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Abstract

We generalize the area-law violating models of Fredkin and Motzkin spin chains into
two dimensions by building quantum six- and nineteen-vertex models with correlated
interactions. The Hamiltonian is frustration free, and its projectors generate ergodic dy-
namics within the subspace of height configuration that are non negative. The ground
state is a volume- and color-weighted superposition of classical bicolor vertex config-
urations with non-negative heights in the bulk and zero height on the boundary. The
entanglement entropy between subsystems has a phase transition as the g-deformation
parameter is tuned, which is shown to be robust in the presence of an external field acting
on the color degree of freedom. The ground state transitions between area- and volume-
law entanglement phases with a critical point where entanglement entropy scales as a
function LlogL of the linear system size L. Intermediate power law scalings between
LlogL and L? can be achieved with an inhomogeneous deformation parameter that ap-
proaches 1 at different rates in the thermodynamic limit.
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1 Introduction

Entanglement entropy (EE) and its scaling has been a central theme of quantum many-body
physics, not only because entanglement is a unique feature in the quantum world by itself, but
also for their crucial role in determining the computational complexity of the numerical sim-
ulations of quantum many-body systems, indication of topological order and understanding
of the holographic principle and black hole entropy. While EE of a generic eigenstate in the
Hilbert space is shown to scale with the systems size [1], EE of the ground states of gapped
local Hamiltonians are generally observed to obey the so-called area-law, scaling with the size
of the boundary. A milestone in the study of area-law has been Hastings’ rigorous proof of the
result in one-dimensional systems [2]. Recently, a similar result in two-dimension has been
proven for frustration-free models [3,4]. While area-law has been ubiquitous in gapped sys-
tems, plenty of examples of area-law violation has also been found in various gapless systems.
(1+1)-dimensional critical system described by a conformal field theory has EE of logarithmic
scaling [5]. EE of free fermions in dimension d scales as LY 'log L [6]. On the other hand,
beyond logarithmic violations have only been known in one dimension so far.

Quantum vertex and height models are an invaluable tool for the description of phases of
strongly correlated systems [7-10]. They often emerge as an efficient description of quantum
dimer models where strong local constraints facilitate the existence of a well defined “height"
degree of freedom. In such models, a ground state may be well described in terms of a height
field and its fluctuations. When coupled to other local degrees of freedom in such a way that
the height field remains single valued, it is possible to enrich the model to use the fluctuating
height field in order to further mediate correlations. One of the most spectacular examples of
such a behavior is exhibited in the colored Motzkin and Fredkin spin chains [11-17], where
the height degree of freedom can assist in generating an extensive entanglement entropy in
the ground state. Such ground states thus exhibit a maximal violation of entanglement “area
law”. It is important to note that the height field, due to continuity constraints, cannot solely
by itself reproduce such behavior [18]. In this paper we construct a bicolor six- and nineteen-
vertex models that admit exactly such behavior, in analogy with the recent lozenge tiling based
model we have presented [19]. Our models are frustration free, with ground states being
superpositions of surfaces with colorings, when viewed along a horizontal or vertical direction,
obeying the coloring rules of arrays of colored Fredkin or Motzkin spin chains.

The paper is organized as follows. In Sec. 2, we first introduce the six-vertex construction of
coupled Fredkin chains, with the Hamiltonian and its ground state explicitly written. In Sec. 3,
the EE scaling of the ground state is extracted from a field theory description of the random
surfaces in the ground state superposition, showing an entanglement phase transition of the
g-deformation parameter. Sec. 4 sketches a similar nineteen-vertex construction of coupled
Motzkin chains with based on the previous sections. Finally, a summary and discussions of
future direction is given in Sec. 5.

