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Abstract

Central spin models provide an idealized description of interactions between a central
degree of freedom and a mesoscopic environment of surrounding spins. We show that the
family of models with a spin-1 at the center and XX interactions of arbitrary strength
with surrounding spins is integrable. Specifically, we derive an extensive set of conserved
quantities and obtain the exact eigenstates using the Bethe ansatz. As in the homogenous
limit, the states divide into two exponentially large classes: bright states, in which the
spin-1 is entangled with its surroundings, and dark states, in which it is not. On resonance,
the bright states further break up into two classes depending on their weight on states
with central spin polarization zero. These classes are probed in quench dynamics wherein
they prevent the central spin from reaching thermal equilibrium. In the single spin-flip
sector we explicitly construct the bright states and show that the central spin exhibits
oscillatory dynamics as a consequence of the semilocalization of these eigenstates. We
relate the integrability to the closely related class of integrable Richardson-Gaudin models,
and conjecture that the spin-sg central spin XX model is integrable for any so.
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1 Introduction

Central spin models provide a minimal description for a central degree of freedom interacting
with an environment of surrounding spins. They are ubiquitous in physics, and have recently
gained increased attention with advances in quantum metrology and sensing [1-12]. In such
setups the central degree of freedom is typically well controlled and can be used to sense or
influence the environment. In solid-state quantum computing platforms, the central degree
of freedom could be the spin associated with an electron (hole) in a quantum dot or that
associated with a defect center in diamond, while the environment is composed of nuclear
spins [13-18]. In cavity-QED systems on the other hand, the cavity acts as the central
degree of freedom and the many atoms it interacts with form the environment [19-25].

On the theory side, central spin models have been widely investigated because of their
underlying integrability. Integrability guarantees an extensive set of conserved quantities
and allows all eigenstates to be exactly obtained using Bethe ansatz techniques, which has
led to various studies of the equilibrium and dynamical properties in these models [10,26-32].
For XXX interactions (S§S¥ + SjS¥ + S5S7) between the central spin (at site 0) and the
environment spins (at sites j), the central spin model belongs to the class of Richardson-
Gaudin models [33-36]. Such models are integrable for any value of the central spin and
their exact solution has long been established.

In this work, we focus on a system where the central spin interacts with its environment
through XX interactions. Such spin-flip terms (S§S7 + Sy SJy) o (Sg S;+5Sy S;r) naturally
arise from dipolar couplings in nuclear magnetic resonance experiments [37-39], in nitrogen
vacancy (NV) centers [40], and in certain quantum dots [41]. Some of the authors recently
showed that the XX model with a central spin-1/2 particle is integrable with two classes of
eigenstates: dark states, in which the central spin is maximally polarized along the z-axis
and is unentangled with the environment, and bright states, in which the central spin is
entangled with the environment [31]. Subsequent work [42] showed that the spin-1/2 XX
model remains integrable in the presence of an arbitrarily oriented magnetic field with
emergent dark states (building on results in Refs. [31,43,44]). However, in all cases the
exact solution strongly depends on the central spin being a spin-1/2 particle.

We here consider the case where a central spin-1 particle interacts with its environment
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through XX interactions. By explicitly constructing an extensive set of conserved charges
and exact Bethe eigenstates, we establish the integrability of the spin-1 model. While the
eigenstate structure is different from that of the spin-1/2 model, we can again identify
different classes of bright and dark states. The bright and dark states have striking
consequences on the dynamics of the central spin and prevent the central spin from
equilibrating with its environment.

This work is structured as follows. In Sec. 2 we present an overview of the integrability
of the spin-1 central spin model, detailing its conserved charges and eigenstates. Its
integrability can be closely connected to the integrability of XXZ Richardson-Gaudin
models, and in Sec. 3 we review some relevant results. These are then used in Sec. 4 to
construct the conserved charges and discuss several simple limits. The exact eigenstates are
constructed in Sec. 5. These eigenstates are similar to the eigenstates of the homogeneous
model (where all couplings are set to be equal), which can be solved in terms of collective
spin operators [45]. We therefore present the eigenspectrum for the homogeneous model
before moving on to the inhomogeneous model. Following this theoretical analysis, we
probe the (semi)localization properties of the eigenstates and the effect on quench dynamics
in Sec. 6 in the limiting case of a single spin-flip excitation above the polarized ground state.
Dynamics for quenches to resonance from a maximally mixed and unpolarized environment
is presented in Sec. 7. We combine the known structure of the eigenstates and the exact
solution at the homogeneous point to make predictions for the long-time values of central
spin polarization and show that they retain memory of the initial state. Sec. 8 is reserved
for conclusions.

While our construction now explicitly depends on the central spin being a spin-1 particle
rather than spin-1/2, the integrability of both models suggests that the central spin model
with XX interactions is integrable for arbitrary spin values sg. We present two pieces of
evidence in support of this conclusion in Appendix C. The first is the integrability of the
effective Hamiltonian in the limit of a large z-field on the central spin. Specifically, up to
second order in the strength of the XX interactions, the effective Hamiltonian obtained by
a Schrieffer-Wolff transformation is integrable for any value of the central spin. Second,
numerical investigations of the corresponding classical (large sgp) model—which can be
simulated efficiently—show features of integrability. Integrability of the classical model
would imply integrability at smaller sy within a truncated Wigner approximation [46,47].

Despite this evidence, proving integrability beyond the spin-1/2 and spin-1 cases remains
an outstanding challenge.

2 Overview of main results

The focus of this work is the central spin Hamiltonian

L L
H=whS5+QY S+ > 0 (5587 + 5587 ). (1)

j=1 j=1
describing a central spin-1 particle interacting with an environment of L surrounding spins
through an inhomogeneous XX interaction. Both the interaction strengths g; and the spin
quantum numbers s; of the surrounding environment particles can be chosen freely. The
central spin and the environment spins are subject to external fields along the z-direction

with strength wj, and  respectively. However, since the total z magnetization

L

L L
tzot:ZSj, with eigenvalues M € {—I—Zsj,...,l—i—Zsj}, (2)
=0 J=1

J=1

3
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Figure 1: Schematic illustration of the central spin-1 XX Hamiltonian. The central
spin-1 particle interacts with an environment of surrounding spins (of any spin
quantum number) through an inhomogeneous and anisotropic XX interaction
with strength g;. The field strength on the central spin is wy.

is conserved, only the detuning wy = w( — € governs the structure of the eigenstates.
Indeed, a rotating frame transformation by e~ **wt takes w) + wo and Q + 0, while
leaving the eigenstates (which may be chosen to be eigenstates of SZ.,) unaltered. Without
loss of generality, we work within this rotating frame, where the Hamiltonian takes the
form

H =wyS§+ (Sy Gt +55G7). (3)

For convenience, we introduce the environment spin effective raising/lowering operators

L
=> g;SF. (4)
j=1

This model is illustrated in Fig. 1.

We establish the integrability of the Hamiltonian (1) by constructing both an extensive
set of conserved charges and the exact eigenstates. For each environment spin S; there is
an associated conserved charge given by

Qj = woSEQ; +wo (2P — 1) SZ + {STG~ + Sy G+, PQ;}, (5)

in which Py =1 — (5§)? is a projector on central spin |0),, {-,-} the anticommutator, and

ST +5-s+ L . g2
j= ST gy i (S+5 +8; S+)+2Z Ik _szsz. (6
k#j 9; - ki L
These conserved charges mutually commute and commute with the central spin Hamiltonian.
Note that these charges consist of up to 4-body operators, whereas the conserved charges
of the spin-1/2 central spin Hamiltonian consist of up to 2-body operators [31].

Two different classes of exact eigenstates with a fixed number of spin excitations
can be constructed by adding excitations to the vacuum state, which is defined as the
fully polarized state |0) = ®§4:1 |—s;) if the environment spin at site j has total spin s;.
Environment states are then given by unnormalized Bethe states

N L

|U17""UN>:H Z S+ |®>7 (7)

a=1 \ j=1 gJ

4
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parametrized by N (possibly complex) variables vi,vs,...,vy. These variables are also
known as rapidities’. The number of excitations is bounded by N < 22;21 sj, where
equality corresponds to the fully polarized state ®§;:1 |55).

