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Abstract

We explain how to apply a Gaussian-preserving operator to a fermionic Gaus-
sian state. We use this method to study the evolution of the entanglement
entropy of an Ising spin chain following a Lindblad dynamics with string mea-
surement operators, focusing on the quantum-jump unraveling of such Lind-
bladian. We find that the asymptotic entanglement entropy obeys an area
law for finite-range string operators and a volume law for ranges of the string
which scale with the system size. The same behavior is observed for the
measurement-only dynamics, suggesting that measurements can play a lead-
ing role in this context.
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1 Introduction

Understanding the role of entanglement in quantum many-body systems is a subject under
intensive study [1,2]. While the ground-state entanglement properties have been widely
investigated and are relatively well understood, there are still several open questions re-
garding the stabilization of quantum correlations during the non-equilibrium dynamics.
By exploiting a quasi-particle description it has been shown that in integrable systems,
after a sudden quench, the entanglement entropy linearly increases in time, and eventually
settles to a stationary value which linearly scales with the system size (volume-law scal-
ing) [3,4]. A similar volume-law scaling occurs in ergodic short-range systems [5], while
in the presence of a strong disorder the situation is more involved, due to the appearance
of many-body localization (see Ref. [6] for a review).

A natural extension of the above scenario is for a quantum system coupled to an
external environment, a setup which is crucial to applications in quantum technologies
and quantum computing, since any experimental platform is subject to noise-induced
decoherence [7,8]. In the hypothesis of weak and Markovian coupling with the bath, a
good modeling for this setup is to assume the evolution of the reduced density matrix of
the system to be ruled by a master equation in a Lindblad form [9]. The system-bath
framework can be also interpreted as a process in which the environment behaves as a
classical stochastic process performing random measurements on the quantum system [10,
11]. The outcome of any realization of this process is a pure-state stochastic quantum
trajectory and the density matrix obtained by averaging over such trajectories obeys a
Lindblad-type dynamic evolution [12,13].

Here we are interested in the so-called measurement-induced phase transitions (MIPTs),
i.e., in the possibility to develop discontinuities as in the asymptotic entanglement prop-
erties that emerge from the interplay between the unitary dynamics (typically generating
entanglement) and the measurement processes (typically destroying it). This kind of tran-
sitions have been first proposed and studied in unitary random circuits undergoing random
measurements (see, e.g., Refs. [14-22] and citing references), which may display a transi-
tion between a phase in which the entanglement grows with the system size and another
phase where it undergoes a saturation to a finite value (area-law scaling). Similarly, MIPTs
may also arise in free-fermion random circuits with temporal randomness [23], Majorana
random circuits [24,25], Dirac fermions [26], and other Hamiltonian models undergoing
random measurements at discrete times [27-30]. When measuring string operators, MIPT's
can occur in the presence of a measurement-only dynamics, without the interplay with
the Hamiltonian [31,32].

Recently, an increasing number of works have been focusing on MIPTs in fermionic
systems described by quadratic Hamiltonians on a lattice, undergoing quantum trajectores
under the action of random measurements of onsite quadratic operators [33-45]. One of
the reasons of this interest relies in the Gaussian structure of the states of such systems
that, being entirely determined by two-point correlation functions, are suitable for a semi-
analytical treatment up to large lattice sizes (of the order of hundreds of sites) [46-50]. In
particular, it has been found that the asymptotic volume-law scaling of the entanglement
following a unitary evolution [51,52] is unstable under local measurements, independently
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of the measurement strength [33,35], and a MIPT may emerge. For example, the Ising
chain exhibits a size-dependent crossover towards a subextensive or an area-law entangle-
ment regime, depending on the system parameters, as well as on the measurement rate
and the type of unraveling [36-40]. In a version of this model with temporal noise also
in the Hamiltonian, this crossover has been analytically proved to be a true transition by
means of the replica method [53]. In the same context of monitored fermionic models, a
couple of recent works pointed out the importance of having long-range interactions to
stabilize larger amounts of entanglement, if the system undergoes random onsite measure-
ments [42,43] (see [54,55] for a similar phenomenon in quantum circuits).

Inspired by these latter findings, here we follow a complementary strategy and address
the role of non-local string measurement operators in the dynamics of entanglement for a
quadratic Hamiltonian system. The purpose of this paper is twofold. On the one hand,
we collect and review all the technical details to implement the dynamics of Gaussian
states in the presence of Gaussian-preserving measuring operators. On the other hand, we
discuss the effect of non-local measurement operators on the dynamics of the entanglement
entropy, while keeping the Hamiltonian with short-range interactions. To this aim, we
implement a quantum-jump unraveling of the Lindblad dynamics [9, 10] for the Ising
chain (mapped to the fermionic Kitaev chain) using strings of Pauli matrices as Lindblad
operators (mapped to non-local two-point fermionic operators). The main result is that,
when the string range r is comparable with the system size L, contrary to what happens in
the presence of local jump operators, the measurement process can stabilize an asymptotic
volume-law for the entanglement entropy. As a consequence, a MIPT is conjectured as a
function of r. Quite interestingly, the same qualitative conclusion applies if we switch off
the Hamiltonian and consider a measurement-only Lindblad dynamics induced by string
operators, similarly to what has been studied in Ref. [31] for measurement-only models
with nonlocal measurements of Pauli strings.

The paper is organized as follows. In Section 2 we briefly review the theory of quadratic
fermionic Hamiltonians on a lattice. In Section 3 and Appendix A we present the tech-
nical details required to implement the dynamics of a Gaussian state under the effect of
Gaussian-preserving exponentials of quadratic operators. We first set the general frame-
work, and then shed light on the dynamical equations and on the normalization of the
state. In Section 4 we apply such a machinery to string operators, a particular class of
operators which generalize the one discussed in Ref. [38,39]. Subsequently, in Section 5 we
present and discuss numerical results for the Ising chain with non-local string measurement
operators. Finally, our conclusions are drawn in Section 6. The other appendices contain
some details on the quantum-jump measurement protocol (Appendix B) and an alternative
approach to determine the evolved state with the string operator (Appendix C).

2 Fermionic Gaussian states

We consider a generic free-fermion system on a lattice with L sites, described by the
quadratic Hamiltonian

L
i =3 (Qigéles + Pyelel +ne.), (1)
ij=1

(t)

where ¢; denotes the anticommuting annihilation (creation) operator on the j-th site.
To ensure the Hermiticity of H, the coefficient matrices obey Qf = Q and PT = —P.
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In this context, a Gaussian state has the generic form !

o) =Nex {3 > 2yl beif 1o, 2)
with

7 = —(uT)_l ol (3)

and N a normalization constant. Here v and v are L x L matrices that obey the following
symplectic unitarity conditions

ulu+olo=1, uvl +v*ul =0, (4)

where I denotes the L x L identity matrix. These conditions are equivalent to say that

the matrix
u v
= (2 o) ®

is unitary and preserves the fermionic anticommutation relations: In fact it defines a new
set of fermionic anticommuting operators

"AY/-@:Z(U C]—i-’l)jﬁ ;) ) (6)
J
that enjoy the property

i |¥) = 0, Vee{l,..., L}, (7)

meaning that 1) is the vacuum of the 4 fermions, |¢)) = |0); (the matrix U is the so-called
Bogoliubov transformation. For more details see, e.g., Refs. [50,56]).

