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The calculation of o↵-diagonal matrix elements has various applications in fields such as nuclear
physics and quantum chemistry. In this paper, we present a noisy intermediate scale quantum
algorithm for estimating the diagonal and o↵-diagonal matrix elements of a generic observable
in the energy eigenbasis of a given Hamiltonian. Several numerical simulations indicate that this
approach can find many of the matrix elements even when the trial functions are randomly initialized
across a wide range of parameter values without, at the same time, the need to prepare the energy
eigenstates.

I. Introduction

The landscape of quantum computing technology has
shifted dramatically over the previous four decades. Once
considered a theoretical endeavour, quantum computing
is today a vibrant experimental pursuit. With the ad-
vent of noisy intermediate scale quantum (NISQ) de-
vices [1, 2], considerable e↵ort has been directed into
developing algorithms that can run in the presence of
noise on quantum computing systems with 50–70 qubits
and restricted qubit connectivity. These algorithms are
known as NISQ algorithms, and common examples in-
clude the variational quantum eigensolver (VQE) [3–5]
and the quantum approximate optimization algorithm
(QAOA) [6, 7].

There has been an explosion of recent work on
NISQ algorithms to address problems such as finding
ground state of Hamiltonians [3–5, 8–19] quantum simu-
lation [20–33], combinatorial optimization [6, 7], quan-
tum metrology [34–36], and machine learning [37–41].
Notwithstanding these research e↵orts, the practical ap-
plication of NISQ devices is still a long way o↵. To at-
tain practical quantum advantage in the NISQ era, it is
crucial to examine previously untapped or poorly under-
stood applications. One such application area that may
need to receive more attention is calculating o↵-diagonal
matrix elements of generic observables.

Many problems in nuclear physics and other sciences
make extensive use of o↵-diagonal matrix elements. Con-
sider the Brueckner-Bethe-Goldstone equation solution;
the nuclear potential is computed from the o↵-diagonal
matrix elements of the Brueckner reaciton matrix [42].
The generalized eigenvalue problems for obtaining energy
levels of time-dependent Euclidean correlators [43] in lat-
tice quantum chromodynamics (QCD) rely heavily on in-
formation acquired from o↵-diagonal elements of the ma-
trix of correlators. The rotational-vibrational coupling
in quantum chemistry considers the o↵-diagonal block in

the matrix of kinematic coe�cients [44]. O↵-diagonal
element calculations have also been used to determine
the diamagnetic susceptibility and form factor of atoms
such as Helium [45]. Given the importance of finding
the o↵-diagonal matrix elements of generic observables,
it is pertinent to explore the potential of NISQ devices
for the aforementioned task. Despite the hope that noisy
intermediate scale quantum devices will enable the solu-
tion of problems in a variety of fields (including quantum
chemistry and nuclear physics), the subject of noisy in-
termediate scale quantum algorithms for o↵-diagonal ma-
trix element calculation remains poorly understood. One
reason for this is that an observable’s o↵-diagonal matrix
elements can be a complex number, yet nearly all noisy
intermediate scale quantum algorithms are designed to
compute real values.

In this paper, we provide a NISQ algorithm for hybrid
classical-quantum computation of the matrix elements
(both diagonal and o↵-diagonal) of a given observable
W in the energy eigenbasis. Indeed, variational princi-
ples have been applied successfully in several NISQ al-
gorithms. The Rayleigh-Ritz variational method is used
in variational eigensolvers to seek the ground state of a
Hamiltonian of a system[3]. The McLachlan principle
proves useful for dynamical solutions of open quantum
systems[46]. By deriving its motivations from Ref. [47–
49], here we propose a variational principle to find o↵-
diagonal (and diagonal) elements of observables or op-
erators. Our algorithm uses Lagrange multipliers to en-
code the constraints for the underlying problem into the
refined objective. For our model problems, we discuss
approaches for both exact and iterative evaluation of La-
grange multipliers. Various numerical simulations sug-
gest that our approach manages to find many of the ma-
trix elements even when one initializes randomly the trial
functions over a very broad range of parameters. Given
the importance of finding o↵-diagonal matrix elements
for a variety of fundamental problems, we believe that
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our approaches can be applied to a variety of interesting
practical contexts.