First, the Hamiltonian has a class of degenerate dark eigenstates, where the central
spin is maximally polarized along either the positive or negative z-direction. For M < 0,
all dark states have central spin down, reading

ID(vi,...,0N)) = |-1)y @ |v1,...,0N) , (8)

with rapidities satisfying a set of Bethe equations

Lo g2 N
=N =0, ae{l,...,N}, (9)
=195 TV g VT a

such that G |v1,...,vn) = 0. Note that the rapidities, and thus the dark states |D), are
independent of the magnetic field strength wy.
The dark states span a degenerate manifold of energy £ = —wy:

H|D(vi,...,vN)) = —wo |D(vi,...,0N)) . (10)

Above half-filling, the dark states have central spin polarization |+1),. The environment
states are annihilated by G and can be similarly obtained by spin inversion.

The second class of eigenstates are bright states, in which the central spin is entangled
with the environment states. Bright states can be parametrized as

1
|B(k,v1,...,0N)) = \/;|0>0 ® |v1,...,0N)
1

1
Dy ®G |ug,... —1)y® G* |vy,...
+/€—w0| >0® |U17 71}N>+Ii+w0‘ >0® |U17 77)N>7
satisfying the eigenvalue equation
H \|B(k,v1,...,0N8)) = &|B(k,v1,...,0N)), (11)

provided the rapidities satisfy the set of Bethe equations

L 2 N
_ S:q°
RS0, forall ac{l. N}, (1)
K j:lgj_va b;éavb_va

N L
K(k +wo) = —4 Zva — Z sjgjz : (13)
a=1 j=1

These bright states contain N + 1 spin excitations on top of the vacuum state |—1), ® |0)
and have total spin magnetization M = N — Z]Lﬂ 5j.

While completeness of the Bethe ansatz is typically not easy to establish, in Sec. 5
we argue that these bright and dark states exhaust all possible eigenstates, such that the
Bethe ansatz is complete for this model.

'Both v, and 1 /va are used throughout the literature as variables, leading to slightly different Bethe
states and equations as compared to e.g. Ref. [31].
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3 Factorizable Richardson-Gaudin Hamiltonians

In this section, we review various properties of the class of factorizable Richardson-Gaudin
Hamiltonians [33-36] that will be useful in establishing the conserved charges and eigenstates
of the spin-1 central spin Hamiltonian. The integrability and eigenstates of the spin-1/2
model were similarly obtained using the properties of these models in Ref. [31], but
the construction for the spin-1 model is more involved and cannot be seen as a direct
generalization of the spin-1/2 model.

The family of factorizable Hamiltonians can be written as

L L
1+a _ l-a T | _ _
= UGG+ GG =a Y g2+ 5 D g (SFSE +S7SE) L (1)

j=1 jk=1

H(a)

The Hamiltonian H («) is integrable for every choice of «, and results for its eigenstates
and conserved charges can be found in, for example, Refs. [34,35,48-56]. For reference,
the conserved quantities are:

SHS=+575F I g L e 203
Qj(a) =aS; + 2L 17 5 Ty gzi92(5;5k+sj Si)+ 5 SiSE| L (15)
ktj L73 Tk 95 7 9k

These satisty [H(a), Qj(a)] = [Qj(a), Qr(a)] =0, for all j,k=1,..., L. In the conserved
charges of the central spin model we have Q; = Q;(a = 0).

All eigenstates can be written as Bethe states, where a Bethe state with N spin
excitations on top of the vacuum state |)) = ®JL:1 |—s;) is defined as

N

L
on) =TT G wa) |0 ith G (o) = 9i__ g+ 16
o1, v, ) 1:] (va) [0)  wi (v) ; pCHEREN )

expressed in terms of generalized spin raising operators that depend on the parameters
v1,v2,...vN. These Bethe states are eigenstates provided these rapidities satisfy a set of
Bethe equations

a—1 L 5'92‘ al v
=L 5395 _Z b _, ac{l,...,N}, (17)
= 95 — Va bra Vp — Vg

resulting in eigenvalue equations for the conserved charges,

N L 9
a—1 v Skg
Qj(a) ’1)1,1)2,...1)N>:—28j B +Z 3 = - 2 k2 "Uh'UQ,---UN) ; (18)
a=19; ~ Vo 3595 T Ik
as well as the Hamiltonian,
N L
H(a)|vi,ve,...on) = (a—1) Zva - Zsjg? |v1,v2, ... UN) . (19)
a=1 j=1

Note that the eigenstates and eigenvalues have an implicit dependence on « through
the Bethe equations (17). As apparent from Eq. (19), the rapidities can be given an
interpretation as spin excitation energies on top of a vacuum energy, with the Bethe
equations acting as a set of self-consistency equations.
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The model exhibits a quantum phase transition at || = 1. Consider, for example,
« = 1, at which point the Hamiltonian reduces to a positive semi-definite Hamiltonian
GG, The ground states have energy zero, are necessarily annihilated by G, and are
highly degenerate (see, for example, Ref. [56]). The Bethe ground states are parametrized
by N rapidities satisfying

Lo g2 N
SN =0, ae{l,...,N}. (20)
=19 TV g VT a

All excited states have strictly positive energy and correspond to Bethe states with a single
diverging rapidity v — oo, and the remaining N — 1 (finite) rapidities satisfy the set of
Bethe equations

L 2 N-1
5595 Vp
1+ T —Zv ——=0, ae{l...N-1}, (21)
195 — Va bta b a

leading to a strictly positive (energy) eigenvalue Zle 2s; 9]2- -2 Zfl\;l v, for the Hamilto-

nian GTG~. The ground and excited states result in dark and bright states respectively in
Sec. 5.

4 Conserved charges

The general conserved charges of the central spin Hamiltonian are most easily derived in a
3 x 3 block-matrix representation, in which the Hamiltonian (1) is given by

wo \/QGi 0
H=|[v2GF 0 V267 ]. (22)
O \&G+ —wWo

The different blocks correspond to different eigenvalues of the central spin polarization S§,
here ordered as {+1,0,—1}, and every matrix element acts on the L environment spins.
The diagonal terms correspond to wpS§ and are proportional to the identity within each
block. The off-diagonal factors of /2 arise from the action of S(jf connecting different
blocks.

The L corresponding conserved charges (5) establishing integrability can be expressed
in block-matrix form as

) wo(Qj — S3) V2G~Q; 0
Qj = \/EQ]'G_'— WQS; \/inG_ . (23)
0 V2GHQ; —wo(Qj + S3)

These satisfy [Qj, H] = [Qj, Q1] =0, for all j,k=1,..., L. These properties are checked
by direct calculation below using properties of the @); as defined in Eq. (6). The different
terms in Eq. (23) can first be motivated by considering two simplifying limits.

Far away from resonance. Close to the limit wy — oo we can perform a Schrieffer-
Wolff transformation [57,58] to obtain an effective Hamiltonian

1
Heogr = woSE + — [S§G~, 5, G,
0

— woSE 4+ ;0 (S48, G-G* — 855/G+G) (24)

7
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which has block-matrix representation

wo+ =G GT 0 0
H.g = 0 267, GY] 0
0 0 —wy — 2GTG
5 ’ (25)
wo+ =H(a=—1) 0 0
= 0 —%H(a — 00) 0
0 0 —wo— ZH(a=1)

All diagonal elements correspond to Richardson-Gaudin integrable Hamiltonians for the
environment from Sec. 3, such that the effective Hamiltonian itself is also integrable. The
diagonal elements of Eq. (23) are the dominant terms for wy — oo and correspond exactly
to the conserved charges of the Hamiltonian in Eq. (25).

At resonance. In the opposite limit where wg = 0, i.e. at resonance, the diagonal
elements of both the Hamiltonian (22) and the conserved charges (23) vanish. In this limit
the commutator of the Hamiltonian with the conserved charges can be directly evaluated
as

0 0 0
H,Q;]=[0 2[GTG~+G~G*,Q,] 0] . (26)
0 0 0

This expression for the commutator is independent of the choice of @;. The single
nontrivial element now vanishes since GG~ + G~G™" is again a Richardson-Gaudin
integrable Hamiltonian, with conserved charges ;.

