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Abstract

We compute the first-order a’ corrections to well-known families of heterotic
multi-center black-hole solutions in five and four dimensions. The solutions can
be either supersymmetric or non-supersymmetric, depending on the relative sign
between two of the black-hole charges. For both cases, we find that the equilib-
rium of forces persists after including the & corrections, as the existence of multi-
center solutions free of unphysical singularities shows. We analyze the possibility
of black-hole fragmentation.
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1  Introduction

Over the last 30 years many extremal and multi-center black-hole solutions of super-
gravity theories have been obtained, supersymmetric and non-supersymmetric." Many
of those theories can also be viewed as low-energy effective field theories of different
string theory compactifications to lowest order in ' and in the string coupling con-
stant. This allowed Strominger and Vafa to establish a relation between the entropy of
the corresponding solutions (stringy black-hole solutions) and the microscopic entropy of
the corresponding compactification of string theory which, in general, includes branes
and other extended objects [2].

It is natural to try to extend this relation between macroscopic and microscopic
entropies to more general solutions and, more importantly perhaps, to higher orders
in &’ and in the string coupling constant. The calculations of both the macroscopic
and microscopic entropies have to be improved to the next order, independently, to
be later compared. If this comparison is to be understood as an unbiased test of this
relation and of the viability of String Theory as a theory of Quantum Gravity, each of
these separate calculations must be internally self-consistent: the correctness of one of
them cannot solely rely on its agreement with the other one if we do not want to suffer
confirmation bias.

In the macroscopic side, this suggests the following program:

1. Find the first corrections in &’ and in the string coupling constant to the relevant
superstring effective field theory.

2. Find single- and multi-center black-hole solutions to the corrected action. This
can be done perturbatively so that the known zeroth-order solutions are recov-
ered when o’ is set to zero.

3. Compute the macroscopic entropy associated to the corrected black hole solution.
This entropy will no longer be the Bekenstein-Hawking one, since the corrected
action will contain higher-curvature terms and can no longer be understood as
General Relativity coupled to a prescribed set of interacting matter. One has to
use Wald’s entropy.

4. The macroscopic entropy must be written in terms of charges that can be unam-
biguously related to a string background, i.e. charges that can be associated to
numbers of branes.

Only after a satisfactory completion of this program can the macroscopic entropy
be compared to the microscopic one, which must have been computed independently.
This program, though, presents many practical and conceptual difficulties:

'For a review on black-hole solutions with many references see, for instance, [1].



1. We have a very limited knowledge of the corrections to the zeroth order super-
string effective action, specially of the corrections in the string coupling constant,
which are mainly unknown.

We know that the first corrections in a’ start at third order for the type II su-
perstring theories, but we do not have a complete knowledge of the effective
action to that order. This prevents us from doing fully reliable calculations of a’
corrections to the solutions of these theories.

The situation with the heterotic superstring is much better: we know in full
detail the a’ corrections to the effective action up to third order and in a form
consistent with local spacetime supersymmetry [3].> In contrast, there is very
limited information about the string loop corrections [6].

2. Given the limitations in our knowledge of the string effective action we have just
discussed, it is natural to focus on trying to obtain the first a’ corrections to black-
hole solutions of the heterotic superstring imposing the necessary conditions on
the parameters to ensure that the string coupling constant is small enough that
the string loop corrections can be safely neglected.3

Furthermore, given the complexity of the corrected equations of motion, it is also
natural to consider at first, single, static, spherically-symmetric, extremal black
holes with the minimal number of charges that produce a regular event horizon
and start by computing the first-order a’ corrections only. These are the so-called
3-charge and 4-charge black holes in 5 and 4 dimensions, respectively and all of
them can be embedded in the heterotic superstring effective action. The 3-charge
ones include a black hole dual to the one originally considered by Strominger-
Vafa [2], which is supersymmetric, together with similar, non-supersymmetric
black holes. The 4-charge ones include the heterotic version of the Maldacena-
Strominger-Johnson-Khuri-Myers black hole [7,8], which is supersymmetric, plus
several similar non-supersymmetric black holes.4

The first-order a’ corrections to all these simplest but paradigmatic black-hole
solutions have been found quite recently in a series of papers [10-13,9] and now
it is natural to take the next step and consider more complicated solutions: non-
extremal, multi-center, stationary...

There are good reasons to start with the non-extremal ones, as we are going to
argue when we discuss the calculation of the macroscopic entropy. The first-order
a' corrections to some non-extremal solutions have also been found [14, 15], but
they are much harder to obtain since the general results proven in [11] cannot be

2See also earlier work in Refs. [4, 5].

3 Actually, these and other similar conditions that guarantee that the a’ corrections are also negligible
must also be imposed on the zeroth-order solutions as well.

4An exhaustive study of the different non-supersymmetric 4-dimensional 4-charge back holes can be
found in Ref. [9].



applied to the non-extremal solutions. Thus, it will be long before the corrections
to the non-extremal 4-charge black holes will be found [16].

The general results proven in [11] do not seem to apply to stationary solu-
tions either but, fortunately for us, they do apply with little modifications for
the multi-center ones, and, in this paper we are going to profit from them to
construct the first a’-corrected multi-center black-hole solutions both in 5- and
in 4-dimensions and both supersymmetric and non-supersymmetric. They are
the multi-center generalization of the single, static, extremal black-hole solutions
whose a’-corrections were found in Refs. [10-13,9] and include most of them.5
Before we introduce this particular work, though, it is convenient to discuss the
rest of the program outlined above since it affects the reliability of our results.

It is worth mentioning, though, that the solutions presented in Refs. [10-13, 9]
satisfy a highly non-trivial consistency test: they are invariant (as families of
solutions) under the a’-corrected Buscher T duality transformations derived in
Ref. [17] (see also Ref. [18]). The multi-center solutions that we are going to
present, being related to the general solutions of Ref. [11] pass this strict test as
well.

3. At lowest order in &’ and the string coupling constant, all string effective field
theories can be regarded as General Relativity (GR) coupled to particular kinds
of interacting matter and the entropy of any of their black-hole solutions is the
Bekenstein-Hawking entropy: one quarter of the area of the horizon in Planck
units. This relation originates in the proofs of the first and second laws of black
hole mechanics [19, 20] (based on Einstein’s equations) together with the discov-
ery of the Hawking radiation [21] and the precise relation between its (Hawking)
temperature and the surface gravity of the black hole.

At higher orders in o, string effective actions contain terms of higher order in
the curvatures and can no longer be regarded as GR. However, we know that
their black-hole solutions still behave as thermal objects since the phenomenon
of Hawking radiation does not depend on the dynamics of gravity. Furthermore,
it can be shown that the zeroth law (the fact that surface gravity is constant over
the horizon) [20] can be proven without the use of the Einstein equations [22] and,
therefore, it will still hold in the a’-corrected string effective field theory actions.

In GR, the relation between the area and the entropy was hinted at by the results
obtained by Christodoulou and Hawking [23-25] but there are no analogous re-
sults for other theories of gravity suggesting a candidate to be identified with the
entropy. For this reason, Wald’s derivation of the first law of black hole mechan-
ics for arbitrary diff-invariant theories of pure gravity [26], based on previous
work with Lee [27], constituted a great breakthrough in this field. The quantity

5We have not found the multi-center generalization of all the possible non-supersymmetric black
holes considered in Ref. [9].



whose variation with respect to the mass is the inverse of the Hawking tempera-
ture must be the black hole entropy and, in this framework, it is known as Wald
entropy. In order to confirm this identification one has to prove that this quantity
also satisfies the second law. This is a much harder problem, but there is real
progress in this direction [28—30].

