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Abstract

The construction of negative grade KdV hierarchy is proposed in terms of a Miura-gauge
transformation. Such gauge transformation is employed within the zero curvature rep-
resentation and maps the Lax operator of the mKdV into its couterpart in the KdV setting.
Each odd negative KdV flow is obtained from an odd and its subsequent even negative
mKdV flows. The negative KdV flows are shown to inherit the two different vacua struc-
ture that characterizes the associated mKdV flows.
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1 Introduction

Integrable models have been focus of considerable attention in the past few years. These are
very peculiar two dimensional field theories admitting an infinite number of conservation laws
and soliton solutions. The algebraic construction of integrable models has provided a series of
important achievements which allows its construction and classification in terms of the decom-
position of the affine algebra into graded subspaces. Structural connection and the derivation
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of many properties as the construction of conservation laws and soliton solutions can be set
from the zero curvature representation [1], [2]. In particular the mKdV hierarchy, based on
the affine sl(2) algebra, provides the simplest example of systematic construction of a series
of evolution equations associated to a universal object called Lax operator. For the mKdV case
the relevant decomposition occurs according to the principal gradation. Explicit constructions
for positive and negative graded sub-hierarchies have been obtained. The positive flows are
known to be labelled by odd numbers whilst there are no restriction for the negative [3].

An interesting relation between the KdV and mKdV hierarchies can be realised by the Miura
transformation which maps one hierarchy into the other. In ref. [4], [5] we have related the
two hierarchies by a gauge transformation that maps one Lax operator into the other. Such
Miura-gauge transformation acting upon the zero curvature maps the flows from one hierarchy
into the other. For the positive sub-hierarchy the mapping is one to one, i.e., each flow equation
of mKdV is mapped into its counterpart within the KdV hierarchy. However this is not true
for the negative KdV sub-hierarchy. In sec. 3 we argue that only odd flows are consistent
and hence since there are even and odd flows within the negative mKdV side, there shall be
a mapping of a pair of mKdV flows into a single KdV flow. This is indeed true, in sect. 4 we
construct these mappings and show that an odd and its subsequent even mKdV flows can be
mapped into a single KdV flow. An interesting point to mention is that odd mKdV flows admit
only zero vacuum whilst the even admit strictly non-zero vacuum solutions and the associated
KdV flow ends up inheriting both types of structure.

2 mKdV negative hierarchy

In this section let us review the construction of mKdV hierarchy within the algebraic formalism.
Consider the affine G = sl(2) centerless Kac-Moody algebra generated by

h(m = 23mp©)] E(irg) = AmEiooz with A€C and neZ @)
satisfying the following algebra
[n, ES) | = 22800, [E(W, EW) ] = RO, ®)
Introduce the principal grading operator
Q= ZAdd—A + %h 3)
that decomposes the affine algebra into graded subspaces, i.e., G = ; G; with
[Q-9.]=aGe,  [90:95]1€Guss, abEZ, )
where, for G =s1(2),
Gon = {h™ =2"h}, Gons1 = (A" (Eq+2E o), A" (Eg=AE )} (5)
A second important ingredient is the choice of a constant grade one element E(V) € (o
EW =g® 4+ g (6)

such that it decomposes the affine algebra as G = K ® M, where K is the Kernel of E(:

Ke=1{y eK,[y,EM]=0} = {EW+E"}eGynpy @)

—Q
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and M is its complement subspace. We now define the spatial Lax operator to be an universal
algebraic object within the whole hierarchy to be

“ _8x¢

where v(x,t_y) = 0, ¢ is the field of the theory. We are interested in the negative time flows
generated by the temporal Lax operator component of the form [3]

ATV (g) = EV+AO(9) = P +EQ + 8.4 = (a?fb 1 ) ®)

ATKAY — p(=N) 4 pEN+D Ly p(D) N=1,2,-- 9

Y
where D@ e G;. Thus, for a given integer N, the zero curvature equation
[0, +EMW+A®, 5, +DM 4 pEN*D 4.4 pED] =0 (10)

decomposes according to the grading structure, i.e.,

[A0, D]+ 8,00 = o, a
[A(O),D(_N+1)] + [E(l),D(_N)] + axD(—NH) = 0, 12)
[E(l), D(—l)] _ atNA(O) = 0. (13)