An alternative way of obtaining the conserved charge in this limit is by noting that
H? commutes with (SZ)2. If we consider the component of H? in the space with zero spin
polarization, we have that

PyH? =2Py (GG~ +G~G"), (27)

returning the factorizable Hamiltonian with conserved charges (), for the environment
space. The Hamiltonian squared then has conserved charges FyQ;, such that at resonance
the Hamiltonian itself has conserved charges {H, PyQ;}. Expressing these charges as a
block matrix then returns the conserved charges (23) with wp = 0.

General. The general conserved charges (23) are linear in wy, such that they interpolate
between the two limiting cases. The commutation relation at arbitrary values of wy can be
checked by evaluating the commutator [H, Qj], which reads

0 V2w (G-QSY - Q6 0
Vau(GHQT — Qe oeta +Gah Q) —vaw(G QY - D6)
0 —\@wo(G‘*‘ng) _ Q§+)G+) 0

(28)

where we have introduced the shorthand Qg-i) =Q; £ S;?. No properties of the @; have
been used yet. The diagonal element again vanishes since (Q; are the conserved charges
of GTG™ + G~ G [see Eq. (15)]. The off-diagonal elements can be shown to vanish by
noting that G*ng) = QS%)CJJr or G_Q‘gﬂ = Q§-7)G_ (see, for example, Ref. [31]).

It is an open question how the integrability of this model and the construction of the
conserved charges can be incorporated in the general framework of (Richardson-Gaudin)
integrability such as generalized Gaudin algebras [49], the algebraic Bethe ansatz [59], or
constructions based on solutions to the “generalized” classical Yang-Baxter equation [44,60].
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Figure 2: Illustration of the spectrum of the central spin Hamiltonian (with all
environment spins being spin-1/2) in the homogeneous case (dashed black line
and full colored lines) and the inhomogeneous case (full gray lines) in the sector
with L = 10, N = 4 such that M = —2. In the homogeneous case, dark states
correspond to states with environment spin J = |[M| — 1 = 1. Sectors with
J = |M| = 2 contribute two states, sectors with |M| < J < L/2 = 5 contribute
three states.

5 Eigenstates

Central spin XX models generally support two different classes of eigenstates: bright and
dark states. All such states can be obtained explicitly and systematically. We note that
the construction of dark states does not depend on the value of the central spin (see, for
example, Refs. [45,61-64]), such that the construction for dark states in the spin-1/2 model
immediately extends to the current model. The construction of the bright states, however,
is particular to this model, and these exhibit a richer behavior as compared to the spin-1/2
case.

5.1 Homogeneous limit

It is instructive to first examine the special case of homogeneous couplings, g; = g for
all j. In this case G¥ is proportional to the total spin raising/lowering operator on the
environment and we can write

L
H=woS;+9g(S7J +5SyJ"), where J“:ZSJH. (29)
j=1

The eigenstates of the model (29) can be found without resorting to Bethe ansatz
machinery. The homogeneous limit has symmetries

[H,S; +J*] = [H,S2 = [H,J?] =0, (30)

where J2 = 2(J*J~ + J~JF) + (J*)? is the total spin operator for the environment. The
central spin Hamiltonian can be represented as a block-diagonal matrix in a fixed (M, J)



SciPost Physics Submission

sector of linear dimension 1, 2 or 3, depending on the relation between J and M. All such
matrices can be explicitly diagonalized to return the spectrum of the homogeneous central
spin model.

Bright states. We first consider the case J > |M|. The Hamiltonian has contributions
from 3 x 3 blocks spanned by

[+1), @ |J,M —1), 10)o @ |J, M), |-1)y®|J,M + 1), (31)

where |mg), denotes the eigenstates of S§ and |.J, M) is a simultaneous eigenstate of .J2
and J* with eigenvalues J(J + 1) and My, respectively. In this block H takes the form

wo ﬂgc}M 0
Hjy = \/ZQC}M 0 \/ZQCJJFM with Cf‘]:M = \/(J + M)(J:l: M+ 1) (32)
0 \/igc}rM —wo

The resulting states generally depend strongly on wg and are known as bright states—to
be contrasted with the dark states that will be introduced later in this section.

In the special case of resonance (wy = 0) the eigenstates can be analytically constructed
and used to further divide the bright states in two subclasses. The Hamiltonian matrix
reduces to

0 ¢ O
Hiv=V29|cy 0 <yl (33)
0 chy O

A single eigenstate can be constructed as

1 _
1Bo) = 7 (G [+100 © 11, M = 1) = ¢y =1} & |1, M+ 1)) | (34)
with |B|? = (¢§,,)? + (c7,,)? and energy Ey = 0. A notable feature of this class is that
these states have no weight on |0),. This feature will persist to the inhomogeneous case,
and we will refer to these states as double states.

The remaining two eigenstates follow as

1
Bx) = —=10)g @ [J, M) £

7 (car Lo ® 11 M = 1) + ¢y [=1)g @ [, M + 1))

(35)

1
V2B

with degenerate energy eigenvalues F+ = v/2gB. The persistent feature of this class is
that exactly half the weight of the state is on |0),. These states form pairs and since they
always have support on all three central spin states we will refer to these as triple states.

Next, we can consider the case J = |M| with M # 0. The Hamiltonian now only
couples two different states, depending on the sign of M,

0)o® [M, M) and  |+1), @ | M, M — 1) for M >0, (36)
|0)y @ |-M,M) and |-1),®|-M,M +1) for M <O. (37)

Constructing the central spin Hamiltonian in this basis leads to a 2 x 2 matrix. For example,
for M > 0,

0 2% \/M> , (38)

H =
MM <29\/ M wo

10
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which can be explicitly diagonalized to return a pair of eigenvalues

2
E:%i\/%+4Mg2. (39)

These states have common properties of both double and triple states. At resonance the
corresponding eigenstates are supported on two states, as with double states, but half
the weight of the state is on |0),, as with the triple states. Since we will be interested in
quench dynamics of the central spin magnetization, we also refer to these as triple states.

Dark states. If we consider a total environment spin where J = |M| — 1, the blocks
reduce to 1 x 1 blocks. This condition enforces that the environment is in a state |.J, J) or
|J, —J), and the corresponding states can now only take the form

+1)g @[], J) = |+1)y @ M —1,M — 1) for M >0, (40)
-1y ®|J,=J)=|-1)y®|-M —1,M + 1) for M < 0. (41)

Crucially, these states have the property that they are annihilated by both S(J{ J~ and
Sy Jt, the interaction terms in the Hamiltonian, such that |D) = |£1), ® |.J,£J) is an
eigenstate of H with eigenvalue +wy. These product eigenstates |D) are called dark states
and are independent of wy. Note that dark states with central spin state |[+1), only appear
for M > 0, whereas dark states with central spin state |—1), only appear for M < 0. In the
specific case where J = M = 0, the homogeneous model supports additional dark states of
the form |0), ® |0, 0), which are eigenstates of the Hamiltonian with zero eigenvalue.

In Appendix A, we provide the counting of each class of states, assuming each environ-
mental spin is spin-1/2. In the limit of large L, there are twice as many triple states as
double states, while the ratio of the number of dark states to that of triple states scales
as |M|/L. We use these results to predict the late-time expectation value of central spin
projectors in Sec. 7.

5.2 The inhomogeneous model

The eigenstates of the inhomogeneous model can be constructed as Bethe states that are a
direct generalization of the eigenstates of the homogeneous model.

Dark states

At every value of the magnetic field wy, the central spin Hamiltonian in Eq. (1) supports a
set of dark eigenstates in which the central spin is not entangled with the environment spins.
These dark states | D) are product states of the form |—1),®|D~) or |[+1),®|D*), where the
environment state is adiabatically connected to the states |.J, =.J) and satisfies [31,45,61-63]

G* D) =0. (42)

This condition guarantees that such dark states are annihilated by the (inhomogeneous)
interaction part of the Hamiltonian (1), as well as being eigenstates of the central spin
term S§ with eigenvalues £1. As such, dark states are independent of the central spin field
wo and form degenerate manifolds with energy +wy.

