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Anomaly of (2 + 1)-Dimensional Symmetry-Enriched Topological Order
from (3 + 1)-Dimensional Topological Quantum Field Theory
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Symmetry acting on a (241)D topological order can be anomalous in the sense that they possess
an obstruction to being realized as a purely (241)D on-site symmetry. In this paper, we develop
a (3+1)D topological quantum field theory to calculate the anomaly indicators of a (2+1)D topo-
logical order with a general symmetry group G, which may be discrete or continuous, Abelian or
non-Abelian, contain anti-unitary elements or not, and permute anyons or not. These anomaly indi-
cators are partition functions of the (341)D topological quantum field theory on a specific manifold
equipped with some G-bundle, and they are expressed using the data characterizing the topological
order and the symmetry actions. Our framework is applied to derive the anomaly indicators for
various symmetry groups, including Zy x Z», Z3 x Z3, SO(N), O(N)T, SO(N) x 21, etc, where Z
and ZI denote a unitary and anti-unitary order-2 group, respectively, and O(N )T denotes a sym-
metry group O(NN) such that elements in O(N) with determinant —1 are anti-unitary. In particular,
we demonstrate that some anomaly of O(N)T and SO(N) x Z% exhibit symmetry-enforced gapless-
ness, i.e., they cannot be realized by any symmetry-enriched topological order. As a byproduct, for
SO(N) symmetric topological orders, we derive their SO(N) Hall conductance.
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I. Introduction

Topological orders are interesting gapped quantum
phases of matter beyond the conventional paradigm,
and their discovery is one of the main forces that rev-
olutionized modern quantum many-body physics [1].
Instead of being characterized by local order param-
eters associated with symmetries, in (2+1)D they are



characterized by anyons, quasiparticle excitations with
nontrivial statistics that may be neither bosonic nor
fermionic. The physical properties of a topological or-
der are nicely summarized using the language of ten-
sor category [2-5], and in particular in (2+1)D bosonic
systems the data of anyons forms an elegant mathemat-
ical structure called unitary modular tensor category
(UMTC). In this paper, we focus on bosonic topologi-
cal orders in (2+1)D, and will use the terms topological
order and UMTC interchangeably.

There is rich interplay between topological order and
symmetry!. Two topological orders that have the same
set of anyon excitations but cannot be smoothly con-
nected to each other in the presence of some symmetry
are referred to as different symmetry-enriched topolog-
ical orders (SETs). A non-trivial aspect of symmetry
actions on a topological order is symmetry fractional-
ization, in the sense that symmetry actions on anyons
may not form a representation of the symmetry group,
but a projective representation. So we sometimes say
that anyons carry “fractional” quantum numbers. Dif-
ferent symmetry actions on anyons, reflected in how
anyons are permuted by symmetries and symmetry
fractionalization patterns, differentiate different SETSs.

Interestingly, some SETs are anomalous, in the sense
that their symmetry fractionalization patterns cannot
be realized in a purely (241)D style with on-site sym-
metry actions. On the contrary, it has to be realized on
the boundary of a (3+1)D symmetry-protected topolog-
ical phase (SPT), so that the symmetry actions can be
on-site. This is believed to be equivalent to the notion
of a 't Hooft anomaly [6]. Given a symmetry group G,
possible anomalies are classified by group cohomology
or cobordism, and these different classes are in one-to-
one correspondence with the SPT states in the (3+1)D
bulk that can potentially cancel the anomaly and host
this anomalous SET on its boundary [7-9].

Understanding the anomaly of SETSs, or general
quantum many-body systems, is very important be-
cause the anomaly constrains the low-energy dynamics
in a powerful way. If the system has some 't Hooft
anomaly, then its ground state cannot be trivial, i.e.,
either the symmetries are spontaneously broken, or the
ground state is gapless or topologically ordered. Going
one step further, even more powerful constraint comes
from anomaly matching. Since the anomaly can be
viewed as a property of the higher dimensional bulk,
it is an invariant under deformations of the original
system. In particular, it is an invariant under renor-
malization group that should be the same in the UV
and IR. For strongly interacting field theories, we do
not have too many handles on their low-energy dynam-
ics so far, and understanding their ’t Hooft anomalies
and considering anomaly matching serve as a powerful

1 Unless otherwise stated, all symmetries in this paper are 0-
form invertible internal symmetries.

approach [10-17]. More specifically, similar to topolog-
ical orders, in a general strongly interacting field theory
with one-form symmetries, the action of G on charged
line operators is specified by symmetry fractionaliza-
tion and serves as a further constraint on the IR phase
of these theories [13, 16, 17]. Therefore, understand-
ing the anomaly of SETs can definitely shed light into
the understanding of a general theory with one-form
symmetries.

In the context of symmetry-enriched topological
orders in condensed matter systems, it is also of
paramount importance to understand the anomaly of
SETs under similar veins. A fundamental task of con-
densed matter physics is to understand whether a cer-
tain quantum phase or phase transition can emerge
from a many-body system. For this purpose, an
emergibility hypothesis based on matching the Lieb-
Schultz-Mattis-type anomaly of a lattice system and
the anomaly of a quantum phase or transition is pro-
posed [11, 18]. In particular, the Lieb-Schultz-Mattis-
type anomalies of a large class of lattice systems rele-
vant to experimental and numerical studies are worked
out in Ref. [18]. To apply the emergibility hypothesis
to an SET, we need to know its anomaly. Further-
more, although there is great progress in understand-
ing the characterization and classification of SETs (es-
pecially in (2+1)D), such understanding mostly ap-
plies to topological orders with internal symmetries,
i.e., symmetries that do not change the spatial loca-
tions of the degrees of freedom. However, lattice sym-
metries are important in condensed matter systems,
yet the characterization and classification of topolog-
ical orders with lattice symmetries are relatively less
understood, despite the partial progress [19-25]. In
the spirit of Refs. [11, 18], understanding the anoma-
lies of a topological order with lattice symmetries (and
possibly also with internal symmetries) and applying
the emergibility hypothesis provide a route to clas-
sify such symmetry-enriched topological orders in con-
densed matter systems.

The main goals of this paper are two folds. First, for
any SET with any symmetry group G (which may be
discrete or continuous, Abelian or non-Abelian, con-
tain anti-unitary elements and/or permute anyons),
we develop a (34+1)D topological quantum field theory
(TQFT) defined on manifolds with a G-bundle struc-
ture, which describes the SPT state whose boundary
can host this SET. Based on this TQFT, we estab-
lish a framework to calculate the anomaly of a (2+1)D
topological order with symmetry group G, by calculat-
ing the partition function of the corresponding TQFT
on certain manifolds with some G-bundle structure.
This procedure is spelled out in great detail for finite
group symmetries and connected Lie groups. For dis-
connected Lie groups, we also have a formal construc-
tion of the partition function, although we have not
rigorously proved that it satisfies all consistency con-
ditions of a TQFT. Second, we apply this framework



to specific examples. In particular, we calculate the
anomaly indicators of various symmetry groups, in-
cluding Z¥, 7o x 7o, 73 x ZT, SO(N), O(N)T and
SO(N) x Z¥, where Zy and Z1 refer to a unitary and
anti-unitary order-2 symmetry group, respectively, and
O(N)T denotes a symmetry group O(N) such that el-
ements in O(N) with determinant —1 are anti-unitary.
Here anomaly indicators of symmetry group G refer
to a family of quantities, expressed in terms of the
data characterizing an SET, that can completely de-
termine the anomaly of any topological order enriched
by the symmetry group G. In addition, a byproduct
of our analysis is an explicit formula for the SO(N)
Hall conductance of an SO(N) symmetric topologi-
cal order, expressed in terms of the data character-
izing this SET (up to contributions from (241)D in-
vertible states). Moreover, for O(N)T,N > 5 and
SO(N) x Z¥ N > 4, we show that certain anoma-
lies cannot be realized by any SET, demonstrating the
phenomenon of “symmetry-enforced gaplessness” [26].

In the rest of this introduction, we first comment
on the relation between our work and prior work, and
then give an outline and summary of the paper.

A. Relation to prior work

There are already multiple papers that discuss the
anomaly of a topological order from various perspec-
tives. See for example Refs. [27—46]. In particular,
based on the idea of G-crossed braided fusion categories
[27], Refs. [28, 29] derived a formula to calculate the
anomaly of a general topological order with a unitary
symmetry that does not permute anyons. Ref. [31] con-
sidered anomalies of Abelian topological orders with a
finite unitary Abelian symmetry that does not permute
anyons, by explicitly studying the bulk-boundary cor-
respondence. Later, for reflection symmetry Z and
time reversal symmetry ZJ that may permute anyons,
Refs. [32-34] gave their anomaly indicators which ap-
ply to any topological order. The anomaly indica-
tors for U(1) x Z and U(1) x ZI symmetries were
later given in Ref. [35], with their lattice-symmetry-
versions discussed in Ref. [36]. Ref. [36] also gave
anomaly indicators for SO(3) x ZI and SU(2) x Z1.
Refs. [30, 37] derived a general formula to calculate
the relative anomaly between two different symmetry-
enriched topological orders, i.e., the difference between
the anomalies of a given topological order with differ-
ent symmetry fractionalization classes. Ref. [38] gave
a state-sum construction to calculate the anomaly of
a general bosonic symmetry-enriched topological or-
der with a general finite group symmetry, which may
contain anti-unitary elements and/or permute anyons.
This work was later generalized to fermonic symmetry-
enriched topological orders [39] (see related work in
Refs. [41-44]) and to incorporate a U(1) subgroup in
the symmetry [40].

In this work, we calculate the anomalies and
anomaly indicators via (3+1)D TQFTs, in a similar
spirit to Refs. [34, 38-40]. Different from Ref. [38-
40], where the TQFTs are based on cellulations of 4-
manifolds, we utilize handle decompositions in our con-
struction, following the idea of Ref. [34, 47, 48]. The
handle-decomposition-based formulation greatly sim-
plifies the calculations. In this way, we explicitly derive
the anomaly indicators for Zs x Za, Z1 x ZI, SO(N),
O(N)T and SO(N) x ZI symmetries (besides repro-
ducing the known anomaly indicators in the literature
[32-36]). Our framework has wide applicability, and
now the calculation of anomaly indicators for any sym-
metry group G is equally straightforward.

There is also a vast number of works done regard-
ing constructing a (3+1)D TQFT from the data of
a UMTC (or tensor category in general), including
Refs. [34, 38, 47-57]. Our work builds on the construc-
tion in Refs. [34, 48] to build up our TQFT, and in
particular we spell out in detail how to deal with man-
ifolds with a G-bundle structure and categories with
a G-action, for general symmetry group G. When G
is finite, our work can also be thought of as a handle
version of the state sum construction in Ref. [38]. As
mentioned before, our formulation makes the calcula-
tion much easier and explicit formulae possible. More-
over, our framework generalizes in a straightforward
manner to continuous symmetries.

We remark that symmetries considered in this pa-
per are all “exact symmetries”, which are supposed to
be present in the system microscopically. They are in
contrast to “emergent symmetries”, which do not exist
microscopically but emerge as good approximate sym-
metries at low energies and long distances, sometimes
in the form of generalized symmetries [58—60]. A possi-
ble approach to calculate the anomaly associated with
an exact symmetry is to first figure out the full emer-
gent symmetry of a theory and its associated anomaly,
and then use some “pullback” to get the anomaly
of the exact symmetry (see, e.g., Refs. [17, 45, 46]).
This approach is certainly elegant. However, as more
and more emergent generalized symmetries are discov-
ered, it appears subtle to know whether we obtain the
complete set of emergent symmetries and how exactly
the anomaly of the exact symmetry is related to the
anomaly of the emergent symmetry (see Point 7 of
Discussion in Sec. VII). Specifically, one might won-
der, within such an approach, if one has to first un-
derstand all emergent non-invertible symmetries and
their anomalies, which seems complicated. In this pa-
per, we avoid this subtlety by directly working with the
exact symmetry of a topological order, without refer-
ring to its full emergent symmetry. In particular, the
construction of the (3+1)D TQFT does not explicitly
take the full emergent symmetry as an input.



B. Outline and summary

The outline and summary of the rest of the paper
are as follows.

e In Sec. I1, we briefly review relevant concepts and
notations of UMTC and symmetry fractionaliza-
tion.

e In Sec. III, for a finite symmetry group G, we
present the general construction of the (3+1)D
TQFT defined on 4-manifolds equipped with an
extra G-bundle structure (see Sec. IIIB) and an
explicit recipe to calculate its partition function
(see Sec. IIID). This partition function is ex-
pressed compactly in Eq. (44).

e In Sec. IV, we apply the general framework to
calculate the anomaly indicators of various fi-
nite group symmetries. First, we reproduce the
anomaly indicators of the Z1 symmetry (see Egs.
(46),(50)), first proposed in Ref. [32] and later
proved in Ref. [34] (see also Ref. [33]). We then
derive the anomaly indicators of the Zs X Zso
(see Egs. (53),(54)) and Z1 x ZT symmetries (see
Egs. (55),(56)), which are unavailable in the prior
literature as far as we know. To illustrate the us-
age of these anomaly indicators, in Sec. IVD 1 we
classify all symmetry fractionalization classes of
the all-fermion Zy topological order with ZZ x ZT
symmetry, and calculate the anomalies for all
these classes.

e In Sec. V, we generalize the construction to con-
nected Lie group symmetries, where the expres-
sion of the partition function is given by Eq. (65).
We then apply it to derive the anomaly indica-
tors of SO(N) (see Egs. (78)). As a byproduct,
we also derive the SO(N) Hall conductance of
an SO(N) symmetric topological order (up to
contributions from (2+1)D invertible states), ex-
pressed in terms of the data characterzing an
SET (see Egs. (80),(81)).

e In Sec. VI, we explain a simple way to use the
results we have already derived to obtain the
anomaly indicators of many other groups, includ-
ing O(N)T, SO(N) x 7L, 7, x 7T, Z,, x 7T,
Zy, X Lo, O(N), etc. In particular, we derive the
anomaly indicators of O(N)T' (see Egs. (95),(96))
and SO(N) x ZI (see Eq. (106)), and demon-
strate that certain anomaly of them cannot be re-
alized by any symmetry-enriched topological or-
der, showcasing the phenomenon of “symmetry-
enforced gaplessness” [26, 61, 62].

e We finish with some discussion in Sec. VII.

e The appendices contain further details of our
framework and calculations. Appendix A

presents the derivation that leads to our main
formulae Eq. (44). In Appendix B, for finite
group symmetry G, we give a more explicit ex-
pression of the “n-factor” that will enter the par-
tition function in Eq. (44). In Appendix C, we
explicitly perform various consistency checks for
the partition functions, given by Eq. (44) for a
finite group symmetry G and Eq. (65) for a con-
nected Lie group symmetry G. In Appendix D,
we give some introduction about identifying man-
ifolds relevant to calculating the anomaly indi-
cators. In Appendix E, we present more details
on the handle decomposition of various manifolds
explicitly used in the paper.

II. Review of topological order with symmetry G
A. Review of UMTC notation

In this subsection we briefly review relevant concepts
and notations that we use to describe UMTCs. For
a more comprehensive review of these concepts and
notations, see e.g., Refs. [29, 63, 64] for a more physics
oriented introduction, or Refs. [2, 3, 65, 66] for a more
mathematical treatment.

A category consists of objects and morphisms be-
tween those objects. In a UMTC C, there is a finite set
of simple objects a. They are referred to as (simple)
anyons in the context of topological orders. The set of
morphisms Hom(a, b) between two objects a and b in
a UMTC C forms a C-linear vector space. The vector
space is referred to as the topological state space in the
context of topological order. For example, Hom(a,b)
can be viewed as the Hilbert space of states on a 2-
sphere that hosts anyons a and b (see Eq. (35)).

Moreover, a UMTC C has the structure of fusion and
braiding. Fusion means that there is a bifunctor x such
that acting it on anyons a and b we have

axb%ZNgbc (1)

where IVJ, is interpreted as the dimension of the topo-
logical state space of two anyons a and b fusing into a
third anyon c. There are two related vector spaces, V.
and V28, referred to as the fusion and splitting vector
spaces, respectively. The two vector spaces are dual to
each other, and depicted graphically as:

&
(de/dady)""* K = (a,bicl, €V, (2
a b
b
(def dudy) Y b, €V, (3)
C

where p = 1,..., NS, do is the quantum dimension



1/4
of a, and the factors ( ddjjb> are a normalization

convention for the diagrams.

In this paper, we will use the convention that the
splitting space is referred to as the vector space, corre-
sponding to “ket” in Dirac’s notation, while the fusion
space is the dual vector space, corresponding to “bra”
in Dirac’s notation. Diagrammatically, inner products
of the vector space are formed by stacking vertices so
the fusing/splitting lines connect

&
[ded
5cc’ 5;41/ ch ) (4)

which can be applied inside more complicated dia-
grams.

More generally, for any integer n and m there are
vector spaces V;1';"2p""  which are referred to as the
fusion space of m anyons mto n anyons. These vector
spaces have a natural basis in terms of tensor prod-
ucts of the elementary splitting spaces V,2* and fusion

spaces V. For instance, we have

Vdabc o Z V;ab ® Vdec ~ Z Vdaf ® V;)c (5)
e f

The two vector spaces are related to each other by a
basis transformation referred to as F-symbols, which
is diagrammatically shown as follows

abc
Ey

}(efa’ﬁ)v(fr”»l’) f

(6)
The basis transformations are required to be unitary
transformations, i.e.

[(F“bc) 1} (f.m,v) (e, 8) - [(F;bc)q (fspv)(e,,B)

abc]*
[Fd ](e,aﬁ)(ﬁuﬂ/)' (7)

There is also a trivial anyon denoted by 1 such that
1xa=ax1=a. Wedenote a as the anyon conjugate
to a, for which NL. =1, i.e.

axa=1+4+--- (8)
Note that a is unique for a given a.

The R-symbols define the braiding properties of the
anyons, and are defined via the the following diagram:

’ ?:w==§Z[R?Lu”‘¥f”- )

Under a basis transformation, I‘“b Vab — V“b the

F and R symbols change accordlng to:
Fght — Fgte =

ab pab
R} — R,

P F T ]
= TR (10)

where we have suppressed splitting space indices and
dropped brackets on the F-symbol for shorthand. In
this paper, we refer to this basis transformation as a
vertex basis transformation.

On the other hand, physical quantities, like the topo-
logical twist 6, and the modular S-matrix S, should
always be basis-independent combinations of the data.
The topological twist 0, is defined via the diagram:

de | oa 1
=Y IR, = o (11)
cp Lo a %

Finally, the modular S-matriz Sgp, is defined as

Say =D Z D“QQ (12)

where D = /> d2 is the total dimension of the
UMTC.

bae

B. Global symmetry

We now consider a UMTC C which is equipped with
a global symmetry group G. Mathematically speak-
ing, by definition, G associates a monoidal functor pg
modulo natural isomorphism to each g € G, which
should satisfy various consistency conditions. In this
subsection we break down the definition and review
the concepts and notations related to global symme-
try G. For a more comprehensive review, see e.g.,
Refs. [27, 29, 65].

First of all, as a functor, pg acts on the anyon labels
and the topological state spaces. For an individual el-
ement g € GG, g can permute the anyons and we use 8a
to denote the (simple) anyon we get after the g action
on the (simple) anyon labeled by a. Moreover, g also
has an action on the topological state space, which is a
C-linear or C-anti-linear operator on the fusion space,
depending on whether g is unitary or anti-unitary. We
denote this action on individual topological state space
as pg as well:

ppt VI VIS, (13)
And in particular we have
Nefey, = NG, (14)

To account for anti-unitary symmetry, we associate a
Zs grading ¢(g) (and related o(g)) as follows
0 if g is unitar
Q(g) = { 1 s Y

if g is anti-unitary (15)



| 1 if g is unitary
o(g) = { * if g is anti-unitary (16)

where % denotes complex conjugation.

Assembling the above information in the component
form, we can write the action of pg on the topological
state space as a matrix Ug(®a, 8b; 8c),,

pela,b;c), = ZUg(ga7 gp; gC)WK‘I(g)| €a, Bb; &c),,
(17)

where Ug(®a, 8b; 8c) is an NS x NS matrix, and
K denotes complex conjugation which appears when

J

q(g) = 1 and the action pg is C-anti-linear. As a con-
vention, we will also use Ug_l(ga7 gh; 8¢) to denote the
matrix inverse of Ug(8a, 8b; &c), even when g is anti-
unitary.

