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ABSTRACT: It was recently found that the classical 3d O(N) model in the semi-infinite geometry can
exhibit an “extraordinary-log” boundary universality class, where the spin-spin correlation function on
the boundary falls off as (S(z) - 5(0)) ~ m. This universality class exists for a range 2 < N < N,
and Monte-Carlo simulations and conformal bootstrap indicate N. > 3. In this work, we extend this
result to the 3d O(NN) model in an infinite geometry with a plane defect. We use renormalization group
(RG) to show that in this case the extraordinary-log universality class is present for any finite N > 2.
We additionally show, in agreement with our RG analysis, that the line of defect fixed points which
is present at N = oo is lifted to the ordinary, special (no defect) and extraordinary-log universality
classes by 1/N corrections. We study the “central charge” a for the O(N) model in the boundary and
interface geometries and provide a non-trivial detailed check of an a-theorem by Jensen and O’Bannon.
Finally, we revisit the problem of the O(N) model in the semi-infinite geometry. We find evidence
that at N = N, the extraordinary and special fixed points annihilate and only the ordinary fixed point
is left for N > N..
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Figure 1: The geometry of the boundary defect (left) and plane defect (right) for the 3d O(N) model.

1 Introduction

Recent interest in the physics of boundaries and defects has been driven in part by the field of topo-
logical phases, in which such defects often expose protected modes. While the implications of bulk
topological physics for defect modes are well-understood for a gapped bulk, less is known about be-
havior of defects and boundaries in the presence of a critical bulk. Even in the classical 3d O(N)
model, the phase diagram in the presence of a boundary or defect is not fully settled.[1]

Let us briefly review recent developments in the boundary physics of the 3d O(N) model. Consider
a system of classical N-component spins S; of length one on sites of a semi-infinite 3d cubic lattice
coupled via the nearest neighbour interaction

SH =S KyS. -5 (1)
(i)
If both sites ¢ and j belong to the surface layer, we set K;; = K, otherwise, K;; = K (see Fig. 1,

left). For N = 1,2 the boundary phase diagram has the schematic shape shown in Fig. 2, left. When
the system is tuned to the bulk critical point K = K, it admits three boundary universality classes:

e the “ordinary” universality class, where the bulk and boundary order at the same bulk coupling,

e the “extraordinary” universality class, where the onset of bulk order occurs in the presence of
(quasi) long-range boundary order,

e the “special” universality class, the multicritical point in Fig. 2, left.

The presence of a (quasi)long-range ordered boundary phase for K < K, and large K;/K mandates
the existence of these three classes.

For N > 2, the boundary has a finite correlation length for K < K.. Thus, the existence of
a separate extraordinary boundary universality class is not required. Nevertheless, per Ref. [1], the
extraordinary boundary universality class actually survives in the range 2 < N < N,, where the
phase diagram has the shape in Fig. 2, right. Here, N. > 2 is an a priori unknown critical value of
N. Furthermore, in the range 2 < N < N, the extraordinary universality class has a boundary spin
correlation function that falls off as

- 1
<SX'Sy>N(

- 1.2
log [x — y|)?’ (1-2)

with ¢(N) a universal power. Thus, in this range of N the extraordinary boundary universality
class is labeled as “extraordinary-log”. The universal properties of this class, including the power ¢
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Figure 2: Left: phase diagram of the 3d O(N) model with N = 1,2 in the presence of a bound-
ary/plane defect. BO stands for bulk ordered, SO - surface ordered, BD - bulk disordered, SD - surface
disordered. For N = 2 the BD/SO phase only has quasi-long-range order.

Right: phase diagram of the 3d O(XN) model with a boundary for 2 < N < N, or for a plane defect
with N > 2.

and the critical value N,, are determined by certain universal amplitudes of the “normal” boundary
universality class, where an explicit symmetry breaking field is applied to the boundary. For N = 3,
recent Monte Carlo simulations find a special fixed point and behavior at large K consistent with the
extraordinary-log class.[2]' This indicates N. > 3. For N = 2, the extraordinary-log character of the
large K region was also verified by Monte Carlo simulations.[5] Furthermore, the normal universality
class was recently studied by Monte Carlo in Ref. [6] and the prediction of Ref. [1] for the relation
between the extraordinary-log and normal classes was verified for N = 2,3. Finally, Ref. [7] used
numerical conformal bootstrap to estimate N. ~ 5. Several scenarios for the evolution of the phase
diagram for N > N, were discussed in Ref. [1]: the simplest possibility is that only the ordinary
universality class remains for N > N, for all values of K;. Part of this paper presents analytical
evidence in favour of this simple scenario.

The primary part of the present paper extends the methods of Ref. [1] to the problem of a 2d plane
defect? embedded in a 3d bulk O(N) model. As a representative Hamiltonian, we consider Eq. (1.1)
on an infinite cubic lattice, where the nearest neighbour interaction is set to K; for spins belonging
to a plane z = 0 and to K otherwise (see Fig. 1, right). While this problem has been considered in
the past,[8-10] the precise phase diagram for N > 2, in particular the behavior in the region K; > K,
has not been studied carefully.? In this paper, we claim that while the phase diagram for N = 1,2
has the expected shape in Fig. 2, left, for all finite N > 2 the phase diagram has the shape in Fig. 2,
right. In other words, the ordinary, special and extraordinary universality classes all exist for NV > 1.
Furthermore, for N > 2, the extraordinary universality class is of extraordinary-log character, with
properties (including the exponent ¢ in Eq. (1.2)) again determined by those of the normal universality
class in a semi-infinite geometry. Thus, unlike in the semi-infinite O(N) model, there is no critical
value N, above which the extraordinary-log class ceases to exist.

We can argue that the ordinary and extraordinary classes exist for all N for the plane defect as

IPrior Monte Carlo evidence for the existence of a special transition and an extraordinary phase at N = 3 had
appeared in [3]. See also [4] for a related study at N = 4.

2We also refer to this as an interface defect.

3 Another related problem considered in the past is the interface between the free theory and the interacting O(N)
model.[11] We do not address this problem in the present manuscript.
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Figure 3: The ordinary, special, and normal fixed points of the 3d O(N) model with a plane defect.
The ordinary fixed point corresponds to two copies of the semi-infinite ordinary (ord) fixed point. The
special fixed point corresponds to a bulk with no defect plane. The normal fixed point corresponds to
two copies of the semi-infinite normal (norm) fixed point.

follows. Consider a critical bulk model with no defect, K; = K = K., and then turn on a small
K7 — K.. The resulting continuum action is

S = Sint + c/d2x e(x,z =0). (1.3)

Here Syt is the uniform continuum action in the 3d infinite geometry and e is the relevant bulk O(N)
singlet scalar (the so-called “thermal” operator.) The coupling ¢ is proportional to K. — K;. It is
believed that the scaling dimension A, < 2 for all finite N > 1. Thus, the coupling ¢ is relevant
around the ¢ = 0 fixed point. All other O(N) singlet defect perturbations are irrelevant.* Thus, we
have found a special fixed point for all N that simply corresponds to the model with no defect.[8] It
is natural to guess that the universality classes on the two sides of the special fixed point ¢ < 0 and
¢ > 0 are distinct.

For ¢ > 0, the model is expected to flow to the ordinary fixed point, which corresponds to the
defect plane “cutting” the system into two disconnected halves with each half realizing the semi-
infinite ordinary universality class.[8] Indeed, for the semi-infinite ordinary universality class, the most
relevant operator is the boundary order parameter éa whose dimension is believed to satisfy Agd >1
for all N; Monte Carlo simulations for N = 1,2, 3 are consistent with this[3] and large-N calculations
give Azfd =1+ 5% + O(N~2).[12] Thus, the action of the ordinary fixed point for the defect plane
together with the leading perturbation is

S = 8Ly + 82y +u / Px G142, (1.4)

Here S’Cl)r’fl is the action of the semi-infinite ordinary fixed point for each half-space. By the discussion
above the perturbation w is irrelevant for all finite IV, so the ordinary fixed point is stable.

The nature of the extraordinary fixed point realized for ¢ < 0 is the main question we address
in this paper. Motivated by Ref. [1], we approach this fixed point through study of the normal
universality class. For N = 1, we expect long range boundary order at the extraordinary fixed point.
Due to the rigidity of the Ising order, we expect the extraordinary class to be identical to the normal

4The next lowest one is expected to be d,¢, which is odd under the reflection symmetry z — —z, thus disallowed in
the model (1.1), but allowed in more general models.



defect universality class, where an explicit symmetry breaking field is applied on the defect. For all
N, the normal defect class corresponds to the system cut into two disconnected halves with each half
realizing the semi-infinite normal universality class:

S = Srllorm + SI210TH1' (1'5)

Indeed in the N =1 case, the lowest dimension boundary operator at the semi-infinite normal fixed
point is believed to be the displacement D with dimension Ap = 3,[13] so the perturbation 6 Lygund ~
D1D5 coupling the two halves is highly irrelevant. For N > 2, the lowest dimension boundary operator
at the semi-infinite normal fixed point is believed to be the O(N — 1) vector t;, with dimension
Aq = 2,[8] so the coupling 6 Lyound ~ t1t7 is again irrelevant.

