term and doing extremization over gy gives us = y1, as we expected. The
entanglement negativity is

2u9

Epis = exty, {Earea + Eet} = Zlog — + % arctanh(sin 6p) + ¢ log

. 88
€u 4 €y cos By (88)

We can see precise agreement between and .

7 Time dependent entanglement negativity in 2d eternal black
hole

In this section we investigate the time dependent entanglement negativity in the 2d eternal
black hole emerging from the boundary effective description of the AdS3/BCFTy setting [47,
48]. In sec@ we demonstrate the consistency between the entanglement negativity computed
by the bulk DES formula and that computed by the boundary island formula for a static time
slice. Now we further consider the time dependent case and show that this consistency still
holds. We also calculate the time evaluation of the entanglement negativity between different
parts of this black hole system.

7.1 Review of the 2d eternal black hole system

Firstly we look at the emergency of the 2d eternal black hole. In sec[] we see that the
holographic dual of BCFT9 is an AdSs bulk bounded by its asymptotic boundary and an
EOW brane. The Euclidean AdS3 metric is given by

12
ds? = Z—Q(dT2 +da? + d2?) (89)
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and the EOW brane is placed at plane 7 = —ztanfy as depicted in ﬁg(a). To clarify the
physical interpretation, we perform the following conformal transformation

B 2(:5/2 +7_/2 + Z/2 _ 1)
- (T/+1)2+x/2+zl2 ’
4z’
r= (' + 12+ a2+ 22" (90)
B 4z
()24 a2

x -
tl
e
o =
7 conformal % T Wick
0o map rotation
£ ; EOW brane 2!
/ Ly AdSbuk
€) (b) ©

Figure 8: (Modified from [47]) (a) The bulk description of the Euclidean BCFTy. (b) The
geometry of our model after the conformal transformation , with the BCFT5’s boundary
mapped to a unit circle (91) and the EOW brane mapped to a spherical cap . (c) The
Lorentz geometry of the AdS3/BCFTy model.

As shown in fig§(b), the conformal transformation maps the BCFTy’s boundary
(T =2 =0) to a unit circle

2+ =1, (91)
and the EOW brane to a spherical cap
(2 +tanp)? + 2" + 7% = sec? 0y , (92)
while preserving the metric form
l2
ds? = ﬁ(dTQ +da’? + d2"?) . (93)

Employing the decomposition reviewed in sec[d] gives the 2d effective boundary description
in which the EOW brane is a gravitational region and it is surrounded by a bath CFT as
depicted in ﬁg(b). To see where is the black hole, one can analytical continue the Euclidean
time to Lorentz time (7/ — it’) as shown in fig[§|c). In Lorentz spacetime, the boundary of
the EOW brane becomes 2’2 — "2 = 1. We then introduce the Rindler coordinates (7', X)

' =eXcoshT, t =eXsinhT . (94)

In this coordinate system the metric takes the form as Rindler space thus describes the near-
horizon geometry of a black hole [47].
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7.2 The entanglement negativity between black hole interiors

In this section we study the entanglement negativity between black hole interiors, i.e. B
and Bp shown in figl9] Following the setting in [47, 48], the black hole is identified as the
space-like interval with Q(t, —x() and P(t(, z() as its two endpoints. We will first perform
our calculation in Euclidean coordinates (7,x,2) or (7/,2’,2'), then analytically continue to
Lorentz coordinates by 7/ — it and finally use to get the time evolution.

Q By Br P 2 Q By Br P 2

(b)

Figure 9: (a) The connected phase of the extremal surface for the black hole. (b) The discon-
nected phase. In this phase an island (Q'P’) appearing in the middle separating the whole
black hole into two parts. From now on we will use solid blue lines to represent the extremal
surfaces, light blue regions for entanglement wedges, dark blue regions for EOW branes, black
dashed lines for entanglement cross sections Eyy, solid red lines for black hole regions and solid
black lines for islands.

7.2.1 Bulk description

Phase-I: connected phase To calculate £(Bf, : Br) from the bulk point of view we first
need to determine the entanglement wedge of By, UBpr. As shown in ﬁg@(a), the entanglement
wedge of the whole black hole is the light blue region bounded by a space-like interval QP on
the boundary and the extremal surface which is a geodesic connecting @@ and P in the AdSs
bulk. The cross section connects the extremal surface (the blue arc in fig[9)(a)) and the EOW
brane (the dark blue region). To employ the DES formula (59), one has to combine the area
term from the cross section with the defect term from the defect contribution and then do
extremization. The defect term in is given by the single interval result , ie.

c 21
5defect(BL : BR) = 1 log m ) (95)
Y

which is a constant thus the extremization only needs to be performed on the area term. The
calculation of the minimal cross section is similar to eq.(5.20) in [48], which gives

12 12 12 12 12 2

x5 + 7 —1+\/4a:0+(70 +af —1) cos 0y
tr Area(I') =1 |1 1 96
extr Area(I") og 2, + log T sinfy (96)