Under a vertex basis transformation, T'% : V2 —
Ve, Ug(a,b;c),, transforms to

Ola.be) = [1527] ™ e ) (0297 (19)

with the shorthand g = g~!. Moreover, to preserve
the structure of braiding and fusion, under the action
of pg, the F' and R symbols should transform according
to the following rules:

pg[Fgebfc] — Ug(ga, g, ge)Ug(ge, g gd)F:jggeb:; g_l(gb, g¢; gf)Ug_l(ga, 8f: 8d) = Kq(g)F;:chq(g)
pg|R%] = Ug (8D, 8a; 8c)Re2"°Uy( Ba, 8b; Bc)~! = K1(8) Rabfa(8) (19)

where we have suppressed the additional indices that
appear when Ng > 1. Accordingly, the basis-
independent quantity, including the topological twist
0, and the modular S-matrix S, should be invariant
or complex-conjugated under the action of pg, i.e.,

Seqsy = S8
Ocq =07, (20)

Finally, we demand that pg satisfy the group multi-
plication rule up to a natural isomorphism denoted by

n(g,h), ie.,

(

By the definition of natural isomorphism, first of all, for
every anyon a, 7(g, h) assigns a morphism ngn, (g, h) €
Hom(2("a), &"a) to 8"a. In order for this morphism
to be an isomorphism, we need to have

g(ha) = 8shy, (22)

and accordingly, nen,(g,h) can be identified with just
a U(1) phase for simple anyon a. Secondly, the def-
inition of natural isomorphism demands that, on the
topological state space |8Pa, 80b; 8hc) . the action of
pg © pn should be equal to the action of pgn up to a

n(g,h):  pgopn = pgn (21)  phase %, i.e., we should have
J
(8 h h - E. Br B
o188 ) (gn (;"bé)g ) _ U, (a,b:¢)  KMO Uy (Ba, Bb; Be) KU® Ugn(a, by ), (23)

This phase is often denoted by kg n(a, b; ¢) in the liter-
ature [29].

We also wish to impose a third constraint on n(g, h)
coming from the constraint of associativity of symme-
try actions. Namely, we wish that the two different
ways of connecting pg © pn © px With pgnk through na-
trual isomorphism 7 are identically the same, i.e., we
wish to have

Na (g7 h)na(gh’ k) = Ta (g7 hk)nga(h7 k)a(g)7 (24)

The action pg above defines an element ® € H?p} (G, A)

[27, 29, 45]. Eq. (24) can be satisfied only when ® is
trivial. If ® is non-trivial, then ® is referred to as the

(

obstruction to symmetry fractionalization?. Different

solutions 7,(g,h) of Eq. (23) together with (24) cor-
responding to the same pg are referred to as different
symmetry fractionalization classes.

Finally, we identify different choices of pg up to na-
trual isomorphism v(g), i.e., we identify two sets of
functors pg and pg if they are connected to each other

2 In this paper, we will always assume that this obstruction is
absent, and it can be straightforwardly checked for specific
examples that we consider in the paper.



by some natural isomorphism (g)

Pg = ﬁga (25)

and this changes Ug(a,b; ¢) and 14(g, h) in the follow-
ing way [29]:

v(g) :

7a(8)76(8) 1 (.
'Yc(g) Ug( b )
Ya(gh)
Ya(8)(Vza(h

In this paper we refer to this transformation as
the symmetry action gauge transformation. Different
gauge inequivalent choices of {n} and {U} characterize
distinct symmetry fractionalization classes [29]. In this
paper we will always fix the gauge

m(g h) =n.(1,8) = n.(g,1) =1
Ug(1,b;¢) = Ug(a,1;¢) = 1. (27)

Ug(a,b;c) —

na(g7 h) — ))a(g) Na (g7 h) (26)

Moreover, we choose p; to always be the identity func-
tor. When G is continuous, we further choose pg such
that pg’s for different g’s in the same connected com-
ponent are the same functor.

One can show that distinct symmetry fractionaliza-
tion classes form a torsor over H2(G,.A). That is, dif-
ferent possible symmetry fractionalization classes can
be related to each other by elements of ’H?,(G7 A),
where A is an Abelian group whose group elements
correspond to the Abelian anyons in this UMTC, and
the group multiplication corresponds to the fusion of
these Abelian anyons. In particular, given an element
[t] € H2(G,.A), we can go from one symmetry fraction-
alization class with data 7,(g,h) to another with data

7la(g, h) given by
Ta (g7 h) = TNa (g7 h)Ma,t(g,h) (28)

where t(g,h) € A is a representative 2-cocyle for the
— eaxt(g,h) ia

= Tl is the
double braid between a and t(g, h) [67].

In the case where the permuation p is trivial, there
is always a canonical notion of a trivial symmetry frac-
tionalization class, where 7,(g,h) = 1 for all anyon a
and all g,h € G. In this case, an element of H?(G,.A)
is sufficient to completely characterize the symmetry
fractionalization class.

As the take-home  message, the data
{pe; Ug(a,b;c),ne(g,h)} defines a categorical G
action on C, satisfying various consistency conditions,
especially Egs. (19),(23) and (24).

Sometimes we need to consider the symmetry ac-
tions of two different groups G; and Gy on a
UMTC C, with data {p(gl); Ug(l)(a, b; c),nél)(g, h)} and
{p(gQ); Ug) (a,b;c),n((f) (g,h)}, respectively. We say
that a map f : G; — (G2 is compatible with these
symmetry actions on C if for any g1 € Gj, p(gll) and

cohomology class [t] and M, t(g 1)

p?()gl) are two functors connected to each other by a

natural isomorphism ~(g;) as in Eq. (25), i.e.,

vg): o =%, (29)
In particular, g; and f(g;) are either both unitary or
both anti-unitary, and they permute anyons in exactly
the same way. Moreover, up to a symmetry action
gauge transformation their actions on the topological
state space satisfy

U)(‘?gl) (a,b;c) = Ué}) (a,b;c) (30)

for any anyons a,b,c € C. All maps between symme-
tries considered in this paper are in fact maps compat-
ible with symmetry actions on some UMTC C if not
stated explicitly.

Given such a map, we say that the symmetry frac-
tionalization class n") of Gy is the pullback of the sym-
metry fractionalization class 7 of Gy, if, under the
gauge choice leading to Eq. (30), we have

M (g 1) = 0P (f(g), f(h)) (31)
for any g,h € G; and any a € C. It is straightforward
to see that nél) (g, h) defined this way satisfies Egs. (23)
and (24), as long as 2 (g,h) does.

III. (341)D TQFT with finite group symmetry G

A UMTC C defines a (3+1)D TQFT via a path inte-
gral state sum construction due originally to Crane and
Yetter [49], and the state sum construction is extended
to orientable or nonorientable manifolds with G-bundle
structure in Ref. [38], where G is a finite group. In
this section, after explaining the relation of the parti-
tion function to anomaly, we review the approach of
Refs. [34, 47, 48] to give a more formal definition of
the TQFT along the lines of Refs. [68, 69], and demon-
strate how to compute the partition function of this
TQFT. In particular, we also extend the approach to
allow for an extra G-bundle structure, where G is a
finite group symmetry that may contain anti-unitary
elements, in which case the manifold under consider-
ation can be non-orientable. While Ref. [38] explictly
uses a cellulation of a manifold, our approach here uti-
lizes a handle decomposition of a manifold, which is
reviewed in Sec. IITC. As a result, our calculation is
simpler and will produce closed-form expressions for
partition functions and anomaly indicators.

In this section, usually when we refer to a manifold
M, we assume that there is a G-bundle structure G de-
fined on it as well, and an orientation has been chosen
if M is orientable.?

3 Even for non-orientable M, we still need to choose an orien-
tation of TM @&, where T'M is the tangent bundle of M and
¢ denotes the associated vector bundle of the gauge bundle G
[70, T1]. See Appendix D.



A. Characterizing the anomaly by
bulk-boundary correspondence

In the field theoretic language, a (d + 1)D G-
symmetric theory is anomalous if it cannot be gauged,
i.e., its partition function evaluated on a (d+1)D man-
ifold with a G-bundle cannot be made gauge invariant
by local deformations. However, there exists an appro-
priate (d+1+1)D G-symmetric invertible bulk theory
[71, 72] whose boundary can host the original (d+1)D
theory, such that the combined theory is anomaly-free.
So we can characterize the anomaly of the boundary
utilizing properties of the bulk. Specifically, the topo-
logical part of the partition function of the (d + 1)D
theory (i.e., the part of the partition function that is
insensitive to dynamical details and only concerns the
anomaly) on some (d+1)D manifold A can be defined
as the partition function of a (d 4+ 1 + 1)D invertible
bulk theory on some (d 4+ 1 + 1)D manifold M with
OM=N,ie.,

Zip1N) = Zgp11(M;OM = N) (32)

Yet as an intrinsic (d + 1)D theory the partition func-
tion for fixed N should be independent of the choice
of M. Hence on closed (d + 1 + 1)D manifold M
we are supposed to have Zgy111(M;0M = ) = 1.
Therefore, any Z44141(M;IM = 0) # 1 suggests that
the boundary theory on A is anomalous, and the class
of anomaly is encoded in the bulk partition function,
which should be a gauge invariant U(1) phase factor.
Below we will use this bulk partition function to char-
acterize the boundary anomaly. *

The case that concerns us is a (2+1)D symmetry-
enriched topological order described by a UMTC C and
a global symmetry G. In the case where G is trivial,
the UMTC indeed defines a (3+1)D invertible TQFT
called the Crane-Yetter model [49]. However, the phys-
ical system that the Crane-Yetter model defines is triv-
ial in the sense that the partition function on any close
4-manifold can be tuned to 1 without closing the gap
or breaking any symmetry (in fact no symmetry is im-
posed at all in this model). Mathematically, the par-
tition function corresponds to some element that be-
longs to Hom (979 (%), U(1)) = U(1), and all these el-
ements are smoothly connected to the trivial element.
This means that there is no intrinsic topological or-
der in the bulk defined by the UMTC C in this way
[4, 50, 52, 73]. Nevertheless, the (3+1)D theory on
a manifold with boundary hosts a (241)D topological

4 In the literature, we usually say that there exists a bulk G-SPT
that can “cancel” the anomaly on the boundary, such that the
total partition function of the combined bulk and boundary
system is gauge invariant. According to our convention, the
partition function of such bulk G-SPT should be the inverse
of Zg4141(M;OM = 0) that we present here.

state at its boundary, whose anyon excitations are de-
scribed by the UMTC C [53]. Moreover, the partition
function of the Crane-Yetter model is related to the
framing anomaly of the (2 + 1)D topological state, as
discussed in Refs. [34, 74].

In the presence of symmetries, the (3+1)D bulk is
generically an SPT state. The partition function of
this SPT state corresponds to some element of the
cobordism group Q%,((BG)?71), with ¢ : G — Zo
as in Eq. (15) labeling anti-unitary symmetries (see
Appendix D for the precise definition)®. Therefore,
in order to understand the SPT, we just need to cal-
culate the partition function on a few representative
manifolds, given by the generators of the dual bordism
group Q7°((BG)771). A complete set of such partition
functions, expressed in terms of the data characteriz-
ing (241)D symmetry-enriched topological orders, are
the anomaly indicators. The values of these anomaly
indicators for a given symmetry-enriched topological
order characterize its anomaly, corresponding to an ele-
ment in the relevant cohomology or cobordism group.®
Namely, there is an injection that maps the possible
values of the anomaly indicators to elements of the rel-
evant cohomology or cobordism group. 7

B. General construction of TQFT

In this subsection we review the basic facts about
TQFT that concern us in the context of topological
order, which ultimately lead to our recipe for calcu-
lating the partition function in Sec. III D. The presen-
tation here loosely follows Refs. [34, 69, 77]. See also
Ref. [48]. This subsection is rather formal, and readers
uninterested in the origin of various rules of the calcu-
lations can skip this subsection and take the recipe in
Sec. ITIID as the definition of our TQFT.

According to Ref. [68], an n-dimensional TQFT for
oriented manifolds (with no G-bundle structure), tak-
ing values in C, requires the specification of the follow-
ing information:

a. For every closed oriented n-dimensional manifold
M, a C-number Z(M) € C.

b. For every closed oriented (n — 1)-dimensional
manifold NV, a C-linear vector space V(N). When

5 To ease the notation, we will omit the superscript ¢ — 1 when
G contains unitary symmetries only.

6 More precisely, after choosing a basis of the cohomology or
cobordism group, the anomaly indicators are the expansion
coefficients of the element under this basis.

For a finite group G, because any (3+1)D SPT can have sym-
metric topologically ordered boundary, this injection should be
a bijection [75, 76]. However, for a continuous group G, be-
cause sometimes the (3+1)D SPT cannot have any symmetric
topologically ordered boundary [26, 61, 62], this injection is
generically not surjective.
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N is empty, the vector space V(N) is canonically
isomorphic to C.

c. For every oriented n-dimensional manifold M,
a vector |Z(M)) of the vector space V(OM).
When OM = (), this vector space is cannonically
identified with C, and gives the same C-number
as we get in [al.

They should satisfy a series of consistency conditions
that we do not specify here. We usually choose a set
of orthonormal basis vectors {|Barq)} for V(OM), and
then |Z(M)) can be written as sum of basis vectors,
e, Z(M)) = 3, (Boml Z(M))|Bone). We call the
inner product (Bom|Z(M)) the partition function of
M with label |Bgr) put on OM, and denote it by
Z(M; Bam).

One of the most important facts of TQFT is that
the partition function Z(M) of some n-manifold M
can be evaluated via the gluing formula. Let us cut
a closed nm-manifold M along some (n — 1)-manifold
N, then we get a new n-manifold M,,; with boundary
OMewt = N UN, where N is the same manifold N
with opposite orientation. From the axioms of TQFT
we have the following gluing formula:

_ N 2 Mews By)
2M) = 25: (BN IBA V) (33)

Here {8y} is a set of orthonormal basis for V(N).

From the gluing formula, it is clear that in order to
calculate the partition function on some complicated
manifold M, we can chop M up into simpler pieces
and calculate the partition functions of the individual
pieces, so that we can obtain the partition function of
the original manifold M with the help of the gluing
formula Eq. (33). Therefore, in order to understand
the TQFT, which in principle is defined on any mani-
fold that can be arbitrarily complex, the hope is that
it suffices to specify a relatively small amount of infor-
mation about Mg, and N.

Yet the manifold A as an (n — 1)-manifold can be
very complicated as well, and thus V(N') can be very
complicated. The idea of 2-extended TQFT is to ex-
tend the construction once down, i.e., we wish to ex-
tend the construction of TQFT properly to incorporate
the case where A has boundaries as well, and V(N)
can also be obtained by gluing relatively simple pieces
together. This extension will further simplify the anal-
ysis and the calculation of the partition function. We
will also immediately see that the data of a UMTC can
be manifestly incorporated into the construction, since
we will soon put anyons on an (n — 2)-manifold O.

Specifically, to specify the data of a 2-extended
TQFT, beyond the data of an ordinary TQFT, we need
to put an object of some C-linear category, reminiscent
of anyons, on “the boundary of the boundary”. More
precisely, on top of the information defining an ordi-
nary TQFT, this further information includes

d. For every closed oriented (n — 2)-manifold O, a
C-linear category C(O). When O is empty, the
category C(Q) is canonically isomorphic to the
category of C-linear vector spaces.

e. For every oriented (n — 1)-manifold N, an object
V(N) of the category C(ON'). When ON = (), this
object is canonically identified with a C-linear
vector space, and gives the same C-linear vector
space as we get in [b].

Similar to the fact that a vector can be written as sum
of basis vectors, an object can be written as a (direct)
sum of simple objects {80} for C(O) a semisimple cat-
egory. Therefore, similar to the previous analysis of
ordinary TQFT, we will also associate an object Byar
to ON and call Hom (8o, V(N)) the vector space of N
with label B put on ON, and denote it by V(N Bon)-

From this construction, we define the vector space
V(N; Banr) associated to N with boundary ON # 0,
after putting labels Sy on the boundary. Moreover,
V(N; Banr) can be obtained by chopping A along some
(n — 2)-manifold O and using “gluing formula” similar
to Eq. (33).

Now we specialize to the TQFT that concerns us the
most, i.e., a TQFT defined on 4-dimensional manifolds
from the data of a UMTC C. We can start using the
language of anyons and topological state spaces. We
define C(0O) as C®™ where n is the number of connected
components of @. In particular, when O = (), we say
n = 0 and C®Y is defined as the UMTC with only
object 1, i.e., a trivial anyon. Therefore, for closed
(n — 1)-manifold N with ON = 0, e.g., S3, V(N) is a

1-dimensional C-vector space, i.e., we have
V(%) ~C (34)

To finish the definition of the TQFT, we associate
the object 1 to N' = D3. When writting down the
vector space of D? given some label on 9D? = S§2,
sometimes we need to associate a direction of the flow
of anyons, i.e., whether an anyon comes into or out of
the S? ball. This choice is similar to the choice of an
orientation of A, and when A/ = OM it can be the
same as or opposite to the orientation induced from
M. Now we assign ai,... anyons coming out of S?
and bq,... anyons coming into S2, and we have the
canonical identification of the vector space given such
labels as the topological state space of fusing bq,...
anyons into aq,... anyons, i.e.,

V(D% (ar,...;b1,...)) = Vit (35)
After this assignment, we can in principle identify all
vector spaces associated to N with some label on N
For example, for S? x D! with trivial anyon on the
boundary, we have

V(52 x D';0) ~C (36)



For S' x D? with trivial anyon on the boundary, we
have

V (S* x D% 0) ~Cl°l (37)

where |C| denotes the number of simple anyons in C,
and () denotes the trivial anyon on the boundary. A
basis vector in V(S x D?;)) corresponds to putting an
anyon loop labeled by a € C along S* x {pt} C S*x D?,
where {pt} denotes a point in D2.

We mention that in Ref. [34], V(N Banr) is defined as
the space of formal linear superpositions (with complex
coefficients) of all anyon diagrams, which can end on
the anyons labed by S on the boundary N, modulo
the equivalence from local relations given by fusion of
anyon lines, F-moves, and R-moves, i.e.,

V(N Ban) = C[C(N;; Ban)]/ ~, (38)

where C(N; Banr) denotes the set of all such anyon di-
agrams and ~ is the equivalence given by these local
relations. This serves as a nice diagrammatic illustra-
tion of the vector spaces defined above, as simply illus-
trated in Fig. 1. (See also Ref. [53] for the connection
to Hamiltonian formalism.) In Appendix A1 we red-
erive various vector spaces mentioned using the above
definition, which serves as a nice consistency check.
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Figure 1. The illustration of some anyon diagram on D? x
D', with some anyon lines ending on anyon a and @ put on
the boundary.

Another piece of information that we should at-
tribute to the vector space is the inner product in
V(N; Banr). Following the expectation from gluing for-
mula as in Eq. (40), the inner product in V(N Ban) is
supposed to be the partition function of A" x D! with
the labels on the boundary of A" and N attached to
each other:

(@Y)vnipor) = ZWN x DT UY), (39)

where z,y are two vectors in V(N; o) and T is the
dual vector of z in the dual vector space V(N; Byx7)-
For our purpose, we have to deal with manifold M
with an additional G-bundle structure G. Now we spe-
cialize to a finite symmetry group G, and thus a G-
bundle G is fully characterized by the holonomy around
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all noncontractible cycles of M. Such noncontractible
cycles are generators of w1 (M) that we call 1-cycles,
and the holonomy assigns a group element g € G to
every generator of m (M). To facilitate the usage of
gluing formula, we can use a defect network to repre-
sent the holonomy, and the G-bundle structure is com-
pletely determined by which group elements (i.e., de-
fects) we put on noncontractible cycles of M, up to
conjugation by elements in G.

According to the general recipe in Ref. [69], the
category C(O) and the vector space V(N') should be
equipped with a categorical G-action. This is precisely
the data {pg; Ug(a,b;c),n.(g,h)} in Sec. IIB that de-
fines a categorical G action on C. Labels should be
acted by pg or pg I when crossing a defect correspond-
ing to the group element g (whether it is pg or Pg !
will be explained later). Moreover, a 1-cycle of M,
thought of as a 1-morphism in the language of higher
category, should be assigned a functor acting on vec-
tor spaces, while a 2-cycle of M, thought of as a 2-
morphism in the language of higher category, should
be assigned a natural isomorphism acting on objects.
The former precisely gives an extra piece Ug(a,b;c)
in the partition function, which will be refered to as
a U-factor; the latter gives an extra piece n,(g,h) in
the partition function, which will be refered to as an
n-factor. Because of Eq. (24), we do not need 3- or
higher morphisms to connect different compositions of
2-morphisms, hence introducing appropriate U-factors
and n-factors is enough to determine such TQFT and
calculate the partition function of it.

Finally, we collect the above results to write down
the gluing formula for the TQFT, which is the main
tool for the calculation of the partition function of the
TQFT

Z (Mcut, gcut; 6/\/7 Ba/\/)
<ﬁN|ﬁN>V(N;ﬁaN) .

ZMG) =)

B

(40)

Here, M is an n-dimensional closed manifold with a
G-bundle structure G, and we cut M along N to get a
new manifold M_,; with boundary and corner. {Ban}
is a set of simple anyons we put on ON after the cut,
while {8x} is a set of orthonormal basis states for
V(N; Banr). Notice that we should sum up both kinds
of labels, collectively denoted by £.