We would like to point out that a quantum variational
approach for calculating matrix elements was proposed
recently in Ref. [50], which relied on the preparation of
the energy eigenstates corresponding to which the over-
lap for the given observable is to be calculated. Unlike
this work, our approach does not involve the preparation
of the energy eigenstates, hence avoiding the accompany-
ing quantum resource requirements. While our choice of
ansatz may seem to resembles existing works in the lit-
erature [8, 12, 18], none of these results work for the o↵-
diagonal matrix elements of a generic observable. More-
over, our approach is fundamentally di↵erent and uses
Lagrange multipliers to encode the constraints for the
underlying problem into the refined objective.

II. The classical variational algorithms for
o↵-diagonal elements

Given a system with Hamiltonian H with di↵erent
eigenenergies Ei and corresponding eigenfunctions |�ii
and an observable W , what we aim to find are the ele-
ments Fi,j = h�i|W |�ji.

One natural approach would be to find the di↵erent
eigenfunctions of the Hamiltonian and then evaluate the
elements, including the o↵-diagonal ones. However one
may not need to do this. In [47, 48] the authors showed
a variational approach to find such elements which we
summarize in the following. First we can use a vari-
ational ansatz for the eigenfunctions |�ii ⇡ |�i,t(~⌘i)i
parametrized by the ~⌘i. We can then write a variational
function F

v

i,j
which has zero derivative respect to the ~⌘i

when F
v

i,j
= Fi,j . Such approach can readily give both

diagonal and o↵-diagonal elements. In the following we
consider a normalized parametrization of the trial eigen-
functions |�i,t(~⌘i)i, and an extension to the case of non
normalized trial eigenfunctions is discussed in the App.C.

For an observable W which is only real or only imagi-
nary, the variational function F

v

i,j
is given by

Fv = h�i,t|W |�j,ti
+ hLi,a| (H � Ei) |�i,ti+ h�i,t| (H � Ei)

† |Li,bi
+ hLj,a| (H � Ej) |�j,ti+ h�j,t| (H � Ej)

† |Lj,bi
+ � [h�i,t|W |�j,ti ⌥ h�j,t|W |�i,ti] , (1)

where in the last line one uses the sign � or + depending
on whether W is real or imaginary respectively. We note
that for a given matrix W we can always write WR =
(W + W

T )/2 and WI = (W � W
T )/2, wher A

T is the
transposition of A, respectively for the real components
and for the imaginary ones. In Eq.(1) we have used the
Lagrange multipliers vectors |Li,⌫i (which, generally, are
not normalized) and the scalar �. It is thus clear that the
terms on the right-hand side of Eq.(1) are, apart from the
first one, zero for the exact solution, which then results in

obtaining the correct evaluation of the o↵-diagonal term
Fi,j .
In order to get the expressions for the Lagrange mul-

tipliers Li and �, one can expand the first order varia-
tion of the functional and set the coe�cients of h��1|,
|��1i,h��2|,|��2i to zero. Details of such computations
are in App.A
We now take a small variation |��ii to the exact eigen-

functions |�ex

i
i, which gives |�i,ti = |�ex

i
i+ |��ii, and set

that the first order corrections to the exact result of the
function F

v

i,j
are zero. This gives expressions for the La-

grange multipliers which are

� = �1/2 (2)

(H � Ei)|Li,⌫i = �⇠
⌫

R,I
WR/I |�ji/2. (3)

with ⇠
⌫

R,I
= ±1. More precisely, for the real case ⇠

⌫

R
= 1

whether ⌫ = a, b while for the imaginary case ⇠
a

R
= 1

and ⇠
b

R
= �1. What is important to state, though, is

that in principle we do not know the value Ei and thus
this will be approximate by the expectation value of the
Hamiltonian for that wave function, i.e. Ei ⇡ h�i|H|�ii.
At this point we should solve Eq.(3) for |Li,⌫i, but

this is not straightforward because H � h�i|H|�ii is not
invertible. For the purpose of computing these Lagrange
multipliers we thus use a modified Hamiltonian