2 Six-vertex construction of coupled Fredkin chains

The degrees of freedom of the model live on the edges or bonds between vertices of a square
lattice of linear size L. They can be decomposed into two arrays of one-dimensional spin—%
chains, one horizontally and one vertically aligned. Each of the edges in the array of horizontal
(resp. vertical) chains can have a spin S® (resp. S) either up or down (resp. left or right)

corresponding to :l:%. These two sets of degrees of freedom are coupled to each other by the
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Figure 1: (a) A coloring of the minimal height configuration configuration of a lat-
tice of linear size 6. Three colors are used to manifest the matching pattern. The
shaded area with dashed line boundary marks the subsystem A. Then numbers in the
plaquettes indicate the height configuration in the dual lattice. (b) A coloring of the
maximal height configuration. The heights in the i'th square of plaquettes counting
from boundary inward alternates between i and i + 1.(c) The convention of positive
direction of the spins living on the array of horizontal chains S" and vertical chains
SY at vertex (i, j), along with the other 5 allowed vertex configurations.

six-vertex rule in Fig. 1 (c), enforced by the bulk local Hamiltonian

L-1
— h h 2
Hy= Z (Sx,y _Sx,y+1 _S;c],y _S;+1,y) : 1)
xX,y=2

The global Hilbert space can be constrained to the subspace of six-vertex configurations by
making the coefficient of this term V, > 1. The boundary spins can be fixed by the Hamiltonian

L -1
o= (sh, =8t )+ 2 (-1 (s, +sh, )
y=1 x=2
: 11 )
D(sy, =80 )+ D=1 (SY, +Sy, ) +4L—4,
=1 =

X

such that the boundary configurations in Fig. 1 has the minimal energy of 0, and any other
configurations will be penalized in proportion to the number of local differences from them

along the boundary.
The six-vertex condition allows a well-defined height function ¢, 1yl living on the dual

lattice of plaquette centers satisfying the rules according to the convention in Fig. 1 (c)

—9¢qVv
¢x+%,y+% - ¢x+%,y—% - 2Sx,y’ (3

— h
¢x+%,y+% - ¢x—%,y+% - 2Sx,y’ 4)
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up to a global gauge transformation of shifting the heights by a constant. The effect of bound-
ary Hamiltonian amounts to picking a Dirichlet boundary condition for the ground state wave-
function.

To enrich the entanglement of the ground state, the local Hilbert space of each spin is
further enlarged to have either a red of blue color, along with a local Hamiltonian H- between
neighboring up-down spin pairs to match in color

L-1

HC = Z (|Txlx+1>};, <Txlx+1|+|Txlx+1>§l, (Txlx+1|+

1
o lo)s, (pl+{h = v,x = y}), (5)
x,y=1

[2],
with [2], :=r +r~!, and
_1 1
o)k, =1 2 Tedenn)y =12 I Tedinn)} 6)

where the up (resp. down) arrows are used to denote spin % in both horizontal and vertical
directions. The deformation parameter r plays the role of an external color field, such that
when r = 1, the ground state will have a uniform superposition of different coloring, while
when r > 1, the configurations with more red colored spins will be favored.

Since the color Hamiltonian only acts on up-down and left-right pairs, for it to affect all
the spins in the system, there must be a net surplus of up (resp. left) spins in any sub-chain
counting from left (resp. bottom). In other words, the height function in the dual lattice must
stay non-negative and the spins form Dyck paths along the chains in both directions. This can
be enforced by the correlated swapping Hamiltonian

He = Z Z Z ci‘ c1s cg cy cll1 s clz1 cy (7)
$ = [2] Y5 fnof XY fuofy
X,y=2 fr.fo=% h" =r,b
1,b,8,0 > — - —a
nx’y’_’+ =4 z,y 1 I z,y ?
rbgo \ _ 1 3
(8
rbgo \ _ _1 v,y 1 .y
x,y,—,—>_q 2 >_q2 I >’

rbgo \ _ _1]|%Y 1 .r‘yl l
ﬂx,y,+,_>—q 2 >—q2 ,

where we have used red, blue, green, orange to represent c?, i cg, and c; respectively. The
total Hamiltonian
H=Hy+Hy;+H;+Hg 9

is a frustration-free sum of projection operators, meaning its zero energy ground state is the
simultaneous lowest energy eigenstate of each term. Since each term in the Hamiltonian re-
quires a superposition of locally different height and coloring in a particular way, the ground
state is therefore a weighted superposition of bicolored six-vertex configurations with alter-
nating heights between 0 and 1 along the boundary, and non-negative heights in the bulk

IGS) = Z ]_[ 9(¢xy)zl o), (10)

¢(ap)—1 xy=1
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where for simplified notation, the height function of each spin is taken to be the average
between the heights of its two adjacent plaquettes, the first sum is over all six-vertex configu-
rations P with boundary height %, the second primed sum is over coloring patterns with spins
in the same chain on the same height matching, the volume of a configuration is defined as
V(P) = Zi}lﬂ Dy 1ysls M(C) is the “warmness” magnetization of coloring C, defined as the
difference between the number of red and blue spins, and  is the normalization constant that
depends only on q and r. The uniqueness of the ground state is guaranteed by the ergodicity
of the Hamiltonian (7), which is proven in the appendix.

