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Abstract

We study extensions of realisations of Lie algebras by adding new variables and their
transformations. Such extensions may be used for comprehensive classification of rel-
ative differential invariants for these Lie algebras. For a fixed realisation of any Lie
algebra, we can classify all inequivalent extended action realisations for a finite number
of additional variables.
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1 Introduction

We start with a realisation of a Lie algebra with the basis operators L = (Q,,),

Qm = Cms(xi)axs, (D

where x; are some variables that may be regarded as dependent or independent in construction
of some equations or differential invariants, and {,,,; are some functions of x;. In the examples
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there dependent variables are designated specifically, we may use other letters. Hereinafter
we will imply summation over the repeated indices, if not specially indicated otherwise.

We take additional variables R, and study extended action operators Q,,, = Qum+AnikR; 5k,
that form the same Lie algebra with the same structural constants. For a realisation of any Lie
algebra L, we can classify all inequivalent extended action realisations for a finite number of
additional variables. That allows constructing new invariant equations for the same realisation
of the algebra, but involving additional variables, and to classify exhaustively relative differ-
ential invariants (RDIs) and invariant equations for the respective realisations of Lie algebras.

We consider construction of extensions for realisations of low-dimensional Lie algebras
that were listed and classified in [1,2]. Here we will deal only with one- and two-dimensional
algebras, and the three-dimensional Poincaré algebra for one space variable with the aim to
present main ideas. The problem of classification of the extended realisations (not only lin-
ear) is interesting by itself, but for classification of relative invariants of Lie algebras we need
specifically only linear extensions with nonzero coefficients at Rdg.

RDIs (not only absolute invariants) are needed, in particular, for full group classification
of PDE invariant under some Lie algebras. Classification of RDIs is an interesting problem of
the abstract algebra, even without any relevance to differential equations and their symmetry.

Definition 1. A function © depending on x,u and on partial derivatives u of order up to [
(© may be a set of functions (O, ....,0y)) is called an RDI for the Lie algebra L = (Q,,), if it
is an invariant of the [-th Lie prolongation of this algebra:

l
Qn,0(x,u, u.. -,th) = Am(x,1, u.. "lz‘)@’

where A, are some functions; if A,, = 0, © is an absolute differential invariant (ADI) of the
algebra L; if A, # 0, it is a proper RDI.

Definition 2. A maximal set of functionally independent invariants of the order r <[ of a
Lie algebra L is a functional basis of differential invariants of the order [ for the algebra L.

Note that we cannot treat a set of independent RDIs the same way as we would treat a set
of ADIs - a function of RDIs may be not invariant. E.g. linear combinations of RDIs generally
speaking will not be RDIs. The methods for full description and classification of absolute
differential invariants are well-known. However, it appeared more difficult to find a way to
classify RDIs. For more information on the story behind this work see [3].

Some mathematicians (e.g. Oliver Glenn in [4]) claimed that they know how to classify
the RDI, but the reference [5] he cited does not contain the solution. I was inspired to solve
this problem by the paper published in 1997 by Mark Fels and Peter Olver [6], and presented
my method of extended realisations of Lie algebras at the SPT-2007 conference [7]. Later I was
informed by Pavel Winternitz that there exists an earlier alternative solution of this problem
of classification of RDIs presented in their papers published in 1991 and 1993 [8] and [9].

In the case when the task is to construct general extension operators for operators (1), we
look for the extensions in the form

Qm = Qm + am(xiaR)aR' (2)

Definition 3. Extension of a realisation of the Lie algebra L with the basis operators of the
form (1) is constructed of the same operators with more variables added (2).
To find scalar RDIs, we need to add just one new variable, and to find only linear extensions.

Qm = Qm + am(xi)RaR' (3)

I used the lists of non-equivalent realisations of two-dimensional Lie algebras in [1, 2].
Please see the additional references there. We must note that the idea of equivalence/non-
equivalence for the extended realisation accounts for classification of the RDI - the difference
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with classification just with respect to the local transformation will be seen on the example of
the translation operators. Our classification of the linear extensions has in mind the following
definition of equivalence of RDIs.

Definition 4. Two RDIs of the algebra L are called equivalent, if they are equivalent wrt
transformations from the equivalence group of the relative invariance conditions.