Starting with this picture of the normal defect universality class for N > 2, we remove the
explicit symmetry breaking boundary field and access the extraordinary universality class using the
RG approach of Ref. [1]. We find that an extraordinary-log class is realized for all N > 2.

Our discussion presently applies to general finite N. Further analytical control appears in the
large-N limit. When N = oo, the model possesses a line of defect fixed points.[10] Along this line
the lowest dimension defect operators are O(N) vectors of even (odd) parity under z — —z with
dimensions Ag =1 —p (Aq = 1+ p), where 0 < p < 1 is a coupling constant tuning the system
along the line of fixed points. The value p = 0 corresponds to the ordinary fixed point, = 1/2 to
the special fixed point (no defect) and p = 1 to the normal fixed point.” The existence of a line of
fixed points is expected to be a peculiarity of the strict N = oo limit. In this paper, we compute the
B-function for the coupling constant p to O(1/N) obtaining:®

dp Bu) = 16(u? — 1/4) sin® pr
ar B = SN2 W
Thus, at large finite N the line of fixed points disappears and only the ordinary, special and extraordinary-

log universality classes are left, see Fig. 4. The form of the S-function (1.6) for u close to these fixed
points is in agreement with results obtained using other methods. In particular, the behavior of 5(u)

(1.6)

for 4 — 1 that controls the extraordinary-log universality class exactly agrees with results obtained
using the RG approach of Ref. [1] and provides a non-trivial check of the latter. In addition, the
analysis of S(u) near the special (uniform bulk) fixed point g = 1/2 confirms that the bulk OPE
coefficient A, vanishes to O(1/N?3/?), as found by a direct computation in Ref. [14].

We additionally discuss our results in the context of general theorems for 3d CFTs. It is known
that a general conformal boundary of a 3d CFT is characterized by certain “central charges” describing
its response to gravity[15-17]:

T = 5;;) (aft+ brctri?) . (1.7)
Here R is the boundary Ricci scalar, K is the traceless part of the extrinsic curvature associated to the
boundary, and z is the coordinate perpendicular to the boundary. Jensen and O’Bannon in Ref. [15]
proved that the coefficient a of the Ricci scalar decreases under boundary RG flow.” In particular, a
is constant along a line of fixed points. Ref. [20] computed a for the O(N) model with a boundary for
both the ordinary and normal fixed points to leading order in N. Here we extend their result to first
subleading order in N:

1 _ N 1
al?ound:_E+O(N 1)7 al];\tf)und:_i_li(i

+O(N™Y), (1.8)

50Once N is finite, u flows under RG and the approach p — 1 gives rise to the extraordinary-log universality class.
6Here increasing the RG scale £ corresponds to the flow to the IR.
7See also Refs. [18], [19] for alternative proofs.
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Figure 4: S-function for the defect coupling constant p at O(1/N), Eq. (1.6). u = 0 corresponds to
the ordinary universality class, p = 1/2 to the special universality class and the approach y — 1 —
to the extraordinary-log universality class.

where a$ . (al¥ ) stands for the central charge at the ordinary (normal) boundary fixed point.
We further consider the central charge for the plane defect. The RG structure of the ordinary,
extraordinary-log and special interface fixed points implies
[0 (0] 1 -1 eo N 9 -1 s
Uint = 20pound = 3 O(NT7), Uing = 20pyng + N — 1= 3 O(N"), g =0, (1.9)
where the subscript “int” denotes the interface central charge and superscripts O, eo and sp stand
for ordinary, extraordinary and special. The result for the central charge at the special interface fixed
point a;?, = 0 is exact. In addition, we find by an explicit computation that at N = oo, a/N = 0
along the whole line of interface fixed points 0 < p < 1, consistent with the theorem of Jensen and
O’Bannon. Further, to next order in N, we find that the differences a$), — a;¥, and a2, — a:¥, in
Eq. (1.9) are in agreement with the detailed form of the a-theorem of Jensen and O’Bannon, see
Eq. (4.30).
Finally, as already noted, we return to the problem of the O(/N) model in a semi-infinite geometry.
In Ref. [1] two scenarios for the evolution of the boundary phase diagram past the critical value N = N,
were proposed. In the first scenario, Fig. 5 (left), the special fixed point approaches the extraordinary
fixed point as N — N_ and annihilates with it at NV = N,, such that only the ordinary universality
class remains for N > N,. In the second scenario, Fig. 5 (right), the extraordinary universality class
survives for some range N, < N < N_o, where it becomes a true boundary conformal fixed point with
a non-trivial scaling dimension A 6> 0. This universality class was labeled as “extraordinary-power.”
Since large-N calculations find only the ordinary universality class in the semi-infinite geometry, the
extraordinary-power fixed point would have to annihilate with the special fixed point at some higher
critical value of N = N5, so that only the ordinary fixed point would be left for N > N_.s. The correct
of the two scenarios is determined by the sign of a higher order term b in the S-function of the surface
spin-stiffness at N = N.. The computation of b for general N is challenging as it almost certainly
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Figure 5: Phase diagram of the semi-infinite classical O(XN) model in 3d with N > 2 at K = K,
proposed in Ref. [1]. Left: scenario I. Right: scenario II. The dashed lines are a guide to eye and
do not denote phase transitions. Solid lines are phase transitions. The red curve marks the special
transition.

requires the knowledge of the four-point function of the tilt operator t; at the normal fixed point. In
this paper, we compute b for N — oo. Assuming that b(N,.) has the same sign as b(N — oo), we find
that the scenario in Fig. 5 (left) is realized.

This paper is organized as follows. In Sec. 2, we first use RG to show the existence of the
extraordinary-log universality class for the 3d O(N) model with a defect plane for all N > 2. We then
study how the line of defect fixed points present at N = oo is lifted by 1/N corrections in Sec. 3. Next
in Sec. 4, we study the boundary and interface central charge a. Finally in Sec. 5, we return to the
semi-infinite 3d O(N) model and compute the coefficient b(N = o) in the S-function of the surface
spin-stiffness. Some remarks on line defects in 2+1D quantum spin models are made in Sec. 6.

2 RG analysis of the plane defect extraordinary fixed point

4 /’ norm

R P S A S S ——

L L norm

Extraordinary-Log

Figure 6: The extraordinary-log fixed point of the 3d O(N) model with a plane defect. The
extraordinary-log fixed point corresponds to two copies of the semi-infinite normal (norm) fixed point,
with each boundary coupled to a 2D nonlinear sigma model (NLXM).



In this section, we generalize the RG analysis of Ref. [1] to the O(N) model with a plane defect.
We are interested in the large K limit of the model (1.1) where the interface has a strong tendency
to local O(N) order. In this limit, we may describe the defect layer by a non-linear o-model for the
defect order parameter 7i:

1
= %/dQX (0,7)%, =1 (2.1)
When K is large, the bare coupling ¢ is small and fluctuations of 77 are suppressed at least on short
distance scales. Then, 71 acts like a boundary symmetry breaking field for the semi-infinite regions on
the two sides of the defect. Thus, there is an intermediate length scale at which the defect is described
by the normal fixed point with an additional term that restores O(N) symmetry at the defect:

S

S:sﬁ+$mn+ﬁmmfg/fxmui+ﬁ» (2.2)

As in the introduction, S} -and S2_ . = are the actions of the normal fixed points of the semi-infinite
regions on each side of the defect. We have also included the leading coupling between the fluctuations
of 7 = (7,v/1 — 72) and the boundary operators of the normal fixed points. Note that we are taking
7 to fluctuate about éy, so the symmetry breaking field of the normal fixed points is also along €.
The operators t},t?, i =1... N — 1 are the “tilt” operators of the normal fixed points, which appear

in the boundary OPE of the bulk order parameter as

ON(5,3%) ~ e +bp(22°)P DM () + L 2 50, (230)

Normal Fixed Point: (223)Re
D12 (x, 23) ~ by (223) 2Rt 2 (x) + .., 23— 0.  (2.3b)
Here Ay is the bulk scaling dimension of the order parameter and D'2 are the displacement operators.
All the bulk and boundary operators are normalized as (O%(z)O0°(y) = %, (OM(2)ON (y) =
SMN ’

e The OPE coefficients a,, by and bp are universal constants of the semi-infinite normal fixed
point. By the argument applied in Ref. [1] to the semi-infinite system, the parameter s in (2.2) is fixed
by the O(N) symmetry to be
_loa,

s = b
This is exactly the same value of s as in the semi-infinite system. As explained in the introduction,
direct coupling between the operators of S. — and S2
geometry, coupling of t12 to higher powers of 7 is expected to be present and fixed by the O(V)
symmetry in terms of the data of the normal fixed point; such higher order terms won’t affect our RG

analysis to the leading order in g considered here.