These eqns. can be solved grade by grade in order to determine D® and the evolution equation
for A®(¢) according to time t_y is given by (13).
The simplest case is found by taking N = 1, leading to

o 0 Ale2¢

associated with the well know sinh-Gordon equation,
Pyt = e?b — 729, (15)

Notice that v = 8,¢ = vy = const. is the vacuum solution of (15) only if vy =0 — ¢ =0. It
therefore follows that the sinh-Gordon equation only admits zero vacuum solution.
Considering now N = 2, we find

APKAV - — oy (26_2¢d_1(62¢)) E((Z_D —2e20d71(e7%¢ )E(_Oa)t

( At A7 (2e72%d71(e2%)) )

—2e20 41 (e_2¢) e (16)

where we have denoted d ' f = f 8( fdx’. Itleads to the following nonlocal equation of motion
b, =—2(e22d71(e??) +2Pd (7). (17)

Notice that v = d,¢ = vy = const. is the vacuum solution of (17) only if vy # 0 — ¢ = vyx.
Such equation does not admit zero vacuum solution, but a constant vacuum solution v = v
(¢ = vyx), instead. In fact, it can be showed that all models associated to negative even values
of N only admit non-zero vacuum solutions [3]. Let us consider the zero curvature equation
in the vacuum regime, i.e.,

[E® +voh®, pEN) 4 pCN+D ... 4 pED] =0 (18)

vac vac
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the lowest grade equation is

[voh®, DEM =0 (19)

vac

thus if vy # 0 D&N) must commute with h(®) and therefore DY) € G, and N = 2n. Con-
versely if vy = O the lowest grade eqn. becomes

[EW, pCM =0 (20)

vac

thus D&Zﬁv ) € K and N is odd. Thus, the negative mKdV hierarchy splits in two sub-hierarchies:
one even admitting strictly non-zero vacuum (v, # 0) and one odd admiting, only zero vac-
uum (v, = 0) solutions. The systematic construction of soliton solutions for the negative mKdV
hierarchies was previously studied and can be written as follows (see [3]). For the odd sub-
hierarchy the one soliton solution was constructed from dressing the zero vacuum solution
leading to

1— /562kx+2k*2’”r1 t_ons1

v(x,t_gni1) = Oy ln( ) with  w_y,q = 2k™2"H1, 21

14+ ﬁ e2kx+2k=2nt e 5,0

For the even sub-hierarchy the constant value of the vacuum, v, introduces a deformation
upon the dressing method. In [3] the solutions were constructed employing deformed vertex
operators yielding for the one soliton,

2k
vo(k2— vg)”

14+ ﬂ(VO _ k)ezkx+w,2n t_on
14 B(vy + k)eZkxtw_ntan

v(x, t_gn) = Vo + Oy ln( ) with w_,, = (22)

where in both cases f is a free parameter.

3 KdV negative hierarchy

For KdV hierarchy we employ the same algebraic structure of section 3, i.e., principal gradua-
tion, Q,, (3) and the constant grade one element E (M (6). Propose the following Lax operator,

d _ ) _ ) o _( 0 1
AV = EW 44D = fO 4 5N 4 g EO) = (AH o) (23)

where ACD =7 E(_O(z € G_; and J = J(x, Ty) is the field of KdV hierarchy. For sub-hierarchy
that leads to negative time-flow 7_y , the temporal-part Lax operator is given by

Kdv _ —N—-2 —N—-1 -1
AN () =D 4 pEND 4 DD (24)

where D& € G;. The zero curvature decomposes according to the graded structure as

[ACD, DEN=D] = 0o (25)

3, DN 4 [ACD DEN-D] = ¢ (26)

3, DN L [EW DN 4 [ACD, DEM] = ¢ (27)
0, DV +[EW, D] -5, A = o (28)
[EW,DED] = o (29)

which allows solving for all D® and determines the equation of motion (28) according to T_N-
Notice that the lowest grade equation (25) implies that D™N=2) is proportional to E(__am) and
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therefore N = 2m — 1. For this reason all equations of motion for KdV hierarchy are associated
with odd temporal flows, in contrast to the mKdV case, where there are equations of motion
associated to both, even and odd flows.