As we have mentioned, the string effective action is a theory of gravity coupled
to very special interacting matter. Thus, an extension of Wald’s results includ-
ing matter is necessary to deal with it. In Ref. [31], Iyer and Wald considered
diff-invariant theories of gravity coupled to matter fields transforming as ten-
sors under diffeomorphisms, obtaining, as a result, the celebrated Iyer-Wald pre-
scription to derive the entropy formula which has been widely used to compute
the Wald entropy of a’-corrected near-horizon limits of stringy black holes (see,
e.g. Refs. [32,33] and references therein).

This formula was used in Refs. [10-13] to compute the Wald entropy of the ex-
tremal black hole solutions found in those same references, but it was soon real-
ized that the Iyer-Wald prescription cannot be directly and reliably applied to the
heterotic superstring effective action:

(@) The entropy formula produced is different if one uses the 10-dimensional or
the toroidally-compactified actions [34].

(b) The entropy formula produced is Lorentz frame-dependent [35], which is
utterly unacceptable.

Both problems arise from the inadequate treatment of the Lorentz-Chern-Simons
terms present in the Kalb-Ramond field strength in the heterotic superstring effec-
tive action at first order in &’.® However, ultimately, this inadequacy follows from
the over-restrictive assumptions made on the matter fields in Ref. [31], which
leads to the total absence of non-gravitational work terms in the first law of black
hole mechanics, such as those proportional to the variations of electric charges.
As explained in [37], for instance, most matter fields are not simple tensor fields
under diffeomorphisms, but sections of principal bundles or more complicated
structures. The only true tensor field in the Standard Model is the metric.”

In Refs. [37,40] we revised from this point of view Wald’s derivation of the first
law of black hole mechanics in simple theories, obtaining the expected work
terms and, as a bonus, restricted forms of the generalized zeroth laws.2 In
Ref. [35] we applied these ideas to the (by far) more complicated case of the

6Tt should be stressed that these Chern-Simons terms are very different from those considered in
Ref. [36], present in the action and introducing additional total derivatives in its variation under diffeo-
morphisms: they transform as 3-forms under diffeomorphisms, to start with.

7See Ref. [38] for a rigorous treatment of the principal bundle case and Ref. [39] for a different take
on this problem.

8 Again, in the principal bundle case, this result was obtained in Ref. [38].
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heterotic superstring effective action to first order in a’, obtaining the first law
of black hole mechanics with work terms? and a Lorentz frame-independent and
gauge-invariant expression for the entropy.

In the frame typically used to construct the solutions, the entropy formula found
in Ref. [35] can be written in the same form as the one that follows from the
Iyer-Wald prescription, except for one coefficient.

As we have argued before, it would be wrong to decide which formula is right by
just comparing the Wald entropies of the a’-corrected stringy black holes obtained
by applying them with the microscopic entropies. A internal consistency check
of these entropy formulas is badly needed.*

The property that the correct Wald entropy must satisfy is, precisely, that it sat-
isfies the first law: dS/dM = 1/T. It would be enough to check which entropy
satisfies this property, but this can only be done with a’-corrected non-extremal
stringy black holes. Finding an a’-corrected non-extremal 4-dimensional black
hole and the non-extremal versions of the 3-charge black holes to carry out this
test was one of the main motivations behind Refs. [14] and [15], respectively. In
both cases it was the entropy computed using the Lorentz frame- and gauge-
independent formula of Ref. [35] that was shown to satisfy the first law.

4. Having computed by internally-consistent methods the Wald entropy of stringy
black-hole solutions whose a’ corrections have been reliably computed as well it is
tempting to proceed immediately to compare that macroscopic entropy with the
microscopic one. However, only the entropies of corresponding systems must be
compared; for instance, the entropy of the (heterotic version of the) Strominger-
Vafa black hole, which can be considered the strong-coupling limit of a set of soli-
tonic 5-branes (S5) and fundamental strings (F1) with momentum flowing along
them can be compared withe the entropy of the heterotic superstring quantized
on such a background.

At zeroth order in &’ the identification of the branes corresponding to a given
black-hole solution is straightforward: it follows directly from the calculation
of the conserved charges of the solution. The definitions of those conserved
charges and their calculation are unambiguous at that order and it is based on

9Not all work terms were recovered in that article: at the time it was not known how to obtain the
work terms proportional to the variations of the magnetic charges in this formalism (a problem solved in
Ref. [41]), nor the terms proportional to the asymptotic values of the scalars found in Ref. [42] (a problem
solved in Ref. [43]). Furthermore, there are charges associated to fields that only enter the theory after
dimensional reduction, such as Kaluza-Klein vectors and it was not known how to recover the work
terms proportional to the variations of those charges using the 10-dimensional action. This problem has
been partially solved in Ref. [44], but more work is needed to understand the higher-dimensional origin
of all the work terms that occur in the 4- or 5-dimensional first laws.
°As we have stressed, the Iyer-Wald entropy formula is Lorentz frame-dependent, and this is enough
to discard it. However, since the entropy formula of Ref. [35] gives a numerically very close result, it
does not hurt to momentarily keep it in the game for the sake of the argument.



integrals of terms that satisfy Gauss laws and give the same results whether they
are integrated over the horizon or at spatial infinity. The identification of the
charges with numbers of branes is also unambiguous.

At first order in &’ the definitions of the conserved charges contain a large num-
ber of higher-order terms. All these terms are necessary to obtain integrands
that satisfy Gauss laws but, since they are very hard to compute and they van-
ish asymptotically much faster than the zeroth-order terms, they are typically
ignored. These integrands give conserved charges when integrated at spatial in-
finity but they give different results when integrated over the horizon because
the terms that have been ignored do not vanish there. Thus, we have different
notions of charge [45] with different properties of transformation under duality
and the problem of figuring out which charges correspond to the numbers of
charges' that occur in the microscopic entropy and study their conservation.'?
This is a difficult and not yet solved problem that will be studied in more detail
elsewhere [46],'3 but the reader should be aware of its existence when compar-
ing the macroscopic and microscopic entropies at first and higher orders in a’
because their agreement depends on the choice of variables.

It should be clear form this discussion that this is a research program still under
way and far from having been completed: the a’ corrections of many black-hole so-
lutions (multi-center, rotating...) and their entropies have not yet been computed, the
identification of the branes that give rise to the corresponding string background has to
be clarified and, at some point in the future, one would like to extend all these results
to higher orders in ' and in the string coupling constant.

In this paper, as part of this program, we are going to focus on the a’ corrections
to the well-known multi-center generalizations of the 3- and 4-charge extremal, static,
black-hole solutions in 5 and 4 dimensions. We are interested in the corrections to
the geometry and to the entropy and their consequences. In particular, we want to
know whether the a’ corrections preserve the regularity of the horizons and of the rest
of the spacetime. It has to be taken into account that solutions describing collinear
Schwarzschild black holes in static equilibrium have long been known [47, 48]. These
solutions, however, have conical singularities in the line joining the centers or extending
from the centers to infinity, known as struts, associated to the external forces necessary
to hold the system in equilibrium. The absence of these singularities and the regularity
of the horizons can be interpreted as a proof of the cancellation of interaction energies
and of the equilibrium of forces between the black holes [49,50] (see Figs. 1 and 2.™. We
also want to know whether the fragmentation of large black holes into smaller black

"This problem is aggravated by the a’-dependent definitions that the fields theat descend from the
10-dimensional Kalb-Ramond 2-form suffer in the dimensional reduction [18].