As outlined in Ref. [31], the environment states correspond to the ground states of
the factorizable Hamiltonians GTG~ and G~ G™, which can be expressed as Bethe states
satisfying the Bethe equations (20). As reviewed in Sec. 3, for M < 0 these dark states
can be written as

ID(vi,...,oN)) = |=1)y @ |v1,...,vN) , (43)

11
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with rapidities satisfying the Bethe equations

2 N
8:Gg~
S5 o ae{l,...,N}. (44)
- g; — Vg Vp — Vg
J=1"1 b#a

Bright states

The bright eigenstates can similarly be related to the eigenstates of the factorizable
Richardson-Gaudin models, albeit in a more involved way. Specifically, we consider an
ansatz expressed in terms of a single environment state [¢)) and a free parameter k, writing

B =[S0 )+ — e+ —— D06t . )

K — Wy K+ wo

The above state is an eigenstate of the Hamiltonian (1) with eigenvalue x provided the
environment state [i) satisfies the (self-consistent) eigenvalue equation

GTG- G GT
K—wyg K-+ uwo

o) = | v =) (46)
This equation is self-consistent because the Hamiltonian H, depends on the eigenvalue, but,
crucially, is Richardson-Gaudin integrable for every choice of k. As such, its eigenstates
can be exactly constructed as Bethe states for every choice of k. The Hamiltonian is
(up to a prefactor) the Hamiltonian from Eq. (14) from Sec. 3, where the parameter «
can be determined as wg/k. In order to find a set of Bethe equations we can express the
eigenvalue k in terms of rapidities, and now the Bethe equations for these rapidities need
to be modified to take into account the self-consistency. This approach directly returns the
equations (12).

Spectrum at resonance

The eigenstates of the inhomogeneous model at resonance can again be compared with the
eigenstates at resonance in the homogeneous limit, recovering the double, triple and dark
states.

At resonance, wy = 0, the self-consistency equation for the bright states (46) reduces to
a regular eigenvalue equation. In this limit the self-consistent equation can be rewritten as

%2
(G*G™+ GG ) = T ) | (47)

such that the environment states will correspond to the eigenstates of the above (integrable)
Hamiltonian. Since the Hamiltonian G*G~ + G~G is positive definite, x? is always
positive. For a given eigenstate of this Hamiltonian with eigenvalue x2/2, the central spin
Hamiltonian has two corresponding eigenstates with eigenvalue +x, given by

|B) = \/g 0)o @ [¥) + % ()o@ G~ W) +[=)g @ G 1)) (48)

These are the (normalized) triple states identified previously in the homogeneous limit,
and continue to have exactly half their weight on |0),,.

The double states, with zero energy and vanishing weight on |0),, can be constructed in
an alternative way (since in this limit the corresponding Bethe equations become singular):

[Bo) = | =)o ® GT(GTGT) T i) = [4)y ® GT(GTGT) T o), (49)

12
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where the inverse should be interpreted as a pseudo-inverse, with the condition that the
pseudo-inverse should act as the actual inverse on the environment states |¢), i.e.

G=GHG G W) =GTG(GTGT) T ) = [v) - (50)

This condition can be satisfied if we consider an initial state that has vanishing overlap
with the dark states, since the dark states lie in the kernel of either GTG~ or G~G™. For
example, if we consider M < 0, all dark states are annihilated by GTG~ whereas G~ G
has no dark states, such that the inverse of G-G™ is well defined. Taking the state |1)) to
be an excited state of GTG ™, every excited state gives rise to a well defined double state.

Completeness

It is possible to count the total number of dark and bright states and show that they
exhaust all eigenstates of the central spin Hamiltonian (1). The number of these states
depends on the choice of environment spins, and for concreteness we here focus on the case
where each environmental spin is spin-1/2 and M < 0. The argument for completeness
does not depend on the specific choice of spins or total magnetization.

The total number of dark states is set by the number of solutions to

G~ |D7)=0. (51)

For a total magnetization M and a dark state |—1), ® |D ™), the state |D~) has a magneti-
zation M + 1 and the state G~ |D™) has magnetization M. The total number of solutions
to the above equation is given by the dimension of the former Hilbert space (fixing the
number of variables) minus the dimension of the latter (fixing the number of constraints),
and we find?

Naark = <M+£/2+1> B (M +LL/2)' (52)

The same result can be recovered in the homogeneous case (see Eq. (84)).
For the bright states, the total number of solutions to the self-consistent equation can
be found by plotting the spectrum of the Hamiltonian

G- -G+
HH:GG GG

(53)
K — W K+ wo
as a function of k, as illustrated in Fig. 3 for generic choices of the interaction strengths
and wg. Our conclusions do not depend on any specific choice of the parameters.

Any intersection between this spectrum and the dashed red line denoting x determines
a solution to the self-consistent equation (46). The number of solutions can now be directly
related to the number of bright states: the different lines in Fig. 3 correspond to the
different eigenstates of the Hamiltonian (53). As k — Fo0 all eigenvalues go to zero. At
intermediate values of k all eigenvalues are monotonously decreasing, as follows from the
Hellmann-Feynman theorem:

OE  JOH,\  (GTGT) (GG
Ok < Ok > (k- wo)?  (k+wp)? =0. (54)

Here we have made use of the positive semi-definiteness of GTGT. Since the Hamiltonian

2Eq. (52) requires that G~ is surjective on the M magnetization sector. This can be seen by noting
that G~ = P~'J~ P is related to the total spin lowering operator by a similarity transformation, where

P= exp(Z;zl —lnng;) [56].
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K/wo

Figure 3: Graphical illustration of the self-consistency equation for L = 4. Full
black lines denote the spectrum FE(x) of the Hamiltonian (53) and the dashed red
line E(k) = /2 (46). Vertical dotted lines mark the asymptotics at x = two.

diverges at kK = twy, there are now two options for every eigenvalue E(k): either these
diverge at kK = twg and the eigenvalue has two vertical asymptotes, or the corresponding
eigenstate is annihilated by the residue of H,, at kK = wp or kK = —wp and the eigenvalue
has a single vertical asymptote (the state cannot be annihilated by both, as will be made
apparent shortly). In the former case the eigenvalue has 3 intercepts with the diagonal line,
leading to 3 bright state solutions per environment state. In the latter case the eigenvalue
has 2 intercepts with the diagonal line, leading to 2 bright states per environment state.
Crucially, the number of states that are annihilated by the residue is exactly equal to the
number of dark states, since these are the states that are annihilated by GTG~ (or G~ G*
for M > 0).

As such, the total number of bright state solutions equals three times the environment
space dimension minus the number of dark states, which combined with the total number
of dark states returns the full dimension of the spin-1 central spin Hamiltonian, where
the central spin can take 3 different values. The completeness of the Bethe ansatz for the
spin-1 central spin Hamiltonian then directly follows from the completeness of the Bethe
ansatz for the Richardson-Gaudin Hamiltonian (14) [65, 66].

6 Single excitation

In the case of a single spin excitation the eigenstates are amenable to a more detailed
analytical treatment, even away from resonance and in the limit of an infinite environment
L — oco. In the following, we first analyze the localization properties of the (bright)
eigenstates and then present exact results for quench dynamics starting from a product
state.

6.1 Multifractality and semilocalization

In the case of a single excitation, the Hamiltonian (1) can be written as a so-called
arrowhead matrix. Such models generally support both dark and bright eigenstates, and
these states have recently gained attention [67] in the context of semilocalization, being
neither fully localized nor fully delocalized. Calculations of the inverse participation ratio

14
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(IPR) instead indicated a multifractal behavior.
The IPR is defined as

L

Plg) = 1™, (55)

J=0

with |¢;|? the component of the (normalized) wave function where the excitation is located
on spin j. For a delocalized eigenstate, all components are on the order 1/L, resulting
in an IPR scaling with L as P(q) = (’)(Llfq), whereas a localized eigenstate has a few
components O(1), resulting in a scaling of P(q) = O(1). A change of scaling as ¢ is varied
is a signature of multifractality in the eigenstate [67-70].

For a single excitation in the central spin model, there are L — 1 dark states and 2
bright states. In the construction of the bright states (45), the environment state |¢)) is
necessarily the vacuum state |()). The wave function reads

\f|0 ® |0) +

GG~ GGt G-G*
+ 12)

e atn), (56)

with k satisfying

0) = 0) =

K
K =+ wyp 2

0) - (57)

K—wyg K-+uwp

As G7|0) =0 and G-GT|0) = [G~,GT]|0) = 225:1 sj9710), the self-consistent eigen-
value equation simplifies to a quadratic equation for k. This quadratic equation can be
explicitly solved to return the two bright states.