3 Scaling of entanglement entropy

The model has an apparent D, lattice symmetry, so a cut across the middle along either the
horizontal or vertical direction gives the same bipartite entanglement entropy between sub-
systems. Unlike a quasi-2D model of trivial stacking an array of Fredkin or Motzkin chains, the
ground state EE of this coupled 2D model is isotropic. Without loss of generality, we choose a
vertical cut as shown in Fig. 1, the ground state (10) can be Schmidt decomposed into a sum
over Dyck paths qB and “warmness” magnetization m(¢) of the unmatched colors denoted by
¢, which is the difference between the number of red and blue spin pairs among them

MR
|GS) = Z P 2
N

{$;c}eD?

P§>L® P‘%>R’ (11)

where D? denotes the space of all bicolor Dyck words of length L, and

o 1 /7 myRr) ViR)®P )
P‘i> = Z r-z q° 2 |PC> 12)
¢ - L(R)
L(R) /M é
are normalized wave functions of the left (resp. right) subsystems, the primed sum is a
shorthand notation for summing over “semi-positive definite” six-vertex configurations with
height profile ¢ on the middle boundary and coloring ¢ of the dangling spins with their color

matched in the other subsystem, and my 4, is the redness magnetization of the pairs with color

matched within the subsystem, which takes value between 0 and (L? — L — A(‘P%—HL +1)/2.

A(q_g )= ch=1 ¢, is the cross-sectional area of the stepped surface outlined by the height func-
tion, as depicted in Fig. 2.

Figure 2: Cross-sectional view of the stepped surface outlined by the height function
along the middle cut. Area A is defined as the sum of heights at each step counting
from the minimal heights in Fig. 1 (a).
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The normalization constants are given by

LZ_Q_M 1

z=[2) T W, (13)
d_;(Tlcut):d;
and

A(4§)+3L_1

N=) 2] T M (14)
¢

_[2][,2 Z qV(P) (15)

$(aP)=%

The Schmidt coefficients are given by the probability of height configuration q_5 with coloring
¢ along the cut between subsystems

PmE A2
p($,0) = T"’ =p@| $)p($), (16)
with )
_M_ﬂ_,_l
p(E| ¢)=rm@[2], 2T, (17)

can be factorized as a product of probability of having a particular coloring ¢ of the unmatched
pairs within the subsystems, conditioned on having a Dyck path 5 along the cut, and the
marginal probability p(qg )= p(qg ,C) of finding such a cross section among uncolored ran-
dom height configurations. The entanglement entropy decomposed into a piece given in terms
of average cross-sectional area of a random height configuration, and another subleading con-
tribution from the fluctuation of the random surface

S1(q,r) == _p(,8)logp($,?)
é2
=> p(d)S:($,1)+5¢(q) (18)
7

=%(<A)+3L—2)+Sf(q),

where Sf (@)= _25 p($) logp(q_g) and in third line we have used

SHERD =—Zp(8 | $)logp(@ | ) (19)
A(¢)
- r( 2 ? 1) (20)
with B
C, =log[2], — 21 logr. 21)

This kind of decomposition of entanglement entropy as a result of enlarging the local Hilbert
space has also been observed recently in the Bethe Ansatz integrable excited states of a non-
integrable one-dimensional multicomponent spin chain [20], which emerges from certain
phases of a quasi-2D spin ladder [21].