"Incidentally, this discussion casts a shadow over the results obtained using near-horizon solutions
since only the horizon charges can be computed with them.

3Nevertheless, see the discussion concerning the S5 brane at the end of Section 4.

HMFor an extended discussion on this we refer to the Introduction of [51] and references therein.
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holes is entropically favored. We are going to consider supersymmetric and some non-
supersymmetric multi-center black-hole solutions to see of and how the equilibrium of
forces between the black holes depends on supersymmetry.*>
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Figure 1: The absence of struts (conical singularities) joining the centers is a necessary
condition to interpret the solution as black holes in equilibrium without the help of
external forces..

Our calculation of the a' corrections in mainly based on Ref. [11] in which a very
general class of a’-corrected solutions was found. This class includes multi-center
black-hole solutions, as we are going to show.

This paper is organized as follows: in Section 2 we review the five- and four-
dimensional multi-center black hole solutions we will work with at leading order in
o/, starting with their common ten-dimensional origin. In Section 3 we show the a'-
corrected solutions and analyze their thermodynamic properties. Finally, in Section 4
we summarize our main results and discuss how the a’ corrections would affect the
fragmentation of these extremal black holes into smaller extremal black holes of the
same kind. The appendices contain the low-energy effective action and corresponding
equations of motion of the heterotic superstring to first order in a’ and a collection of
results which are used in the main text.

5In the solutions that we are going to consider, the existence of unbroken supersymmetry depends
on the relative sign between two of the black-hole charges. This relative sign does not cover all the
non-supersymmetric possibilities in four dimensions, but the corrections to those not included here are
much more difficult to deal with [9g].



Figure 2: The absance of struts (conical singularities) extending from the centers to
infinity is another necessary condition to interpret the solution as black holes in equi-
librium without the help of external forces..

2 Heterotic multi-center black-hole solutions at leading
order
Let us begin with a review of two well-known families of multi-center black-hole solu-
tions in five and four dimensions which arise as solutions of the heterotic superstring
effective field theory compactified on a torus.’® Both families have as a common ori-
gin a very general class of ten-dimensional solutions which depend on a choice of
four-dimensional hyper-Kdhler metric (m,n =1,2,3,4),
do? = hyy dx™dx™, (2.1)
and on a choice of three functions, 2y, Z,, Z_, which are harmonic in this hyper-
Kahler space, i.e. they satisfy the linear equations
dxed2Zy4+_ =0. (2.2)

This linearity allows us to construct multi-center solutions by “superposition” of sev-
eral single-center solutions.

6This theory is described in Appendix A.
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In terms of these four objects, the string-frame line element d§?, the Kalb-Ramond
3-form field strength H and the dilaton field ¢ of the solutions take the form?7

1 k2 Z 2
A2 2 2 kez+ “1(=z-1_ )
A8 = 55 dit = Zodo -fzj—[dz+kw <z+ 1)d4 iz, (230)
He:d[Qe—l)hp<Z:1—1>thd4—+nd2%, (2.3b)
e 2 = 2oz /2. (2.3¢)

The modulus ¢« will correspond the asymptotic value of the dilaton if, as we will
assume, the functions Z_ and Zj asymptote to 1. Since the vacuum expectation value
of the exponential of the dilaton is the string coupling constant, for asymptotically-flat
solutions we can make the identification,

gs = ef. (2.4)
The coordinates ¥4, periodically identified with equal periods 27t/s, where /; is the

string length, parametrize a four-dimensional torus T* which has trivial internal dy-
namics, meaning that all the Kaluza-Klein (KK) zero modes (scalars and vectors) are
trivial.’® The coordinate z ~ z + 27t/; further parametrizes a circle S! whose asymp-
totic radius R; is related to the asymptotic value of the KK scalar associated to this
compact direction, ke, and to 45 by

Ry = kools . (2.5)

Finally, € is the supersymmetry-breaking parameter. It takes two values, ¢ = {0,1},
which correspond to the relative sign between two of the black hole charges. It turns
out that the configuration is supersymmetric only if € = 1 [g]. We have not considered
the possibility of changing the sign of the second term in H. This sign becomes the
sign of a third black-hole charge upon dimensional reduction. At zeroth order, the
effect of this change of sign is almost trivial, but the first-order in a’ corrections are
much more difficult to obtain than with the chosen sign [9].

Many different solutions can be obtained from Eq. (2.3) by making particular choices
of hyper-Kihler space and harmonic functions. Many of them are singular or have
no known physical interpretation. Let us see which choices lead to five- and four-
dimensional multi-center black-hole solutions.

7We use hats to distinguish the ten-dimensional fields from the five- and four-dimensional ones.
BIn particular, the KK scalars associated to the T* are equal to equal to their vacuum expectation
values that we set to 1 for convenience, as they do not play any role in our solutions.
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2.1  Multi-center black-hole solutions in five dimensions

The simplest choice of hyper-Kdhler space which allows for five-dimensional multi-
center black-hole solutions is IE*. The choice of harmonic functions in E* that gives
rise to multi-center three-charge black holes is the following,?

Nne qa Nne qﬂl Nne qll
Z,=1+) =&, Z =1+) =, Zy=1+) -2, (2.6)
a=1 Fa a=1 pa a=1 p&l
where 1, is the total number of centers and
op = (X" —x) (" =« , (2.7)

x™ being the position of the ath center in E*. The parameters g% ,g? and g? must
a g p p q4+.4 9o

be taken to be strictly positive in order to avoid naked singularities and, then, they
correspond to the absolute value of the charges associated to each black hole, up to
normalization factors.

The five-dimensional form of the solution is obtained by compactification over the
internal manifold, T* x S!. This operation can be conveniently carried out in two steps.
Firstly, we compactify over the trivial T%. The corresponding six-dimensional solution
has exactly the same form as the ten-dimensional one except for the term —dy (24) in the
metric, which is not present in the former. Secondly, we reduce the six-dimensional
solution over S!. Using the relations between the higher- and lower-dimensional fields
provided in Appendix B, we obtain

dsg = (21 2_29) 224 — (2,.2_25)"° dx"dx™, (2.82)
H= %emnpqaqzo dx™ N dx™ A dxP, (2.8b)
F=d [k;l (z;l . 1) dt} , (2.8¢)
G=d|(2e~ ke (27" ~1)dt], (2.8d)

e % = 6_24’“2_1/221/220_1 , (2.8e)
k=koZ2l/2271/2, (2.8f)

It has been recently proven in [52] that, in the Einstein-Maxwell theory, the standard multi-
center black-hole solutions are the only ones within the Majumdar-Papapetrou class that give rise to
asymptotically-flat black holes with regular event horizons. This extends a previous result by Chrusciel
and Tod [53] to d > 4 dimensions.