We remark that, because of the fermionic nature of the é-operators, the matrix Z
in Eq (3) is antisymmetric, as can be proved by exploiting Eqgs. (4) [56]. In this con-

text, the Nambu spinor notation is useful. Defining ¥ = (¢, - - ,éL,éJ{, e ,éTL)T, and
&= (3, ,’)/L,ﬁlir, e ,’y};)T, one can rewrite Eq. (6) as
=UTw. (8)

The state in Eq. (2) is Gaussian, enjoys the Wick’s theorem, and thus it is completely
determined by two-point correlation functions. Using Eq. (7) one can show that these
correlation functions have a simple expression in terms of the U matrix:

Gij= <CT &) = [v ”T]i,y Fij={&¢)=[v “T]i,j' (9)

An important case where the state has the Gaussian form in Eq. (2) is the ground
state of the Hamiltonian (1). The Hamiltonian reads

H=-U"HU +const., with ]HI-( @ P ) (10)

The 2L x 2L Hermitian matrix H is called the Bogoliubov-de Gennes Hamiltonian matrix,
which can be diagonalized through the implementation of a Bogoliubov transformation

N | —

!Hereafter we omit extrema in all the summations running from 1 to L.
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U of the form (5), such that UT'HU = diag [wy, —Wg k=1, 1. The above transforma-
tion defines a new set of fermionic quasi-particles 4, [Eq. (6)], according to which the
Hamiltonian of Eq. (1) can be written as

H= Zw,{ﬁ% + const. . (11)
K

Its ground state is a Gaussian state of the form in Eq. (2), that corresponds to the vacuum
of the 4, operators [see Eq. (7)].

We note that the above formalism can be easily generalized to the case of time-varying
coefficients Q; j(t) and P; ;(¢) in Eq. (1), by admitting a time dependence of the Bogoliubov
transformation matrix U = U(t). Moreover, as we shall see below in Section 3, the form
of a generic Gaussian state Eq. (2) is preserved by the application of the exponential of
any operator quadratic in the ¢ fermions.

3 Evolving Gaussian states

We now discuss the evolution of a generic Gaussian state |1) under the effect of an operator
of the form
M(s) = e*4, (12a)

being s € R, £ = {1,i}, and

flzZ( Z]clc]%—O”lJ—i—h(:) (12b)

a generic Hermitian quadratic operator. For simplicity of notations, we assume all coeffi-
cients in A to be real, but our analysis can be easily generalized to the complex case.

Due to the fermionic anticommutation rules, we have DT = D, OT = —O. Notice
that, if & = ¢, the operator in Eqgs. (12) describes the real-time evolution according to
a (pseudo)-Hamiltonian A. On the other hand, if ¢ = 1, it describes an imaginary-time
evolution (related to the construction of the thermal ensemble at inverse temperature
B = 1/s), that can be thought of as the analytic continuation of the purely imaginary
evolution. As discussed in Section 4, in some particular cases, the action played by such
kind of operator on a given state can be intended as part of a measurement process.

In what follows we discuss how to evaluate, for any (real) symmetric A operator, the

s-evolved state )
Wh(s)) = M(s)[¢) ,

taking as initial state 1)) a generic Gaussian state of the form (2). In Appendix A we
show that, because of the quadratic structure of A, the state [¢)(s)) keeps the Gaussian
form of Eq. (2):

() cexp {3 > Zoats )éhip o, (13

with
2(s) = = [ul(s)] " vi(s) (14)
and u(s), v(s) submatrices of the s-evolved Bogoliubov matrix U(s). In the next Subsection

we are going to show how to evaluate the matrix U(s) (an alternative derivation is provided
in Appendix A).
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3.1 Bogoliubov matrix evolution

To characterize the evolved state |1(s)), one only needs to know how the Bogoliubov
matrix U(s) evolves with M (s). Exploiting the identity [M(S)] 1= M (—s), we can write

[(s)) = M (s) [9) o 2 NI (5)|0),, (15)
where |1) is a generic Gaussian state given by Eq. (2). The operator
1 . .
=52 Zpath(s) () (16)
P,
is defined through the evolved fermions
& (s) = M(s) elD M(—s), (17)

obeying anticommutation relations {éq(s), é;(s)} = 0pq. Note that, for £ = 1, the trans-
formation M (s) is not unitary and the conjugation operation does not commute with the
evolution one, hence é:g(s) # [M(s) Cq M(—s)]T. Since M (s)|0), o |0),, to determine the
evolved state, one has to calculate Z (s). This can be done by evaluating

95 (s) = € M (s) [A, D] M(-s). (18)
Given the quadratic structure of the operator /1, the above commutators read
[A’ é;” = 2 Z (Di,q éj + Oy, éz’), (19a)
[Aeg) = =2 (Digéi+0g:¢l). (19b)
Therefore
856:;(5) = 28 Z q,i Cz D; q éj(s)), (20&)
Dsq(s) = —2¢ Z Dig &(s) + Ogi ¢l(s)). (20D)

At this point, we make the Ansatz that the fermionic operators depend on s only
through a Bogoliubov-like matrix

|

uev(s)

B(s) = U™ (s) B, with UeV(s):<vev(S) u8> (21)

The expression for the submatrices of the UV (s) is given in Eq. (29). Note that, while for
& =i one has u®(s) = [u®(s)]* and v°V(s) = [v®V(s)]* (so that U®¥(s) is a true Bogoliubov
transformation), in general this is not true.

The above Ansatz is equivalent to assume that the s-evolved state |¢(s)) is a Bogoli-
ubov vacuum 4,(s) [¢(s)) = 0, Yu. By substituting this Ansatz in Eq. (20), we obtain a
set of differential equations for the elements of the evolved matrix:

Osuly,(s) = —QgZ(Dq,ium(sHow v (s)), (22a)
Ostgy(s) = —2¢ Z Dq,i 07y,(5) + Ogi Ui (s)), (22b)
Ouh,(s) = 2€ Z 5) + Oq,i u¥,(5)), (22¢)
Ostigy,(s) = 252 Uy, (8) + Ogi 5),(s)), (22d)
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with the initial condition: g’ (0) = [ug",(0)]" = ug ., and vg¥,(0) = [07Y,(0)]" = v . In a
compact form, these equations read
AU (s) = —26 AU (s), with A= (_IO) _g) : (23)
being DT = D, O = —O. This leads to the formal solution
U™ (s) = e %A 1. 2 (24)

The matrix UY(s) is not a priori characterizing a fermionic state in that it should be
unitary, to guarantee the normalization of the state, and should obey Egs. (4), to impose
the anticommutation relations for the ¥(s). While the former requirement is automatically
fulfilled for £ = i (because of the unitarity of the evolution operator), in the case £ = 1
it must be forced by performing a QR-decomposition, as discussed in details in the next
subsection. Once the unitarity of the matrix is imposed, Eqs. (4) are satisfied if the
Bogoliubov matrix preserves the symplectic structure of Eq. (6), and this happens for A
being Hermitian.

By substituting the normalized s-evolved Bogoliubov matrix in Z(s) [cf. Eq. (14)], we
obtain the expression for [¢(s)). If the above conditions are satisfied, this is a Gaussian
fermionic state, as the one in Eq. (13). A more detailed discussion about this point is
provided in Appendix A.

3.2 QR decomposition

We now discuss how to restore the unitarity of the s-evolved Bogoliubov matrix U (s),
when considering a norm-non preserving evolution with £ = 1, that is in general obtained
by QR-decomposing the s-evolved Bogoliubov matrix U¢V(s). This procedure keeps the
Z(s) matrix in Eq. (14) — and then the Gaussian state — invariant, as we are going to see
below. Nevertheless, it is necessary to apply the known formulae [56] for evaluating the
entanglement entropy and the local observables.

The QR-decomposition is a procedure that allows one to decompose a generic matrix
as K = UgR, with Ug a unitary matrix and R an upper triangular one. In what follows,
we provide an argument to show that, if A= flT, the unitary matrix obtained by QR-
decomposing the s-evolved Bogoliubov matrix U®Y(s) describes a fermionic state, i.e., it
has the symplectic form of Eq. (6). The straightforward way would be to check it by
construction, a procedure that requires some involved calculations. Here we choose a
different strategy. Since R is positive definite (we have checked it numerically), the QR
decomposition must be unique. Therefore, we assume Ug to have the right structure and
then we show that it exists a decomposition that is compatible with this assumption.