Finally the BH-BH entanglement negativity in the connected phase is given by

x’2+762—1+\/4a:62+(7'62+x62—1)2 sh 21
EXU(By : Bg) = |log — 1 0
conn (Br + Br) 1|9 2z, tog 1 — sin g tlog €y cos by

(97)
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Phase-II: disconnected phase As shown in ﬁg@(b), in the disconnected phase the ex-
tremal surfaces intersect the EOW brane at Q' and P’ and the region Q'P’ corresponds to
an island. The island splits the black hole thus the entanglement wedge of By and Bpr are
separated, resulting in a vanishing area term. The defect term is given by

gdefect = }}_)Hll lOg QQQ@HQ%}L” <T ﬁl( )>ﬂat

han ypr cos B 2h (98)

l

Y@ Cos 00
l

IOg <T 7_;1( )>ﬂat :

= lim

By using the doubling trick one can express the two-point correlation function on BCFT as a
chiral CF'T four-point correlation function on the whole plane

(To(@)Tn(P)) gy = (Ta(@)TH(PTH(P)THQ™)) (99)

where P"(y = —719,2 = x0) and Q"(—70, —x0) are the mirror images of P’ and Q' with
respect to the plane 7 = 0. Assuming the large ¢ limit, then the correlator is factorized into
contractions

(@ TP TR(P)THQ")) = (Ta(P)Ta(P")) (TH(Q)TH(Q")) - (100)
The two-point function is given by (note that the power is halved due to the chiral operators)
(TUPYTP")) = lim du| P'PY[H/% = 1, (101)

n—

thus the defect term vanishes in this case. Finally the BH-BH entanglement negativity in the
disconnected phase is given by

gk (Bp:Bgr)=0. (102)

disconn

7.2.2 Boundary description

Phase-I: connected phase To employ the boundary island formula we first calculate the
matter term, which is given by the three-point correlator

Een(By : Br) = lim log Q4" (T.(Q) (O Tu(P))

/ (103)
. 2h], _opn! _op’ I _4h, ’
_ 7111_>111110g90/ Cgb—zj—27—|0/Q| 2hn|OlP| Qh"‘QP‘Qh" 4h EZhn ,
Inserting |0'Q| = |O'P| = /(70 +y)? + 2% and |QP| = 2z into (103) and combining the
area term gives
2 2
bd , _c x5+ (10 + y) .
EXY (B, - Bg) = i {log T3t +log 2 + log R T — + arctanh(sinfp)| .  (104)
Extremizing (104) over the position y gives y = \/22 + 73, thus the final result is
70 + /78 + 73
EPY (Br : Bp) = 2 log 0 04 log + arctanh(sinfp) | , (105)

o €y cos by
which agrees with .
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Phase-II: disconnected phase In the disconnected phase the two parts of black hole do
not intersect as shown in ﬁg@(b), thus in the boundary calculation there is no area term
contribution and we only need to consider the matter term, which is given by the four-point

correlation function

EPY(BL . BR) = Ea(By : Bp) = lim log Q2 QP (T (@) T (@) To(P)To(P)) . (106)

gen

As implied by the disconnected extremal surface illustrated in ﬁg@(b), assuming large c¢ limit,
this four-point correction function factorizes into two two-point functions

(Ta(@) T (@) Tn(PTa(P)) = (T(Q)Tn(Q")) (Tu(P)To(P)) = 1 . (107)
Thus in this phase the boundary result is
gglizonn(BL : BR) =0, (108)

which is consistent with the bulk calculation.

E(B{‘BR)

: : : — | | ' =T
0 1 2 3 4 5 6 7 8 9 10

Figure 10: The entanglement negativity between black hole interiors (in the unit of §) with

respect to time 7" for Xo = 1 and 0 = ¢, 7, 5. We pick ¢, = 0.1 and [ = 1. The dash lines
refer to 3 3 mutual information, which decreases to zero at the Page time.

7.2.3 Time evolution

Here we rewrite the results of £(Bp, : Br) in the Rindler coordinates (7, X) using

c 82X0—1+\/462X0 cosh? T+ (e2X0—1)2 cos 0
E(BL . BR) _ {4 {IOg 2eX0 cosh T + log 1—sin090 +1lo 0g €y cos«% T <Tp
0, T>1Tp,
(109)

where Xy is a fixed constant describing the black hole boundary and Tp is the Page time
given in [47]

" 21
Tp = arccosh (sinh Xerretanh(sin 90)7) . (110)
€y cos tp
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In fig[I0] the time-dependent BH-BH entanglement negativity is plotted under specific param-
eters. The BH-BH entanglement negativity decreases at first and shifts to zero at Page time.
Note that it follows the same curve of the BH-BH reflected entropy (fig.13 in [48]) up to a 3/4
factor.

7.3 The entanglement negativity between left radiation and left black hole

In this section we compute the entanglement negativity between left radiation and left black
hole. Here the left part radiation refers to the interval AQ with its two endpoints A(7{, —00)
and Q(7), —x{) in the (7/,2/,2') coordinates as illustrated in fig[l]] The boundary of the left
part black hole is Q.

