Concentration of quantum equilibration and an estimate of the recurrence time
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We show that the dynamics of generic quantum systems concentrate around their equilibrium
value when measuring at arbitrary times. This means that the probability of finding such values
away from that equilibrium is exponentially suppressed, with a decay rate given by the effective
dimension. Our result allows us to place a lower bound on the recurrence time of quantum systems,
since recurrences corresponds to the rare events of finding a state away from equilibrium. In many-
body systems, this bound is doubly exponential in system size. We also show corresponding results
for free fermions, which display a weaker concentration and earlier recurrences.

Closed quantum systems obey the Schrodinger equa-
tion, so that their dynamics are both unitary and re-
versible. Most large systems, however, seem to quickly
evolve towards a steady state for long times, with
only very small out-of-equilibrium fluctuations around it.
This process is usually called equilibration, and is associ-
ated with the emergence of statistical physics [1, 2]. The
equilibrated or average expectation value of an observ-
able A is

T
= m [ 2aw). (1)

T—o0 0

where (A(t)) = (U] e~ Ht AeH! |U) for some initial state
¥ and Hamiltonian H.

If a system equilibrates, it is because the probabil-
ity of finding (A(t)) very close to (A(c0)) at any given
time is overwhelmingly large. We show that this is in-
deed the case: the dynamics of quantum systems with a
generic spectrum concentrate highly around the steady-
state value (A(c0)).

More specifically, we show that when sampling times at
random ¢ € [0,00) the probability of finding the system
away from equilibrium is exponentially suppressed. The
decay rate of that exponential is given by the effective
dimension or inverse participation ratio. This is defined

as Tr [wg] _1, where w is the diagonal ensemble

T

w= lim
T— o0 0

at i
SeTH ) (ML)

which is such that Tr[Aw] = (A). A similar result to
what we here prove was argued to hold as a consequence
of the ETH in [3].
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That this equilibration happens, leaving little or no
memory from the initial conditions, seems to conflict with
the unitarity and reversibility of the dynamics. This con-
flict can be seen by considering the Poincaré recurrence
theorem in quantum mechanics [4-8], which states that
any closed quantum evolution eventually returns arbi-
trarily close to its initial state.

The solution to this problem is that even if the
initial state is eventually recovered to an arbitrarily
good approximation, this only happens at extremely
long times. These recurrences constitute large out-of-
equilibrium fluctuations, that can be understood as the
rare events of finding a system far from its equilibrated
state.

Based on this idea, we show how a lower bound on
the average spacing between recurrences follows from our
concentration results, as the inverse of the tail bound. We
find that recurrences occur at time intervals that are at
least exponential in the effective dimension. This gives
a mathematically rigorous scaling on the average recur-
rence time, that matches the scaling of previous estimates
[9] and exact calculations [10]. See [11, 12] for other re-
lated results.

We also show equivalent results for free fermion Hamil-
tonians with generic single-particle modes. We find that
under the assumption of extensivity in the single particle
eigenstates a similar concentration bound and recurrence
time result hold, but with a slower exponential scaling
on the lattice size. This shows the markedly different be-
haviour with respect to generic models. See Table I for
a summary.

Our results constitute a qualitative improvement over
previous bounds on out-of-equilibrium fluctuations [13-
15] for systems with a generic spectrum. These only fo-
cused on the variance induced by the probability measure
limr o0 fOT 4t while we are able to analyze arbitrarily
high moments thereof. The improvement is exponential
in the same sense in which the Chernoff-Hoeffding bound
is exponentially better than Chebyshev’s inequality.