Let us consider a symmetric operator A defined in Eq. (12b) and the associated coef-
ficient matrix A defined in Eq. (23). Because of the symmetries of D and O, we have that
{D,0} = 0.3 We notice that

X2n 0
2n : 2 2 N2
A = ( 0 Xgn), with X2 = D? — O (25)

By exploiting the block diagonal form of Eq. (25) and the identities

i s — cosh(z), i 2 _ sinh(z) (26)

;=
ot — (2n+1)! x

2For s = it and A = H, it returns the usual Hamiltonian time evolution of the system [56].
3This simply follows from the fact that ({D,0}) = —{D,O}. Being D and O real matrices, it implies
that the anticommutator vanishes.
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we can write

oens _ = [(—26A8)P —26As (—26As)™ ] (ch'(s)  sh(s)
e = Z{ (2n)! * (2n+1)! ] N (—sh(s) ch‘(s))’ (27)

n=0
where, for shortness of notation, we have posed
ch®(s) = I cosh(—2¢Xs) + D sinh(—2¢Xs) X!, sh(s) = O sinh(—2¢Xs) X 1. (28)
Notice that [ch*(s)]T = ch®(s), while shf(s) = —sh(s). Moreover, since {D,0} = 0, we
have [D, ch®(s)] = [0, ch*(s)] = 0 and [D, sh(s)] = [0, sh(s)] = 0. This means that
u®(s) v%V(s) ch(s)u+sh(s)v  cht(s)v* +sh(s)u*
ev —ev = - % - w |- (29)
vV (s) w®v(s) —sh(s)u+ch™(s)v —sh(s)v* +ch™(s)u
We can QR-decompose U (s)
U(s) = U(s) R(s), (30)

making the Ansatz that the U(s) preserves the symplectic form of Eq. (6), so that (30)
can be rewritten as

<ueV(S) ) _ <U(S) v*(S)) <T1(8) 7“3(5)) (31)
vV(s) uv(s) v(s) u*(s) 0  ros))’

In what follows, we show that there exists a decomposition compatible with this Ansatz,
by imposing Eq. (4) and that, because of the unicity, it must be the only possible. Let us as-
sume to have derived 71 (s) by construction. We can explicitly write U(s) = U®¥(s)R(s) !,
exploiting the fact that the inverse of an upper block triangular matrix remains an upper
block triangular matrix:

<u(5) Z:(S)> B <ueV(s)r;1(s) ZQV(S)T:? 1(s)+vev(8)?’:§ 1(5>>. (32)

<
a@
<
—
»
~—

We can substitute these expressions in Eq. (4) to obtain
-1 —ev ev —~ev ev -1
ulu +vlo = [r](s)] <[u 17 (s)u (s) + [0°V]7 (s) v (s)) [ri(s)] =1. (33)

Since [a®V]T (s) u® (s)+[v°V]7 (s) v*¥(s) = I, the above equation provides a relation between
two of the blocks of the matrix R(s):

ra(s) = [ (s)] . (34)
By imposing the second constraint in Eq. (4), we find the relation for r3(s)
ra(s) = —rf (] (5) 5 () + BT () 1 (9)) (i (s) u () + [0 () (9))- (35)

As a last comment we notice that the matrix Z(s) in Eq. (14) — and then the Gaussian
state — are left invariant by the application of the QR decomposition:

Z(s) = [ul(s)] " o(s)T = {[u(s) 7 (s)] T [0 () )] = (T ()} T [0V ().
(36)
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4 Number-preserving operators

We now consider a generic number-preserving operator
Arg =3 e (37)
i€l jeJ
where Z, J are two sets of indices labeling certain sites on the system, and apply
MLJ = eﬁAI’J (38)

to a Gaussian state. We focus on this particular example of the theory presented in
Section 3.1, since it generalizes the construction discussed in Ref. [38,39]. By exploiting the
anticommutation relations, it is possible to show that A7 ; = a" 1Az 7, witha = |ZNJ].
In fact

Ay o= D0 Y dedfem= D (elejim+ eejemd])

i,leL j3meT i,lel j3meT
- Z Z [C &361m + 3¢} (é56m + Cmca)cz} IZNJ| Z ZC ¢, (39)
i,l€T jmeT i€l jeT

where the last equality holds, since J and m run in the same set. Therefore, if ZNJ = @,
we have AI 7 =0and My J= 1+ Az .7, Where 1 denotes the identity operator. Otherwise

ﬁAI BAz )™ o (%P ~1)Az 4
M S N 4
I.J = E + " (40)

In what follows, without loss of generahty, we set = log(a+1)/a, so that ML 7= i—i—/lL 7
reduces to that studied in Ref. [38,39] for Z = J = {i}. As discussed in Appendix B, the
application of such a MI’ 7 can be thought as the measurement step of a quantum-jump
dynamics.

We want to evaluate the effect of this operator on a Gaussian state

[y, , = Mzg ) = 1+ Azg) 14) . (41)

Following the procedure discussed in Section 3.1, we write the evolved state as
]1/J>MZJ X exp { Z Zpq k;, k;} 0), (42)

where we introduced the transformed fermionic operators l%(gﬂ = MI, J é((;r) Mf \17 By

exploiting the fact that MI_ \17 =1—(a+ 1)*112117 7, we derive the exact expression of kM

Kyo= e+ 0g el (43a)

jeg i€
ky = é—(a+1)" 25‘11261 (43b)
jeJ €L

This leads to the following expressions for the evolved Bogoliubov matrix:

uf}f’uzuq (a+1)" Z(qu Zuww uqu q;f“Zé a.j Zuwa (44a)

JjeTJ 1€ Jj€ET €T

—ev __ * ev __ . .

vy, = vq“ (a+1)" E dq.5 E Vi o Vg = Vgt g 0q.j g Vi (44b)
JjeET 1€T jeTJ i€l

As discussed in Appendix C, an alternative derivation can be obtained from the evolved
antisymmetric matrix Z.
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4.1 Local operator

The above results can be applied straightforwardly to local (1) operators, as for the one
used in Ref. [38,39], Al .7 = i = cTcz, such that Ml = los@A' — | 4 éjéz The
Bogoliubov matrix, evolves according to Egs. (44), Wthh read

v, 1 v
ugy = (1 — Og,i/2)Uq,ps “g ul (1 + 8g,i)uq AL (45a)
ﬁg?;il =(1- 5%%’/2)”;#7 ”g,vﬁl = (L + 84,i)vg,pu- (45b)

This evolution is implemented by applying to the U a block-diagonal matrix T with entries
Titritr = T* = 2 (see Eq. (1) of Ref. [39]).

4.2 Two-site operator

We now consider a non-local (nl) operator with support on two sites (Z = J = {3, j}):
RN

AIJ = (ci + cj) (ci + cj), (46)
. » 10g(3) An A 2 . .. .
Since = |ZNJ| = 2, we have Miﬂj e +A§lj. Without losing in generality,
in the following we will focus on one dimensional systems and set j =i + r (with r > 0).
As we shall see in the next Section, a measurement operator as the one in Eq. (46) may
unveil a richer physics than local ones. In fact, in the spin-1/2 language, it corresponds to

a string operator. The evolved Bogoliubov matrix can be derived from Eqs. (44) which,
in this case, read

ugh™ = g — 30+ Ogigr) (Ui + Uigrp), (47a)
o = ”3 i = 5(0qi + 0qirr) (VF, + 04 ), (47b)
ﬂZYﬁnl - + (0,0 + Og,ir) (U + Uiy r ) (47¢)
“S,V;lnl = g+ (0gi + O itr) Wiy + Vigrp)- (47d)

5 Quantum jumps with string operators

In this section we use the machinery presented above to describe the evolution of a quantum
Ising chain under the effect of a quantum-jump dynamics generated by Mfl 7 [cf. Eq. (46)
and below|, with emphasis on the evolution of the entanglement entropy.