In order to have a finite x value when the number of environment sites L goes to infinity,
we will consider a distribution of interaction strengths g; = g;/ VL with g; distributed in
some fixed interval. The quadratic equation returns two solutions corresponding to two
bright states with

5 L

“o o, 92 : o _ 1 52

) R with g’ = 223]% . (58)
Crucially, k stays finite in the limit L. — oo, resulting in both a finite eigenvalue and
nonzero components in the wave function (56). The normalized components of the wave
function immediately follow as

2
2 (K 4 wo)? 2 2559; .
= , N , =1,...,L. 59
ol (k + wo)? + 292 il (k + wp)? + 292 J (59)
The IPR can be calculated from these components as
L L ~9 q
K+ wo)?d 24 25;9;
Plo) = [0+ S fus 20 — 2 J . (60
(Q) |¢0’ ]_Zl |¢]| ((I’i + WO)Q + 2@2)(1 L4 = (I‘i + w0)2 + 252 ( )

Assuming a uniform distribution for 23j§]2~ in a finite interval [0,2g2], the sum can be
explicitly evaluated to return

(1 + wo)*? 1 4191
(k6 +wo)® +29%)0 ~ Li7! (g + 1)((5 +wo)® + 25%)

Plq) = (61)
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The scaling of the IPR with L for a fixed g results in

_Jo(Ltm) if 0<g<l,
Pla) = {0(1) if  1<gq. (62)

This quantifies what is already apparent from the parametrizations (56) and (59): in the
thermodynamic limit the component of the bright states on the central spin remains O(1),
whereas all other components are delocalized over the environment states and O(1/L).
This scenario has been dubbed semilocalization [67,70].

6.2 Quench dynamics

The effect of semilocalization can be directly observed in quench dynamics. We consider
quenches where the system is initially prepared in a product state, with the single excitation
localized either on the central spin or on one of the environment spins, and is subsequently
evolved using the central spin Hamiltonian.

For simplicity, we focus on the dynamics of the central spin magnetization (S§(t))
starting from a general initial state [1)p). Since the dark states are eigenstates of S§ all
nontrivial dynamics is due to the two bright states, and we can write

(S§(1)) = =D _[WolD)* + Y (xIS5Im)(klo)
D

K=K+

+ (e—i(fw—m)t (tolk—) (K- |S§ K4 ) (k4 [Y0) + h'c') ’ (62)

where we have labeled the two bright states by their eigenvalues k1 = —wp/2+/wi/4 + 2g°
and the (L — 1) dark states as D. The central spin magnetization oscillates with a single
frequency Ky — K =2 wg /4 + 2g2, and both the amplitude of the oscillations and their
average value are determined by the overlaps with the bright states.

Consider first the case where the initial state consists of an excitation on the central
spin, i.e. [¢g) = [0), ®|0). This state has a vanishing overlap with the dark states, and the
contribution from the bright states can be calculated using the explicit parametrization
(56) as

=2

2 . g
(k| S§1R)|(klwo)|* = —Wa (64)

which holds for both bright states |k+). The resulting central spin dynamics immediately

follows as
—2
2 _ g _ 2 —9
(Sg(t) = YT [1 cos <2t\/w0/4+ 2g )] , (65)

This result is illustrated in Fig. 4 and is identical to the dynamics in the homogeneous model
(29) with interaction strength g = §/v/2.J and environment spin J = Z]L:1 s;. Crucially,
the amplitude of the central spin oscillation remains finite in the limit L — oo provided g>
remains finite. The nonvanishing amplitude of the oscillation is a direct consequence of the
semilocalized nature of the bright states: the overlap between the initial state and the two
bright states remains O(1) in this limit.

These dynamics can be contrasted with the central spin dynamics for an initial product
state localized on an environment spin. The amplitude of the central spin oscillations
is set by (1o|k—)(k+|tbo) and hence by the component 1; from Eq. (59) for an initial

excitation localized on spin j. The individual overlaps scale as (9(1 / \/f), such that the
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Figure 4: Quench dynamics in single-excitation sector away from resonance.
(a) Dynamics of the central spin magnetization S§ for an initial product state
that is either localized on the central spin (line starting at (S§) = 0) or on an
environment spin, with the different lines starting at (S§) = —1 illustrating the L
different initial states. (b) Dynamics of the environment spin magnetization S7
for an excitation initially localized on site j. Parameters: L =12, wg = 2, and g;
is uniformly distributed in the interval [1, 2] for environment spins with s; = 1/2.

total amplitude of the spin oscillations will scale as O(1/L). As illustrated in Fig. 4(a) and
Fig. 5(a), central spin oscillations are indeed suppressed for states initially localized in the
environment.

A similar behavior is observed in the dynamics of the environment spin polarizations
(S%(t)) for an excitation initially localized on spin i. Since the dark states are no longer
eigenstates of the observable these will also contribute to the dynamics, and the spins will
oscillate with three frequencies

Ky — ko = 2y/wi /4 + 292, Kt +wo = wo/2 £ \/wd/4+ 2% (66)

The dynamics is illustrated in Fig. 4(b). Note that the frequencies are generally not
commensurate, but the spin dynamics may exhibit approximate revivals whenever the two
frequencies k4 + w are close to being commensurate (in which case the third frequency
ky — k- = (ky +w) — (k— + w) is also close to being commensurate), as apparent in
Fig. 4(b). The revivals become exact in the special case of quenches to resonance (wy = 0),
in which case the three frequencies reduce to two commensurate frequencies, \/ﬁ and
2@ . In this scenario the environment spins oscillate periodically with a frequency that
is half the oscillation frequency of the central spin, as illustrated in Fig. 5(b).

In all cases, the amplitude of these oscillations scales as O(1/L). This scaling can be
understood by noting that Z]LZI (Yol S5 (D)]1bo) = 1 — (oSG (t)[1bo), with the right-hand
side being O(1). Because of the delocalization in the environment all contributions to the
summation are on the same order, leading to the observed O(1/L) scaling.

To summarize, we note that semilocalization of the eigenstates can be observed by
noting that an initial state that is supported on the localized component of the bright
state (i.e. on the central spin) will lead to oscillations in (S§) that do not vanish as the
system size goes to infinity, whereas initial states that are supported on the delocalized
environment spins exhibit oscillations that vanish in this limit.

7 Quenches to resonance with an unpolarized environment

In this section we consider generic quenches to resonance and use the known structure of
the eigenstates to show that central spin observables do not relax to thermal equilibrium.
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Figure 5: Quench dynamics in single-excitation sector for a quench to resonance
(wp = 0). (a) Dynamics of the central spin magnetization S§ for an initial product
state that is either localized on the central spin (line starting at (S§) = 0) or on
an environment spin, with the different lines starting at (S§) = —1 illustrating the
L different initial states. (b) Dynamics of the environment spin magnetization
Sj for an excitation initially localized on site j. Parameters: L = 12, and g; is
uniformly distributed in the interval [1, 2] for environment spins with s; = 1/2.

Specifically, we consider

(S5)* £ S5

5 .
with the latter two corresponding to projectors on central spin states |0), and |+1),
respectively.

While exact predictions in the inhomogeneous model are currently out of reach, we
show that, for not too strong inhomogeneities, the late-time expectation values in the
inhomogeneous model are well approximated by the diagonal ensemble expectation values
in the homogeneous model. We refer to this approximation as the homogeneous dephasing
approzimation (HDA). Inhomogeneity in the couplings breaks the degeneracy of states
in the homogeneous model, causing dephasing between formerly degenerate eigenstates.
Meanwhile, the matrix elements of central spin observables between eigenstates are not
significantly affected. A similar approximation was used in Ref. [71] for a nonintegrable
Ising model in a many-particle dephasing regime. The HDA ignores any change to said
matrix elements, and only accounts for dephasing.