Hmod,i = H � H|�iih�i|H
h�i|H|�ii

(4)

such that the matrix Hmod,i � h�i|H|�ii is not singular.
When it is di�cult to evaluate the inverse of Hmod,i �

h�i|H|�ii exactly, it is also possible to implement an it-
erative approach. As shown in [48], we can find |Li,⌫i by
minimizing

M(|Li,⌫i) = hLi,⌫ | (Hmod,i � h�i|H|�ii) |Li,⌫i
+ h�j |WR|Li,⌫i (5)

for the real case, and

M(|Li,⌫i) = hLi,⌫ | (Hmod,i � h�i|H|�ii) |Li,⌫i (6)

for the imaginary one. More details can be found in
App.B.

A. Scaling analysis for the overlap calculation

We consider Hamiltonians H and observables W which
can be written as linear combination of poly(n) unitaries
where n is the number of qubits over which the Hamilto-
nian is defined. A typical example is a local spin Hamilto-
nian which can be written as a sum of polynomially many
n-qubit Pauli matrices. Furthermore, we consider a num-
ber of ansatz states and Lagrange multipliers that scales
polynomially with the system size (number of qubits) as
this is often su�cient to obtain accurate results, e.g. us-
ing a Krylov basis [18].
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We thus highlight that there are three types of overlaps
that need to be computed for the successful implementa-
tion of our NISQ algorithm,

• h�i|H|�ii: Since the number of terms in the Hamil-
tonian and the number of ansatz states |�ii are
polynomially many in number of qubits, the over-
laps h�i|H|�ii can be calculated e�ciently [51].

• hLi,⌫ |Hmod,i|Li,⌫i: the estimation of these overlaps
requires the calculation of the terms of the form
h�i|H|�ii, hLi,⌫ |H|Li,⌫i and hLi,⌫ |H|�ii. Since the
number of ansatz states and Lagrange multipli-
ers scale polynomially with the system size, also
the aforementioned overlaps can be evaluated e�-
ciently.

• h�j |WR|Li,⌫i: Since the operator W can be ex-
pressed as a linear combination of polynomially
many unitaries, it is easy to see that also the over-
laps h�j |WR|Li,⌫i can be calculated e�ciently.

III. Results

We will now show examples which elucidate the e↵ec-
tiveness of an hybrid classical-quantum implementation
of this variational approach. We will consider both a sin-
gle and a two-qubit Hamiltonian and we will use both the
exact and the iterative approaches to get the Lagrange
multiplier.

A. Models

We consider two scenarios. The first scenario is a two
level system with Hamiltonian

H1 = X (7)

and W1 = HdW
D

1 Hd where

W
D

1 =

✓
5 2� 2j

2 + 2j 3

◆
. (8)

W
D

1 is thus the matrix in the energy eigenbasis, as Hd

diagonalizes the Hamiltonian H1.
In the second case we consider the following 2� qubit

Hamiltonian

H2 = 2X ⌦ I+ I⌦X + 2Z ⌦X (9)

while we take an W
D

2 (therefore in the energy eigenbasis)
as the following Hermitian complex matrix

W
D

2 =

0

B@

1 3 + 1j 5� 3j 13 + 8j
3� 1j 4 20 + 5j 25 + 10j
5 + 3j 20� 5j 7 6� 15j
13� 8j 25� 10j 6 + 15j 10

1

CA . (10)

The matrix W2 in the computational basis, which we use
in the computations, can be obtained from W

D

2 and the
eigenvalues of H2.