Concentration bound- We consider functions of time
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TABLE I. Lower bounds on the recurrence time for different
dynamical quantities. Tr [wQ} ~! is the effective dimension of
a system with generic spectrum and L is the number of sites
in a fermionic lattice. In the free case, the observable and
initial state are restricted to specific forms. See below for the
precise statements.

f(t) that track some physical property of interest. In the
cases here, f(t) = (A(t)) is the expectation value of a
time-evolved operator A(t). This allows us to define the
moments of a probability distribution

T

- dt

f = Th—r>noo 0 ?f(t)v (3)
T

fig = lim @(ﬂﬂ_?y. (4)
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These moments are bounded for arbitrary q as pq <
(2]|A]])9. This means that they uniquely determine a
characteristic function with an infinite radius of conver-
gence

P
o0 =3 = (5)

This function defines a probability distribution, which we
can write formally as

T aqt

P(z) = lim ?5(30 — f(1)). (6)

T—oo Jg
Here P(z) should be understood as the probability that,
if we pick a random time ¢ € [0, 00), the value of f(¢) is
exactly « (see also [16] and [17] for an overview of previ-
ous results). Note that in order to compute [z7P(z)dx
the limit in 7T is swapped with the integral in x. For
justification of this see Appendix A. An example of P(x)
forming for f(t) = (A(t)) is given in Fig. 1. Fig. 1 shows
how averaging over a finite interval gives concentrated
distributions around equilibrium. The distribution be-
comes sharper as we increase the length of time being
averaged over.
Below we prove that the moments j, are bounded by

kq < (29)", (7)

where g is some small quantity, decreasing quickly as the
size of the system grows and such that g — 0 in the
thermodynamic limit. A bound of this form implies that
the distribution concentrates highly around the average,
as per the following elementary lemma.

120
[ t=20.00
[ t=1000.00
80
x
< 601
QL
40
20+
b w —

0 , , , : , , ,
—0.20-0.15-0.10-0.05 0.00 0.05 0.10 0.15 0.20
X

FIG. 1. Convergence of Pr(z) to P(z) where Pr(z) =
fOT 4t§(z — (A(t))) and P(z) is recovered as T — oo. Pr(x)
represents the approximation of Pr(z) by binning samples
and constructing a histogram. 1000 bins were used to cre-
ate this histogram. Numerics were performed on a spin
1/2 chain with 22 sites. The data is normalized such that
ffooo I:’T(as)dw = 1. The Hamiltonian is a Heisenberg type
model with nearest and next nearest neighbour interactions.
The parameters in the Hamiltonian are chosen so that we
have a non-integrable model. Further details can be found in
App. D.

Lemma 1. Let |uy| < (q9)? for q even. Then,

Pr Hf(t)—ﬂ > 0] < 2e x exp (—jg). (8)

Proof. Let us set f = 0 for simplicity, and focus on the
case x > 0. We have that

Pr((AW) 28 = [ Pl)ds (9)
>4
! 1P(z)d (10)
— 29P(z)dz
R x>0
Hq
< 51 (11)
a9\
<|=]) .
<(%) (12)
A similar inequality holds for z < —4, so that
Pr[|f(t)] = 6] < 2(%)?. The bound is obtained by
choosing ¢ = L%j. O

We now simply need to find the corresponding g for
the concentration bound to hold, which we do for various
physical problems.

Generic models- First we consider models governed by
a Hamiltonian H = Egzl E|Em){(Enm|, which we as-
sume to have a discrete and generic spectrum.

Definition 1. Let H be a Hamiltonian with spectrum
H =73, E;|E;) (Ej|, and let Aq, A be two arbitrary sets



of q energy levels {E;}. The spectrum of H is generic if
for all g € N and all Ay, A7, the equality

Y. Ei=) E

JEA, JEAL

(13)

implies that Ag = Aj.

This condition is expected to hold in non-integrable
and chaotic models, such as those with Wigner-Dyson
level statistics, and is otherwise expected to not hold in
integrable models. It has previously appeared in the lit-
erature under various names [18, 19]. It is an extension
of the well-known non-degenerate gaps condition, which
is the ¢ = 2 case [1, 20], and also implies that the energy
spectrum is non-degenerate. A possible stronger condi-
tion, that implies Def. 1, is that of rational independence
of the energy levels (see e.g. [21, 22]). Notably, the prob-
ability of uniformly choosing a non—generic Hamiltonian
is zero, as seen in the following lemma.

Lemma 2. For any positive integer d > 2, the set of
d x d complex Hermitian matrices that are not generic
has Lebesgue measure zero.

The proof is a straightforward generalization of the
g = 2 case in [23] and can be found in Appendix B.

