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1 Introduction

Conformal primary wavefunctions (CPWs) [1,2] with conformal dimension A are solutions of the

P

free-field equations of motion Tglalﬂ " (7, w) that transform covariantly under Lorentz transfor-

mations A*,, according to

ow™ OwPs
1 Up A— » Vi-Vp
Thtarra (A, w') = a7 (w) S oo oo AP e A7, TR (0, 0) (1.1)
where ¢*(w) with w = (w',...,wP”7?) is a fixed section of the light-cone ¢*(w)g,(w) = 0 and

A" (w) = ax(w) ¢*(w') . (1.2)

The interest in this type of field solutions is mainly motivated by the celestial holography pro-
gram, where one aims at encoding the S-matrix of quantum gravity in four dimensions in terms
of a two-dimensional celestial conformal field theory; see [1-13] for early works and [14] for
more references. In this framework, one trades 4D scattering amplitudes for 2D correlators, and
symmetries of the “bulk” S-matrix naturally translate into Ward identities for the “boundary”
description. With the aim of studying the properties of such correlators in a conformal basis,
it is of course important to construct CPWs not only for electromagnetic potentials Ai A and
linearized metric fluctuations hZ?A, but also for more exotic types of fields that can be relevant in
the ultimate celestial formulation of quantum gravity [15-20]. For instance, two-form fields nat-
urally emerge in double-copy constructions, whereby one decomposes the “square” of a one-form
field into irreducible components, including a graviton, a scalar and a two-form. Thus two-form
primaries are expected to play a role in future investigations of celestial double copies [19,21-24].
In this work, we explicitly construct CPWs for two-forms in D = 4 and more generally for
p-forms in generic spacetime dimensions D > 4. For each family of CPWs, we calculate the
invariant scalar products and we identify conformal dimensions corresponding to pure gauge
configurations. For p-forms, these pure gauge CPWs turn out to occur for A = p irrespectively
of the spacetime dimension D. We also carry out explicitly the construction of the corresponding
shadow transforms, obtaining for each CPW with dimension A a shadow partner with conformal
weight A" = D — 2 — A. Moreover, in the critical dimension D = 2 + 2p for each form degree p,
shadows with A’ = p are proportional to the original non-shadow CPW and thus are also pure
gauge. Our strategy is based on two building blocks: the scalar CPWs,
(F1)°T(A)
(—z - q(w) Fi0)>”

which can be seen as Mellin transforms of conventional plane wave states [1-3,6], and the “Mellin-

Pa(z,w) = (1.3)

space polarization vectors” [19]
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which obey simple transformation rules under Lorentz transformations,

b
e(Az,w') = gw/ A el (z,w) . (1.5)
wa

These two ingredients neatly combine to produce all higher-form CPWs. Along the way, we also

comment on the relation between conformal primary transformation rules and Wigner rotations
and translations arising in the standard little-group construction [25,26].

A further motivation for studying p-form conformal primaries is provided by dualities, which
for instance relate forms of different degrees to one another depending on the spacetime dimen-
sion. When D = 4, in particular, the two-form field is naturally dual to a scalar degree of
freedom. This fact was at the basis of the proposal to identify scalar soft theorems and their
associated charges [27,28] as manifestations of asymptotic symmetries involving their dual two-
forms [29,30]. Here we provide an explicit realization of this duality. This turns out to map
scalar CPWs to two-form CPWs with the same conformal weight, with singularities associated
to the constant A = 0 on the scalar side and to the pure gauge mode A = 2 on the two-form
side. With an appropriate normalization, the canonical pairing between this A = 2 pure gauge
configuration and the A = 0 CPW leads to an explicit finite and nonzero expression for the
associated charge.

In order to investigate the behavior of the CPWs obtained in this way near null infinity,
one is also led to analyze in detail the limits of scalar CPWs, and more generally of solutions
of the wave equation, as the radius r is sent to infinity for fixed retarded time [9, 20,31, 32].
Due to singularities appearing in null directions and in particular on the celestial sphere, these
limits need to be taken in a distributional sense. We formulate here a strategy based on the
method of regions [33,34] to handle them in a systematic fashion, treating carefully contact-term
contributions. In the limit, one finds that two regions of integration are important, and the
near-collinear one dominates the asymptotic expansion for D > 4. In general, both regions enter
the leading-order expansion in D = 4, leading to the appearance of logarithmic terms logr.
However, the combination appropriate to the calculation of wave-forms is log-free, consistently
with previous analyses.

Finally, we come back to the issue of two-forms and their dual scalar charges in D = 4,
discussing their explicit expressions both in the conventional plane wave basis and in the new
celestial basis. The two analyses agree and confirm that the A = 1 mode can be held responsible
for the leading soft theorem [19, 27, 35].

The paper is organized as follows. After collecting some preliminary material about polariza-
tion vectors and little-group transformations in section 2, we discuss the construction of CPWs
for the various form degrees in section 3 and their shadow transforms in section 4. We discuss our
method for calculating asymptotic limits in section 5 and conclude with a discussion of D = 4

two-forms and dual scalar fields in section 6.



Notation. Greek letters u,v,a, 3, ... denote D-dimensional spacetime indices, while Latin
letters a, b, ... denote d = (D — 2)-dimensional transverse-space indices. The square brackets on
p indices denote the alternating sum over permutations of such indices without additional factors,
for instance Ay, B, = A,B, — A, B,,. We adopt the mostly-plus signature 7, = diag(—+---+).
In the discussion of shadow transforms, ®a denotes the shadow transform of the conformal

primary with weight A, itself with weight d — A.

2 Plane waves and polarizations

In this section, we collect useful preliminary material that is later used to discuss conformal
primaries. We begin by recalling some facts about the geometry of the light-cone, which we then
employ in order to construct ordinary polarization vectors, making contact explicitly with the
transformation rules under little-group transformations and Wigner rotations. We then employ

such polarization vectors to construct two-form and p-form polarization tensors.

2.1 Projective light-cone

When dealing with massless fields, a distinguished role is played by the light-cone, defined by
p*=0. (2.1)
To parametrize it, it can be useful to fix a reference chart of the form
P = A" (w), (2.2)

where A\ and w*, with a = 1,2,..., D — 2, are real coordinates. In the next subsection we will
specialize to a standard choice of ¢*(w) (2.23) that simplifies several formulas. Once a choice of

¢"(w) has been made, it induces tangent vectors
ey (q) = 9aq" , (2.3)

and a metric
hav(q) = €4 (@) N €4(q) (2.4)

on the A =1 cross section it describes.
The projective light-cone can be defined by identifying vectors that differ only by an overall

rescaling:
p?=0, Pt~ Apt. (2.5)



This suggests considering an expression that is automatically invariant under rescalings:

qN — u—'q, (26)

with a suitable reference vector u*, and to consider as tangent vectors

i .
gg(q) =0, <uq_q) — L (aaqu _u ?aq qu> 7 (2_7)

so that, by construction,

eh(Nq) = ei(q) . (2.8)

The metric associated to €/(q) is given by

n(0) = ) 1 4(0) = s bl i) = T (2.9

since the additional pieces in (2.7) drop out by orthogonality. Again, (2.9) is manifestly invariant
under local rescalings.
We shall adopt (2.7) as our preferred tangent vectors. To denote points on the projective

light-cone, we shall also use interchangeably ¢* or w, writing for instance

eq(w) = € (q(w)) (2.10)

and
ds? = yap(w) dw'dw’,  Yap(w) = var(g(w)). (2.11)

Under a generic coordinate change w = w(w’), one then has

ow® , ow® ow?
= GZL(U’) ) %b(w/> = B Yed(W) T (2.12)

etw') = B

a

Let us now consider a Lorentz transformation A*, € SO(1, D — 1), which acts via
q“ — AN, q". (2.13)

Since A* ¢”(w) is null, the effect of the Lorentz transformation A can be also characterized by a

mapping w +— w'(w) such that
A q"(w) = ap(w)g*(w'), (2.14)

for a suitable factor ay. Taking a derivative of this relation with respect to w® leads to

80&/\

a c
w TV v () = ay(w)et(w') + Sura

A
Vaw/aec( )

q"(w'). (2.15)



Taking the “square” of this identity, and using ¢* = 0 = e’q,,, we see that a, acts as a conformal

factor for hg,

ow* ow?
Jwe hea(w) St ax (w)hgy(w') . (2.16)
The determinant of this relation gives
_ h(w) ow®
D—2 _
ay “(w) = h(w) det (8@0”’) ) (2.17)

where h(w) = det(hap(w)). Under the Lorentz transformation described by (2.14), the metric

also obeys

(u- Ag(w))?
(u-q(w)? '

as can be checked using eq. (2.16) and (2.14) contracted with u*, so that

ds? = ygp(w)dwduw® = (w') dwdw” (2.18)

’ no__ ﬁyab<w/) w) = u'q(w>
’yab(w) - Qg(w) ) Q( ) UAC](’LU) :

In view of (2.14), € behaves as follows under Lorentz transformations

) = g (000 ) = ). (2.20)

ow' \ u - q(w')

(2.19)

Consequently, it obeys the nonlinear transformation law

w-q Ouwb

q" v
(Auﬂ _ u_q AS up> er(Aq) = « Ag dur e'(q) . (2.21)

It is useful to make the dependence on the reference vector u* explicit, writing for instance

€*(u; q) or €”(u;w). Then, one finds the simpler transformation rule

b
e (Auyw') = % A ey (u;w) (2.22)

2.2 Standard parametrization

A very convenient choice for the section ¢*(w) is

L+ |w? , 1—|wp?
¢"(w) = (—2’ | , W —2‘ | ) (2.23)
i.e. Y
_.0 D-1 a_ p

in (2.2). Notice that this choice differs from the one usually taken in the celestial holography
literature (e.g. [2,7]) by a factor of two. The resulting metric hg, with this choice is flat hy, =
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dap and the coordinates w® cover Euclidean space RP~2. Moreover, identifying u# = —n* =
(—1,0,...,0,1), one has u - ¢g(w) = 1 for any w®, so that e”(q) = €!(q).

Under the Lorentz transformation A*,, via (2.14), we find

P, g (w) = an(w), (2.25)
while (2.16) and (2.17) reduce to
Jw® ow* 9
S Dt i (w)dap (2.26)
and 5
D—2 w®
= — . 2.2
ay “(w) = det <8w’b> (2.27)

In particular, the square root on the right-hand side of (2.17) yields 1 for this parametrization.
Finally, the transformation law (2.21) simplifies to

1 oub
ap(w) ow'™

(q). (2.28)

A M quAp V(Ag) —
V_n__q v Tp ea( Q)—

2.3 Little group

In this section we compare the polarization vectors constructed above with the ones that one
usually builds in terms of little-group elements (see e.g. [36,37]). In particular, this provides
an explicit link between their transformation laws on the celestial sphere and standard Wigner
rotations; see also [38,39].

Given the reference vector
k* = (k,0,...,0,K), (2.29)

the most general Lorentz transformation which leaves k* invariant takes the form

|z b |z|?
R=| (Ox)* O® —(Ox)*], (2.30)
[z b 1= [z
2 2
where 2%, with a = 1,..., D — 2, are real parameters and O is a (D — 2)-dimensional rotation

matrix. For any null vector p* of the form

1
Pmwd(@),  @e) =g (L |22 1 o) (231)

one can always construct a Lorentz transformation £(p) such that
L(p), k" =p". (2.32)
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For definiteness, let us take L£(p) as follows
L(p) = R(z) B(w) (2.33)

with B(w) a boost in the direction D — 1, which only affects the overall scale of k#, and R(z) a

Lorentz transformation that aligns it in the direction specified by 2%,

22 22
() 0 G- I

B(w) = 0 Sab 0 , R(Z) = 2@ Sab 24 . (2.34)
HE-) 0 bz gy

Let us now define
R(A,p) = L(p) 'AL(Ap). (2.35)
This transformation belongs to the little group of k*, since it obeys
R(A, p)H, kY = k* (2.36)
by construction, and therefore it must take the form (2.30) with suitable O%(A, p) and z,(A, p).
We define the physical polarizations according to

éa=(0,62,0),  ei(z) = L(2)" e = (2,6, —2%) (2.37)

where we can identify e#(z) = e#(q) = e#(p). Note that, as a result, e#(z) = dg¢"(z)/02z*. These
obey

o
R(A.p)', ¢ = & O™ (A, p) + — (A, p) (2:38)
and therefore, recalling the decomposition (2.36) and the defining property (2.32),
w
Aet (Ap) = el(p) O + % Ta . (2.39)
Since e (p) obeys
nuel(p) =0, n* =(1,0,...,0,—1), (2.40)
for any p, contracting (2.39) with n, we obtain
= (n-p) = n,, e (Ag) (2.41)
K
and we can recast (2.39) in the form
P v a
(AV“ o npAVp) e’(Ap) = el (p) O™(A,p). (2.42)

Comparing with (2.28), this transformation rule is of the same type as (2.42), with the Wigner

rotation explicitly given by

1 ouwb
ba — . 2.4
a(w) ow'™ (243)

Note that, indeed, (2.43) identifies an orthogonal matrix thanks to (2.26).
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2.4 Standard 4D expressions
When D = 4, switching to complexified coordinates and defining

1 2

2z =2t +i2%, zZ=z —1z°,

the convenient parametrization (2.23) can be cast as follows

1
q"(z,2) = 5(1 + 22,24 Z,—i(z — 2),1 — 22)
so that
1 1 1
6525(2717_i7_2> ) 6?25(271,2',—2) s hz2:§> hzz:O:hZZ