Depending on the initial state and measured observable we can systematically probe
the effect of bright states, both triple and double, as well as dark states. Specifically,
we consider an initial state where the central spin is polarized in the state |mq),, the
environment (which we again take to consist of spin-1/2 particles) is at infinite temperature
in a fixed magnetization sector Mg = M — myq, and the total magnetization® M = 1. The
initial density matrix can be written as

S§. Po=1-(85)%  Pu= (67)

o Ty . _ _ L
pt=0)= Py, ® , with Zrp=Tr(1ymy,) = <L/2 B ME) . (68)

Here 1)/, acts as the identity on states with magnetization Mg and as zero everywhere
else. For convenience we take L, the number of environment spins, to be even.
7.1 Prediction of late-time values under the HDA

The HDA simplifies the prediction for late-time values of central spin observables by
circumventing the use of the Bethe Ansatz solution, which is mathematically cumbersome.

3We are interested in probing the dark states, which are only supported in sectors with M # 0.
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Within the diagonal ensemble, the late-time values of all projectors are determined by their
overlaps with the eigenstates in the inhomogeneous model. Under the HDA, these overlaps
are approximated by those with the corresponding states in the homogeneous model.
This approximation can be justified by numerically comparing the expectation values of
projectors in the homogeneous model with those of the inhomogeneous model. Fig. 6 shows
that the eigenstate expectation values of Py, Pr, SZ and J? in the inhomogeneous model
have small spread around the homogeneous limit.

Initial state mg = 0. We first consider the case where mg = 0 and hence Mg = M.
The initial density matrix is only nonvanishing in the triple bright state manifold (35).
The diagonal values are equal (B|p(t = 0)|B) = 1/2, as the triple states have half their
weight on states with central spin value 0. The diagonal ensemble (obtained by setting the
off-diagonal elements in the triple bright basis to zero) is thus

1
poE = 5= §Bj (Blo(t =0)|B) |B) (B] = ; Z Z B) (B (69)
The property (B|FPy|B) = 1/2 also implies that the long-time expectation value of Py is
Tr [p(t = co) o] = 5 Z Z B|Po|B) = (70)

where we further used that the total number of triple bright states is 2Zp.
Under the HDA, we find for the projectors on central spin +1 that (see Appendix B)

Tr [p(t — 00)Par] = Zi éM ( f; _ J) (4(J2(§,§412M2)> (71)
i<1 + Lf‘;ﬁ) (72)

where

C(§+J’§‘]> - <L/2L— J) B <L/2 —LJ—l)' (73)

is the degeneracy of environment states with spin J, and Eq. (72) follows from Stirling’s
approximation in the limit L > |M| (far away from the single-excitation limit).

Initial state mo = —1. For M > 0 (such that all dark state have central spin |+1),),
the initial state has overlap with both the double and triple bright states, but not with the
dark states. In this case, the HDA gives:

Triplt = oo} = 27 JLZ:Z C( L J) (4(J2(§§4 fMQ)) (74
S (- 20) (75)

where the approximation on the second line again holds in the limit L > |M|. The
additional exponential factor arises from the environment sector Mg = M + 1.
For the projectors on the central spin states |+1), we similarly find

L/2

Trp(t = c0)P1] = -~ Z ( +J—‘]> (42((2@211(6371\;4)2)2)

B r=m]
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Figure 6: Eigenstate expectation values of: (a) P, and (b) Py (the projectors on
central spin states as defined in Eq. (67)), (c) the central spin polarization S§, and
(d) the total environment spin J? (defined in Eq. (30)). The expectation values
from the inhomogeneous model are plotted as dots, while those in the homogeneous
limit are plotted as open squares. The energy eigenvalues {e,,} are rescaled to lie
between +1. The plots show that upon introducing inhomogeneities in the XX
couplings, the expectation values of central spin and environmental observables in
eigenstates of the inhomogeneous model retain the overall structure and can be
approximated by the corresponding values in the homogeneous model. Parameters:
L =12, wy = 10719 g; uniformly distributed in the interval 7/3 +[—0.5, 0.5, and
M =1.
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Figure 7: Quench dynamics for (a) Tr[p(t)Py] and (b) Tr[p(t)P-1]. The dashed
lines indicate the long-time values predicted by the HDA for different values of the
initial central spin magnetization mg. The projectors relax to their corresponding
HDA values (dahsed lines), whereas in the Gibbs ensemble all solid lines would
converge to a single value in the limit L > |M|. Parameters: L = 10, wp = 10710,
g9; €m/3+[-05,05], M=1,7= (3, g5

L/2 +ON2(— )2
1 L L (CJ,M) (CJ,M)
Tz 2 C<2+J’2_J><22(J2+J—M2)2 (76)
J=|M|+1
3¢ 8M
e
~ 73 (1 B L+2M> (77)
and
4M+2
e L 8M
Tr [p(t = o0)P-q] & S (1 I QM)
1 8(M +1) 2M M?
11 .
+4[ +L+2(M+1)(3M+2+(3M+2)2>] (78)

Initial state my = +1. For M > 0, the dark states contribute to the quench
dynamics.
Following the same steps as above, the late-time values are, for L > |M|,

4M—2

e L SM
T Py ~ 1
rlott > or ~ (14 ) (79)
3¢ 8M
(&
Tr[p(t — c0)P_1] = 3 (1 - L+2M> (80)
4IV£72 8M
e
T P~ ——(1+43——
r [p(t — o0)P1] A ( +3L+2M>
8M
Lot 8(M+1) [ 2M N M? +4M—2 (81)
4 L+2(M+1) 3M+2  (3M + 2)? L+2M"

The expressions above demonstrate that under the HDA, the late-time values of central
spin observables retain memory of the initial state mg. In contrast, the maximally mixed
Gibbs ensemble in a fixed M sector predicts the same late-time values for each central spin
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Figure 8: (a) Quench dynamics for (S§(t)) for different initial values of mg. The
dotted line shows the value predicted by the Gibbs ensemble (82). (b) Expected
late-time polarization under the HDA as a function of L as compared to the Gibbs
prediction (dotted line). Only the mg = 1 line has the same slope as the dotted
line (= 2.5/L) at large L. Parameters: L =10, wy = 10710, g; € /3 +[-0.5,0.5],

M=1,7=(5,9) "2

projector Py 11, regardless of initial state! (up to O(|M|/L) corrections). For instance, in
the limit L > |M]|, we find that Tr [p(t — oo0)Py] approaches 1/4 for mg = £1 and 1/2 for
mo = 0, clearly differing from the Gibbs prediction of 1/3.

7.2 Comparison with the inhomogeneous model

We can now compare the theoretical predictions in Sec. 7.1 with numerical results for the
inhomogeneous model. In the case where my = 0, the HDA prediction (70) applies exactly.
This is because the initial density matrix is only non-vanishing in the triple state manifold
(48), which has exactly the same weight on |0), and counting as the triple states in the
homogeneous model.

Otherwise, the late-time values in the diagonal ensemble are different between the
inhomogeneous and homogeneous models. Nonetheless, late-time values of central spin
observables are well approximated by the HDA. These approximations are compared
with numerical results for the inhomogeneous model in Fig. 7. In all cases the diagonal
ensemble from the homogeneous model accurately reproduces the steady-state value of the
inhomogeneous model. Furthermore, the late-time values for different initial states mg are
clearly different.

Fig. 8(a) shows the corresponding dynamics of (S§(t)). Crucially, in a given total
magnetization sector M, the late-time expectation values heavily depend on the initial
value of the central spin mg and differ from the Gibbs ensemble prediction, which can be
calculated as

M+1
Mumnr—1(M — Mg)Zg
Z%;iM—l Z2p
This scaling with L can be contrasted with the numerically observed scaling of (S§)upa,
as illustrated in Fig. 8 (b). While the mo = +1 curve shows the 1/L scaling from the

Gibbs predictions, the mg =0 and mg = —1 curves show different scaling exponents,
approximately given by L7%® and L7 respectively.

= 0(1/L). (82)

4The energy of the initial state is given by womo. However, wo = 0 in a quench to resonance, hence the
energy is always 0 and the use of the maximally mixed Gibbs ensemble is justified.
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In the case where the initial environment does not have a fixed magnetization and is
at infinite temperature, i.e. pg o 1, one can also perform similar calculations for all M
sectors and perform a weighted average. The resulting long-time values for the polarization

follow as (S§)upa = O(l/ﬁ) for L — oo as illustrated in Fig. 9(d). We note that this

result is consistent with numerical results in the classical model (Fig. 10 in Appendix C.2),
and inconsistent with the Gibbs prediction (82).