12



where ds? stands for the five-dimensional line element in the so-called modified Einstein
frame [54],

F=dA, G =dC, (2.9)
are, respectively, the field strengths of the KK and winding vector fields, A and C,

H=dB—-JAANG—3CAF, (2.10)

is the 3-form field strength of the Kalb-Ramond 2-form B, k is the KK scalar associated
to the internal direction z and ¢ is the five-dimensional dilaton. In five dimensions, the
Kalb-Ramond field can be dualized into a vector field whose field strength is

K=d [(zo—l - 1) dt] . (2.11)

2.1.1 Thermodynamics

The solution is asymptotically flat and its only potential singularities sit at the centers
x™ = xp'. If the charge products ¢% g7 g are finite, though, these are just coordinate
singularities: near the ath center, the metric is that of AdS, x $%, which is one of the pos-
sible near-horizon geometries of extremal black holes in five dimensions [55]. Hence,
the ath center is, actually a two-sphere of finite radius (4% 4" qg)l/ ¢ which corresponds
to the event horizon of an extremal black hole. The Bekenstein-Hawking (BH) entropy
of the a black hole is, then,

2

7U
Sty = W, /q°.9"q5 . (2.12)

N
The entropy of the solution is just the sum of the entropies of all the black holes:

2
7U
Sert = ) S = 260 PRRVE R (2.13)
a N a

Strictly speaking, only the total mass of the solution can be rigorously defined.
From the asymptotic expansion of the tt component of the metric we find that it is
given by

M=—"=Y (4% +q" +qf) . (2.14)
4G ;

However, since the vector fields of the solution are Abelian, we can compute the

charges of each black hole independently and, as we have already mentioned, these

are given given by the parameters 4% ,4% ,g; up to signs and normalization. An iso-

lated extremal black hole with those charges would have a mass given by

13



7T
M = 2o (9% +q~ +4q0) - (2.15)
N

Since the total mass is the sum of the would-be individual masses of all the black holes,

ne
M=) M". (2.16)

a=1
This fact implies that the black-holes mutual interaction energies (all the Einstein equa-
tions know about [51]) are zero because there is a cancellation between all the different
contributions (gravitational, electromagnetic etc.) The cancellation of these interaction
energies is associated to a cancellation of the forces between the centers and, then, since
the solution is static, it is reasonable to conclude that the solution contains 7, extremal
black holes with those charges and masses in equilibrium. The absence of singularities
indicates that no external forces are necessary to keep those black holes in equilibrium.

2.1.2 Microscopic description

The string-theory description of these solutions is well known: they can be under-
stood as a superposition of solitonic 5-branes (S5) —often referred to as NS5 branes—
wrapped around the directions parametrized by the coordinates y!,-- - ,y* z, funda-
mental strings (F1) wound around the circle parametrized by z and waves (W) carrying
momentum propagating along the same circle, as we illustrate in Table 1.

oz oyl 2 P oyt oal X2 a3 At
F1 X X ~ ~ ~ ~ — - - -
W X X ~ ~ ~ ~ — — — -
S5 X X X X X X - - — =

Table 1: Sources associated to five-dimensional black holes. The symbol x stands for
the worldvolume directions and — for the transverse directions. The symbol ~, in turn,
denotes a transverse direction over which the corresponding object has been smeared.

From the lower-dimensional point of view, these fundamental objects act as point-
like sources for the three different types of charges carried by our solutions. The loca-
tions of the sources in the non-compact space coincides with the position of the centers,
where the Laplace Egs. (2.2) are not satisfied unless we take into account the coupling
of the sources to the background fields. This give rise to a sum of Dirac delta functions,
6@ (x — x,),2° each of which is weighted by the fraction of the total tension/charge as-
sociated to all the sources located at x” = x}', which in turn is proportional to the

29Strictly speaking, this is just an effective description of the actual situation: the centers x™ = x'
are not points, but finite-radii two-spheres from which the Abelian fields’ fluxes “emerge” in radial
direction.
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amounts of momentum, winding and S5 branes in each of the centers, respectively
denoted by n”, w* and N“.*' This is exactly the same kind of contribution that one
gets from the Laplacian of Z _ , with the only difference that now the delta functions
are weighted by g% ,¢? and gqj. Imposing that both contributions cancel (i.e. that the
equations of motion are also satisfied at the centers), one finds the following relation
between both sets of parameters [10]:

n®, 7" = g2’ w", g5 =o' N”. (2.17)

Using these relations and the expression of the five-dimensional Newton constant
in terms of stringy variables

2 12
(5) _ Tt&s«
Gy = T (2.18)

one can rewrite the Bekenstein-Hawking entropy and the mass in terms of the source
parameters as follows

Sgu = 27y _ Vn'w'Ne, (2.19a)
a

n R R
M:R—Z+“—fw—l—gg—;N, (2.19b)
where n =) ,n’, w =) ,w” and N = ), N are the total momentum, winding and
number of S5-branes respectively. As we can see, the total energy of the configuration
only depends on the absolute value of the total charges, no matter how they are dis-
tributed among the different centers. This will no longer be the case in presence of
higher-derivative corrections, as we will see Section 3.

2.2 Multi-Center black-hole solutions in four dimensions

In order to describe multi-center black-hole solutions in four dimensions, one of the
directions of the hyper-Kdhler space must be compactified, which in practice means
that it has to be isometric. Supersymmetry is preserved in the compactification along
this isometric direction if the isometry is consistent with the hyper-Kdhler structure,
i.e. if the isometry is triholomorphic. In this case, the hyper-Kéhler space must belong to
the Gibbons-Hawking class [56,57].

As we will see in the next section, there is another advantage for considering
Gibbons-Hawking spaces: their contribution to the a’-corrected Bianchi identity takes

2I'These parameters are assumed to be positive.
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a form (the Laplacian of a function) that allows us to solve the Bianchi identity in a
fully analytic fashion [11].

If w ~ w+ 27l is the compact coordinate adapted to the isometry, a Gibbons-
Hawking metric can be written in the form

2
d0? = Ry dx™dx™ = 0241 (dw + f(;l)() +H da‘c’é) , (2.20)
where H is the Gibbons-Hawking function and x is a 1-form which satisfying the
equation
dx = x@3ydH, (2.21)

where x(3) the Hodge star operator in IE3. The above equation implies that 7 is har-
monic in IE3. This property is also satisfied by the functions Z _ g if they are harmonic
in IE* and we demand that they do not depend on the isometric coordinate w. The mod-
ulus ¢ corresponds to the asymptotic value of the KK scalar ¢ associated to the circle
parametrized by w. The asymptotic radius of this circle is given in terms of / an the
string length /; by

Ry = lools . (2.22)

The choice that allows us to describe multi-center black-hole solutions in four di-
mensions is

ne qa ne qa ne qa Ne qa
Zo=1+Y 2%, Z =1+) =, Z=1+) 2, H=1+) "H, (223
—1 Ta —1 Ta —17a —1 Ta
a=1 a=1 a=1 a=1
where 7, = ||¥ — %,||. As before, ¥, denotes the position of the at"" center in IE3 and the
parameters g%, 4%, g5 and g4, are assumed to be strictly positive.
The 1-form y is given, locally, by
X =Y q5 cosbudps, (2.24)
a
where 7,4, 0,, ¢, are spherical coordinates associated to the ath center

X —X; = (rasin 6, cos ¢y, 1, Sin O, sin ¢, 1, cos 0,) . (2.25)

With these choices, the ten-dimensional solution can be rewritten locally in the form
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1 Z 2
A2 2 220 -1 . =2
ds” = Z.Z dt Eoo—,H (dw + 0y X) ZOde(B)
Z 2
2 + -1 -1 —2
— kooZ [dz + ko (ZJr — 1) dt} — dy(4) , (2.26a)
A =d|(2e—1)ko (271 = 1) dt N dz| + loo (3 420 N b0, (2.26b)
e =Wz /2, (2.260)

In order to avoid Dirac-Misner string singularities we have to impose the following
“quantization conditions” on the g4,s":

Ry W
7 = “’2 , W' e Z" Va. (2.27)

The four-dimensional solution is obtained by compactifying the above solution on
the six-torus T® = T* x Sl x S} by using (twice) the results in Appendix B. It has the
following non-vanishing fields,

dst = (2, Z_ZoH) V2 dr* — (2, Z_ZyH)"? dxly, (2.28a)

