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Abstract

The increased ability to engineer two-dimensional (2D) systems, either using
materials, photonic lattices, or cold atoms, has led to the search for 2D struc-
tures with interesting properties. One such property is the presence of flat
bands. Typically, the presence of these requires long-ranged hoppings, fine-
tuning of nearest neighbor hoppings, or breaking time-reversal symmetry by
using a staggered flux distribution in the unit cell. We provide a prescription
based on carrying out projections from a parent system to generate different
flat band systems. We identify the conditions for maintaining the flatness and
identify a path-exchange symmetry in such systems that cause the flat band to
be degenerate with the other dispersive ones. Breaking this symmetry leads
to lifting the degeneracy while still preserving the flatness of the band. This
technique does not require changing the topology nor breaking time-reversal
symmetry as was suggested earlier in the literature. The prescription also
eliminates the need for any fine-tuning. Moreover, it is shown that the sub-
sequent projected systems inherit the precise fine-tuning conditions that were
discussed in the literature for similar systems, in order to have and isolate a
flat band. As examples, we demonstrate the use of our prescription to arrive
at the flat band conditions for popular systems like the Kagomé, the Lieb,
and the Dice lattices. Finally, we are also able to show that a flat band ex-
ists in a recently proposed chiral spin-liquid state of the Kagomé lattice only
if it is associated with a gauge field that produces a flux modulation of the
Chern-Simons type.
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1 Introduction

The term ‘flat band systems’ has recently attracted a lot of attention. There are at least
two contexts in which this term is used. The first, and probably the more popular, is
in the context of Moiré bands , in twisted, layered Vanderwaals systems (epitomized
by twisted bi-layer Graphene ) where the multiple band-foldings due to enlarging of
the unit-cell results in bands which can have significant regions in the Brillouin zone (BZ)
where they disperse very weakly. This leads to an enhanced density of states, and if the
chemical potential is around this region, many of the physics of itinerant electrons manifest
themselves as a strongly correlated problem as the relevant dimensionless parameter vpU
(where vp is the density of states at the Fermi surface and U is some scale of interaction
in the problem) could be made large even for small U. Another aspect driving the system
towards strong correlation physics is the fact that the competition from the kinetic energy
(which is characterized by the dispersiveness of a band) falls off due to the reduction of
the bandwidth.

The second context in which the term ‘flat band’ is used is in the technically strict sense
where systems have perfectly flat dispersionless bands. Some systems that are popularly
discussed are the Kagomé lattice , the Lieb lattice , and the Dice lattice . While
there aren’t any natural systems with these specific lattice structures, some of them can be
realized in cross-sections of crystals, while some could be artificially engineered .
It should be noted that these systems have a perfectly flat band within the nearest neighbor
(nn) approximation. Beyond the nn, the flatness is disturbed, of course, and the flat band
acquires a bandwidth that is generally still much smaller than that of the ‘flat bands’ in
the Vanderwaals systems. In this work, we reserve the term ‘flat’ for this second context
in the rest of this article.

Investigating flat bands is of fundamental interest for a variety of reasons: it offers
novel perspectives on topology ,; if they are topological, then it is expected that
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exotic physics of the fractional Quantum Hall effect could be observed in zero-field and at
high temperatures [22]; a universal low-energy behavior that is different from the Fermi
liquid can be expected as in the theory of the half-filled flat Landau level [23-25]; spin-
liquid and chiral spin-liquid behaviors are associated with the presence of a flat energy
manifold of excitations and serves as a platform to explore the role of Chern-Simons gauge
field [26-30]; the presence of a flat band serves as a possible resolution to the fermion-
doubling problem in lattice-based field theories; [31] to name a few. Perhaps the most
intriguing yet achievable application of isolated flat band systems would be exploring the
physics of the Sachdev-Ye-Kitaev (SYK) model [32-34]: e.g., introducing disorder leads
to maximal chaos exhibiting black-hole like behavior (finite entropy at zero temperature)
for which there are already various proposals for implementation [35-40]. However, many
of these interesting effects only manifest themselves if the flat band is isolated (gapped)
from the rest of the system. It is thus desirable to have a design prescription that achieves
precisely this.

This desire has certainly been recognized by many. Investigation into the existence of
the flat band itself revealed that the flat band would be degenerate with dispersive bands,
with the degeneracy being protected by topology [41]. It was suggested in Ref. [42] that
breaking Time Reversal Symmetry (TRS) was crucial to isolate the flat bands from the
dispersive ones by considering staggered fluxes through the unit cell. In a sequence of
works [43-45], it was demonstrated that breaking TRS was not necessary, but one would
need to fine-tune the system using compact localized states for destructive interference
of the electronic states, which would lead to a dispersionless band. There are general
considerations from permutation symmetries in graph theory [46] and latent symmetries
(associated with destructive interference across certain paths) [47] that can also explain the
formation of flat bands on general grounds in general lattices. Certain special symmetry
properties of the Hamiltonian (antiunitary-Parity-Time) can also lead to flat bands [48].
Reference [49] presented an interesting parameterization of the Kagomé lattice that also
successfully isolated the flat band without the consideration of any special symmetries
except what the authors identified as inversion [we shall show later (Sec. |5) that it does
not have to do much with inversion]. Some works explore the possibility of having a flat
band on general grounds, but they either require precise long-ranged hoppings [50] (which
is not so desirable in material systems nor in photonic lattices nor ultra-cold atoms) or
non-hermitian matrices [51].

In this work, we add to the existing body of literature and show that it is possible
to have isolated flat bands without breaking TRS, without using long-ranged hopping,
without losing hermiticity, and without fine-tuning a system. At this point, we note
that very recently in Refs [52,53], the authors presented a comprehensive analysis on the
design of flat bands achieving the same goals of avoiding long-range hopping and fine-
tuning. It provides an elegant and robust generalization of our results below, along with
the topological classification of these bands. We encourage the reader to refer to this work
for a more detailed analysis. While the fundamental requirements for both our works
remain similar, we provide an alternative perspective through a focus on providing precise
prescriptions to isolate a degenerate flat band and investigate the role of gauge fields in
achieving the same. We start from a sufficient condition for the flatband to exist and arrive
at a sufficient condition to isolate (gap out) the flatband. The distinguishing feature of our
approach is that while the previous works focus on the properties of the Hamiltonian with
a flat band, our method involves arriving at flat band systems by performing projections
from a ‘parent system.’” In fact, we show that talking about symmetries of the parent
system allows for a simpler interpretation of the flat band in the projected systems. To
emphasize this point, we first begin with the Kagomé lattice and show that naive attempts
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to isolate the flat band (via different onsite energies and applying strain) destroy the flat
band. However, in addition to already existing prescriptions, we were able to identify
another parameterization that preserves the flat band for all ranges of the parameter. But
this technique (and the others discussed in the literature) often requires a very specific
relationship between various hopping parameters. We then present our main result where
we introduce a parent system with certain special properties that guarantees a flat band.
And upon performing projections (to be detailed later in the text), we show that the
projected systems automatically inherit the various conditions presented earlier for the
existence of and isolation of the flat band.

We find this condition by first exploring bipartite systems with different system sizes
and using the fact that such a system has the number of flat bands equal to the difference in
the size of the subsystems [12], thus establishing a sufficient (but not necessary) condition
to have flat bands. We then perform a Hilbert-space projection to project out the smaller
subsystem, and we show that the larger subsystem will necessarily have flat bands. We
explicitly demonstrate that our earlier parameterization of the Kagomé lattice and also
some cases discussed earlier in the literature [49] are a special case of this projection
prescription.