We consider the Hamiltonian

H=-JY 6767,-hY 6, (48)
J J

where 6§ (o = ,y, 2) are the usual spin-1/2 Pauli matrices acting on the j-th site, while
J > 0 denotes the ferromagnetic spin-spin coupling and h the transverse magnetic field.
In the thermodynamic limit, the ground state exhibits a zero-temperature continuous
transition at |h/J| = 1, separating a paramagnetic (symmetric) phase, for |h/J| > 1,
from a ferromagnetic (symmetry-broken) phase, for |h/J| < 1 [57,58]. Through a Jordan-
Wigner transformation [59, 60], the Ising model (48) can be mapped into the so-called
Kitaev chain

i o=-03 (e +elel, +he) —2n 3. (49)
j J

10
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This Hamiltonian is of the form (1), with
Qjj=h Qjjr1=Qjn,;=-J/2, Pjjp=-Pi;=-J/2. (50)

Hereafter we work in units of A = 1, set J = 1 as the energy scale, and assume periodic
boundary conditions for fermions.

We implement the quantum-jump protocol described in Appendix B on the fermionic
model above, by initializing the system in the ground state of the Hamiltonian (49) with a
given value of h and then Trotterizing the time evolution in steps 6t o< (4N~)~!, to ensure
convergence, being v the strength of the measurements. The emerging dynamics is one of
the possible unravelings [10] of the Lindblad master equation [9]

p(1) = =i[H.p(0)] =73 (A0 Aj(r) = §{A3(r). 0 ) (51)

being A;(r) = (é; + é;,ﬂ,)(éj + éj4r) the same operator as in Eq. (46), with i = j +r. 4

In the spin language, this operator is a sum of strings of Pauli matrices, of length r:

n=Tloior Tov ot + TLoioi oo + 45 405 -2, 62)

k<j k' <j+r k<j+r k'<j

with &j.[ =0 =+ ic}é’-’. Hereafter, we refer to it as the string operator.

We point out that our framework is similar to the one presented in Ref. [31], although
with some important qualitative differences. The former is described by a random sequence
of stabilizer-formalism measurements of Pauli string operators. These operators have a
fixed range r and are taken from a random distribution of strings, located around different
sites, and made of different sets of onsite Pauli operators.

In this work, in contrast, we are following an unraveling of the quantum master equa-
tion Eq. (51). As detailed in Appendix B, we apply random quantum-jump measurements
of string operators 1+ A;(r), located at different sites, but with the structure fixed as the
one in Eq. (52). This is sufﬁcient to achieve a measurement-induced nontrivial dynamics,
with important consequences on the entanglement generation.

It is important to emphasize that the operators 1 + flj(r) have the exponential form
given by Egs. (38) and (40) (see also Sec. 4). In this way, the state keeps its Gaussian
form under the application of the quantum jumps, and a numerical analysis of quite large
system sizes is possible.

5.1 Entanglement entropy

Let us focus our attention on the entanglement entropy. Given a pure state |¢), there
is an unambiguous way to quantify its quantum correlations. We divide the system in
two subchains, one with length ¢ and the other with length L — £. After evaluating the
density matrix py = Try_, Uw> (1/1]] reduced to the subsystem ¢, the entanglement entropy
is quantified by its von Neumann entropy [7,8]:

Selpe] = —pelog pe. (53)

For the Ising model we are discussing herewith, it is known that after, a sudden quench in
a purely Hamiltonian dynamics, the entanglement entropy approaches a stationary value
that increases linearly with ¢, thus obeying a volume-law behavior [3,4]. As discussed
in Refs. [33—40], this dynamical volume law is generally destroyed by any arbitrary small

(T) = &b

&, forany j+r > L.

4Note that, with our convention for the boundary conditions, we have ¢ ¢;
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local weak measurement process. In this scenario, the asymptotic entanglement entropy
is conjectured to exhibit either a logarithmic scaling or an area-law behavior, depending
on the strength of measurements and of the Hamiltonian parameters. We are going to
show that the situation is quite different for the case of the nonlocal operators defined in
Eq. (52).

In practice, to avoid spurious contributions from classical correlations, we evaluate
Eq. (53) on each stochastic quantum trajectory |¢;) (defined in Appendix B), and then
average over different stochastic realizations. > For simplicity of notation, we denote the
ensemble-averaged entanglement entropy as

Se(t) = (Se[pi (D)), where N () = Trp—g[Jue) (vel], (54)

and where the symbol <<>> denotes the average over different stochastic realizations.
We also define the asymptotic entanglement entropy as

T
Sy = lim dt'Se(t'). © (55)
T—o0 t*
We remark that, in all the simulations shown here, we keep fixed the partition to £ = L/4
and study the scaling with L. Below we present two different scenarios: the measurement-
only dynamics (Section 5.2) and the full quantum-jump dynamics (Section 5.3).

5.2 Measurement-only dynamics

We first neglect the Hamiltonian contribution, i.e., we implement the quantum-jump pro-
tocol described in Appendix B with H = 0. The Hamiltonian is only used to set the initial
state as its ground state with A = 0.5. However, we have carefully checked that this choice
does not affect the asymptotic values of Sy(t), but only the transient dynamics. © The
measurement-only dynamics allows to isolate the effects of measuring the string operators,
without considering the interplay with the unitary dynamics.

The upper panels of Figure 1 report the ensemble-averaged entanglement entropy Sy(t)
versus the rescaled time ¢, for three ranges of the string measurement operator: r = 1
(panel a), r = 4 (panel b), and r = L/2 (panel c), and for different system sizes L. For
r = 1, the measurement-only dynamics cannot generate entanglement and the system sta-
bilizes on a low-entangled asymptotic state. This is confirmed by Fig. 1(d), that shows the
behavior of the asymptotic entanglement entropy Sy versus L, which tends to saturate to
a constant value, thus obeying an area-law behavior. As expected, this result is analogous
to the case where onsite operators are measured [38,39].

When the correlation range of the dissipative string operator is increased, as for r = 4,
we may identify three regimes: the short-time transient, the metastable plateau, and the
asymptotic dynamics. At short times the entanglement entropy [cf. inset of Fig. 1(b)] grows
to reach a maximum, that saturates to a constant value for large L. This is clarified by the
red curve in Fig. 1(e), showing the maximum value of the entanglement entropy versus
the system size (notice the logarithmic scale of the z-axis). After the initial transient,
the entanglement entropy attains a metastable plateau where the entanglement entropy
exhibits an area-law behavior [green curve in Fig. 1(e)]. Finally, in a time 7 ~ L2, the

5For details on how to evaluate the von Neumann entropy of the reduced density matrix of Gaussian
states see, e.g., Ref. [56].

6Ensemble—averaged entanglement entropies have then been obtained with Navg = 102 different quantum
trajectories. Subsequently, to perform time averages, we fix a given evolution time 7" and average in the
interval ¢’ € [0.7T, T).

"Note that the perfectly paramagnetic state with spins pointing along the z direction (h = co) is a dark
state of the dissipation, therefore, initializing the system close to such state leads to slower convergence.
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Figure 1: Top panels: plots of Sy(t) versus the rescaled time ~¢, during the
quantum-jump process with H = 0. The different panels refer tor =1 (a), r =4
(b), and r = L/2 (c). The various curves are for different sizes L [see color code
in (a)]. The inset in (b) is a magnification at small times, where a maximum
emerges in correspondence of the vertical dashed line. Bottom panels: scaling of
Sy versus L, for r =1 (d), r = 4 (e), r = L/2 (f). The three curves in (e) refer
to the short-time peak (red), the metastable plateau (green), and the long-time
value (blue). The dashed line in (f) extrapolates to the asymptotic value for
L — oo.

entanglement entropy approaches a non-vanishing asymptotic value still obeying an area
law [blue curve in Fig. 1(e)].