(A") = , (2.28b)

(Cy) = <(2€ —1) keo (Z:l — 1) dt, Eoo)(()) , (2.28¢)
2 Zy/H 0
(Gap) = , (2.28d)
0 kK2Z, ) Z_
Z.Z

(2.28e)

where
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6_24)00 = e_zqsookoogoo s (2'29)

and

Xo = )_q6cosO.de, . (2.30)

2.2.1 Thermodynamics

The reasoning leading to the identification of the locations of the poles of the har-
monic functions with extremal black-hole event horizons is identical to that of the
tive-dimensional case. Now, the near-horizon geometries are AdS, x 52 and the radius
of the a™ of these spaces is (4% 4 g44%,)'/*. The Bekenstein-Hawking entropy to the a'

black hole is
7T
B =y \ T A0 (231)

N
and the entropy of the complete spacetime is its sum

SBu = ) _ Sy - (2.32)
a
We can also assign a mass M to the a" center
1
M" = —5 (0% + 9% + 45+ q3) (2:33)
4Gy

and the cancellation of the mutual interaction energies follows from the relation be-
tween the total mass M and the putative masses of the individual black holes

1
M= - (Zqi S +m) . 239
a N a a a a

2.2.2 Microscopic description

The main difference between the four- and five-dimensional cases is that in the four-
dimensional case there is one more type of charge: the magnetic charge associated
to the Kaluza-Klein vector. The sources for these charges are Kaluza-Klein monopoles.
Their topological charges are the integers W?, whose relation with the magnetic charges
q%, was found in Eq. (2.27) by imposing the absence of Dirac-Misner string singularities.
The remaining sources (fundamental strings, waves and Ss-branes) are those of the
five-dimensional black holes smeared over the coordinate w which is transverse to
their worldvolume directions, see Table 2.
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PR yl yz y:—s y4 w oyl 2 13
F1 X X ~ ~ ~ ~ ~ — — —
W X X ~ ~ ~ ~ ~ — — —
S5 X X X X X X ~ — — -

KK6 x X X X X X ~ — — =

Table 2: Sources associated to the four-dimensional black holes.

Due to this smearing, the relations between the parameters g° that occur in the
harmonic functions and the source parameters are no longer given by Egs. (2.17), but
instead by [12]**

2 12 21 /
5 QLu o
qa+ = ZRSER n, qaf = zst w?, ‘78 = 95R N?%. (2.35)

In terms of the source parameters, n?, w?, N* and W*, the entropies and putative
masses of each of the centers read

By = 27TV ntwiNAWe, (2.36a)

R
Ma:n_+“_/2wa+

Na Wz
RZ

e a
o o we. (2.36b)

The total entropy and mass are just the sums.

3 Heterotic multi-center black-hole solutions at first or-
der in o’

It was shown in Ref. [11] that the first-order &’ corrections to the general ten-dimensional
heterotic background considered in the previous section and given in Egs. (2.3) can be
analytically obtained in the supersymmetric case for arbitrary choices of harmonic
functions as long as the hyper-Kahler metric is a Gibbons-Hawking space or E*. Here
we extend the results of [11] to the € = 0 case, which does not preserve any super-
symmetry. In this section we will just describe the corrected solutions.>> They have
exactly the same form as the leading-order solutions described in Section 2 with the

22 Although we use the same symbols for the parameters that occur in the harmonic functions for the
five- and four-dimensional cases, they are different. In particular, they have different dimensions.
?3Additional details are provided in Appendix D.
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only difference that the functions Z, and Z; get a’ corrections.** For any solution
to the zeroth-order equations of motion of the form Eq. (2.3), the corrections to these
functions are given by?=>

(0) (0)

(0 , | €OmZ o0mZL } '

Z.=2"—-da'<{ = +H4 o +0'7), (3.1a)
+ + {2 ZéO)ZEO) +

AR A L 003,

_ =(0) )1
Z0=2, +ua
4 2 740 2
(Zéo)> ( ())

+Hop +0O(a'?), (3.1b)

where now ZJ(FO)_ 0 and H (9 are the zeroth-order value of those functions (i.e. harmonic

functions in t}{e’hyper—Kéihler metric hy,) and Hy and Hy are arbitrary harmonic
functions in the hyper-Kéhler metric h;,, (which does not get any corrections) which
will be determined later on by imposing appropriate boundary conditions.

The functions H and Z_ do not get any corrections, hence they are simply given by

z_ =z9 41 0w?), (3.2a)

H=HO+0(?). (3.2b)

Let us now discuss the corrections to the multi-center black-hole solutions studied
in the previous section.

3.1  Multi-Center black-hole solutions in five dimensions

Plugging the functions Zéo) and ZJ(FO) chosen in Egs. (2.6) in Egs. (3.1a) and (3.1b), we

get

24This is only true for the 1o-dimensional solutions, because the definitions of some the lower-
dimensional fields (all those descending from the 10-dimensional Kalb-Ramond 2-form) have a’ cor-
rections [18]. These will not be needed for our purposes: we only need the lower-dimensional metrics,
whose expression in terms of the Z functions do not change.

*>Here we are using flat indices in the hyper-Kdhler space m, n, ..., whose metric does not get any
corrections. Thus, 0, X9, Y = h"9,,,X0,, Y.
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i a b o m,,m
2, =20 ol |2ez2 20 Y B g | 4 02, (3.32)
L a,b papb
Zo— 20 4o | 202y B | L 0w, (3.3b)
L a,b p&lp
where we have defined the unit radial vectors
n = (x" — x)/ pa. (3.9

We just have to determine the harmonic functions H and Hy. We shall impose the
following two conditions:

1. The solutions will be asymptotically flat with the following normalization of the
functions: lim)|y|| e Z+,0 = 1. This implies

lim H,p=0. (3-5)

[|x[[ =0

2. The coefficients of the 1/p3 poles of Z | which arise in the p, — 0 will not be
renormalized. That is

7% i
Zy |x—>xg p_z ’ 2o |x—>xl, .02 : (3.6)
a a

Ho and ‘H 4 must be harmonic functions of the same type as Zéo) and ZJ(rO) to preserve
asymptotic flatness:

Ao
H0+—“0++Z :)H (3.7)
a

Then, the above conditions determine the coefficients ag,+, fj | as follows,

g =0 = O, ‘Bg = —1, ﬁﬁ_ q;’l_ , (38)
90
yielding
qa

Hy=2e) —F, ——Z (3.9)

a "10Fa a pa
Hence, the final form of the functions that get &’ corrections is
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a b m
2z, =29 e | 27120 ‘12% YT Low?), (3.100)
a,b papb a qopa
ny'ny’ 1
Zy = ZO(O) Z%qo b —Z +0(a'?). (3.10b)
ab papb — 03

The two conditions imposed to determine #( have a physical motivation. The
tirst condition is equivalent to asking the non-renormalization of the asymptotic value
of the string coupling, the radius of the internal direction and, therefore, of the five-
dimensional Newton constant. These constants defined the vacuum and, therefore, we
are dealing with corrected solutions in the original vacuum. This allows us to compare
the masses and the charges of the black holes before and after the corrections.