We also identify a symmetry associated with the bipartite system (and not the pro-
jected systems), which, when broken, isolates the flat band in the main system and its
projected subsystems. We refer to this as a path-exchange symmetry with respect to a
property which is the set ratios of the paths (in this case hoppings) from different compo-
nents of one subsystem to the other. If this set of ratios is the same for two atoms of the
larger subsystem, then the whole system is said to have an exchangeable path between
the subsystems. We show that the number of exchangeable paths directly controls the
degree of degeneracy of the flat band with other dispersive bands. This more fundamental
symmetry can map to spatial symmetries like mirror and inversion under special condi-
tions and does not necessarily translate to something simple in the projected system and
probably explains why there exist so many different attempts to understand the origin of
the flat band in various systems. We then relax the bipartite condition in the subsystem
that is being projected out and show that our main results still hold.

We also apply our prescription to the Lieb and Dice lattices and demonstrate the
existence of other lattice structures where flat bands are present and can be isolated by
breaking the path-exchange symmetry. In none of these cases where we isolate the flat
band do we break time-reversal symmetry as was required in the staggered flux technique
of Ref. [42]. Finally, as an application of our prescription, we are able to present scenarios
where the hexagonal lattice (such as Graphene) or the chequerboard-like square lattice
could also have a flat band. Since our prescription includes carrying out projections from
a nn model, we believe that this prescription should be amenable to realization in photonic
lattices and circuit QED systems [54-56].

As a closing example, we consider the case of a chiral spin-liquid state of fermionized
bosons in Kagomé lattice subject to a Chern-Simon’s (CS) field. It was proposed that this
state has a flux distribution that would preserve the flat band as opposed to the situation
with the regular flux which grows with the area [27]. We apply our results in the presence
of a regular Maxwellian flux and show that our projection procedure exactly reproduces
the proposed CS flux distribution. The presence of the flat band in such a system was seen
as a consequence of the characteristic flux distribution within the unit cell. From our work
we now understand that the flat band is actually guaranteed from a more fundamental
level.

The rest of the text is organized as follows. In Section [2] we introduce the Kagomé
lattice and show that the common ideas to modify the lattice ends up disturbing the flat
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band. In Section |3| we introduce our parameterization that preserves the flat band and
discuss the physical meaning of the parameterization. In Section 4] we introduce the pro-
jection prescription in terms of bi-partite systems to generate flat bands. In Section [5| we
identify the path-exchange symmetry in our bi-partite systems, which upon being broken,
isolates the flat band. We then show that the bipartite condition is not a strict require-
ment. In Section [6] we demonstrate all of the above ideas in the Lieb and Dice lattices.
In Section |7}, we demonstrate why the propsoed Chern-Simons type flux distribution on
a Kagomé lattice guarantees a flat band, whereas the usual Maxwellian flux distribution
does not. Finally, we summarize our results in Section The Appendix includes some
details and proofs that did not find their place in the main text.

2 Kagomé: naive attempts to lift the flat band degeneracy

We start by considering the Hamiltonian for the Kagomé lattice within a tight-binding
model with only nn hoppings:

0 1 _i_e*i];-ﬁl 1 + e*iE-R‘Q
Hgg = —t|14cikF 0 1+ e ikRs ||
1+ ekHe 14 et hs 0
(1)
where ¢ is the nn hopplng matrix element, Ry = (1,0), Ry = (3, @) are the translation

vectors of the lattice, R3 = RQ Rl, and k is the Bloch momentum in the first Brillouin zone
(fBZ) and is made dimensionless by absorbing the lattice constant a. This Hamiltonian
is written in the basis \T/E = (éE,A’ éE,B’éE,C)T’ where A, B,C are the three atoms within
the unit cell [see Fig. [[[a)]. The spectrum contains a flat band as shown in Fig. [Ib).

Figure 1: (a) Kagomé lattice with three atoms A, B, C in the unit cell and the
translation vectors B; and Rp. The brown parallelogram is a unit cell (b) The
energy spectrum for the Kagome lattice. Note the presence of the flat band that
is degenerate with the dispersing middle band at the I'-point (0,0).

In order to lift the degeneracy at the I'-point, one could envision multiple ways to
perturb the system: break the similarity of A, B, C (sub-lattice symmetry), break or lower
some translational or point-group symmetry, or break Time-reversal symmetry (TRS). We
shall briefly demonstrate below that while the standard ways to apply these perturbations
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may lift the degeneracy at the I'-point, they also destroy the flatness of the band. Further,
the degeneracy point sometimes just gets moved to other points in the fBZ.

2.1 Onsite perturbations and strain

Consider first making the three atoms different by subjecting them to different on-site
potentials. To model this, one could add the following term to the Hamiltonian: § Hgite =

—t Diag(0, A, —A). For A < 1, the I'-point eigenvalues are ¢ (2 + %) +O(A?) and —4t+

O(A?). However, as seen in Fig. (a), numerical diagonalization shows that this condition
just splits the quadratic I'-point degeneracy to two Dirac points. So the degeneracy of the
bands is not really lifted. This also destroys the flat band.

Figure 2: (a) Spectrum for the Kagomé system with different onsite energies
(A = 0.5). The I'-point degeneracy is lifted, but it splits into two Dirac points
at different k& values. The flatness of the flat band is also lost. (b) Spectrum
for Kagomé lattice under a uniaxial strain along the diagonal that intersects the
B — C bond in Fig. . Once again, the flat band is lost. Here 6t = 0.5.

One can also consider modeling the effect of the strain. For simplicity, consider a
uniaxial strain applied to the system. This would have two effects on the system: alter
the translation vectors and alter the hoppings. The change in translation vectors will only
act as a change in “gauge” in the k-space [57-60] and hence not really alter the qualitative
aspects of the spectrum. The change in hoppings alters the symmetry properties of the
3 x 3 Bloch Hamiltonian. For the orientation shown in Fig. (a), applying a strain along
the diagonal that intersects the B — C' bonds would result in the following Hamiltonian:

0 (t = 6t) (1 + e By (¢ — 5t)(1 4 e~iF-F2)
HKg,strain = - (t - (St)(l + eik'Rl) 0 (t + 5t)(1 + e—ik'RB) (2)
(t — 6t)(1 + e H2) (£ 4 6t)(1 + eFFis) 0

The full spectrum plotted in Fig. (b) shows that the flat band is lost. Moreover, the
quadratic touching point shifts away from the I'-point as it splits into two Dirac points.

This splitting of the I'-point degeneracy into Dirac points is the same phenomenon that
was discussed in Refs. ,, although not in the context of strain.

2.2 Breaking TRS

In another attempt to lift the degeneracy of the flat band, we may also consider breaking
TRS by applying an out-of-plane magnetic field to the system. Since we are working within
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a spin-less model, the only effect of the magnetic field would be the orbital effect. We
address this by constructing a Hofstadter model for the Kagome lattice (see, e.g. . In
Fig. We show, as a representative case, the spectrum for a flux per unit cell of m¢y (where
¢o = % is the single electron flux quantum) and that the flat band becomes dispersive.
There are, however, ways to break TRS and still preserve the flat band. This requires
using staggered flux as introduced in Ref. or a Chern-Simons flux (which is focused
through one part of the unit cell) like in Ref. , and we shall not dwell on this point as
it is beyond the scope of this work.