Moreover, since finite Lorentz transformations are parametrized by

b
zn—>z’=azid, ad —bc=1,
cz

the Jacobian in (2.17) takes the simple form

0z 1 _ R,
%—m, aA(z,z)—(cz+d)(cz+d)

The basic transformation rule (2.22) reads
e!(Au; 2’ Z') = (cz + d) A* el (u; 2, 2) et(Au; 2/ 2') = (Fz+ d*) A el (u; 2, Z)

Other useful transformation rules are

V2= (00)%+ (3)? = 4005, 2dz'dz* =dzdz, 0P (' =21 22— 2% =200(2—2).

together with

2d21 N de =idz A\ di, €12 — —€91 = —|—1, €,z = —€z, =

2.5 Polarizations in momentum space

The scalar wave equation

reads, in Fourier space,

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)



which restricts the support of (p) to the light-cone p? = 0. Positive- and negative-frequency

plane wave states can be thus taken as
®(z;p) = 7 p? =0, P’ >0. (2.54)
The free Maxwell equations for the vector potential A,(x), identified up to
A (x) ~Ay(x) + 0\ (), (2.55)

are given by
0A,(z) — 0,0"A,(x) =0. (2.56)

Adopting Lorenz gauge, one can reduce the discussion to the Fierz system
0A,(z) =0, oMA,(x) =0, OA(z) =0. (2.57)
In Fourier space, this translates into the conditions

pza#(p) =0, pla,(p) =0, p*A(p) =0, (2.58)

which restrict the supports of a,(p) and A(p) to the light-cone p* = 0 and enforce the transver-
sality of a,(p). The residual gauge freedom in (2.58) is given by

au(p) ~ au(p) + Apy - (2.59)

Thus, D — 2 independent polarizations for a, are naturally given by the tangent vectors e(p)
on the projective light-cone with a = 1,2,..., D — 2. We may therefore consider general plane
wave states of the form

Ay (w;p) = €;(p)@(z;p) - (2.60)

The free two-form B, () is subject to the gauge equivalence
B (@) ~ By () + 9, A, (&) — 9, A, (2) (2.61)
with parameters A, (z) to be identified up to the gauge-for-gauge transformations
A, (z) ~ Au(x) + 0,A(z) . (2.62)
In this case the equations of motion are given by*

0B () + 0,0°Byo(x) + 0,0 By, (x) =0, (2.63)

4In analogy with the more familiar electromagnetic case, we note that the equations of motion of the 2-form

set to zero the divergence of the associated field strength, 0%(9)oBy.)) = 0.
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and can be reduced to the Fierz-like system
0B (z) =0, 0"B,(z) =0, 0A,(x) =0, oMA,(x) =0, OA(x) =0. (2.64)
In Fourier space, all the fields have support on the light-cone and they obey

P (p) =0,  pra,(p) =0, (2.65)

while gauge and gauge-for-gauge transformations translate into

buw () ~ by (P) + Ppan(p) — puau(p), au(p) ~ au(p) + Apy- (2.66)

The second relation in (2.65) and the gauge-for-gauge residual freedom (2.66) can be used to
identify D — 2 independent polarizations €/ for a, as discussed for the spin-one case. The first
relation in (2.65) enforces D — 1 constraints on b, (since p*p”b,,, = 0 is identically true). On the
other hand, b, starts out with D(D —1)/2 independent components, in view of its antisymmetry,
so that, after imposing transversality, one is left with (D —1)(D —2)/2 independent components.

Therefore, we can parametrize b*” in the following way
Y=Y a (el — ey + ) Aapes — pPel), (2.67)

a<b a
with suitable coefficients ¢, and A\,. The second type of terms can be eliminated using the gauge

freedom in eq. (2.66), arriving at
b = Z Lab EL’ZV} , EL’ZV] = ehey — elel (2.68)
a<b

which shows how (D —2)(D — 3)/2 independent two-form polarizations can be constructed from

the D — 2 photon polarizations. Consequently, we may write
Bl (w:p) = el (D)®(w;p) (2.69)
In the D = 4 case, only one independent polarization is available, for instance
il = kel — el (2.70)

For a p-form, (D ;2) independent polarizations can be constructed in a similar fashion, taking

antisymmetrized products of one-form polarizations

el = el (2.71)

For completeness, let us also note that D(D — 3)/2 independent transverse, traceless polar-

izations for the spin-two field can be taken as follows

14 2 a
eé’g ) — ey + elel — —DfY_bQ elrydel (2.72)

where v, = €1, € as in (2.9) and v is its inverse. In D = 4, it is convenient to choose a

parametrization where v, vanishes for the two independent physical polarizations.
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3 p-form conformal primary wavefunctions

In this section we construct the CPWs for p-form fields out of the building blocks discussed
in the previous section. We then evaluate their scalar products and identify conformal weights
corresponding to pure gauge configurations. We also provide explicit maps between plane wave
and CPW mode expansions for the quantized field operators. For ease of presentation, we first
review as a warm up the scalar (zero-form) and the vector (one-form) originally built in [2], and

then move to two-form and p-form fields.

3.1 Scalar

The Mellin transform of a scalar plane wave state is given by [1-3, 6]

> dw L r'(A) (F1)2T(A)
OE (- o) — A i(xqhau+i0)w _ — ) 1
A7 q) /0 o w-¢€ (0Fig-2)®  (Fi0—q-2)> (3.1)

Here, the upper (lower) sign corresponds to positive (negative) frequency plane waves and +i0
indicates a small positive imaginary part. To simplify the notation, we will make the 4 labels on
the fields such as CIDX explicit only when strictly necessary. Incidentally, let us note that the map
x — —ux has the only effect of flipping this sign, interchanging incoming with outgoing plane
waves.

The field @A (z; g(w)) = Pa(z;w) defines a conformal primary wave function of dimension A

since indeed, under the mapping (2.14),
Pa(Az;w') = aff (w)Pa(z;w), (3.2)
with aa(w) given in (2.17). In the standard D = 4 conventions of subsection 2.4, this reads
Da(Az; 2, 2) = (cz2 + d)2 ("2 4+ d) A Pa(w; 2, 2) . (3.3)
Moreover, ® A (z;w) satisfies the Klein—-Gordon equation with respect to z,
OPa(z;w) =0. (3.4)

To evaluate the standard scalar product

(. f) = —i /E ISP (0,1 — [*0,1) (3.5)

between two such conformal primaries, it is convenient to use the integral representation in (3.1),
which leads to

b d b d ! 1% . /v
@) Baled)) == [ ot [T g v g [asrer o @
0

!
0o W w )

12



focusing for definiteness on the product of two positive-frequency states. Note that the scalar

product satisfies
(faf/)*:<f,7f)7 (f*vf,*):_(f/af)v (37)

so the product between negative-frequency states can be obtained by complex conjugation.
Choosing the 2° = 0 surface (so that dX* = dP~1x §), eq. (3.6) yields

> d Cdw e
@alei) bxog)) = [ Tt [T i+ ) 2020 Vg - ) (38)
0o W o W

where the argument of the delta function is restricted to the D — 1 spatial components. We can

use the identity

/ " ()T (p) = / 190 4(q) / " WP 2w f(wq)T(wa) (3.9)

which follows from the change of variables p! = wq!(w) with I =1,...,D —1

I I
dP~'p = det (%) dwdP 2w = wP2dwdet [ 1| dP 2w = wP2dwdQp o(q), (3.10)
O(w, w?) 0’

to conclude that the delta function can be factorized as follows

! ! 1 / /
§PV(wg —u'q) = 550w —w)d(e,q). (3.11)

Here 0(q,q’) is the invariant delta function on the (D — 2)-surface parametrized by the spatial

components of ¢g(w), which obeys

/dQD—2(q/)S0(q/> 6(q,q") = (q) - (3.12)

In terms of the standard parametrization (2.23),

I
q d= _  0(=\ gd - / L sy o
dQp_ = det d*w = d 0 = ) — . 1

p-2(q) = de o’ W = ¢ (0 )d"w, (¢:4) ) (@ — @) (3.13)

We then have
Oodw I*
(Pa(z;q), Par(z,q)) = (2m)P712¢° §(q,q’)/ UwAJFA bz (3.14)
0

The last integral is well-defined provided that the conformal weights take the form

D-2
A="3"+ik,  A€R, (3.15)
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so that we can use

% dw i(A=\") e it(A=X) /
0

—00

to obtain
(Pa(z;q), Par(z,¢)) = (27T)D2q0 5(q,d)0o(N—=N) = (27‘(’)D2 (5(d)(u7 —w)o(A = N). (3.17)

This is by now a standard derivation showing that CPWs with dimensions lying on the principal
series (3.15) form a basis for normalizable radiative wave packets [2]. In the Mellin transform
(3.1), the conformal dimension is however in principle an arbitrary complex number A € C.
In [31], it was showed that conformal primaries with analytically continued conformal dimension
can be understood as certain contour integrals on the principal series. Using the generalization

of the Dirac delta function to the complex plane considered in [31], we may write
(Palr;q), Par(z;¢) = 1A, ¢; A, q'), (3.18)
where we introduced the shorthand notation
IA, N ¢) = 2m)P28D (0 — @) (i(A + A" — D +2)) (3.19)

for later convenience. The precise meaning of the formal distribution d(iz) has been discussed
in [31]. Note that, while in the present case the inner product between positive- and negative-
energy states is zero, in the massive case this would no longer be the case [2].

Let us also mention that the following more general family of functions, called generalized

conformal primaries [19],

(&%)
(z-q)2"

with f a real function, also obey the transformation rule (3.2). In this family, the Klein-Gordon

oa(x;9) = (3.20)

equation selects only two independent solutions (up to normalization):

1 (a:Q)g_A

¢1,A = W, ¢2,d7A = W

(3.21)

Indeed, ¢ A is proportional to the scalar CPW (3.1), while as we shall see below ¢9 A is propor-
tional to its shadow transform [2].
Let us now compare the the standard plane wave mode expansion of a scalar field operator

®(x) with its conformal basis counterpart. The former reads

d(z) = / [P *a(p) + e~ al (p)] 26 (p*)0(p°) @D’ (3.22)
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with the usual commutation relations for creation and annihilation operators

[a(p), a' (p)] = 2|p|(2m)"~ 6P V(p — P, (3.23)

or equivalently (with the parametrization (2.31); more details on this step are given in Sect. 5.2)

1 d, - x d dw iwq(W)-x - —iwq(W )z T -
O(x) = ) /Rdd w/o w o [e a(w) alwq(w)) +e 9(@)eg (wq(w))} : (3.24)
The inverse Mellin transform gives

/c+ioo ﬂ% _ eiiwq-x (3 25)
c—1i00 <O:qu ’ x)A i2m 7 |

as can be seen closing the contour to the left of the line (¢ — ico, ¢ + i00), with positive ¢, which
runs parallel to the imaginary axis. Using (3.25) in (3.24) then yields (see [9,31] for analogous

mode expansions for operators with spin)

. c+ioo dA .
*w) = 557 d+1/ a'a / O [0k @ )aaa(@) + @5 @)al ()], (3.26)

T

where we defined as in [40]

apn (W) = / wi a(w q(w)) dw , al\ (@) = / W a (wq(w)) dw . (3.27)
0 0
Consistently with (3.18) these obey [31]
laa (@), aly (@")] = (2m)°2¢° 5(g,¢)3(i(A + A" = D +2)) (3.28)
and, using the standard scalar product, one also finds
(®(z), PA(z; W) = aa (W), (®(z), Py (z; W) = al\ () (3.29)
so that
an(@)®(2)|0) = @5 (x;@)[0) ,  al(@)P(x)[0) = PF (w;15)[0) . (3.30)
Since the standard Fourier mode decomposition for asymptotic field operators is most
commonly employed in scattering amplitude calculations, the map (3.27) between cre-
ation/annihilation operators for plane waves and CPWs is particularly useful in comparing en-
ergetically soft and conformally soft theorems [9-11,35,41,42].
Let us consider the emission of a massless scalar particle on top of a given scattering event.

For this process, if in the energetically soft limit w — 0 the soft theorem dictates a behavior like

1/w for the emission amplitude, then the conformally soft limit is A — 1. A quick way to see

15



this is the following [43]. Suppose f(w) ~ ¢, w™ for some n as w — 0. Then, introducing an

upper cutoff A in the intermediate steps,

dw A adw SN dw A~
fA—/O WA fw) — —cn/o w? - —i—/A w f(w)j—anjLn—i—regular (3.31)

and thus
Res fA) —¢,. (3.32)

=—n

More precisely, we can start from the energetically soft theorem written as

(out|a(wq(w))S|in) ~ w Z out|S\1n> (3.33)

as w — 07. We have kept the exponent « arbitrary in order to encompass different possible soft

behaviors. Then

A
dw g
outla wsmw/ WA 2N T (out|Slin) + - - - 3.34
(outlaa ()Siin) ~ [ wj;pmﬂwﬁ 5in) (3.34)
so that
Aa—l—A
(out|aa (w)S|in) ~ TiA Z out|S|in> + - (3.35)
and
Res({out|aa (w)S]in) ‘ ~ Z out|S|1n) (3.36)
For instance, for the leading soft theorem, a = —1 and the relevant weight is thus A = 1,

independently of the spacetime dimensions, while the sub™-leading soft theorems single out the
conformal dimension A =0, —1,—-2,... (see e.g. [35,44,45]).