B. Implementation for hybrid classical-quantum
computation

We test the usefulness of the variational principle from
Eq.(1) on a hybrid classical-quantum algorithm. Since
the solutions can be found where the derivatives are zero,
we use a classical optimization algorithm which performs
a gradient descent after having evaluated the gradients
of F v

i,j
over the parameters ~⌘i. The quantum part of the

algorithm helps with the evaluation of the gradients. In
practice, one can evaluate all the relevant overlaps once,
and then use such knowledge to evaluate the gradients
for any given value of the ~⌘i. To evaluate the overlaps
we write the states |�i,ti as

|�i,t(✓)i = cos(✓i) |0i+ sin(✓i) |1i . (11)

for the one-qubit case, and for the two-qubit case we
consider the parametrization

|�i,t(↵i,�i, �i)i = cos(↵i) |00i+ sin(↵i) cos(�i) |01i
+ sin(↵) sin(�i) cos(�i) |10i+ sin(↵i) sin(�i) sin(�i) |11i .

(12)

Note that here we only consider real trial functions,
which is su�cient for our examples, and a generalization
to complex ones is straightforward. Furthermore, we cur-
rently use a variational representation of the eigenfunc-
tions which scales linearly with the size of the Hilbert
space. In practice, for systems with large Hilbert space,
for which a quantum computer would come in handy, one
would have to resort to a much smaller parameter space,
for example using a limited Krylov basis [52, 53]. For
the Lagrange multipliers |Li,⌫i we use an unnormalized
ansatz of the form

|Li,⌫i = ci,1 |0i+ di,1 |1i (13)

for the one qubit case and

|Li,⌫i = ci,2 |00i+ di,2 |01i+ ei,3 |10i+ fi,4 |11i (14)

for the qubit case, where the parameters of Eq.(13,14)
are real numbers.
All quantum computations are implemented on the

IBM Belem QPU simulator using error mitigation. The
overlaps are evaluated each by averaging 50 estimates of
the overlaps each done with 1000 shots.

C. Single qubit using an exact evaluation of the
Lagrange multipliers

We now consider the model with a single qubit, with
Hamiltonian H1 from Eq.(7) and the matrix W1 derived
from the matrix in the energy eigenbasis Eq.(8). We use a
classical optimization algorithm by deriving analytically
the derivatives of Eq. (1) with respect to the angles of
Eqs. (11) and the parameters of Eq. (13); the expectation
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FIG. 1. Plots for the real and imaginary parts of the matrix
elements versus iterations of the classical optimization algo-
rithm, through exact calculation of |L1,⌫i and |L2,⌫i in the
1-qubit case and with error mitigation. Panels (a,c,e) are the
results For the real part of W1 in the energy eigenbasis, while
(b,d,f) for the imaginary part. Panels (a,b) show the matrix
elements while panels (c) to (f) show the angles ↵i of the trial
eigenfunctions. Each panel shows the results from a total of
150 runs, where the angles have been randomly initialized be-
tween 0 and 2⇡. In all panels, the lines represent the medians
of the runs converging to a specific value and the error inter-
vals include 92% of the corresponding runs.

values and gradients are evaluated using overlaps com-
puted on the IBM Belem quantum processor’s simulator.
In Fig. 1 we show the estimated value of the element of
WR/I versus number of iterations of the classical opti-
mization procedure, panels (a) and (b), and the values of
the angles ↵i which parametrize the trial eigenfunctions,
panels (c) to (f). In the left panels, (a, c, e), we consider
the real part of the observable W , i.e. WR, while in the
right panels (b, d, f), the imaginary part, WI . In each of
the two cases we show the results from 150 runs of the
protocol with initial angles for the two eigenfunctions ↵1

and ↵2 chosen uniformily between �⇡ and ⇡. The line in
each of the panels is obtained by the median value of the
expectation value or angle between 50 runs which end in
the same vicinity. The colored background reflects the
value taken by the middle 92% of the corresponding re-
alizations. In panels (a) and (b) we observe that while in
the initial steps the angles cover the all range from �⇡

to ⇡, and the expectation values take a very large range
of possible values, within 20 iterations the prediction of
the matrix elements is very accurate, both for the real,

panel (a), and imaginary part, panel (b). We note that
the accuracy in the angles may not be as good as that on
the matrix elements. This is one advantage of using this
variational approach which is tailored to give the matrix
elements directly.
As a technical, but important, detail, for WR we had

to fix the global phase of the trial eigenfunctions, oth-
erwise the expectation value may show the wrong sign.
For this reason when plotting the angles and evaluating
the corresponding matrix elements, we mapped them be-
tween the angles �⇡/2 and ⇡/2 so that the cosine of the
angle would be positive. Such procedure is not needed
for the imaginary elements of W , and for this reason the
plotted range of angles in panels (d) and (f) is between
0 and 2⇡.