23

> 228 -

~
—
<2 227
N—’
K 22
2.25
2.24 - -
— ! . 02 - . 02
0 — 0 0 — 0
02 02 02 02
ak, ak, ak, ak,
(a) (b)

Figure 3: (a) Energy bands of the Kagomé lattice with w¢y flux distributed
uniformly in the unit cell. (b) A zoomed-in version of the top bands showing the
dispersive nature. This remains true for any other uniform flux linked to the unit
cell.

3 Kagomé: Flat band preserving parameterization

While it seems that any perturbation we apply to the system lifts the flatness of the band,
one may wonder if there could be a parameterization that preserves the flatness of the
band. To tackle this question, let us consider the Kagomé Hamiltonian in the generic form

0 a1 9
H = —t| af 0 a3 |. (3)
ay a3 0
The eigenvalues are the roots of the equation:
—(B/? + (B/t) (laa[* + |az|* + |as|?) -
2Re [ajanaz] =0 . (4)
To have a flat band at E/t = f (independent of E), we necessarily need the k-dependence
of «; to be such that for all k € {BZ
2Re [a] a20s]
!

In fact, if such a flat band were to exist, then Eq. would have to be satisfied for some
real value of f. Plugging this into the characteristic equation leads us to

+ f2. (5)

la|® + |az]® + | =

B+ B/ (4 12) - A= ©)

7
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where A = 2Re [a]agaj]. The eigenvalues would then be
Ey = tf;
tf
Er = 5 (—1+ \/1+4A/f3) :
t
E. = Ef (—1 1 +4A/f3) : (7)

However, if there exists no such f, then the above expressions are no longer the solution.
One could then ask what are the conditions for which f could exist or equivalently, under
what conditions would Eq. be satisfied. Note that this equation presents one constraint
on the parameters of this equation which are «; (i € {1,2,3}). At this stage, it might seem
like one should always be able to satisfy this. However, note that the «;’s are, in turn,
functions of k;, ky and f. The k;’s are subject to the condition that they must be bound
to the fBZ. But given that the k;’s appear as arguments of periodic functions, this bound
is not really an additional constraint. But, the a;’s themselves are not independent. In
fact, the Kagomé Hamiltonian’s structure ensures that (o — 1)*(ae — 1) = a3 — 1, which
are two more constraints on the parameters. Thus, we have a situation with 3 constraints
and 3 parameters. Since they are not linear, they may or may not be satisfied in general.

For completeness, we could ask if any of the dispersive bands (E+) could intersect the
flat band Ey. Setting them equal to each other immediately establishes that for real values
of Aand f, only F could intersect with Ey and this would happen at those E—points where

2Re [afaga}] = A = 2f3. (8)

In fact, for the case of the Kagomé lattice, we note that a; = 1 + e~ R and Eq. 1' is
satisfied for f = 2 and for all E, establishing the condition for the flat band. Further, Eq.
is also satisfied only at the I'-point indicating that the flat band would be degenerate
with the dispersive band at the I'-point.

One may now wonder if there are other scenarios, other than the Kagomé lattice,
where Eq. could be satisfied. The answer is affirmative and a family of scenarios
—ik-R; to
(1+7)+ (1 —r)e”* i with |r| < 1. The physical meaning of the r-parameter will be
discussed in a subsequent section. In fact, one could factor out 1+ r and absorb it into
the hopping element ¢ yielding the following transformation ¢t — £ = t(1 4 ), and

is presented below. Consider the modification where «; is changed from 1 + e

1—r 73 A
e ik-R; 14+e ik-R; h’
1+7r

o > o =14

where h is defined through the equation » = tanh % This allows us to express

From these definitions, we observe that the flat band condition of Eq.
. 2Re[a] i
e = RelA®) e ©
i=3 f

can now be satisfied with f = %5 cosh% (see Appendix [A| for details). The spectrum
is given by Eq. but with a; — &; and ¢t — . The condition for band-touchings also
remains the same as Eq. but with o; — &;. A direct evaluation shows that if the
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condition is satisfied for «;, then it is automatically satisfied for &;. This means that the
flat band remains flat at £ =tf = 9%e~5s cosh% = 2t . The introduction of the parameter
r neither lifts nor moves the degeneracy at the I'-point. In fact, observe that when r — 0,
a; — a4, and the formulae smoothly connect to the original Kagome lattice. Thus, we
have a family of flat band systems characterized by the parameter r.

The spectra for the modified lattices are shown in Fig. 4] for various values of r. As
observed above, for any value of r, the flat band is preserved. Although the Dirac point at
the K and K’ points of the fBZ are gapped out, the r parameter preserves the degeneracy
at the I'-point consistent with the analysis above.

ak, ak, ak, ak, ak, ak,
(a) r=0.1 (b) r=0.3 (¢) =05
2 2
l >
o | o
= =
Lﬂ 2 Lq 2

(d) r=0.7 (e) =09

Figure 4: Evolution of the spectrum for the Kagomé lattice with the parameter
r. The flat band is located at E = {f = 2t. As r increases, the Dirac points gap
out, but the flat band maintains a quadratic band touching with the dispersive
band. As r — 1, the dispersive band merges with the flat band. The spectrum
remains the same under r — —r.

3.1 Physical meaning behind the r-parameter

The introduction of the r parameter allowed for the same parameterization of the flat band
condition as the original Kagome lattice but with a modified (complex) phase. Further,
this parameterization also allows us to interpret ¢(1 + r) as hopping within the unit cell
and t(1 — r) and hopping outside the unit cell (because this is the term in the Bloch
Hamiltonian associated with the translation phase factor). For r > 0, it would correspond
to bringing the 3 atoms closer together (without altering the lattice constant) towards one
corner of the unit cell, as shown in Fig. For » < 0 the deformation takes the atoms
toward the other corner of the unit cell. This deformation is analogous to the ‘breathing’
anisotropy considered in frustrated Kagomé lattices . Further, the case with » > 1
corresponds to negative t;,¢e-, Which is equivalent to having a m phase attached to the
hopping element. This case will be discussed in more detail in the next subsection.
Observe from Fig. [5 that when r = 1, the intercell hopping ¢(1 — r) = 0 (molecular
limit) and we do not hop to the neighboring unit cells and thus we get a non-dispersive
3-level system. Because of the non-dispersive nature, the bands are trivially flat, and two
of them are degenerate because we are still satisfying Eq. for touching of the flat
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band with one other band. For r < 0, we effectively swap intercell and intracell hoppings.
This just amounts to mirroring the unit cell about a diagonal and thus does not change
anything in the spectrum.

(a) r>0 (b) <0

Figure 5: Modified Kagomé lattice. For r > 0, the basic modification is such
that it brings the atoms together towards one corner of the unit cell. For r < 0
the atoms are moved closer toward the other corner of the unit cell. The original
Kagomé lattice is restored at r = 0.