1
QnR(x,u, 111, e, lll) = A, (x,u, 111, e, Lll)R.

We can also consider equivalence of pairs (R, A) of RDI with their respective multiplicators.
It may be useful for practical purposes of description of invariant differential equations, as a
linear combination of RDIs with the same multiplicator will also be an RDI and may be used
to construct an invariant differential equation.

The procedure for description of RDIs proposed in [7]: 1) Construct Lie prolongations of
the operators Q,,,; 2) write operators of extended action; 3) classify realisations of the extended
action up to transformations from equivalence group of the invariance conditions; 4) find a
functional basis of ADIs for the inequivalent realisations; 5) construct RDIs and ADIs of the
algebra L from absolute invariants of operators of extended action by elimination of ancillary
variables. Note that ancillary variables R may enter the ADIs of the operators of the extended
realisation as multipliers of the form RX,K # 0 are some integers - the ADIs having the form
FRX, where F are some functions of dependent and independent variables, and derivatives of
the dependent variables of the relevant order, will produce the RDIs of the form F.

Let us remind some properties of RDIs - a product of RDIs is also an RDI, an RDI in a
non-zero degree will also be an RDI.

2 Extensions of Algebras of Translation Operators

We start from a seemingly very easy case, that is a one-dimensional Lie algebra. It should be
considered anyway for the purpose of comprehensive presentation. It is a Lie algebra whose
basis consists of one operator. Any one separate first-order differential operator obviously
forms a Lie algebra, and is locally equivalent to a translation operator.

Let us first construct a linear extension for the translation operator d,. We will look for
it in the form Q = 8, + R(x)Fd. It is easy to check that an arbitrary R(x) will satisfy the
commutator criterion for this algebra.

As to the standard classification up to equivalence with respect to the local transforma-
tions, we may use the Lie theorem on straightening out of vector fields as it was done e.g.
in [10] (see [11]). However, though the operator Q = 3, + a(x )R is certainly locally equiv-
alent to Q = 9, for our purpose of the RDI classification we need to consider operators with a
non-vanishing coefficient at &y. It is easy to see that a non-extended Q = &, does not produce
any RDIs, but the extended operator gave us a RDI R = expx. This RDI, as well as other
exponential RDIs of the translation operators, is not useful at all to describe invariant equa-
tions, but it should be listed if we aim at obtaining a comprehensive classification of RDIs. So,
the procedure of classification of RDIs requires classification of linear extended algebras with
nonzero coefficients at Rdg.

Proper classification procedures are described e.g. in [12] and in references therein, as
well as in the papers on classification of realisations of low-dimensional Lie algebras of the
first-order differential operators [1, 2]. Such classification in the case of operators consid-
ered here shall find algebras or single operators whose actions are not equivalent under local
transformations of the following form: ¥ = x(x,R), R = ¢(x,R), Q,, = d,,(¥)0; + Bm(fc)fwﬁ.
Similar criteria would be also relevant for algebras involving more variables. However, for the
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purposes of this paper we can easily check equivalence or non-equivalence using invariants of
the relevant algebras or operators.

3 Two-Dimensional Lie Algebras

Following [7], we will consider extensions of the Lie algebras

3., x0,; 4)
Oy ¥Ox; (5)
By, X3, +90,, 6)

excluding from our consideration here the algebras that consist only of the translation oper-
ators. The commutator of operators (4) is d,. We consider the extension J, + a(x,y)Rd,
x0, + b(x,y)Rz. From the commutation relations b, — xa, = a, then we get determining
conditions for the coefficients —xa = ¢ (y); a is arbitrary. We get b = xa(x,y) + ¢(y), and
the general form of the extended operators

o, +a(x,y)Rdg, x0,+ (xa(x,y)+ ¢(y))RR.

We look for extensions of the algebra (5) basis operators as d,+a(x, y )R, ¥y 9, +b(x, y)RO.
From the commutation relations b, — ya,, b = ya(x,y) + ¢(y), and the extended algebra
basis operators look as

Oy +a(x,y)R, yox+(yalx,y)+ ¢(¥))Rog.