IV. Analysis of errors for the single qubit case

FIG. 2. Absolute value of the errors for each matrix element
along 20 iterations, for classical, noisy and error mitigated
simulations, along with the 92% confidence level of the points.
Both columns refer to experiments where the Lagrange mul-
tipliers |L1,⌫i and |L2,⌫i are computed exactly as discussed in
Sec. II. Each panel (a-f) corresponds respectively to the ma-
trix elements (in the energy eigenbasis) 2, 2i, 5, �2i, 3 and 0.
The orange continous line correspons to classical simulations,
the blue dashed line to hybrid classical-quantum simulations
with error mitigation, and the green dot-dashed line to hy-
brid classical-quantum simulations with no error mitigation.
The lack of a green dot-dashed line in panel (c) implies that
this element did not appear in our attempts hybrid classical-
quantum simulations with no error mitigation.

For the single qubit case, both for the real and imag-
inary part we expect to obtain three di↵erent numbers
from the variational approach. In Fig.2 we consider, in
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each panel, the error from each of these six possible val-
ues. More specifically we consider the real values 2, 5 and
3 in panels (a), (c) and (e) and the values from the imagi-
nary part 2i, �2i and 0 in panels (b), (d) and (f). In each
panel we show the median of the 50 runs approaching
that value for three di↵erent cases: completely classical
simulations (continuous orange lines), hybrid classical-
quantum simulations without error mitigation (dashed
green lines) and with error mitigation (dot-dashed blue
lines). Also in this case the shadowing represent the 92%
confidence interval of the corresponding runs (i.e. be-
tween the 4�th and the 96�th percentile). We observe
that only the fully classical approach is able to reach
very small errors and continuously decrease as the itera-
tions of the optimization routine increase. At the same
time, also for the classical approach the process shows
a non-negligible error bar. For the hybrid approach, in-
stead, we observe that the error reaches a plateau after
about 10 iterations. This error is reduced when employ-
ing error-mitigation techniques. We thus associate this
performance to an erroneous evaluation of the overlaps
for the gradients. In some cases, as for the value 5, the
errors are so important that the hybrid classical-quantum
algorithm is not able to converge to this solution when
one does not implement error mitigation.

A. Single qubit using an approximate evaluation of
the Lagrange multipliers

Fig. 3 is completely analogous to Fig. 1, and thus it
shows results for real and imaginary elements of W and
the corresponding angles versus the number of iterations.
However in this case we used the iterative algorithm from
finding the minima of Eq.(5) and Eq.(6). Since in this
case the Lagrange multipliers |Li,⌫i are not exact, the op-
timization is not as accurate and hence while the medians
of the expectation values and of the angles approach the
exact values, the error bars, here also indicated by the
92% confidence level of the runs ending close to one so-
lution, are larger.

V. Two qubits

To understand how this variational approach would
perform on larger systems, we now consider a two-qubit
case. We will use the Hamiltonian H2 from Eq.(9) and
the observable W2 which in the eigenbasis of the Hamil-
tonian has the values WD

2 from Eq.(10). The trial eigen-
functions are parametrized as shown in Eq.(12). We con-
sider 300 di↵erent initializations and we show, in Fig. 4
a density plot of the resulting matrix elements vs the
number of iterations. By density plot we mean that for
each of the 20 iterations, we consider a vertical range
and divide it into small bins of length 0.2 and count how
many points fall into those intervals. The initial condi-
tions are prepared such that near the exact angles for the

FIG. 3. Exactly the same description as Fig. 1 with the only
di↵erence that in the optimization procedure we have used ap-
proximated Lagrange multipliers from minimization of Eq.(5)
or Eq.(6).