With the help of the language of higher category
[69], this definition of TQFT can be extended all the
way to 0O-dimensional points, giving rise to a fully-
extended TQFT. For example, Crane-Yetter model has
already been established as a fully-extended TQFT
[48, 78, 79]. Although it is cumbersome to directly
check that our construction satisfies all the consistency
conditions of a fully-extended TQFT, we believe the
TQFT that we are working with is indeed a fully-
extended TQFT, given the infinity category presented
in Ref. [48], equipped with G action. For most of our
exposition, it is enough to consider 2-extended TQFT.



Figure 2. Illustration of the usage of gluing formula, where
orange, green and blue faces are attached to each other
while the red line denotes the (common) boundary of the
faces.

But being a fully-extended TQF T does allow us to chop
the target 4-manifold M up in any way we like, with-
out worrying about some small-dimensional submani-
fold on the boundary of which no data is defined. In
particular, we can chop M up into D* pieces, which
is essentially the handle decomposition that we will re-
view in the next subsection.

C. Handle decomposition

In this section, we review basic facts about handle
decomposition that will be used in this paper. Some
standard textbooks of handle decomposition and 4-
manifold topology are Refs. [80-82]. Handle decom-
positions of specific manifolds used in this paper are
summarized in Appendix E.

Handle decomposition is nothing but a canonical way
of chopping an n-dimensional manifold up into simple
pieces of D", where every D" piece is called a handle.
Every smooth manifold admits a handle decomposi-
tion [80]. A handle decomposition of an n-manifold
M is a decomposition of M into 0-handles, 1-handles,

-+, n-handles. The union of all 0-handles, 1-handles,
-+, m-handles is called the m-handlebody of this han-
dle decomposition for m < n, temporarily denoted by
M™) here. A handle decomposition can always be
done such that lower-handles are first specified, and
higher handles are attached along their attaching re-
gions to the boundary of the already-specified lower
handlebodies by embedding maps. Specifically, for
an n-dimensional k-handle, it is topologically equiv-
alent to D* x D" % and its attaching region is the
part of its boundary that is topologically equivalent to
O(D*) x D"=F = k=1 » pn=k_ The attaching region
is attached to M 1) via an embedding map :

¢: SFx DR 5 gm D (41)

8 When there are multiple k-handles, the first of them is at-
tached to M*~1) in this way, which results a manifold
ME=1).1 Then one needs to attach the second k-handle to
ME=1)1 in a similar way. This procedure continues until all
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A handle decomposition is specified by specifying all
handles and the embedding maps that attach all han-
dles together. See Fig. 3 for an illustration of 1-handles
and 2-handles together with their attaching regions.

There is some formal analogy between handle de-
compositions and cell decompositions. In fact, it is
often useful to think of a handle decomposition as a
“thickened” version of a cell decomposition. For ex-
ample, one can take a triangulation or cellulation of an
n-dimensional manifold M, and thicken the 0-cells into
n-balls D™. Next, one can thicken the 1-cells to n-balls
as well, and glue them to the boundary of 0-cells along
two D"~1 pieces of S° x D"~1 C 9(D"). The 2-cells
can be thickened to n-balls, and glued to the boundary
of 0- and 1- cells along S* x D"~2 and so on.

For a connected n-manifold M, we can choose to
have only one 0-cell. A handle decomposition of M
with a unique 0-handle then determines a presentation
of m1(M). Namely, each 1-handle together with the 0-
handle forms an S! x D™~ ! and determines a generator
of 71 (M), and the attaching region S* x D"~2 of each
2-handle gives a relation among the generators (as this
S' is always contractible). This is also what we ex-
pect from cell decompositions. We will sometimes call
the cycle formed this way from joining a 1-handle with
the 0-handle the induced (1-)cycle of the 1-handle, as
shown in Fig. 4.

Given a k-handle, in order to specify how it is at-
tached to lower handles M*~1 | we just need to spec-
ify the attaching region, which requires the following
two pieces of information:

1. How S*~1 x {pt} is embedded in dIMF=1 where
{pt} € D" ¥ is any point in the interior of D"~*.

2. How to choose a trivialization in the tubular
neighborhood of S¥~1 x {pt} in OM’ that is sup-
posed to be identified with d(D*) x D"=*.

The second piece of information is called the fram-
ing of the k-handle. This information is not directly
present in cell decomposition. In particular, the fram-
ing of a 1-handle is classified by m (O(1)) & Zs, and
is given by whether the induced cycle of the 1-handle
is orientable or not. With slight abuse, if this induced
cycle is orientable (non-orientable), we will say that
the 1-handle is orientable (non-orientable). The fram-
ing of 2-handle is classified by 7; (O(2)) & Z, which is
the self-intersection number of S x {pt} on the bound-
ary of the 0-handle (see Ref. [81] for more information
regarding this).

Now let us specialize to 4-dimensional manifolds. In
order to illustrate the handle decomposition, we in-
troduce Kirby diagrams. Suppose we have some 4-
dimensional closed connected manifold M. We assume

k-handles are attached to result in M), The manifold ob-
tained this way is independent of the sequence of attachment.



that there is a unique 0-handle D*, whose boundary S3
can be thought of as R® U {oco}. We then try to draw
the attaching regions of the remaining handles in R3.
The attaching region of each 1-handle is two copies of
D3, which we draw as a pair of round balls. For 2-
handles whose attaching regions are S! x D?, we draw
the image of S! x {pt} C S! x D? on R?, and pay
attention that in R? circles can be knotted and linked.
It is known that 3-handles and 4-handles are uniquely
defined once we have determined how 1-handles and
2-handles are attached.

We must then deal with framings. Specifically, given
whether the induced cycle of some 1-handle is ori-
entable or non-orientable, we need to connect points
on the two balls in different ways. Specifically, the
two balls are glued together by the 1-handle with the
opposite (same) orientation if the cycle is orientable
(non-orientable). In this paper, for an orientable 1-
handle points related to each other by mirror reflec-
tion through the plane perpendicularly bisecting the
lines joining their centers are connected to each other,
as in Ref. [80, 81]. For a non-orientable 1-handle, we
use the convention that parallel points, e.g., the bot-
tom points or the top points of two balls, are connected
to each other by the 1-handle, in contrast to the con-
vention in Ref. [81]. These are illustrated in Fig. 4. For
2-handles, we need to add the correct amount of topo-
logical twists to account for the correct framing. One
important way to determine the linking and framing of
2-handles is through the intersection form and mod-2
intersection form of M [80], which can be calculated
relatively easily in algebraic topology.

Figure 3. Illustration of a blue 0-handle, a green 1-handle
and a purple 2-handle together with labels assigned to their
attaching regions. The green shaded regions are the attach-
ing regions S° x D? of the 1-handle, and the purple shaded
regions are the attaching regions S' x D? of the 2-handle.
The red line displays a defect, which crosses the 1-handle
with the section being D®. We associate an anyon a to
the 2-handle. We also associate a vector |ai,...;b1,...)
and a dual vector (ai,...;b1,...| to the attaching regions
living on the 0-handle side and 1-handle side, respectively
(these two sides are identified by the embedding map that
attaches the 1-handle to the 0-handle).
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Figure 4. Upper: Illustration of a greeen orientable 1-
handle and a purple non-orientable 1-handle, attached to
the blue 0-handle. The manifold is supposed to be 4-
dimensional but we draw a 2-dimensional plane for illus-
tration. The dashed green circle and the the dashed purple
circle are the induced cycles of the two 1-handles. Lower:
the Kirby diagrams for the green and purple 1-handles (the
two figures in the middle), together with the anyon dia-
grams associated with these Kirby diagrams (the two fig-
ures in dashed ellipses). Pay attention how points on the
two D3 components of attaching regions S° x D? are con-
nected to each other via the 1-handle.

D. Recipe for calculating the partition function

Having laid down the foundation, in this subsection
we spell out the recipe for calculating the partition
function on any (3+1)D manifold M equipped with
a G-bundle G, given the data of a UMTC C and the
data of symmetry action of some finite group G on
C. This recipe is summarized by Eq. (44). Note that
G is fully characterized by the holonomy around all
noncontractible cycles of M, and we will use a defect
network to represent the holonomy. In Appendix C,
without resorting to its origin or its relation to gluing
formula, we directly check that the partition function
constructed here indeed satisfies various desired prop-
erties, including the independence on the handle de-



composition, gauge invariance, cobordism invariance,
etc., by directly manipulating the formula in Eq. (44).

The basic formula for the calculation is the gluing
formula Eq. (40). For a specific handle decomposition
of the manifold M, we have [48]

Z(M’Q)ZZH H Z(h; Bon) (42)

BeL j=0 hej-handle <B5h|ﬂ5h>v(5h;63<gh))

Here 8 € £ denotes all labels on the attaching regions
of all j-handles, Z(h; Bgy) is the partition function of
some j-handle h with label S5, on the boundary Oh,
and <65h|55h>v(5h;ﬁ8(5h)) is the squared norm of the

state |35,) in the vector space V (5h; Ba(éh)) associ-

ated with the 3D manifold of the attaching region dh
of h. From the formula we need to calculate various
norms and the partition function on various handles
given a prescribed label. We repeat the calculation of
Refs. [34, 47, 48] in Appendix A, which concerns man-
ifolds without a general G-bundle structure. A major
innovation we introduce in this paper is how to deal
with a G-bundle structure, and we discuss it in detail
for finite group G below.

The recipe for calculating the partion function
Z(M,G) of the manifold M with a G-bundle struc-
ture G on M, with G a finite group, is summarized
here.

1. Identify a handle decomposition of the manifold
M. On each 1-handle put appropriate defects
according to the G-bundle structure G, as in Fig.
3.

2. The S* boundary of each 2-handle is separated
by the defects into segments. Associate an anyon
a to an arbitrary segment on the S' boundary of
each 2-handle, and the anyons on the other seg-
ments are related to a by the G-actions given by
the defects. Write down the n-factor coming from
the natural isomorphism for a that connects the
functor of successive G-actions and the identity
functor. (See Remark g below for more details.)

3. Associate a dual vector (ay,...;b1,... |H___K‘1(g) 9
and a vector [8ay,...;8by,...);  to the two D3
planes of the attaching region S° x D? of every
1-handle as in Fig. 5, where ay,... and by, ... are
labels of anyons running out of and into the lower
D3 plane of the attaching region of the 1-handle,
respectively. Write down the U-factor from!®

<a1,...;b1,... \uqu(g)nggal,...;gbl,...>ﬁ

—1 .
ZUg (gal,...,gbl,...

)/:L,,.,;,L... ( )

9 See Remark e in the following paragraphs for some further
explanation of the factor K4(8).

10 The assignment of pg ! instead of e.g., pg is just to match the
convention of Ref. [38].
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4. Evaluate the anyon diagram from the Kirby dia-
gram (K) of M, given the prescribed anyon la-
bels associated to the S* lines corresponding to
2-handles and vectors associated to the D3 balls
corresponding to 1-handles as in Fig. 3.

5. Assemble the result as follows:

Z(M,G) = D—X+2(Na—N3) o Z

labels

2 handle &

1/2

I1 I d (44)

1 handle z \2 handle j across =

X (H(n—factors)i) X (H(U—factors)m)

7 xT

x <K>>

Here Nj, is the number of k-handles in this handle
decomposition, and y = Ng — N1 + Ny — N3+ Ny
is the Euler number of M.

II ‘e
[

There are a few extra points that may clarify the
meanings or ease the computation. We summarize
them below:

a. Without loss of generality, we assume that M is
connected. Then the numbers of 0- and 4-handles
in the handle decomposition of M can be chosen
to be 1. If M is disconnected, then the partition
function is the product of the partition functions
on each of its disconnected components.

b. Since G is finite, the G-bundle is fully charac-
terized by the holonomy around noncontractible
cycles. Recall that noncontractible cycles are the
induced cycles of some 1-handles. Therefore, we
interpret a holonomy labeled by group element g
around such a cycle as a defect we put across the
associated 1-handle along its D? plane, such that
each anyon gets acted upon by g when crossing
this defect. Without loss of generality, we assume
that no defect intersects the 0-handle, which can
always be achieved.

c. If G contains unitary symmetries only, M is al-
ways oriented. On the other hand, in the pres-
ence of anti-unitary symmetries, M can be an un-
orientable manifold with a nontrivial first Stiefel-
Whitney class wi™. Moreover, there must be a
g-defect on each non-orientable cycle, where g
is an anti-unitary symmetry. On the anyon di-
agram, anyons should flip the direction of the
flow after crossing such g-defect, as illustrated
in Figs. 4 (pay special attention to the right two
graphs of the lower figure).



The 1-handle

Illustration of the 1-handle.
has the topology of a D* but we draw it as a D?

Figure 5.

for illustration. The shaded region represents a g-
defect for unitary g, which cuts through the 1-handle
along its D*® plane (drawn as a D? plane here). The
lower plane displays a dual vector (a1, a2, as; b1, b2|(z,y,,u, v.p)
that lives in the vector space associated to D3, i.e.,

V(D% (a1,a2,a3;b1,b2)) =~ V24,929 while the upper

plane displays a vector | a1, gag,léég; &by, gb2>(gzygy,ﬂ‘l,yﬁ).
The evaluation of the diagram is given by Eq. (A8) if no
defect is present. In the presence of the g-defect we just
need to add the U-factor as in Eq. (43). See Remarks d,e

for further treatment when g is anti-unitary.

d. It is of paramount importance to keep track of the
framing of 1-handles and 2-handles when draw-
ing and evaluating the Kirby diagram. Let us
emphasize that we use the convention according
to which, for an orientable 1-handle, points on
each pair of D3 balls related to each other by a
reflection with respect to the plane perpendicu-
larly bisecting the centers of these D3 balls are
connected to each other by the 1-handle, while,
for a non-orientable 1-handle, points on the pair
of D? balls are connected to each other by the 1-
handle, if these points are related to each other by
a translation that relates the two D? balls. This
convention is illustrated in Fig. 4. For 2-handles,
we should pay special attention to whether we
should add extra topological twists/kinks to the
Kirby diagram as in Eq. (11), accounting for the
correct self-intersection number of the S loop
associated to the 2-handle.

e. We further comment on assigning vectors and
dual vectors to 1-handles and 0O-handles. Note
that when we attach a 1-handle and a 0-handle,
we should assign a vector and a dual vector to
the 1-handle and the O-handle respectively as in
Fig. 3. In a Kirby diagram, we can put the
two D3 balls corresponding to a single 1-handle
on the upper and lower parts of the diagram,
and associate the dual vector (8aq,...;8by,...|
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and the vector K9®)|a;,...;b,...) to the up-
per and lower ball, respectively. As illustrated
in the lower figure of Fig. 4, according to the
convention in Remark d, if g is anti-unitary we
draw K9®|ay,...;b1,...) in the same way as
a dual vector on the anyon diagram. Accord-
ing to this convention, on the 1-handle we assign
a dual vector {(ay,...;b1,...|K?®) and a vector
|Bay,...;8b1,...), and therefore the U-factor is
given by Eq. (43), as illustrated in Fig. 5.

f. In this convention, anyons running “upward” in
the 1-handles are acted upon by pg while anyons
running “downward” in the 1-handles are acted
upon by pg 1 when we put a g-defect across the
1-handle, as in Fig. 6.

Figure 6. Suppose a g-defect is on the green 1-handle.
Following their arrows, anyons in the red and yellow (blue
and purple) lines enter the upper (lower) D? ball and exit
from the lower (upper) D? ball, and they are said to move
“downward” (“upward”) and are acted by pz " (pg)-

g. Here we explain how to get n-factors in detail.
In general, the S' line of a 2-handle is separated
into multiple segments by the defects. Starting
from an arbitrary segment on this S! line with
anyon label a, we move along the S' line on the
Kirby diagram and use the above prescription to
get a functor describing the successive symme-
try actions, which takes the form pg! o pg2 o---,
where g1 2... denotes the defect and s12.. =1
(s1,2,.. = —1) if the anyon crosses this defect in
the “upward” (“downward”) direction. Note that
this S' is contractible, so consistency requires
that the combination of all these defects is a triv-
ial defect, i.e., gi'g5? - -+ = 1. The n-factor asso-
ciated with this 2-handle comes from the natural
isomorphism that connects pg! o pg? o--- and the
identity functor. The explicit expression of the
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n-factor is not unique, and different expressions 7.(C,C). As another example, consider the sit-
can be converted into each other using Eq. (24). uation where Cp,Cy are any two generators of
In Appendix B, we present such an expression a unitary symmetry such that C1Cy = CyCh,
explicitly. In the following, we demonstrate this and a is acted upon by pc, © pc, © p521 o pall
analysis via concrete examples. Then connecting pc, o pc, to pc,c, gives a phase

14 (C2, Cy), while connecting po,c, to pey © pe,
gives another phase 1/7n,(C1,Cs). By definition,
the composition of p¢, o pc, with paj Opal1 is the

crosses a C-defect twice. Then there is a natural lentitv funct Thevef the desZrod T fact
. . . identity functor. erefore, the desired n-factor
isomorphism n(C, C) connecting pc o pc to the § 10(CaC)

identity functor, which gives the desired n-factor i na(C1,C2)
to be n,(C, C). With slight abuse of notation, we
will say that pc o po acting on a gives a phase

J

First consider the situation where C'is a Zy gen-
erator and some anyon a associated to a 2-handle

IV. Examples: finite group symmetry

After spelling out the recipe for calculation, in this section we go to specific examples of finite group symmetries
that concern us the most, including the case of no symmetry (i.e., Crane-Yetter model), Z2', Zy x Zo and Z2 x 71 .
We will calculate the anomaly indicators of these symmetries, which are the partition functions defined in Sec. ITI
evaluated on appropriate manifolds with certain bundle structures (see Appendix D for how to identify the
manifolds and bundle structures that are relevant to the anomaly indicators). Especially, the calculation of the
anomaly indicators of the mutual anomaly of Zy x Zy and Z2 x Z1' is new, and their results are given by Eq. (53)
and Eq. (55), respectively.

Manifold M |Orientability | 0-handles|1-handles|2-handles|3-handles |4-handles
CP? Yes 1 0 1 0 1
RP* No 1 1 1 1 1

P? x S* Yes 1 2 2 2 1

RP? x RP? No 1 2 3 2 1

Table I. Basic Information about handle decomposition of various manifolds used in Section IV. See Appendix E for more
information about their handle decomposition.

A. No symmetry

Even in the absence of any symmetry, the partition function is not completely trivial and it reduces to the
original Crane-Yetter model [49, 50]. Since the partition function is a cobordism invariant, to evaluate the partition
function on any oriented 4D manifold, we just need to evaluate it on the generating manifold of Q€ (x) = Z,
which is CP?.

The minimum handle decomposition of CP? contains 1 0-handle, 1 2-handle and 1 4-handle, as listed in Table L.
No symmetry defect is present, so there is no appearance of n-factor or U-factor. Given label a to the anyon
associated with the 2-handle, the Kirby diagram is evaluated as

(O

The topological twist reflects the +1 intersection number of CP?. Assembling all factors as in Eq. (44), we have
Z (CP?) = Z a20, (46)

It is well-known that the right hand side of this expresswn is related to the chiral central charge ¢ mod 8, i.e.,

27\'10/8 Z d2 (47)
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Physically, the partition function Z ((C]P’Q) and the chiral central charge gives the thermal Hall conductance of the
(241)D topological order, which is very well-known in the literature [63, 83].

An important fact in 4-dimensional topology is that any oriented manifold M is cobordant with # ((CIPQ)U(M),

i.e., the connected sum of o(M) copies of CP?, where (M) is the intersection number of M [82]. Then the
partition function on any oriented manifold M is given by

Zoy (M) _ 6(27\'1'0/8)-0(/\/1)7 (48)
which is indeed the correct form of the Crane-Yetter model [50-52].

B. 7%

For the group ZI', the bordism group that we should consider is QY (x) & Zy ® Zs, and the two Zy factors
are generated by CP? and RP*, respectively. Zy = Z (CP?) has been calculated in Section IV A and given by
Eq. (46), which is referred to as the “beyond-cohomology” anomaly indicator for ZZ". In fact, in the presence of
anti-unitary symmetry, there is always this “beyond-cohomology” anomaly indicator Zy = Z ((C]P’Q). Below we
present the calculation for the partition function on RP*, which is referred to as the “in-cohomology” anomaly
indicator for Z1. These anomaly indicators are first conjectured in Ref. [32] and derived in Ref. [34]. We will see
that this is the simplest example involving 1-handle in the handle decomposition of the manifold.

The minimal handle decomposition of RP* contains 1 0-handle, 1 1-handle, 1 2-handle, 1 3-handle and 1 4-
handle, as listed in Table I. Since RP* is non-orientable, we should consider the effect of the “ZT-defect”, or more
commonly referred to as a crosscap, across the 1-handle. Namely, in the Kirby diagram shown in Fig. 7, the
I-handle (represented by the pair of blue balls) is crossed by such a T-defect, with 7 the generator of Z3 .