3.2 One-form

We now consider the Mellin-space counterpart of eq. (2.60), with polarization vectors given by

(2.7), identifying the reference vector with the observation point u = —z, or more precisely
writing
0 q"(w) o 0 ,
chasal) = gz (s ) =~ s R0+ a(w)). (337)

which satisfies
quet(z;q9) =0, zu€el(z;q) =0, Ouet(x;q) =0, oMel(x;q) — 0" (x;9) = 0. (3.38)
One then defines [2]

(F9)T(A)
Fi0 —q-x)A 17

Al \(x3q) = éi(z:q) (—q - ) Pa(w;q) = € (z;q) ( (3.39)
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or more explicitly

aaqu &€ - aaq

A" (z:q) = (F)2T(A ‘|

(3.40)

In view of the basic transformation rules (2.22) and (3.2), the field (3.39) behaves as a spin-one

conformal primary under Lorentz transformations:

b
AZ’A(Ax; w') = aﬁ_l(w)% A AY A5 w) (3.41)

In the standard D = 4 conventions of subsection 2.4, the Jacobian is simply (2.48) and ay is
given by (2.48), so that we have from (3.41)

AZA(A:L‘; 2 7)) = (cz 4+ d)> ez + dF)A ! A AL A (252, 2) (3.42)

and similarly for the Z component. Moreover, in view of the last equation in (3.38), the field

strength
FYA = 0" AL A — 0"A A (3.43)
is given by
. ,U'EV — ql/eu'
F™ = (A = 1)(Fi) T (A) e — T 3.44
a,A ( )<:F7/) ( >(:F7/O —q- [L')A ’ ( )
and the A = 1 mode
Abaci(@1q) = Fiey(2:q) (3.45)
gives rise to a pure gauge configuration. This is also clearly displayed by writing (3.40) in the
form . .
Ay = (1 —~ Z) Vi + o (Z z, ;A> , (3.46)
where one isolated a “representative” [2]
0uq*
Vi = (F)°T(A) ———— . 3.47
a,A (:FZ> ( ) (:FZO —q- ./L')A ( )

Finally, we note that A ,(z;q) solves the Maxwell equations thanks to the properties (3.38).

To calculate scalar products, it is useful to first recast (3.39) in the equivalent form [31]

1 1 > d —
Ag,A = (aaq“ + K q“aa> CI)A(ﬁL‘, q) = (aaqu + Z q,uaa) / Uw WA eﬂ:zwq xp—0w : (348)
0
so that
v . 1 v v % dw A+1  tiwgta, —0w
Fia =% (1= =) (¢"0uq" — q"0aq") | —wiTheedion=0w, (3.49)
) A 0 w
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In this case the scalar product reads
(A A = —i/dE“ (A”F:; — A’*”FW) (3.50)

and we turn to evaluate it focusing for simplicity on positive-frequency wavefunctions. Choosing

the 2° = 0 surface and substituting the above expressions, one finds
(Aaa(r;9), Awar(z54)) = =(2m)P0(i(A + A — D +2))
1 v 1 v
x [ (1 - A,*) (6aq + x4 8a) 0(¢,4) (469w d;, — 4,0 dp) (3.51)

1 v 1 v / _
+ <1 - Z) (&uq + Al q aa’> 5((]7 q ) (qoaaQV QI/aaqo> ]

We now use ¢ = 0 = ¢ - 0,q, together with 9,q - 9yqg = has, and we note that

¢ 9.6(¢,¢") (¢°0wq), — 4,0wq") = —haa(0)¢°5(q. ¢ , (3.52)

as can be checked integrating by parts with respect to ¢. We then find

1 1
(Aa,A(x; C]), Aa’,A’(x; q,)) = haa’(Q) (1 — K) (1 — F) I(A, q; A/, q/) s (353)
with I(A,q; A’,¢') as in (3.19). In fact, the same result for the inner product would obtain
dropping the pure gauge piece in eq. (3.46). In four dimensions, where the delta function enforces
A" =2 — A, this can be simplified to

(A—-1)7

(Aaa(z:q), Awar(z:q)) = (2m)*2¢°haw (q) AA—2)

5(q.q)8(i(A + A" —2)).  (3.54)

In order to compare with (A.9) of [31], we need to divide both sides by

. AF A ‘A’*F A/* _ ,—imA A—1 m )
(=)PT(@)(+)¥ T(A") = ™A — 1) 2P (3.55)
to match the overall normalization, obtaining
asin(mA) A —1
(2724 () > TR D = L (g gy (i + A~ 2)), (3.56)

aA A -2

and take into account that h,y = 4 in the parametrization (2.23). The two formulas agree
(see also (3.13)). As discussed in [31], the above inner products can be seen to vanish or to
have poles for specific integer values of A. Interestingly, recent works have shown that integer A
CPWs span a complete, discrete basis, by taking residues of the Klein-Gordon inner product [46],

which leads to the more standard delta-function. The same conclusion was achieved in [47] by
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considering a deformed version of the inner product involving the shadow transforms. One can

expect that those results will continue to carry once generalized to integer A p-forms CPWs.
Let us conclude by mentioning the possibility to construct a more general family of primary

fields. Suppose that in addition to z*, we have another D-vector Z* at our disposal. Then we

can write down a conformal primary

qMZ ' aaq

AR 7Z:q) = | 0,¢" —
a,A(‘ra 7Q) (aq q-Z

) DAz, p). (3.57)

This is a solution to field equations in Lorenz gauge but it does not obey the radial gauge
quZ, A = 0. Rather, it satisfies Z,LAZ A = 0. In this regard, it can be compared to the generalized
conformal primaries of [19]. The field strength for (3.57) is

17 12 12 A
Foa(@, Ziq) = (q"ey — q"eh) — ” Pa(z,p), (3.58)

which is non-vanishing except for A = 0. We may in principle use this to construct a pure gauge
two form at A = 1. We shall return on this point in the next subsection.

In a similar spirit, we could consider the gradient of a conformal primary scalar wavefunction,
0,Pa(z;q), which also transforms as a primary vector and obeys the Lorenz gauge condition,
but does not obey the “radial” gauge condition. However, it is easy to see, retracing the steps
leading to (3.53), that such wavefunctions are orthogonal to any A} »(7;q).

As for the scalar case, we conclude this section by working out the map between cre-
ation/annihilation operators for plane waves and for CPWs. We start from the textbook Fourier-

mode expansion of the vector field operator in Lorenz gauge, 9,A" = 0,

Al (x) =

/ ddw’/ w? Z—Z [ei“qw)'””a”(w q(0)) + e wa@rzani(y, q(w’))] (3.59)
Rd 0

(2m)d+1

Proceeding like we did for the scalar, we change integration variables and arrive at

c+1i00 dA
d,o 7 - (N (4
A(a) = s /Rdd / m (x,w)ag_A(w)+<1>A(a:,w)ag_A(w)}, (3.60)
where
ag(w)z/ WAL (w0 g(F ) deo af(w)E/ WA (0 g (1)) dew (3.61)
0

are the “naive” Mellin transforms of plane wave creation and annihilation operators, in complete
analogy with (3.27). Our objective is to compare (3.60) to the expansion of the one-form field

in terms of CPWs, according to

c+ioo dA
d — e - - oot -
(@) = e / ' / A D) ana-a (@) + AR @ D)al, 2] (362)
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where the CPWs are given by (3.39), which obeys both Lorenz 0,A* = 0 and “radial” gauge

x, A" = 0. To this end, we can use
1
Ay a(@10) = [c%q“ +¢"x 8{1} DA (;10) (3.63)

n (3.48), equate (3.60) with (3.62) up to pure-gauge terms and take the invariant scalar

product of both sides with ®an(z;¢’). Integrating over x using (3.19), we find (“~” stands for
equality up to pure-gauge terms)
Bt d, = o q" (d) (.7 =/ -
al (W) ~ | d*0 || Oug” + A Oy | 8'V(W — )| agar (W) . (3.64)

Performing the integral over the angles and dropping the “prime” superscripts we get
1 ¢ (W)
P ~ ot (1 - ——— 7 a 7). '
alx (W) ~ Ouq ( T ) A(W) — T 0%aqn (W) (3.65)

The latter term is manifestly pure-gauge. Contracting both sides with ¢, (@) and 0,q, (W) we
see that (using hap = 0qp)

WEA@ =0. A @)(0) = (1= 775 ) auald) (3.60)

The latter relation can be solved for a, A provided d — A # 1 and we obtain

_ 9agyu(@)ax (@)

g, A (W) = (1—ﬁ>'

This provides the sought-for relation between the ladder operators for conformal primary states

(3.67)

(on the left) and Mellin transforms of ladder operators for plane wave states (on the right).
Instead of the ladder operators a, a, it is customary to work with closely-related quantities

called celestial primary operators, defined as [31]
Oua(@) = (4 al2:19), Al2)). (3.68)

Using (3.62) in (3.68) and recalling the explicit form for the inner product (3.53), we see that

1 1 .
A+Ar=d (1 a K) (1 Cd— A) 4aa (),

Oua() = (1 3 ) s (@0ua (). (3.70)

Oua and a, A are proportional to each other,

Ous(i) = (1- 3 ) (1- 3 ) tosar(@)

so that by (3.67)




This equation provides the counterpart of (3.67), i.e. it links the celestial primary operator to
the Mellin transform of the momentum-space ladder operators.

The definition (3.68) suggests an alternative way to arrive at (3.70). Since the scalar product
is gauge invariant, we can insert in (3.68) the expansion (3.60) for A"(z), (here ag_as is the

one-form annihilation operator)

. ~ c+ioo dA/* _ _
Ous() = g5y /R ' / o (At sl O (Yo (). (37)

The inner product (-,-) appearing in the integrand between CPWs can be computed retracing
the above steps leading to (3.53),

(-,-) = —(2m)Po(i(A + A™ — d))
X [ (8aq” + iq”(‘? ) 6(q,q") (goaw,a—n~ — q,a0,4-nm) (W)

1 — /
# (175 ) db s (@500 @00~ 000 | (3.72)

The Lorenz gauge implies g,a/x = 0, so this simplifies to

() = =28 + & = ) (1= § ) s (00 (373

Finally, recalling that ¢°5(q, ¢') = ¥ (6 — ),

T ct+ioo 1%
Oa,a (i) :ﬂ/ 7 50 + A% — ) (1_ i) 0!y n (5)Dag,(0),  (3.74)

202m)+1 | . ion

which reduces to (3.70). In conclusion, thanks to (3.70), in order to calculate amplitudes involving
conformal primary states (celestial amplitudes), one need not worry too much about the “pure
gauge” difference between a true CPW and the naive Mellin transforms of a momentum-space
wavefunction, e.g. the second term on the right-hand side of (3.63). One can simply calculate
amplitudes involving ordinary momentum-space states projected on the ath polarization, and
take the Mellin transform as in (3.61). The only thing to keep track of is the factor in the
right-hand side of (3.70), which one can easily insert afterwards, as is usually done in these kind

of calculations (see e.g. [13]).

3.3 Two-form

In order to discuss the the two-form case, let us begin by taking a closer look at the polarizations

(2.68), denoting as above
g

e (u;w) = el (u; q(w)) (3.75)
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interchangeably. By eq. (2.22), these obey

W](Au w') = A" A, g:j; SZZ e[cza](u; w) (3.76)
for any Lorentz transformation A. When D = 4, a short calculation shows that,
M (Aus ') = AN e [Pl (; w) det <8w) : (3.77)
ow’
where el = 6[“ “Iis the only independent polarization (2.70).
We can now consider the Mellin-space analog of (2.69), defining
Bl a(w;0) = ey (21 9)(—q - 2)*Pa (2, q) (3.78)
or more explicitly
N [
which, by (3.2) and (3.77), transforms according to
ny N A2 , Owe ow* po
Bab’A(Ax,w) =y “(w)AF A 0 D Dea /bBch(x w) (3.80)
under Lorentz transformations. When D = 4, this simplifies to
B (Aw; ') = ad~2(w) AP, A BY (2; w) det ( Ouw ) (3.81)
ow’
or, using eq. (2.17),
B (Az;w') = o (w) ];L((EUU/; A“aA”pBZU(m;w), (3.82)

where the Jacobian determinant has canceled out. Adopting for instance the choice (2.23), for
which h(w) = h(w’) = 1, we note that (3.82) has the same conformal transformation law as the

scalar (3.2). In the standard conventions of subsection 2.4, we have
BY (Aw; 2, 7)) = (cz + d)*(c*z + d*) A, A BY (w32, 7) (3.83)

which matches (3.3).
To calculate the field strength

Hg‘;g = aungA + 8”B§§A + 8"B§;A , (3.84)
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we note that many terms drop out thanks to (3.38), so that the end result is simply

q/‘e[yp} + qye[p:u'] + qpe[/“/]

H*P — (A — 2 - AF A ‘
Therefore, we see that the A = 2 mode
By, aca(w0) = —ei (z:0)er) (39) (3.86)

corresponds to a pure gauge configuration. In analogy with the one-form case, we can make this
more manifest by isolating a representative two-form plus a pure gauge configuration according
to
pv 2 g ol 1 V]

Bypa= 11— A Viba T N Viba | » (3.87)
where
92" 0hq” — 0aq” Opg"

(Fi0 — g~ z)2

The equations of motion are once again satisfied. In fact, all tensors that we have been

VZI;I,}A = (q:i)AF(A) ; T Vi A =TV - (3.88)

considering throughout are built out of terms the form
Trve B — g 7 0uq™ - - 0hg® f(x - q) (3.89)

with f a scalar function. Therefore they are divergence-free and obey O7T* v # = (.