(2.4)

is irrelevant. Just as in the semi-infinite

Thus, the coupling g is the only free parameter in the defect action. The perturbative calculation of
the S-function of g proceeds in exactly the same manner as for the semi-infinite system by considering
the first correction in g to the one-point function of nx and the two-point function of 7. [1] We obtain:

dg _
-~

N -2

- (2.5)

_B(g) = _aplane.92 + 0(93)7 Oplane = 71—32 -
The second term in apiane gives the standard S-function of the 2d non-linear o-model (2.1). The first
contribution originates from the coupling s in Eq. (2.2) that enters the two-point function of 7 via
the diagram in Fig. 7. Note that for a semi-infinite system one has the same form of §(g) but with

Obound = ”75‘2 - 1\/2;2’ i.e. the contribution to the S-function from coupling to the tilt operators is two
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Figure 7: A contribution to the two-point function of m; from coupling to the tilt operators t? 2,

‘ N ‘ Qbound ‘ Qplane ‘
2 | 0.300 (5) | 0.600(10)
3 0.190(4) 0.540(8)

Table 1: Values of the coefficient a characterizing the extraordinary-log class for NV = 2,3 for the
semi-infinite (pound) and plane defect (aplane) geometries obtained from Monte Carlo results for the
OPE coefficients a,, by of the semi-infinite normal fixed point.|[6]

times larger for the plane defect compared to a semi-infinite system — a straightforward consequence
of the coupling to both sides of the plane. This has important physical implications. In the large N
limit a, and by have been computed[1] and give:

N

2
=—+0O(1/N 2.6
S8 or + O(1/N), (2.6)
so for the plane defect in the large-IV limit
1
Oplane = — + O(1/N). (2.7)

Thus, for the plane defect apiane is positive both for N = 2 and for N — oo, suggesting that aplane
remains positive for all N > 2. Truncated conformal bootstrap estimates of a,(IN) and by (NN) support
this conclusion.[7] Thus, we expect the extraordinary-log class to be realized for all values of N > 2.
Here g flows to zero in the IR as g~ 1 (/) ~ g~ * ~+aplane?. This is in contrast to the case of a semi-infinite
system, where apound = —% + O(1/N) becomes negative for large enough N, so the extraordinary-
log class is only realized in a finite range 2 < N < N.. Predictions for apjane for N = 2,3 based on
the Monte-Carlo results for a, and b;[6] are given in Table 1.

As for the case of the semi-infinite system, the anomalous dimension of 77, which can be read off
from the one-point function of ny in a symmetry breaking field, is not affected by the coupling s to

leading order in g:
N —1)g
mate) = 9 o). (2.9

Here n; enters the Callan-Symaczik equation for the m-point function of 77 as

m

na(g)) DF(g.A) = 0. (2.9)

0 0
(ABA +B(g)8ig T3

with A — the UV cut-off. Integrating the Callan-Symanczik equation for the two-point function, we

obtain 1
(fi(x) - 11(0)) o (log )7’ X — 00, (2.10)
with N1
= 2.11
4= 5 (2.11)



3 The plane defect in the large-N expansion

Now that we have given evidence for the existence of the extraordinary-log fixed point for 2 < N < oo,
we show how the ordinary, special and extraordinary-log fixed points are recovered at large N. Recall
that the bulk continuum action for the O(/N) model is

o N
Sint = / &a [;(M)Z + 2 <¢2 - gb11k>] , (3.1)

where qg is the continuum O(N) field, i) is a Lagrange multiplier that fixes the norm of 5, and the
coupling gpulx is tuned to the critical point. In the presence of a plane defect at 23 = 0, we label fields
on either side of the plane defect ¢! and ¢2, as well as A*, A2. Then, the bulk action can be written as

Sw= [ @ 3 [+ 5 (@ - ). 2)

m=1,2 Gbulk

Here, we label the coordinates = (x,23), where the last component corresponds to the direction
normal to the plane defect.

At N = 00, we need to solve the saddle-point equation for () and the ¢ propagator, (7' (x)¢p (z')) =
G (x,2'), myn =1,2:

(=02 + (iX2)))G™ (2, 2") = 6™ 83 (x — &), G (x,z) = G*(x,2) = Nl (3.3)

ge
The last condition can be understood from the bulk OPE, Y ¢% x ¢* ~1+iX+ ..., from which

1

11 _ 22 —

+ O(lz —y)). (3-4)

Conformal invariance dictates that i)\, a field with dimension 2, acquires an expectation value parametrized

by a coupling constant u:
2
) _pt—1/4

Similarly, conformal invariance fixes

3\2 132 2
(i) = b I (i) = ot v IR e,

(3.6)
Then Eq. (3.3) implies Dg'!(v) = Dg'?(v) = 0, apart from contact terms at v — 1. Here
d d?
D=p*—1-3v—— (v —1)—. 3.7
B 1= 30— (0 = 1) (37)
There are two linearly independent solutions of the equation Dg(v) = 0,
v+ Vo2 — 1)
ss/a(v) = ( 5 ) ; (3.8)
v —1
and g11(v), g12(v) are particular linear combinations of these:
ss(v) +salv ss(v) —salv
g11(v) = ss(v) +54(v) g12(v) = M. (3.9)

8T ’ 8

~10 -



g11 is fixed by the OPE (3.4). g2 is fixed by i) the requirement that it be non-singular as v — 1 (since
¢! and ¢? live on opposite sides of the defect, their OPE is nonsingular); ii) the requirement that g;,
g12 have the same asymptotic in the boundary limit v — 0o, i.e. the bulk to boundary OPE of ¢! and
of ¢? is dominated by the same operator.

Given these solutions, we require that p be real, in which case, without loss of generality it can be
chosen to be positive. Further, u < 1 so that g'!, g'? go to zero for large v, i.e. the O(N) symmetry is
not broken and clustering is obeyed. Defining symmetric/anti-symmetric fields from the two q;m fields
is convenient for the rest of the paper:

5/A Lo 2
0u" = 5 (0a 00 (3.10)
Then,
(6@ = 2220 oaspen) = A0 ey =0 @)
4V 3’3 4V a3z
Thus, at NV = oo we find a line of boundary fixed points parameterized by 0 < u < 1. We recall that
for a (normalized) bulk scalar conformal primary O(x) of dimension Agp,

(0&)06") = Fmmras 2 Vafors(Buc), (312)

where the sum runs over the operators appearing in the bulk to boundary OPE of O(x) with An - the
boundary operator scaling dimension and b,, — the OPE coefficient. In spacetime dimension D = 3,

_ 92A-1 (v + Vo2 — 1)1_A
v2 —1 ’

Thus, we see that at this order in N, the bulk to boundary OPE of ¢° (¢*) is saturated by a single
boundary operator with dimension Ag =1 — p, (Ax =1+ p).

Fory (A, v) (3.13)

The ordinary, special, and normal fixed points are all visible in the range pu € [0,1]. At the
ordinary fixed point g = 0, the plane defect action is equivalent to two copies of the half-space action
(evident in Eq. (1.4) for v = 0). Thus, as expected, the propagators at g = 0 match the N = oo
result from Ref. [12] for the ordinary fixed point for an O(/N) model on a 3D half-space. At the special
fixed point pu = 1/2, there is effectively no defect plane, the model is translationally invariant, and the
propagators, as expected, take the form

(s1(@)9y?

(@) = Dat . (3.14)
Pyl - x4 (0% F ad)?

Finally, at the normal fixed point p = 1, the plane defect action is again equivalent to two copies
of the half-space normal action. Indeed, for a half-space normal fixed point with the magnetic field
pointing along the Nth direction, we have[l]
N
<¢N(‘T)>iorm T A3 (On(2)on (2"))norm,c ~ O(NO)7
T
0ij v
_ (o _ ij _ Lo
@165 oo = 17 (g ~1) A =L (3.15)

Here and below the subscript ¢ stands for the connected part of the two-point function. Then the
O(N) invariant combinations Zivzlw}l(x) L2 (2"))norm for two decoupled normal half-space actions
exactly match Egs. (3.8), (3.9) with yu — 1.
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3.1 The )\ Propagator

We now study the plane defect for large but finite N. We specifically compute the renormalization
group (RG) flow for the coupling constant u using the 1/N correction to (iA(z)). To compute the RG
flow, we first compute (A(z)A(z))., which is nonzero only to order 1/N.