Figure 7. The Kirby diagram of RP*. The two blue balls illustrate the attaching region of the 1-handle and the red lines
illustrate the attaching region of the 2-handle. The 1-handle is nonorientable.

Now we put anyon a and 7a on the S line of the 2-handle. Following remark g in Sec. IIID, the 7-factor
from the 2-handle is given by action p7 o p7 on a, which is n, (7, 7). On the 1-handle we associate a dual vector
(Ta;a| and a vector |a;7 @), and they are nonzero only when 7a = a. Pay attention that after touching the
crosscap, the direction of the flow of one of the anyons should change. Specifically, comparing Fig. 7 and the
diagram in Eq. (49), the curvy red line changes the direction of the flow. Also note that when 7a = a, 1, (T, 7T)
is invariant under the gauge transformation Eq. (26). According to Eq. (27), the U-factor from the 1-handle is
simply 1. Finally, the Kirby diagram in Fig. 7 can be translated to the following anyon diagram and evaluated as
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Again, there is a factor of 8, coming from the +1 framing of the 2-handle.
Assembling all factors, we have

2 (RPYT) — % S" b x0T, T) (50)

T(l:ll

This is preciesly the in-cohomology anomaly indicator for ZZ symmetry [32, 34].

In summary, the beyond-cohomology anomaly indicator for ZJ symmetry is Zy = Z(CP?), given by Eq. (46),
while the in-cohomology anomaly indicator for Z2 symmetry is 7; = Z (RIP’4; T), given by Eq. (50). 1* As such,
the anomaly/partition function O can be written as

T

0= (1)) (zy)

t4

(51)

where ¢ is the generator of H'(Zs,Z>), and (w3 ™ )2 is the generator of the beyond-cohomology piece of anomaly.

C. ZQ X ZQ

Let us go to the simplest non-trivial group involving unitary symmetry only: Zs X Zs. The anomalies of Zy X Zo
in (2 4+ 1)-dimension are classified by Zo @& Zs, and the representative manifold is RP? x S! with two different
Zs X Zo-bundles, one with a C defect across the noncontractible cycle of RP? and a Cy defect across S L and the
other with a Cy defect across the noncontractible cycle of RP? and a C; defect across S 1 where C; and C, are
two Zo generators of Zo X Zs.

Figure 8. The Kirby diagram of RP? x S'. The blue balls and dark blue balls illustrate the two 1-handles, and the red
lines and orange lines illustrate the two 2-handles. Both 1-handles are orientable.

Without loss of generality, let us first put a C defect across the noncontractible cycle of RP* and a C, defect
across S'. The minimum handle decomposition of RP® x S' contains 1 0-handle, 2 1-handle, 2 2-handle, 2 3-handle
and 1 4-handle, as listed in Table I. The Kirby diagram and the associated anyon diagram are drawn in Figs. 8
and 9, respectively.

11 Notice that Ty and Z; are numbers that will serve as coef-

; . . R . anomaly.
ficients in front of a certain basis in the expression of the
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Figure 9. Anyon diagram from the Kirby diagram of RP?® x S! in Fig. 8. Pay attention to the extra topological twist of
the orange line from the correct framing of the corresponding 2-handle.

Now we put anyon a and b on a red and orange segment of the 2-handles, respectively, and anyons on other
segments can be obtained by symmetry actions on a and b, as shown in Fig. 9. From the two 1-handles we have
two constraints ©'a = a and a x b x ¢1b — ©2qa. The second constraint means that 2a should be in the fusion
channel of a, b and €1b.

The n-factor from anyon a is given by action pall © pcy © Py © pagl on a, which is % The n-factor

from anyon b is given by action ,0511 o ,0511 on b, which is m The U-factor from the blue 1-handle is
UCTll (a,b; x)u,;U(jll (2,1 ;%2 a),5, while the U-factor from the darkblue 1-handle is simply 1 according to Eq. (27).
Finally, we need to evaluate the anyon diagram Fig. 8, which is

9:1: a * a, 1
dadyg” (RET?) (PR o (52)
po

0, 2a )(m,ﬁ,ﬂ)(u,o’,a) ( “2a )(Clx,u,u)(u,p,a)

Assembling all factors as in Eq. (44), we have

1 0 C1 C1p\ * Cc1
Z (RP? x §%;Cy,Ch) = — d i(RZ, b> (F” b) ( a, b,b)
( 1 2) D2 a;u b Ha oo Cagq (,7,5) (1,0,00) Caq (C1 2, 1,0) (uspyc2)
HVADpo o
“tasa (53)

axbx®1p—2q

_ _ 1 1a(C2,C1)
x U a, by 2) g, Us (2,67 592 a) g, x ’
o (a:b:) e, | o X Gy Cn) ma(Cr, Co)

It is straightforward to check that this expression is invariant under the vertex basis transformation Egs. (10),(18)
and the symmetry action gauge transformation Eq. (26). The general proof of the cobordism invariance and
invertibility of this partition function (see Appendix C) indicates that this expression is £1.
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Therefore, the two anomaly indicators of Zs X Zs symmetry are 7; = Z (RIP3 X 51;01,02) and Zo =
Z (RIP’S x S1;C4,C1), given by Eq. (53), and the anomaly O € H*(Zy x Z2,U(1)) can be written as

O = (1) ()=, (54)

where ¢; and ¢y are two generators of H1(Zy x Za,Zs) corresponding to C; and Cy, respectively.

D. 7z} xz¥

Finally, let us consider the group ZZ x Z¥. The anomalies of ZI x ZI in (2 + 1)-dimension are classified by
(Z3)*. Suppose the two anti-unitary generators of ZZ x ZI are 7; and T5. The representative manifold for the
four Z, pieces are CP?, RP* with a 77 defect across the crosscap, RP* with a 75 defect across the crosscap, and
RP? x RP? with a 7; defect across the crosscap of the first RP? piece and a T3 defect across the crosscap of the
second RP? piece. Given the result Eq. (50), we just need to focus on the last manifold.

- D

Figure 10. The Kirby diagram of RP? x RP?. The blue balls and dark blue balls illustrate two 1-handles and the red,
orange and sand-dune lines illustrate three 2-handles. Both 1-handles are nonorientable.

The minimum handle decomposition of RP? x RP? contains 1 0-handle, 2 1-handle, 3 2-handle, 2 3-handle and
1 4-handle, as listed in Table I. The Kirby diagram and the associated anyon diagram are drawn in Figs. 10 and
11, respectively.

Now we put anyon a, b and ¢ on a red, orange and sand-dune segment of the 2-handles, respectively, and
anyons on other segments can be obtained by symmetry actions on a, b and ¢, as shown in Fig. 11. From the two
1-handles we have two constraints 7'a x 2¢ x ¢ = a and Tie x ¢ x b — T2b.

The n-factor from anyon a is given by action p7; o p; on a, which is 1,(71,71). The n-factor from anyon b is
given by action p7, o pr, on b, which is 7,(71, 71). The n-factor from anyon c is given by action pr, o pr; © p;—zl ) p;-ll

on ¢, which is % The U-factor from the blue 1-handle is U7_—11 (Ma,”2 ¢;2) . 1, U%ll (z,¢a)y,5,, and the U-

factor from the darkblue 1-handle is U7_—21 (Tie,y;T b),., i, U7T21 (c,b;9);, 5, Finally, we need to evaluate the anyon
diagram Fig. 10.
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Figure 11. Anyon diagram from the Kirby diagram of RP? x RP? in Fig. 10.

Assembling all factors, we have

1 0 T, T
Z (RP® x RP*T1,T3) = 5 3 e G
a,b,c,z,y,u,v e
Hoa Ve fy Vy Hig Vg fiy Uy pO T 0By 6
lax'2¢cxec—a
Tiexexb—T2b

X (ngTsz ch2@/)* (FTZC’Tlc’yY (55)

(T2 i) (bufigor) N 29 (wp.8) (T2b,p1y . 7)
T, T1.T2.\* T * *
x (F % 6 C) (F xuy) F.eb
( * (M a0 00) (w,0y) N7 (%%5)(”@/,5,@)( v )(a»l’zﬁ)(y,vy,ﬁ)
"70(75’7-1)

x U (Ta,™ ¢;2) 5, UR (@, 60)0,0, UL (T g 0)5 o UZH (e, bi9)5, 5, % 1a(T2, T)ms(Ta, E)m

It is straightforward to check that this expression is invariant under the vertex basis transformation Egs. (10),(18)
and the symmetry action gauge transformation Eq. (26). Again, the general proof of the cobordism invariance
and invertibility of this partition function (see Appendix C) indicates this expression is +1.

Therefore, the four anomaly indicators of Z1 x ZI symmetry are Zy = Z (CP?), given by Eq. (46), Z; =
Z (RP%;Th), I, = Z (RP*;T3), given by Eq. (50), and Z3 = Z (RP® x RP*; 71, 73), given by Eq. (50). When
extracting the cohomology element from the anomaly indicators, we should be careful that the manifold RP? x RP?
has nontrivial (wQTM )2 as well. As a result, the anomaly/partition function O can be written as

wTI\/I

0= (@) @) (@) (To1m) 1, (56)
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where t; and t, are two generators of H'(Z1 x ZI Z,) corresponding to 7; and T, respectively, and (wg M )2 is

the generator of the beyond-cohomology piece of anomaly.

1. All-fermion Zs topological order

In order to demonstrate the power of the new anomaly indicators, in this subsection we systematically study
a concrete example, the all-fermion Zs topological order, which is a cousin of the standard Zs topological order
but all its nontrivial anyons are fermions [63, 84-86]. We will classify all ZI' x ZI" symmetry fractionalization
classes for this topological order, and calculate the anomaly for each class. We will see that the anomalies of some
symmetry fractionalization classes can be obtained using (generalizations of) methods developed in the previous
literature, but we also point out examples of symmetry fractionalization classes whose anomalies can only be
calculated using the anomaly indicators derived here, as far as we can tell.

The data of the underlying UMTC of the all-fermion Zs topological order is collected in Ref. [63]. In particular,
it has four simple anyons, 1, e, m, ¥y = e x m. We can label an anyon a by two Zy numbers a = (ae, ay,) as
e% x m®m. In a choice of gauge, the F-symbols are all trivial and the nontrivial R-symbols are given by

Re¢ — RMm — Rwﬂl — Rwe — me = R — (_1) (57)

Here we omit the subscript of the R-symbol since the outcome of the fusion rules is unique. A ZZ x ZI symmetry
fractionalization class is specified by the data {p; U,n}, which will be classified below.

First we consider the situation where the ZI x ZI symmetry does not permute anyons. In this case, to satisfy
Eq. (19) all U-symbols can be set to 1. Different symmetry fractionalization classes are then classified by

HA(Zoy X Lo, Ly x L) = 7S, (58)

Denoting a representative cocycle of an element in H?(Zy X Zs, Zs x 7o) by t(g,h) with g,h € ZI x Z¥ different
cohomology elements are distinguished by t(71, T1), t(72, T2), t(T172, T172). Here we use the gauge convention
that t(g,1) = t(1,h) = 1, in order to be compatible with the gauge choice Eq. (27). Relatedly, we have

Na(T1, 1) = My t(13 71y Na(T2, T2) = My t(1,.73)> Na(TiT2, ThiT2) = My t(ri 1 1 T2) (59)

These three n-phases characterize whether anyon a is a Kramers doublet under 77, a Kramers doublet under 7
and charge 1/2 under 7773, respectively. In total, there are 36 inequivalent symmetry fractionalization classes in
this situation (Of the 64 possible classes associated with H2(Zy x Zg, Zo % Z3) = (Z3), relabeling e and m gives
36 inequivalent classes).

Substituting the UMTC data to the previously derived expressions of Zy ; 2 3, the anomaly indicators become

1
220

1
L=§¥%MRﬂ)

1o

1
IQ - 5 Zgana(7-277—2)

1 eaxbec
Iy ==
’ 8 abc aaeb

nC(7—2’7—1>

T’C(ﬂv%)

Na(T1, T1)m(T2, T2) (60)

In particular, Z3 simplifies dramatically in this context.

Following Ref. [37], we make Table. II to summarize the anomalies for all of the 36 inequivalent symmetry
fractionalization classes. In Table. II we use the labeling convention of Ref. [85]: If an excitation carries half
charge under the unitary Zo symmetry generated by 7172, it is followed by a C in the labeling. If it carries
Kramers degeneracy under 77 or 73, then it is followed by a 77 or 73 in the labeling.!?

From Table II, we see that, when the symmetry fractionalization class is trivial, i.e., 7,(g,h) = 1 for all anyon
a and all group elements g,h, 7o = 71 = 7, = I3 = —1, signaling nontrivial anomaly. This is to be contrast to

12 73 in Table II of Ref. [37] is in fact our Z;Z2Z3.
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| Label [t((Ti T, TiT2), 8(Ti, Th), 6(Ta, T2) [ (21, Zo, ToTs) |
efmf (17171) (_17_171)
6fmf7—2 (1717m) (7171571)
efTamfT2 (1,1,9) (-1,1,-1)
efﬂmf (1,771, 1) (13_17_1)
efTimfT2 (1,m,e) (1,1,1)
€f7—17d2mf (17m7m) (17171)
efTiTamfTa (1,m, ) (1,1,1)
€f7—lmf7—l (1,¢,1) (17_1a_1)
efTiTamfTh (1,4,m) (1,1,1)
efTiTomfTiT2 (1,9,v) (1,1,1)
efmfc (67171) (_17_17_1)
efmfcﬁ (67156) 717151)
ef'Tgme (6717m) (_1717_1)
eszmeTz (67171/}) (7171571)
efmfCT (e,e,1) (1,-1,1)
efmfCTi T2 (e,e,€) (1,1,-1)
efTamfCT (e,e,m) (1,1,1)
efTamfCTi T2 (e,e,1) (1,1,1)
ef’7'1me (evm7 1) (1771571)
efTimfCTz (e,m,e) (1,1,1)
efTiTam fC (e, m, m) (1,1,-1)
€f7'17—2mf07—2 (eamvw) (1713_1)
€f7’1mf07’1 (67%1) (17_17_1)
efTimfCTiT2 (e,;9,€) (1,1,1)
€f7—17~2mf07—1 (e7¢,m) (Lla_l)
€f7—17-2mfc7-17-2 (ead):"ﬂ) (1717_1)
efcmfc (w’lvl) (_17_17_1)
Efcl]’meC (¢:17m) (_17 7_1)
efcmfcﬂ (¢7671) (17_17_1)
efCmfCTTs (¥, e,¢€) (1,1,-1)
efCTamfCTy (v, e,m) (1,1,-1)
efCTamfCTiTa (¥, e,9) (LL,1)
efCTimfCTh (¥,9,1) (1,-1,1)
efCTiTam fCT (¥, 9, m) (1,1,1)
Table II. Anomalies for all-fermion Zs topological order with Z2 x Z% symmetry, where symmetries do not permute anyons.
efmf refers to the trivial symmetry fractionalization class. All classes have Zp = —1 and hence the beyond-cohomology
anomaly.

the case of the Zs toric code with the trivial symmetry fractionalization class, where 7o =77 =7 =73 = 1 and
no anomaly is present [37].

We mention that this result can also be achieved by considering the projection p : Z1 x ZI — 719 where Z1°
is thought of as an anti-unitary symmetry on C that does not permute anyons as well. The anomaly indicators of
7X0 are already known in previous literature [32, 34] and reproduced in Eqs. (46) and (50). Notice that the trivial
symmetry fractionalization class of ZI x ZI denoted by efmf here is the “pullback” of the trivial symmetry
fractionalization class of Z1° denoted by efmf as well in the literature. The anomaly of efmf for ZI x ZI is
the pullback of the anomaly of efmf for ZI°. From Egs (46) and (50), the latter anomaly is (wi™)2 + t* where
t is the generator of H'(Z19 Z,), whose pullback to ZI x ZI is (wl?)? + {1 + t3. Comparing this result with
Eq. (56), we get the first line of Table II. Based on the anomaly of this symmetry fractionalization class, the rest
of the Table II can be achieved from relative anomaly as in Ref. [37].

Next consider the situation where anyons are permuted under some elements of ZZ x ZI' symmetry. There are
two possibilities:

(a) T1 and T3 both exchange two of three nontrivial anyons.
(b) 71 and 7172 both exchange two of three nontrivial anyons.

Without loss of generality, we will take the anyons being exchanged as e and m.
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| Label [t(TiT, Ti T2), t(T1, T1), t(T2, T2) [ (T2, T2, ToT3) |
(efmf)ThTwaﬂﬁ (17171) (17171)
(efCmfC)H Y fTiTe (¥,1,1) (1,1,-1)

Table ITI. Anomalies for all-fermion Zs topological order with Z% x ZZ symmetry, where 77 and 73 permute anyons, which
is the reason for the subscripts for e and m. The meanings of the other symbols are the same as in Table II. All classes
have Zop = —1 and hence the beyond-cohomology anomaly.

[ Label [t(7—17~2,7—17—2),t(7-1,7—1),t(7~2,7—2)[(1171271013)]
(efﬁmfﬁ)ﬂ,T17§¢f7EC (1:17¢) (17171)

Table IV. Anomalies for all-fermion Zs topological order with ZI x Z% symmetry, where 71 and 7:75 permute anyons,
which is the reason for the subscripts for e and m. The meanings of the other symbols are the same as in Table II. All
classes have Zp = —1 and hence the beyond-cohomology anomaly.

In either case, if some (unitary or anti-unitary) element g € Z2' x ZI" permutes e and m, to satisfy Eq. (19),
we can demand that pg action on |a, b; ¢) be such that

Ug(a,bc) = (=1)%", (61)

with (ae,@m), (be, bm) the Zs labels of a,b. For any element g that does not permute anyons, we can take
Ug(a,b;c) = 1. To satisfy Egs. (23) and (24), a specific valid choice of the n-symbols is

) (g,g) = —1 (62)

where g is an element that permutes anyons, while all other 7-symbols (such as nél)(g, g) and nfpl)(g, g’) with

g’ # g) are 1. To get all possible valid choices of the n-symbols, note that H%(ZQ X Lo, Lo X o) = Zs for both case
(a) and case (b), which means that in either case there is one more symmetry fractionalization class. Denoting
the nontrivial element in H?2(Zg X Zg, Za X Zz) = 7z by t(g, h) with g, h € Z3 x Z3 , the other valid choice of the

n-symbols is related to the one above via Eq. (28), i.e., n((ZQ)(g, h) = n((ll)(g, h)M,, t(gn)- Under the gauge choice

t(1,g) = t(h,1) = 1, in both cases (a) and (b) t(g, h) is fully characterized by t(g, g) where g is the nontrivial
group element that does not permute anyons. Now we discuss the two cases separately in detail.

(a) When 77 and 7z exchange e and m, the representative cocycle t of the nontrivial element in H%(ZQ X Lig, Zig X
Zs) = Zs can be chosen as

t(T172, i T2) =¥, (T, Th) =t(T2,T2) =1 (63)

The physical meaning of these symmetry fractionalization classes is as follows. In both classes v is a
Kramers doublet under both 7; and 7Tz, and both e and m carry integer charge (half charge) under 7; 72
in the class characterized by n(") (n®). So we denote the classes n*) and n® by (efmf)n nYfTiTs
and (efCmfC)r, Y fT1T2, respectively. We see that (Zo,Z1,Z2,Z3) = (—1,1,1,—1) and (Zo,Z1,Z2,Z3) =
(—1,1,1,1) for (efmf)r Y fTiTz and (efCmfC)r 19 fT1 T2, respectively, as summarized in Table III.

We mention that this result can also be achieved by considering the projection p : ZI x ZI — ZI° where
Z%° is now an anti-unitary symmetry on C that permutes e and m. Notice that (efmf)r, 7 fTi Tz class
of ZL x ZT symmetry is the pullback of (efmf)rfT of ZI° symmetry (the meaning of this notation is
similar to others), hence the anomaly of (efmf)r ¥ fTiTs for Z1 x Z1 is the pullback of the anomaly
of (efmf)yfT for ZE°. From Eqs. (46) and (50), the latter anomaly is just (wl™)? hence the former
anomaly is (wi™)? as well. Comparing this result with Eq. (56), we get the first line of Table III. Based
on the anomaly of this symmetry fractionalization class, the second line of Table II can be achieved from
relative anomaly as in Ref. [37].

(b) When 77 and 7172 exchange e and m, the representative cocycle t of the nontrivial element in ’H?,(Zg X
Zo,Zs X Zs) = Zo can be chosen as

(72, 72) =+, (T, Th) =t(Ti72, TiT2) =1 (64)
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The physical meaning of these symmetry fractionalization classes is as follows. In both classes 1) is a Kramers
doublet under 77 and carries half charge under 7; 7z, and both e and m are Kramers singlets (doublets)
under 73 in the class characterized by 7" (n(?).