We look for extensions of basis operators (6) as J, + a(x, y)R, x0y + 9, + b(x, y)Rg;
by —xa,—a,=a,thenb+xa=®&,(x,y),a=,(x,y). b=2,(x,y)—x®,(x, ).
The extended operators are

aX + q>x(x’ y)RaR) Xax + (‘I’y(X,}’)_X‘I’x(X,J’))RaR-

Table 1
Basis Operators | General Extended Basis Operators | Inequivalent Extended Basis
Operators

1| 9,,x0,; 9, + a(x,y)Rag, ., + R&g,

x0y +(xalx,y) + ¢(y))RG; x(; +R0g) + €RGg;
2| 9y, YOy 0, + a(x,y)Rog, 9, + R0y,

Y0, +(yalx,y) + ¢(y))RG; Y0, +(y + €)RGg;
3| O, X0, +0y; 9, + ®,.(x,¥)R, 0, + ®,.(x,y)R5,

x0, +(®, — x®,)R0g. x0y +(®, —x®,)RGg.

a(x,y), ¢(y), ®(x, y) are arbitrary sufficiently smooth functions; € is equal to 0 or 1.
Operators listed in Table 1 would allow calculation of zero-order RDIs. Finding higher-
order RDIs would require finding extensions of the prolongations of operators of the initial
realisation to the relevant order. We would like to point out that here we need extensions of
the relevant prolongations of the operators being considered - not prolongations of extensions.
Here we will look for the functional bases of the RDIs up to the second order of derivatives.
We find invariants for two independent variables x and y, and one dependent variable u. Let

4
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us point out that finding differential invariants depends essentially from choice and assignment
of dependent and independent variables.

Table 2
Extended Second Prolonga- | Functional Bases of ADIs Functional Bases of RDIs
tions
1 ax + RaR’ xax _uxaux Y, u, uy: uyy: uxR> Y, u, uy: uyya Uy, Uyxs ux_y;
_uxxau“ _uxyauxy +R3R; uxxR; uxyR;
u
2| 0, + ROy, | ¥, U, Uy, Uyy, €XP ﬁR, Vs Uy Uy, Uyy, EXPUY, Uyllyy,
_ _ 2 _ 2 _ .
yax uxau uxxauxy Uyplyy — Uylyy, uxy_ Uy Uy, uxy 2uxxuyy;
_uxyauyy +R0g; ZuXXuyy;

expy
3| Ox +RG;, x0x +0, —u, 0, > U Uy, Uy, WR U R, | €Xpy, u, uy, u

—Uyy Oy, —Uyy auxy +R0g; U, R; Uyy-

Yy> ux: uxx:

4 Poincaré Algebra for One Space Dimension

Many extensions were studied for many famous algebras of the mathematical physics without
limitations of linearity and without any relation to finding RDIs (see e.g. [13] for the Poincaré
algebra P(1,2), and [10] for P(1,1)). These nonlinear realisations were used to find their
differential invariants and whence new equations invariant under these algebras.

We will illustrate difference in the problem of classification of the general extensions for
Lie algebras and of the extensions with the purpose of the RDI classification on the example of
the Poincaré algebra with two independent variables t and x and one dependent variable u:

6, 8, J=td +xd. %)

A functional basis of the second-order ADIs can be written as follows [10]:

2

— — 1,2 —
I, =u, I, =u; —us, Iy =u; — Uy, (8)

2 2
Iy = (e = )" (e + 22Uy +Uyy ), Is = (u + )" (U — 2y + Uyy )
Setting I,, I to zero, the authors actually obtained expressions that are RDIs
ARy =u,—u,, ARy =u;+u,, AR3=1U; +2U; +Uxy, AR4=U; —2U; +Uyy, (9)

by means of listing invariant equations of the type AR; = 0, but did not mention the concept of
a relative differential invariant, and did not give any statements on full classification of such
invariants.

Let us look at the extension of the standard realisation of the Poincaré algebra (7) con-
structed with the aim of classification of RDIs.

o, +a(t,x)Rag, 0, + b(t,x)Rog, J =t0,+x3, +c(t,x)Ro. (10)

From the commutation relations [P,,P, ] =0, [P;,J] = P,, [P,,J] = P, we get conditions
on the functions a(t, x), b(t,x), c(t,x): a, = b,, ¢, —ta, —xa, = b, ¢, —tb, —xb, = q,
whence a(t,x)=®,, b(t,x)=®,, c(t,x) =td, + x®, + C, where & = &(t, x) is an arbitrary
sufficiently smooth function of its arguments, and C = const.