Recall that the bulk partition function is

Zoulk = /DJDA exp{— /d%: B(aug?{)? + % (gz?z — gbllkﬂ } (3.16)

- /d?’x d3z’ %A(m)K(xm’))\(x’) + /d3x d3z’ %/\(:r)K(x,x'))\(x’) (3.17)

We now add

to the action, such that upon integrating out the ¢ fields, the second order term in A in the original
action cancels with the first new term [21]. Then,

NG(z,2')?

K(z,2') = — / (AMx)A)). K(y, 2) d3y = 83 (z — 2). (3.18)

The method for finding a solution to Eq. (3.18) is explained in Ref. [22]. We detail the specific
computation in App. A and present the results of the computation here for both sides of the defect

plane:
COS2 T
(@A (), = (4$3$2'3)2Nh11(v)’ hiy(v) = 35} ° 1)%;2) a _312)%27 (3.19)
sin?(pm
(N @)A2(@)), = mhu(v), hua(v) = _m. (3.20)

As expected, the two-point function of A at g = 0 and p = 1 matches the result for the ordinary,[12]
and normal fixed point,[23] while at 4 = 1/2 we recover the two-point function without the plane
defect.

We similarly define symmetric and anti-symmetric analogues of A:

AS/A(7) = %(/\1(33) +02(2)), (3.21)
Then,
(@A), = mhs(e). hso) = ) - e Gm)
2 32 32

ha(v), ha(v) = (3.23)

<>\A(1’))\A(9€/)> = m

(v+1)272 B (v—1)2x2"
Expanding these two-point functions in boundary conformal blocks (3.12), (3.13), we find operators
with dimension A = 2,3,4,5,... in the bulk to boundary OPE of A\° and operators with dimension
A =3,5,7,9,... in the bulk to boundary OPE of A4.8 The operator with A = 2 in the \g OPE
is the marginal operator that tunes the boundary along the line of fixed points parameterized by p,
while the operators with A =3 in the A\g and A4 OPEs correspond to the symmetric/antisymmetric

combinations of displacement operators.

80f course, the boundary identity operator is also present in the bulk to boundary OPE of \g, see Eq. (3.5).
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Figure 8: (a): The diagram for the order 1/N correction to (i\).
(b): The diagram required for computing the bubble in the left diagram. In each diagram, the dashed
line is the A\ propagator, the solid line is the ¢ propagator, and the solid vertex inserts i\.

3.2 Renormalization Group Flow for u

We now compute the renormalization group flow for p via the Callan-Symanzik equation for (iA(z)).
The diagrams required for computing (iA(x)) to order 1/N are shown in Fig. 8. We evaluate the
diagram in Fig. 8(b) at coincident points, after subtracting off bulk divergences, to compute the
bubble in diagram Fig. 8(a).

We detail the evaluation of Fig. 8(b) at coincident points in App. B and present the results
here. The full form of Fig. 8(b) has both a conformal and nonconformal component. The conformal
component, at coincident points, evaluates to

11,(b 2
Gcon(f.,)sub. (z,2) = *W(HQ —1/4) (3.24)

after subtracting off bulk divergences. Then, the 1/N contribution to (iA(0, z)) is

1

Seont <i)\(0,x’3)> - 5/ d%r dz® [<)\1(0,x’3))\1(r, x3)> +<)\1(O,x'3))\2(r,x3)> JGEL® (g gy
R3+ c

conf., sub.
(3.25)
All integrals here and below are over half-space. Following the methods of Ref. [1], this integral, to

C

logarithmic accuracy, simplifies to

.’17/3 + 333 ZC/S _ $3

Seont (iX(0,2"%)) =
£ <Z (0, )> 3NT2  ds x3 3N72(2)2

(3.26)
where P denotes principal value, and 1/A is a lattice cutoff.

The full nonconformal component of Fig. 8(b) is
11,(b) _32(0% - 1/4) 5, log(A'w?®) ) 11 12 12
Gnconf ($7 y) - W d’w W (G (1[,’, ’LU)G (wa y) +G (LE, w>G (’LU, y))

4 3,312 11
e 10g(4:z:yA )G (z,y). (3.27)

Here, A’ and A” are two UV cutoffs that are lattice-dependent (they are not necessarily equal, but
they both inversely scale with the lattice spacing, as does A). Then, the contribution from this term

~ 13—
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to (iA(0, 2)) is

2 _ o w3
Onconf <i)\(0,$/3)> = WMTJM /d3w d3z %(Gll(x,wf + G (z,w)?)

x [<)\1(0,x’3))\1(x)> + <A1(o,x'3)A2(x)>J . (3.28)

C
Note that we drop the contribution from the term proportional to log (x3A’ ! ) G (z, 2) because together
with the subtraction implicit in (3.24) it contributes to a shift of the critical value of gpuk. Using that
the A propagator is, up to a constant, the inverse of the squared ¢ propagator, Eq. (3.18), we obtain
a contribution

322 — 1/4) lox(A's"")

. N
Oncont <Z>\(0,x )> Y )2 (3.29)
Combining Egs. (3.26), (3.29), we obtain to logarithmic accuracy
2
N 1 WA I p
(iX(0,2)) = F—; (1 + o (sin () + 1) log<Ax ) . (3.30)
Per the Callan-Symanzik equation,
d d . B\

where B(p) = —Z—‘Z is the beta function, or RG flow, of u, and v, ~ is the anomalous dimension

of A\. We thus find

_ 32
372N
16(u? — 1/4) sin®(ur
B(u) = — (p 2/) (pr)
3NT "

A plot of the beta function is shown in Fig. 4. Thus, for large but finite N, we indeed have three fixed
points corresponding to the normal, special, and extraordinary-log phases, with the special fixed point
unstable and the other two fixed points stable in the IR.

. (3.32)

3.3 Renormalization Group Flow Near Fixed Points

As we explain below, the RG flow of  near the ordinary, special, and normal fixed points for the plane
defect system confirms nontrivial results in the literature for the O(N) model with different boundary
conditions. Most importantly, S(x) near the normal fixed point agrees with the RG treatment of
section 2.

Let us begin near the normal fixed point, 4 — 1. From (3.32), we have

4

Blw) ~ <_(1—M)Q+§(1—u)3> +o, op— 1 (3.33)

nz(9)
2

and arriving at 1 — p = ]Z—T-f + O(g?). Note that we've kept only the leading order term in N. From
this,

We relate 1—p to the coupling constant g in (2.1) by matching the scaling dimension Ag = 1—p =

92

Blg) = — —

T 1272

The leading O(g?) term agrees with (2.7). Note that the coefficient of the O(g3) term is insensitive to
the re-parameterization g — g + O(g?), and thus can be extracted reliably in the N — oo limit.

Ng® +0(g*), N — . (3.34)
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Next, we discuss the special fixed point, 4 — 1/2. We would like to compare our results to

the treatment based on the action (1.3). We take e(z) to be normalized (e(x)e(y)) = W,
A =2— % + O(N~2). Using the OPE
]‘ >\€EE
we obtain the RG flow of coupling ¢ = A2~2<¢ in (1.3):
B(E) = —(2 = A)é + TAeee® + O(&%), N — 0. (3.36)

While in general dimension D the coefficient A ~ O(N -1/ 2), it has been known for some time that
in D = 3 the leading N term in A vanishes.[24] Actually, a recent calculation of Ref. [14] shows that
for D = 3 the first subleading term in N vanishes as well, S0 A¢ce ~ O(N*‘E’/z). We verify this result
here by comparing (3.36) to Eq. (3.32),

32
B~ ey (~(0 = 1/2) 4 (= 1/27 4+ O((u—1/2)%), N = oo, (3.37)
We need the relation between p and é. To leading order in N, this can be read-off by computing (e(x))
using perturbation theory in ¢ and relating it to (iA(x)), (3.5). We have

= —c/d2 €(y,0))butk + */d2yd2 (e(x)e(y, 0)e(2,0))purk + O(c?). (3.38)

Using the normalization of bulk A two-point function (3.22), to leading order in 1/N, iA(z) =
2 A, . . . .
%e(m), where we introduce a power of the cut-off A to make dimensions match. Then performing
the first integral in (3.38),
VN

6:—T(u—1/2)+0(u—1/2)2, N — . (3.39)

and the leading (linear) terms in S(u) and 3(¢) match. To compare subleading (quadratic) terms, we
need a relation between y — 1/2 and ¢ to quadratic order. We have

)\EEE
(e(z)e(y)e(z))buir = (z — )P (y — 2)2x(z — z)A3°
Using the old result[24], Aeee ~ O(N73/2), the O(c?) term in (3.38) is suppressed by 1/N compared
to the O(c) term. Thus, matching to (3.5),

(3.40)

E=——((t=1/2)+ (p—1/2*+O((n—1/2)*)), N — oo. (3.41)

Then comparing (3.36), (3.37), we conclude that .. = 0 to O(N—3/2) in agreement with Ref. [14].
We note that the calculation of . to O(N—3/2) in [14] involved multi-loop diagrams, whereas here
we reproduce their result with just a one-loop calculation in the presence of a plane defect.