Consider f(t) = (¥|A(t)|¢)) to be the pure state time
evolution of some observable A. The first concentration
result is as follows.

Theorem 1. Let H have a generic spectrum, with w the
diagonal ensemble, and ||A|| the largest singular value of
A. The moments in Eq. J are such that

o < (a4l ) (14)
We thus have the bound
Pr{|(A() - ()| (15)

<26X6Xp<

e||A||\/Tr [w? )

This states that the probability of finding (A(t)) away
from (A) even by a small amount is exponentially sup-
pressed in 4/Tr{w?]. It also rigorously proves one of
the main results from [3], where a similar concentration

bound was heuristically argued as a consequence of the
ETH. Previous results [13, 20] only yield the bound

T2 ] < MAPT

A particular observable of interest is the initial state
itself, A = |¥) (¥|. In this case, the quantity at hand is
the fidelity with the initial state

Pr [[(A() (16)

F(t) = (Tl W) (B] W) (17)

Theorem 2. Let H have a generic spectrum and let A =
| W) (P, then
Ha < (aTr [w?])" (18)
Notably, assuming a generic spectrum, the average fi-
delity is F' = Tr [wz], so that we have the concentration
bound

Pr[|F(t) - Tr[w2]| > 6] < 2e x exp ( (19)

This improves on Eq. (15) by a factor of /Tt [w?] when
substituted into A = |¥)(¥| and ||A|| = 1. Eq. (18)
appeared previously in [22].

It is well known that Tr [wQ] is exponentially sup-
pressed in system size for generic models for sufficiently
well behaved initial conditions. As an example, see figure
2, which shows a clear exponential decay of Tr [wz] with
system size L.
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FIG. 2. Tr [w?] for a variety of system sizes and states. Nu-

merics were done with the same model as Fig. 1 , which is
non—integrable. The three states studied are |¢) = | Tt
L [0 = () A )) and ) =

\F ZL ! TT| ™o .. L) where T is the translation
operator shifting lattice indices by one. More details on the
states and the model can be found in App. D.

Free fermions- The second class that we consider are
extended free fermionic models

L
> Myt fu, (20)

m,n=1

where f, is a fermionic annihilation operator for the
lattice site n. The fermionic operators obey the stan-
dard canonical anti-commutation relations {fn, fn} =
{Fh iy =0, {fl, fa} = 6mn. We assume M is real
symmetric, so it is diagonalized with a real orthogonal
matrix O such that M = ODO7T. D is a diagonal matrix



with entries Dy = €5, which allows us to rewrite the
Hamiltonian as

L
H =" epd)dp, (21)
k=1

where € are the single particle energy eigenmodes, and
we have new fermionic operators in eigenmode space
defined in terms of the real space fermionic operators:
dy, = Zle Oj.1.f;. This class of models notably does not
obey Def. 1. However, we can instead give the following
definition.

Definition 2. Let H = 25:1 ekd;fcdk be a free Hamil-
tonian. Let Aq,A; be two arbitrary sets of q eigenmodes
{€;}. Then H is an extended free fermionic model with
a generic spectrum if, for all ¢ € N and all Ay, A}, the
equality

Z € = Z €; (22)

JEA, JEAL

implies that Ay = A} and the entries of O are such that

Ojp = 28, (23)

with ¢j = O(1).

Generic free extended models can be constructed rel-
atively easily by imposing translation invariance. Such
models always have O, o« 1/ V/L. One can then con-
struct an eigenmode spectrum €, that is generic. It would
be interesting for future work to find local, or approxi-
mately local examples of such a model.

The equivalent of Lemma 2 also holds here by apply-
ing it to the matrix M and the energy eigenmodes. This
definition crucially excludes localized models, which have
entries of the form, Oy, ; ~ e~ Ik=ml/€  with ¢ the local-
ization length. The bound on the moments is as follows.