Up to local equivalence and on condition of non-zero coefficients at Rdg, we obtain the
following realisation

J; + Rog, 0, +Rog, J =t(8, +R) + x(8, + RAg) + €Ry, 1D
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where € is equal to O or 1.

Operators (11) with e = 0 give from its functional basis of ADIs R 'expt, R 'expx a set
of RDIs expt, exp x.

We can find an extended prolongation of realisation (7) using the commutation relations
similarly, and obtain:

6 +R3, 0,+R0;, J=1t(8,+RdR)+x(J,+RdR)— (12)
U8y, —uy 8y —up Gy —2uy (0, + 3, ) —Uyy0,  + €RGy.

Operators (12) with e =1 give from its functional basis of first-order ADIs
(ut + ux)R_1: (ut - ux)R (13)

first-order RDIs for the algebra (7) u; +u,, u;, —u,.

The determining equation for the second-order ADIs of the form F = F(u;;, Uy, Uy) of (7),
will look as follows: 2u,(F, +F,, )+ (tuyxx + U )F, , +RFg = 0. The resulting second-order
ADIs are

Ute — Uxxs (uee + 2uy, +uxx)R_2: (Uee — 2uy, +uxx)R2° (14)
In the same way we obtain two inequivalent proper second-order RDIs: u;; + 2u,; + u,,,
Upe — zuxt Uy

An invariant u,; —u,., is an ADI of (7), so we do not include it into the list of proper RDIs.

Products of invariants in the relevant degrees from the lists (13), (14) to eliminate ancillary
variables R will give absolute invariants from the list (8). So to describe all non-equivalent
RDIs up to the second order of the realisation being considered it is sufficient to take only
zero-and first-order RDIs in addition to the list of ADIs.

The general extensions of the realisation (7) were studied in [10] , and a new extended
realisation was found:

o, Oy» J=1t0,+x0,+ud, (15)

that is not locally equivalent to (7), and found ADIs of (15) up to the second order.

—2 -1
Al =Up T Uy, AZ = (ut _ux)u > AB = (utt _uxx)u )

Ay = (Uep +2upy +uy )u, As = (U —2u,, + uxx)u_3~

To obtain a comprehensive classification of RDIs for this extended realisation, we need to
extend it further and to consider the realisation

P, =0, +a(t,x,u)Rog, P, =3, + b(t,x,u)Ro, J = t0, +x0, +ud, + c(t,x,u)Rog.

From the commutation relations [P,,P,] =0, [P,,J] = P,, [P,,J] = P, we get conditions
on the functions a(t, x,u), b(t,x,u), c(t,x,u):

a, = b, ¢ —ta, —xa;,—ua,=>b, ¢y —tb,—xb,—ub,=a,

whence
a(t,x,u) =®,, b(t,x,u)=o,, c(t,x,u)=td, +x®,+ud,+C,

where & = ®(t, x,u) is an arbitrary sufficiently smooth function, and C = const.
Up to local equivalence and on condition of non-zero coefficients at Rdg, we obtain

0; + Rog, 0, +Rog, J =t(0, +Rdg) + x(8, + Rdz) + ud, + €Ray, (16)

where € is equal to 0 or 1.
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Operators (16) with e = 0 give from its functional basis of ADIs R 'expt, R 'expx a set
of RDIs expt, exp x.

We can find the extended prolongation of realisation (7) using the commutation relations
similarly, and obtain:

0 +R3g, Oy + ROy, J = t(0x +ROg) + x(8; + RGR) +ud, + u, 3, +u.d,
Fllyey Oy, + 22Uy By + UGy, — Uy, — UK Ty, —

Upe By, — 2y (3 +0,,) —UyyO, , + €RDR.

Uyt

We can take relative differential invariants as follows:

IRy =u, IRy =u; + Uy, IR3 =U; — Uy, IRy = Usp — Uyey,

IRs = Usp + 2Upy t Uy, TR =Upr — 2Upy + Uy

5 Conclusion

The idea of extended realisations for which we find absolute differential invariants provides
for the possibility to use all the extensive theory, available in the literature for such absolute
differential invariants, e.g. ability to construct operators of invariant differentiation and fun-
damental bases of ADIs, enabling description of invariants of any order. It would be interesting
to study RDIs for more algebras, and to look for new nonlinear realisations of such algebras.
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