So we denote the classes n") and n® by (efmf)rn nnYfTiC and (ef TamfT2) 7 i ¥ fT1C, respectively.
We see that (1(171171.271-3) = (_17 ]-7 _17 1) and (1‘.071.17127:[3) = (_13 ]-7 ]-7 _1) for (efmf)ﬂ,ﬂﬁ¢fﬂc and
(efTamfT2) 1. 10 fTiC, respectively, as summarized in Table IV.

For this particular case, because the unitary symmetry 777> exchanges e and m, we are aware of no other
method to get the anomaly besides the complete knowledge of anomaly indicators of Z1 x ZZ'.

V. Generalization to connected Lie group symmetry

We believe that the construction and recipe presented in Sec. III can be generalized to arbitrary group G.
Comparing general group symmetry and finite group symmetry, what concerns us the most in the calculation of
the partition function Z(M,G) is how to write down the U-factors and n-factors. Manifestly, given a G-bundle
G, there is an associated map f : M — BG, with BG the classifying space of G. In particular, the map f maps
a 1-chain of M to a 1-chain of BG, and then assigns an element pg to this 1-chain of M, which in turn gives the
desired U-factors. Moreover, the map f maps a 2-chain of M to a 2-chain of BG, and then assigns an element
Pg © Ph © ... to this 2-chain of M, which gives the desired n-factors. This serves as a formal construction of the
partition function of the TQFT with a general symmetry G. However, such a construction seems to be dependent
on a specific choice of f. We believe that the partition function ultimately only depends on the homotopy class
of f (but not the specific choice of f in each homotopy class), although we are unable to prove it using arguments
similar to what we present in Appendix C. Moreover, this construction is hard to work with for a general group
G. Fortunately, for a connected Lie group G, there is a more operational method to write down the n-factors and
eventually calculate Z(M, G). We discuss it in this section.

Specifically, for a connected Lie group G, to calculate the partition function Z(M, G) of the manifold M with
a GG-bundle structure G on M, we can still start with a handle decomposition of the manifold M. Since now G
cannot permute anyons, we can associate a single anyon a to the S' boundary of each 2-handle. Moreover, no
U-factors are involved. Now, given the prescribed labels, we need to calculate the correct n-factor, evaluate the
anyon diagram from the Kirby diagram (K) of M, and assemble the result in a way similar to Eq. (44):

0
Z(M,G) = DX+2(Na=Na) Z ( 2 handle i 7z X (H(n-factors)i) X <K>> (65)
labels
II I

1 handle z \2 handle j across «

%

Here Ny, is the number of k-handles of this handle decomposition, and x = Ng — N1 + No — N3 + N4 is the Euler
number of M.

The only nontrivial part compared with previous examples of finite group symmetry is the calculation of the
n-factor for a 2-handle. In the presence of a connected Lie group symmetry G, we have the following prescription.
For every 2-handle, there is an associated 2-chain [h]. The map f : M — BG associated to the G-bundle G
then gives f.[h], which is a 2-chain in BG. The symmetry fractionalization class is characterized by an element
w € H?(G, A) = H?(BG, A), and pairing it with f.[h] gives an anyon w(f.[h]) € A. If we associate an anyon a
to the S* boundary of a 2-handle, the n-factor of this 2-handle is Mg w(s.[n), i-e., the double braid between a and
w(f«[Rh]). Intuitively, such a phase can be viewed as the phase the anyon a experiences when traveling along the
S boundary, given the nontrivial background G-bundle structure G. Therefore, it can be written down in terms
of the charge of a.

To illustrate this recipe regarding a connected Lie group symmetry G, now we go to the example of SO(N).
We will see that this recipe gives the correct partition function on manifolds with an SO(NN)-bundle structure,
and eventually provides us with the anomaly indicators, together with the SO(N) Hall conductance.



25
A. Example: SO(N)

The relevant bordism group for symmetry group SO(N) is [87]

(2)*, N =23
Q{9(BSO(N)) = (Z)*, N=4 (66)
(Z)?®Zy, N5

The first generating manifold is CP? with a trivial SO(N) bundle. The second generating manifold is CP? with
a nontrivial SO(N) bundle such that the associated map f; : CP? — BSO(N) is given by

fi: CP?cCP® = BU(1) 24 BSo(w), (67)
and f1: U(1) = SO(N) is

’ cos(f) sin(0)
e’ — | —sin(f) cos(d) (68)
diag(1,1,...)

Its associated vector bundle is simply the tautological line bundle of CP? [88] (together with an (N —2)-dimensional
trivial bundle), and thus we denote it by A;. When N > 4, there exists a third generating manifold, which is
CP? with another nontrivial SO(N) bundle such that the associated map fo : CP* — BSO(N) is given by

BF:

f2: CP? Cc CP*® = BU(1) =22 BSO(N), (69)
and fo : U(1) = SO(N) is
cos(f) sin(0)
—sin(f) cos(#)
el? - cos(f) sin(6) (70)
—sin(6) cos()

diag(1,...)

Its associated vector bundle is the direct sum of two tautological line bundles of CP? (together with an (N — 4)-
dimensional trivial bundle), and thus we denote it by A2
The partition function corresponds to an element in

(U(1))?, N=23
Q§6(BSO(N),U(1)) = Hom(Q{°(BSO(N)),U(1)) = § (U(1))° N =4 (71)

)

UW)) ®Zs, N=5

Similar to the case in Sec. IV A, because all elements corresponding to U(1) are smoothly connected to the
trivial element, the 't Hooft anomaly is absent when N = 23,4 and classified by Zy when N > 5. Still, the
partition function is not completely trivial even for N = 2,3,4. To evaluate the partition function on an oriented
4-dimensional manifold with an SO (NN )-bundle structure, we just need to evaluate it on the generating manifolds.

Since the underlying manifold is always CP?, compared with the calculation that leads to Eq. (46), the calcu-
lation of the partition function of CP? with nontrivial bundle A; or A?Q just requires us to add an appropriate
n-factor for the 2-handle.

First consider A4;. The extra n-factor can be seen as follows. The 2-handle [h] here is the generator of
H,(CP?,7Z), the pushforward of which under fi, i.e., f1,[h], gives the generator of Hy(BSO(N),Z). According
to the recipe, given the anyon label a in Eq. (45), the correct n-factor should be M, w (s, [n))- Since f1,[h] is
the generator of Hy(BSO(N),Z), physically this phase factor is related to the SO(N) charge ¢, of anyon a by
€'?™4s where for N =2 g, € [0,1) is the (fractional) SO(2) = U(1) charge of a, and for N >3 ¢, € {0, 3} labels
whether a carries linear (g, = 0) or spinor (g, = %) representation under SO(N). Consequently, we have

1 _
Zson) (CP?%; Ay) = D Z d2fqe*me (72)

~

Secondly, for AP?, there is no extra n-factor. This is simply because f2 defines a trivial element in m (SO(N)) =
7, which suggests that AP 2 can be constructed from attaching a 4-handle to lower handlebody with a trivial
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SO(N) bundle on it. Therefore, the partition function of CP? with the SO(N) bundle AP? is identical to the
partition function of CP? with a trivial SO(N) bundle, i.e.,

1
Zson),Nz4(CP? AP?) = D Zd?ﬂa (73)

When N = 2,3,4, even though there is no nontrivial 't Hooft anomaly, the partition function is still nontrivial
and can be written down in terms of various theta terms. In particular, when N = 2, we have

S0 (2))2
z ((C]P’Q;At)> ()

Z(CP?) (74)

Zs0(2) (M; A) = Z(CP?)"UM). (

where o(M) is the intersection number of M and 650(2) € H?(SO(2),7Z) is the first Chern class of SO(2). When
N = 3, we have

S0(3)
Z (CP% 4,) \ ™
Z M; A) = Z(CP?)eWM) . Z A 27 75
ot (M: A) = Z(CP?) P (75)
where pfo(g) € H*(SO(3),Z) is the first Pontryagin class of SO(3). When N = 4, when writing down the term
corresponding to the Euler class %) | pay attention that given Eq. (69), the pullback of Pontryagin class pf0(4)
should be twice the generator of #*(CP?, Z). Therefore, we have
pSO(4) ) £S04
Z (CP* A\ Z (CP?)
Z M; A) = Z(CP?)eWM) . [ 2 . —— 76
SO(4) ( ) ( ) Z((CIPz) Z((C]P2;At) ( )

where pfO(‘l) € H*(SO(4),7Z) is the first Pontryagin class of SO(4), and e5°®) € H*(SO(4),Z) is the Euler class
of SO(4). When N > 5, similarly we have

SO(N)

zeera) )" [z V)"
z . — Z(CpP2yeM) | Z A= 7R . R S 7
so(v),nzs5 (MiA) = Z(CP7) ( Z(CP?) ) (Z(CP%AQ) ()

where pfO(N) € H*(SO(N),7Z) is the first Pontryagin class of SO(N), and wa(N) € H*(SO(N),Zs) is the fourth
Stiefel-Whitney class of SO(N).

1.  Anomaly indicator for N = 5

As discussed before, there is no nontrivial SO(N) anomaly if N < 5. When N > 5, the SO(N) anomalies are
classified by Zo, whose anomaly indicator is given by

oz ' s,
t (Z(C]IpQ?At)) a <Zb dgebeizﬂqb> (78)

As before, the general proof of the cobordism invariance and invertibility of this partition function indicates that
this expression is £1. The anomaly O can be written as

0= (7) : (79)

where wa(N) is the fourth Stiefel-Whitney class belonging to H*(SO(N), Zs).
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2. SO(N) Hall conductance

Besides giving the anomaly indicator, the above partition functions also encode various Hall conductance in a
topological order with an SO(N) symmetry. First, as discussed in Sec. IV A, they reproduce the thermal Hall
conductance from the chiral central charge (up to contributions from (241)D invertible states). Moreover, they
also yield the SO(N) Hall conductance. Concretely, let us consider threading a 2w SO(N) flux into the system,
which breaks the SO(N) symmetry to SO(2) x SO(N — 2). The Hall conductance measures the charge under
SO(2) x SO(N — 2) that this flux attracts. For N > 4, the charge under SO(N — 2) means the representation
under SO(N —2). For N = 4, the flux breaks the SO(4) symmetry to SO(2) x SO(2)’, and it can attract charge
under either SO(2) or SO(2)’. We will use the unit where # = 1 and the elementary charge of local excitations
in the system under SO(2) (and also under SO(2)" when N =4) is 1.

Let us first consider the amount of SO(2) charge being attracted, denoted by o,,. We start with the case

Z(CPz;At)> (6150(2))2

where N = 2. In the partition function, this can be read off from the factor (Z(CPQ)

. Denoting

2,
e© = % and using (CSO(Q)) #dA A dA where A is the SO(2) gauge field, this factor can be written
e

as ei= 3= UANA) The standard argument (see, e.g., Ref. [84]) then shows that

0 o Z(CP%A) X, d2f,ei?mae
e =
™ Z(CP?) > di0h

(80)

Notice that this formula only captures the “fractional” part of the Hall conductance, and there can be extra
contributions to the Hall conductance from a (2+1)D invertible state, which are integral multiples of 2.
o)

z(cp? & . . .
For N > 2, 04, can be extracted from the factor <(Z(m’>;;t>> . Consider the inclusion map that maps

0(2)

2
SO(2) into SO(N), because plso(N) becomes precisely (CIS ) under the pullback induced by this inclusion

map, using the above result for N = 2 we get the SO(N) Hall conductance for N > 2 with the same formula as
Eq. (80).
For the special case of N = 4, there can be an additional SO(2)" being attracted, whose amount o7, can be read

£SO i
z(cp?) 2
off from the factor <Z(CPW> . Consider the inclusion map that maps SO(2) x SO(2)’ into SO(4). It
turns out that e5°*) becomes “Aiif" under the pullback induced by this inclusion map, where A and A’ are the

gauge fields for SO(2) and SO(2)’7T, respectively. Similar analysis as above then shows that the fractional part of

this Hall conductance is
2
I - (S A
Opy = 5=, €5 = 5 = S i (81)
21 Z(CP% Ay) S, d2Oycime

There can be extra contributions to the Hall conductance from a (2+1)D invertible state as well, which are
integral multiples of 1.

For N > 4, the flux can also attract certain representation under SO(N — 2), which can be read off from
WSO

2 4
2
the factor Zwi ) = (ﬁ%) . Consider the inclusion map that maps SO(2) x SO(N — 2) into

SO(N). It turns out that wa(N) becomes wfo(g) U wQSO(N_Z). So when the topological order is anomaly-free

(anomalous), i.e., Z =1 (Z = —1), the flux attracts a linear (spinor) representation under SO(N — 2).

Combining the above results of the Hall conductance and the fact that Z takes values in £1, we see that the
possible values of the Hall conductance o5, of an SO(N) symmetric topological order with N > 4 is severely
constrained. In particular, if this topological order is anomaly-free, then o, = 0 or 0., = 1. If it is anomalous,
then Ty = :t2, which means that this topological order is incompatible with a further time reversal symmetry.
This is related to the phenomenon of “symmetry-enforced gaplessness” [26, 36, 61, 62, 89, 90] discussed in the
Sec. VI
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VI. Other symmetry groups

The examples presented in Sec. IV and Sec. V contain many interesting and physically relevant examples.
However, for some symmetries, the calculation of the anomaly indicators may be more technically involved,
whose expressions may also be more complicated. Moreover, for disconnected Lie group G, the identification
of np-factors and U-factors is not as straightforward, and the partition function appears to explicitly depend on
a specific choice of the map f : M — BG associated to a G-bundle G (although we believe that the partition
function actually only depends on the homotopy class of f).

However, it turns out that even if we consider other symmetry groups, examples presented before can be very
useful. Specifically, we discuss symmetries whose anomaly indicators nevertheless can be obtained by simply
copying results that we have already derived without any need of further calculations. The common properties
of these symmetries G are that i) they have subgroups like Z1', Zy x Zo, ZL x Z1 and/or SO(N), whose anomaly
indicators have already been obtained, and ii) by restricting G to its various subgroups and considering the
pullbacks of its anomaly, its anomaly can be uniquely determined. Such symmetries G include O(N)T, SO(N) x
7L, T x 2L, 7y x ZE | Z,, x Zy, O(N), etc. Here O(N)T means that the symmetry group is O(N), and the
superscript 7 denotes that elements in O(N) with determinant —1 are anti-unitary. For an odd N, the groups
O(N)T and SO(N) x Z} are actually the same.

In the following two subsections, we illustrate this strategy by calculating the anomaly indicators of O(N)T
and SO(N) x Z¥. Especially, we demonstrate that for O(N)*, N > 5 and SO(N) x ZI,N > 4, certain 't
Hooft anomaly cannot be realized by any symmetry-enriched topological order, illustrating the phenomenon of
“symmetry-enforced gaplessness”, first discussed in Ref. [26]. The anomaly indicators of O(2)7 and SO(2) x ZT
were first proposed in Ref. [35], while the anomaly indicators of O(3)” = SO(3) x Z% were purposed in Ref. [36].

A. oN)T

The relevant bordism group for symmetry group O(N)7 is [87]

3
2) >

L)
Zy)*,
ZLs)
Zs)

I
U W N

QF°((BO(N))™™) = (82)

24@Z7
2) >

z=z=22=
[

(
(
(
(

WV

First consider the case where N = 2 and the symmetry group is O(2)”. The anomalies of O(2)T in (2+1)-
dimension are classified by (Z2)3, whose basis elements can be chosen as (wl?)2, (w?@))‘l, (wg(2))2, where
wlo(z) and w20(2) are the first and second Stiefel-Whitney class belonging to H'(O(2)T,Zy) and H?(0(2)7, Zs),
respectively, and (wl™)? is the generator of the beyond-cohomology piece of anomaly. We can write down the
anomaly /partition function as

0(2)

o - (Io)(ng)2 ) (Il)(w?(z))4 ’ (1012)(w2 )2 (83)

Here the appearance of ZoZ, is just to make the final expression nicer and match with the known literature.
Denote the anti-unitary element diag(—1,1) by 7. When pulled back to the Z2 subgroup generated by T, the
anomaly becomes

O = (@)™ - (;)" (84)
Therefore, compared with Eq. (51), we immediately have Zy = Z(CP?), given by Eq. (46), and Z; = Z(RP*; T,
given by Eq. (50). When pulled back to the subgroup SO(2), the anomaly becomes

2
O = (Zp)"™M - (Iozz)(ch(Z))
Therefore, compared with Eq. (74), we have I, = Z ((C]P’Q; Ay), given by Eq. (72).
Next consider N = 3. The anomalies of O(3)7 in (2+1)-dimension are classified by (Z2)*, whose basis elements
can be chosen as (wI™)2, (wP)4 (W29 (WSEN2 | where wP® and W™ are the first and second
Stiefel-Whitney class belonging to H!(O(3)T,Z,) and H2(O(3)T, Zs), respectively, and (wi™)? is the generator
of the beyond-cohomology piece of anomaly. We can write down the anomaly as

(85)

0= (IO)(U);PM)? - (Il)(w?(f\’)) . (IOIlz,QIB)wg)(N)(uz?(N)) - (IOIS)(w;)(N)) (86)
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Again, such a choice of coefficients is just to make the final expression nicer. Denote the anti-unitary element
diag(—1,1,1) of O(3)T by T, and another anti-unitary element diag(—1,—1,—1) of O(3)T by T’ = TU,, where
U, is a w rotation in the 2-3 plane. When pulled back to the subgroup generated by 7, the partition function
becomes

O = (Zo)™™" - (1)" (87)

Therefore, compared with Eq. (51), we immediately have Zy = Z(CP?), given by Eq. (46), and Z, = Z(RP*; T,
given by Eq. (50). When pulled back to the subgroup generatd by 7, the partition function becomes

O = (Zy) 2" (Ty)" (88)

Therefore, compared with Eq. (51), we have Z, = Z(RP*; T7), again given by Eq. (50), which also can be written
in the following form

Z (RPT') = Z daba X 1a(T', T') = Z daba X 1a (T, T)e?™% (89)
T a=a Ta:a
where ¢, € {0, %} labels the symmetry fractionalization class of anyon a under the SO(N) symmetry. Finally,
when pulled back to the subgroup generated by SO(N), the partition function becomes

SO(N)

O = (Lo)"™M - (ZoZs)" (90)

Therefore, compared with Eq. (75), we have 3 = Z ((C]P’Q; Ay), given by Eq. (72).

When N = 4, the anomalies of O(4)7 in (2+1)-dimension are classified by (Zz)?*, whose basis elements can be
chosen as (wIM)2, (wZ™)4, (wP®)2ud® | (WP ™2, where w’™) and wS™) are the first and second Stiefel-
Whitney class belonging to H*(O(N)T,Zs) and H2(O(N)T,Zs), and (wi™)? is the generator of the beyond—

cohomology piece of anomaly. There is an extra U(1) piece in the cobordism group, which is associated to 60(4) ,

i.e., the twisted Euler class belonging to H*(O(N)*,Z,). We can write down the partition function as

0 = @) (@) () Tyt ) 2,z () )™ (o1)

Denote the anti-unitary element diag(—1,1,1,1) of O(N)T by 7, and another anti-unitary element
diag(—1,—1,-1,1) of O(N)T by T' = TU,, where U, is a 7 rotation in the 2-3 plane. From pullback to
the subgroup generated by 7 and 7, we still have Z, = Z (CP?), given by Eq. (46), Z; = Z (RP*;T), given by
Eq. (50),Zy = Z (R]P’4; ’7"), given by Eq. (50) or (89). When pulled back to the subgroup generated by SO(4),
the partition function becomes

SO(N) ~ oxnT

O = (Lo)"™ - (ToTs)'t - (D)% (92)

Therefore, compared with Eq. (77), we have I3 = Z ((CIPQ;.At) given by Eq. (72), and 7 = (Zo /13)2. Because

both Zy and I3 here must take values only in #1, Z is always 1. Therefore, the (fractional part of) SO(4) Hall
conductance o7, as in Eq. (81) is always 0.