To evaluate the scalar products, for generic D, it is convenient to recast B’ , in the form

B alw;q) = (62’2”] + % (%0510, + q[”aaq“]ab)) /0 N %" whetiwas—0w (3.90)
with
el) = 8,q"0bq” — 0uq” Ov" (3.91)
and the field strength HY*” in the form
Hf;:pA(iU; q) = +i (1 _ %) <qu€£;)p] i quet[l;;)u} 4 qpet[;zl']> /OOO dUW WA Fiwgz—0w (3.92)
We then substitute into
(B,B') = —%/dﬁ]“ (B”"H:;a — B"" H,p0) (3.93)
and follow very similar steps compared to the scalar and one-form cases. We are thus led to
(B (530). Baw,oe () = =5 (2m)"8(i(A + A" = D +2)) (3.94)
[ (1— ) (es + % (%0700 + q["@aqp}ab» 5(q,4") (@0Corntipo) + LoCurtrioo) + oCorviog])

+ (1 B %) (6;[530’] + ﬁ (q/[pgl/)/qla}aé/ + q/[aa(/z/q/p]ally’)) 5(Q7 q/> (qoeab[pa] + qp€ablo0] + qgeab[()p]) :|
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and thus, using integration by parts to simplify the action of the derivative on the delta function,

/ !/ / 2 2
(Bab,A(x; Q)>Ba’b/,A’(x;Q)) = I(A7Q>A 7Q) (1 - Z) (1 - E) (eabaea’b/) ) (395)
with I(A,¢; A, ¢') as in (3.19) and

1 h'aa’ hab’
<€ab7 ea’b’) = 2[ ([1!;2 V] ea,b/[uy] = det y " . (396)
ba’ bb’

As for the one-form inner product, the result (3.95) is insensitive to the pure gauge part in the
decomposition (3.87). When D = 4, one can also use the delta function 0(i(A + A™ — 2)) to
simplify the scalar product as follows,

(Ba(w;9), Bar(w;4')) = I(A, ¢; A, ¢') det(h) (3.97)

which is equal to the inner product for scalar CPWs when we choose parametrizations such as
(2.23) where det(h) = 1.

In principle, additional pure gauge “two-form CPWs” could be built by acting with an exterior
derivative on one-form CPWs, i.e. considering B}'y = ol AZ] A with arbitrary A. These two-forms
obey Lorenz gauge, but not radial gauge. However, the scalar product (F,a(x;q), Ba/(x;q")),
with 7"\ as in (3.49), is identically zero because

(qpeg - qaeﬁ) (qupa + Qpeop + QUeup) =0. (398)

The generalized one-form primaries introduced at the end of the previous subsection (3.57) have
the same field strength as the standard ones (up to a constant relative factor). Therefore, the
property (3.98) holds for them as well. In conclusion, both types of pure gauge two-form CPWs
built out of them are always orthogonal to the CPWs (3.78).

We now turn to the map between creation/annihilation operators for plane wave and CPW
states. This can be worked out following the same logic employed for the one-form in the previous

subsection and using the same technical tools employed in the rest of the present section.

_ 1 d, = - ddw iwq(wW )z - —iwq(W )z T - i|
B,.(z) = @m)i /Rdd w/o o [e au(wq(w)) +e ah,(wq(@))|, (3.99)

and

c+io00 dA
v _ d — + v t —
B () 4(2) A(O-)d+1 /Rdd /C z27r abHA( W) agp,a—n (W0 )+BabA(x w)a ab,d—A(w)i|7
(3.100)
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Using (3.90) we find

o 1 9 . k9, q"! ~
() ~ 500" Ohg” <1 _ H) A (10) — %aaaab,A(m, (3.101)
so that
Ly Cabyfu) (W)@ (W)
aab7A(w) = 9 (1 — L) (3.102)
d—
and similarly
i} .o L[, 2 B
Ou (i) = (Bl alws @), B@)) = 5 (1= 5 ) cangun (D) (7). (3.109)

This extends the dictionary to convert insertions of momentum-space states into the correspond-

ing ones of conformal-primary states to the two-form case.

3.4 Higher forms

The extension of the previous construction to anti-symmetric tensors of rank p can be achieved

naturally defining polarizations

et (0 q) = el (w5q) - el (w5.q) (3.104)

and conformal primaries
B Alwiq) = et (w39) (—q - 1) a (), (3.105)

or more explicitly
11 tp) Por.e gl IR )
. a; " €a ap, 47 € €a €a

Bt (1) = (Fi)AT(A) [ L —— 3.106
al.A-ap,A(aja Q) (:FZ> ( ) (:FZO _ q . x)A — (:F7/0 _ q . :C)A+1 ( )

where in the second term, the “hat” notation means that e* is omitted from the product. As
for the two-form, these fields trivially obey the equations of motion as noted below (3.89). An

equivalent expression is obtained by isolating a p-form “Mellin representative” and a pure gauge

part
Bﬂl"'ﬂpA(x. q) — (1 _ £> Vﬂl"'ﬂpA + a[ﬂl 1 i T - V/lz"'#p]A (3107)
ail--Qap, ) A ai--ap, <p _ 1>| A ai--Qap,
where
K1 pp NA ef[ﬁl o egﬁ] K2 pp a2 fip
Varapa = (F1) F(A)ma TV ian =TV, 0 A (3.108)
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The corresponding field strength is easy to evaluate by remembering eqs. (3.38) and reads

CONTIR )
q‘“ent €a

Err (3.10)

Hal o (w:.0) = (A = p)(F0)°T(A)

Thus, as one can also observe from (3.107), p-form CPWs of conformal dimension A = p are pure
gauge; see Table 1 below. This holds independently of the dimension d of the celestial sphere, in
contrast with the case of shadow p-forms, as we will see in section 4.3.

In order to evaluate scalar products, it is again convenient to trade the xz-dependence in the

polarization for a derivative

H1p

a1~-~ap,A(x; w)

“un dw wwq-r—uw
a1 ap A Z q[ﬂkegll e eg: .. egg]aak] /O U UJA +iwg-z—0 (3110)

and similarly for the field strength

. © ,
HU (s w) = i (1 — £> ql@er .. et / T A phiwga—0w (3.111)
ai--Qp, A 1 ' 0 w
This highlights that A = p mode
B Al (@5q) = (Fi)PT(p)ek (w; ) - - - € (5 q) (3.112)
is a pure-gauge wavefunction. The inner product
(B,B') = ) /alE“(B”1 PPHY - — BV ) (3.113)
thus takes the form
1 ) .
(Bayapa(:9); Bayoay ar(3¢)) = ol (2m)7 6(i(A + A™ — D +2))
1 & —-
[(1 - M) ( loveel 4 — A > qlorent el 'eﬁilaaﬁ(qvq')qf0|€fza--~a;,|m-~-pp}) (3.114)
k=1

b / / / 1pp]
* (1 B Z) ( afl asp A% Zq/[pkem ey eap;p a‘/l%é(q’ q/>q[0|ea1'~app1~-pp]> }

Derivatives acting on the delta function can be simplified integrating by parts and this leads to

(Balmap,A('r; q>7 Ba’l---a;,A’ (‘7;7 q/)) = (1 - %) (1 - Ap,*> ](AJ q; Al? q/) (€a1-~~ap> ea/l---a;,) ’ (3115)

where (A, q; A', ¢') is defined in (3.19) and

o,
(Caraps €afomal) = ol el vle s g rpag) - (3.116)
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Eq. (3.115) provides the generalization of (3.95) to generic form degree, and, in analogy with one-
and two-forms, the same result would obtain dropping the pure-gauge term in the decomposition
(3.107). The result can be simplified by noting that, letting ef, = hebn,,el,

(el[)l'ltl. e'gp})(ezll...ezf;) :5&11.5(;:]

(3.117)

We conclude by remarking that, when D = 2p 4 2, the scalar product (3.115) can be written in

the form

(A —p)?
(Bay-ap,a(73 ), Bay ooy ar(234')) = MI(A, ¢; A q') (€ay-aps €afar) (3.118)
which highlights the pure gauge mode A = p, in analogy with the expression in eq. (3.54) for the
one-form. Note that D = 2p + 2 can be also regarded as a “critical dimension” for the p-form
theory [48,49], since it is the dimension for which the asymptotic behaviors of radiative and
Coulombic solutions coincide [50].

Comparing plane wave and CP decompositions of the operators

1 . o dw iwa(@)-z - —iw x n
B, ..,(x) = ) /Rd ddw/o wd% [e 12 (w () 4 el ) /Tu (W q(W))],
(3.119)
and
c+i00 dA
B,uln-up(x) / dd—»/ :H.l.(;.up(ff;w)aay-.ap,d—A(w)
212m) 1 Jpa e o [P0 (3.120)
B (@ 0)ak, -y aea ()]
we deduce

. 1 p .
Ouseag () = (Basaa @30), B)) = - (1= ) ) (8) a3 (),
(3.121)
which completes our dictionary to convert insertions of momentum-space states into the corre-

sponding ones of conformal-primary states.

3.5 Hodge duality and self-duality

We want to show that, using the parameterization (2.23), if B, ..q, a is a p-form conformal

primary in D = d + 2 dimensions with field strength Hg,...q, A = dBy,...q,,a then

1 B 1
(d—p)(A—d+p)

€aroay PP Hyyooy ) A (3.122)
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That is to say, Hodge duality maps a p-form conformal primary to a (d — p)-form with dualized
polarization.

To this end, let us first decompose the anti-symmetric tensor according to

1
el g = el gt = (1,0,0,0,-1), (312)
which can be proved by

ety = nfw, + O, qg-n=-—1. (3.124)

Alternatively, we may first check (3.123) in the w® = 0 case, and then apply the transformation
R given in (2.34) to obtain the general case. Then, it is sufficient to note that

1 0 -1
det [0 6° 0 | =1. (3.125)
2 0 3

By eq. (3.109), in order to retrieve the duality (3.122), it is sufficient to show that

1 a 1 b
m €opr -+ paf q[ 6511 . QZ;’] = —W €ay--apbpi1--by q[ﬁelliz;ttll cee 6/;2] . (3126)
This can be seen using (3.123) according to the following steps:
b g .ol — L bi .. gba b1, ohip
T 1)!6w1,..ﬂd5 ¢ €ay Cay = T\ Pl 7 Clp) Cor-ba ) (1) " Cay
1
== (el o) (e o)
:—lé[bl... bp bp+1 ...ebd] € ; ( ' )
dal “ ap [pp+1 na 1g) or--ba (d —p)!

1 b
I p+1 . Lba
(d—p)! v anbosi by " Cnaly)

In the third line, the factor 1/(d — p)! compensates for double anti-symmetrization in fi,11 - - - ftg.
Let us apply this duality to a few examples, especially, to critical dimensions where self-dual

forms exist [51]. For one-forms in four dimensions we have
1
§ewaﬂF;j”A = —¢,/Fy%. (3.128)

In complex coordinates of subsection 2.4, we have €,; = i/2 and €*; = €,* = i. As a result,

1

Sew UL = —iF2} (3.129)
is an anti-self-dual form, while

1

Sew FEL = iF2R (3.130)
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is self-dual. Another example we have already encountered is that of a two-form in four dimen-

sions and in real coordinates (z!, 2?),

1 1
B R T 3.131
3'<ﬁ 2)€N 4 A 2 A ( )

where HY" = HY, 5 as in (6.12).

A two-form in six dimensions has 6 degrees of freedom. Defining two pairs of complex

coordinates w, w, z, z, they are {ww, 2z, wz, wz, wz, wz}. From €,45.; = —4 we have for instance
) . (3.132)
3'6IJJ’P wz,A wz, A" :

{wz,wz, } are anti-self-dual while {wz, Zw} are self-dual. Finally, H,s <> H.z, hence Hyz £ H >
is self-dual with positive sign and anti-self-dual with negative sign. Similarly, p-form CPWs in
D = 2p + 2 dimensions are mapped to p-form CPWs by the duality, so that one can organize

them in %(2p ) self-dual and %(2” ) anti-self-dual degrees of freedom.
p P

4 Shadow transforms

In this section we construct the shadow transforms of the p-form conformal primaries obtained
in the previous section. To this end, we also describe their uplifts obtained via the ambient-space
construction, whereby polarization indices a, b are promoted to spacetime indices up to suitable
projections. From now on, we shall systematically employ the convenient parametrization (2.23)
and the shorthand notation

d=D —2. (4.1)

We also highlight (Euclidean) d-vectors using an arrow, writing for instance g( ).

4.1 Scalar shadows

We start by revisiting the construction of [2] for the shadow scalar conformal primary wave-
functions. We use the following definition of the shadow transform (see [52, 53] for early works
and [2,54-57] for a more recent literature)

ddi’
|0 — @/ [2(d=2)

Dp(2;0) = p (230" . (4.2)
This non-local integral transform maps the scalar CPW &, (3.1) to an operator ® A of conformal
dimension d — A. Notice that, with the present normalization, the shadow transform does not

square to unity, but instead leads to the following proportionality factor:

= _mTE-ATA-9)

A TTANd—A) 43
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Letting for brevity ¢ = ¢(W), ¢ = q(@’) and using the identity

—2¢-¢ = |w—d']?, (4.4)
the shadow (4.2) reads
~ dg’ ,
Pa(r;q) = /W¢A<m;Q)y (4.5)
whose calculation involves the integral
dg’
al;q) = / & — 0/ Pa) (—2g - 2)A (4.6)
Since
—2¢ x=at|d )P - 27 W a7, gt = 20 £ 29t (4.7)
this can be recast in the form
1 dd =/
Salz;q) = / —. 4.8
S O R T (T A E S e .

This can be simplified introducing Schwinger parameters and performing the Gaussian integral

over w', which gives

[NJISH

qz) o (=a?)