3.2 Model with |r| > 1

When |r| > 1 one of either the inter-cell hopping or the intra-cell hopping parameters
goes negative. From a solid-state point of view, this is clearly unphysical, however, we
still have a well-defined spectrum and eigenfunctions. One could imagine the bonds with
negative hoping to be associated with a phase of 7. In Fig. |§| (a) we show the resulting
flux distribution. This is clearly a 2w-flux per unit cell, but the flux is modulated within
the unit cell such that the flux is concentrated in the hexagonal region and one of the
two triangular regions in the unit cell. This could be viewed as the flux through the
closed structure in the unit cell (the triangle ABC) having zero flux, and the flux is only
“in between” these closed structures. In the limit » — oo (recall that the energy of the
flat band is independent of r) the lattice returns to the Kagomé form factor, albeit with
the modified flux. Although there is flux distribution within the unit cell, TRS is still
preserved because the phase is m which is the same as —7. In fact, this is exactly one of
the cases arrived at in Ref. [42] but is naturally included in our parameterization.

The spectrum for |r| > 1 is shown in Fig. [6] (b). As discussed in an earlier subsection,
at r = 1, the dispersing band merges with the original flat band. However, as r becomes
greater than 1, the dispersing band moves above the flat band. This is an interesting
example where one band completely passes through another one. Note also that the
I'-point remains degenerate.

10
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Figure 6: (a) Modified Kagomé lattice for » > 1. The negative hopping could
be seen as the bond having a w-phase that results in characteristic 27-flux dis-
tribution per unit cell as shown. (b) The energy spectrum for » = 1.2. The flat
band is preserved and so is the degeneracy at the I'-point. However, note that
the dispersive band is now above the flat band.

Another application of models with || > 1 would be in scenarios where a coupled
system of oscillators is mapped to the tight-binding model. This is realizable in photonic-
crystal systems and even in cold atom systems. Thus, we have demonstrated that there
exists a parameterization in terms of the change of the basis of the unit-cell, mathemati-
cally realized by introducing the parameter r, that preserves the flat band. At this stage,
this is just one additional means to discuss the condition for flat bands. However, we shall
now describe a prescription to generate flat bands on general grounds, which includes all
the cases discussed above (and in the literature).

4 A prescription to generate flat band systems

In the previous sections, we presented a detailed analysis of the Kagomé system and its
modifications that would preserve the flat band. The approach was rather direct where
we searched for the parameters that would keep a band dispersionless (E—independent).
This approach, however, is not generalizable to investigate other systems as they would
have to be dealt with on a case-by-case basis. However, the presence of the flat band in
the Kagomé lattice could be deduced in a rather interesting manner. Consider a bipartite
system as shown in Fig. [7| with 2 and 3 atoms per unit cell and hoppings only between
the respective subsystems: consisting of X, Y atoms and A, B, and C atoms.

11
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Figure 7: (a) Bipartite system with 2 and 3 atoms per unit cell. (b) The energy
spectrum for the 5 atoms per unit cell structure is particle-hole symmetric. This
is guaranteed by the bipartite nature of the system.

322 The Hamiltonian is given by

S
S
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; (10)
R

0
0
1
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ik-
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~
—_ = =)o O
S O O = =
o O O
o O O

eEQ

33 where the basis is \i',; = ( T There is a well known property of

x Gy A Gp Ge)
24 a bipartite Hamiltonian, H ;1 m)x (ntm) (of subsystem sizes n and m), one can always
325 construct the matrix C = Diag(1lyxn, —lmxm) such that {C, H} = 0 (i.e. it anti-commutes
36 with the Hamiltonian). This implies that for every state with energy E, there must
327 exist another orthogonal state at energy —FE. This is commonly known as a particle-hole
328 symmetric spectrum. Fig. b) shows the numerically evaluated spectrum for Hs. It is
320 easy to argue from this property that if m + n is odd, we need to have a state at £ =0
330 and thereby guaranteeing a flat band . However, we wish to show that there is a more
31 fundamental reason for having flat bands which goes beyond this standard argument.
Starting from a bipartite system, consider projecting out one subsystem, by using the
Lowdin’s method , at some energy scale of interest Ey. This is a method that projects

out one subspace from the system and the scale Ey plays the role of chemical potential in
most cases. Let us suppose that we would like to project out the subsystems A, B, and C
and express the Hamiltonian purely in terms of the states of the other subsystems X, Y.

To apply the Léwdin’s method, first view the Hamiltonian Hs as blocks

<[HGG]2><2 [HGK]2x3>
[Hralax2 [Hrklzxs) '

32 Then, the effective Hamiltonian projected onto the G space (consisting of X,Y) would be
Her o(Fo) = Hoe + Hox[Fo — Hrx) ' Hie- (11)

333 Because of the bipartite nature with K — Kagomé and G — Graphene, Hgg = 0 and
33 Higpr = 0. This yields
HerxHika

Heg o (Eo) = E;

(12)
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Similarly, the effective Hamiltonian projected onto the K space is

HicHak

o (13)

Heg x(Ep) =
Usually, Lowdin’s method is used in the perturbative sense at some energy scale that
separates out the states far away from that energy scale. However, due to the bipartite
nature, we can perform an exact projection, as outlined above. There are two observations
of interest for the Hamiltonians Heg ¢ and Heg k:

1. We can recognize

tQ 3 14+ eiE'él + eil;-ﬁg
Hetr,6 = - ( LRy, ik (14)
0 \1+4 e ¥ 4 g7t 2 3
as the Hamiltonian for Graphene and
Hegx = | 1 ettt 2 14 e ik Hs (15)
0 1 + eiﬁ-éz 1 + eil;-ég 9

as the Hamiltonian for the Kagomé lattice. This could have been expected since the
second order hops connects each subsystem to itself.

2. Note that Hxg = HgK A non-square matrix M has the property that MM and
M MT, which are of different ranks, share the same eigenvalues, with additional zeroes
making up for the difference in ranks (see Appendix . Thus, our two subsystems
will be such that Hegx ~ HxgHgk will have the same eigenvalues as Heg g ~
Har Hi g but an additional 0 due to the rank mismatch. This zero is k independent
and hence results in a flatband. This is the more fundamental reason behind the
formation of flat bands and most other conditions, if not all, are derivable from this
construction. We demonstrate a few other cases later in this article.

This explains why the Kagomé lattice spectrum has a flat band and also why the rest of
the spectrum is exactly the same as Graphene.

From point (2) above, we can conclude a general rule that if one constructs a bipartite
system, projecting out the smaller subsystem will result in a flat band in the new effec-
tive system. The generality of the prescription outlined above implies that the detailed
structure (the dimensions or even the matrix elements) of Hgx does not matter. In fact,
our r parameterization is a special case of this general rule. To demonstrate this point,
consider first, the Hs Hamiltonian for the original Kagomé and Graphene lattices. Here

1 1 1
Hox =—=t\ | —ikf —ikf |-

This can be generalized to

HGK _ tG1K1 tG1K2ﬂ . tGlK'gH .
tGgKl tGQKQ efzk-Rl —ik-Ro

and the flat band would still persist owing to the size mismatch of the two subsystems.
The r parameterization (and all of the ensuing discussion) corresponds to the choice of

tayx; = Vt(1+7) and tg,x, = Vt(1 —r), for i € {1,2,3}, and hence preserves the

flat band. We emphasize that the prescription we provide (based on bi-partiteness) is a
sufficient condition to get a flat band but not a necessary one.
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4.1 Flat bands beyond the bipartite condition