Finally, when N > 5, the anomalies of O(N)T in (241)-dimension are classified by (Zs)®, whose basis elements
can be chosen as (wI™M)2, (wP 4 (wPM)2p0) (9 N)2 and ™| where w®™), W™ and W™ are the
first, second and fourth Stiefel-Whitney class belonging to H(O(N)T|Zs), H2(O(N)T,Zy) and H*(O(N)T, Zs),
respectlvely, and (wi™)? is the generator of the beyond-cohomology piece of anomaly. We can write down the
anomaly as

~_ O(N)

vy 2 () oz () (yus (93)

M \?2
0= @) @) ) @z
Denote the anti-unitary element diag(—1,1,1,1,...) of O(N)T by 7, and another anti-unitary element
diag(—1,—1,-1,1,...) of O(N)T by T' = TU,, where U, is a 7 rotation in the 2-3 plane. From pullback
to the subgroup generated by 7 and 77, we still have Zy = Z (CP?), given by Eq. (46), Z; = Z (RP*; T), given by
Eq. (50), o, = Z (R]P’4; ’7"), given by Eq. (50) or (89). When pulled back to the subgroup generated by SO(N),
the partition function becomes

SO(N) ~  SO(N)

O = (Lo)"™M (LZz)» - (T)™" (94)
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Therefore, compared with Eq. (77), we have Ty = Z (CP?; A;), given by Eq. (72), and 7 = (Iy/Zs)*. Because
both Zy and Z3 here must take values only in -1, we see that 7 is always 1. As a result, given a (3+1)-dimensional
theory with global symmetry O(N)? and nontrivial 't Hooft anomaly involving w40(N), the boundary cannot be
a topologically ordered state, i.e., it can either spontaneously break the O(N)T symmetry or be a gapless state.
This phenomenon is called “symmetry-enforced gaplessness”. 3

As a summary, there are three anomaly indicators of O(2)7:

= 1 2 = 1 — 1 2 27iqq
=14 zajdaea, Li=5 Z dolarla(T.T), T =1 za:dagae a (95)

Ta:a

There are four anomaly indicators of O(3)7 and O(4)7:

1 2 1
Ty = 5 ;daem I, = 5 ; daaana(T7 T)’

T

Ly o L (96)
— Tiqq _ E Tiqq
I2 - 5 ~ daeana(Ta T>e 4 ) IB - D . daaae 4

T(l:ll

Here T denotes the anti-unitary element diag(—1,1,...). For N > 5, these four expressions still give the anomaly

indicators for O(N)T, and there is one more anomaly indicator, 7= (Zo/Z3)?, which is always 1 and indicates
that this anomaly cannot be realized by any topological order. The full anomaly of the topological order can be
written in the form of Eqgs. (83), (86), (91) and (93), for N = 2,3,4 and N > 5, respectively.

B. SO(N)xZ3

The relevant bordism group for symmetry group SO(N) x Z% is [87]

_ Z3)*, N=2,3

QIO((B(SO(N) x Zo))7 ) = { (Z2) > ’ 97
BsoW) x zy ) = { 72 N TR (o7)
When N = 2,3, and the anomalies are classified by (Z2)*, whose basis elements can be chosen as (wi™)2, 4,

thQSO(N), (wgo(N))Q, where ¢ is the generator of H1(Z% Z5) and wa(N) is the second Stiefel-Witney class or

the generator of H?(SO(N), Z3). We can write down the anomaly/partition function as

2
4 wS'O(N)tz SO(N))

0= (1)) (@) (L) (o)) (98)

Denote the anti-unitary generator of ZI as 7 and a m-rotation of SO(N) as U,. When pulled back to the
subgroup generated by 7T, the anomaly becomes

O = (To) =" . (1y)" (99)

Therefore, compared with Eq. (51), we immediately have Zy = Z(CP?), given by Eq. (46), Z; = Z(RP*; T), given
by Eq. (50). When pulled back to the subgroup generated by 7U,, the anomaly becomes

O = (To): ") (T)" (100)

13 For the reader’s convenience, we repeat the argument in

Refs. [10, 11] of “symmetry-enforced gaplessness” discussed
here. Consider an SO(N) monopole, represented as a unit
SO(2) C SO(N) monopole in the first two components. The
wf(N) anomaly requires the monopole to carry spinor repre-
sentation for the remaining SO(N — 2). For a gapped topo-
logically ordered state, this condition can be satisfied only by
attaching a gapped anyon excitation to the monopole, with
the anyon carrying spinor representation under SO(N — 2).

But an anyon should carry irreducible representation under
the entire SO(N), which means that the SO(N — 2) spinor
anyon should also carry SO(2) charge 1/2. This leads to a
nontrivial Hall conductance for the SO(2), which necessarily
breaks time-reversal symmetry. This argument can also be

carried over to the symmetry group SO(N) x ZZ', N > 4 with

anomaly involving wa(N). However, it does not apply to

O(4)T', because in that case the charge of the SO(4) monopole
under SO(2)’ is not quantized by time reversal.
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Therefore, compared with Eq. (51), we have Z, = Z(RP*; T7), again given by Eq. (50), which can also be written
in the following form

Z(RPY,T') = Z dab X 1a(T", T") = Z dba X 14 (T, T)e*m4a (101)

’
Taa Taa

where again ¢, € {0, %} labels the symmetry fractionalization class of anyon a under SO(N) symmetry (even

for N = 2, here g, can only take values from {0, 3}). When pulled back to the subgroup SO(N), the anomaly
becomes for N = 2

- 50(2))2
O = (Zo)7™M) - (IOI:s)(C1 ) (102)
or for N =3
0 = (Zo)"™ (o)™ (103)

Therefore, compared with Eq. (74) or Eq. (75), we have 73 = Z ((C]P’Q; Ay), given by Eq. (72).
When N > 4, the anomalies of SO(N)xZ1I in (2+1)-dimension are classified by (Z3)®, whose basis elements can

be chosen as (wFM)2, 4, 2w5 M (wSPMN2 and w; ™), where t is the generator of H1(Z¥, Z5), and wj ™)

(wa(N)) is the second (fourth) Stiefel-Witney class or the generator of H?(SO(N),Zs) (H*(SO(N),Zs)). We
can write down the anomaly/partition function as

2 SO(N) WwSOMN?
0=@)"") (@) (@LLT) " (1013)( ) (Fy, (104)
Denote the anti-unitary generator of ZZ as 7 and a 7-rotation of SO(N) as U,. From pullback to the subgroup
generated by T and TU,, we still have Zy = Z ((CIE”z)7 given by Eq. (46), 7, = Z (RIE”4;T), given by Eq. (50),
I, = Z (RP*;T"), given by Eq. (50) or (101). When pulled back to the subgroup generated by SO(N), the
partition function becomes

SO(N) ~_ SO(N)

0 = (Zo)* ™M) - (ToZ3)" (Z)*s (105)

Therefore, compared with Eq. (76) or (77), we have Zg = Z (CIP’Q;At), given by Eq. (72), and Z = (Zo/Zs)".
Again, because both Zy and 73 here must take values only in +1, we see that Tis identically 1. Consequently, given
a (3+1)-dimensional theory with global symmetry SO(N) x ZI and nontrivial *t Hooft anomaly involving wSO(N)7
the boundary cannot be a topologically ordered state, i.e., it can either spontaneously break the SO(N) x ZI
symmetry or be a gapless state. We again discover the phenomenon of “symmetry-enforced gaplessness”.

In summary, there are four anomaly indicators of SO(N ) x 2L

ZdQ s Z dabana (T, T),

La
1 o= ) (106)
_ 27Tiqq _ 2 27iqq
=5 Z dallarta(T, T)e*™0, Ty = £ dzfac™™"
Ta:a “

Here T denotes the generator of Z1. For N = 2,3, these are all the anomaly indicators. For N > 4, besides these
four anomaly indicators, there is another one Z = (Zy/Z3)?, which is always 1 and implies that such anomaly
cannot be realized by any topological order. The full anomaly of the topological order can be written in the form
of Eq. (98) and (104), for N = 2,3 and N > 4, respectively.

(

VII. Discussion topological orders enriched with a finite group symme-
try G, which may be Abelian or non-Abelian, contain
anti-unitary elements and permute anyons. Via this

. In summary, we have constructed.a (3+1)D TQFT framework, besides reproducing the known anomaly in-
given the data of a UMTC and G-action on the UMTC.  jicators of G = ZT, we have calculated the anomaly

The partition functions of this TQFT on certain repre- indicators of G = ZgxZg and G = ZT x ZT, which have
sentative manifolds equipped with appropriate G bun- 2 27

- PEY . not been previously derived as far as we know. The
dles give the anomaly indicators of (24+1)D bosonic



usage of these anomaly indicators have been demon-
strated in the example of all-fermion Z, topological or-
ders. This framework is generalized to the case where
the relevant symmetry is a connected Lie group, and we
use it to derive the anomaly indicator for SO(N). As
a byproduct, we also obtain the expressions of the Hall
conductance of an SO(N) symmetric topological order,
written in terms of data characterizing this symmetry-
enriched topological order. We explain how to use
these results to calculate the anomaly indicators for
some other symmetry groups without the need of fur-
ther calculation, and explicitly derive the anomaly in-
dicators for symmetry groups O(N)T and SO(N)xZ3.
In particular, we show that certain anomalies associ-
ated with these symmetries cannot be realized by any
topological order.

Being able to calculate the anomaly is extremely use-
ful, because the anomaly is powerful in constraining the
possible low-energy dynamics of a strongly interacting
field theory, which is often challenging to understand
by other means. For example, if a strongly interact-
ing field theory with some symmetry has an anomaly
different from the ones we calculate for a symmetry-
enriched topological order, this field theory cannot flow
to this symmetry-enriched topological order at low en-
ergies under renormalization group. Moreover, accord-
ing to the hypothesis of emergibility, the ability to
calculate the anomaly of a quantum phase or phase
transition is crucial to understand whether this phase
or transition can emerge in a given quantum many-
body system, whose robust microscopic properties are
compactly encoded in their Lieb-Schultz-Mattis-type
anomalies [11, 18]. Going one step further, this hy-
pothesis provides a possible route to solve the open
problem of classifying topological orders with lattice
symmetries, in a way similar to the classification of
various symmetry-enriched quantum critical states in
Ref. [18]. We believe that this work is an important
step towards these goals.

From the mathematical side, our work spells out
in detail how to deal with G-bundle structure in real
calculation of the partition function of TQFT. In
particular, on each 1-handle the G-bundle structure
is mapped to a functor acting on the vector space
(topological state space), while on each 2-handle it is
mapped to a natural isomorphism acting on the object
(anyon). This is consistent with the general treatment
of the G-bundle structure in Ref. [69], and serves as a
nice demonstration of the real computational power of
TQFT porposed therein.

Below we briefly comment on some future directions.

1. It is natural to generalize the calculation to other
groups and obtain the anomaly indicators of
these groups. For example, it is easy to gener-
alize the calculation in Sec. IVC to the group
Zoyp, X Loy, The manifolds that we should consider
are L(m, 1) x S*, with a Z,, defect on the non-
contractible cycle of L(m,1) and a Z, defect on
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S, and L(n,1) x S, with a Z,, defect on the
noncontractible cycle of L(n,1) and a Z,, de-
fect on S'. The handle decomposition of these
manifolds are straightforward generalizations of
L(2,1) x S* = RP® x S, whose Kirby diagram
is already shown in Fig. 8, and they are also
explained in detail in Ref. [80]. We can also
consider the group (Z3)* and one of the repre-
sentative manifolds relevant to the calculation of
anomaly indicators is (S*)%, with one different Z,
defect on each S' cycle. See Ref. [81] for a de-
tailed explanation of the handle decomposition
and the Kirby diagram of (S1)%. Tt is also nat-
ural to consider other Lie group symmetries, as
in the discussion in Ref. [46]. We defer them to
future study.

. We have described in detail how to deal with

the (3+1)D TQFT equipped with a finite group
symmetry or a connected Lie group symmetry.
However, for the most general symmetry G, a G-
bundle structure on a manifold M is still spec-
ified by a map f : M — BG. In this case, our
recipe outlined in Sec. V is tedious, and we have
not shown that the recipe gives a partition func-
tion that is indeed topological, in the sense that it
only depends on the homotopy class of f (but not
the specific choice of f in each homotopy class).
It will be nice in the future to rigorously prove
the topological nature of the partition function,
possibly in a more abstract level following the
most general treatment of Ref. [69].

. It is natural to extend our formalism to fermionic

systems and calculate the anomalies of (2+1)D
fermionic topological orders from (3+1)D spin
TQFTs, similar to Ref. [39]. In particular, ac-
cording to Ref. [39, 91], the partition function
of a (3+1)D fermionic SPT can be obtained by
combining a so-called “bosonic shadow” part and
another part that originates from the fermionic
nature of the system, denoted by z. in Ref. [39].
Our framework allows us to obtain the bosonic
shadow much easier, given a handle decomposi-
tion of the manifold. Moreover, the prescription
to obtain z. given a handle decomposition is also
relatively straightforward. So our framework can
be generalized to fermionic systems, and we be-
lieve the calculation will be greatly simplified as
well. We defer the full details to future work.

. Such calculation may shed light on the phe-

nomenon of symmetry-enforced gaplessness [26,
61, 62], and possibly even generate a mneces-
sary and sufficient condition for certain ele-
ment of 't Hooft anomaly being not realized by
any symmetry-enriched topological order. There
have already been a lot of attempts in this direc-
tion, including Refs. [75, 76, 89, 90, 92], and we
wish to push it further to more general situations.



5. We have been focusing on the case where G is
an internal symmetry, and it is interesting and
important to generalize the framework to incor-
porate lattice symmetries, which are important
in many condensed matter systems. Ref. [34]
already derived the anomaly indicators for the
reflection symmetry, but the anomaly indicators
for a generic lattice symmetry have not been de-
rived. Based on the crystalline equivalence prin-
ciple [93], which roughly states that the classifi-
cations of the anomalies associated with an inter-
nal symmetry G and anomalies associated with
a lattice symmetry G are the same, we expect
that the final results of the anomaly indicators
for lattice symmetries take a similar form as the
ones for internal symmetries.

6. The anomaly of symmetry-enriched topological
order with symmetry group G, at least when G
contains unitary symmetry only, can also be in-
terpreted as an obstruction of extending some
UMTC C to a G-crossed braided fusion cate-
gory Cg with compatible G action, where a G-
crossed braided fusion category is a tensor cate-
gory whose objects are graded by elements g € G,
and objects graded by 1 form a subcategory that
is precisely the original UMTC C [27, 29]. There-
fore, our paper gives a well-defined procedure to
calculate this obstruction as well. However, it is
still nice to see the connection between our cal-
culation and the obstruction in the context of
category theory more directly, and perhaps even
rederive our formula purely from cateogry theory,
similar to the analysis in Refs. [27, 30]. In the
presence of anti-unitary symmetry, it is also nice
to see how the “beyond-cohomology” anomaly
comes into play, given a suitable generalization
of the notion of G-crossed braided fusion cate-
gory (potentially via a proper generalization of
the 3-functor BG — C defined in Ref. [94]).

7. It is intriguing to see how the anomalies associ-
ated with the exact O-form symmetries discussed
in this paper are related to the anomalies as-
sociated with the generalized emergent symme-
tries of a topological order. It is already known
that when the exact O-form symmetry G is uni-
tary and does not permute anyons, the anomaly
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of G is the pullback of the anomaly of the 1-
form symmetry A of the topological order [45].
Here A is precisely the Abelian group reviewed
in Sec. II, whose group elements correspond to
the Abelian anyons in this UMTC and the group
multiplication corresponds to the fusion of these
Abelian anyons. The symmetry fractionaliza-
tion class given by an element in H2(G,A) is
interpreted as a map from BG to B?A. When
G contains anti-unitary symmetry and/or does
permute anyons, it is natural to think that the
anomaly of G is still the pullback of the anomaly
of some emergent 2-group symmetry, as discussed
in Refs. [16, 17, 27, 45]. We believe our result can
shed light on both the anomaly of this 2-group
symmetry and the calculation of the pullback in
relevant contexts.

Note added: In the first arXiv version (v1), only a fi-
nite group symmetry is incorporated into the (3+1)D
TQFT. In this new version, we have generalized the
framework to the case with a continuous symmetry.
Also, in vl a method based on pulling back the topo-
logical symmetry and relative anomaly was proposed
to calculate the anomaly of a given symmetry-enriched
topological order. This method actually does not apply
to the general case. For example, it does not apply to
the case where the topological symmetry suffers from
a nontrivial H® obstruction.
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A. Derivation of Eq. (44)

For the reader’s convenience, in this appendix we repeat some explicit computations of various factors in
Eq. (42), including partition functions of various handles and inner products, which ultimately lead to the main
formula Eq. (44). The presentation here follows Ref. [34], see also Ref. [48] for the calculation from a higher-

category point of view.
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1. Vector Spaces

First of all, in this sub-appendix, we write down V(N'), the vector space associated to some 3-dimensional
manifold N which will be defined as the attaching region of some k-handle, following the diagrammatic definition
in Eq. (38). This will serve as the starting point of our diagrammatic treatment and calculation.

A 4-handle is attached to lower handles along S3, and it is clear that

V(S?) ~ C (A1)

is one-dimensional, spanned by the empty diagram in S3, as all closed anyon diagrams in S3 can be reduced via
local moves to a multiple of the empty diagram.
Similarly, a 3-handle is attached to lower handles along S? x D', and we have

V(5% x DY) ~C (A2)

We use @ to denote that we put only trivial anyon on the boundary.
A 2-handle is attached to lower handles along S' x D2. It is also clear that

V(S* x D?;0) ~ Cl°! (A3)

Here, |C| denotes the number of simple anyons in C. The basis vector in V(S! x D?;()) associated to an anyon
a € C corresponds to putting the anyon loop with label a along S x {pt} C S x D2, where {pt} denotes a point
in D2

Finally, a 1-handle is attached to lower handles along two copies of D3, and we have

1% (D3; (a1,...3b1,...)) =~ Vb?l, (A4)
Here aq1,... and by,... are used to denote anyons associated to 2-handles running out of and into the 1-handle
along the boundary of D3. And Vb‘zl.’.‘_“ is the fusion space of ai,... into by,.... This is illustrated in the upper

plane of Fig. 12.

Figure 12. Tllustration of the 1-handle, with no defect present. The 1-handle has topology of a D* but we draw it as a
D? for illustration. The lower plane displays a vector (z,v, 1) (y, 1, p) that lives in the vector space associated to D3, ie.,
V(D% (a1,...;b1,...)) € Vi 14e2°%%, while the upper plane hosts a dual vector.
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2. Partition functions

In this sub-appendix, we compute the partition functions for different handles. Suppose for D* we have
Z(D%0) = A, (A5)
where )\ is a parameter to be fixed later and () denotes the empty diagram in D* = S3. Then if there is some
anyon diagram K on S3, we have
Z(D% K) = MK), (A6)
where (K) denotes the evaluation of the anyon diagram K.

Specifically, first consider the situation where no defect is present. For a 2-handle, there is a loop [, of anyon
a on S! and we have

Z(D*1,) = M,. (A7)

For a 1-handle there is a ©-diagram as in Fig. 12, and if no defect is present the evaluation of the diagram gives

Z(D%Oay.pr.) = A [ da [] - (A8)
4 J

For a 0-handle the anyon diagram K on the boundary S? is precisely the Kirby diagram of the manifold M, with
correct labels on the attaching regions of 1-handles and 2-handles.

In the presence of defects, for a 2-handle the associated anyon a is acted on by successive defects, but the
combination of all defects along the S! line of a 2-handle is still a trivial defect, since this S! is contractible.
Nevertheless, the functor of successive symmetry actions is not the same as the identity functor, and they are
connected to each other by some natural isomorphism, which when acting on a gives the desired n-factor. This
is explained in detail in Sec. IIID.

For a 1-handle we just need to take account of the symmetry action on the vector assigned to the boundary, and
then calculate the ©-diagram. In particular, from the symmetry action we get the desired U-factor in Eq. (43).

3. Inner Products

Next, in this sub-appendix, we calculate the inner products in the vector spaces described in Appendix A 1.
For a vector in |B) € V (D?’; (a1y...;b1,... )) representing the label on the boundary of Fig. 12, from Eq. (39)

we see that
<B|B> = Z(D4; (—)al:--*;bla“') =A Hd‘“ Hdbj (AQ)
\/ i J

Specifically, in the presence of only 2 anyons, dim V (D?;(a;b)) = 0ap, and when a = b, V (D?;(a;b)) is 1-
dimensional and spanned by an arc that we denote as arc, connecting the two anyons. The inner product is

(arca|arcy)y(poyap)) = Z(D* la)0ab = daAdap. (A10)
Then consider the inner product in V(S x D?; ). Let |l,) denote the basis vector in V(S x D?; () corresponding
to anyon loop a along S'. From Eq. (39), we have
(Lally)v(sixp2:0) = Z(S' x D% 1z Uly). (A11)
From the gluing formula Eq. (40),
Z(S8' x D1z Ul)
Z(D*; arcy, U B U arc, U 8)
(BIBYv(D2;(a:b))
(D*; arc, U arc, U arc, U arc,)
{arcalarca) y(ps;(aw))
Z(D*1,)
arca |arca)v(p%:(aiv))
= Oap- (A12)

|B)€V(D3;(asb))

zZ
= 61117

- ab<
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Here we have used the fact that cutting Iz U, gives rise to two arcs, arc, and arc,, while V(D?; (a; b)) is spanned
by an arc connecting a and b. Thus the combination arc, U arc, U arc, U arc, = l,. This is illustrated in Fig. 13.

Figure 13. Illustration of the calculation of (la|ly)y(s1x p2,g) through Z(S' x D*)[lz U ly).