We finally discuss the ordinary fixed point p — 0. Here, Eq. (3.32) gives

4
Bu) ~ syt o). (3.42)
We would like to connect this result to the treatment (1.4). We have
B(u) = 2(Aord - ].)’LL + O(U3)7 (343)

where Agq = 14 5% + O(N~2).[12] This agrees with 3(u) provided that Z—Z is finite for v — 0. In
appendix C, we verify this fact.
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Figure 9: A 2D projection of the folding trick. Instead of considering one field that lives on S3, we
consider two fields that live on HS® and are coupled at the boundary S2.

4 Boundary and interface central charge

In this section, we study the central charge a in Eq. (1.7) for the boundary and interface defects.
This section is structured as follows. In section 4.1 we explicitly show that at N = oo the central
charge a;n:/N = 0 along the entire line of interface fixed points 0 < g < 1, in agreement with the
a-theorem of Jensen and O’Bannon.[15] In sections 4.2 and 4.3 we compute the central charge for the
ordinary and normal boundary fixed points to O(N~!) obtaining the result (1.8). This immediately
yields the interface central charge for the ordinary and extraordinary-log interface fixed points (1.9).
Finally, in section 4.4 we compare the result for the interface central charge (1.9) to a detailed form
of the a-theorem of Jensen and O’Bannon relating the difference of a between the IR and UV fixed
points to a particular two point function of the stress-energy tensor, Eq. (4.30). This gives a highly
non-trivial check of the details of the RG flow from the special to ordinary/extraordinary-log interface
fixed points at large finite IV, and of the full S-function (3.32) in particular.

4.1 Interface central charge at N = oo

We first verify explicitly that at N = 0o, a;n:/N = 0 along the entire line of interface fixed points as
expected by the monotonicity theorem in [15]. We extract the coefficient a;,; from the free energy of
the system on a sphere S® with the defect along its equator S?[15] (see Fig. 9, left):

Fo ini = ~log Z = — =2t

log R/e, (4.1)

where R is the radius of the sphere and € is a UV cut-off. Equivalently, we can use the “folding trick”
to think of the system as a “doubled” theory on a hemisphere HS?, where the two copies of the theory
are decoupled in the bulk, but generally coupled on the boundary (see Fig. 9, right).

We begin by pointing out that for the special fixed point, a;?, = 0 for any N.? Indeed, the special
fixed point corresponds to a trivial interface. Thus, in the unfolded picture we simply have the O(N)
model on the sphere S? with no defect. The partition function of a CFT on S? is a universal number
independent of the sphere radius R. Thus, we conclude a;?, = 0. Then by the theorem of [15], at
finite N, af) ., < 0 for the ordinary boundary fixed point (i.e. for a single copy of the O(N) model).
Indeed, in the interface model, there is a flow from the special to the ordinary fixed point, and the
interface ordinary fixed point is equivalent to two decoupled boundary ordinary fixed points for each
side of the interface.

9We thank Yifan Wang for pointing out the argument below.
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Figure 10: A 2D depiction of the stereographic projection of HS? onto Ri. The boundary S? is
mapped to the plane 2 = 0. Any point P in Ri is mapped to the point @ on HS? that lies on the
line segment connecting P to the north pole, as depicted by the blue line in the figure.

We now proceed to the explicit computation of the sphere with defect free energy at N = co. Our
calculation follows Refs. [20, 25]. We consider the action

_1 D 2 m v m \m m m 1 (D_2)
5—§/Hsad x\/ﬁmgl [%%g“ Dy’ + i (fba% —g)+4(D_1)

We work in the “folded” picture: the theory lives on a hemisphere of radius R, the index m runs over
two copies of the O(N) model, g is the metric, and R is the Ricci scalar. We’ve added the conformal

Rog' ba' | - (4.2)

coupling to curvature (which ensures that i\ transforms as a conformal primary for N = oo). The
metric is given by
ds%,ss = R2(da2 + sin? adQ%). (4.3)

Here dQ% = df? + sin” dp? is the metric of a two-sphere, with  and ¢ the usual polar coordinates,
and o € [0,7/2]. a = 7/2 gives the boundary of HS®, which is just S?. This metric is conformally

equivalent to flat semi-infinite space, parametrized as (x!, 22, 23) with 2% > 0. Indeed, let

mlzsinas.inﬁcosap, 22 sinas.inesingo’ . c'osa ' (4.4)

1 —sinacosf 1 —sinacosf 1 —sinacos@
This is just the stereographic projection of S3 onto R3, with the half-sphere HS® mapping to the
half-space z® > 0, which we label R? (see Fig. 10). The boundary of HS® maps to the z* = 0 plane

plus the point at infinity. The metric thus is

dsgs = Q(2) Y (dai®), Qz)=R

%

T @2 T P E] = R(1 —sinacosf). (4.5)

Now in the semi-infinite geometry (i)\m(x»Ri = %, see Eq. (3.5). Therefore, performing a Weyl

transformation yields
(I (@) prgs = Q2 (@) (IA™ (2))rs. = R™2(1® — 1/4) sec” a, (4.6)

where we used Ay = 2 for N = oo. Since (iA™) is m independent, we simply denote it by (i\) below.
We perform a transformation to symmetric and anti-symmetric components of ¢, see Eq. (3.10). Then
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at N = oo,

N 3 3
The subscripts S/A on the trace indicate that the trace should be performed over eigenstates with
boundary conditions appropriate to ¢° and ¢ respectively. The constant of ﬁ in brackets comes
from the conformal coupling (R = % on a D sphere of radius R). In appendix D, we repeat the
calculation of the trace in Ref. [25] to obtain to logarithmic accuracy:

1 . 3 1,
iTrs/A log <—A =+ <Z>\> + 4,R2> = :FE,UJ IOg R, (48)

where the + sign corresponds to ¢4 (boundary field exponent A = 1 + ) and the — sign to ¢g
(A =1 — ). This agrees, as expected, with the result of Ref. [20] for the free energy of a free scalar
of mass m? = p? — i on AdSs with a spherical boundary. (Indeed, AdS3 is conformally equivalent to
HS? and (iA(2))ggs (4.6) maps to a constant (i\) = u? — 1 on AdS; of radius 1.) The advantage
of performing the calculation of the free-energy on HS? rather than on AdSs; to extract the central
charge a is that on HS® the calculation of the free-energy for the “irregular” symmetric (S) modes
comes on the same footing as for the “regular” antisymmetric (4) modes, while on AdS3 the result
for the “irregular” modes was obtained by analytic continuation in A— 1.[20]

With these remarks in mind, combining the contributions of S and A modes to (4.7) we find that
Fgs iy contains no log R term, i.e. ain¢/N = 0 for all p at N = co. As already noted, this matches
the expectation a;,; = 0 at the special interface fixed point p = 1/2. The p — 0 limit (ordinary
interface fixed point) also matches the value a$), = 2a$) .= where al /N was found to vanish at
N = oo in Ref. [20]. Finally, we can understand the limit g — 1 in the following way. At finite N
the extraordinary-log phase (1 — 1) is described by Eq. (2.2). Ignoring the coupling term s, this
corresponds to N — 1 copies of a free boson @ and two copies of the normal boundary fixed point.
Thus, to leading order in the radius R, we expect the free energy Flgs ;,+ for the extraordinary-log
phase to have the form (4.1), with

a$l, = 2apyung + N — 1, (4.9)

where a{)\gund is the a-coefficient for the normal fixed point in the boundary geometry and the second
term comes from the central charge of N — 1 free 2d bosons. Ref. [20] found that

N N

Appimd = 5 N — o0, (4.10)

so Eq. (4.9) again confirms that a$2,(N)/N is 0 for N = co. We leave the question of corrections to
Eq. (4.1) in the extraordinary-log phase coming from the logarithmically running coupling ¢ to future
work.