A bipartite system with different system sizes having a flat band is a rather straightforward
result. However, we now wish to show that this condition is not necessary. We can start
from the bipartite system and then allow for hoppings or energies in the subsystem to be
projected out. This would still guarantee the presence of the flat band (the particle-hole
symmetry will no longer persist, of course) in the parent system and also in the projected
subsystem (with the larger size). The existence of the flat band is controlled solely by the
existence of the non-square coupling matrix between a subsystem that does not talk to
itself and another subsystem with a smaller size.
To see this, let us first note that the effective Hamiltonian now goes from

HyxcHox — Hrg[Eo — Heg) 'Herx,

where Hgg is an arbitrary matrix. The matrix Fy — Hgg can be diagonalized as MAM f
where A is the diagonal matrix of the eigenvalues of Hgg and M is the matrix of eigen-
vectors of Hgg. Thus, [Eg — Hgg]™' = M[Ey — A]~'MT. This allows us to write

HyclEo — Hog) 'Hox = HraM|Ey — A7 MTHgye .
—— —
Hyqa Hoki

Due to Hermiticity we have Hgrx = = H! k¢ and this implies Hox = HI ka- Thus, we
arrive at the form [H Kg]achd[HGK]db, where Dy, = dgd4 is a diagonal matrix. Since,
Hio = HGK, the above product can be written as [Hxglac|[Hak e, Where [Hyglay =
[H KGJavV/dg. Since this maintains Hxg = Hg; k> We can map this non-bipartite system to
a strict bipartite system and apply all the same arguments: the size mismatch of the two
systems would result in a zero eigenvalue and hence a flat band. In this sense, we only need
the bipartiteness to choose the subsystems and then allow the smaller subsystem to have
any hoppings and the resulting system would still have a flat band. We demonstrate this
in Fig.where we include the off-diagonal elements in Hgg as /(14 0.1 1 4 0.5¢% F2)
and its c.c with ¢/ = 0.5F) (this simply accounts some hoppings in the GG subspace). The
particle-hole symmetry is lost, but the flat band still exists.

Figure 8: (a) The spectrum of the Hj system still has a flat band with Hgg # 0
(but Hxx = 0), which is in violation of the bipartite condition. (b) The flat
band in the projected subsystem

Lastly, we show that deviation from the stated condition above destroys the flat band.
Consider the simple case of adding different onsite energies to the sites of the subsystem
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of interest. Consider

E, 0 0
Hxpg=10 0 0
0 00

The spectrum for such a case is shown in Fig. @(a) and the ensuing projected system also
shown in (b) also loses the flatness. As another example for demonstrating that violating
the stated condition destroys the flatness, consider the strained Hamiltonian in Eq.
which does not have a flat band. This is so because arriving at this form from the Hjs
formulation requires choosing

0 1 ¢
Hgrg=\|c¢f 0 c3 (16)
¢, ¢z 0
with ¢ = —%(1 + e*ig'él),@ = —%(1 + e*iE'EQ),c;; = %(1 + e*“;'éi*). This violates

our stated condition that Hg g still needs to be of the ‘bipartite’ nature. Indeed after
Lowdin’s projection we get
Hett = Her x + Hi K (17)

where Heg x is the same as in Eq. (15). This is nothing but the strained Hamiltonian of
Eq , with an overall scale factor of ELO The spectrum is shown in Fig. |§|(c) Physically
including ¢; amounts to including nnn terms in the Hs system.
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- 1
=
<o
S

2

3k

42 9 4 2 0 2
ak, ak,
(a) Hs with onsite energy (b) Projected Kagomé with on-site energy

-4 9 0 5 . 5 0 2
ak, ak,

(c) Projected Kagomé with non-bipartite terms

Figure 9: (a) The energy spectrum for the Hs system with an on-site energy
E, = t. (b) The spectrum after projection from the Hj system onto the ABC
subsystem. (c) The spectrum after projection from the Hy system with the non-
bipartite terms added to the ABC subsystem. Here, 5t = 0.5¢. In both cases, (b)
and (c), the loss of our stated flat band condition indeed results in the loss of the
flat band.

5 Isolating the flat band

Having formulated a technique to generate a family of flat band systems, we note that
in the cases we looked at, the flat band always appeared degenerate with a dispersive
band. However, if we let g, k; to be different from each other, we preserve the flat
band (since any change within the matrix Hgx is allowed) as well as isolate it from the
dispersive band. As an example, consider the case where we displace one of the a,b,
or ¢ atoms such that it is closer to = and further from y in Fig. (b) such that with
tok, =ty Ky, = tauk, = tGoky, = ttaaks =t + 0t and tg, x, =t — 6t. After projecting
the system onto the Kagomé form, an explicit calculation shows that the gap at the ['-point
is % (for 6t < t).

The path-exchange symmetry The above change falls under case shown in Fig.
[10[(d). This differs from the cases in Fig. [10(a), (b), and (c) in the following way. Con-
sider the sets of paths taking us from the larger subsystem (ABC) to the smaller (XY):
{AX,AY'},{BX,BY},{CX,CY}. Consider the set {r§? r{{f} created from the ratios

r}‘}B = g))g and T{}B = %. The elements of this set correspond to the ratio of paths-
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to-other-subsystem between two atoms of the larger subsystem. Special situations arise
when all the entries of the set are identical (i.e., can be reduced to a unit set). When
we find a pair AB where the set of ratios could be reduced to a unit set, then we say we
have a path-exchange in the system (physically, the presence of a unit set between pairs of
atoms means that the paths to hop across subsystems are exchangeable between these two
atoms). We show in Appendix [C| that for a bipartite system (of size m,n with m > n),
the presence of r such path-exchanges leads to a 2(r — [m — n]) + 1-fold degeneracy of the
flat band with dispersive bands

AXReftllilfrnmg to Fig. note thgg( 1an£ a) our sets are {4X, .]‘%C} — {1,1} for AB;
{&x 6v) — {1,1} for AC and {#%, &y} — {1,1} for BC. Since both B and C can
be exchanged with A, we say that there are two path-exchanges. This leads to a triple
degeneracy in the Hy system. In (b) the ratios for the same pairs are {«, a}, {a, a}, and
{a, a}, where o # 1. Thus, we still have two path-exchanges and the degeneracy remains
the same. In (c) the ratios are {1,1},{1,1},and {1, 1} (despite the different hoppings) and
hence the degeneracy is still 3. And finally in (d) the ratios are {1,1},{1, 5}, and {1, 5}.
Since we reduce the number of path-exchanges in the system by 1, this lowers the degen-
eracy to 1 (basically lifting the degeneracy) as shown in Fig. . ) and (f).