T E Tty (t1t2(2—++t2 +2)
Salz;q) = N SR (4.9)

1 / dtydty,  t8 T
(x)A Jpo tita T'(d— A)T(A) (t1+t2)%

Changing variables according to t; = A, t; = At and carrying out the integration over A then

yields
— )% s0(¢ < (It -3
Sa(z;q) = ( fi_; 1) / — S (4.10)
EPITU=AN A T ]
The last integral can be reduced to the Euler Beta function by suitably rescaling ¢ and then
letting t = =2, which finally leads to
d
(—22)22 1T (A -9
Sa(z;q) = 4.11
A(xa Q) (—QQ'Z')d*A F(A) ( )
Using this basic result and the definition (3.1), provided ™ > 0, we obtain
~ g i A (F2)°T(A-9)
o o) — —i0 — 22— A 2 4.12
A(x7w) 7T2( ¢ x )2 (:FZO—2q(QB) l’)d_A ) ( )

recovering (up to the different choice for the normalization factor) expressions given in [2, 54].

One can check that @4 is indeed a solution of the equation of motion and behaves as a CPW with
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weight d — A. The more general case where " can be positive or negative is instead captured
by

(4.13)

$(—i0zt — 22)5 2 ? A
EI/)A<$;U_)’)I7T ( 0 ) <:F2) ( )2)

[sgn(z )] (30 — 2q(7) -
This is crucial in order to ensure that the antipodal mapping + — —x leaves CTDA unmodified
up to reversing the Fi0 prescription (i.e. interchanging incoming with outgoing states), as ap-
parent from (3.1) and (4.2). Note that ™ = —n - 2 where n* = (1,0,...,0,—1) is the vector
characterizing our preferred choice (2.23) of slicing of the light cone, —n - ¢ = 1.

To compute scalar products involving shadow transforms, one can proceed as follows. Let us

first turn to

(@A@;wyéwcawq>=i/’gh_gj;FAﬂ(@A@;w%¢N¢m53). (4.14)
Using (3.18),
(D (w50, Dpar(z;0") = 2(21)P 6D (@ — @5 (i (A + A — d)) (4.15)

when specialized to (2.23), using in particular (3.13), we immediately get

(@A@gwyéw@;wq): 2Cm)°_S(A+ A — d)). (4.16)

|w’ —’/|2A

A similar approach can be adopted to calculate

<CT>A($;ID’),(T>A/(x;IU')> /|z—w|2d A /| — _,/|2d A,)((PA(x;E),(I)A/(x;Z')), (4.17)

obtaining

(@(:p;w),cﬁ,(m;w'» 202m)PS(i(A + A — /|z|2d ] A - (4.18)

+w —

Starting from

/ d'z _ Dla+p-9) TE-arE -5 7 (4.19)
FPelZ+d — @' PP g~ grpetsme) D(@D(B)  Tld—a—p) '
settinga=d — A — %, B = A, and considering the A — 0 limit, we find
diz NHra-9HrE-A

. z TEIE NG = 8) 5 g, (4.20)

|Z[2d=2)=A| 7 4 i — |22 2I(d — A)T'(A)
Now, using (A.7), which implies to leading order

ot
—1A—d d)(= =
}\1_)[%)\‘11] W' = o) 6D (w5 — '), (4.21)
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one finally has [2]
(A —
r'(A

in terms of the scalar inner product (3.18), (3.19). In conclusion, the shadow transform preserves

(A" —9)
F(A/*)

(Batwia) Pawd) = 50 (@alwsq). Ou(wiq)),  (422)

the inner products as expected, up to a factor arising from our choice of normalization in the
shadow definition (4.2).

4.2 Embedding formalism

For objects carrying nontrivial polarizations, such as AY \ and B!}, with a,b = 1,2,....4d,
performing the shadow transform involves first building uplifts A7  or B 5, where the indices

a,b are promoted to a, f = 1,2,..., D in such a way that the resulting tensors obey [54]

AL A(T9) =0,  q"Bhgalzi9) =0, (4.23)

and are defined up to terms of the type g, (---)* or q[a(- - )g]" . These uplifts can be obtained

systematically replacing the basic polarization €/ (x;¢) in (3.37) by

o Taqh

Blx;q) = 4.24
hw0) = g T (.24
which can be also written formally as follows
0 q* o 0
b = ————log(%i0 . 4.25
cb(0:0) = o (2ips s ) =~ s OB -0, (4.25)
and reduces to €/ when projected along e = 0,9%, i.e
evel = el (4.26)
Note that el also satisfies z,e;(7; ¢) = 0. We can thus choose
o+ Taqt
halTiq) = (F0)2T(A . - 4.27
orY Zaq"0y + 239" 0K
B \(x5q) = (F9) T (A o b g TR 4.28
aﬂ,A(‘r7q) (ZFZ) ( ) |:(:FZO —q- {L‘)A (:FZO —q- l‘)A+1 H vi, ( )
which we can rewrite in the following way (here all derivatives are with respect to z)
1
AZ,A(Z'; q) = (55 + A xaa“) Da(x;q), (4.29)

1
B A (w5q) = [555; — 0L 4 (a5 + O5ad” — 8w — 5;;%8")] Da(ziq)  (4.30)

A

in terms of the scalar conformal primary.
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4.3 p-form shadows

Given the uplifted fields discussed in the previous subsection, the shadow transforms are defined
by first taking

L, —2q - q'65 + 2¢°q,
AaA@ q) = /ddw/ (—2q - ¢)4—A+1 ABA(x q), (4.31)
S L =2q- 408+ 2¢74)) [—2q - 05 + 2¢°q]
B aaiq) = [ d'a S s Baled)  (432)

and then projecting along e%(x;¢), e} (z;¢) to finally obtain EGA(m q) and BY (z;q). In fact,
(4.29), (4.30) can be also cast in the compact form

~ AL i a(d529)
“w . o d =1 a,d A ’ I RV
AL a(T59) —/d W T AT = A) NGO (4.33)
1 B% i ald;29)
S d 1 Papd-A )
Bl alasa) = g7 [ d' AR (i), (130

Again, it is convenient to first rewrite the kernels in terms of derivatives,

~ 1 0 d%w’
2 c ) — 5 ,6’
Bawia) = (04 125 P ) [ omis Al d), (4.35)
) 0 A’ , ,
BgﬁA xZ, q |:(Sp5/3 (5'0(] a B +5Bq aq ):| /WBﬁUA( ) (436)

Using (4.29), (4.30), the previous equations can be expressed as derivatives of the scalar shadow,

= 1 0 1 ~
A stwa) = (824 25 o) (34 5000 Batoia), (487

(4.38)

x [5;;5; = 8508 +  (Ohwad” + 8,0 — 8w, — 8w, ) | Balwiq).

One should note that, strictly speaking, taking derivatives with respect to ¢® is not allowed, due
to the constraint ¢ = 0. To be more precise, for each such derivative, one ought to first consider
expressions of the type

8 ) dd—»/
%F(k: x), with F<k’x):/(—2k‘-q(7jf’))d—ﬂ( 2 (@A (4.39)

where both k* and x# are unconstrained D-vectors, and only evaluate the result at k* = ¢* ()

after taking the derivative. However, we find that this only introduces mismatches that project

to zero at the end of the calculations, and are thus immaterial for our present purposes. To see
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this explicitly, let us first note that, following steps very similar to those applied in the calculation
of ®A(z;q), the integral F(k,z) can be cast in the form

O
F(k,x) = 2 —k*, —k- & 4.4
where p A
g > dt -
= G(—KE k- 3) = / < . (4.41)
—x2 o U [(—k2)t2 4 2t(—k - ) + 1)2
Performing the change of variables
ke k?
Aokt wee X (1.42)

with k% = k% & kP~!, according to which

k“:)\[q“(zﬁ)—i—gm“ . om=(1,0,...,0,-1), (4.43)
or more explicitly,
Et =X\, k= Aw” k= =X(|@]*+ p), (4.44)
one obtains
o o 1,0 1,., 0
_ 9 L, (@2 - p) = 4.4
Tl S v W (C Oy (4.45)
o 1, 0 )
S — 2ut— 4.4
oke A (awa v ap) ’ (4.46)
o 10
_ -9 4.4
ok—  XOp (4.47)

Using these derivatives, one can check that, denoting by G; and G5 the partial derivatives of G

with respect to its two arguments,

0G(=k?,—k - 1)
7 = —ZaG2(0, = ) = 2¢0 G1(0, —¢ - 7). 4.48
oke A 2oG2(0, —q - T) — 2q, G1(0, —q - T) (4.48)
This differs by the “naive derivative”
060, —a-2) __; G0, —q-3) (4.49)

aq“

just by a term proportional to q,. Terms of this type project to zero by construction after going
back from the embedding space to the physical polarizations, so that we can safely drop them
throughout our calculations. We only need to deal with first derivatives with respect to ¢, so

this analysis is exhaustive for the present purposes.
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It turns out convenient to introduce [19]

n
mh =gt 2oL gy en, (4.50)

« «

_q . ’x
Using (4.37) and the explicit expression (4.12), we see that, in the embedding space, the shadow

vector primary is directly related to m/,

~ 1 ~
faleia) = (3 + $wa0" ) ml Ba (w3 0) (4.51)

From
zgmb =0 (4.52)

we see that no contribution comes from the action of the derivative on 5A. In addition,

(5*5 + %xﬂaﬂ) mP = (1 — %) m (4.53)
and thus,
Ay = <1 - %) mk B (73 ). (4.54)
For the two-form, we may similarly write (4.38) in the form
~ 1 1 1 e
Basalwia) =5 (5,[,“551 + Zé,[,“xga”} + Zé},”xpa*‘])mﬂfmﬂ}% . (4.55)

To evaluate this expression, one may note that, by (4.52), z,0" gives a non-vanishing contribution

only when it acts on mf, with upper index o, so that

r,0"m], = —mj. (4.56)
Therefore, the final result is simply
~ 2 T
Bisalg,z)= (1~ X | Mams OUNS (4.57)

In summary,

~ 1 ~ ~ 2 ~
A = (1 - K) (—q-2)el Pa, Blsa = (1 — Z) (—q-x) [ehel —ehel] @a.  (4.58)

The projection on the tangent space to the light-cone has the only effect of turning # into e
via (4.26), so that the shadow transforms read

~ 1 ~ - 2 N~
AZ’A = (1 — K) (—q-x)el Dp, B(’l‘b’A = (1 — Z) (—q- m)QeL’z ] Dp . (4.59)
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As for the scalar case, the factors of (1—+) and (1— %) can be reabsorbed into different choices of
normalization in the definition of the shadow transform for fields with nontrivial tensor structure
(see e.g. [2,19] for one-form expressions).

For a generic p-form CPW, we define the shadow transform by

1 Pp

gﬂl“'ﬂp ( . ) _ l dd =/ o¢1~~~o¢p,d—A<q,; 2q) Bﬂl“‘ﬂp ( . /) (4 60)
arap AT 0] =0 w (Fi)AT(d — A) - prewd a)- :
After evaluating the integral we need to compute
~ 1 1 < — ~
Bg;_gz’A = o (5[[51 e 555} + N Z (Syil R AREE ok xpkauk}> m[fll e mg;;] Da, (4.61)
k=1

where (5/2‘\: means that the factor is omitted from the product. From (4.52) and (4.56) we conclude
that

B thatea) = (1= 5 ) mltt - i) B, (462
and projecting back from the embedding space,
. D ~
Biita(wsg) = (1= ) (=q-ayels el By (4.63)

The corresponding shadow field strength is thus

TTOHL Hp . _ p a1 p = a (d/2 B A)xa (d B A B p)qa
HM 0 () = (1 . Z> et emlBy,  rt= Sy R (L

which is to be compared with (3.109).

In the critical dimension d = 2p, we get

xa qa
a_(p_A)[p 1 4.65
so that the shadow of A = p is pure gauge. This is actually not surprising because, in D = 2+ 2p,

working out the explicit expressions for the shadow field (using in particular (4.12)), one has

S 1 A (F2)2T(A—p+1)
Brlayal@a) = goq-apelt - pln(—a?y ™ T oo (4.66)
and setting A = p leads to
~ )P
Ba, ey amp(30) = @EE‘? el (4.67)

which is proportional to the pure-gauge wavefunction already obtained in (3.112). In other
words, the pure-gauge shadow CPW coincides with the ordinary pure gauge CPW (up to an

overall factor); see Table 1.
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M1 pp Eﬂl e Hp
ay--ap,A ai--ap,A

=y

LN
DO

S
X

A=p
d=2p A=p

Table 1: Occurrences of “pure gauge” p-forms in D = d+ 2 spacetime dimensions. While p-form CPWs
of dimension A = p are pure gauge in any d, their shadow is pure gauge only in the critical dimension
d = 2p. In that case, the expression of the shadow pure-gauge mode coincides (up to a factor) with the

non-shadow one, given in (3.112).