This scenario dramatically changes when r is forced to be a thermodynamic fraction
of L (e.g., r = L/2): In that case, the measurement-only dynamics leads to a stationary
state, whose entanglement obeys a volume-law behavior. This is clarified by Fig. 1(f),
which shows the rescaled asymptotic entanglement entropy S;/L versus L~!. In this plot,
the saturation of Sy/L to a finite value for L=! — 0 clearly suggests a linear growth Sy o L
for large system sizes.

5.3 Effect of the Hamiltonian

We now switch on the Kitaev Hamiltonian H and follow the full quantum-jump dynamics
for h = 0.1, starting from the ground state with h; = 0.5. As for the case with no
Hamiltonian, we have checked that the asymptotic values reached by the entanglement
entropy are independent of h;, while they may depend on h (although the qualitative
behaviors with L are unaffected by this choice).

Figure 2 displays Sy(t) versus vt (upper panels) and the asymptotic value Sy versus
L, for the three ranges of r = 1 (left) » = 4 (middle), and » = L/2 (right). In panel (a)
we show the local case »r = 1. The long-time averaged entanglement entropy attains a
stationary value which is almost independent of L, as clearly visible from Fig. 2(d), thus
reflecting an area-law behavior. Such value is generally larger than the one obtained in the
measurement-only dynamics, without the entangling action of H [compare with Fig. 1(a)].

In Fig. 2(b) we show the case r = 4, which displays a convergence in time faster than
that for a measurement-only dynamics [compare with Fig. 1(b)]. The asymptotic data in
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Figure 2: Same plots as in Figure 1, but in the simultaneous presence of the
Hamiltonian and the string measurement process. We observe qualitatively sim-
ilar behaviors, although with different time scales. Here we fix v = 0.5, h = 0.1,
and start from the ground state with h; = 0.5.

Fig. 2(e) (z-axis in logarithmic scale) suggest that Sy initially grows sub-extensively with
L, to eventually attain an area-law regime. Physically, this can be understood by the fact
that for L much larger than r, the dissipation becomes effectively local and the extensive
growth is destroyed.

In contrast with that, if the range r of the jump operator is comparable with the total
size L, the measurements can stabilize a volume-law scaling of the entanglement, as we
can see in Fig. 1(c), that refers to r = L/2. Here Sy increases in time and quickly attains
an asymptotic value that follows a volume-law scaling [see the data in Fig. 1(f) for Sy/L
versus L~!, which display convergence to a finite value, in the L — oo limit].

6 Conclusions

We have unveiled some aspects of the entanglement-entropy dynamics of fermionic many-
body Gaussian states, in the presence of a Gaussian-preserving evolution, with a special
focus on the possible emergence of measurement-induced phase transitions in such systems.
The first part of the paper presents a detailed technical discussion on how to maintain
and treat Gaussianity, when exponentials of quadratic fermion operators are applied to
a Gaussian state. Our purpose is to provide the reader with a comprehensive guide to
implement fermionic Gaussian evolutions and study the dynamics (not necessarily unitary)
of such systems. Among all the possible treatable evolutions, we focused on the quantum-
jump unraveling of a Lindblad dynamics induced by a particular class of quadratic fermion
operators, having a simple definition in the fermionic language, but a non-trivial string
structure in terms of the Pauli matrices. We called them string operators.

In the second part of the paper, after having derived the equation of motions for
a quantum-jump dynamics induced by the string operators, we have solved it for the
quantum Ising chain, focusing on the time behavior of the entanglement entropy. Our
main result is that the scaling of the entanglement entropy with the system size L strongly
depends on the range 7 of the string operators. For short strings (r finite), we see that the
asymptotic entanglement entropy obeys an non-extensive scaling behavior. In this case,
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the measurement operator is effectively local in space and thus it asymptotically destroys
quantum correlations that may be generated by the unitary dynamics. For string ranges
comparable with the system size (r ~ L), the measurement process may become highly
entangling and is able to stabilize a volume-law scaling in the asymptotic entanglement
entropy.

Remarkably, the picture above is valid both for a measurement-only dynamics and
for a dynamics where also the effect of a short-range Hamiltonian is considered. So,
the measurement dynamics of the string operators is strong enough to induce different
entanglement scalings by itself.

A natural extension of our work could be to understand how the MIPT scenario would
change in the mutual presence of unitary dynamics and long-range measurement operators
(e.g., by considering some power-law decay of dissipators with the distance). It would be
also interesting to go beyond free-fermion models and address the role of interactions in
the entanglement dynamics under variable-range monitoring.

Acknowledgements

We acknowledge fruitful discussions with V. Alba, M. Collura, R. Fazio, M. Schiro, and
X. Turkeshi.

Funding information This work has been partly funded by the Italian MIUR through
PRIN Project No. 2017E44HRF.

A Rotation to the diagonal basis

Here we discuss a different derivation of the s-evolved state [¢)(s)) = M(s) 1)), where |¢))
is a generic Gaussian state [Eq. (2)], and the M(s) = €4 is defined in Egs. (12).

The operator A [Eq. (12b)] is quadratic in the ¢ fermions and can be written compactly
as A = \fITA\iI, where ¥ = (1, ,¢L, éi, “ee ,éE)T is the Nambu spinor associated to the
¢ fermions and A the Bogoliubov-de Gennes matrix associated to A, as defined in Eq. (23).
This matrix can be diagonalized by a Bogoliubov transformation W, such that

WIAW = diag[e,, —€,|p=1..., and A= Z € (ﬁlﬁy - ﬁyﬁl> . (56)

The unitary matrix W defines a new set of 7 fermions, whose associated Nambu spinor is
O = (An,-- AL, i, 777TL)T — Wi,

Let us now evaluate |1(s)). We remind that the initial state |¢) is is the vacuum of the
4 fermions, defined through the Bogoliubov transformation in Eq. (6): d = UT, where
d = (A1, 9L, ’yir o ,‘y};)T. These fermions can be transformed into those diagonalizing

A by means of a rotation

d=U'WO=0QO, being Q= <“’7 ”2) . (57)
’Un Un

Therefore we have the relation
U=WQ, (58)
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with U given in Eq. (5). In the 7 representation, the state (2) takes the form

ocexp{ > 240 } 0),. (59)

with 2D = — [u);]fl UJ,.
Going on analogously as in Sec. 3.1, we can write the s-evolved state as

) e { S22 i) b o), (60
with ﬁl(s) = M(s) i M (—s). The operator M(s) is number-preserving, therefore we can
exploit the methods of Section 4. We first notice that M(s) [0), o |0),, in fact

eﬁszu eu(ﬁiﬁu—ﬁuﬁl) |0>ﬁ _ e—Es > e ’0>f7 , (61)

because ), |0), = 0, Vv € {1, ..., L}. Then we notice that, since (A5 A,)™ = AbAy, (cf. Sec-

tion 4), we have

M(4s) = et6s4 = gFes T, o

e}
(£28se)" 4 .
Ly )

n=1

—eTER e TT [1+ (@2 ~1)ifa, | | (62)

v

where we have applied the diagonal form of A, in Eq. (56). Therefore, according to the
fact that [77“77“, 772:] 5#,1,172, we can write

a(s) = [1+ (€ —Dafn,] o [1+ (e —1)ifn,| = e** 4. (63)

Substituting into Eq. (60) we get

[v(s) o<exp{ Z ’%Lnl} 0);, with Z1) = Z{) e**(te) - (64)