7.3.1 Bulk description

R
A L@ B, A

Figure 11: The RT surface connects A at infinity and A’ on the brane. (a) The connected
phase. (b) The disconnected phase.

Phase-I: connected phase As shown in ﬁg(a), the entanglement wedge of Ry U By, is
bounded by the boundary and associated extremal surface, which is a geodesic connects A
to the brane. In this phase the entanglement wedge cross section does not intersect with the
brane, thus Egefect vanishes and the generalized entanglement negativity is given by Eapea only.

The minimal cross section is given by (176) with 7, = 71, 71 = 7}, 2, = —2} = —o0 and
xy = —z{. Finally the entanglement negativity between left radiation and left black hole in

this phase is given by
8IbUIk(RL . BL)
i © log 2\/[(7'{ —70)% + (2} — ()2 [(7'{7'(’] —1)2 + (2hafy — 1)2 + 722 + 122 — 1]
@ —o0 4 e(—1—|—7-{2 —|-1"12)

[ 12 12

=1
4 o8 €

(111)

Phase-II: disconnected phase In this phase the cross section intersects with the EOW
brane and an island appears as shown in ﬁg.(b). To calculate the entanglement negativity
in this case we have to take into account the contribution from the defect, which is given by
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the adjacent intervals result

21

c
Eaetect (I : Br) = —log ———
€y cos by

. (112)

at large ¢ limit. The calculation of the minimal cross section is similar to eq.(3.7) in [47]. Add
them together and do extermization, and one gets the entanglement negativity between Ry,
and By in this phase

EFS(Ry - Br) = 1%151(1 {extr x [Earea(RL U IL : RL) + Edefect ({1 : BL)]}

)

/2 2 1 2l (113)
¢ (log S + arctanh(sin 6y) + log )

4

€y cos ty

7.3.2 Boundary description

Phase-I: connected phase The matter term in the connected phase is given by the en-
tanglement negativity between the intervals AQ and QA’, which can be computed by the
three-point correlation function

Ee(Ry, + Br) = lim log QY To(AT2Q)T(A)) (114)

We can calculate the three-point correlator in the (7, z, z) coordinates, where we have A(2,0,0),
Q(70, —0,0) and A’(—2sinfp,0,2cosbp). In this phase the cross section does not terminate
on the brane thus there is no area term. Therefore, the negativity between Ry and By, reads

EIbdy(RL : Br)
— hml log Q%LnCZ}TQT’AQr%;’QA/|—2h$L|AA/|2h/n—4hng2h’n
n—
(115)

V(10— 2)2 + 22/ (10 +2)2 + o . e
4 g(76+1)2+x62 ’

zz log 2 + log

where € is the (7/,2')-dependent UV cut-off in the (7, z, z) coordinates and it corresponds to
the last term in the third line[¥] One can check that (I15) coincides with the bulk result (T11)
exactly.

Phase-II: disconnected phase In the disconnected phase the left side radiation has an
entanglement island I, = Q'A’ as illustrated in fig[lI[b), thus the matter term in island
formula is the entanglement negativity between the left side radiation plus its island and the
left side black hole, which reads

Eer(Ry U I : By) = lim log Q" Q20 (TU(A) T (QTAQ)T(A)) (116)
At large c¢ limit, the four-point correlator factorizes into two two-point correlators

(Ta(ATHTIHQ)T(A)) = (Ta( A Ta(AN(THATHQ)) - (117)

3In sec@ we take the UV cut-off of the asymptotic boundary a constant in the (7/,2’,2’) coordinates, i.e.
2" = €. Thus in the (7, x, 2) coordinates the cut-off is (7/, z’)-depentent.
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We assume that in the (7, x, z) coordinates @' is located at (—ysin 6y, z,y cosfy), then using

one obtain

gen

gbdy(RL : BL) :g arctanh(Sin 90) + glog 1 COS 00

(118)

2
V(o +y)?+ (zo — 2)? 4e
—log ——%—75

C
_f_f

1 log

€y

Extremizing the generalized entanglement negativity over z and y gives the position of Q'
y = 79, ¢ = x9. Finally the Rad-BH entanglement negativity in the disconnected phase is
given by

478 4e }

[
arctanh(sin6p) + log ———— + log — — log

EPY (R, . Br) = ¢ =
i (R Br) 4 To cos g €y (o +1)2 4 2

(119)

21
E arctanh(sin 6p) + log eycT@o + log

which agrees with (113]) exactly.