The second condition is meant to keep unmodified the relation between the pa-
rameters of the solution g3 , _ and the physical parameters specifying the microscopic
system, n?,w? and N Eq. (2.17). As we have already discussed, this is due to the
fact that n?, w” and N? are proportional to the coefficients of the poles of the func-
tions [10,12]. It is worth remarking that this condition implies that the 1/p? coefficient
in the asymptotic expansion of the functions can be corrected. Indeed, we find

1 2en'q"
Zy~14+— <Zq0 ) ey Z+N1+F2(q‘i+ qaq+>+.... (3.11)

0

Another natural choice of harmonic functions H( . would have been to simply set
both of them to zero. In such case, the 1/p? coefficients in the asymptotic expansion
would remain invariant, while the coefficients of the poles of the functions would be
corrected, contrarily to what happens with the choice we have made. Nevertheless,
it is important to emphasize that both choices are physically equivalent since they
give rise to the same solution parametrized in very different ways. For instance, the
identifications in Eq. (2.17) are no longer valid if we choose H(+ = 0.

In any case, these ambiguities disappear once the solution is expressed in terms of
the physical quantities. The behavior of the functions near the at"" center is given by

2.2 20,0 /Nﬂ
Z+ ~ gsa ” ’ Z_~ gsazw ’ ZO ~ a o (3‘12)
Zpa pﬂ pa

while, asymptotically, we find

2,12 2.0 /
85071 Q+| g5 Q- | o' | Qo
Z—&-Nl‘f‘ng—pZ; Z_ +S—2; Zo~ 1+ Pz ’ (3.13)
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where we have defined, for later convenience,

a

Q+:n+262%, Q9 =2e-1w, Q=-(N-n), (314

which coincide with the asymptotic charges of the solution, defined as

(1o, = & /53 e 2Pk? < F, (3.15a)

) . A
ThQ = g—slo/ e %H, (3.15b)
167G{" JTixs,

1 A
Ts5Q0 = —0) /3 H, (3.15¢)
l6mtGy " /5%

where

1 1
B o’ > (2mls)5420,

are the string and Ss-brane tensions, respectively.

(3.16)

3.1.1 Regularity of the corrected solutions

From the behavior of the functions near the centers Egs. (3.12), we see that the cor-
rected solutions describe 7. regular event horizons as long as the charge parameters
are strictly positive, g% _ ; > 0. When the corrections are taken into account, though,
even if we take all these parameters to be positive, there exists the possibility that the
functions Z; and Z; vanish at some points outside the event horizons, giving rise to
naked (curvature) singularities. However, we can argue that in the solutions we are
considering in this paper, all eventual curvature singularities that might appear must
be spurious.?® The reason is simply that they are not present in the zeroth-order so-
lutions. Therefore, if they appear in the corrected solutions, it must be in a regime of
charge parameters where the perturbative expansion is no longer justified, as the van-
ishing of the functions can only happen when the corrections cancel the leading-order
contributions, which tells us that they are equally important. This can be seen very
clearly in the single-center solutions. In this case, the corrections are given by [9]

26Note that this claim does not apply to the conical singularities (struts) we are also discussing in the
paper.
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g+ 2eqia (04 g0+4g-) oW,

z, =141
’ 02 90 (0% +q-) (02 + q0)

(3.172)

2
Zo=1+0 £ F20 | o2, (3.17b)
o7 (p*+q0)

The function Z is always strictly positive if g, _ o > 0. However, the function Zj can
vanish and change sign, which is far worse. However, this only happens if g9 < o’
(see Fig. 3), in which case the perturbative expansion is no longer justified. Hence,
naked singularities of the corrected solutions only arise for values of the parameters
for which the perturbative expansion breaks down and we should not worry about
them. A graphic depiction of a particular solution is givenin Figs. 6 and 7

10

8k
6,

4+ ,: - qo— 0.2 o

2

2f 1 — o=

G =50

p/Va!

Figure 3: Plot of the function Z; for the solution with a single center n. = 1 and for
several values of the charge go/a’ = {0.2,1,5}. As we can see, when the value of g is
sufficiently small, (spurious) naked singularities appear.

In the multi-center case, we have exactly the same situation. In any case, it is, of
course, important to check that the we have found solutions are free of these patholo-
gies when we take the charges to be large as compared to a’. We have done so nu-
merically for several multi-center configurations and we have found no singularities
whenever the charges are larger than /;, in agreement with our general argument:
even if we consider a complicated configuration (see Fig. 4), approaching a center the
corrections to Z o reduce to those of a single BH (see Fig. 5).

3.1.2 Thermodynamic properties of the corrected black holes

The ADM mass of the a’-corrected five-dimensional black holes can be straightfor-
wardly computed from the asymptotic expansion of ¢ component of the metric. The

24



. ol = /
W : \/ — ¢5=02a
-1 _ ]
¢ =0.5a
-2F ] o
-3 o ] g5 =d
_4-| L L L L L L L L L L L L L L L L L L L L]
0.0 0.5 1.0 1.5 2.0
$1/\/5?

Figure 4: Plot of the function Z; for the solution with multiple centers n. = 5 along
the plane x> = x* = 0. The plane spanned by x! and x> does not contain any of the
centers. The centers are placed in the vertexes of a 5-cell.

1.00003
1.00002
1.00001
1.00000

Figure 5: Plot of the function Zj for the solution with multiple centers n, = 5 along
a direction passing through a center for several values of the charge of such center
90/ «' = {0.1,0.2,0.5,1}. As we can see, when the value of gy is much smaller than &/,
(spurious) naked singularities appear. The centers are placed in the vertexes of a 5-cell.

result can be expressed in several ways,
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ZL'I/\/J

Figure 6: Plot of the g; component of the metric in the Einstein frame Eq. (2.8a) for
a planar configuration of 3-charged extremal BHs in 5 dimensions. x; and x; are the
same of Eq. (2.7). The charges and the positions are positive and randomly picked such
that the average distance among the BHs is 5 times the average value of the charges in
units of a'.

n R, R, 2¢e n* n.R,
M= 4 %2 2Ny Ey D flete
R, T g2’ T R, ; Ne Q2o

(3.18)
_ 194 | R:|Q-| | R:|Qo
R, LT g2a

7

which highlight different aspects of the corrections to the mass, as we are going to
discuss. First, observe that we can associate a mass to the ath black hole given by?7

n* 2e R,w*
Ma:R_Z<1+W>+ St (NT=1), (3.19)
and that it is still true that the total mass is given by the sum of these putative individ-
ual black-hole masses, M =}, M”. Again, this is telling us that there is a cancellation
of the interaction energies between the black holes, which is precisely what allows
them to be in static equilibrium. However, contrarily to what happens at zeroth order,
the total mass not only depends on the total amounts of winding, momentum and

*7These individual masses can be found by setting n. = 1 in Eq. (3.18).
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Figure 7: 3-dimensional version of the plot in Fig. 6. In this figure we do not have
infinite throats because the coordinates we are using are defined outside of the BHs
horizons where g = 0.

Ss-branes, but also on the particular distribution of these objects among the different
centers.

In order to discuss the corrections to the mass, we have to specify the quantities
that we keep fixed. There are two natural possibilities: either we fix the asymptotic
(Maxwell) charges, Q. _ o, or the total number of stringy sources, n,w and N. This
distinction is necessary because these quantities do not coincide when taking into ac-
count &’ corrections, as we have just seen in Eq. (3.14). In fact, the correction to the
mass just vanishes when the asymptotic charges are kept fixed, as reported in [9]. In
contrast, when fixing n, w and N, one finds that the correction to the mass is given by

2 a R 1 a k2
€ n Nelkz 262%— ne oo] . (3.20)
a

SM =y = —
meNT R, & NT @20’ R,

g2

As we can see, the correction in the non-supersymmetric case (¢ = 0) is always
negative and, furthermore, it decreases linearly with the number of centers. This
means that the fragmentation of these bound states is energetically favored in the
non-supersymmetric case. We will come back to this issue in Section 4. In the super-
symmetric case, in turn, the correction does not have a definite sign.