Let us now turn to the calculation of scalar products involving shadow transforms, starting
from the one-form case. To compute the inner product between A, o and ﬁbyA, we can start
from the definition (4.33). The uplifted inner product for one-form primaries can be calculated
using the same technique as for (3.53), where 0, can be replaced by formal derivatives 9/0q®. As
discussed above, this only introduces ambiguities proportional to q,, which can be systematically

dropped. Similarly, (3.52) translates to

0"020(q,4) (" Narv — 4,00) = —Naarq"(q, ') + -+, (4.68)

where the omitted terms are proportional to ¢, or q.. Proceeding in this way, one obtains

, 1 1 iy
Aosoia) Avaresd) = (1- 5 ) (1= 57 ) 1@ &) (@69)

In turn, this leads to the shadow product
(Aa,A(x;Q)aAVB,A’<x; ql)> = /dd?A%d_m*(?qG?) («%,A(x; q), Apnr (T 5))

| : (4.70)
= Tap (1 - —) 1 - E) AL L a(24,9)22m)P S(i(A + A — ),

A

and contracting with e2(q)el (¢') this reduces to

(Aa,A(w; 4), Apar(; q’)) = hap (1 - %) (1 - Ai) % S(i(A+ A" —d)).  (4.71)

The inner product for two shadow one-form primaries can be computed analogously. One has
(-’Za,A(‘T; Q>7 “ZB,A’(I; q/)> = /d SAa d—A 2(], g) /ddgA;d—A’* (2q,7 2) (Ap,A<x; g)a AU,A’(J:; 5)) )

(4.72)
and therefore, using (4.69) and dropping terms proportional to g, or gg,

(Jza,A($§Q>7“IB,A’(x§ ql)> = (1 - %) (1 - A/*) 6(i(A + A — / = ﬂiniﬁw({ﬂ)g]d A
(4.73)
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Projecting along ey and ef , and recognizing the same expression appearing in the scalar case
(4.18), we thus obtain

(ﬁa,A(fc; q), Ag ar(; q’)) =napete, (1—1) (1- ) (@(l‘; q), Par(z; Q’)> - (4.74)

A very similar discussion extends to forms with generic degree p and leads to

22m)PS5(i(A + A — d))

(Bal,,.amA($; q), Ea’lmag,A’ (;13; C],)) = (eal...ap, Bafl...%) (1 — %) (1 — Ap,*)

|w _ ww’QA ’
(4.75)

(éar--ap,A(x; Q), Ea’l---a;,A’ ([L’; q/)> = (ea1-~~apa ea’l---a;) (1 - %) (1 - %) (EI/)A(:E; Q)a (/iA’(x; q/>> )
(4.76)

with (€4;...q,, €al...ar,) s in (3.116).

/
p

5 Singular asymptotics

In order to discuss the role that conformal primary wavefunctions play in the context of soft
theorems and more broadly in celestial holography, it is crucial to have a detailed understanding
of their asymptotic expansion when approaching the conformal boundary of flat spacetime, null
infinity .#. In order to do so, one has to deal with the problem of calculating the limit as r — oo,
for fixed retarded time u and observation angles, of conformal primary wavefunctions [9,20,31,32].
As we have seen in previous sections, scalar CPWs form the basic ingredient also for p-form ones.
The delicate issue arises from the presence in denominators of the type 1/(Fi0—2q-z)* of terms
where the » — oo limit can be compensated by the collinear limit, in which the observation point
and the null momentum can be almost parallel. It has been pointed out in [32] that conformally
soft limits A — Z [9] do not commute with the large-r expansion. Indeed, the stationary phase
space approximation usually taken in the soft theorem-asymptotic symmetry literature [58,59]
is only strictly valid for finite energy wavefunctions, while generic conformally soft operators,
for which Re(A) # 1, do not correspond to radiative, finite energy modes. One way to handle
this issue, advocated in [32], is to take the conformally soft limit last: this prescription allows
to analytically continue the Mellin transform of a radiative amplitude to conformal dimensions
lying outside the principal series. The alternative road is to take the opposite order of limits,
namely taking first the conformally soft limit of CPWs and then expand them in large-r. This
leads to overleading wavefunctions at .# (that one would have typically excluded from the phase
space), whose inner product with radiative wavefunctions is divergent and thus needs to undergo
a renormalization procedure [31,32,60].

In this section, we present a systematic treatment of the asymptotic expansion of CPWs

which is based on the method of regions [33,34]. In order to take into account the full range
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of available directions, we will treat the angular dependence in the distributional sense. In this
way, contributions due to the collinear regions turn out to be regular, but give rise to contact
terms (i.e. delta functions and their derivatives) on the celestial sphere. Moreover, the limits
A — 1,2, ... involve nontrivial cancellations of singularities between collinear and non-collinear
contributions, which lead in general to the appearance of log r terms in the asymptotic expansion,
exhibiting a “resonance” phenomenon already noted e.g. in [61].

We conclude by presenting a similar analysis for general solutions of the scalar wave equations,
expressed in terms of their Fourier representation, highlighting also in that case the presence of
two types of series in the asymptotic expansion and their interplay. As an application, we consider
the field generated by an idealized scattering event taking place at the origin of the spacetime.
This allows us to show how in the physically relevant combination of positive- and negative-

frequency modes the logr terms drop out and one retrieves the standard memory effect [62].

5.1 Asymptotics of scalar CPWs

We now want to discuss the limit of the scalar CPW of conformal dimension A in d+ 2 spacetime

dimensions

1

2i(w) = (F2)°TA) fi(w0).  fEw0) = g a

(5.1)

near future null infinity .#* (analogous expressions can be obtained for past null infinity & ).

Cartesian coordinates z* relate to Bondi coordinates (u,r, 2) via

2r
B— q t? EE— 4 5.2
ot = +1+’5’2q(2)7 (5.2)
with t* = (1,0,...,0) and employing the standard parametrization (2.23) for ¢*(Z). Z% is

reached in the limit » — oo, while u, 2" are kept fixed. For later convenience, we define

2r
2 2 . -2
P M= G0, (53)
so that
Fi0 — 2¢(@ ) - = m* + p?|w — Z|? (5.4)

and the £i0 prescription is absorbed into the definition of m?. We want to analyze the asymptotic

expansion of the quantity [61]
1

(2 + Pl — ZP)

fa= (5.5)
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regarded as a distribution in Z, as p — oo, using the so-called method of regions [33,34]°. To

this end, we need to consider the integral

_ ©(?) dz
In— / : d (5.6)

m? + 2| — Z2)A

for a generic test function ¢. As p — 0o, we need to distinguish two regions in the integration
domain. The first region is characterized by the scaling | — Z'| ~ O(1), so that m < p|& — 7|,
while the second one is characterized by the scaling |wf — 2’| ~ O(%), so that |uf — 7| < 1. We

can separate the integral accordingly as

In~ I+ 189 (5.7)
where (7) 2A
(r) (Y2l ¥ m < 1 ) d —
IV ~ 1— )|d :
N /(pzlw—ZIQ)A { pii—zp O\ } . >
and
. md—24 diz ~ m ~ m?2 . a .
0~ / T {¢<w>+;x ) + 5" 2aalamso<w>+0(p%)] (5.9)

In the first integral, we expanded the denominator for m < p|w — Z|, while in last integral we
introduced the variable T via

Z=w+

z (5.10)

|3

and expanded ¢ for p > m|Z|. Moreover, both in (5.8) and (5.9), we extended the integration
region back to the whole space, applying the method of regions. The leftover integration in (5.9)

can be dealt with using

d
2

xal...xaQH T
—dd_':—aal...aazn
/(1+|:ﬂ2)A TS ra)®

(5.11)

T(A — ¢ — 2p) ]
7i12\A—4—2n ’
(L =[p[)=27 5,

so that in particular

%FA_C_Z ai ,.a2 %FA_Q_l
/—{Mddf:—ﬂ L3 /—x"fMddf:W B =571 sue (519
(L+[Z[?) I'(A) (L+]Z[?) 2I'(A)

As a result, (5.8) and (5.9) read

2
(r) 1 m?A o 1
IA ~ / ((pZ‘U_j— Z‘2)A o <p2|,LD’_Z|2)A+1) @(Z)d Z+O (m) s (513)

5We thank S. Pasterski and A. Puhm for discussions on this expansion.
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and

rAaA-9) NA-§-1)
A0 2\A—2 gp(w) - A—94_1
pt(m?)=72 4ptH2(m?2)S >

These two expansions translate into the following double series for the distribution (5.5) itself,

V2 () +O(HQ. (5.14)

1 m2A

fA ~ (p2|w—5‘2)A B (p2]u7—2]2)A+1 +O< 2(A+2)> ( )
: 5.15
T2 F(A %) (d) /.= 5 P(A — g — 1) 2 <(d) . .
—i—F(A) pd(mg)A,g J (w_2)+4pd+2(m2)A*%*1v (W — 2 —|—(’)( d+4> ,

This expansion is valid for generic complex A, and it is Straightforward to obtain higher orders

in both series. However, care must be exerted for A = g, g + 1,--- where terms in the second

line can diverge. Such divergences are canceled by corresponding ° resonant” terms in the first

line, as can be seen applying (A.7) and (A.15). For instance, letting A = 952 retaining the first
nontrivial terms, we have

o () ) o5 ro(k) 6o

T e i A e A A

and sending A — 0 the % singularities cancel between the two terms, thanks to (A.7), leaving
behind®

2

g 25— v (3) — | 00@ - 2) 0 (88), 5D

d
7 1 _|_7r5
d ~~ - =
2 (plw =2 D(2)p

with 1) the digamma function. In a similar fashion, one can obtain the next terms in the expansion

retaining one more order and using (A.15), obtaining

1 mh P’ d (= _ >
I~ G g [ 0 e 8909
m2d T2m? p*e? (5:18)
d 26(2) (7 = o
" 2(a 7] 4NQMHP%Z§"(ﬂ_wﬁvyxw_”+o(ﬁ®
2
Letting instead A 3_’\, we find
1 0 1
ng*A ~ (p|d — Z[)d+2—> T (W)
(5.19)

+0 ()

o [0 g o T
2 §@D(g_z) 4 2 2@
MEESY Ld(wﬂ)l—% I ey T

6For simplicity, we omit the € in |@ — 2|7¢ and |@ — Z|79~2 (see appendix A).
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and sending A — 0 yields, after using (A.15), yields the finite expression

d
T2 1 1
2 (24 1) pim? w— Z|)dt2
(5 d ) p° (rl ) (5.20)
T2 1

2

PC_ (e — 25 (g — 7 10gp
after using ¥(z + 1) = % + 1(2). To highlight the same cancellation as A — d+4 , we would need
to go further subleading in the expansion of 1% A - Instead, retaining only the first few leading

terms, the (") series stays subleading and the limit can be taken naively, obtaining

d
m2 Ly~ 1 25(d) (= o
f%NIKg—I—Q) {pdm45()(w—z)+mv5()(w ):|—|—O< gp) (5.21)

We note that the expansion we obtained are consistent with the identity
Om2fa =—A fas. (5.22)

It is useful to write down explicitly (5.17), (5.20) and (5.21) for the specialized case of a d = 2
celestial sphere. Recalling 1(1) = —vyg, we obtain

1 2 L m2
h TERETITI 210gp_25(2)(w_z)__,—_,4
e N o=l (5.23a)
2 pPe o e '
_4/)4 log — V0" (0 — ) + O p6>7
T L 1 - 2, )
fa ~ T 5(2)(w—z)+—(p’w_g’)4 +4_p410g/;_2v25(2)( )+(9<1 gp) ’ (5.23b)
T . . T . . o
s~ 5o 0@ = 2) + s VO~ 2) 4 O (f2). (5.23¢)

Going back to the original variables using (5.3), one finds that in d = 2 the asymptotic expansion
near .41 (5.2) of

o L (5.24)
T D s )+ 2l - 2]
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for A =1,2,3 is given by

_u(+ [P+ [F])

L+12P) w1 +]ZP) 2r o
-~ 1 5@ (-
ho~ o= R rera e KA dr¥fu = 2|1 (5.25)

mu(l+ @ )?)(1 + |Z]?)? 2e%r ) L '

— 5@ (g — O (lesr
1672 %luareparEm) Y0 oA C¥),
1 712\2

fy ~ ig@)(uj_ 7) + %

2ur 4r?|w — 2| (5.26)

7T(1 + ’2’2)2 og 2er VQCS(Q)(U_j . 2») + O (logr) '

1612 w(l+ [0 )2)(1+|Z]?) e
5(2) = 1 212\2

Pk o) B U i w23 TR RO TS (5.27)

T+ @) 32ur(1+ [ ]7)

where the Fi0 prescription u — Fi0 + w is left implicit for brevity. These expansions are
consistent with the identity
Oufa =—A1+ @) fass - (5.28)

In appendix (B), we also provide an explicit cross-check that these expressions satisfy Ofa = 0.
Alternatively, one could write these expansions in complex coordinates, recalling from (2.50) that
§P (w0 — 2) =20 (w — 2) and V? = 40,0;.

5.2 Asymptotics of solutions of the wave equation

In this subsection we analyze the asymptotics of the solutions of
Od(z) =0. (5.29)

Going to Fourier space, the most general solution of this equation can be written as follows

B(r) = / e £(p) 6(2) dPp. (5.30)

where f is arbitrary. This can be split into positive- and negative-frequency parts according to
P(z) = 4 (z) + D_(z), where

Be(z) = / 7% £(p) 0(3°) 5(3%) dPp. (5.31)

each of which separately satisfies the wave equation. This splitting is Lorentz-invariant and we
can first focus on the positive-frequency part for definiteness.