Then let us consider the inner product in V(S? x D; (). For |) € V(S? x D*;()) denoting the empty diagram,
we have

(010)y(s2x D10y = Z(S* x D% 0)
Z(D*;1,)Z2(D%; 1)

)

|la)EV(Stx D?) <la|la>v 51xD2;0)

= 2N\ =D\ (A13)

where D is the total dimension.
Finally, for V(S?) and a basis vector |#)) denoting the empty diagram, we have
@10)y(s3y = Z(D* x 5% 0)
_ Z(D%0)2(D;0)
(010)v (52 xD1.0)
1

= = (A14)

4. Requirement from Invertibility

A further constraint comes from our wish to define an invertible TQFT [71, 72|, given a suitable choice of .
This means that on every closed 3-manifold NV the associated vector space V(N) is one-dimensional, and on every
closed 4-manifold the partition function is a pure phase factor.

Consider Z(S%), the gluing formula Eq. (40) gives

D) Z(DH0) (5
(st = 22 =A\*D Al5
= i (A1)
In order for |Z(S*)| = 1, we must choose |\ = &

Furthermore, we have found in Eq. (A10) that the norm of the state |arcg) is A\. In a unitary TQFT, norms
are always positive definite, so A > 0. Therefore we have determined

A= (A16)

As a result we also have Z(S*) = 1.
Assembling all these factors together, we finally arrive at Eq. (44).
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B. An explicit expression of the n-factor

In Remark g of Sec. III D, we have explained that, for a finite group symmetry G, the n-factor associated with
a 2-handle comes from the natural isomorphism connecting the functor pg! o pg2 o--- and the identity functor,
where g1 5. are defects the S' line of this 2-handle crosses, starting from a segment with anyon label a, and
$12.... are determined by whether the S* crosses the defect upward or downward, according to the convention in
Remark f. In this appendix, we give an explicit expression of this n-factor. We stress again that the expression of
this n-factor is not unique, and different expressions can be converted into each other via Eq. (24). The expression
presented here is obtained by “combining from left to right” of the functor pg! o pg? o---.

To describe this expression, we first write down the 7)-factor we get after connecting pg! o pg? to a single functor

g1
Pl e,
Hiz:  pglopg = pg?, (B1)
where g12 and sj5 are defined as follows
_ ) 8281, s1=s2=-1
g { ggs, else (B2)
—1, S§1 = S = -1
512 = { 1, else (B3)
and His acting on anyon a gives the following n-factor
(81, 82), e 51 =83 =1
Neze1q (g2, 1) 7828, 51 =59 = —1
H = > _ B4
( 12)a T]a(glgg 17g2) 1a S1 = 1a32 =-1 ( )

Nera(gl, 81 g2) @), 5= 1,5, =1

Then we have an expression of the form pg2 o pg3 o---, and we can iterate the above process until we get
the identity functor. Finally, simply multiplying all individual n-factors we get the n-factor associated with the
2-handle,

(Hiz2), - (Hi23), (Hi234), " --- (B5)

C. Consistency check of TQFT

There are multiple consistency checks that we need to perform in order to confirm that, for finite group
symmetry G, the recipe in Sec. IIID, especially Eq. (44), indeed gives rise to a well-defined partition function
Z(M,G), defined on a target manifold M together with a G-bundle structure G on it. In this appendix we
explicitly perform the consistency checks and prove that the recipe in Sec. IIID does give rise to a well-defined
partition function, in the sense that we will make explicit in the following subsections. Most of our exposition
will utilize similar proofs for the Crane-Yetter model, as in Refs. [34, 48, 52, 54] for example. However, we need
to understand the roles played by symmetry defects. These checks provide further evidence that the partition
function Z(M, G) constructed in Sec. IIID is indeed exactly the same partition function of the TQFT decribed
in Sec. III B.

The checks we perform include:

—_

. Independence of the partition function on the handle decomposition in Appendix C 1.
2. Invariance of the partition function under changes of defects in Appendix C 2.

3. Gauge invariance of the partition function in Appendix C 3.

4. Cobordism invariance of the partition function in Appendix C4.

5. Invertibility of the partition function in Appendix C5.

For connected Lie group symmetry G, we also need to prove that Eq. (65) gives rise to a well-definied partition
function. Such a proof follows closely the proof for a finite group symmetry G but is much easier, since we just
need to focus on n-factors. This proof is presented in Appendix C 6.
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1. Independence on the handle decomposition

First of all, our construction explicitly uses a handle decomposition of the target manifold M. In this sub-
appendix, we prove that the partition function Z(M,G) we get in Eq. (44) is in fact independent of the handle
decomposition.

Two different handle decompositions of a given manifold are related to each other by the following handle moves:
isotopies, handle slides and creating/annihilating cancelling handle pairs [80]. In order to prove the independence
of the partition function on the handle decomposition, we just need to show its invariance under all handle moves.
Fortunately, most handle moves do not involve G-defects, and therefore the partition function is automatically
invariant under these handle moves, according to our knowledge of the Crane-Yetter model [48, 52]. Here we just
need to analyze handle moves which do explicitly involve G-defects, and they are either 1-1 handle slides (see Fig.
14), isotopies where some 2-handles cross some defects (see Fig. 15) or 2-2 handle slides (see Fig. 16).

e 1-1 handle slide.

-

Figure 14. An illustration of the effect of 1-1 handle slide on the Kirby diagram, where the blue 1-handle slides past the
darkblue 1-handle. On the anyon diagram the two red lines running upward become a bubble.

The effect of a 1-1 handle slide on a Kirby diagram is explicitly shown in Fig. 14. Suppose that before the
handle slide, a g-defect is present across the blue 1-handle, and an h-defect is present across the darkblue
1-handle. Then after the handle slide, an h~'g defect is present across the blue 1-handle while an h defect
is still present across the darkblue 1-handle. We wish to prove the invariance of the partition function
Z(M, G) by proving the invariance of each individual summand of Eq. (44), which has a given set of labels

3.

Suppose anyons labeled by {a;} cross the blue 1-handle before the handle slide. Without loss of generality,
suppose that they are running downward in the blue 1-handle of the Kirby diagram as in Fig. 14. After the
handle slide, anyons {a;} cross both the blue 1-handle and the darkblue 1-handle. Accordingly, the prefactor
of quantum dimension in the individual summand of Eq. (44) is modified by an extra 1/4/]], do, after the
handle slide. This is canceled by the contribution from the extra bubble in the Kirby diagram, formed e.g.,
by the two red lines running upward in Fig. 14, as can be seen by using Eq. (4). After accounting for this
extra bubble, the contribution of the Kirby diagram is invariant before and after the handle move. Then
we just need to analyze the change of the n-factors and U-factors

For the sake of presentation, let us first assume that all symmetry defects involved are unitary. Now consider
the change of the n-factors. Before the handle slide, {a;} are acted upon by Pg ! while after the handle slide,
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{a;} are acted upon by pﬁ}lg o ,0;11. This gives an extra n-factor

1 (e, (h07'g)) ™" (C1)

K3

Next we consider the change of U-factors. Before the handle slide, the vector and the dual vector assigned

to the two disconnected D? balls of the blue 1-handle are |a;,...;1);. and (8a,,...;1|,. ., respectively,
which give the U-factor from the red lines

(gai,...;1\H“.p§1|ai7...;1>,;m = Ug_1 (aj,...;1), (C2)

After the handle slide, the vector assigned to the upper ball of the darkblue 1-handle is the tensor product
of |a;,...;1)5... and the original vector corresponding to the orange lines. The dual vector assigned to the

lower ball of the darkblue 1-handle is the tensor product of (Pay,...;1]| i and the original dual vector

corresponding to orange lines. The vector assigned to the upper ball of the blue 1-handle is |Hai7 D

and finally the dual vector assigned to the lower ball of the blue 1-handle is still (8a;,...;1|,. . Then the
U-factor relevant to the red lines after the handle slide becomes

Z(gai, o 1|H,__p}_111g\ B 1)}:1.“ . <hai, o 1\ﬁ..4pgl|ai, s D

i
=3 U (a0, Uy (Hai, L 1) ] (C3)
- e [T
f...
According to Eq. (23), the product of Eq. (C1) and Eq. (C3) is precisely Eq. (C2), which means that
the changes of the n-factors and U-factors cancel each other, and each individual summand in Eq. (44) is
invariant under 1-1 handle slides.

To account for anti-unitary symmetry, we need to pay attention to two special effects: i) some anyons will
change their directions of flow compared with the Kirby diagram; ii) we need to add proper factors of K9
in front of some vectors to account for C-anti-linear functor. Without loss of generality, we can still suppose
that anyons labeled by {a;} are running downward in the blue 1-handle of the Kirby diagram. Yet we should
give these anyons an extra label {s;}, according to whether the segment corresponding to labels {a;} has
flipped the direction of the flow or not:
+1 if a; does not flip
i = { —1 if a; does flip (C4)

Then after carefully counting the extra contribution from anti-unitary symmetry, the change of n-factor
becomes

I (. (0, n7"g)) ™ (C5)

i

Before the handle slide, the vector and the dual vector assigned to the two disconnected D3 balls of the blue
L-handle are |a;, ..., {s; = +1};a;,...,{s; = =115 and (8a;, ..., {si = +1}; Baz, ..., {s; = —1}|,.. K9®),
which gives the U-factor from the red lines

<§ai,...;ga;, ...... |H___Kq(g)p;1|ai,...;a;,...>ﬁ___ :Ug’1 (ai,...;a;,...)ﬁm,#_”, (C6)
where i and ¢ are indices to label anyons with s; = +1 or s; = —1, respectively. After the handle slide, the
U-factor relevant to the red lines after the handle slide becomes
g 3 —1 h)|h h h h h) —1
(Bag,...; ga;,...|M,,,K’I(g)ph,ng‘1( )| iy e a%7"'>ﬁ...< iy e aia---|ﬁ...KQ( )ph lai,...5a5, ... )j...
= = o(h)
Uyt (aiy a3, .. )ﬂi..,ﬁ... “Up-ig (hai, c Pas )ﬁ . (C7)

"
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Again, according to Eq. (23), the product of Eq. (C5) and Eq. (C7) is precisely Eq. (C6), which means that
the changes of the n-factors and U-factors cancel each other, and each individual summand in Eq. (44) is
invariant under 1-1 handle slides.

Therefore, we have established that the partition function Z(M, G) is invariant under the 1-1 handle slide.

e [sotopy.

Figure 15. An illustration of the effect of isotopies where the red 2-handle crosses some defect on the darkblue 1-handle.
On the anyon diagram the red line connecting the lower darkblue ball to itself becomes a red bubble.

The invariance of the partition function Z(M,G) under an isotopy where a 2-handle crosses a defect is
relatively easy. Suppose that a g-defect is present across the darkblue 1-handle (see Fig. 15). We wish
to prove the invariance of the partition function Z(M,G) by proving the invariance of each individual
summand of Eq. (44). Label the red 2-handle by an anyon a. After this isotopy, the prefactor of quantum
dimension in the individual summand of Eq. (44) is modified by an extra 1/d,. This is canceled by the
contribution from the extra bubble in the Kirby diagram. There is no change in n-factors and U-factors.
Therefore, we see that Z(M,G) is invariant under the isotopy.

e 2-2 handle slide.

The effect of a 2-2 handle slide on a Kirby diagram is explicitly shown in Fig. 16. We wish to prove the
invariance of the partition function Z(M,G) by proving the invariance of each individual summand of
Eq. (44).

Let us put anyon a on (a segment of) the red 2-handle and anyon b on the yellow 2-handle. The strategy
is to fuse a and b into another anyon ¢, such that the expression involving a and b can be transformed to
an expression involving a and ¢, which turns out to be manifestly the same as the expression before the 2-2
handle slide.

First of all, at every 1-handle that the yellow 2-handle crosses, the relevant prefactor involving quantum

dimensions is shifted from ﬁ to dl e Yet when we fuse a and b into another anyon c, there is an

extra bubble as in Eq. (4) which gives \/dji—fb. Multiplying them together gives

1
Vde©

Therefore, the factors
regrading quantum dimensions match before and after the handle slide.

Next, we should consider the effect of the change of framing, as illustrated in the lower figure of Fig. 16.
Suppose that before the handle slide b has framing n. This contributes a 6} term in Z (M, G). After the
handle slide, the red 2-handle should have an additional framing n, the yellow 2-handle should still have



41

i
Al
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Figure 16. Upper: An illustration of the effect of a 2-2 handle slide on the Kirby diagram, where the red 2-handle slides
past the yellow 2-handle. Lower: An illustration of the change of framing after 2-2 handle slide.

framing n, and the red 2-handle should wind around the yellow 2-handle (—n)-times, contributing an extra
factor of

n

0
07’1071 C — 07’1
alp X 939? co (08)

consistent with the expression before the handle slide.

Now we consider U- and n-factors. Suppose that starting with the segment of the yellow 2-handle labeled
by b, the yellow 2-handle begins crossing some 1-handles, and the symmetry defects these 1-handles host are
g, h,.... Moreover, without loss of generality suppose that on the Kirby diagram the yellow 2-handle runs
downward in these 1-handles. Then consider two consecutive 1-handles that the yellow 2-handle crosses
with g, h-defects on them, the extra U-factor involved is

Uz Y (a,b; €)0 Up * (Ba, Bb; Be)7(E) (C9)

g H//H/

The n-factor coming from composing p;, ! and Pg ! to p;ﬁ, is

na(g,h) " 'my(g, h) 7 (C10)
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Multiplying Eq. (C9) and Eq. (C10) and using Eq. (23), we get
m(&h)_lUg}l(a,b; C)uu’ (Cll)

It is then straightforward to see that, after accounting for all 1-handles that the yellow 2-handle crosses,
such manipulation will cancel all extra U-factors while reproducing the correct n-factor from the natural
isomorphism for anyon c.

Therefore, we have established that the partition function Z(M, G) is invariant under the 2-2 handle slide.

2. Invariance under change of defects

The partition function Z(M,G) is also dependent on a specific choice of the defect network defined on M
to reflect the G-bundle structure G. There are two important choices that we have made during calculation in
Eq. (44). The first choice is that, for a 1-handle hosting a g-defect, there are two D? balls on the attaching region,
and we need to choose one D? ball out of the two to be “above” another one, as in Remark e in Sec. IIID. It
amounts to choosing an orientation of the defect, i.e., whether this defect is g or g. Another choice is that even
for the same G-bundle G on M, we can choose a different set of defects put across 1-handles by changing each
defect g to hgh~!, where h is an arbitrary fixed element in G. Remember that G-bundles on M are classified by

Hom (m (M), G) /G (C12)

Here Hom(m (M), G) is nothing but identifying the holonomy we put on noncontractible cycles, yet there is an
equivalence relation due to G-action by conjugation on the holonomy. Therefore, we need to prove that the
partition function Z(M,G) is the same if the defect we put on 1-handles are conjugated by elements in G. This
amounts to showing the gauge invariance of the partition function under gauge transformation of G.

Let us start by considering the first choice, i.e., the choice of the orientation of the defect. Again, we wish to
prove the invariance of the partition function Z(M,G) by proving the invariance of each individual summand of
Eq. (44). Suppose anyons labeled by {a;} cross the blue 1-handle which hosts a defect labeled by g. Without
loss of generality suppose that at the beginning they are all running downward in the blue 1-handle of the Kirby
diagram. Now we flip the relative position of the two balls. Then anyons crossing the 1-handles upwards are
acted upon by pg instead of pg L which gives the extra n-factor

I 0. (8. 2)" (C13)
Again, to account for the fact that some anyons will flip the direction of the flow, we introduce an extra factor s;
as in Eq. (C4). Before the flip, the vector and the dual vector assigned to the two disconnected D?3 balls of the
blue 1-handle are |a;,...,{s; = +1};a;,...,{s; = —1});... and (Ba,,...,{s; = +1}; Baz, ..., {s; = —1}|M.”K‘1(g)7
which gives the U-factor

<§ai,...;ga;, ...... |“___Kq(g)p;1|ai,...;ag,...>ﬁ___ :Ug1 (ai,...;a;,...)ﬂm#_”, (C14)
where again ¢ and ¢ are indices to label anyons with s; = +1 or s; = —1, respectively. After the flip, the vector
and the dual vector assigned to the two disconnected D3 balls of the blue 1-handle are K ‘I(g)| 8az,...,{s; =
—1}; 8a,,...,{s; = +1}),.. and (a;,...,{s; = —1};a,...,{s; = +1}|4..., which gives the U-factor
. -1 g . _rr-1(g . E o(g)
(@z,...5Q5...... |ﬁ“_p§ K‘I(g)| €az,...; 8a4,... ). =Ug (gag, ... Bay, . ')u..‘,ﬂ“.
g g o(g)
—7—(E,. -
=Ug (8a;,...; ai,...)ﬂ“_,“_“ (C15)

According to Eq. (23), the product of Eq. (C13) and Eq. (C15) is precisely Eq. (C14). Therefore, we have
established that the partition function Z(M,G) is independent of the first choice.

Now consider the second choice. Suppose that all defects are conjugated by an element h in G, i.e., all g-defects
become hgh~!. We need to consider the case where h is unitary or anti-unitary separately.

Suppose that h is unitary. First we change the labels {a;} of all anyons to {®a;}. Then we wish to prove the
invariance of the partition function Z(M,G) by proving the invariance of each individual summand of Eq. (44).
First consider the Kirby diagram, whose evaluation schematically takes the form

<F~R~F~R-~~) (C16)
T Y12 TR T S R T2 ST
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where pq ... and jip ... are indices corresponding to vectors and dual vectors on the anyon diagram associated
to the Kirby diagram, respectively. After relabeling, according to Eq. (19) the Kirby diagram changes to
-1 -1
> UW,I...UW,Q--.-<F-R-F.R-.-) U Upgia - (C17)

We have suppressed all anyon labels, but pay attention that in the above formula anyon labels in F- and R-
symbols are from {a;} while anyon labels in U-symbols are from { Pa;}.

Now we focus on a single 1-handle. Suppose anyons labeled by {a;} cross the 1-handle which hosts a defect
labeled by g, and without loss of generality suppose that they are all running downward in the Kirby diagram.
Before the change of defects, the vector and the dual vector assigned to the two disconnected D? balls are
iy ... {si = +1};a5,...,{s; = —1});.. and (Ba;,...,{s; = +1}; Baz,...,{s; = —1}|,. K9® which gives the
U-factor

(Baj,...; %az,...... |H,__Kq(g)pg1|ai,...;ag,...>ﬁ___ :Ug_1 (ai,...;a;,...)ﬂm,“__, (C18)
where again 7 and 7 are indices to label anyons with s; = +1 or s; = —1, respectively. After the change of defects
(and relabeling), the vector and the dual vector assigned to the two disconnected D? balls are |Pa;,...,{s; =

+1}; Bag, .o {s; = =1} and (PBa;,. .. {s; = +1}; P8az, ... {s; = 1}, K9® which gives the U-factor

79

(P8a,, ... hga;, ...... |M“_K‘I(g)p}_lglh_1 b ha,;, e Vp = }:glh_l (hai, ce hag, e )ﬁ.‘.,u.u . (C19)

Together with the extra U-factor in Eq. (C17), we have

ZUh(hai, RS PRI h_glh_l(hai,...; Raz o Ut (PBay, . P8, )Z’(/gt) (C20)
it

Finally, after conjugation by h, anyons are now labeled by {"a;}, and acted by p, glh_l. Comparing with py o

pg' oy ! this gives an extra n-factor to be
Nhq, (ha g) *
1;[ (nhai(hgh_lvh)) ( )

According to Eq. (23), the product of Eq. (C21) and Eq. (C20) is precisely Eq. (C18), which means that each
individual summand in Eq. (44) is invariant.

Finally, suppose that h is anti-unitary. Then conjugation by h needs to be accompanied by change of orientation
of the manifold M.'* Then the partition function Z(M, G) is complex conjugated under the change of orientation.
The rest analysis is similar to the case where h is unitary. Compared with Eq. (C16) and according to Eq. (19),
after relabeling the Kirby diagram changes to

3 (Umlﬂ,l...UML,z...)*.(F-R-F-R---) U Uy )" (C22)

’ ’ ~1 ~1

T el o il

Again pay attention that in the above formula anyon labels in F- and R- symbols are from {a;} while anyon
labels in U- symbols are from {®a;}. Then focus on a single 1-handle. Again suppose anyons labeled by {a;}
cross the 1-handle which hosts a defect labeled by g, and without loss of generality suppose that they are all
running downward in the Kirby diagram. After the change of defects (and relabeling), together with the extra
U-factor in Eq. (C22), the U-factor relevant to the 1-handle becomes

> Un(Paise i Pag i Upgnes (i P, D Uy (PBai, BE ;... ) (C23)
wa'

14 For M orientable the meaning is clear. For M non-orientable

. of G-bordism in terms of the associated vector bundle £ of the
note that since we have cut across crosscaps, we also choose

gauge bundle G [70], and we need to choose an orientation of

an orientation of M except at the cut, where two orientations TM&¢, where TM is the tangent bundle of M, as mentioned
on two faces of the cut are opposite to each other, and this is in Footr’lote 3. ’

reflected in the change of the direction of the flow of anyons. A
more formal way of thinking it is via a more precise definition
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Finally, after conjugation by h, anyons are now labeled by {®a;}, and acted by p}:glh,l. Comparing with pp, o

pgl °py ! this gives an extra n-factor to be
g, (hyg) 7
- T 97 24
1:[ (nhai (hgh~t, h)) (2

According to Eq. (23), the product of Eq. (C24) and Eq. (C23) is precisely Eq. (C18), which means that each
individual summand in Eq. (44) is invariant.
Therefore, we have established that the partition function Z(M,G) is invariant under the change of defects.