4.2 Central charge at the ordinary fixed point at O(N?)

We now directly compute the central charge af . . for the ordinary boundary fixed point to O(N?)
(i.e. to first subleading order in N) by computing the partition function Zggs. From this, we can
obtain the central charge at the ordinary interface fixed point aglt = 2ab00und. We begin with the
action:

1 (D-2)

= D v , 1\, (D-2)
S = §/HS3d /g {&L%gu Oypa +iA <¢a¢a g) 1D 1)R¢a¢a : (4.11)

— 18 —



We work around the large-IN saddle point 1A = i\g + 0\,
1
iAo = _ZR_Z sec? a. (4.12)

This is the right-hand-side of (4.6) with z = 0. To order N°,

—N/2
Z1$5 pound = [det (—A +iXo + 43R2>} / DS exp (—; / d%d?’y@\/gga/\(x)m(x,y)aA(y)>
(4.13)
Here Ky (z,y) = §Gi(z,y) and Go(z,y)6*" = (¢*(x)¢"(y)) nss at N = oco. Thus,
ngS,bound = gTr log (—A +ido + le;) + %Trlog Ky = —%Tr log D, (4.14)
where we used Eq. (4.8). Here, the operator Dy = K, ! is the A propagator to O(1/N),
Di(z,y) = (M2)A®)) mss.c = Q2 (@)Q7 (1) (M@)A(Y))re
1 2, 2 2,2 | 2 2 ( 1 1 >
= - Fai 412 (P i1 = :
I A N (e T D (= N e
(4.15)
Thus,
where DY (z,y) is the propagator on the full sphere S3:
16 1 (x —y)?
DO — _ 2 _ 4 2—, 4.1
)\(l',y) N S(I,y)47 S(.’E,y) R (Z‘2 +1)(y2 I 1) ( 7)

Here, s(x,y) is the chord distance on the sphere. In Eq. (4.16), Rs(y,ys) = (v, —ys) is the reflection
across the equator of S3. Interestingly, the A propagator, Eq. (4.16), takes a simple Dirichlet-like form
to leading order in N — we use this fact shortly.

To compute the trace in (4.14) we find eigenvalues of D) on HS3. Due to the Dirichlet-like form
of (4.16), this is equivalent to finding eigenfunctions of DS on the full S* which are odd under the
reflection R3. By rotational symmetry, eigenfunctions of DS are angular harmonics Y;,¢,, on S®. Here
—AYpom =nn+2)Ynem, n=0,1,2,...,and £ =0,1,2,...n, m = —£,—¢+1,...¢. The eigenvalue of
Y,0m under the reflection R is (—1)"T*.10 Tt was shown in Ref. [26] that

1
s(z,y

)28 = RiA ZgnYngm(x)Y,f@m(y), (4.18)

nfm

where the eigenvalue

_A(D/2-A) T(n+A)
_ -D/29D-A 42 1 419
In =T TA) TDin_a) @ dmh+l) (4.19)
where we have substituted dimension D = 3 and A = 2. Thus,
1 o0
Ffs2 pound = —5;% log B, (4.20)

10These results can be straightforwardly obtained from the discussion around Egs. (D.3), (D.4), (D.5) by setting
p=1/2.
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where E, = 9% (n+ 1) and d,, = in(n + 1) is the degeneracy of level n eigenstates with Ry = —1.

Using (-function regularization, we obtain to logarithmic accuracy in R

1d & 1 — d 1 -
0] _ —s __ n _ 1—s
FHS3,bound = 5% Z dn(En) = 5 lOanz::l 7(n T 1)5 = E 1oanz:%n(n + 1)

n=0
1 1

= 7log R(C(s —2) = ((s = 1)) = 2log R, (4.21)

where the limit s — 0 is understood throughout. Thus,

1 _

Ghouna = — 75 + ON ), (4.22)

and .
ath = 2a87und = _g + O(N_l) (423)

4.3 Central charge at the normal fixed point at O(N?)

We now directly compute the central charge at the normal boundary fixed point to O(N?). We follow
Refs. [1, 20, 23]. We choose the symmetry breaking field on the boundary to be along the N-th
direction. We first recall a few facts about the normal fixed point on Ri. At N = oo we have

(A = e

0
_ G5 0y2 _ E
<¢N>R§r - \/ﬁ, (a’a) - o’

A@)AW))Re = o . — ! ) (4.24)

N (((X -y 4@ —y)?)? (x—y)?+ (2° +9%)%)?
Note that the A propagator at the normal boundary fixed point is the same as at the ordinary boundary
fixed point. Making a conformal transformation to HS?, at N = oo

. . 9. 3
ido(z) = (iA(2))psz = Q) 2<Z>\(~’C)>Ri ~1Rr? sec” a,
0
_ aqy
O—O(I) = <¢N(z)>H53 = (l’) 1/2<¢N>Ri = \/ﬁ(sec a)l/Q' (425)
The connected A two-point function on HS® at N = oo is given by the same expression as for

the ordinary fixed point (4.15). To compute the partition function on HS®, we expand A(x) =
Ao(z) + 6A(z), on(x) = o0(x) + do(z),

N-1
1 3 1 3
_ d - s . 2 . . - o . 2 .
S = /d x\/ng ;:1 Gi(—A +iXo + 1 + 06\ i + 250( Atido+ 1o +id\)do

io?
+705A + i0o0Ndo (4.26)

Integrating ¢; and do out, to first subleading order in N we obtain Eq. (4.13), where now K (z,y) =
FGi(z,y) + oo(x)Go(z,y)oo(y) and Go(z,y) = (—A +iXo + oz) " is the two-point function of ¢;,
1=1,2...N — 1. Furthermore, K = D;l, with Dy given by Eq. (4.15). Therefore,

3

N 1 1 1
ngg’bound = ETr log (—A +1Xo + 4R2> — §Trlog D, = 5 (N + 8) log R. (4.27)
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Here, we use Eq. (4.8) with 1 = 1 to evaluate the first trace (we use the A branch to recover the
correct correlation functions at the normal fixed point) and Eq. (4.21) to evaluate the second trace.
Therefore,

N 1
N -1
=0 1z N7, 4.2
Abound 9 16 + O( ) ( 8)
From this, we obtain the interface central charge at the extraordinary-log fixed point to O(N?):
9
al, = 2ape g + N — 1= —g—l—O(N*l). (4.29)

4.4 Interface central charge and the a-theorem

Finally, we compare the results of the explict calculation of the central charge at the ordinary (4.23)
and extraordinary-log (4.29) interface fixed points to a detailed form of the a-theorem by Jensen and
O’Bannon.[15] Through this comparison, we verify our result for the full S-function (3.32).

As shown in Ref. [15], for an interface RG flow between a UV and an IR fixed point,

oy — am = 37 / Pxx2 (T )T (0))e. (4.30)

Here we are in a configuration with a planar interface at z = 0, the integral is over the z = 0 plane
and the trace of the energy momentum tensor is

TH = §(2)T. (4.31)

The correlator in (4.30) is evaluated in a theory slightly perturbed from the interface UV fixed point.
If we write

S =Suv+yg / ?x O(z), (4.32)
with O(x) - the operator perturbing the theory away from the UV interface fixed point, then
T = (9)0(x), (4.33)

where S(g) is the S-function for the parameter g. We note that Eq. (4.30) has the same form as the
usual Zamolodchikov’s c-theorem in a purely 2d theory.

To apply the theorem (4.30) to our set up, consider the flow from the special interface fixed
point (UV) to the ordinary fixed point or the extraordinary-log fixed point (IR). We have already
explicitly computed the central charges on the left hand side of (4.30) to O(N?), see Eq. (1.9). We
now confirm by an explicit calculation that the right hand side of (4.30) reproduces the same central
charge difference.