7.3.3 Time evolution

Combining (111)) and (113)), one can rewrite the entanglement negativity between radiation
and black hole in Rindler coordinates (7, X) using

c 2eX0
&(Ry : Br) = Zlog —
c e2Xo 1 . 21 (120)
Eu(Ry : Br) = 1 log ——— + arctanh(sinfy) + log —— | .
€ €y cos tp

Note that in both phases the negativity is a constant, thus the final result is given by

S(RL . BL) = min{EI(RL . BL),8H<RL . BL)} . (121)

7.4 The entanglement negativity between radiation and radiation

In this section we consider the entanglement negativity between two adjacent regions of ra-
diation, i.e. the nearby radiation Ry and distant radiation Rp as illustrated in fig[I2] and
fig[T3] The nearby part radiation Ry refers to the interval M@Q U PN with its four endpoints
M(=T +ir, X1), Q(—=T +im, Xo), P(T, Xo) and N(T, X;) in the Rindler coordinates. While
the distant part Rp refers to EM U N F with its four endpoints E(—T + im, X3), M, N and
F(T,X5). The (7', 2/, 2') coordinates of the endpoints are shown in fig]I2|a) and they can be
mapped from the (7, X) coordinates via

zf =eX0coshT , 7 =ieX0sinhT ,
z) =eXlcoshT , 7] =ieXisinhT , (122)

xh =eX2coshT , 75 =ieX2sinhT .
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Ry Ry Ry Ro ERDM RNQ By o

(a) Phase| (b)Phase-11

Figure 12: Possible configurations of the connected phase. (a) The cross section does not
terminate on the extremal surface @_f’ (b) The cross sections terminate on @_]3 In this paper
we do not consider the phases in which the cross section terminates on the outer extremal
surface EF and the phases in which @ is connected to F as one can make these phases never
appear by taking the value of X5 to be large enough.

7.4.1 Bulk description

Phase-I As shown in ﬁga), in phase-I there is no defect term contribution so we only
need to compute the cross section separating Ry and Rp (the dashed curve in fig[I2{(a)), thus

we get
2
EPS(Ry : Rp) = glog i (123)
€

Phase-II In phase-II the defect term vanishes and we only need to calculate Ey (Ry : Rp)
in ﬁg(b). The length of the geodesic connecting N (77, 2)) and the extremal surface QP :
2" + 2% = 2 & 7' = 7] is given in appendix |C|and we denote this length by Lo

2
VIt — 12+ 28 +27)” — 4afap

/

Ly = log (124)

Then the Rad-Rad entanglement negativity in phase-II from the bulk description is given by

/ N2 2 212 12,02
70— 1) + 2 + 2P]” — dagiaf

/

EFS(Ry : Rp) = Elog \/[(

5 (125)

Phase-III As shown in ﬁg(a), in phase-III an island appears. However, the entire island
belongs to Ry therefore the defect term still vanishes and we just need to compute the cross
section, which is obviously the same as that in phase-I so we just get the same result

Phase-IV In this phase the cross sections intersect with the brane at two points M’ and
N’ as shown in ﬁg(b). By the symmetry with respect to the 2/ = 0 plane, the locations of
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Rp Ry ! Rp Ry Ry Rp
E M Q P N FE E P N F

N/

Mv Q P N‘

(a) Phase-1ll (b) Phase-1V (c) Phase-V

Figure 13: Possible configurations of the disconnected phase. (a) The cross section dose not
terminate on the extremal surface QQ’'UP’'P or on the brane. (b)The cross sections terminate

on the brane. (c) The cross sections terminate on the extremal surface QQ’' U P'P.
M’ and N’ can be denoted as (71, Fz!,, 21,), or (—zy tan, Fx1/, z1/) in the coordinate system
(1,2, 2). The calculation of the extremal surface is similar to eq.(3.7) in [47], which gives

MM/l =NN'/

(11 + 21/ tan 0p)? + (z1 — 21/)% + 2%,

=log
\/<Tl + 2z tanp)? + (v1 — xy/)?
+ arctanh (r1+ 21 tano)® + (1 — 21/)* — 2, (127)
(11 + 21 tan )2 + (v — x1/)2 + zf,
4
~l0g s -
(11 +1)% + af

The defect contribution from the negativity between @Q'M’ U P'N’ and M’'N’ is given by
Eactect (@M UP'N" : M'N')
= lim log 02 01 O3 02 (To(@) T2 (M) TN T (P')) g
= lim log 03 O (TI(Q)TAQ T2 ) T2 MY TAN ) TAN T (P T, (")) (128)
= lim log 237 QN (TIQ)TAQ) (T2M)T2M")) (TANYTAN) (TP TI(P"))
= Tim log 07 O (T2(M))g,, (TAN)) g, -

In the third line, we use doubling trick. In the fourth line, the eight-point correlator is

factorized into contractions assuming the large ¢ limit. In the last line we reverse the doubling
trick. Using we get the defect term

_¢ 2t

Eagetect(Q'M' U P'N' - M'N') = J log (129)

€y cos bt

Add the area term and the defect term, do extremization and we find the extremal solution
is at (—zy tanfy, Fry/, 217) = (—718in6, Frq, 7 cosbpy). Finally the Rad-Rad entanglement
negativity in phase-IV turns out to be

R+ 21

ERIN(Ry : Rp) = g log + arctanh(sin 6p) + log prT—", (130)
v
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Phase-V In phase-V there is no defect term. As illustrated in fig]L3|c), Ew(Rn : Rp) is

the geodesic connecting N (71, 2)) and the extremal surface PP’, the length of which is given
in appendix [D] and denoted by Ls