FIG. 4. Heatmaps for the two-qubit case and for the real
(a) and imaginary (b) elements of W2 in energy eigenbasis,
through exact calculation of the Lagrange multipliers. Both
subplots show the convergence to the matrix elements for 300
runs of 20 iterations each, initialized in intervals of radius 0.15
of the optimal angles.

solutions of the eigenfunctions in Eq.(12) with an error
±0.15 from the exact ↵i, �i and �i. Furthermore, noises
from the quantum machine have not been considered in
these two-qubit calculations, and only statistical errors,
i.e. shot-noise, are considered. From Fig. 4 we find that
some matrix elements are much more stable than oth-
ers. For instance the elements 20, 25 and 6 converge in
few iterations and they have a large probability of ap-
pearing. Other values, like 13, are unstable and they do
not appear unless one chooses initial conditions for the
parameters of the trial eigenfunctions very close to the
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exact ones. This is true also for completely classical sim-
ulations, hinting at the fact that the landscape of this
optimization problem is particularly di�cult and better
classical optimization routines should be used. What is
possibly more striking is that there are also converged
results to values which do not belong to W2, as for in-
stance the value ⇡ 30. From this we deduce that this
method can give a good number of matrix elements, and
depending on the amount of noise in the machine, they
can be fairly accurate, but it may also not find some val-
ues and possibly return a few which are not correct. It
would thus be important to cross-check these values with
other methods.

VI. Conclusions

We have considered a variational approach for hybrid
classical-quantum computation of the matrix elements of
an observable W in the energy eigenbasis. The diago-
nal elements of local observables typically relaxes to its
long time asymptotic value. The fluctuations around this
value as well as it relaxation times are however dictated
by the o↵-diagonal elements [54]. Ths our approach has
implications on non-equilibrium statistical studies. At
the beginning, we have implemented the method with
one qubit to learn some of its basic features, and then
we proceed to two qubits to study how the method per-
forms when the size of the systems studied increases. We
have found that in general the method can perform well,
meaning that it finds many of the matrix elements even
when one initializes randomly the trial functions over a
very broad range of parameters. The performance of the

method are limited by the errors in the estimation of
the gradients and overlaps from the quantum computer.
These errors can be mitigated but they are still impor-
tant, due to the fact that the variational function is not
very stable close to some matrix elements. Furthermore,
the variational function may also return some values that
are not elements of the observable W . This occurs also
in a fully classical implementation of the algorithm, in-
dicating that improvements can be sought after with the
landscape of the variational function and also with the
classical optimizer. We highlight that one can use a much
smaller basis, which represent states closer to those of in-
terest, thus limiting the emergence of spurious incorrect
results. In this case the optimization procedure will also
be better controlled. Another way to improve the perfor-
mance is to re-initialize the angles from the results after
a certain number of iterations. Here we used normalized
trial functions, but the method can be generalized, as we
show in App.C, to non-normalized trial states. A rele-
vant direction for future investigation is to find ways to
stabilize the less stable matrix elements.
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Appendix

A. Variational principle

The variational principle is best gleaned from exam-
ples. Here, we restrict ourselves to the determination of
o↵-diagonal matrix elements in quantum mechanics. In
order to do so, we write the expression of the variational
principle starting from the trial objective and the con-
straints, i.e.

Fv = h�i,t|W |�j,ti (A1)

and

B1 = (H�Ei,j) |�i,ji = 0 and B
†
1 = h�i,j | (H�Ei,j) = 0.