SRR NN

(a) (b) (c) (d)

3 7

) 6
o1 ' V N{j /4 S \>\
~ o
X =
5.1 i&/ 2

? < —

0
3 RS
42 9 4 > 0 2 4 2 0 2 4 2 0 2
ak, k, ak, ak,
(e) (f)

Figure 10: Hoppings in the unit cell of the Hs system. The pink bonds are
different from the grey bonds. the situations in (a), (b), and (c) do not lift the
flat band degeneracy but that in (d) does. This is because, in the former three, the
paths for individual atoms for going from the ABC subsystem to XY subsystem
are exchangeable. Whereas in (d) that condition is broken. (e) Isolated flat
band in the spectrum of the exchange-broken Hjy system and (f) the same for
the projected Kagomé subsystem with the exchange-breaking perturbation being
0t = 0.5¢. The flat band is preserved and isolated from the dispersing bands.
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Note In general, with hopping parameters tg,k;, the projected Hamiltonian in the
Kagomé subspace is

1
Heff,K = % X

2 2 —ik-R —ik-R
TGk, Ttaok,  1G1K1tG1Ky TtGoKy tGoky © ! tGy1 Ky tG1Kg T tGo Ky taprg e T2
2 2 —ik-(RBy—R
c.c. tay Ky TGy Ky tG1 Ko tG K3 T tGy Ky tGoKg € (Fz2—F1)
2 2
c.c. c.c. tG1K3 +tG2K3

(18)

This form is the same as in Ref. [49] where the authors decomposed their Kagomé Hamilto-
nian into contributions from ‘upper’ triangles and ‘lower triangles’. In their interpretation,
in order to isolate the flat band they hypothesized breaking inversion (in the bonds) in the
unit cell. This is not technically correct. It is not sufficient to break inversion at the level
of the hoppings between the nearest neighbor atoms: the changes in hoppings need to
be correlated in a definite manner which was only evident because of the author’s chosen
parameterization. One example of inversion broken deformation of the Kagomé unit cell
is the r-parameterization discussed in Sec. [2| This parameterization breaks inversion but
does not lift the flat band degeneracy. To understand why, consider the Hs Hamiltonian
with the parameterization above where tg,i; = t except tg, K, = t+6t and tg, ky =t —0t.
This results in the following projected Hamiltonian in the Kagomé subspace:

2 2 e ®R (1 A) + (14 AR
Heﬂ,K(A) = F 1+ etk Fa 2 (1 _ A) + (1 + A)e—ik~(R2—R1)
0 - oL
(14 A)eRlz (14 A)eih(Fam) 2+ A?
(19)

where A = %. Notice that in the Kagomé subspace, this isn’t just an arbitrary breaking
of the mirror in the Kagomé lattice as the A has to enter the onsite energy in precisely
the stated manner to preserve the flatness of the band. However, in the Hs system, it is
sufficient to break the path-exchange symmetry in the bonds, in any manner possible with
no other conditions, and we arrive at the appropriate Hamiltonian in the projected basis
with all the necessary conditions built-in.

In this regard, we emphasize that while the statement in Ref. [49] that their stated per-
turbation that isolates the flat band also breaks inversion is correct, we wish to state that
breaking inversion does not necessarily gap out the flat band and that inversion may not
have anything to do with the problem at hand. This is evident from the r-parameterization
presented earlier which also breaks inversion but preserves the degeneracy of the flat band.

We note in passing that this path-exchange symmetry is a fundamental symmetry of
bipartite graph. Certain spatial symmetries such as mirror, rotations, inversions can be
a special case of this symmetry. It is thus easy to associate the spatial symmetries to
the cause of degeneracies. This is not incorrect, but they are not fundamental. In the
examples we present in this article, most of the path-exchange symmetries can be broken
by breaking a mirror symmetry or a C, symmetry in the physical lattice.

6 Application of the prescription to other lattices

Thus far we derived the well-known lattices like the Kagomé and Graphene systems as
projections from a parent Hs system and indicated that isolating the flat band requires
breaking the path-exchange symmetry in their parent system. We now demonstrate that
the other systems that are discussed in the literature (like Lieb and Dice) are actually
the parent systems to other flat-band lattices and that the flat band could be isolated
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by breaking the path-exchange symmetry of the parent system. We shall only show the
results for the strict bipartite case to keep the discussion simple, but as we have shown,
this is not needed.

6.1 Lieb lattice and its projections

The Lieb lattice shown in Fig. (a) is another realizable example of the prescription.
The system is bipartite within the nn approximation and the Hamiltonian is given by

0 14 e kB 14 ik
Hip = —t|1+¢ikh 0 0 ,
1 4 etk 0 0

(20)

where all the terms have an analogous meaning as in Eq. , but in this case Ry = (0,1).
Here, however, the Lieb lattice is the analog of the Hs Hamiltonian, prior to projection.
Hence, the spectrum is particle-hole symmetric as shown in Fig. (b)

Figure 11: (a) Lieb lattice with three atoms A, B,C in the unit cell and the
translation vectors Ry and Rs. (b) The energy spectrum for Lieb lattice. Note the
presence of the flat band at the center of the particle-hole symmetric spectrum.

Carrying out the projections using the Lowdin’s method, the two subsystems are

22 L L
Heg sq(Eo) = B 2+ cos(k - Ry) + cos(k - Rg)] , (21)

which is the regular square lattice; and the other Hamiltonian is
I B t2 24 2COS(E- ﬁl) 1+ etk + e—ik-Re + etk (Ri—~F2)
eftxSa(B) = Eg \1+ e iR 4 oihBa  o=ik-(Ri-F2) 2 4 2cos(k - Ry) ’

(22)
which is also a square lattice with 2-atoms per unit cell, which we may refer to as the
extended square lattice. The lattices and spectrum of these two effective systems are
shown in Fig. It is worth noting that without the projection technique, one would
need to know the exact ratios of the nn and nnn hoppings to ensure the presence of the
flat band in the two band system. However, this technique ensures that the projected
systems already have the selected ratios to have the flat band.
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—~
[~}
S~—

E(k)E,/t*
E(k)Ey/t2

Figure 12: (a) and (b) The two subsystems (square and extended square lattices)
from projecting out the Lieb lattice. (c¢) and (d) The energy spectrum for the
respective subsystems. Note the presence of the flat band in the extended square
lattice.

Further, like we identified Hgg in Hs, one can identify the matrix Hgyx with
Hgx = (1 LR g e—z‘E-Rz) : (23)
which can be generalized to
Hsx = (tAB +iape R e+ fAce_iERQ) : (24)
We can now break the path-exchange symmetry in the Lieb lattice [see Fig. [13|b)] by
selecting the parameterization tac = (t — 0t) and tac = (t + 6t). We show in Fig. (d)

the spectrum of the exchange-broken Lieb lattice projected onto the extended square
lattice system which shows the isolated flat band.
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(d) (e)

Figure 13: Hoppings in the unit cell of the Lieb lattice with A being one system
and BC being the other. In situations (a) and (b), where the path-exchange
between the subsystems is preserved, the flat band degeneracy is not lifted de-
generacy, but it is in (c) where the condition is broken. (d) Isolated flat band in
the spectrum of the exchange-broken Lieb lattice and (e) the same but projected
onto the extended square lattice. Here, the exchange-breaking perturbation is
ot = 0.5¢.

s 6.2 Dice lattice and its projections

Figure 14: (a) Dice lattice with three atoms A, B, C in the unit cell and the
translation vectors Ry and Rp. (b) The respective energy spectrum with the flat
band as well as particle-hole symmetry.
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The Dice lattice [shown in the Fig. [14|(a)] has the following Hamiltonian:

HDC — _t 1 + eiE~E1 _|_ eiE'FEQ 0 0
1 +6iE-R1 + e—il;(ég—ﬁl) 0 0
(25)
where Ry = (1,0) and Ry = (%, \/7§> The two subsystems are the triangular lattice
42 [3 S S .
Heff,T(EO) = E_ 5 + COS(k‘ . Rl) + COS(]C . Rg) + COS(k‘ . (R1 — RQ)) (26)
0

and something which is a Graphene lattice with nnn and nnnn hoppings (which we may
call the extended Graphene lattice):

2 |h(l§)|2 e—z‘Eﬁl h2(E)
Heg vq(Ep) = — . . . , 27
i) (eZ’“'th*%k) ()P 0

Ey

where h(E) =1 + 67;];;'1'?1 + ei]_C:R'g‘

20 - 20-

15

B(k) By

Figure 15: (a) and (b) The two projected subsystems of the Dice lattice. (c)
and (d) Their respective energy dispersion. Note the flat band in the extended
Graphene.