Theorem 3. Let H be an extended free fermionic Hamil-
tonian with generic spectrum and let A = f1 f,. Then,
for even q,

q
kg < <q02 Z) , (24)

where v = % is the filling factor of the fermions on the
lattice and c = \FLmaxkj {Om ;> Onoi, }-

The corresponding concentration bound is

Pr([(ffFa () = (Flufu)] = 4] (25)

Theorem 3 can be contrasted with the bound found in
[24] for the second moment. The authors consider a po-
tentially extensive observable and do not limit the anal-
ysis to extensive models, recovering ko < ||a||?vL for an
observable A=3%" I amon o

The last quantity of interest is the single particle prop-
agator

{f1.(), fa} = amn (D). (26)

For example, if we initialize our state as |¥) = fI |0),
then the fidelity is

F(t) = lamm(t). (27)
The more general |a,, ,(t)]? is also studied in the con-
text of out of time ordered correlators [25-28]. Consider

|Gm.n (D) = OmkOn kO 1O e~V (28)
k,l

The infinite time average of this quantity is taken as
Wm,n = Z O?n,kO’rQL,k:' (29)
k

For extended models with non-degenerate frequencies
this quantity decays to zero since wy, , ~ % and Ky < 13,
where ¢ is weakly dependent on system size and is O(1)
in the thermodynamic limit [26]. We can bound the mo-
ments for the single particle propagator as follows.

Theorem 4. Let H be a free fermionic Hamiltonian with
a generic spectrum, and let the dynamical function f(t) =
|am.n(t)|? be the squared single particle propagator. The
moments are then bounded by

e (Y -

where ¢ = ﬁmaxki {Om.k;, Oni, }-

Finally, the corresponding concentration bound is
9 oL
Pr [|[amn(t)]* = wmn| > 0] <2e xexp(—— ). (31)
ec

Recurrence time- All the quantities analyzed above al-
ways come back arbitrarily close to their initial values
at t = 0. For large systems, however, such recurrences
only happen at astronomically large timescales, inaccessi-
ble to both experiments and numerical studies. We now
put a lower bound on those timescales through a suit-
ably defined notion of average recurrence time, both for
observables and also the whole state.



Definition 3. A (u, A, A)-recurrence occurs at a time
interval Ca = [ta,ta + Al if, for all t € Ca,

(A1) — (A(0))] < ul|Al], (32)

where A > 0 and v € (0,2].
recurrence occurs if, for all t € Ca,

Similarly, a (u,A)-

1-Ft) <u (33)

We identify a recurrence with an interval of time during
which the system is close to the initial value. Thus, the
definition contains two free parameters: A is the time
duration of that recurrence, and u quantifies how close
to the initial state that is. We expect that the larger
A and the smaller u are, the more seldom a (u, A, A)-
recurrence will happen. In fact, for some large enough
A, a (u, A, A)-recurrence will likely never happen.

Notice that it follows from the Fuchs-van de Graafs
inequalities [29] that an (u,A)-recurrence implies an
(u, A, A)-recurrence for all A, and that conversely
an (u,A, A)-recurrence for all A implies an (u,A)-
recurrence. However, individual observables may have
additional earlier recurrences than those of the fidelity.

Let us also define ¢’ (A) as the initial point of the time
interval corresponding to the n-th (u, A, A)-recurrence,
so that ¢} (A) < tX"'(A), and analogously, ¢} for the
fidelity recurrences. This motivates the following defini-
tion, inspired by that in [10].

Definition 4. The average (u, A, A)-recurrence time is

T A, A) = lim A (34)

n—o0 n

with T(u, A) analogously defined.

T(u,A, A) can be understood as the inverse of the den-
sity of recurrences. To see this, first note that (A(t)) is a
Besicovitch almost periodic function and we can there-
fore choose a well-defined almost period P in the sense
of [30]. Evaluating our sequence at integer multiples of

tR(A)

the almost period gives -2 — — L where np is the

prae
number of #} (A) inside an almost period. Then it fol-
lows that T'(u, A, A) = 1/D(u, A, A) where D(u, A, A) is
the density of (u, A, A) recurrences. These quantities can
be easily bounded with the concentration bounds above.

First, for T'(u, A, A).