We can also write Z(") = — [u%VT(s)]_lngT(s), with

() -3 L) (). v o

ev
At this point, if £ = 1, we apply the QR decomposition to (ZQVEzD, as explained
n

in Sec. 3.2. In this way, the matrix Z remains unchanged, but can be written as
Zm = — [unT(s)]_lvnT(s), with u,(s), vy(s) obeying the symplectic unitarity conditions

Eq. (4) and written as
(o) = (o) o

with r; some upper triangular matrix L x L.
We have therefore reduced to the standard Gaussian form for the evolved state [1(s))
in the 7 representation, with the Z matrix given by Z = —[unT(s)]_lvnT(s), and the

symplectic unitary matrix
_ (un(s) vy(s)
ot = () ) (67)
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providing the set of fermionic operators 4,,(s) annihilating |¢(s)) [we have ®(s) = Qf(s) ©,
with ®(s) = (31(s), - ,AL(s ),ﬂ( )y 2(3))T] At this point it is possible to come back
to the ¢ representation. We can use Eq. ( 8), and obtain the Bogoliubov matrix U(s) [the
one such that ®(s) = UT(s)¥] as U(s) = WQ(s). Applying W on the left of both sides of
u
v

Eq. (65) and writing
v*(s)
u*(s) Y

(=)

[To get this result, we used the relation U(s) = W Q(s), as well as Egs. (56), (58), and (66)].
The Z matrix of the evolved state in this representation is thus Z(s) = —[u'(s)] - vl(s).
Notice that Eq. (68) is the same result of Eq. (24), when the QR decomposition discussed
in Sec. 3.2 is applied.

As a last comment we point out that Eq. (68) refers to the first two blocks of the
Bogoliubov matrix U only. This is consistent with the fact that, in the Nambu spinor
notation, the degrees of freedom are doubled and there is some redundant information
that can be neglected.

S

o0- (%

we obtain

B Quantum-jump protocol

We start from the following master equation in the Lindblad form:
p(t) = £[p(t)] = —i[H p(t —72 (1gpri} = 3oy, p}), (69)

where p(t) is the density matrix describing the state of the system at time ¢ and m;ﬂ are

the Lindblad jump operators, while £ denotes the Lindbladian superoperator acting on
p. The solution of Eq. (69) is, in general, a mixed state that can be thought of as an
average over many pure-state quantum trajectories of a suitable stochastic process. Given
a Lindbladian, there are many stochastic processes (or unravelings) that produce the
same averaged density matrix [10]. Among them, in this paper we focus on the so-called
quantum-jump unraveling [61], whose implementation is described below.

We define the non-Hermitian Hamiltonian

eﬁr—H——Zm m;, (70)

then we rewrite Eq. (69)
#0) = =i 0] = 3 o} (1)

In this form, the Lindblad dynamics ruled by Eq. (69) can be interpreted as a deterministic
non-Hermitian time evolution of a pure quantum state |¢;) generated by Heg, plus a
stochastic part given by the possibility of applying m; to the state [i;) [cf. the second
term in the right-hand-side of Eq. (71)]. For m; Hermitian, this dynamics can be thought
of as an occasional, yet abrupt, measurement process in which, at any time, the system has
a chance to be POVM-measured [7, 8], i.e., to undergo the action of one of the operators
1, taken from a distribution (see more details below).

In this framework, Eq. (69) can be solved by implementing the following stochastic
process. The time evolution is discretized in time slices of step dt. Then, at each step:
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1. With probability m; =~ <mj 1) dt, the jump operator is applied:

mj Wt> .
[Peeaed = T o) (72

2. With probability 7 =1 — Y ;™j the non-Hermitian evolution occurs:

e~ Hert dt |1),)
|| ettt gy} ||

[Vitar) —

(73)

Note that the Lindblad master equation in Eq. (69) is invariant under a shift of the jump
operators m; i+mj. In practice, one can implement the protocol described above with
the Lindblad operators 1+ m; (as we actually do in Sec. 5), instead of 772, and obtain the
same averaged density matrix, although the single trajectories |1);) may behave differently.

We remark that, since the von Neumann entropy of Eq. (53) quantifies the amount of
genuine quantum correlations of a pure state, we first evaluate it over the single pure-state
quantum trajectory and then perform the ensemble averaging. It is important to fix the
order of the two operations of measuring and ensemble averaging, since they are commuting
only for linear functions of the state p (as for expectation values of observables), but not for
quantities as the one in Eq. (53). For a more detailed discussion see, e.g., Refs. [33,38,39].

C Evolution of the state: a different derivation

In this appendix we provide a different derivation of the analytic expression for the evolved
state |¢>Mz,y’ by evaluating the operator Z(1) = %vaq Zp.q é}i(l) é};(l), in Eq. (16). To
this purpose we notice that

. - 1 At A
[AI,J> Z] = 5 Z Z (Zp’jéq’i + Zq“yép,i) C;; C:;, (74)
p,q €L

where we have defined Z = %Zpg Zyqéheh and Zpg = d.jes Zpj- Consequently
[2, Mz .7, ?:’H = 0. This allows to write

MLJ eZ = eZ <MZ,j + [M:[’j, 2]) 5 (75)
that, together with Mz 7 |0) = |0), leads to
MLJ ‘w>MIJ = NGZ (i + [ALJ, 2]) ’0) . (76)

Since [AIJ, 2’]2 =0, we can write exp {[AIJ, 2’]} =1+ [AIJ, 2] and, therefore,

Mz,7 1)y, , =N e eld2l0) = N e |0), (77)
being
N 1 At A
z'= 5 Z Z [Zp,q + (ZpJ‘sq,i + ZqJ(S %)} ;chr (78)
i€T pq

For the local case M%j in Subsec 4.1, the jumped state |[¢),;1 is described by the
; .7

antisymmetric matrix [Zl],, with

[Zl], = (1 + 5q,i + 5p,i)Zp,q- (79)

p.q
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On the other hand, for the non-local case Miﬂj in Subsec. 4.2, the antisymmetric matrix
[an]/ reads

[an] ;),q = Zpq+ (Op,i + 0pjitr)(Ziyg + Zitra) (80)

References

1]

2]

[13]

[14]

L. Amico, R. Fazio, A. Osterloh and V. Vedral, Entanglement in many-body systems,
Rev. Mod. Phys. 80, 517 (2008), doi:10.1103/RevModPhys.80.517.

P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys.
A: Math. Theor. 42, 504005 (2009), doi:10.1088/1751-8113/42/50/504005.

V. Alba and P. Calabrese, FEntanglement and thermodynamics after a quantum
quench in integrable systems, Proc. Natl. Acad. Sci. U.S.A. 114, 7947 (2017),
doi:10.1073 /pnas.1703516114.

V. Alba and P. Calabrese, Entanglement dynamics after quantum quenches in generic
integrable systems, SciPost Phys. 4, 017 (2018), doi:10.21468 /SciPostPhys.4.3.017.

R. Singh, J. H. Bardarson and F. Pollmann, Signatures of the many-body localization
transition in the dynamics of entanglement and bipartite fluctuations, New J. Phys.
18(2), 023046 (2016), doi:10.1088/1367-2630/18/2/023046.

D. A. Abanin, E. Altman, I. Bloch and M. Serbyn, Colloquium: Many-body lo-
calization, thermalization, and entanglement, Rev. Mod. Phys. 91, 021001 (2019),
doi:10.1103/RevModPhys.91.021001.

M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Informa-
tion: 10th Anniversary FEdition, Cambridge University Press, New York, USA,
do0i:10.1017/CBO9780511976667 (2010).

G. Benenti, G. Casati, D. Rossini and G. Strini, Principles of Quantum Compu-
tation and Information: A Comprehensive Textbook, World Scientific, Singapore,
doi:10.1142,/10909 (2018).

H.-P. Breuer and F. Petruccione, The theory of open quantum systems, Oxford
University Press, doi:10.1093/acprof:0s0/9780199213900.001.0001 (2002).