Ls — llog 2\/[(7'6 —1)2 + (xf — 2))?) [(7r] — 1)? + (zpz)y — 1) + 722 + 22 — 1]
5= :

e(=1 473" + )
(131)
Then the Rad-Rad entanglement negativity in phase-V is given by

T — T2 + (wh — 24)?] [(mg7 — 12 + (wps — 1 + 2 + 7t — 1]

2y/[(
EXM(Ry : Rp) = -1
VR fip) = 5 log e(—1+ 7 +ap)

(132)
7.4.2 Boundary description

Phase-I For phase-I shown in ﬁg(a), the island is an empty set so we only need to compute
the negativity between two adjacent intervals on a flat CFT, which can be calculated by

EPY(Ry : Rp) = Ea(Ry = Rp)
= lim log (Ta(E)T,2(M)To(Q)Tn(P)T,2(N) Tn(F)

= lim log (7o (E) T (F)) (T (M) T(N)) (T @) Tu(P))

~—

(133)

where in the second line we assume large c limit and factorizes the correlator [39]@ Using
one gets
&Y(Ry : Rp) = glog=— (134)

which agrees with (123]) exactly.

Phase-II In phase-II the island is an empty set so we only need to compute the matter term

&Y (Ry : Rp) = Ea(Ry : Rp)
= lim log (Tu(E
= lim log (7n(E)

n—1

VT2 (M) To(Q)Tr(PYT2(N) Tn(F)) (135)
Tn(F)) (T2(M)To(Q)Tn(P)T,2(N))

The four-point function is given by (G1)[")
lim (T2 (M)To(@Q)Ta(P)TZ(N)) = 272N P|2INQ|2| PQI=2~¢/ , (136)
n—

thus we have

(o — 71)* + (g — 21)*] (79 — 71)° + (=2 — 1))

/
€Xq

EXY(Ry : Rp) = glog v , (137)

which exactly equals ((125]).

The contractions can be justified by the holographic extremal surfaces shown in ﬁga).
5Note that is correlator of chiral operators thus in (136) all powers double.
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Phase-III In phase-III there is no area term therefore the entanglement negativity is just
given by the matter term

&0 (Ry < Rp) = Een(Rw : Rp)
= lim log Q3 QO3 (Ta(E) T2 (M) Ta(@) To(Q) T (P) Tu(P) T (N) Tu(F))
= lim log (7, (E)To(F)) (T (M) T2 (N)) (T @) Tl @) (Ta(P') T (P)) (138)

21’1

2
which is the same as 126.

Phase-IV  The matter term of phase-1V is given by
Eei(Rn : Rp)
= Tim log O3 Q377 QR Q31 < To(B) T (M) T Q) To (@) T2 (M) T2 (N) T (P) To(P) T2 (N)

:\‘{ I

(F))
F) (TR (M) TZM)) (T @ Tn (@) (T (N)TE(N)) (To(P) T (P))
AT (N )72?( )

—_— n 2h7L
= iﬂlOgQM/ Q. (Ta(E

T 2h!, ~2h!, 2 /
_TlllinllogQM/ QN/ <7;L( ) (M

(139)
Assuming that in the (7, z, z) coordinates we have M'(—yps sin 6, xpp, ypsr sind) and
N'(—ynrsinb, zn/, yns sinf), then two-point correlators reads
. 2h!, ~2h!, /7
7111_>nr11logQM7‘QN," <7;2(M) ><7'2 7'2( )>
_y # S T
4 gyM/ cosfy 4 gyN/ cos by
LR G ———— 4 140
L€ log\/(71+yM)+( T — Tpp) —log — € _ (140)
4 €y (1 +1)% + 2f
2 L 4
L€ 1Og\/(7'1+yN) + (z1 —2N7) g2
4 €y (1 + 1) + af
Extremizing ((140) over ypsr, xpr, yno and xpys gives
yM, =T R [EM/:—;L'I s yN/:Tl s .’I}Nl =T . (141)
Add the area term and finally we obtain the Rad-Rad entanglement negativity
12 2 _ 1
Ebdy(RN Rp) = ¢ log N + arctanh(sin 6y) + log } . (142)
2 €y cos Oy

which agrees with (130]) precisely.

Phase-V  As illustrated in fig[l3|(c), there is no island cross section on the brane, so the
Rad-Rad entanglement negativity in the boundary description reduces to Eg(Ry : Rp U Ip),
which is given by

geff(RN :Rp U ID)
= lim log Q" QP (To(E) T2 (M) To(Q) T Q) Tn(P) To(P) T2 (N) To(F)) (143)

n—1

= lim log (7, (E) Ta(F)) (7 (M) To (@) Ta(@)) (Ta(PHTa(P)TE(N)) -
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By employing one gets

(THM)TR(Q)T(Q)) = 2/ MQ|~ 2 | M Q|2 |QQ! |~ M2 gtk (144)

where € is the UV cut-off of (71, 21,0) in (7,2, 2) coordinates. We also have

IMQ| = \/(7'0 —711)% + (20 — 21)? ,
IMQ'| = /(70 +71)% + (w0 — 21)? (145)
1QQ'| =270 .