The entropy of these black holes can be obtained by means of the entropy formula
derived in [35]%® based on the results of [37,40], as it has recently been done in [9] for

28 As explained in that reference, in general, the Iyer-Wald formula derived in [31] using the formalism
of [27,26] is not valid in presence of matter fields because the vast majority of them have gauge freedoms
that were not correctly taken into account. In particular, in the case of the first-order in a’ heterotic
superstring effective action, the entropy formula derived using the Iyer-Wald prescription is not gauge
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single black-hole solutions. Since this entropy is just an integral over the event horizon,
it is just the sum of all the entropies of the individual black holes, and we can simply
use the result in [9] to get

2e
=) S, Sty = 2V nwr N4 (1 + ﬁ) : (3.21)
a
As we can see, the correction to the entropy for fixed n?,w” and N” vanishes in the
non-supersymmetric case, in agreement with the results of [33,58]. The result in the
supersymmetric case coincides with previous results in the literature, see [59,33, 58,34,
18].

3.2 Multi-Center black-hole solutions in four dimensions

Plugging Egs. (2.23) in Egs. (3.1a) and (3.1b) and choosing the harmonic functions
Ho + with the same prescription as in the five-dimensional case, we obtain that the
corrections to Z, and Z are the following,*

ea’ nMni
z,=20_& [Zéo) Z 12q+q by T ] O@W?),  (3.22)

2 rzrb ~ 46q%"a
/
2
z _z0_ &5 ”lo%” ”b quH” ny O
o= 20+ |20 p AR o p By L o,
(3.22b)

where, now, n = (x™ — x")/r,and m = 1,2, 3.
The behavior of all the functions that determine the four-dimensional solutions near
the black-hole horizons (r, — 0) is,

g2a'?n" =z 20’ w" z o' N* RyW*
2R2R 1y T 2Rurs O™ 2Rwra’ 2rs '

Z, o~ (3-23)

where we have used Egs. (2.35) and (2.27). Asymptotically, we find the following
behavior

invariant (it is frame-dependent). In certain frames, the entropy formula derived using the Iyer-Wald
prescription and the entropy formula derived in [35] take the same form, except for a factor of 2 in one
of the terms. The factor of 2 that occurs in the entropy formula derived in [35] leads to an entropy that

satisfies the first law of black-hole thermodynamics in the a’-corrected non-extremal Reissner-Nordstrém
black hole [14].

a
29 . . . . . o eql. _ 1
The expressions for the harmonic functions in this case are H4+ =}, T and Ho = — Y5 515 i
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2,12 2.1 !

gs0'%| Q4| gsa'| Q| a'| Qo Ru| Qx|
ARV -Gl o B SRPNE IR il ol R APUR S ~1
Y ORIR T Ry Ryr ' It

(3-24)
where we have defined

Q+—n+2€ZNaWa, Q- =Q2e-1Nw, Q0=—<N—Z%>, Oy =W

(3-25)
which again coincide with the asymptotic charges of the solution.
3.2.1 Thermodynamic properties of the corrected solutions
The total mass of the four-dimensional black-hole solution is given by
n Rw RN R(R,W 26 n® 2R, 1
M=— =y — - —
R, T T g2/ + Q2’2 R, ; Newe  g2a/ ; Wwe
(3.26)

194l RJQ-| |, RefQol , RAR:|Qu|

R: "o Tge T g

It displays analogous features to the mass of the five-dimensional ones. First, the total
mass is again the sum of the putative individual masses of each black hole, given by

Ma

“ 2 Raw® R (N"—%) RZR,W”
”(1+ 6) ' ROV ) | RuRaW! (327)

+

R NaWwa o g%“l ggalz
Again, this fact can be interpreted as directly related to the no-force condition be-
tween the black holes. In addition to this, we observe that the correction to the mass

also vanishes when we keep the asymptotic charges constant. Instead, when we keep
the parameters n, w, N and W constant, we obtain a non-vanishing correction,

en” k2 1
ey | (3.28)
]

which is, again, negative in the non-supersymmetric case and decreases with the num-
ber of centers.

The Wald entropy can be computed as in the five-dimensional case, making use of
the results of [9], and it has the value

2

5M|anW R
Z

Sw = 2712\/ nwr NWa (1 + N“W“) . (3.29)
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4 Discussion

Our main results can be summarized as follows: we have computed the first-order o’
corrections to multi-center black-hole solutions in five and four dimensions which pro-
vide effective descriptions of bound states of fundamental strings, momentum waves,
solitonic 5-branes and KK monopoles. We have shown that the first-order a’ correc-
tions do not introduce any singularities and that, therefore, the equilibrium of forces
between them is preserved.

We have also seen how the relation between the asymptotic charges and the num-
bers of fundamental objects is altered by the a’ corrections, see Egs. (3.14) and (3.25).
As a consequence, we have seen that the mass can have corrections when n, w, N and
W are kept fixed even if the corrections for the asymptotic charges vanish. Interestingly
enough, we have observed that when the total number of fundamental objects is kept
tixed, the masses of the non-supersymmetric solutions receive negative corrections that
decrease with the number of centers, indicating us that black-hole fragmentation is en-
ergetically favored. The question now is whether this process is allowed or not.

Clearly, a necessary condition for the fragmentation process to be allowed is that
the conserved charges of the initial and final configurations are identical. At the two-
derivative level, the conserved charges are proportional to the total numbers of the
different fundamental objects, which means that these numbers must not change. The
number of centers 7. can, in principle, change, but it does not appear explicitly in the
entropy formula at this order. Then, at this order, the fragmentation is, in principle,
allowed, but entropically disfavored.

As already mentioned, in presence of &’ corrections (which introduce Chern-Simons
terms), one can define several notions of charge and not all of them are necessarily
conserved [45]. Therefore, the first thing we have to do is to figure out which notions
of charge are conserved and which are not. A thorough analysis of all the possible
notions of charge, their physical interpretation and their properties in this context
requires much more work and will be carried out elsewhere [46]. Thus, here we will
just focus on one of them, the solitonic 5-brane charge. The presence of S5 branes
modifies the Bianchi identity of the Kalb-Ramond 2-form B as follows:

gAg ~ oA A B -
—<5 _1dH— =R\ AR sl =45 (4.1)
16nG§0) 4 (=) b R(-) a

The current Jg5 describes the coupling of external sources (S5 branes) to the mag-
netic dual of the KR 2-form. Following [45], we refer to it as the brane-source current.
By definition, it is localized, which in this context means that it vanishes whenever the
sourceless (supergravity) equations of motion are satisfied. For instance, in the five-
dimensional configurations we have studied, the brane-source current associated to S5
branes is given by
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o5 = —§2Tss Y N x4 6W(x —x,), where /]E 0B —x) =1, (42)
a

since it is precisely at the centers where Egs. (2.2) are not satisfied. Therefore, the
brane-source charge, defined as the integral of %5, is proportional to (minus) the total
number of S5 branes,

[ #ss = —g3Tss LN = —g2TssN. (4:3)
a

As explained in [45], brane-source charges are not conserved quantities in presence
of Chern-Simons terms. The heterotic case is, however, a bit peculiar because, when
taking a exterior derivative in (4.1), we arrive to
» & o 4 5 b
d%]55:—D7R_Ag/\R7” =0, (4-4)