We can now define the following matrix

Hpx = (th +thge R L8 pem R gl 42 e R 4 ticeik'(RrRl)) . (28)

22



491

492

493

494

495

497

498

499

500

502

503

504

505

506

SciPost Physics Submission

We can now break the path-exchange symmetry in the Dice lattice [see Fig. b)] by
selecting the parameterization tl, = (t — 6t),t3, = (t — 6t) and t3, = (t + t). We
show in Fig. d) the spectrum of the exchange-broken Dice lattice projected onto the
extended Graphene lattice which shows the isolated flat band.

Figure 16: Hoppings in the unit cell of the Dice lattice. A is one subsystem
and BC is the other. In the situations (a) and (b) the exchange-symmetry is
preserved and so is the flat band degeneracy, whereas in (c) it is broken and
the flat band degeneracy is lifted. (d) Isolated flat band in the spectrum of the
exchange-broken Dice lattice and (e) the same but projected onto the extended
Graphene lattice. Here, the exchange-breaking perturbation is 6t = t¢.

7 Flat band with Chern-Simons flux distribution

In this section we demonstrate that the properties we outlined above also apply to systems
with reduced translation symmetry such as in situations where the lattice is subject to a
flux ¢ = 27p/q per unit cell. Such a system is usually modelled as a Hofstadter problem
by attaching phases on the bonds such that when the pattern is extended to the entire
lattice one finds a unit cell that is enlarged g-fold.

First, let us note a feature of the projection of the subsystems. Although we introduced
the projection in the k-space, the same principles apply in the real space. This can be seen
by performing a unitary transformation from the Bloch basis to tight-binding basis. It is
advantageous to work in the real space as one would not have to worry about the unit-cell
enlargement due to the flux attachment to the bonds. For definiteness, consider again the
bipartite Hp lattice with atoms {Xj;,Y;} from one subsystem and {4;, B;, C;} in another
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subsystem, where 7 marks the unit cell. By a direct calculation it can be shown that if
one were to project out the XY subsystem then the effective hopping that is induced in
the ABC subsystem, say tpg (where P,Q € {4, B,C}), would be given by the sum of
products of hoppings taking P — {X,Y} — Q. In the Hj5 case every sum only consists
of one term such that tpg = tpxtxq or tpytyg. This means that the phase associated
with the effective bond PQ would be the sum of phases along the path from P to @ in
the original system.

O

Figure 17: The hoppings inside the unit cell of the Hj lattice, but with phases
¢1,2,3 attached as shown. Upon projecting out the XY subsystem, the effective
hoppings (dashed lines) acquire phases ¢ap Bc,CA-

Second, it is clear that since we started out with a bipartite system, we would end
up with a projected system with a flat band. However, it is interesting to observe the
situation depicted in Fig. where the parent system has phases ¢1, ¢2 and ¢3 attached
to the hoppings between the subsystems. Upon projection, using the result presented
above, we find that ¢ap = ¢1 + d2, dpc = ¢3 — @2, and pca = —¢d3 — ¢1. This results
in gap + ¢pc + dca = f[f dl = 0, i.e. the flux enclosed in the triangular regions is
zero. This is in fact the scenario that is predicted to happen for in a Kagomé chiral spin-
liquid which is modelled as fermions subject to a Chern-Simons (CS) field. Thus, the flux
distribution that is implemented by the projection technique naturally accounts for the
CS nature of the flux distribution and is probably a good tool to use to model systems
with CS fields. It follows from this that in a Maxwell-like flux distribution (where the flux
is proportional to the area enclosed, see Fig. , a flat band is not guaranteed. This is the
reason why lattices with Maxwell-like fluxes have dispersive bands (in general), whereas
those with CS-type fluxes can have flat bands. This comparison has been discussed in Fig.
4 of Ref. [27]. In that work, it was also pointed out that the flat band was gapped from
the other dispersive bands. This is now easy to understand ( e.g., see Fig. that the
path-exchange symmetry is broken due to the phase attachments, which isolates the flat
band.
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(a) Maxwell type flux distribution  (b) Chern-Simons type flux distribution

Figure 18: Under Maxwell type field, the flux is proportional to area whereas
in the CS case, the flux is concentrated in one region of the unit cell, with the
triangular parts having zero flux.

As an explicit example let us consider the case with ¢ = w. Here the unit cell is
doubled (¢ = 2). The Hamiltonian is given by

_ 0 HT
p=m _ GK
1= (g ). (2)
where -
1 0 0 e~k I2
0 e 7 e—iE-ﬁg 0
o 1 1 0
Hica==19 0 1 (30)
1 0 eR(Ei-R) 0
0 e—i7r 0 eil;(ﬁl—ﬁz)

and Ry = (1,0) and Ry = (1 ﬁ) The phase attachments are shown in Fig. [19| and the
band structure for the Hs system and the projected systems are shown in Fig. which
clearly show the isolated flat band. This feature remains for all values of ¢ € (0, 27).

Figure 19: Chern-Simons flux attachment prescription for ¢ = w. All the flux is
concentrated on the middle hexagon and the flux through the triangular regions
is zero. The unit cell is doubled. The purple lines indicate the hoppings in the
projected subsystem and each parallelogram formed by these lines is the original
unit cell. The pink lines represent the hoppings of the parent system. The arrows
indicate the phases, which are all zero except the three in purple and pink each
with (7, —m, 27).
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Figure 20: (a) Energy spectrum of Hs with CS field with flux ¢ = 7 (b) Energy
spectrum of Heg k. In both cases notice the flat band at £ = 0. We are only
showing the bands closest to the flat band.

8 Conclusion

Although there exist many works in the literature on designing systems with flat bands,
they suffer from one or many of the following shortcomings: the need for long-ranged
hoppings; the need for fine-tuning of parameters even with nn approximation; the need for
staggered fluxes. While these are all valid techniques, they could be seen as shortcomings
because implementing long-range hoppings is often a design challenge. So is fine-tuning
parameters of the Hamiltonian. Breaking a discrete symmetry such as the time-reversal
symmetry is certainly viable, however, generating staggered flux may not always be a
straightforward task. In this work, we proposed a straightforward design method based
on the bipartiteness of a system (which is not strictly necessary) and Lowdin’s projection to
generate flat band systems. In this prescription, we were able to identify that if there exists
a path-exchange symmetry in the bipartite system, with different sizes of the subsystems,
the flat band would appear degenerate with other dispersive bands. And by breaking
the symmetry, it is possible to isolate the flat band. We then showed that projecting
out various subsystems from this parent bipartite system still leaves behind a subsystem
with an isolated flat band. We demonstrated the verity of all the above points of the
prescription by applying it to the Hj lattice (from which we can project out the hexagonal
lattice and the Kagomé lattice: the latter having the spectrum of the former plus a flat
band), Lieb and Dice lattices (from which we can project out the square and triangular
lattices, respectively, and special lattices that share their respective spectra plus a flat
band). We also showed that relaxing the bipartite condition in the subsystem that is
being projected out still maintains the flat band. In this sense, we only need to couple a
non-hopping (or weakly hopping) system to a background system, which is smaller in size,
to get a flat band.