Corollary 1. Let H have a generic spectrum, and let
w.l.o.g. (A(0)) — (A) = cal|A|| > 0. Then, for u < cy,

%exp (%) < T(u,A,A). (35)

Proof. From the definition of the distribution P(z) in Eq.

(6) and Eq. (15) we have that

) An
Hm@ea ="
< Pr [[(A®) ~ T4 > (ea —w)|A4]]

< 2e X exp <M> . (36)
e

[1A®)) = (A(0))] < ul[Al]

V/Tr [w?]
Notice that lim, tz(ﬁﬁ = A/T(u,A, A). Solving
for T'(u, A, A) yields the result. O

The previous results are stated in terms of arbitrary
recurrences, defined with free parameters A, u. We now
explain for which choices of these we expect the bounds
to be more meaningful. With typical out-of-equilibrium
initial conditions, we have that ¢4 = O(1). In that case,
meaningful recurrences, comparable in magnitude to the
initial condition, will be such that ¢4 —u = O(1). We
expect that in those cases, the recurrences will have a
duration comparable to that of the initial equilibration
time T(;?l, which we can loosely define as the time it takes
for (A(t)) to initially settle around the steady value (A).
These recurrences are then on average spaced by a time
which we roughly estimate to be

7 > AL (). (37)

See [31-35] for analytical bounds on ng. Note that for
local Hamiltonians and observables, T(j?Jl is believed to
generally scale as a low-degree polynomial in system size
[36].

A possible shortcoming of Eq. (35) is that the bound
vanishes when A — 0. That is, Corollary 1 is unable to
estimate vanishingly small recurrences. However, we ex-
pect that meaningful recurrences, getting somewhat close
to the expectation value of initial conditions, will typi-
cally have a relaxation time comparable to that of the
initial conditions, in which case the estimate of Eq. (37)
applies.

For the fidelity, the bound on the recurrence follows
exactly the proof of Corollary 1 but using Eq. (19) in-
stead.

Corollary 2. Let H have a generic spectrum. Then,

A 1—u

Again, there are particular choices of the free parame-
ters for which we expect the bounds to be more meaning-
ful. In many-body systems, the fidelity initially decays
as F(t) = e~ /2 where 02 = (U| H2 |¥) — (V| H |¥)? is
the energy variance [37-39]. Recurrences with u = O(1),
in which the time-evolved state reaches a meaningful fi-
delity with the initial one, likely decay in a similar fash-
ion, and as such we expect them to have a time duration
of A ~ o7, so that on average they are spaced by a time

7> o127 (39)



This resembles the result in [10], which gives an exact
calculation of the average recurrence time based on some
heuristic assumptions on the wave-function, and finds a

21—1
similar scaling of e (Tr[wz] ), with a slightly different
prefactor. It also matches the scaling of other previous
estimates [9], so Eq. (38) should be close to optimal.

Finally, we also have corresponding bounds for
fermions.

Corollary 3. Let H be a free fermionic Hamiltonian
with generic spectrum, and let w.l.o.g. (f} £.(0)) —

<fJnfn> =cy > 0. Then, foru < cy,

A - L
25°%P <Cfec2u\/:> <T(u, A, fl ), (40)

as well as for the fidelity in Eq. (27).

Corollary 4. Let H be a free fermionic Hamiltonian
with generic spectrum. Then,

Ae (1—w)L
Sexp [T
2¢ P ect

Jsrwan oy
The analogue of Eq. (37) and Eq. (39) also holds fol-
lowing the same considerations. These bounds however

scale as eﬂ(ﬁ) and e®(X) respectively, which are expo-
nential in the number of sites L. This is a fast scaling,
but still exponentially slower than that from Corollaries
1 and 2. Even shorter recurrence times are also found in
specific instances of Bose gases [10-42], which can even
be experimentally tested [43] with cold atoms.

Conclusion- We have shown how in systems with
a generic spectrum as given in Definition 1 both ob-
servables and the fidelity with the initial state equili-
brate around their time-averaged values, with out-of-
equilibrium fluctuations suppressed exponentially in the

effective dimension Tr [wg] ~'. This number scales expo-
nentially under very general conditions on the state and
the Hamiltonian [23, 44—46], so in these systems fluctu-
ations are most often doubly exponentially suppressed.
Since partial or full recurrences are far from equilibrium
fluctuations, our bounds yield an estimate of their occur-
rence, with a scaling that we believe is almost optimal.
Equivalent results with a slower scaling also hold for free
fermions.