To do this, we first consider a slightly more general situation. Imagine a theory with a small
expansion parameter £ (in our case kK = 1/N). Suppose that at x = 0 the theory possesses a line of
interface fixed points with the action (4.32). At x = 0 the coupling g parameterizing the line of fixed
points is exactly marginal and

NN C

(O(x)0(0))c = g, k= 0. (4.34)
Here C(g) is the Zamolodchikov metric. At small %, the coefficient of the S-function B(g) is O(k)
and the line of fixed points is lifted so that only several isolated fixed points survive. Let us consider

the flow from gyv to gir and use (4.30) to compute the change of the central charge along this
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flow. The operator O in (4.32) acquires an anomalous dimension along the flow. Under an RG scale
transformation by df, O(x) — (1 — 8'(9)d¢)O((1 — df)x). Thus, the two point function Gy (x) =
(O(x)0O(0)). satisfies the Callan-Symanzik equation:

d d
(855 + 8@ 45+ 216@)) Gola: ) =0, 7p(a) = ). (1.35)
where A is the UV cut-off. Solving the Callan-Symanzik equation, to leading order in &,
1
GO (QOa A? X) ~ QZ2 (K)C(g(é))a = IOg AX? (436)

where C(g) is given by Eq. (4.34) and

Y = ~Bls0), 9(0) = g0,
l g(£) 100
log Z(£) = — /O de'B'(g(¢)) = / dg’%((gg/)) = log Bﬁ(i’g(f;). (4.37)

Evaluating Eq. (4.30) in a theory slightly perturbed from the interface UV fixed point,

vy — am ~ 37 [ " o Blowy)* 220 Ax)Clalog Aa) = 37 [ . X B(g108 A2))*C(g(105 Ax)
= o2 [ aesle(0)Clo(0) = 6x* [ g 5O (4.35)
0 guv

Let’s consider re-parameterizing g — g(u), with « — a new coupling constant. If we make an infinites-
imal change, u — u + du,

— 50 [ 20
08 = 5udu /d x O(x). (4.39)

A 2
Thus, the operator conjugate to u is %O(X), which has the Zamolodchikov norm C,, = <%) C(g(u)).

Likewise, 3, = (%)—1 B(g(u)). Thus, Eq. (4.38) is invariant under re-parametrization:

UIR
ayy — ag ~ —672 / du By, (u)Cy (u). (4.40)
uuv
It can be checked that Eq. (4.38) reproduces the correct ayy — amr for the case of short RG flows
analyzed in Ref. [20], where C(g) is, to leading order in k, constant along the flow.

Let us now apply (4.38) to our problem of the interface in the O(N) model. At N = oo we
have the coupling p parametrizing the line of fixed points. We already know the S-function, 5(u),
Eq. (3.32), to O(1/N). It remains to compute the Zamolodchikov norm of the operator conjugate to
w. The marginal operator that tunes the system along the line of fixed points is just i\g(z® = 0)
(recall its bulk to boundary OPE contains an operator of dimension A= 2, see section 3.1). Upon
varying u, we have

08 =0 - f(u)/d2xi)\5(x, 23 =0). (4.41)

where £(p1) is a to be determined function. From (3.5), we know the response of (iAg(z®)) to variations
in u:

Blis(a) = 2@‘;;5“.

(4.42)
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Performing perturbation theory in du,

Slirs(a)) = —dp - £(11) / x (iXg(0, 2%)idg (x, 0)).. (4.43)
Using (3.22), we get
2N 32sin? N u?
) =~ o = B e < H b (444

Now, substituting C'(11) above and B(u) into Eq. (4.38), we obtain

0
s 1 _
aiﬁt - aiont ~ —67 o dp B(p)C(p) = ] +O(N 1))
2 ! 9 1
it —aip ~ —or [ L ABEOG = 5+ 0N, (1.45)

As previously discussed, a;?, = 0. Thus, we recover the results (4.23) and (4.29) obtained by an
explicit calculation.

5 p-function in the semi-infinite geometry

In this section, we return to the problem of the O(N) model in a semi-infinite geometry. As we
mentioned in the introduction, two scenarios for the evolution of the phase diagram past N = N, were
proposed in Ref. [1], see Fig. 5. Which scenario is realized is determined by the sign of a higher order
term in the S-function for the surface spin-stiffness. In this section, we determine this higher order
term in the limit N — oo. Instead of computing the S-function directly, we extract the higher order
term by matching the RG treatment of Ref. [1] to known large-N results on the special boundary fixed
point in bulk dimension D > 3.[12] Thus, we consider a d dimensional boundary of a d+ 1 dimensional
bulk. We begin with the action

S = Snorm + Si — S/ddX’/Titi, (51)

with ) )
o = d _ =12 (7. =2 — e .0
Sh /d X {29 <(8”7T) + 2 (7 - 0,7) ) h n} . (5.2)

Here, we’ve added a symmetry breaking field h = hén as an infra-red regulator. Here and below,
d = 2 + € denotes the surface dimension, while D = d + 1 stands for the bulk dimension. We are
interested in the limit e < 1. An argument analogous to that in Ref. [1] gives

2 I'(d)? a;

(@) (d)2) B (5:3)

in terms of the OPE coefficients a,, by of the normal boundary universality class:

on(x,27) ~ @;)W +bp(22°)H D) 4., 2® =0, (5.4)
bi(x,23) ~ by (223) Bty (x) ..., 23— 0. (5.5)

Note that s2 depends on d.
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As discussed in Ref. [1], the leading terms in 8(g) are:

B(g) ~eg+ aboundQQ + bg37 Qbound = 2 B 21 ’ (56)

Qhound (V) changes sign at N = N, > 2 from positive at N < N, to negative at N > N.. For D = 3
and N < N, g flows logarithmically to zero and the extraordinary-log fixed point is realized. The
evolution of the phase diagram in D = 3 past N = N, depends on the sign of the coefficient b in (5.6).

1. If b < 0, then for N — N_, we have a perturbatively accessible IR unstable fixed point at
G = %. It is natural to identify this fixed point with the special transition between the
extraordinary-log and ordinary phases. At N = N, the special fixed point annihilates with the
extraordinary fixed point at ¢ = 0 and only the ordinary fixed point remains for N > N, see
Fig. 11 (left).

2. If b > 0, then for N — NI, the extraordinary fixed point moves away from g = 0 to g, ~

w. Thus, we find an IR stable conformal fixed point for N just above N., which we term
the extraordinary-power fixed point. Since only the ordinary fixed point is found by large-N
calculations in D = 3, the extraordinary-power fixed point presumably annihilates with the

special fixed point at some larger value of N = N9, see Fig. 11 (right).

From the form of the action (5.1), a direct computation of the coefficient b in S(g) requires the
knowledge of the four-point function of the tilt operator t; at the normal fixed point. (This should be
compared to the computation of the coefficient apound, which relies only on the two-point function of
t; and the knowledge of the coefficient s.) In addition, a number of higher order counter-terms in the
action, omitted in Eq. (5.1), such as e.g. dLpound ~ 7>7;t;, would have to be fixed by the requirement
of O(N) invariance. We do not pursue this route to computing b here.

Instead, we compute b(N) for N — oo by considering the special transition in D = 3 + ¢. Here,
the g = 0 fixed point is always stable — it describes an extraordinary phase with true long range
boundary order. For N 2 N, (5.6) gives an IR unstable fixed point at

2
spec ~_ € €

SPEC +b + O(€%). 5.7
g |Oébound‘ IOébound‘3 ( ) ( )

We identify this fixed point with the special transition separating the extraordinary and the ordinary
phases. The scaling dimension of the boundary order parameter at this fixed point is given by

_( oSPec
Ai_ipcc — 7771(92* )’ (58)
with (V1)
—1)g
ni(9) = T 0(g%), (5.9)

the anomalous dimension of 7. At the same time, the special fixed point is accessible with the large-INV
expansion for any dimension D in the range 3 < D < 4, in particular, the scaling dimension of the
surface order parameter A’ has been computed to O(1/N)[12],

wpec 1 2(4—D) [(6—D)T'(2D — 6) 1 1
A _D_3+NF(D—3) DI(D —3) +r(5—D)]+O<N2>

=e+ %(36— 262 +O(€*)) + O(N~2). (5.10)
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Figure 11: Conjectured RG flows of the semi-infinite O(N) model in D = 3. Left - scenario I. Right
- scenario II. Blue dashed arrows indicate the direction of RG flow. Black dashed lines are guide to
eye.

Thus, for e = 0 and N — co, we can compare the predictions of our RG analysis to the direct large-IN
expansion. To leading order in €, this was already done in Ref. [1]: AZ* found from (2.6), (5.7), (5.9)
matches exactly with (5.10) to O(e), including the subleading O(1/N) term. We aim to match (5.10)
with the RG analysis to O(€?) and O(1/N). More specifically, we compute the anomalous dimension
ni(g) to order g?. This can be computed without any extra data for the normal transition, besides
the coefficient s?(d). Then, we substitute our expression for gi*® from (5.7) into (5.8) and compute b
in the limit N — oo by matching to (5.10).