One can compute (T, (P')T,,(P)T,2(N)) using the same method. Insert (144)), (145) into (143),
we get

gBdY(RN : Rp) = gIOg \/[(TO —711)% + (o — fEl):jo[(To +71)2 + (xg — .2131)2} ’ (146)

which agrees with (132)) after transforming to the (7, 2/, 2") coordinates.

7.4.3 Time evolution

Here we summarize our results by transforming to the Rindler coordinate via (122) and we
get the time evolution. Note that we also assume that Xg < X7 < Xs.

Phase-I <
2e*t cosh T
&(Ry : Rp) = glog& . (147)
Phase-I1
c. (Xt —eX0)V/e2Xo 4 e2X1 4 2eXo+X1 cogh 2T
: = -1 . 14
Eulfin : Bp) 2 %8 eeXocosh T (148)
Phase-IIT (Note that phase-III is the same as phase-I)
c 2eX1 cosh T
Em(Ry : Rp) = B log———— . (149)
Phase-IV
&iv(RN : Rp) = € o 62)(17_1 + arctanh(sin @) + lo 2 (150)
VRN = D) = 5 |08 ¢ geycosﬁ
Phase-V X Xovr . Xod X
2 1 0 0 1 1
5\/(RN : RD) = Elog (6 © )(6 ) (151)

2 e(e2Xo —1)

The entanglement negativity between nearby radiation and distant radiation experiences two
phases. The early time phase corresponds to the connected extremal surface, where the en-
tanglement negativity is given by the minimum value in & and &p. The late time phase
corresponds to the disconnected extremal surface and the negativity is the minimum value
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in &1, &v and Ey. In summary, the entanglement negativity between nearby radiation and
distant radiation is given by

min {51, SH} s T<Tp

] (152)
min {&r, v, &vy ., T >Tp .

E(Ry:Rp) = {

The result under specific parameters is plotted in fig[l4 One can see that before Page time,
phase-I and phase-1I dominant. At the beginning after Page time, phase-III dominants, which
gives the same result as phase-I and later it shifts to phase-V which is a constant all the time.

E(Ry : Rp)

A

20+

18+

PR

SI(Ry:Rp)
10 " — " " - —> T
0 2 4 1\ 6 8 1\1 0 12
Page time "Page time"
OfB U RN

Figure 14: Time evolution of the entanglement negativity between nearby radiation and distant
radiation (in the unit of §) with respect to time 7. We set Xo =1, X1 =6, 1 =1, 6 = §,
€ = 0.01, and ¢, = 0.1 but note that in such a setting the final result does not rely on €,. The
black dash line shows the evolution of 2I(Ry : Rp).

8 Conclusions and discussions

In this paper we have studied entanglement negativity for evaporating black hole based on
the holographic model with defect brane. We start from the holographic dual of entanglement
negativity for adjacent intervals in AdS3/CFTy and generalize it to the island formula. To test
this formula, we work in AdSs with an EOW brane as a bulk defect. Including the contribution
from the defect theory on the brane, we propose the defect extremal surface formula for
negativity. On the other hand, this model is tightly related to a lower dimensional gravity
system glued to a quantum bath. In fact there is a concrete procedure, including both Randall-
Sundrum and Maldacena duality, to give a lower dimensional effective description for the same
system. We demonstrate the equivalence between defect extremal surface formula and island
formula for negativity in AdS3/BCFTs. Extending the study to the model of eternal black hole
plus CFT bath, we find that left black hole-left radiation negativity is always a constant, black
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hole-black hole negativity decreases until vanishing, radiation-radiation negativity increases
and then saturates at a time later than Page time. In all the time dependent cases, defect
extremal surface formula agrees with island formula.

Note that there is an alternative holographic proposal for entanglement negativity in adja-
cent intervals, given by mutual information multiplied by 3/4. One might naively promote 3/4
mutual information to its island formula, which is nothing but a linear combination of three
island formulas for von Neumann entropy. We plotted the curves computed from the naively
promoted formula, for black hole-black hole negativity and radiation-radiation negativity. We
admit that so far we can not prove either one, but just remark that for general quantum
system (coupled to gravity), mutual information also measures classical correlation, which is
quite different from negativity. So it is unlikely that the island of mutual information can be
the final formula. We leave further study on these two different proposals to future.