Previous works [23, 44, 46-49] start with the bound
on the second moment in [13, 14] to obtain results on
equilibration, so the present findings naturally strengthen
them. Also, Theorem 2 in [50] extends [13, 14] to two-
point correlation functions, and the corresponding con-
centration bound is straightforward.

Our bounds on the recurrence time apply to individual
states. A given Hamiltonian should also have other later
state-independent recurrences. For instance, the recent
result for random circuits [51] suggests that a recurrence
in complexity of e~®H might still doubly exponential,
but with a larger exponent that Eq. (39).
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Appendix A: Defining moments

The average value of (A(t)) in Eq. 1 motivates the formal definition of the following probability distribution

P(z) = lim

T—o0 0

T
Lol — (AW))

Note that this integral is convergent since this distribution is well-defined by the argument given between equations

4-6. We would like to compute the moments as

= lim
Mq T—o00 0

Tg(

(A) - 1A)°

This requires swapping the integral over x and limit in 7" and can be justified using the dominated convergence theorem.
To use this famous result we must prove that the absolute value of the integrand is bounded by an integrable function.

Consider

Kq = /xq lim Pp(z)dz.

T—o0

For book-keeping purposes let g(t) = ((A(t)> - @) We may bound the integrand inside the limit

||

2 Pr(a)] = | / ats(a — ()] < 2 / ats(x — g(t)).

Integrating the absolute value of the right-hand side and applying Fubini’s theorem we find

% /OTdt5(x—g(t)) da;g/$

/

T
/ dtd(x — g(t))
0

dx < /% /OT dté(z — g(t))dx
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1 T
< — a,
<7 [ o)

The function g(t) is continuous and therefore bounded on the interval [0,7], so the integral is finite, therefore its
positive and negative components are as well, thus the g-th absolute moment is bounded. We may therefore conclude
that the absolute value of the integrand is bounded by an integrable function, so by the dominated convergence
theorem we may swap the integral and limit.

Note that equivalently, one may define the moments for finite 7" and then take the limit.

Appendix B: Generic spectra

Lemma 1. The set of generic Hermitian matrices in My(C) has full Lebesgue measure.

Proof. Note that this proof is similar to the proof that the set of non-diagonalizable matrices has Lebesgue measure
zero. Let H be some Hermitian d x d matrix. We start by defining the function

F(H) = 11 (f: E,, — Eml.) .

n1,M1,...,Ng,Mg i=1
n;£m;

This function is zero precisely when the spectrum is not generic. Clearly swapping eigenvalues does not change the
function F, i.e. F' is a symmetric polynomial of the eigenvalues. By the fundamental theorem of symmetric (real)
polynomials F' can be written uniquely as a polynomial in the elementary symmetric polynomials in F;’s, which are
precisely trace powers of H.

Recall that H can be expressed in some basis. For example some generalized Pauli basis, or even the standard
basis. This is conceptually equivalent to saying that the vector space of all possible H can be parameterized by the
coefficients of the basis elements in the expansion. Thus, we may expand H in this basis and then take trace powers,
showing us that F' is a real polynomial in the space of these coefficients.

It is a well known fact from measure theory that the zero set of a multivariate polynomial has Lebesgue measure
Z€ro. O

Appendix C: Bounding the moments
1. Proof for generic models

Theorem 1. Let H have a generic spectrum, w the diagonal ensemble, and ||A|| the largest singular value of A. The
moments in Eq. 4 in the main text are such that

pa < (all AllVIR) (cn)

Proof. First we prove the following inequality:

|Tr [(Aw)] | < (1Al T )" (C2)

To realize this, consider the matrix Aw, which is not Hermitian and therefore may have complex eigenvalues and may
potentially not be diagonalizable. This, however, does not prevent us from finding a complete set of eigenvalues such
that their multiplicity summed is the dimension of Aw. The matrix is always similar to its Jordan form, and we can
in general always write