M. B. Plenio and P. L. Knight, The quantum-jump approach to dissipative dynamics in
quantum optics, Rev. Mod. Phys. 70, 101 (1998), do0i:10.1103/RevModPhys.70.101.

A. J. Daley, Quantum trajectories and open many-body quantum systems, Adv. Phys.
63(2), 77 (2014), doi:10.1080,/00018732.2014.933502.

A. Barchielli and M. Gregoratti, Quantum trajectories and measurements in contin-
uous time: the diffusive case, vol. 782, Springer Berlin, Heidelberg, doi:10.1007/978-
3-642-01298-3 (2009).

H. M. Wiseman and G. J. Milburn, Quantum measurement and control, Cambridge
University Press, doi:10.1017/CB09780511813948 (2009).

Y. Li, X. Chen and M. P. A. Fisher, Quantum zeno effect and the many-body entangle-
ment transition, Phys. Rev. B 98, 205136 (2018), doi:10.1103/PhysRevB.98.205136.

19


https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1073/pnas.1703516114
https://doi.org/10.21468/SciPostPhys.4.3.017
https://doi.org/10.1088/1367-2630/18/2/023046
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1142/10909
https://doi.org/10.1093/acprof:oso/9780199213900.001.0001
https://doi.org/10.1103/RevModPhys.70.101
https://doi.org/10.1080/00018732.2014.933502
https://doi.org/10.1007/978-3-642-01298-3
https://doi.org/10.1007/978-3-642-01298-3
https://doi.org/10.1017/CBO9780511813948
https://doi.org/10.1103/PhysRevB.98.205136

SciPost Physics Submission

[15]

[18]

[23]

[24]

[25]

[26]

[27]

Y. Li, X. Chen and M. P. A. Fisher, Measurement-driven entanglement
transition in hybrid quantum circuits, Phys. Rev. B 100, 134306 (2019),
doi:10.1103 /PhysRevB.100.134306.

A. Chan, R. M. Nandkishore, M. Pretko and G. Smith, Unitary-projective entangle-
ment dynamics, Phys. Rev. B 99, 224307 (2019), doi:10.1103 /PhysRevB.99.224307.

B. Skinner, J. Ruhman and A. Nahum, Measurement-induced phase tran-
sitions in the dynamics of entanglement,  Phys. Rev. X 9, 031009 (2019),
doi:10.1103 /PhysRevX.9.031009.

M. Szyniszewski, A. Romito and H. Schomerus, Entanglement transition
from wvariable-strength weak measurements, Phys. Rev. B 100, 064204 (2019),
do0i:10.1103/PhysRevB.100.064204.

M. J. Gullans and D. A. Huse, Scalable probes of measurement-induced criticality,
Phys. Rev. Lett. 125, 070606 (2020), doi:10.1103/PhysRevLett.125.070606.

C.-M. Jian, Y.-Z. You, R. Vasseur and A. W. W. Ludwig, Measurement-
induced criticality in random quantum circuits, Phys. Rev. B 101, 104302 (2020),
doi:10.1103 /PhysRevB.101.104302.

A. Zabalo, M. J. Gullans, J. H. Wilson, S. Gopalakrishnan, D. A. Huse and J. H.
Pixley, Critical properties of the measurement-induced transition in random quantum
circuits, Phys. Rev. B 101, 060301 (2020), doi:10.1103/PhysRevB.101.060301.

A. C. Potter and R. Vasseur, Entanglement dynamics in hybrid quantum circuits, in
“Entanglement in Spin Chains. Quantum Science and Technology”, Springer, Cham,
doi:10.1007/978-3-031-03998-0_9 (2022).

X. Chen, Y. Li, M. P. A. Fisher and A. Lucas, Emergent conformal symmetry in
nonunitary random dynamics of free fermions, Phys. Rev. Res. 2(3), 033017 (2020),
doi:10.1103 /physrevresearch.2.033017.

Y. Bao, S. Choi and E. Altman, Symmetry enriched phases of quantum circuits, Ann.
Phys. 435, 168618 (2021), doi:10.1016/j.a0p.2021.168618.

A. Nahum and B. Skinner, Entanglement and dynamics of diffusion-
annihilation processes with majorana defects, Phys. Rev. Res. 2, 023288 (2020),
doi:10.1103/PhysRevResearch.2.023288.

M. Buchhold, Y. Minoguchi, A. Altland and S. Diehl, Effective theory for the
measurement-induced phase transition of dirac fermions, Phys. Rev. X 11, 041004
(2021), doi:10.1103/PhysRevX.11.041004.

O. Lunt and A. Pal, Measurement-induced entanglement transitions
in  many-body localized systems, Phys. Rev. Res. 2, 043072 (2020),
doi:10.1103/PhysRevResearch.2.043072.

Q. Tang and W. Zhu, Measurement-induced phase transition: A case study in the
nonintegrable model by density-matrix renormalization group calculations, Phys. Rev.
Res. 2, 013022 (2020), doi:10.1103/PhysRevResearch.2.013022.

D. Rossini and E. Vicari, Measurement-induced dynamics of many-
body systems at quantum criticality, Phys. Rev. B 102, 035119 (2020),
doi:10.1103 /PhysRevB.102.035119.

20


https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.100.064204
https://doi.org/10.1103/PhysRevLett.125.070606
https://doi.org/10.1103/PhysRevB.101.104302
https://doi.org/10.1103/PhysRevB.101.060301
https://doi.org/10.1007/978-3-031-03998-0_9
https://doi.org/10.1103/physrevresearch.2.033017
https://doi.org/10.1016/j.aop.2021.168618
https://doi.org/10.1103/PhysRevResearch.2.023288
https://doi.org/10.1103/PhysRevX.11.041004
https://doi.org/10.1103/PhysRevResearch.2.043072
https://doi.org/10.1103/PhysRevResearch.2.013022
https://doi.org/10.1103/PhysRevB.102.035119

SciPost Physics Submission

[30]

[33]

[34]

[35]

[36]

[37]

[40]

[41]

[42]

[43]

P. Sierant, G. Chiriaco, F. M. Surace, S. Sharma, X. Turkeshi, M. Dalmonte, R. Fazio
and G. Pagano, Dissipative floquet dynamics: from steady state to measurement
induced criticality in trapped-ion chains, Quantum 6, 638 (2022), doi:10.22331/q-
2022-02-02-638.

M. Ippoliti, M. J. Gullans, S. Gopalakrishnan, D. A. Huse and V. Khemani, Entan-
glement phase transitions in measurement-only dynamics, Phys. Rev. X 11, 011030
(2021), doi:10.1103/PhysRevX.11.011030.

A. Sriram, T. Rakovszky, V. Khemani and M. Ippoliti, Topology, criticality,
and dynamically generated qubits in a stochastic measurement-only kitaev model,
doi:10.48550/arXiv.2207.07096 (2022), 2207.07096.

X. Cao, A. Tilloy and A. D. Luca, Entanglement in a fermion chain under continuous
monitoring, SciPost Phys. 7, 24 (2019), do0i:10.21468 /SciPostPhys.7.2.024.

N. Lang and H. P. Biichler, Entanglement transition in the projective transverse field
ising model, Phys. Rev. B 102, 094204 (2020), doi:10.1103/PhysRevB.102.094204.

O. Alberton, M. Buchhold and S. Diehl, FEntanglement transition in a monitored
free-fermion chain: From extended criticality to area law, Phys. Rev. Lett. 126(17),
170602 (2021), doi:10.1103/physrevlett.126.170602.

X. Turkeshi, A. Biella, R. Fazio, M. Dalmonte and M. Schiro, Measurement-induced
entanglement transitions in the quantum ising chain: From infinite to zero clicks,
Phys. Rev. B 103(22), 224210 (2021), doi:10.1103/physrevb.103.224210.