For any finite r, C, is a finite constant independent of L, so the problem is reduced to
finding the scaling of the average area (A). That can be done in a field theoretic fashion,
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as was previously used to study the dynamics of the one-dimensional Motzkin and Fredkin
chains [22,23]. A continuous field of the height configuration can be defined as a piece-wise
linear function ¢ (x,y), which takes the value of ¢,/ ,41/2 on the dual lattice. It is well
known that the “entropy” of random surface is captured by a surface tension o(V¢(x,y))
as a function of the height gradient alone [24-27]. Also taking into account the “energy”
contribution from volume weighting, we get the partition function

7= f D (x, y)el | Pxdy(=o(T9 (o) loga)p (), 22)
where D¢ (x, y) is a continuous version of

+00 +o0
l_lj dpyii/z,y+1/2 = l_[f dh,0(h,), (23)
X,y 0 v —0Q

and where ¢ obeys a Lipschitz condition |2,,¢, d,,¢ | < 1, and 6 is the Heaviside step function.
The linear contribution in ¢ is dominant when q > 1. To see this explicitly, we substitute

x=Lx', y=Ly, (24)
which makes

V=LV, dx=Ldx', dy=Ldy'. (25)

The free energy associated to a height configuration then becomes

1 / ’
Vip(x’,
Fl¢1=1? f f dx’dy’(a(%) — (log ) (', ")), (26)
0

where ¢ (x’,y’) = ¢ (x,y) now satisfy the Lipschitz property of |3,.¢, ,.¢| < L instead. The
surface tension term counts the entropy of height configurations associated with height varia-
tions in a small region with height differences 3,/ ¢, 9, ¢ on the boundary of the region, and is
thus trivially bounded by the entropy density of ice. Thus, in the thermodynamic limit, the sur-
face tension term becomes irrelevant compared to the linear term (logq)¢ (x’, y") when q # 1.
Therefore F[ ¢ ] is minimized by the Lipschitz property for the g > 1 case, where minimization
of F is achieved with maximal gradient and maximal volume; and by the positivity for the
q < 1 case, where F is minimized taking ¢ (x, y) = 0. Therefore, for g larger and smaller than
1 respectively, we have (A) = O(L?) and O(L). (18) then says S;(q, r) goes through a phase
transition at ¢ = 1 from volume scaling to area law.

At the critical point, the height field becomes a massless field conditioned on staying pos-
itive. Given that the surface tension is a strictly convex even function of the height vari-
able [24-26,28-31], the average height was rigorously shown to have the scaling O(log L), as
a result of being repelled by the hard-wall at zero height [32]. This gives the same EE scal-
ing of O(LlogL) as in the recent quantum lozenge tiling model [19], despite the height field
of uniform weighted six-vertex model being interacting and not described by a Gaussian free
field. This entanglement phase transition can be summarized in the phase diagram in Fig. 3.

The stark phase transition for any € = g — 1 is a consequence of the discontinuity of the
partition function Z when the thermodynamic/scaling limit is taken. To obtain an intermediate
scaling between LlogL and L2, one can consider a varying q¢ = e**” that approaches 1 as
L — oo. Such scaling limits are of interest random surface models, as they admit existence
of non-trivial limit shapes [33]. For a € (1, 2), simple scaling argument gives an EE scaling of
L3>® with a A dependent coefficient. Whereas for a > 2, it gives the LlogL scaling, and for
a < 1, it gives the L? scaling. Interestingly, one can think of this intermediate entropy scaling
as the scaling of entropy associated with a square neighbourhood of size L’ attached to the
corner of a larger lattice where the deformation parameter is inhomogenous, decaying as a
function e*® " of the distance d from the corner of the lattice to the center.
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Figure 3: The entanglement phase diagram with two distinct EE scaling separated
by the critical line at g = 1.

4 Nineteen-vertex construction of coupled Motzkin chains
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Figure 4: (a) A random coupled Motzkin lattice configuration with Aztec diamond
boundary. (b) The 19 vertices in the constrained Hilbert space satisfying eqaul num-
ber of in and out arrows.
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Figure 5: The 9 coupled Motzkin moves that generate the ergodic dynamics in the
Hilbert space of random surfaces of height function conditioned to be non-negative.