Apart from this main result, we even developed a special parameterization of the
Kagomé lattice to show that it is possible to devise flat band conditions, different from what
is already in the literature and showed that this construction is automatically implemented
if arrived at from the parent bipartite system. We even showed that starting from the
parent bipartite system, we can reproduce the conditions for the existence and isolation of
flat bands that were discussed previously in the literature (about staggered 7 fluxes
and inversion broken Kagomé [49]). Finally, we demonstrated that the existence of a flat
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band in the chiral spin-liquid state of the Kagomé lattice that originates due to coupling
to a Chern Simons like field is also consistent with the rules we identify in this work. This
also suggests that the Chern Simons type flux in lattices could be understood in terms of
Maxwellian flux coupled to bipartite systems.

We also believe that the prescription suggested here should be practically imple-
mentable in photonic-crystal lattices or even in cavity QED techniques such as in Refs.
[54,55]. Isolating the various subsystems can be done, e.g. simply by introducing appro-
priate onsite energies to split the subsystems in energy, and then tuning the energy scale
of any probe to be near the respective onsite energies of interest. This will a subject for
a future work.

There are several interesting avenues to pursue using this construction. It may be
possible to study the role of electronic correlations in Kagomé and Graphene by studying
them in the parent Hs system. Given that we have a systematic way to isolate flat
bands, it can serve as a test bench to investigate fractional Quantum Hall state formation
in the absence of a magnetic field. Further, it was stated in Ref. [41] that the band
touching was protected by topology in the Kagomé system. However, we have seen that
the band touching is protected by a path exchange symmetry in a parent bipartite system.
This could suggest a connection between topology and exchange-symmetries in a higher-
dimensional Hilbert space. It will also be interesting to explore the link between the
path-exchange symmetry and the Shubnikov groups as elaborated on in Ref. [52].
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APPENDIX

A Useful relations between matrix elements ¢;

There are a couple of identities involving the matrix elements of the Hamiltonian that can
be derived straightforwardly. For the parameter |r| < 1, we observe that

|&;|? = 2¢"[cosh h + cos(k - R;)],
and the quantity A = 2Re[a]a2d;] evaluates to

A=2[1+ (eh+e 2 Zcos (k- R;) +e 3.

Using these we arrive at the relation

Z|a2]2 3coshh+Zcos (k- R))].

Observing that both Y, |&;|> and A have Y, cos(k - ;) in them as the only k-dependent
term, it is possible to search for f that satisfies the flat band condition in Eq. by

equating their coefficients, which leads to f = 92¢~% cosh %
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If |r| > 1, then the identification 1= = e™" can still be made if h is extended to

the complex plane. In particular, we 1riz)rte that as |r| > 1, h acquires a step jump in
the imaginary part from 0 to +imw. The sign is ambiguous but this does not affect our
analysis and we shall stick to the choice of iw. That is, h — h. such that e Relll = ::jr—i
This extension to the complex plane also results in [e~"<]* = e~"<_ thus acting like a real

number. This ensures that all the above identities above are still valid with h — h.. In

ehe

he R .
that calse, the rliszﬂting parameter f is given by f = 2e” 2 cosh% = 2e” 2 sinh %,
—r —Reh,

where i =€

B Properties of non-square matrices

Consider a non-square matrix M, «,, with m > n for definiteness. Two square matrices
could be constructed from this: [MMT),5n and [MTM],%m. Now construct the square
matrix M,,xm, by padding m — n rows of zero to M. Then we have

MMT — <[MMT]an Onx(nfm) >

Onx(n—m) O(n—m)x(n—m)

and o
MM = MM,

From properties of matrices we have Det[M M|=Det[AMTM] which is the product of their
cigenvalues. Since MM explicitly has m —n 0’s as eigenvalues, and that this construction
is possible for any M, it follows that MTA and hence MM must have (i) the same number
of 0 eigenvalues; (ii) the same non-zero eigenvalues.

In other words, what we have argued is that for a non-square matrix M, x,,, MMT
and MTM have the same eigenvalues with one of them having |n — m| zeros as additional
eigenvalues.

C Identifying the path-exchange symmetry

Consider a generic flat band system generated based on a bipartite system whose subsys-
tems have size n X n and m X m with n < m. In such a system, there are m — n flat
bands at E = 0. This means that there are m — n additional redundant equations (rows)
in the system for any k. If the flat bands are additionally degenerate with any of the other
dispersive bands at a particular k-point, then at that k-point there must by additional
equations (rows) that are redundant. A redundant equation (row) can be reduced to a
scaled version of the other linearly independent equations (rows). For generic scenarios
in nn bipartite systems, it is sufficient to just look at the scaling property. In a bipartite

system of the form
: 0 Al
H — R nxm 31

all the information is contained in the block iLan, which has m equations and n unknowns.
If such a system has E = 0 solutions, then only n of these are linearly independent. If
one identifies r rows that could be scaled (we call them r zero rows), then linear algebra
dictates that there would be p = 2(r — [m — n]) + 1 degeneracies in the system. That is,
for every new row, we introduce two degeneracies. The factor of 2 arises from the fact
that each time we reduce a row in h, we reduce one in h' (this won’t be the case for
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non-bipartite cases as will be discussed shortly). To extract the physical meaning behind
this, note that each redundant row, if not trivially zero, is a scaled version of the linearly
independent rows. Since a given row in the h block contains the hopping from one atom,
say A, of larger subsystem to all the other atoms of the smaller subsystem, the redundancy
of another row would imply that another atom, say B, from the larger subsystem has a
scaled set of hoppings of A. That is, the set {AX;} and set {BX;} (where {X;} is the
set of atoms in the smaller subsystem) are related via {AX;} = o{BX;}. If AX; and

BX; are not trivial, then we can construct the set of ratios {g? }. A redundancy of a

row requires the set {g%} to be a unit set and we say that the paths from A and from
B are exchangeable. In simpler terms, for a bipartite system, for r path-exchanges we
would have 2(r — [m —n]) + 1 degeneracies. Thus, breaking/reducing the number of path-
exchanges would lift /reduce the degeneracies. In this sense r simply counts the number

of atoms in the larger subsystem that could be exchanged. If we now consider the system

. s 7T
= <§n><n hnxm) 7 (32)

thn O

where § is non-trivial, then for r path-exchanges, we would have p = (r — [m —n]) + 1
degeneracies. We lose the factor of 2 due to presence of 3.

As an example, consider the bipartite Hs lattice with m = 3,n = 2. Here the formula
that applies is p = 2(r — 1) +1 = 2r — 1. The number of reducible rows (r) can be 1 or 2.
Thus, we can have a degeneracy p of 1 (non degenerate) or 3 (triply degenerate) at E =0
or none. So, if the h block looks like

i t% B
t3 t4€ik'R1 R (33)
t5 tﬁeiE'EQ

the case with two path-exchanges would look like

A , and - =2 (34)
t1 to to ty

then p = 2(2 — [m — n]) + 1 = 3, a triple degeneracy. Because the hoppings are real,
this condition is only satisfied at the I'-point (k = 0). Breaking any of the path-exchange
reduces the degeneracy by 2 and hence removing the degeneracy in this case.
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