There are a few future questions listed in order: First, a general holographic dual for
negativity. In this paper we mainly focus on the adjacent intervals and the precise holographic
dual for negativity of two disjoint intervals is still open. As pointed out by Dong, Qi and
Walter [54], there could be dominate contributions from replica non-symmetric saddles. How
to find the general holographic dual is essentially the key to find a general island formula.
Second, a CFT calculation to justify replica non-symmetric saddles. Inspired from [54], for
n = 2m replicas one can take Z,, quotient and there are eight-point functions left over for two
disjoint intervals. Developing the CFT techniques to incorporate the replica non-symmetric
saddles is crucial to understand negativity in QFT. See also [57] for related discussion. Last,
compare our negativity curve to those in other models. For instance, there are recent studies
of negativity in JT+EOW models of evaporating black holes [58]. It would be interesting to
compare these results. We leave these to future work.
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A The OPE coefficient

We fix the OPE coefficient by comparing the order 1/2 Rényi reflected entropy and the en-
tanglement negativity between two adjacent intervals A = [—¢1,0] and B = [0, £3]. The Rényi
reflected entropy is given by

(1/2) 16 _ 1 :
Sp'7/2= 77111m1 nhrln/z log <UQA(_£1>O'gZIgB(O)0g§1(62)>
Cn (153)

)

= lim lim lo
m—1n-s1/2 gézllhneélhn(gl + Lg)Anhm—4hn

with [76] 1
Chm = (Qm)—4hn . hp = < <n — —) . (154)
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The entanglement negativity between A and B is

. =2 . 07;167—7142@7;7'6
& = lim log (Tn, (—01) T;i. (0) T, (£2)) = lim log <7777 - (159)
ne—1 ne—1 51 ne£2 ne (51 +€2) ne —4lp,

Comparing ((153)) and (155]), we end up with

. - o . _ oc/d
nlelgll C’Tneng@Tne o 7}3?1 n1—1>1%1/2 Cn,m =2 . (156)

B Four-point (six-point) function at large c limit

In this appendix we give a calculation of the four-point function in (51f) at large ¢ limit using
the method in [39,51]. Instead of four-point function, here we first consider a six-point function

.....
-
. .

7 \T 5

Ty Ty A T3 ry A Ty Tg

conformal
transformation

Figure 15: Six point function ((159)) and the holographic dual of its OPE channel. Three points
{z1, 23,24} are mapped to {z1, 23,24} = {0,1,00} by a conformal transformation. ~,,, are
contours chosen to determine the monodromies ((165)).

as illustrated in ﬁg which gives the entanglement negativity between A (the red intervals
in fig[I5) and B (blue). These six points are parameterized to

rp=—a—-r, x9=—a+r, x3=-b, x4=0b, xyz=a-71, xs=0a-+r. (157)

In the limit » = € — 0 the six-point function reduces to the four-point function in with UV
cut-off . After a conformal transformation, we can map {z1, z3, x4} to {z1, 23,24} = {0, 1, 00}
while sending
(w256 — 71) (24 — 73)
T256 —7 22,56 —
(z1 — 23)(22,56 — T4)

(158)
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as shown in ﬁg At the large c limit with hj—;__6/c and hg—pq,/cC ﬁxedﬁ, the six point

function

(T (21)T (22)T (23)T (24)T (25)T (26) ) (159)

can be approximated by
<T(z1)T(zQ)7_'(23)7'(24)7_'(z5)7_'(z6)> ~~ cf2cg3cg6cg4]:(zi)]:(2i) , (160)

where p, ¢, label the leading order primaries in the OPE as shown in fig cfj are the OPE

=2 7 (z) T (2
T )\ . ‘ ; . /-‘7( 5)
/LN

T (%4)

7(26)

Figure 16: Dominant fusion channel of the six-point function (159)).

coefficients, and F is the six-point Virasoro block, which exponentiates at large ¢ limit [39]
he h;
F ~ exp [—Cf (“7 z)] , (161)
6 c ¢

with f the semiclassical block which can be computed by solving a monodromy problem.
Consider the following differential equation

V(2) + T(2)9(2) =0, (162)
where T'(z) is given by
6
Ghi/c C; )
T(z) = ( - , 163
=3 (s (163)
with ¢; the accessory parameters satisfying
6 6 6
6hi) ( o 12h )
i =0, izi ——— | =0, iZ; — i) =0, 164
ZZ; ¢ =0 Zz; <c z . 0 ; Ciz — 0 (164)

which guarantee that T'(z) vanishes as z~% at infinity. The differential equation (162)) has two
solutions 11 and 9. If we take these solutions on a closed contour around some singular point,
as illustrated in figI5] they will undergo some monodromy

(1) =ar (1) (165

Here h; denotes the conformal weight of the external operator and h, the weight of the internal operator.
In this appendix we simply take the limit ne — 1 since we are going to calculate entanglement negativity
ultimately, thus we have h; = 0.
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The accessory parameters ¢; can be determined by (164]) and the following three equations

24
TrM, = —2cos (Tr\/ 1— ha> , a=p,q,r, (166)
¢

where M,—, denotes the 2 x 2 monodromy matrix for the cycle v, enclosing z; and 2 as
shown in ﬁg and the same is true for a = ¢, r; h, is the conformal dimension of the leading
operator in the OPE contraction of 7(z1) and 7 (22) as shown in fig[l6 same for a = g,r.
From we know that h, = h, = h],_; = —¢/8 and we also have hy = h,—; = 0 [53].