Tr[Aw] = >\, (C3)

where J; is the i-th (potentially complex) eigenvalue of Aw. More generally, we can always write

Tr [(Aw)?] = Z M. (C4)



From here we can bound the following;:

| Tr [(Aw)? |_|ZA4 (C5)

< Z || (C6)

= [[Allg (C7)

q/2
< | = (Zmﬁ) (©3)

where we used the triangle inequality in (C6), and in (C8) we use the property ||z||p+q < ||z]|, for any vector z and
real numbers p > 1 and a > 0. Note that, using the Shur decomposition, we may write Aw = QUQT, where Q is a
unitary matrix, and U is upper triangular with the same spectrum on the diagonal as Aw. Using this, we have that

Tr [(Aw)(Aw)T} =Tr [QUQT (QUQT)T} =Tr [UUT] = Z |\i|* 4 other non-negative terms.

%

Thus,

Z I\i|? < Tr [AwaAT} < ||AAT|| Tr [wa] < ||A|]* Tr [wa] = [|A]]* Tr [w?] .

%

This gives us our desired inequality.
Moving on, let us derive a general bound for the ¢g-th moment of models satisfying Definition 1. For simplicity, and
w.l.o.g., let us assume that (A) = 0. Expanding the definition of the moments we arrive at

I 2 ;
TR H = (Em;—En, )t
Hq = Tlggo T /O dt E : (Amianicmi Cni) e . (CQ)

mM1,N1,...,Mg,Ng i=1

The assumption that the Hamiltonian is generic means that only certain terms in the sum survive after averaging over
all time: those for which the sets of {m;} and {n;} coincide up to permutations, which we denote with {c(7)}. Due to
the equilibrium expectation value being zero, we can also eliminate all terms for which i = (i) for 1 < ¢ < g. Thus, we
want all permutations on ¢ elements except those that have a fixed point. Such permutations are called derangements.
The number of distinct derangements is denoted by g = L%‘ + %J Let D, denote the set of derangements on {1, 2, .., ¢}.
Eq. (C9) becomes )

Z H|Cm1 ZHAmuama (C10)

~yMmg i=1 o€D,i=1

Given a derangement o, it can be decomposed as the product of cycles o1,03,...,0,. with lengths ¢, 05, ..., ¢,
respectively, such that Z;Zl l; = g. In each term of the inner summation we can collect terms of the same cycle. For
example for ¢ = 6 and 0 = o102 = (mq, ma)(ms, mqg, ms, mg) the term can be written as

(Aml 112 Amz PLLLOY ) (ATHB L2 Am4 ;MmMs Ams sMMe Ama ;13 ) .

Summing over my,ms, ms, Mg, M5, Mg we have that this term is precisely
Tr [(Aw)?] Tr [(Aw)ﬂ .
In general, each cycle of a term will correspond to a product of trace powers i.e. ¢ = 01,039, ..., 0, corresponds to
Tr [(Aw)el} Tr [(Aw)b] T [(Aw)e"] .

We may apply Eq. (C2) term-wise to get

T [(Aw)] Tr [(Aw)] .. Tr [(Aw)] < (J1AIIV/TT ) ottt = ()’
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In each moment’s inner summation there are precisely !¢ terms of this form because there are !¢ derangements, thus

o <t (J1AIVTR) " < (allAlVTR2) " (C1y)
O

The g = 2 case can be found in [20].
Theorem 2. Let H have a generic spectrum and let A = |U) (U|, then

tg < (q Tr [wZ])q. (C12)

Proof. The moments defined for the fidelity are defined as

uq—TILn;o;/ dtH S Jem Plen, 26 En: (C13)

i=1m;#n,
q
Z H|Cmi‘2 H |ca(mi)|2' (014)
mi,...mg =1 oeD,

In the above expression we can note that there are !¢ possible derangements using genericity given in Definition 1.
Each m; will have one pair given to us from o(m;), implying each individual term in the sum is Tr [wz] 7 50 our final
expression is

pg ='qTr [wz]q < (¢Tr [w2])q. (C15)
O

2. Generic free models
This class of models conserves total particle number, which we will denote as

L

L
N =D (f1f) =) (didr). (C16)

j=1 k=1

Theorem 3. Let H be a extended free fermionic Hamiltonian with a generic spectrum and let A = f1 f,. Then, the

even moments are bounded above by
A\
kg < <q02, / L) , (C17)

where v = % is the filling factor of the fermions on the lattice and ¢ = ﬁmaxkj {Omk;» Onk, }-
Proof. Consider