(A2)

The final expression is obtained by promoting the con-
straints to the objective by multiplication by some La-
grange multipliers L and �. The goal is then to find
expressions for L and � either exactly or iteratively, and
to check which ones are best suited for the variational
principle.
Concretely, the trial quantities of interest and the trial
Lagrange multipliers are defined as

���i/j,t

↵
=

���i/j

↵
+

����i/j

↵
, (A3)

�t = �+ ��, (A4)

and
��Li/j,t

↵
=

��Li/j

↵
+

���Li/j

↵
. (A5)

From this, we write the variational form of F, Fv, as

Fv = h�i,t|W |�j,ti
+ hLi,a,t| (H � Ei) |�i,ti+ h�i,t| (H � Ei)

† |Li,b,ti
+ hLj,a,t| (H � Ej) |�j,ti+ h�j,t| (H � Ej)

† |Lj,b,ti
+ � [h�i,t|W |�j,ti ⌥ h�j,t|W |�i,ti] ,

(A6)

and by replacing the trial quantities with equations A3-
A5, one can get the error �Fv as
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�Fv = Fv � h�i,t|W |�j,ti = (h�i| + h��i|)W (|�ji +
|��ji) � h�i|W |�ji + (hLi,a| + h�Li,a|)[(H � Ei)(|�ii +
|��ii)]+[(h�i|+h��i|)(H�Ei)†](|�Li,bi+|Li,bi)+(hLj,a|+
h�Lj,a|)[(H � Ej)(|�ji + |��ji)] + [(h�j | + h��j |)(H �
Ej)†](|�Lj,bi + |Lj,bi) + (� + ��)((h�i| + h��i|)W (|�ji +
|��ji)⌥ (h�j |+ h��j |)W (|�ii+ |��ii)) = 0 By using con-
straints A2 and A3,discarding terms of second order and
putting equal to 0 the coe�cients of |��i and h��|, �Fv

vanishes for all allowed |��i and h��|, and we get, for the
real case

h��i| ! (H � Ei) |Li,bi = �(�+ 1)W |�ji , (A7)

h��j | ! (H � Ej) |Lj,bi = �W |�ii , (A8)

|��ii ! hLi,a| (H � Ei) = � h�j |W (A9)

and

|��ji ! hLj,a| (H � Ej) = �(�+ 1) h�i|W. (A10)

Multiplying on the left of equation A7 by h�i| and on the
left of equation A8 by h�j |, and applying constraint A2,
we get � = �1/2. |Li can be obtained by |Li = c1 |�i
and made unique by h�|Li = c2 = 1. We can see that for
the real case |Li,ai = |Li,bi and |Lj,ai = |Lj,bi.
For pure imaginary matrix elements, the procedure is

the same, and we get

h��i| ! (H � Ei) |Li,bi = �(�+ 1)W |�ji , (A11)

h��j | ! (H � Ej) |Lj,bi = ��W |�ii , (A12)

|��ii ! hLi,a| (H � Ei) = �� h�j |W (A13)

and

|��ji ! hLj,a| (H � Ej) = �(�+ 1) h�i|W. (A14)

Again, � = �1/2 but this time |Li,ai = � |Li,bi and
|Lj,ai = � |Lj,bi.

B. Variational principle for Li,⌫

The next step is to derive an expression, exact or
approximated, for computing the Lagrange multiplier
|Li,⌫i. This could in theory be done exactly by inverting
(H � Ei) in A7. In practice, a near-singularity prob-
lem arises because the operator H �E1, where E1 is the
ground state energy, has a zero eigenvalue and therefore
cannot be inverted; this can be solved by replacing said
operator by a shifted one that does not have a zero eigen-
value as discussed in the main text. In addition, in order
to get an extremum principle that would give us an ap-
proximation to |Li,⌫i without inverting any matrix, this
operator must be positive definite.

An operator that satisfies this condition is Hmod,i �
E1,t = H � HP1,tH

E1,t
� E1,t where P1,t is the trial projec-

tion operator to the ground state P1,t = |�1,ti h�1,t| and
E1,t is the trial ground state energy E1,t = h�1,t|H |�1,ti.
The idea is to find another variational principle for |Lti
(where we omit the indexes i and ⌫ to lighten the nota-
tion) that would replace Eq. (A11-A14) , and that could
then be used in the variational principle of Eq. (A6) to
find better approximations of the trial functions. This
variational principle for |Lti is of the form