The equations of motion for KdV hierarchy are more conveniently expresed in terms of
non-local field J(x, Ty) = 9,m(x, Ty ). The first negative flow is obtained from zero curvature
with N =1, leads to the following temporal Lax,

AKdV _ T’T_l (E( 1) n E(o)) nx;r_l h(_l) n 27)x777_1 - T’ZX,T_l E(__l)
e 2 4 4
Mx,t_q Nr_4
_ 47 24
= ( 20 Me | ~Maxey . Me g Neey ) (30)
) = @

and equation of motion
47)xnx,7:_1 + 2"7sz)¢_1 —M3x,7_, = 0. (D)
This equation was first proposed in [6] using inverse of recurssion operator. Later in [7], its

hamiltonian and soliton solutions were discussed.
If we now take N = 3 in (24) and find for the associated temporal Lax,

N Nx,v B _
Kdv _ =3 (-1 (0 T3 (-1 -2 =1
AV = 22 (ECD 4 pQ) ¢ 22 gD 2 (B2 4+ D)
2 4 8
+ 277@3 nx8_ n2x,773 E(__al) . % h(_z) n Bzx — Ny B E(__z)
Nx,7_3 . & Nr_3 B
— 47 1612 22~ 82
- 2Mz_g Nx—N X,T_ -B Boy—ny B nx‘r (32)
(%”Lg g e g T 16/12)
where
B = d_l (4lnxnx,7r,3 + 27’)2an,3 - n3x,r,3)' (33)

The corresponding equation of motion is given by

1
_§n5x,7_3 + 47’)x (_an,r_3 Nxt Nax,t_3 — n2xnr_3) + 5n2xn2x,’r_3

+4T)x,r,3 MN3x + n4xn7:,3 + Nox d_l (4nx’r)x,r,3 + 2n2xnr,3 - an,T,g) . (34)

Notice that vacuum solution n = 1, = constant, either zero or non-zero, satisfy both
equations of motion (31) and (34). Such behavior differs from the mKdV hierarchy where
the equations of motion associated with odd-time flows are satisfied with zero vacuum and
the even-time flows with non-zero vacuum (constant). This coalescence in vacuum solution
presented in KdV hierarchy can be explained more generally from zero curvature projected
around vacuum, i.e,

d d 1 (0 -2 D=
[AK V|Vac > I’ﬁ X vac] I:E( ) + Mo E” Dx(/aév ) + D( N Y +et Dx(zac ):I =0 (35)
from lowest grade equation
0 1/2(N+1
[0 EQ. DY 2] =00 E9, a_y_, BV ] =0 (36)

this equation is automatically satisfied no matter 7, is zero or non-zero if N = 2n— 1. It
therefore follows that the negative KAV hierarchy are associated to odd flows, T_yx = T_s,_1 and
admit both, zero and non-gzero vacuum solutions.



SciPost Physics

4 Miura Transformation and Soliton Solutions

In order to map the mKdV and KdV hierarchies let us consider the Miura-gauge transformation
generated by (see [4], [5])

© 1 0
S; = ePfa = ) (37)
1 (6. 5
which maps the two Lax operators, ATV into AX4V of eqns. (8) and (23) respectively, i.e.,
AN =g ANV 45,9570 = B +ED) +JEC) (38)
where
J(x,0) = 3m(x, 1) = (¢)* — Pax. (39)

We now analyse how S; acts as local gauge transformation upon Art“KdV. Let us consider
first its action on an even grade element D=2 = ¢_ h(™:

D2 heES (o h(—n))e—quE(_";JremE(aa( XES‘B)

= ¢ h"+2c ,¢,E " —8,¢,EC). (40)
Ar—/ — \_ —
Gon Gan G

On the other hand, if we consider D271 = a_nE((x_") + b_nE(__anH) under the local gauge
generated by (37) we find