Now we can solve ¢;, and they are the partial derivative of f with respect to z;, i.e.,
0f/0z; = c¢;. Therefore, we can calculate the partial derivative of £ with respect to the
coordinate parameters y = a,b,r in . From we obtain

6

o€

Of 02 cx~ Oz

c
_Z ~J =__ - 1
oy 3 ; 0z; Oy 3 P < oy (167)

On the other hand, the entanglement wedge cross section (dashed arc in ﬁg is given by
(see appendix A of [80])

Areall] ¢ (a—7r)a+7r)—b2+/((a—r)2=b2) ((a+7r)%—0b2)
By = =-x2lo .
v i g\/<a— Y (e S (e

4G N 6

In the limit r = ¢ — 0, we have

(169)

which is the result in |Z| The partial derivatives of £ with respect to a, b, r are numerically
plotted in ﬁg - 19/ and compared with that of 3Ey /2. The two results match well.

C The length formula of L,

The computation of L in the coordinates (7,2, 2') is as follow. First we derive a general
expression of the length of geodesic shown in fig[20]
The radius of the geodesic Ry can be determined by |AC| = |BC|

d?> — h? d* + h?
|CD| = 57 R, =|CA|=|CB| = 50 (170)
According to the metric given by , we can compute the length of geodesic
¢B d éB
Lo(d, h) :/ l Rg, ¢ _ {l log tan ﬂ ) (171)
=g, Lgsind 21 4=

where ¢p is the angle between C' A and CB, ¢. comes from the the UV cut-off 2/ = € of the
asymptotic boundary. Using (d, h, €) to express (¢, ¢p) and we get

d? + h?
Lo(d,h) = llog + .

(172)

7The difference of a factor two is because is the result after doubling trick.
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7 -
——0&/0a

o e 3GE,2)/0d

a

Figure 17: The partial derivatives of £ and 3Ey /2 (divided by ¢/3) with respect to a . We take
b =10, r = 0.01 and a ranging from 10.2 to 15, in which region the OPE channel dominates.

76 | —— 0&/0b |
—=— O(B3E,;/2)/0b
_7 -
78 | 1 1 |
11 12 13 14 15
a

Figure 18: The partial derivatives of £ and 3Eyw /2 (divided by ¢/3) with respect to b.
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wY—

-149.5

-150.0

~150.5 | —— 3E/Or :
—=— OGE,/2)/or

-151.0 ' : : '
11 12 13 14 15

a

Figure 19: The partial derivatives of €& and 3Ey /2 (divided by ¢/3) with respect to 7.

Figure 20: A slice perpendicular to the 7/ — 2 plane. The solid red line is the geodesic with C'
its center. A and B are the ending points of the geodesic, with A on the 7/ — 2’ plane and h
the 2’ coordinate of B. d is the distance between the projections of A and B on 7 — 2’ plane.
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Then we calculate Ly. As shown in ﬁg.(b), N’ can move on the extremal surface so we
introduce o to parameterize the position of N’. The coordinate of N’ can be represented by
(r',2',2') = (7§, zysina, z(cosa) with a € (—m, 7). So the length of geodesic connecting
N(7{,2},0) and N’ is given by

/ /\2 /oo 1\2 12 2
. - + (xgsina — 2))* + xf cos® «
L 7t — 7112 4+ (zhsina — 282, x) cosa) = 1o (0= 71) 0 1 0
0(\/( 0 — 1)+ (g 1% 7 ) g P )
(173)
which is a function of . By extremizing (173|) with respect to a, we get (124]) with sina =

! 0
2z ; .
7 N2 7 72 -
(t{—71)?+ai 4]

D The length formula of Ly

X

&

o

60““
Q
o | 7
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Figure 21: This figure is ﬁg(c) viewed in (7,z, z) coordinates. The RT surfaces (blue solid
lines) are arcs centered on the z-axis. The entanglement wedge cross section is drawn with a
solid red line.

We calculate L5 (i.e. the length of the red curve NN’ in ﬁg in the coordinates (7, , z).
Since the expression of the matric is the same in (7,x,2) and (7/, 2/, 2’), we can use (172)) to
write the the length of NN’

(tosin~y — 7'1)2 + (xo — x1)2 + Tg cos? vy
€T) COS Y

LO(\/(TO siny — 71)2 + (xg — x1)?, 79 cosy) = llog

)

(174)
where ~ is introduced to parameterize the position of N’, € is the position-dependent cut-off in
. . . S ~ 4 .. )
(1,2, z) coordinates which is given by € = m Extremizing (174]) leads to the extremal
solution

\/[Tg + 7'12 + (zo — 551)2]2 — 4737’12

L5 = llog ng

(175)
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We return to (7, 2/, 2") by coordinate transformation

1o — 110 2V 10— T+ G = P[] — U2 + (el — 07+ 7+ o 1]
5 — .

e(—1+ 73 + )
(176)
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