M(|Xtti) = hXtt|A |Xtti � hXtt|qti � hqt|Xtti (B1)

where A will be the shifted non-negative operator, |Xti is
the trial Lagrange multiplier |Ltti, |qti = A |Xti a known
function and we write |Xtti = |Xti+ |�Xti. By using this
last equivalence, eq B1 becomes

M(|Xti+ |�Xti) = M(|Xti) + h�Xt|A |�Xti (B2)

where the quadratic term on the far right is strictly con-
vex since A is positive definite. This expression has a
minimum for |Xtti = |Xti, i.e. |Ltti = |Lti.
Setting |qti = A |Xti = (Hmod,i � E1,t) |Lti =
[(h�1t|W |�1ti) � E1tc1t] |�1ti � W |�1ti, the variational
principle for |Lti becomes

M(Ltt) = hLtt| (H1
mod,t

� E1t) |Ltti � hLtt|qti � hqt|Ltti
(B3)

and with |Ltti = |Lti+ |�Lti,

M(|Lti+ |�Lti) = M11(|Lti)+ h�Lt| (H1
mod,t

�E1t) |�Lti
(B4)

which has its minimum at |Ltti = |Lti.
For the real case, eq B3 becomes:

M(Li/j) =
⌦
Li/j

�� (Hmod,i/j�Ei/j)
��Li/j

↵
+
⌦
�j/i

��W
��Li/j

↵

(B5)
while for the imaginary one, it is

M(Lib/jb) =
⌦
Lib/jb

�� (Hmod,i/j � Ei/j)
��Lib/jb

↵
(B6)

C. Variational principle for non normalized states

The variational principle for non-normalized wave
functions requires the introduction of the following ad-
ditional constraints

⌦
�i/j

���i/j

↵
� 1 = 0 (C1)

and the respective Lagrange multipliers �i/j . The varia-
tional principle then becomes

Fv = h�i,t|W |�j,ti
+ hLi,a,t| (H � Ei) |�i,ti+ h�i,t| (H � Ei)

† |Li,b,ti
+ hLj,a,t| (H � Ej) |�j,ti+ h�j,t| (H � Ej)

† |Lj,b,ti
+ �i(h�i,t|�i,ti � 1) + �j(h�j,t|�j,ti � 1)

+ � [h�i,t|W |�j,ti ⌥ h�j,t|W |�i,ti]
(C2)
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and we get the following equations for the real case

h��i| : (H � Ei) |Li,bi = ��i |�ii � (�+ 1)W |�ji ,
(C3)

h��j | : (H � Ej) |Lj,bi = ��j |�ji+ �W |�ii , (C4)

|��ii : hLi,a| (H � Ei) = ��i h�i|+ � h�j |W, (C5)

and

|��ji : hLj,a| (H � Ej) = ��j h�j |� (�+ 1) h�i|W
(C6)

which give � = �1/2 and �i = �j = �(h�i|W |�ji)/2.
For the iterative approach, the function to optimize is

M(Li/j) =
⌦
Li/j

�� (Hmod,i/j � Ei/j)
��Li/j

↵

+ 2�i/j

⌦
�i/j

��Li/j

↵
+
⌦
�j/i

��W
��Li/j

↵
.

(C7)

For imaginary elements, we get

h��i| : (H � Ei) |Li,bi = ��i |�ii � (�+ 1)W |�ji ,
(C8)

h��j | : (H � Ej) |Lj,bi = ��j |�ji � �W |�ii , (C9)

|��ii : hLi,a| (H � Ei) = ��i h�i|� � h�j |W, (C10)

and

|��ji : hLj,a| (H � Ej) = ��j h�j |� (�+ 1) h�i|W
(C11)

with � = �1/2 and �i = �j = �(h�i|W |�ji)/2.
For the iterative approach for the imaginary elements,
one needs to optimize

M(Lib/jb) =
⌦
Lib/jb

�� (Hmod,i/j � Ei/j)
��Lib/jb

↵

+ 2Re(�i/j)
⌦
�i/j

��Lib/jb

↵ (C12)
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