3. Gauge invariance

Another important check we need to perform is the “gauge invariance” of Eq. (44). Specifically, we need to
prove that Eq. (44) is invariant under vertex basis transformation Eqgs. (10) and (18), as well as symmetry action
gauge transformation Eq. (26). In this sub-appendix, we explicitly perform this check.

To show the invariance under vertex basis transformation, we can think of the result of the Kirby diagram as
a giant matrix, which schematically takes the form

<F.R.F.R...> (C25)
R T PR S R TSP

where 1 ... and fi; ... are indices corresponding to vectors and dual vectors on the anyon diagram associated to
the Kirby diagram, respectively. Then we can schematically write down what the giant matrix Eq. (C25) becomes
after vertex basis transformation Eq. (10), which is

. . T T
(F‘ )M1M'1 (F )N2l1'/2 X (F'R'F'R> , , x (F‘ )ﬂllﬁl (F )ﬁlgﬁ2 (026)
[25 BEY A TEE )

ey

On the 1-handles, we have U-factors Ug' (...) i1 ..., Which under vertex basis transformation transforms
according to Eq. (18), i.e., it becomes

. -1 N *
g X Ug (oD X ((r, )u’l’m) (C27)

Here we substitute all anyon labels by - and hopefully they will be clear in specific contexts. Now we immediately
see that after multiplying I-matrices and summing over , i indices, we have 6, v -+ - 07z - - - and the expression
becomes the original expression.

Next consider symmetry action gauge transformation. Again let us focus on a single 1-handle, and without
loss of generality suppose that all anyons {a;} crossing the 1-handle are running downward in the Kirby diagram.
Again, to account for the fact that some anyons will flip the direction of the flow, we introduce an extra factor
s; as in Eq. (C4). The vector and the dual vector assigned to the two disconnected D? balls are |a;,...,{s; =
+1}az,...,{s; = =1} and 8{(a;,...,{s; = +1}; Baz, ..., {s; = —1}|M_“K‘1(g), which gives the U-factor

(%a;,...;8az,...... i K@ pg ag, a5, = Ug a5, )0 (C28)
where i and 7 are indices to label anyons with s; = +1 or s; = —1, respectively. Under the transformation in
Eq. (26), it becomes

—Siyr—1 C e
[T e @) ™ U (a5 505 )50 (C29)

i

All {a;} crossing the 1-handle are acted by p;', and therefore following Eq. (25) under symmetry action gauge
transformation we have extra - parts:

1 (&))" (C30)

Then we immediately see that the extra v part in Eq. (C30) exactly cancels the extra v part in Eq. (C29).
Therefore, we have established that the partition function Z(M,G) is invariant under vertex basis transforma-
tion Egs. (10),(18) and symmetry action gauge transformation Eq. (26).
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4. Cobordism invariance

In order to demonstrate that the construction gives the TQFT that reflects the anomaly of the symmetry-
enriched topological order, in this sub-appendix we prove that the partition function in Eq. (44) on a closed
4-manifold M with G-bundle structure G is in fact a cobordism invariant.

Two closed, oriented n-dimensional manifolds M and M are cobordant if and only if they are related to each
other by a sequence of surgeries [80]. In 4 dimensions, cobordisms of 4-manifolds can be generated by the following
types of surgery moves:

e Removing or adding an S*.
e Replacing an S x D? by 52 x D? and vice versa. Note that they have the same boundary S! x S2.
e Replacing S° x D* by D! x S3 and vice versa. Note that they have the same boundary S° x S3.

In the Crane-Yetter model, in order to prove that the partition function is a cobordism invariant, we need to
prove that the pratition function Z(M) is invariant under these three surgery moves.

Now in the presence of G-bundle structure G, we need to consider G-bordism [71, 88], and therefore we need to
pay special attention to whether defects can be extended or not during the surgery. Let us enumerate the effect
of the three surgery moves one by one.

e Removing or adding an S%.

This surgery move will not involve G-defects because S* is simply connected (i.e., 71(S*) = 0) and a G-
bundle on it must be trivial. Then the partition function is invariant because we can directly see from
Eq. (44) that Z(S%) = 1.

e Replacing an S! x D? by S§% x D? and vice versa.

We can interpret this surgery move as “trading” a 1-handle with a 2-handle as follows. Decompose S' into
S}r and S* which are both homeomorphic to D'. Interpret the S}r x D3 part as a 1-handle that is attached
to S1 x D3 which is interpreted as a 0-handle. (Now we do not assume that there is only 1 0-handle.)
Similarly, decompose S? into Si and S? which are all homeomorphic to D?. Interpret the Si x D? part
as a 2-handle that is attached to S2 x D? which is interpreted as a 0-handle. Then before and after the
surgery move that replaces an S' x D3 by S$? x D?, a 1-handle is removed and a 2-handle is added.

An important observation is that for a G-bordism, there can be no G-defect that is put on the 1-handle
before the trading. This fact can be proven as follows. Consider S x {pt} C S* x 9(D?) = S x S2, which
is a loop that survives before and after the trading. Even though it can be a noncontractible loop before
the trading, it is a contractible loop after the trading, because we can shrink it to a point as it lives on the
boundary of the 2-handle D? x D?. Therefore, G-bordism demands that no g-defect can be present on such
ST loop.

It is immediate that now we can carry over the proof of the invariance in the Crane-Yetter model [48] to
prove the invariance of Z(M,G) under the surgery move.

e Replacing S° x D by D! x $2 and vice versa.

We can interpret this surgery move as adding a 1-handle and removing a 4-handle. Note that we can
introduce some G-defect as well, including crosscap, to the newly introduced non-contractible cycle.

To consider the effect of this surgery move, we can choose a handle decomposition such that S x D* before
the surgery move are two 4-handles. Then D' x S® can be thought of as a 1-handle and a 4-handle. In
particular, no 2-handle is attached to the newly introduced 1-handle. We can also directly see this by noting
that the cycle corresponding to the newly introduced 1-handle is a free generator in 71 (M), therefore we can
make handle moves such that no 2-handle touches the 1-handle. It is then straightforward to see that the
partition function is invariant under the handle move just by inspecting Eq. (44). Namely, after replacing
S% x D* by D! x S3, N, is decreased by 1 while N is increased by 1. Moreover, all other factors do not
change. Therefore, the partition function Z(M,G) is invariant under the surgery move.

Therefore, we have established that the partition function Z(M,G) is invariant under G-bordism.
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5. Invertibility

A TQFT is invertible if on every closed 4-manifold the partition function is a pure phase factor, and on every
closed 3-manifold A the associated vector space V(N) is one-dimensional. We prove that Eq. (44) is indeed a
pure phase factor on closed 4-manifolds, due to the cobordism invariance proved previously. To see it, first note
that there is a Z piece in 259 (BG) when G contains unitary symmetry only, the generator of which is CP? with
trivial G-bundle structure on it. Moreover, the partition function Z(CP?) is a pure phase factor (see Eq. (47)). If
G is finite, besides the Z piece in Q79 (BG) when G contains unitary symmetry only, all elements in the relevant
bordism group are torsion elements. Accordingly, several copies of M together with G-bundle structure G on it
have to be bordant to S* with trivial G-bundle structure on it. Since Z (5’4) =1 from Appendix A 4, the norm
of Z(M,G) has to be 1. This further means that the anomaly indicators we calculate have norm 1, which is not
at all obvious from the explicit formulae, as given by, for example, Egs. (50),(53),(55). Now we see that they
actually take values only in +1.

As a side remark, according to a theorem by Freed and Teleman from Ref. [95] (see footnote 10 therein), in
order for a fully-extended TQFT to be invertible, we just need to prove that Z(S*) is nonzero and V(S* x S?) as
well as V(S3) are all 1-dimensional. They are all straightforward to check for the theory proposed in Sec. III B.

6. Generalization to connected Lie groups

In this sub-appendix, we generalize the consideration to connected Lie groups G, and prove that the partition
function Z(M,G) in Eq. (65), defined on a target manifold M together with a G-bundle structure G on it with
associated map f : M — BG, is a well-defined partition function as well. Given the results from the Crane-Yetter
model, we just need to focus on n-factors, which greatly simplifies the analysis.

e Independence on the handle decomposition

In order to prove the independence of the partition function Z(M,G) on the handle decomposition, again
we just need to show its invariance under all handle moves. Moreover, we also just need to focus on the
handle moves that explicitly alter n-factors. Such handle moves contain 2-2 handle slides only, which are
illustrated in Fig. 16.

Let us put anyon a on the red 2-handle and anyon b on the yellow 2-handle. Suppose that the yellow 2-
handle corresponds to a 2-chain [h] of M. Then if we fuse a and b into another anyon ¢, the extra n-factors
for the red 2-handle and the yellow 2-handle become

Ma w(g.in)) Mowi(s.10) = Mewi(s.[n]): (C31)
consistent with the expression before the handle slide.

e Independence on the choice of f: M — BG

The prescription to write down the n-factors explicitly uses a specific choice of f : M — BG. Yet two
maps f: M — BG and f: M — BG that are homotopic to each other should give rise to a topologically
equivalent bundle G. Because f and f are homotopic to each other, for a 2-handle with its associated 2-chain
[h], f«[h] and f.[h] should be related to each other by some 3-chain v, i.e., fi[h] = fi[h] + Ov. Therefore,
given the symmetry fractionalization class w € H2(G,.A), w(f.[h]) = w(f.[h]) and n-factors are indeed
independent of the specific choice of f: M — BG.

e Cobordism invariance

To prove that the partition function is a cobordism invariant, we also need to prove that the partition
function Z(M,G) is invariant under the three surgery moves. Especially, the first surgery move, i.e.,
removing or adding an S4, does not change the partition function because we can directly see from Eq. (65)
that Z(S%,G) = 1, no matter what G-bundle G we put on S%. The third surgery move does not involve
any 2-handles. The second surgery move, i.e., replacing an S! x D3 by S2? x D? and vice versa, involves a
2-handle. Now consider S? x {pt} C S? x 9(D?) = S? x S. Such an S? lives on the boundary of D? before
the surgery, hence the G-bundle on this S? can be thought of as trivial. Denoting the 2-chain associated
to the 2-handle by [h], we then see that f.[h] is accordingly also trivial and thus no n-factor is involved.
This argument is in a similar spirit to the argument presented in Appendix C4. Now we can carry over the
proof of cobordism invariance in the Crane-Yetter model to prove cobordism invariance of Z(M,G) under
the surgery moves.



47

o Invertibility

For torsion elements in Q59 ((BG)9~1), cobordism invariance and the fact that Z(S*) = 1 from Eq. (65) also
dictate that the norm of the partition function Z(M,G) on such manifolds is 1. However, for a connected
Lie group G, there can be many Z pieces in Q€ ((BG)9~") which do not correspond to CP? with trivial
G-bundle structure. We conjecture that partition functions of these manifolds according to the construction
in Eq. (65) still have norm 1, but we do not have a direct proof (but see Appendix C5 for an argument
based on properties of a fully-extended TQFT).

D. Identifying the manifold M from bordism

In this appendix, we say more about which (3+1)D manifolds M concern us, given a symmetry group G
equipped with a Zy grading ¢ : G — Z» to denote anti-unitary elements as in Eq. (15).

First of all, the manifolds M should be the generating manifolds of Q¢ ((BG)9~1) [70, 88], which we define
in detail below by identifying its tangential structure. Here we use SO to emphasize that we need to choose
a g-twisted orientation of M. Namely, given a principal G bundle G on M, the map q : G — Z, induces an
associated line bundle on M that we denote by &, then we must have wq(§) = w1 (M) and we need to choose an
orientation of £ & T'’M, where T'M is the tangent bundle of M.

Let H be the tangential structure that concerns us, given the symmetry group G together with a Zy grading ¢
to denote anti-unitary symmetries. Then for any integer n we have

J(% J{ ldet (Dl)
1 —— G/Zs G —- 17, 1

where det denotes the determinant map. Here H is a nontrivial extension of O by G/Zs, and H, — G is
the pullback of the determinant map det : O, — Zs by the Zs grading q : G — Zs. In this paper we use
Q7°9((BG)?71) to denote the bordism group with this tangential strcutrure H.

An informative example is when G is Z1 with the generator of Z4 an anti-unitary symmetry. Then ¢ : Z — Z,
is just the projection from Z4 to Zs. According to Eq. (D1), we see that H is a nontrivial extension of O by
Zy. But pay attention that H is not the same as Pin™ or Pin~, because the extension for H corresponds to w?
in H2(O,, Z3), while the extension for Pin™ or Pin~ corresponds to wsy or ws + w? in H?(O,,, Z2), respectively.
Accordingly, for G = ZI the manifold M as the generator of the bordism group Q37°((BG)?~!) should have
w? = 0. It is also straightforward to see that when G is Z1 x ZI'| H is a trivial extension of O by Z,. Given
H2(O0,,, 7o) =2 7y X Zs, we have listed all tangential structures associated to the four extensions of O,, by Z,.

Secondly, it turns out that most elements in the group are “in-cohomology” in the following sense. When G
only contains unitary symmetry, Q5°(BG) contains a special Z piece, generated by CP?. When G also contains
anti-unitary symmetry, Q€ ((BG)7~1) contains a special Zy piece, also generated by CP?. The rest elements are
(Pontraygin) dual to the image of the natrual map from group cohomology to cobordism group, i.e.,

HU(BG,U(1)g) — Q5o ((BG)™™), (D2)

where ¢ as subscript of U(1) denotes the nontrivial G action on U(1) associated with g. Therefore, we call the Z
piece or Zs piece “beyond-cohomology”, while the rest piece “in-cohomology” [8].

Therefore, as an easier step to identify a complete list of (3+1)D manifolds needed for the calculation, first
we calculate H*(BG,U(1),) and identify a set of generators O;. For G containing unitary symmetry only, we
proceed by searching for some oriented manifold M; together with a map f; : M; — BG corresponding to some
G-bundle for each i, such that f*(0;) is dual to the fundamental cycle [M;] € Hy(M;,Z).

For GG containing anti-unitary symmetry, we also need to search for some manifold M; together with a map
fi : M; = BG corresponding to some G-bundle for each i, with the following two constraints:

1. The following diagram commute

M, —L B

\ lq (D3)

BZ,

where w is the map corresponding to the orientation bundle. In particular, we allow M; to be non-orientable.
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2. f*(0;) is dual to the twisted fundamental cycle [M;] € Hy(M;,Z,,) twisted by the orientation character w
88).

We call such a manifold M; (together with a G-bundle structure G; on it) a representative manifold of O;.
Moreover, we also need CP? for the “beyond-cohomology” piece of the bordism group.

Finally, we refer the reader to Ref. [38] for an algorithm to get the cellulation of the representative manifolds
given a finite symmetry group G.

E. More information about handle decomposition of manifolds

In this appendix, we give more information about the handle decomposition of various manifolds that appear in
the main text, i.e., those manifolds listed in Table I. More information about them can be found in Refs. [80, 81].

1. CP?

Let us start with CP?. The manifolds CP" have a handle decomposition with n + 1 handles. There is one
handle of each even index from 0 to 2n. Such a decomposition for CP"™ can be constructed as follows. Recall

that each point p € CP"™ has homogeneous coordinates [z : -~ : z,], 2z € C, which we can normalize so that
max; |z;| = 1. Let D be the closed unit disk in C, which is homeomorphic to D? = [~1,1]2. Then CP" can be
covered by n + 1 balls D™ through the following map
Y; : D" — CP",i=0,...,n, (E1)
where
Vi(z1, o yzn) =21 izt L zipr ot 2y (E2)

Let the image of D™ under the map v; be Bg;. Then p € By; if and only if |z;| = 1, and p € int By; if and only
if |z;] < 1 for all j # i. It follows immediately that the balls By; cover CP", and that they only intersect along
their boundaries. Moreover, By, intersects U;«;, Ba; precisely on ¢ (9(D?) x D"~F). Therefore, we can interpret
Bsy, as a 2k-handle attached to U;<x Bs;, exhibiting the required handle decomposition.

Now specialize to CP?. To draw the Kirby diagram as in Eq. (45) we just need to understand the appearance of
the topological twist reflecting the self-intersection number +1. We can see the fact from the intersection form of
CP?, which is [+1]. We can also directly determine the attaching region of the 2-handle. A point p in By N By can
be written in two ways: p = ¥g(wy,w2) = [1 : wy : we] and p = ¥y (21, 22) = [21 : 1 : 29]. Comparing homogeneous
coordinates, we find that wy = 27" and wy = 2z; 22, S0 Y(z1,22) = (21_1,21_122) defines the attaching map
@ :0D xD — 0D x D C 0By. Parametrize z; = e?™ 0 <t < 1, as we travel once around 9D, t goes from 0 to
1 while the identification of the fibers (z2 + e~ 25) rotates once, realizing a generator of 71(0(2)) £ Z. As a
result, there is a +1 framing of the 2-handle, reflecting the self-intersection number +1.

2. Rp*

The handle decomposition of manifolds RP" is very similar to CP". The manifolds RP" have a handle de-
composition with n + 1 handles. There is one handle of each index from 0 to n. A decomposition for RP" can
be constructed from the construction of CP™ simply by changing C to R and D to D. More specifically, recall
that each point p € RP" has homogeneous coordinates [xg : --- : @], ; € R, which we can normalize so that
max; |x;| = 1. Then RP" can be covered by n + 1 balls D™ through the following map

Y : D" — RP",i=0,...,n, (E3)
where
Yi(xy, oo, xp) =[x i L xigg ey (E4)

Let the image of D™ under the map v; be B;. Then we see that B; as an i-handle is the required handle
decomposition.

Now specialize to RP*. To draw the Kirby diagram as in Fig. 7 we need to determine the self-intersection
number of the line reflecting the 2-handle. We can see this from the mod-2 intersection form of RP*, which is
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[+1]. We can also directly determine the attaching region of the 2-handle. A point p in d(D?) x D? C 9By can
be written as: p = o(x1, 22, 23,24) = [¥1 : T2 : 1 : 23 : x4] and either |z1| =1, p € OBy or |za| = 1, p € 0By.
Comparing the fibre (z3,24), we see that when we travel along the boundary 9(D?), (x3,24) changes sign twice
after the identification. As a result, there is a +1 framing of the 2-handle as well.

Notice that when attaching a 2-handle to a 1-handle, the framing may not be a well-defined integer because
some isotopy involving the 1-handle may change the framing. But it is a well-defined integer mod-2 [81].

3. RP?x S?

The handle decomposition of a product manifold A x B is easy to achieve if we know the handle decomposition
of A and B individually. In this way, we can get the handle decomposition of RP? x S* and RP? x RP? that
concerns us in this paper.

For RP? x S, the handle decomposition of RP? has been worked out in Appendix E 2, which consists of 1 0-
handle, 1 1-handle, 1 2-handle and 1 3-handle, and the handle decomposition of S' can just consist of 1 0-handle
D! and 1 1-handle D' attached along the two end points. Therefore, the handle decomposition of RP? x S?
consists of 1 0-handle, 2 1-handle, 2 2-handle, 2 3-handle and 1 4-handle, and the Kirby diagram is drawn in
Fig. 7. The blue 1-handle comes from the product of 0-handle of S' and 1-handle of RP?, and the darkblue
1-handle comes from the product of 0-handle of RP® and 1-handle of S'. The orange 2-handle comes from the
product of 0-handle of S* and 2-handle of RP?, and we can determine its framing either by mod-2 intersection
form or from the Heegard diagram of RP®. Finally, the red 2-handle comes from the product of 1-handle of S*
and 1-handle of RP'. The explicit ways of drawing the 2-handles on the Kirby diagram can be worked out by
following closely the construction of the handle decomposition.

4. RP? x RP?

The handle decomposition of RP? x RP? can be achieved in a similar manner to RP? x S'. Specifically, the
handle decomposition of RP? has been worked out in Appendix E 2, which consists of 1 0-handle, 1 1-handle and
1 2-handle. Therefore, the handle decomposition of RP? x RP? consists of 1 0-handle, 2 1-handle, 3 2-handle, 2
1-handle and 1 4-handle, and the Kirby diagram is drawn in Fig. 10. The blue 1-handle and the red 2-handle
come from one RP? piece while the darkblue 1-handle and the orange 2-handle come from the other RP? piece.
There is another sanddune 2-handle, coming from the product of 2 1-handles of two RP? pieces. The explicit
ways of drawing the 2-handles on the Kirby diagram can be worked out by following closely the construction of
the handle decomposition.
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