Similarly to (5.2), we can change integration variables via
P = ptt + wgt (), (5.32)
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whose Jacobian determinant is simply

op” ’ d 0/~
det — = |w|®q (w). 5.33
2, 7, 0) wl|® g (@) (5.33)
Then,
7 0(w) 6(r)
C= ot e 0(p")3(p") = - 5.34
Pt = =t = 2uwg (W), (P)d(p°) 2o () (5.34)
Therefore,
< gd o
q)*(x):/ Wiy | AT fwg(), (5.35)
0 2w R4
or more explicitly
* 4 dw d s —iwg® (5 yu— erli==1" .
(I)+<l’>—/ w —/ d*we 1422 f(wq(w)). (5.36)
0 2w Rd

At this stage we want to take the limit 7 — oo and note that there are two regions that grant
an O(1) scaling for the exponent
iwr|w — Z|?
el e 5.37
1+ |22 (5:37)

A first possibility is to consider the near-collinear scaling @ = 2+ \/L; s, with § formally of O(1),

for which to leading order

. 1 °° d o _dwls|?
@Sr)(x) ~ —d/ w? —we_wqo(z)“f(wq(,?))/ d?5e HEE (5.38)
0

7"5 QW R4

Performing the resulting Gaussian s-integral, we find

o () ~ / ) (M w)ge—iwq(’(f)“f(wq(zw do. (5.39)

i 2w

Rescaling w this can be also cast in the form

d
c C2mw\ 2 . 2\ dw
o)~ [T (%) e () 5o (540)

A second possibility is to consider the scaling w ~ O(r~1), with generic [« — Z|%. To leading

order, considering a general scaling

flwq(iw)) ~w*f, (1) asw — 0, (5.41)
this leads to 0o worla—z 12
o\ (a) ~ / ddwfa(u?)/ Wwoe  mEE Y (5.42)
Rd 0 2w
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The w integral can be performed obtaining

1) () ~ L) 2 [2)a fal@) i
o) ~ S0P [ G (5.3

As a cross-check, we can verify that effecting the choice
flwq(t)) = 20274 5D (5 — 1) (5.44)

in eq. (5.35) reproduces the scalar conformal primary ®, and that correspondingly eqgs. (5.43),
(5.39) reproduce the leading terms in the two lines of (5.15). In conclusion, including the

corresponding analysis for negative-frequency modes as well, to leading order in each region

B (1) ~ ) (1+|5|2)Q/R Mddw+/om (Qm")Qem“f (w22) % (5.05)

(Lir)« a 2|0 — Z|% +ir 2w

The two terms are of the same order when a ~ d/2.

As an application, let us consider the field

D

Op(z) = / [eTTF(p) + e~ P F*(p)] 0(p") 276 (p?) (gﬂff? ,  F(p)= angfp (5.46)
where p, are the hard momenta of a background scattering process dressed with soft scalar
emissions, and g, denotes the coupling between the nth hard state and the scalar itself. Since
F(wq) = w™'F(q), for positive w, the scaling (5.41) corresponds to a« = D — 3 = d — 1 and
Fy (W) = F(q(w)). Then, the expansion (5.45), which we consider for D ~ 4 (i.e. d ~ 2) so
that it provides the leading-order terms in the 1/r-expansion, gives

Pd—DA+[ZP)TE i+ (=)
() ~ F
F(z) (2r) 11 /Rd 2@ — 7261 (q(@)) d*w

Feo W % ; dw (2)
—wu q(z
+ 2Re/0 (2i7rr> © me? E (‘10(5)> ’

where we have used F*(p) = F(p) in the first line and F(wgq/q°) = w™ F(q/q") in the second

line. Let us also define

(5.47)

N(Z) = ;)(é)) = (1,2(7)). (5.48)

At this point we can set D = 4 — 2¢ and perform the integral in the second line, which leads to

L(1—26e)(1+|Z]*)2 sin(e) o

F de°

(271-)3—267&—26 /Rd |w_ 5|2_45 ( (w)) w
I'(—¢)

(2imr )= 47 (0 + du) ¢

(5.49)
+ 2Re

F(N(Z)) .
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In order to take the limit € — 0 we can use

: sin(me) e IR Y
11_{% i — 7[> _11_{% 2 — 7|24 - ?5 (0 —2), (5.50)
1 ['(—e) 11 log r + log(0 + iu)
T - O(e) - 5.51
(2dmr)t=¢ 47 (0 + du)—¢ € 8imr Simlr +O(e) (5.51)

Note that the fact that we are focusing on the real combination in (5.46) is crucial to grant two
simplifications. First, the limit (5.50), which follows from (A.6), involves the sin(me) and this
compensates the singularity of 1/|Z— /| in D = 4. Second, while the expansion (5.51) contains

singular 1/e and logarithmic (logr)/r terms, they both drop out in the real part. Using

~ log(0 + iu) N log(0 —iu) _ sen(u) = +1  (u>0) (5.52)
i i -1 (u<0),
one is led to F(N) () F(N)
Op(x) = Srr " 8rr sgn(u) = 6(—u) e (5.53)

0 denoting the Heaviside step function 6(z) = +1 if x > 0 and 6(z) = 0 if x < 0. We can make
this more explicit defining 7, = +1 if n is an outgoing state and 7, = —1 if n is an incoming
state, and p, = n,(E,,k,), so that

ele) O

In In
;En—kn.i_gm], (5.54)

where ¢(2')/q°(Z) = N = (1,%). In this way, we retrieve the standard memory effect [62],

gn 9n
;En—kn«j:_gﬂl—knwf:]' (5.55)

Note that, while in the present example all logarithmic terms have dropped out, in general they

1
Pr(w) o~ Tnr

u>0

can appear in more involved setups, especially in connection with tail effects (see e.g. [63] and
references therein), themselves related to logarithmic corrections to soft theorems [64].

In D = 4, we can consider a more physical regularization, given by the —i0 prescription [65—68]

bp(x) = / [eip'xF(p) + e_ip'xF*(p)] 0(p°) 276 (p?) @n)i F(p) = Zn: ]ﬁ (5.56)

In this case, one sees that only the near-collinear region contributes and one is led to

Bp(z) ~ /_ T gy N (5.57)

Admr J_o 2T
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so that thanks to

+oo d —iwu +00 d WU
| e e = e, (5:5%)

oo ﬂ—nnw —10 - foo 12mw — 0 N
one finds ) On)
n U\TInU
o ~ ,
r () 4WZR:En_kn.:%, (5.59)
or more explicitly
Op(r) ~ — [0 Y =T o)y T (5.60)
4mr ~ Ep—ky- & — B, — k- & ’

which we recognize as the appropriate asymptotics of the retarded solution [69,70]. Of course,
(5.60) also reproduces the standard memory effect (5.55), as it only differs by the solution we
had found by taking the D — 4 limit by a u-independent term.

6 Two-form and scalar celestial primaries in 4D

In this section, we analyze more in detail certain properties of two-form primaries in four space-
time dimensions and discuss their duality to scalar degrees of freedom. This allows us to discuss

in a concrete setup the connection between two-form asymptotic charges and scalar soft theorems.

6.1 Hodge duality between scalar and two-form primaries

We will mostly work in the standard four-dimensional conventions detailed in subsection 2.4. We

begin by recalling the scalar conformal primary wave function (CPW) (3.1)

(F9)2T(A)

Pa(r;w,w) = (Fi0—q-2)8

(6.1)

which satisfies the Klein-Gordon equation O®, = 0 and where the parametrization for the null

vector ¢(w,w) is taken as in (2.45). Under Lorentz transformations A,

, aw+b

A" g 0) = d)(c*w + d*) g (w', 0’ = 6.2
A0 0) = (o + A0+ AP, =S (62)
and the conformal primary transforms as

Pa(Az;w @) = (cz 4+ d)> ("2 + d*) 2D a (25w, D). (6.3)

On the other hand, the two-form CPW (3.79) reads (dropping the a = ww index)

0w 0" N q"(z - 0wq)0aq” + Duwg" (x - D5q)q”

B (siw,) = (F)1°T(8) | T s (0 — g 2)

(6.4)
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and under Lorentz transformations
B (Av,w', @) = (cz + d)>(¢' = + 4PN, A, BE (2,0, 1) (6.5)

Hodge duality provides an on-shell link between a scalar ® and the field strength H*"? of the
two-form B,
HMP = ot BY + 0" B + 0P BM | (6.6)

according to

1
ge’“’”Hym =0'®, Hyp = €upe 0°P . (6.7)

The duality interchanges the equations of motion and Bianchi identities:
O0¢ =0« 0,H,,, =0, €"P?70,0,® =04+ 0"H,0p = 0. (6.8)

The duality can be explored at the level of conformal primaries. Using the explicit parame-

terization (2.23), and g¢123 = +1, a short calculation allows one to check that

Epwpo€] ehq’ = —qu (6.9)
and therefore )
v p oo _ u ol o _ p
oo =" € o0 = ——F 6.10
nrpo€y €24 (—q-2)? prpo€ 4 (—q-2)? (6.10)

As a result, the field strength (3.85) obeys

1 Voo (Fi)2T(A)
gg,uypa'HAp = —(A—2) (:Fz()—q:L‘)A'i‘l q# (6].1)
or, equivalently,
1 Voo 2
agﬂVPUHAp = — (]_ — Z) 8N¢A . (612)

Therefore, while for generic A this scalar/two-form duality determines ® 4 in terms of BY” up to a
constant, it fails to do so for A = 2. Notice that this is to be expected because A = 2 corresponds
to a pure gauge two-form, as discussed in section 3.3. Of course, this is only one possible way
of explicitly solving the duality equation, which is invariant under gauge transformations on the
BY” side and under shifts by constant numbers on the ®5. However, this is a nice solution

because it preserves the conformal primary nature of both objects, as already remarked.

6.2 Revisiting the scalar charge

Within the family of soft theorem-asymptotic symmetry relationships, the scalar case is at the

root of potential conceptual puzzles, despite the fact that spinless fields are the easiest to handle
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technically. Indeed, how can we understand soft factorization theorems for scattering amplitudes
as Ward identities in the absence of large local symmetries? In [27], Campiglia et al. studied
soft scalar theorems in the field theoretical context where a massless scalar field ® is coupled
to a massive one via a Yukawa-type interaction’. They showed that the leading soft scalar
factorization could be understood as arising from the conservation of certain asymptotic charges,

whose soft part
Qft — 7{ K (6.13)
It
is expressed in terms of an antisymmetric tensor
R = gagY —xEY . Jh = A0MD — DOMA, (6.14)

where £ = &0, is the dilatation vector field and A(z) a “symmetry parameter” that satisfies

OA = 0. In Bondi coordinates, the relevant component of x is k,, and, since & = ud, + rd,, we

then have
Fur = (A0, P — PO,AN)(—u) + (AO,P — POA)(u+ 7). (6.15)
The field @ is taken to be a radiative configuration for which
1
O~ —p(u,2)+---, (6.16)
r
and such that
Oup(u, Z) ~ |ul 717 (6.17)
for |u| — co. A particular choice satisfying this is the real part in (5.25) of the A = 1 conformal
primary,
Re®%_, = ~+z) O(—u) 6P (W —2) +--- (6.18)

From this expression, we thus see that the radiative free data corresponds to a pure retarded
time shift at future null infinity; one can thus interpret (6.18) as the “memory” imprint coming
from the conformally soft (A = 1) scalar primary, which was already introduced and analyzed
in [19].

On the other hand, the asymptotic limit of A near .# 7 is captured by [27]

2Ju|
g_

1 1
A~ =2 4 2o PRI (6.19)
T r

where both A and A are arbitrary functions of the angles but do not depend of u. This
assumption is satisfied in particular by the imaginary part of the conformal primary wavefunction
with A = 1, for which we have, by (5.25),

1—|—|5|2 m(1+ |5|2) or
1 e 5(2) = e 2
G- 7P r 8| e epe) . @A (6.20)

FImdL_, ~

"See [28] for a study of scalar soft theorems for massless cubic interactions in even D > 4.
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The imaginary part of the scalar primary thus plays the role of what would be the scalar version
of a “large gauge” transformation at ..
Now, substituting (6.16)-(6.19) in (6.15), multiplying by r? and retaining only terms that do

not tend to zero as r — 0o, we have
2 2 2
T Ky ~ —UOy (/\(1) + log e )\> +pA—p (/\(1) + log ke )\) +¢ ()\(1) + A+ log ke )\) . (6.21)
r r r

Notice that the first term drops out when evaluating this quantity at Z because of (6.17). Then,
recalling that the unit sphere is parametrized by ¢/(2)/q°(Z), the scalar charge (6.13) reads [27]
Addud?z
soft foa >
= —————— 2X(2)0u0(u, 2) . 6.22
o = | e () (6:22)
In particular, employing the two conformal primaries A = Im ®{_,, ® = Re®4_,, one obtains

Ot = (2m)? 6O (w — ') . (6.23)

Following [9,19,31,32], this soft charge can thus also be regarded as the canonical pairing between
the (would-be) Goldstone and memory modes, whose role is played by the imaginary and real
part of the conformally soft CPW| respectively.