D) 6. EY) (a EC™ + b, B e ~$.E) | pbuE aa( ¢XE£°2)

= —a,($ )0 —a,p B + 0, ECY 4+ b, B~ 0,6, B0, (4D)
—_— —— SN——
g—Zn—l gfzn g_2n+1 g—l

Thus, any even negative mKdV time flow of the form AmKdlv p2m 4 p2n+D) ... 4 pOig
mapped into its KdV counterpart with the following graded structure,

ARV 6 ES) (pt2m) 4 p=2n+D) .. 4 p(O)) ePeE bxi 5 E (0)

T—2n+1

— p=2n-1) + p(=2n) R DD, (42)

For odd negative mKdV time flow of the form Amjzdyl = p2n+D) 4 p(=2n+1) 44 DO will be
mapped into

ARV 6 B9 (D240 4 p2n+2) 4 .4 (@) eHEY g ©0)

T_on+1 st—an+1™—Q@

= D2 p2n)  p=2ndl) 4 pED), (43)

Thus, both Amlzd:’ and Amlzdv are transformed, by the Miura-gauge transformation (37), into

a single graded KdV structure AKdv (42)-( 43) (associated to flow 7_5,,.1). We therefore
conclude that both negative even and negatlve odd mKdV flows collapse within the same KdV odd
flow, i.e.,
KdV ,mKdV KdV

i ? T on+1- (44)
Notice that this explains why each KdV negative flow admits both zero and non-zero vacuum
solutions. They inherit the zero and the non-zero vacuum information from mKdV negative
odd and its subsequent negative even flows respectively. Let us illustrate explicitly for the first
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two negative mKdV flows, namely, t_; and t_,.
For tdeV the field ¢ = ¢(x, t_;) satisfy the sinh-Gordon eqn (15). We then have

AN = ATV +5,6, ST
= P (e 4 E)) el g, EO) (45)
leading to
AN =2 (ECD + EQ) + %h(‘” — ()% 2 EC) (46)

where we used the Sinh-Gordon equation of motion, ¢, , = e?® — 2% and Miura transfor-

mation, 1, = (¢,)? — ¢,, to simplify some terms. Note that in terms of zero curvature, we
had already constructed AISY given in (30),

2 —
e

From the condition for eqns (46) and (47) to agree we find
Ny, =2 e 2000t (48)
On the other hand, if we now use tg{dv with ¢ = ¢ (x, t_,) satisfiyng (17), we get
A = 5 AV 4516, 87! (49)

T-1
= ehE (h(_l) +2e720d 71 (e2)ECH — 262 d 7 (7 )EEOOD ePeE qu’LZE(O)

—a

leading to
1 -
AV = 267204712 (ECV + E)) + = 48— pFe TP NERY  (50)

where we used the equation of motion for tg(dv (17) and Miura transformation. Thus, (50)
only agrees with (47) if we set

N, =2 27200 t2) g1 (p20(x,t2)) (51)

Notice that the same AKdV is written in two different ways, one in terms of the sinh-Gordon

field ¢(x,t_,) given by (46) (48) and another, in terms of solution of eqn. (17) namely
¢(x,t_y) in (50)-(51) . This can be checked explicitly with solutions given in (21) and (22)
forn=1.

5 Conclusion

We have therefore concluded from the above simple example that solutions of the KdV equa-
tion associated to the time flow 7_; inherits different vacuum structure from a pair of mKdV
solutions (via Miura transformation) . The first associated to mKdV flow t_;, eqn. (15) (with
zero vacuum) satisfying (48) and the second associated to mKdV flow t_,, eqn. (17) (with
non-zero vacuum) satisfying (51). The argument can be easily generalized for higher flows,
each KdV flow admits both, zero and non-zero vaccum solutions. They are constructed from
pair of subsequent of mKdV flows each of them admiting different vacuum structures. We
expect to report in a future publication the generalization of our construction to the A, - KdV
hierarchy employing the gauge-Miura transformation proposed in [5]. We also expect to dis-
cuss the systematic construction of soliton (multisoliton ) solutions and its vacuum structure
in terms of vertex operators and its deformations in the lines of refs. [3], [4].
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