These results show that even in highly excited states, the integrability of the inhomoge-
neous model can be detected by the remnant memory of the initial state mg in late-time
central spin observables.

8 Conclusion

We have established the integrability of the spin-1 central spin XX model by providing
the exact construction of Bethe eigenstates and the extensive set of conserved charges,
extending the results in Ref. [31] for the spin-1/2 central spin XX model. Like the spin-1/2
model, the eigenstates in the spin-1 model can be broadly classified into dark states and
bright states, with the bright states showing semilocalization [67,70] in the single-excitation
sector. Unlike the spin-1/2 model, bright states in the spin-1 model on resonance can
further be classified into double or triple bright states.

The eigenstate structure of the spin-1 model prevents the central spin from reaching
thermal equilibrium in quenches to resonance. In particular, for weakly inhomogeneous
couplings, the late-time values of central spin observables approach diagonal ensemble
expectation values in the homogeneous models. We expect this can be observed experimen-
tally. Based on our numerical results, the time required to reach these late-time values is on
the order of 107, where 7 = (Zle gjz)*l/ 2. This is within the range of the spin relaxation
time 77 in NV systems, which limits the measurement of central spin observables in the
z basis. Indeed, the relaxation time we estimate as 107 is essentially the dephasing time
T5, which can be much shorter than 77. For instance, at room temperature, 77 has been
observed to exceed 1 ms [72], while Ref. [73] recently measured 7o ~ 1 us.

In Appendix C, we have provided two pieces of evidence that support the integrability of
the XX central spin model for any value of central spin sg. First, the effective Hamiltonian
at large wy for arbitrary sq is integrable. Second, numerical simulations of the fully classical
model (sg,s; — 00) show residual memory in the late-time central spin magnetization,
supporting integrability of the classical equations of motion. Within the truncated Wigner
approximation, said classical equations govern dynamics for any value of sy [46,47]. An
obvious future direction is to rigorously establish integrability at any so.

Other technical questions remain open. While the conserved charges in the spin-1 central
spin XX model are closely related those of the XXZ Richardson-Gaudin integrable models,
it is unclear how to incorporate them into the general framework of Richardson-Gaudin
integrability. A specific challenge is the different scaling of the diagonal and off-diagonal
terms in Eq. (23) with the number of environmental spins L. Because of this different
scaling, it is unclear in which way the conserved charges constrain, for example, late-time
observables in dynamical experiments.
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A Counting of states in the resonant homogeneous model

In this section, we provide the counting of the three classes of states (dark, double and
triple bright states) in the homogeneous model on resonance.

The degeneracy of every eigenvalue is set by the total number of ways in which the
L environment spins can be combined to form a total spin J. We now focus on the case
where each environmental spin is spin-1/2. For a given M, J can then take integer values
ranging from J = Jpn, = max(0,|M| — 1) to a maximal value of L/2. Each of the spin-J
irreducible representations has multiplicities given by entries in Catalan’s triangle

0(5“’5—‘]) - <L/2L— J) - <L/2 —LJ—l)' (83)

Dark states reside in the Juyi, sector. Thus, for a fixed total magnetization M # 0, the
degeneracy of the dark states immediately follows as

Naark = C(L/2+ |M| = 1,L/2 — |[M| +1) (84)

For bright states, the total number of double states is given by

L/2
L L L
N, ouble — 5 Y o =
e = 3 (5405 -9)= (1 ) )
J=|M|+1
in M # 0 sectors. The triple states are allowed in J > |M| for |M| # 0, leading to
L/2
L L L L
i z;ﬂc(z 1529) =2 S ag) =2up )

It is easily checked that the total number of dark and (double and triple) bright states
leads to the expected number of eigenstates in each magnetization sector.

For a given M # 0 sector, the ratio of the number of double states to that of the triple
states is given by

— = ~ - (1-4!
Ntriple 2L/2+|M|+1 2

Nyowsle 1 L/2—|M 1 M

remaining finite in the limit of large L. The ratio of the number of dark states to that of
the triple states is given by
Nark _ 2|M| -1
Ntriple L_2|M|+2,

(83)
In all cases, each class of states spans a nonvanishing fraction of the Hilbert space in
the thermodynamic limit L — oo provided |M| scales with L. Keeping |M]| fixed and

increasing L, the fraction of dark states vanishes as O(1/L).
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For M = 0, the number of J = 0 dark states is given by C(L/2, L/2). The number of
double states is given by

L/2

L L L
Ndoublezzc(2+J,2_J):<L/2_1> (89)
J=1

in the M = 0 sector. There are triple states in the J > 1 sectors, resulting in

L/2
L L L L
triple JZ_:I C<2 g J> (L/Q - 1> (L/2 + 1) (50)
The ratio Ngouble/Niriple in this sector is exactly 1/2, while

Ntriple L

B Expectation values at large system size under the HDA

In this section we detail the approximations used in evaluating the summations for the
diagonal ensemble expectation values in the homogeneous model. In the limit where J < L,
Stirling’s approximation gives

L L 2J +1 1 1 L(1/2—
ClZ4+7,7-J)~ Fa/2=J/L) 92
<2 2 > L/2+J+1\/27rL\/1/4—(J/L)26 (92)

where
f(p) = —plogp — (1 —p)log(1 — p). (93)

Similarly, when M < L, the same approximation can be used for the ratio

1 (L L 2J +1 L2 — 4AM?2 2(M% — J?)
ZEC<2+‘]’2_J> St i\ o4 P L (04)
o 2 2(M3% — J?)
STt L ’

to leading order in J. Evaluating diagonal ensemble expectation values involves summations
of the form

o M 1”1 /L L

where p is a non-negative integer. In all these cases, the summands are dominated by the
smallest J, i.e. Mp. The summation may be approximated by substituting J = My into
the expression for the summand and multiply it by an O(1) factor to capture the entire
sum. This factor can be extracted by comparing the sum to the summand for specific
values of M, My, Mg and (large) L. We find that multiplying the summand by a factor of
4 gives the overall best fit to the exact sum. This results in

M P8 M, 2(MZ — M?
[M2 2} 0 exp{ - O)}' (56)
2 My~ MZ) L2+ Mo 3

For instance, substituting My = Mg = M, p =1, we recover one of the terms in (72).
Figs. 9(a), (b) and (c¢) compare the HDA expectation values evaluated exactly and their
respective approximations outlined in Sec. 7.1. They agree at large L.
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Figure 9: Quenches to resonance for a fully mixed environment. The HDA
expectation values of the central spin projectors Fy,, where oo = 0, £1 for initial
states (a) mg = 1, (b) mg = —1, and (¢) mg = 0 in the M = 1 sector as a function
of L. The colored dash-dotted lines show the corresponding values under the
Stirling approximation. (d) The expected remanent polarization averaged over
all M sectors when |mg| = 1. Values computed with the exact expressions are
plotted as stars, while those computed in the Stirling approximation are plotted
as a dashed line. The solid line corresponds to |(S§)apa| L=Y2. Parameters:
wo = 1019,
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C Integrability in higher spin models

Motivated by the results from the main text, we conjecture that the central spin Hamiltonian
H=woS;+ (Sg G +55G7), (97)

is integrable for any central spin quantum number sg. The integrability of this model has
already been explicitly shown for sp = 1/2 in Ref. [31], and for sop = 1 in this work.

We support our conjecture through two pieces of evidence: perturbative conserved
charges for H in the limit of large wy (Appendix C.1), and numerical signatures of
integrability in the classical limit of sg,s; — oo (Appendix C.2). We also present a
semi-classical argument for integrability, assuming exactness of the truncated Wigner
approximation.

If the central spin Hamiltonian is integrable for all sg, then it is likely that the related
inhomogeneous Tavis-Cummings model (with off-diagonal disorder),

Hpe = woala + (aTG_ + aG+) ; (98)
is also integrable. In Appendix C.3, we expand on this additional conjecture.