Let us now discuss the asymptotic limit for the field operator itself. We know that the leading

energetically soft theorem

(outla(w q)Sin) ~ ;’". - {out|S]in) (out]Sa' (wg)lin) ~ =3 pg”_ {out|S[in) (6:24)

n

translates to the conformally soft one

Res(out|aA(q)S]in>‘A:1 ~ Z gy_L (out|SJin) , (6.25)
Res(out|Sal (¢)|in) ‘A:l ~— Z pgfq<out|8\in> : (6.26)

Since we have shown that ® are smooth functions of A, we can calculate (out|®(x)S|in), where
®(z) is the scalar field operator, by using the explicit expansion (3.26) and using (6.25) to
evaluate the A integral via residues, deforming the contour by closing it in the right half-plane.
We assume that the only relevant pole comes from A = 1. Consistently, we see from (5.24) that
higher values A = 2,3, ... corresponding to subleading soft behaviors are further suppressed in
the large-r or in the large-|u| limit. Then,®

/Rddzu?q)f(x;w)(out]S\in}Z In_ (6.27)

out|®(z)S|in) =
(out b (z)Sin) ey

2(2m)3

8The minus sign due to the fact that the contour runs clockwise is compensated by the minus sign in the

argument of as_A.
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Using (5.1)
2
2(2m)3

(out|®(x)Slin) = — /]Rd d*W fi(x; ) (out|S|in) Z In_ (6.28)

Pn-q

Combining with the other “half” of the commutator,

, 1 g
out|SP(x)|in) = / d*wW @7 (z;10) (out|S|in) - 6.29
(out|SP(z)in) 22 fo (@; ) (out|S]| Epnq (6.29)
and o
. —4l — — . gn
out|S®(x)|in :—/ &0 f7(x; W) (out|S|in ) 6.30
(out|SP(z)in) 22 fo fi (@) {out[S] >§n p— (6.30)
Therefore
. 2 . g
t] [®(z), S =— d*w 1 ;0 ) {out|S - 6.31
(ot [0(2) 81 i) = g | T ) (ol i) 322 (631
Near ., using (5.25) and recalling ¢ = HEQ N,
gn
(out| [®(x),S] |in) = 47rr E : (6.32)

Of course we can smear this with A\(Z) in particular again with the § function term in f;, as we
are instructed to do by (6.22).

This derivation parallels the one following from the plane wave representation:

(out|[®(z), S]|in) = (271r)3 /% (e (out|a(p)S|in) — e~"*(out|Sa' (p)|in)) (6.33)

and in the large-r limit [59]

(out|[®(x), S]|in) = 1 /000 dw (e7™*(out|a(w)S|in) + e™*(out|Sa’(w?)|in)) . (6.34)

Arr 20T

Since we are only interested in the large-|u| limit, we can expand each matrix element using the

soft theorem, so that

foutlf@(a).Slfiny = o [ ety (6.35)

Admr J_o 207w .

and one recovers

(out|[®(z), S]|in) = 47m~ Z g” (6.36)

Let us finish by commenting on the dual two-form approach to the scalar soft charge (6.13).
By the Hodge duality (6.7), for any scalar ®; 5 and two-form B » pairwise dual to each other,

the corresponding scalar products obey

(®1, P2) = (B1, B) _i/a (®1B; — B193). (6.37)
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So, in general, the standard inner products for scalars and two-forms dual to one another may
differ by a boundary term. For our specific solution of the duality however, we find that the
scalar products are exactly equal, so that the boundary term must be zero. Therefore, since the
Hodge duality relates scalar and form CPWs of the same conformal dimension A, one might have
expected that inserting the A = 1 two-form primary in the dual form inner product would lead
to recovering the scalar soft symmetry charge, in the spirit of [29,30]. This turns out however
not to be the case, since BL”, does not reduce to a pure “dual large gauge” configuration. We
thus see that this contrasts with the case of the soft photon and soft graviton charges, whose
expression can be derived from the inner product between a generic (spin-one or spin-two) field
perturbation and a pure gauge, conformally soft, CPW [9,31]. As it was pointed out in [27],
the spin zero soft charge rather resembles the magnetic version of the soft photon and soft
graviton charges [71-76]; further connections between form celestial primaries and these new

dual asymptotic charges would thus be worth exploring.

7 Discussion and outlook

Let us briefly summarize our main results. In this work, we explicitly constructed CPWs for p-
form fields By " o with arbitrary form degree p in generic spacetime dimension D. We derived

the expressions for their inner products and for the corresponding mode decomposition of the

H1Mp

a1-ay Ap with conformal weight

canonically quantized free field operators. For each p, the CPW B

A = pis pure gauge in any D. We then constructed the associated families of shadow transforms

RHL
Bal---ap,A7

waveform E{’;llc’;” A—p With A = p only in the special dimension D = 2 + 2p, corresponding to

working in the embedding formalism. Such shadow families also possess a pure-gauge

the “critical” dimension for the given form degree, which however coincides with the ordinary
one éﬁff: Aep = st;‘: A—p- In order to discuss the limit at .#* of such wavefunctions, we
investigated the limit r — oo for fixed retarded time and fixed angles, providing a systematic
strategy to perform such singular limits based on the method of regions. Finally, we revisited
the asymptotic charges of scalar fields in D = 4 and their associated dual two-form CPW.

We leave to future work the discussion in the conformal primary basis of dual form memory
effects of [77], as well as of further duality links between asymptotic charges associated to forms
of different degrees, such as the one proposed in D = 4 in [29,30]. The main appeal of such
constructions is that the symmetry interpretation of the charges can be more transparent in one
formulation than in the other. In particular, scalars do not have bona fide asymptotic symmetries,
while two-forms do [29,30]. The technical reason for the absence of a natural map between the soft
charge associated to a leading soft scalar theorem and a symmetry charge involving a dual two-

form CPW is that the latter is not pure gauge for A = 1 and therefore its canonical pairing cannot
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be interpreted as the charge associated to a symmetry transformation. However, pairings between
scalars and pure-gauge forms might occur when investigating subleading soft theorems [78,79],
a direction which is therefore worth exploring. In this respect, it would be natural to investigate
conformally soft theorems providing analogs of known energetically soft theorems involving for
instance two-forms and scalars. The latter, particularly in the case of the axion and the dilaton,
have been reformulated in terms of the geometry of field space [80], and very recently a geometric
formulation of conformally soft theorems was given [81,82]. Finally, it can also be of interest
to complement the study initiated in this paper by constructing CPWs for more “exotic” types
of field including higher-spin ones [83-87]. Although interacting theories involving such fields
are severely limited by a number of no-go results, including Weinberg’s soft theorem which rules
out their long range interactions, interest in theories involving massless higher-spin quanta is

motivated by its connections to the high-energy limit of the string spectrum [88].
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A Distribution identities

Starting from the one-dimensional case, we note that, provided Re A > 0, integration by parts

gives
/O TPt di = — /0 T PG dt~ 5(0) — A /0 T log(t) (1) di + O02). (A1)
for any test function ¢. This implies, as A — 0 for Re A > 0,
MAT(t) ~ 6(t) + Itil +0O(N\?), (A.2)

where |t|7! is the distribution defined by

1 o
/th(t) dt = —/ log(t) ¢'(t) dt . (A.3)
€ 0
Noting that

/ﬁgp(t) dt = lim {90(0) 10g(€)+/ 790(75)

e—0t ¢
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we can also write

— = lim [5(75) log(e€) + Q(tT—e)} . (A.5)

The d-dimensional analog of (A.2) can be obtained considering

/)\|u7 — ZPMp(2)d7 = j[dﬂd(i) / Mo (@ + rd) dr (A.6)
0

and applying (A.2) to the integral over r. One obtains
—»|)\—d N 2r
r'(5)

Once again a subtraction of the type (A.5) is needed to make sense of the ill-defined distribution

A — 6D (W — 2) + +0(N?) (A=0, ReA>0). (A7)

| — 2|~ in d dimensions,

L 2t 6D (@ — 2) log(e) + b(jw =21~ (A.8)
= Z[2 T T(2) CEEl |
where the limit € — 07 is left implicit.
For instance, using (A.7) and the identities
gl — Z|* = amg|w — 771, (A.9)
V2w — 2| = ala+d—2)|@ — Z]*2, (A.10)
one gets
V3w — 2 = (N2 —d) M — 72 (A.11)
and, sending A — 0, one retrieves in this way the expressions of the Green’s functions
27s
V3w — 2P = - W (@ - 7)), (A.12)
I'(3)
log|@ — 2|  2n% 2—d
\% = 8D (W —2) + ——— . A3
CEE Y T R A1
When d = 2 the latter reduces to the formula
Vilog | — 7| = 2m6P (0 — 7). (A.14)

Applying the Laplace operator V2 to (A.2) itself, one also gets

d
B d+2 A
Mg —zPd20 T2 (14272 26 @ — 2) 4+ ——— 22 Al
|w — Z| SNCES + ¥ V6 (w Z)+|u_f—5|§+2+o< ), (A.15)

o4



7|42

where we have defined |w — appearing on the right-hand side via

V3 — 2|7 = 2d|w — Z|7972, (A.16)

€

in order to comply with the formal behavior of | — Z'|~¢ under (A.10).

Let us work out these quantities explicitly in d = 2, starting from the definition (A.8), which

reads . 05— 7| — o)
B N/ m o —Z| —€
TP 2 log(e) 63 (0 — Z) + T_ZE (A.17)
The first derivative involves in particular
007 - ) = 2257 0.6?(2) + O A8
WCL(IZI—E)—L?|3 (1Z] =€) ~ =130 (Z) + O(e), (A.18)
where in the last step we used, letting 7n(6) = (cos,sin 0),
a > I B .
’;3 5(12] — €)p(2)d*z = E/ nq(0)e (en(0)) df ~ w0,p(0) + O(e) . (A.19)
0
Using (A.18) in (A.17), we obtain
1 9y —
Oui—zp = 2 loe(d 00D (& — 2) — 7 0,0 (@ — Z) + (& — Z| — €) ‘1(;“_ erja) (A.20)
The next derivative involves
—2z, . -2 AT o, 9 <(9)/
W 6a9(|2| — 6) = W{S(]z ’ — 6) ~ _6_2 5( )<Z) — 7V 5( )(Z) + O(E) s <A21)
where we used
1 N 1 . 2T T o
o021 = = 5 [ e(ento)d ~ 5 o(0) + 5 T0(0) + 0L (A.22)
We then obtain
1 4w 40(|w — 2| — €)
2 2) (7 _ 25(2) (7 _ 2 2¢2) (=
\Y TP = —6—25( (@ — 2) + 21 log(e) V26D (w5 — Z) — 2n V26D (0 — 7) + 7]
(A.23)
Via (A.16), this defines 4w — Z'|7*.
Let us also calculate
1+ |2 4 . 1
? = 429, 1 Vv : A.24
Vig-zE fw-p g U Vg Y
Using (A.20) and (A.23), we find
1412 4
VQ% =—(1+ |w|2)—§ 0@ (i — 7) + 2mlog(e) [4 + 4270, + (1 + |2 ) V?] 6P (& — 7)
— 7|2 B
4(1+ | |?
— 47 290,60 P (W — ) — 21(1 + |2 ) V26D (W — 2) + 0(|@ — Z| — €) (| - |lf||4 ) ,
W — Z
(A.25)



and after integration by parts this reduces to
1+ 22 41+ |@]?)

-2 o= 2]

VZ

+ 47w®9,0P (W — 7).

B Asymptotic expansion cross-checks

(A.26)

The equation of motion Ofa = 0 provides useful cross-checks on the asymptotic expansions

worked out in section (5.1). Using (5.2) to go to retarded coordinates, we have (see e.g. [89])

1 -~
D:8M8“=—<28r+§)8u+(83+3[8T+—2V2> ,
r T r

(B.1)

where V2 is the Laplacian on the sphere 8%, which is related to the one on the Euclidean space

R?, denoted V? = 9,0,, by

(14127 1+ [22\*
\Y —( 5 Oq —5 Oa | -

Writing the asymptotic expansion of a generic f in the form
) g®)
frd Tt Ty log(r),
k k

the equation of motion for f translates into the recursion relations

(d = 2k)0,9" = [V + (k= 1)(k — d)lg" ",
(d = 2k), f®) 4+ 20,9% = [V2 + (k= )k — d)]f* D 4+ (d+ 1 — 2k)g*V .

For simplicity, let us only verify the d = 2 expansions (5.25), (5.26), (5.27), for which

Ak =12 >12)2
1+Z)P  w(1+]Z])
(1) = 1 6(2) =
b2 - 2P 7 o8 A mpp)d @A)
@ _ _u(+ @)+ [Z]%)
' A — Z]4
=12 2122 2
(L [P P 2 T s
16 u(l+[@ 2)(1+[Z]?)
n_ 7 2 o 2 _ w(L+]Z)? L
e UCEE e S G CEER
1+ [7]2)2 14 1712)2 9
2(2);( J:IZL) m(1+1Z]°) og 2 N7,
4| —Z 4 16 w(l+ | 2) (14 |Z]?)

o _ mP(@ - 2) @ _ m(1+[Z]})?
P w1+ | ]2 P 32u(l 4 [ ?)

o6

(B.6)



Using these expressions and (B.2) when d = 2, we see that: f; trivially solves (B.4), (B.5) for
k = 1, while (B.4) for k = 2 provides a cross-check involving ggl) and 952); fo trivially solves
(B.4) for k = 2 and (B.5) for k = 1, while (B.5) for k£ = 2 provides a cross-check involving fél)
and the u-dependent part fQ(Q); (B.5) for k = 2 provides a cross-check involving fg(l) and f3(2). To

check (B.5) for fi when k = 2, we note that

—20,f? 4 20,9@ 1 T { 2
- e =—————+ 1o — | V2@ (5 — Z B.9
A+1aP+FPP  2g—31 8 ¢ luiv@parep) 0 77 B
and
V2 —gm N T w90 (0 — 7)
(1+[T2)A+[Z)2)?  2w—Z[* 2(1 + [ 2 (B.10)
7r 6@ (W — 7) '
+ —lo — V263 (@ — 7 — ,
o8 | T - S o
where we used (see (A.26))
1+ |22\ 41+ @ [?)
v? = 4w 0,0 P (W — 7). B.11
(Fop) = g + o —2) (B.11)
The difference between (B.9) and (B.10) is thus
T LH |G g, o o Tw0, 0P (0 —2)  76@ (w0 — 7
~ log — == V26 (& — 7) — B.12
s BT (&= Z2) 2(1+ |0 ]2 2(1+ |7 ]?)? (B.12)

This quantity indeed vanishes, as one can check integrating by parts.
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