32nG§0) (=)™ (-)a (=)

if the Bianchi identity of the Riemann tensor is not modified by the presence of sources,

D )R-z = DRy = 0. (4.5)

This implies that the total number of 5-branes, N, must remain constant in the
fragmentation process. The same happens with the Maxwell solitonic 5-brane charge,
which in the five-dimensional case is given by Qy = — (N — n,), see Eq. (3.14). Hence,
it is evident that the fragmentation is forbidden if both Maxwell and brane-source
charges are conserved. An analogous analysis in the four-dimensional case yields the
same conclusion.
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A The heterotic superstring effective action

The ' corrections that appear in the effective action of the heterotic superstring were
first studied in [4, 5, 3], see also [6,60-63] for more recent studies. Here we are fol-
lowing [3], adapting their results to the conventions of [1]. Working with a consistent
truncation in which all the gauge fields are trivialized, we have that the effective action
of the heterotic string that includes the first-order a’ corrections3° is given by

. ~D — . . 1 R OCI R ~ AP
7T ﬁ /dlox\/ gle™ {R —409)° + 551 — gRO s R | - (A)
N

where

Ryt =0T — QT n O, (A2)

A

A n ~(0)5 A
Oy = oy - AV, &, (A.3)

and, in their turn, @&* ; is the Levi-Civita spin connection and

A© =48, (A.4)

is the zeroth-order the 3-form field strength of the Kalb-Ramond 2-form B. The first-
order field strength is given by

H=dB+ "‘ZQ(L_), (A.5)
where
A A . A . 2 A . A p A A
L _ a b a b é
Q(i) = dQ(_) B/\ Q(_) a— gQ(_) b AN Q(_) e N\ Q(_) ar (A.6)

is the Chern-Simons 3-form of €),_,%;. Thus, H satisfies the Bianchi identit
3 (=)'b y

/ A

A X A ~ N
dH = ZR(_)[ZB VAN R(_)bﬁ . (A7)

3°Some terms of second order in &’ are implicitly included in this expression, in order to give it a
more convenient form, but they should be consistently ignored.
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A.1 Equations of motion

In order to derive the equations of motion, it is highly convenient to use the lemma
proven in [3], which states that the variation of the action with respect to the torsionful
spin connection, 4S5/ (562(,)%, yields terms of order O(a’?) when evaluated on-shell.
Since we are ignoring such higher-order terms, we can simply obtain the equations
of motion by varying the action only with respect to explicit occurrences of the fields
(i.e., those which do not occur through the torsionful spin connection). Doing so, one
obtains

A LS ~ 1 A A AN DC, A A A A 7
Rao = 2Vpd0 + 3 Hppo B — 2R 5" 4R o' = OW®), (A8a)
52 Lens 1o &g ap b 2
(0¢)” — SV g R R e = O(a'?), (A.8b)

B Torus compactification

The reduction of the heterotic superstring effective action over a torus to first order
in &’ has been carried out in Ref. [64]. Here, however, we only need to know the
relation between the lower- and higher-dimensional fields at leading order in the o’
expansion:3*

31Here we are using the first letters of the Greek alphabet for the internal indices instead of the Latin
letters m,n, - - -, to avoid possible confusions with the indices of the hyper-Kdhler space. We are also
using an unconventional C for some of the fields descending from the Kalb-Ramond 2-form.
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The inverse relations are

Ea,B = Caﬁ ’

¢=¢+ %logdet(Gaﬁ) X

Suv = §uv — gaﬁg;w@vﬁ/
A%y = glxﬁgﬂﬁ'

Gap = —8up

By = Byy + 8" 8u 1By

Cap = Bua + Bupg® 8y,
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(B.1d)

(B.1e)

(B.1f)
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(B.2a)

(B.2b)

(B.2¢)

(B.2d)

(B.2e)

(B.2f)

(B.2g)



C Curvature components

For convenience, we change coordinates introducing the coordinate u = t — keoz. The
computations will be performed in the following vielbein basis

d Z
é+:Z—Li, é_:dt—%du, ém:Z&/zvmr (Cl)

where v is a vierbein of the hyper-Kdhler metric, namely do? = v"0"5,,. In the
following we will use d,, to indicate the partial derivative with respect to the flat
indexes of the hyper-Kéahler vielbeins v™, i.e. we use

C.1 Torsionful spin connection

The components of the torsionful spin connection Q(,) ah = Wap — % Aégg ¢¢ are given by
Q(_)+_ Zma mlog Z_é" (C.3a)
0
Oy m = i /za log Z_¢&* (C.3b)
0
A Z_ s+ 1—
Q) 4m = Wamae Zé/za mlog Z_é (C.30)
Oy yn = | @pn + M09y log Zo| — i (C3d)

0

where @y, is the hyper-Kéhler spin connection’® and M, ,,,,; = 0,p04]n — %emnpq are
the anti-self-dual so(3) subalgebra of of so(4).

C.2 Curvature 2-form

The non-vanishing components of the curvature 2-form are

321t is defined through dv™ + @™, Av" = 0.
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. " Net 1 _
Ri_y_p= Z € [vnam log Z_ — Eam log Z_0d,log Zp —M,,,,,,,0p log Z_d,log Zy | ,
(C.4a)
o Z_e"NeéT 1
R(yim = AL lvnamzq — ~0,108 ZodnZ + (€ — 1)dmlog Z_9, 2
22, 2
e"Ne~
—€9 240 log Z_| 4+ (1 —¢€) Z [V 0mlog Z_
0
1 _
— Eam log Z_0,log Zy — Mpmnqap log Z_d,log Zy| , (C.4b)
R(_)mn = Ryn + Fun, (C.40)
where
Ry = dmn + Omp N\ @pn , (C.5a)
ﬁmn — dAmn + Amp /\ Apn ’ (C.5b)
and
Apn = M;11pq0q log Zo 0" . (C.6)

When computing the mn components of the curvature 2-form, Eq. (C.4) it is cru-
cial that the spin connection @y, and the connection A, satisfy opposite self-duality
relations,

- 1 -~ X 1 i
Winn = 5 €mnpq Wpq , Apn = —Eemanqu' (C7)

i.e., each of these connections belongs to one of the two orthogonal subspaces, so0+(3),
in which s0(4) = s04(3) @ so_(3) splits.

D The general a’-corrected solution

The a’ corrections to the equations of motion and Bianchi identity are encoded in the
so-called T-tensors [3], which are given by
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P2 _ _1p R ode

i = TaReaaRe (D-2)
2 5 5 b

T(4) = R(—)ﬁil/\R(*) , (DZ)
7(0)  — Aﬁ(;)q‘ib_ (D.3)

Using the calculations displayed in Appendix C, one can check that all the T-tensors
are equal to those of the supersymmetric case [11] except for Tf}r, which simply van-
ishes in the non-supersymmetric case. This implies that the function Z, does not

receive &’ corrections when € = 0. Hence, we find [11]

(0) e amZiO)amZ(_O)

_ €x 12
z, =z - 2020 +0?), (D.4)

where Z_ (0) _pare the functions that determine the zeroth-order solution through Egs. (2.3).
As dlscussed in the main text, the solution for Z is only specified up to a harmonic
function, which corresponds to the freedom we have to fix the boundary conditions.
The correction to the function Zy can be found by solving the Bianchi identity (A.7).
Given that T does not depend on ¢, the solution is the same as the one found in [11],
namely

0mZ\00, 2" 9,13,

4 (2360))2 (H 0))2

+0(a'?). (D.5)

2= 2"+
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