1 ,
Kon = lim 7/ dtH D" Ok, Ong, (df di e 5™ N ™ Oy O g (d dy )e' 077", (C18)

T—oo T
J=1k;#l; P #4;

Let us define the tensor (note the j dependence)

Ot Ony (), i) j odd

J

By 1, = Omyi;Onk; (d;jdlj) j even . (C19)
0 ki =1;

This allows us to rewrite our equation as
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- i(en; —ei; )t
Kom _Thféo / dtHZBkle (C20)

J=1k;j,l;

This can likewise be rewritten as

2n
— 1 1 - i(ep, —e€r. )t
fian _Thl{lof/o de Y I Buaetm (C21)

ki,l1,...kon,lan j=1

Assuming a generic single-particle spectrum, this means we have the following surviving terms:

2n
> > IIBuon (C22)

k1,...k2n 0€Sa, j=1

where S5, denotes the symmetric group on 1,2...2n. We can then enforce the fact that these terms are zero if
k; = o(k;) for 1 < j < 2n. So denoting the derangements as Do, as earlier, we arrive at

2n

> > I Brow (C23)

k1,...kon 0€Da, j=1

Next, recognizing that each definition of B contains two extensive terms multiplied, let ¢ = v/ maxg; {Om k;, On,k; }s

Kan < LG Z Z H d do’(k) (C24)

kay 0€D2y, j=1

As in Theorem 1, each term will be a trace of powers of A, and there can be at most n products of traces of A.
Since 0 < A < T, each trace of A can further be bounded by Tr[AP] < Tr[A] = N = vL, which means we can bound
Ran by

an 424
mnzwmwz%izé< ";”) : (C25)

where ¢ is weakly dependent on system size and 0 < v < 1. Choosing ¢ = 2n and reorganizing gives the desired
result. O

Theorem 4. Let H be a free fermionic Hamiltonian with a generic spectrum, and let our dynamical function f(t) =
|am,n(t)|? be the squared single particle propagator, then we can bound the moments by

AN
ws(ﬁ), (C20)
where ¢ = \/fmaxkj{Om,kj,On,kj }.
Proof. The g-th moment can be written as
1 o0
fig = lim f/ dtHZOkankOmlOnle —eu)t (C27)
T— 00 T 0 i=1 k; #l

through the usual procedure and using the definition 2 in the main text we recover

Z H Om ki On ki H Om ,o(k; )On o(ks) (028)

kg i=1 oeDy

defining ¢ = \/zmaxkj {Om.k;» On.k, }, we factor out four of these, and sum up the indices, giving us

[Pp] 4\ ¢
lqc qc
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Appendix D: Numerics

The numerics for the figures in the main body were carried out on the spin 1/2 Hamiltonian,

L
H=> J1 (S S5, +he)+7 8787, + J2 (S} S5y, + he) + 7257575,
j=1

where (J1,71, J2,72) = (—1,1,-0.2,0.5) giving us a non-integrable model. We perform exact diagonalization exploit-
ing total spin conservation and translation invariance. We choose pure initial states that allow us to further exploit the
Z spin flip symmetry and the spatial reflection symmetry. In Fig. 1 we see the approximated probability distribution
function Pr(x) as a histogram. The observable is A = 07, the Pauli-z matrix on the first lattice site. The initial state
is a Néel type state:

) = 4 ...). (D1)
In Fig. 2 we calculate the purity of the diagonal ensemble Tr [wﬂ for three states. The states featured are
) = |1, (D2)
1
') = (R )+ [T ), (D3)

V2
1 L—1 .
|¢>:ﬁgoirw...m...u>. (D4)
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