Building on the previous sections, we introduce a 2D generalization to the Motzkin chain,
where each spin takes value of either &1 or 0. This can be mapped to solid edges with arrows
and dashed edges respectively, giving 19 vertex configurations in Fig. 4 (b) around each of
which the height changes by 0. Nineteen-vertex model is a generalization to six-vertex model
and is well-studied in the context of classical statistical mechanics [34-40]. Note that classi-
cal nineteen-vertex models are mapped to quantum spin-1 chains, by transfer matrix method,
which was studied in the context of integrability [41]. Here, we construct a frustration free
Hamiltonian by enforcing weighted superposition between pairs of locally different configura-
tions in Fig. 5. The boundary spins in the lattice shown in Fig. 4 (a) is enforced by boundary



SciPost Physics Submission

Hamiltonians that penalizes —1 spins on the left and bottom side and +1 on the right and top
side.

5 Conclusions

In this paper we have shown how quantum height models may be enhanced to give a range
of exotic entropy scalings. Our models can be viewed as coupled Fredkin and Motzkin chains.
They provide another example of a local Hamiltonian with volume scaling of EE. While the
height degree of freedom can be described via an appropriate field theory, the addition of the
color degrees of freedom within such a description is an interesting open question. Moreover
the field theory description only holds for the ground state, while structure of excited states is
a subject for additional work.

The equal time correlation functions of the ground state of our model are given by the cor-
relation functions of classical six-vertex model subject to the constraint of positive height. Even
in the absence of such a constraint, the analytical result of its two-point correlation functions
are only computed for certain boundary conditions such as the domain wall boundary [42-44].
But it’s possible to compute them numerically using Markov Chain Monte Carlo method [45].
Adding the non-negative height constraint would pose a challenge to the application of worm
or loop-building algorithms, as maintaining the non-negativity would require checking a larger
neighborhood as the loops get longer in each update. Another interesting next step in that di-
rection will be the construction of a tensor network characterization for the state, as was done
for in the 1D case [46,47]. Finally, our model in the absence of an internal color degree of
freedom is of interest as it promises anomalous slow dynamics and fragmentation analogous
to the classical and quantum Fredkin chains in one dimension [48-50].
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A Ergodicity of the Hamiltonian and uniqueness of ground state

We now show that when the Hamiltonian Hg acts on a properly colored height configuration it
generates another such configuration, and that moreover by actions of Hg we can get from any
such configuration to any other. Thus the set of non-negative weighted height configurations
with Dirichlet boundaries is closed under the operation, with the weighted superposition of
states a unique ground state. In complete analogy with the 1D Motzkin and Fredkin chains,
starting from a state which violates non-positivity in the bulk, by applying the projectors we
create a superposition that will carry the negative region back to the end of the sample to get
penalized by the boundary terms. Just as in the Fredkin chain case, in a non-negative height
superposition involving a color violation, by reducing the height of unmatched color pairs may
be pushed closer until the violation can be detected by local terms.

Let us now check that we can get to the lowest height configuration from any positive height
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Figure 6: A snippet of plateaux contour of the maximal height ¢,,, with the sur-
rounding lower height plaquettes coded by sequentially lighter shades. The heights
of the plaquettes numbered @ located at the corners of the contour are ready to be
lowered, while those numbered (3) are not. The plaquette (2) is an accidental mobile
plaquette in this contour configuration despite not lying on the corner.

configuration. Given any six-vertex configuration, there must be a plaquette of maximal height
¢, which may not necessarily be unique. Their nearest neighbor have height ¢, — 1, but
the next-nearest neighbors could either have height ¢,; or ¢, —2. In the former case, we say
the maximal height forms a plateau, while in the latter case, it either lies on the boundary of a
plateau, or is isolated. We note that a local maximal height plaquette will have color matched
pairs of edges, because of the color rule Eq. (5), therefore it can be removable by one the four
moves in (8). Similarly, plaquettes that are on the the boundaries of plateaux are removable
if they are at the corner of boundaries (along a straight line of boundary, both sides in the
direction of the boundary are not in the right configuration to allow one of the correlated
swapping moves), since the next-nearest neighbors are both of the same height. Thus, given
any boundary of a plateau, we can always reduce the volume of a surface by first removing
the height cubes on the (convex) corners of plateaux boundaries, after which new corners will
appear, so that the procedure keeps going. The only scenario such a procedure terminates
is when the boundary forms a straight line with the plateau extending to the boundary of
the lattice. In that case, both sides of the straight line have the same constant height as the
boundary, meaning we have arrived at the lowest height configuration.
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