C.1 Conserved charges far from resonance

A Schrieffer-Wolff transformation to H in the wy — oo limit provides an effective Hamilto-
nian (24)
€

HD — w8t + Cjo (S§SyG=GT - SysfataT) (99)

for any value of the central spin sg. This Hamiltonian may be written as

1+aG+G7+170z

wosg + H(Oé) = UJOS(Z) + 9 9

GGt (100)
where H(«) is a factorizable Hamiltonian from Eq. (14) and
1
a= —w—(so—sg +5455) (101)
0

commutes with S§, and so may be treated as a scalar in each S§ sector. Thus, in each
sector, H gf) is Richardson-Gaudin integrable and has an extensive set of conserved charges
given by Q;(«) (15). Combined with the fact that both the so = 1/2 and sp = 1 cases are
known to be integrable, the existence of this integrable limit is suggestive of integrability
for any sg.

Higher-order corrections to the effective Hamiltonian may also be computed, though it
is unclear if they preserve integrability. We discuss them here for completeness and only
note some connections with known integrable models.

The next correction to the effective Hamiltonian (at O(g4)) is given by

2 7 _ o 1 e o _ _
HO) __12w3<[[[5()+a S5GH,SEC), S5 C ]+ [[[SG. S5 G55 G, 54 € ])
0
_ 7%3 (4(sgsosgSOG—G+G—G+ Sy S8y SHGTGTGTGT)
“o

+2(85 85 8¢ stGrGTG G - SO+SO+SO—SO—GGG+G+)>. (102)

27



SciPost Physics Submission

Evaluating these corrections in a sector with fixed sy and mg results in linear combinations
of four different operators,

G GTG G, GG~ GTG™, GTGTG~ G, G G GTGT, (103)

where all terms of the form G-GTGTG~ and GTG~G~G™ cancel out. Each of these
operators can again be shown to be Richardson-Gaudin integrable—although this does
not guarantee that linear combinations will be integrable. G-GTG~GT = (G~G1)?
the square of a factorizable Hamiltonian, as is GtG~G+TG~. The terms GF*GTGFTGT are
also each integrable. To see this, we use the following generalization of a relation between
Richardson-Gaudin charges introduced below Eq. (28),

@[+ 1)@ = = 1Q] = [+ 1)@ — = 1RP| (G, (109)

where Qg-i) =Q;* Sj and k > 1 is an integer. From this expression and its Hermitian
conjugate, we see that a complete set of conserved charges for, say, GTGTG~G™ is given
by
(+) (=) _
3Q;7 — Q) T =2Q; + 457, (105)

where j € {1,...,L}. Similar charges may be constructed for G-G~GTG™.

The two quartic terms that drop out in the effective Hamiltonian are the only terms
that are not known to be integrable, such that the fact that they cancel out suggests that
H éﬁ) + H (ff) is itself integrable. Nonintegrability of H éflf) + H é?f) does not imply that the
higher-sy central spin XX models are nonintegrable—for instance, the same perturbative
expansion holds for sg = 1, which is integrable. However, integrability of H e(flf) + H e(?
indicates a special structure in the full Hamiltonian, consistent with the conjecture.

C.2 Classical limit

Taking sg, s; — oo while keeping g;jsos; ~ g;f'l /2 and wysg ~ wgl finite results in a model
which is formally identical to H,

g5 S o
Cl—wOISO—i—Z] §S+555) (106)

= w§ S5 + Zg T4 85SY), (107)

with the spins S} and S”J“ being classical degrees of freedom.

If H is integrable for all values of wg, g;, so and s;, it is natural to suspect that this
limit model is also integrable. Conversely, integrability of the classical model suggests
special structure with s; < oo. In this section, we numerically search for nonergodicity (a
consequence of integrability) in the classical model (107), which can be simulated efficiently.

Equations of motion for the classical model are defined through Poisson brackets in the
usual way:

dtS'JH = {SJH,HC}, where {,SN’J”,,SN’Z} - jkewpgfj (108)

where €,,, is the Levi-Civita tensor and summation over the index p is implied.

If the central spin is initially aligned along the z- axis while the environment is in an
infinite temperature state, and a quench to resonance w = 0 is performed, then ergodicity
implies a late time average value of the central spin polarlzatlon given by

T ~
lim ;/0 at (S(t)) = ——. (109)
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Figure 10: (a) The expectation value (SZ(t)) (110) in a quench to resonance
of the classical central spin model (107) quickly reaches a steady state limit.
(b) Rescaling (S3(t)) by VL collapses the late-time data, whereas the ergodic
prediction scales as 1/L (dashed lines). Parameters: (SZ(t)) is computed from
200 samples of initial conditions in the integral Eq. (110) with w! = 0 and

T = (Zle (951)2)_1/2. (Sg(t)) is further averaged over 200 realizations of g;?l

drawn independently from a box distribution, g;?I € 7/3+[-0.3,0.3]. In (b), (S2)
is additionally averaged within bins of 1007 to reduce its oscillatory part. Error
bars give one standard error of the mean.

Here,

~ L 2~' ~ ~
G- [ TT 520 ur2s(5500) - 1) S300) (110)

J 472
Jj=0

is the average of S’S(t) over an ensemble of initial states with a fixed central spin state,
and an infinite temperature environment.

Fig. 10 demonstrates that the late time average value of (SZ(t)) is not 1/(L + 1).
Instead, the late time value decreases more slowly with L, as

T

lim 1/ ar (85(0)) = 0(1/VL), (111)
T—oo T’ 0

numerically demonstrating nonergodicity.

The 1/+/L scaling of the remanent magnetization is also a feature of the spin-1 model (see
Fig. 8). That the same phenomenology persists in the classical limit favors the hypothesis
of integrability of the classical model.

Integrability of the quantum model at any values of the central spin, including the
classical large sg, s; limit, also follows from semiclassical considerations. Namely, for
this system one can anticipate that the truncated Wigner approximation (TWA) [46,47]
accurately describes dynamics in the large L limit for any values of the central and
environment spins sg, s;. This feature is general for all large L-models with long range
interactions, where classical dynamics governed by Eq. (108) emerges as a saddle point
within the path integral formulation of the Heisenberg evolution on a Schwinger-Keldysh
contour (see for example Refs. [76-78]). Within the TWA the values of the spins are
encoded in the Wigner function representing the initial state. Because the spin-1/2 or
spin-1 systems are integrable, Eqs. (108)—which are expected to describe dynamics of the
central spin in the large L limit—must be non-ergodic as well to avoid thermalization.
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Because these equations are independent of the spin quantum numbers, we can anticipate
that integrability holds for all values of sg, s;.

These qualitative considerations cannot be viewed as a proof of integrability, as in
general the limits L — oo and t — 0o do not commute, and the TWA is expected to be
accurate in the limit L — oo first. The opposite limit is much harder to analyze analytically
within the TWA and needs further study. Nevertheless, putting these subtleties aside, a
combination of analytical and numerical evidence we presented in this paper suggests that
the model is integrable in the limit sg — oo for any L and is integrable in the limit L — oo
for small values of sy = 1/2,1. Because both of these limits are described by the same
semiclassical equations of motion it is natural to assume that the model is integrable for
any sg.

C.3 Inhomogeneous Tavis-Cummings model

Several interesting models may be obtained as limits of H. Assuming the integrability
of H for any values of sg, sj, wg, and gj, it is natural to suspect that the limit models
are also integrable. One such model was the classical central spin model of Appendix C.2.
Here, we remark upon another notable large sg limit, which results in an inhomogeneous
Tavis-Cummings model.

Taking an alternative large-sg limit of sqg — oo with g;,/s¢ ~ ngC increases the central
spin Hilbert space while maintaining its level spacing. The limit model above the ground
state may be expressed as an oscillator model,

L
Hpe = woala + ZngC(aTS; + aS;-r). (112)
j=1

The Hamiltonian Hpc is a generalization of the Tavis-Cummings model (which is
known to be integrable [19,79]) with inhomogeneous couplings. Due to its connection with
the central spin XX model, we conjecture that the inhomogeneous Tavis-Cummings model
is also integrable.

The Hamiltonian Hrc is known to be integrable when additional non-linear terms are
introduced [80], but no r-matrix is known for the model without such additional couplings.

The consequence of integrability in the central spin-1 XX model is that the structure of
the homogenous limit persists to large inhomogeneity of the couplings. We speculate that
this is also the case in the Tavis-Cummings model-—the inhomogeneous model continues to
exhibit the phenomenology of the homogeneous model, such as a superradiant transition
(as expected from mean-field calculations).
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