X. Turkeshi, M. Dalmonte, R. Fazio and M. Schiro, Entanglement transitions from
stochastic resetting of non-hermitian quasiparticles, Phys. Rev. B 105, L241114
(2021), doi:10.1103/PhysRevB.105.1.241114.

G. Piccitto, A. Russomanno and D. Rossini, Entanglement transitions in the quan-
tum ising chain: A comparison between different unravelings of the same lindbladian,
Phys. Rev. B 105, 064305 (2022), doi:10.1103/PhysRevB.105.064305.

G. Piccitto, A. Russomanno and D. Rossini, FErratum: FEntanglement transitions
in the quantum ising chain: A comparison between different unravelings of the same
lindbladian, Phys. Rev. B 106, 219901 (E) (2022), doi:10.1103 /PhysRevB.106.219901.

M. Coppola, E. Tirrito, D. Karevski and M. Collura, Growth of entanglement
entropy under local projective measurements, Phys. Rev. B 105, 094303 (2022),
doi:10.1103 /PhysRevB.105.094303.

E. Tirrito, A. Santini, R. Fazio and M. Collura, Full  counting statis-
tics as probe of measurement-induced transitions in the quantum ising chain,
doi:10.48550/arXiv.2212.09405 (2022), 2212.09405.

T. Minato, K. Sugimoto, T. Kuwahara and K. Saito, Fuate of measurement-induced
phase transition in long-range interactions, Phys. Rev. Lett. 128, 010603 (2022),
doi:10.1103 /PhysRevLett.128.010603.

T. Miller, S. Diehl and M. Buchhold, Measurement-induced dark state phase
transitions in long-ranged fermion systems, Phys. Rev. Lett. 128, 010605 (2022),
doi:10.1103 /PhysRevLett.128.010605.

21


https://doi.org/10.22331/q-2022-02-02-638
https://doi.org/10.22331/q-2022-02-02-638
https://doi.org/10.1103/PhysRevX.11.011030
https://doi.org/10.48550/arXiv.2207.07096
2207.07096
https://doi.org/10.21468/SciPostPhys.7.2.024
https://doi.org/10.1103/PhysRevB.102.094204
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevb.103.224210
https://doi.org/10.1103/PhysRevB.105.L241114
https://doi.org/10.1103/PhysRevB.105.064305
https://doi.org/10.1103/PhysRevB.106.219901
https://doi.org/10.1103/PhysRevB.105.094303
https://doi.org/10.48550/arXiv.2212.09405
2212.09405
https://doi.org/10.1103/PhysRevLett.128.010603
https://doi.org/10.1103/PhysRevLett.128.010605

SciPost Physics Submission

[44]

[45]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

C. Zerba and A. Silva, Measurement phase transitions in the no-click limit as quantum
phase transitions of a non-hermitean vacuum, doi:10.48550/arXiv.2301.07383 (2023),
2301.07383.

A. Paviglianiti and A. Silva, Multipartite entanglement in the measurement-induced
phase transition of the quantum ising chain, doi:10.48550/arXiv.2302.06477 (2023),
2302.06477.

S. L. Braunstein and P. van Loock, Quantum information with continuous variables,
Rev. Mod. Phys. 77, 513 (2005), doi:10.1103/RevModPhys.77.513.

C. Weedbrook, S. Pirandola, R. Garcia-Patron, N. J. Cerf, T. C. Ralph, J. H. Shapiro
and S. Lloyd, Gaussian quantum information, Rev. Mod. Phys. 84, 621 (2012),
doi:10.1103/RevModPhys.84.621.

S. Bravyi, Lagrangian representation for fermionic linear optics, Quantum Inf. Com-
put. 5, 216 (2005), doi:10.5555/2011637.2011640.

D. P. DiVincenzo and B. M. Terhal, Fermionic linear optics revisited, Found. Phys.
35, 1967 (2005), doi:10.1007/s10701-005-8657-0.

M.-w. Xiao, Theory of transformation for the diagonalization of quadratic hamiltoni-
ans, doi:10.48550/arXiv.0908.0787 (2009), 0908.0787.

M. Fagotti and P. Calabrese, Evolution of entanglement entropy following a quantum
quench: Analytic results for the xy chain in a transverse magnetic field, Phys. Rev.
A 78(1), 010306 (2008), doi:10.1103/physreva.78.010306.

P. Calabrese and J. Cardy, FEvolution of entanglement entropy in 1d systems, J. Stat.
Mech. 2005(04), P04010 (2005), doi:10.1088/1742-5468/2005/04/p04010.

M. Fava, L. Piroli, T. Swann, D. Bernard and A. Nahum, Nonlinear sigma models
for monitored dynamics of free fermions (2023), 2302.12820.

M. Block, Y. Bao, S. Choi, E. Altman and N. Yao, The measurement-induced transi-
tion in long-range interacting quantum circuits, Phys. Rev. Lett. 128, 010604 (2022),
do0i:10.1103 /PhysRevLett.128.010604.

S. Sharma, X. Turkeshi, R. Fazio and M. Dalmonte, Measurement-induced criticality
in extended and long-range unitary circuits, SciPost Physics Core 5(2), 023 (2022),
doi:10.21468 /scipostphyscore.5.2.023.

G. B. Mbeng, A. Russomanno and G. E. Santoro, The quantum ising chain for
beginners, doi:10.48550/arXiv.2009.09208 (2020), 2009.09208.

S. Sachdev, Quantum Phase Transitions, Cambridge University Press,
doi:10.1017/CB0O9780511973765 (2011).

D. Rossini and E. Vicari, Coherent and dissipative dynamics at quantum phase tran-
sitions, Phys. Rep. 936, 1 (2021), doi:10.1016/j.physrep.2021.08.003.

P. Pfeuty, The one-dimensional ising model with a transverse field, Ann. Phys. 57,
79 (1970), doi:10.1016/0003-4916(70)90270-8.

E. Lieb, T. Schultz and D. Mattis, Two soluble models of an antiferromagnetic chain,
Ann. Phys. 16, 407 (1961), doi:10.1016/0003-4916(61)90115-4.

22


https://doi.org/10.48550/arXiv.2301.07383
2301.07383
https://doi.org/10.48550/arXiv.2302.06477
2302.06477
https://doi.org/10.1103/RevModPhys.77.513
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.5555/2011637.2011640
https://doi.org/10.1007/s10701-005-8657-0
https://doi.org/10.48550/arXiv.0908.0787
0908.0787
https://doi.org/10.1103/physreva.78.010306
https://doi.org/10.1088/1742-5468/2005/04/p04010
2302.12820
https://doi.org/10.1103/PhysRevLett.128.010604
https://doi.org/10.21468/scipostphyscore.5.2.023
https://doi.org/10.48550/arXiv.2009.09208
2009.09208
https://doi.org/10.1017/CBO9780511973765
https://doi.org/10.1016/j.physrep.2021.08.003
https://doi.org/10.1016/0003-4916(70)90270-8
https://doi.org/10.1016/0003-4916(61)90115-4

SciPost Physics Submission

[61] J. Dalibard, Y. Castin and K. Mglmer, Wave-function approach to dis-
stpative processes in  quantum optics, Phys. Rev. Lett. 68, 580 (1992),
doi:10.1103 /PhysRevLett.68.580.

23


https://doi.org/10.1103/PhysRevLett.68.580

	Introduction
	Fermionic Gaussian states
	Evolving Gaussian states
	Bogoliubov matrix evolution
	QR decomposition

	Number-preserving operators
	Local operator
	Two-site operator

	Quantum jumps with string operators
	Entanglement entropy
	Measurement-only dynamics
	Effect of the Hamiltonian

	Conclusions
	Rotation to the diagonal basis
	Quantum-jump protocol
	Evolution of the state: a different derivation
	References