We now compute n; to order g2. The coefficient of the g2 term in n; is scheme dependent. We
use dimensional regularization with the following conventions:

§=u"Zy(G)3r, =2, h=2.""h, (5.11)

with
oo m Zm’k) 3 oo m Z»Ln k ~
=1 Y g e Dy, 5.12)
m=1 k=1 € m=1 k=1 €

and

G — 2 (5.13)

97 (myirr(a/2)? ‘

The [-function, $(g) and anomalous dimension 7; are obtained from renormalization constants Zg,
Zy using

0 .

1
86 = e = [dj log@rzg(gr))} (5.14)

g,A

108 Za(G). (5.15)

_ 0 _
i (Gr) = Wy, 08 Zi|, \ = B(gr)dgr

The renormalized correlation function of m 7 fields, D" = Z_ m/ 2Dm, then satisfies,

(13 +800) s + 253 ) D (o) =0, (5.10)
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The constants Z,;, Z5 can be found by computing the two-point function of 7 and the one-point
function of ny. Let (r%(x)77(0)) = 6 D(z). Then to order g2,

D(p) = Do(p) + SntsmD(p) + 6D (p) + O(g°). (5.17)

Dy(p) = szerg, with m? = gh, is the free propagator. dnLxmD(p) is the standard contribution from
the leading non-linear terms in Sy, while d;,D(p) is the leading contribution from the coupling s to the
operators of the normal fixed point. Evaluating these, we obtain

(1 -d/2) g*>m?2 (N — 3)m?
D = — 14+ —FF——< 1
6NLEM (p) (47T)d/2 p2 +m2 2(p2 ¥ m2) ) (5 8)
SZF(_d/2)ﬂ_d/2 g2pd—2 m2
= 1-— . 1
%D(p) 290(d)  p?+m? ( p*+ m2> (5.19)
Extracting Z,
Z,=1-a2 +0(?), a=r?s2(d=2)— (N—2), (5.20)
€
B(Gr) = €Gr +ag7 +bge + ... . (5.21)

Note that our normalization for the coefficient & here differs by a factor of 27 from that of « in (5.6).
Our goal is to compute b in the large-N limit. The value of & starts positive at N = 2 and eventually
becomes negative for N > N, > 2.[1, 7] In particular, in the large-N limit[1]:

N N —4

72s%(d=2) = -5+ ON™Y, a= ——5— O(N7h). (5.22)

When & < 0 (i.e. for N > N.) and € > 0 is small, the system has an IR-unstable fixed point at

2

- € >
gr=-—=+b

a T ap + O(€%). (5.23)

We identify this fixed point with the special transition in d = 2 + e.

We next proceed to compute 77(g,). We compute the one-point function of ny ~ 1— %7?2 — é(ﬁQ)z,

N -1 NZ -1

(nn)=1- TD(x =0) S Dy(x = 0) + O(g%). (5.24)
Fourier transforming D(p) back to real space,
gl'(1 —d/2 _
Dy(x =0) = Wmd 2 (5.25)
(1 —d/2)*m?d1 N-3
SntsmD(x = 0) = 2 ( (47{)3 (1 +— (1— d/z)) , (5.26)
2.2 2d—4
o gsimese(m(d —2))I'(=d/2)m
0sD(x=0) = 20 (d — T(d)2) (5.27)
Expressing (ny) in terms of g, and h,., we obtain
2 (22 2\,
Zn =1+ g7-+< G |+ 0, (5.28)
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with

ZM = N-1, 22 =(N-1) <N - g - 7”282(3 — 2)> : (5.29)
01 (N—1Dx? [d (2r972s2(d) 2.,
7t = S | G|, =2 (530)

so the anomalous dimension
i = (N = 1)g, +222'3}. (5.31)

Thus, to obtain Z;’l, we need to know the value of s2(d) and its derivative at d = 2. For a general
value of N, we don’t know s2. However, in the large N limit, using the results of Ref. [8],

2ni-22(d) _ N(d—1) (1 RGN O(N—2>) . (5.32)

dl'(d—1) 272 cos(me/2)

N

where we have introduced a yet unknown next correction in N, parametrized by the function f(d).
Then

721 — g £(d=2)+O(N). (5.33)

Thus, to determine the leading order in N contribution to Zf{l, we need to know f/(2). In Ref. [1],
we analytically found f(2) = 0. In appendix E, we follow the procedure of Refs. [1, 23] to compute
f(d)in 1 < d < 3. We were not able to obtain an analytic expression for f(d) and had to resort to
numerical integration. We then fitted f(d) near d = 2 to find
11
(2= 5 % 1072, (5.34)

11

where the estimated uncertainty is due to numerical integration. We don’t currently know if f/(2) = 5

exactly. Thus, we obtain
G;) = (N —1)g F@ N o) 2+ 0@ 3
1i(gr) = (N = 1)g, + ( =N+ O(N?) ) g7 + O(3;)- (5.35)
From the Callan-Symanzik equation, the dimension of 77 at the special transition in d = 2 + € is given
by Eq. (5.8) with g given by Eq. (5.23).
Now, we can match our renormalization group result to that obtained using direct large-IV expan-
sion for the special transition, Eq. (5.10). Matching this to Egs. (5.8), (5.35), (5.23), we obtain

!/
b= <152 _ f)> N+ O(N°%) = (g +2.5- 103> N + O(NY). (5.36)
Thus, b is negative for large N. Assuming that b remains negative down to N = N,, scenario I
discussed in section 1 for the evolution of the phase diagram in d = 3 as a function of N is favored.
Note that for the nonlinear o-model, i.e. Sz alone (without the coupling to Syerm through the tilt
operator), b= —(N —2).[27, 28] Thus, the coupling to the bulk only makes b more negative for large
N. Note that for the plane defect geometry, from Eq. (3.34),

. N 5
B(9) ~ 25" — gNgB, (5.37)

i.e. for N — 0o, b is shifted by —N/3 in the semi-infinite geometry compared to the pure 2d model,
and by —2N/3 in the plane defect geometry.

_97



non-dangling edge 4 L L L L k L

40 ) ) ) f)i
Jp ——0—0 90 0 o 0

—@ @ @ @ @o—
7 P A N W - N - -
—@ o ® ® o —e ® ® ® ® ® *—
e ® ® ® ° —o—0o—0 0o o ¢ o
—9o—9o 0 9o o ¢ o

—O—O—O—O—-O—

dangling edge

4

T

Figure 12: Left: The quantum spin model in Eq. (6.1) terminated above and below. The red couplings
have strength Jp and the black couplings have the strength J. The top edge is termed “non-dangling”
while the bottom edge is termed “dangling.”

Right: The quantum spin model (6.1) with no edges and an inserted row of spins in the third to last
shown row.

6 Future directions: quantum models

In this paper we have focused on boundary and interface behavior in the classical O(N) model. What
happens in the quantum generalization of this problem, i.e, quantum spin systems in two spatial
dimensions that undergo an O(3) transition in the bulk? A prototypical Hamiltonian exhibiting such
a transition is given by a spin S Heisenberg model on a rectangular lattice

H=>"17;8-5 (6.1)
(ig)

with the nearest neighbour couplings J;; dimerized as in Fig. 12 (left). As one increases the strength
of the red bonds relative to the black bonds, the system goes from a Néel antiferromagnet to a trivial
paramagnet. The transition between these phases lies in the classical 3D O(3) universality class as
confirmed by numerical calculations.[29]

Boundary behavior in the model (6.1) (and in similar models) at the bulk critical point has been
studied both numerically[30-38] and analytically[1, 39]. This model has two possible kinds of edges,
“dangling” and “non-dangling”, see Fig. 12 (left). When the spin S is an integer, one theoretically
expects the universal properties of both the dangling and non-dangling edges to coincide with those
of the classical 3D O(3) model. However, when the spin S is a half-integer, one expects only the
non-dangling edge to be described by classical O(3) boundary universality. On the paramagnetic side
of the phase diagram, the dangling edge is described by a 1d spin-S chain and should either be gapless
or break the translational symmetry along the edge by the Lieb-Schultz-Mattis theorem. Such an edge
feature is clearly absent in the classical O(3) model. One theoretical possibility for the phase diagram
of the dangling edge for half-integer S is shown in Fig. 13. Here the extraordinary-log phase has the
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Figure 13: Candidate phase diagram for both the dangling edge and inserted row of spins of a
half-integer spin quantum dimer model. The vertical axis corresponds to the bulk coupling and the
horizontal axis to the defect coupling.

same universal properties as for the classical O(3) model, and the ordinary+VBS phase corresponds
to the ordinary universality class of the classical O(3) model coexisting with valence bond solid (VBS)
boundary order. The “special” transition between these boundary phases is, in principle, different
from the special transition in the classical O(3) model, although the critical exponents for the two can
be numerically close.!! We note, however, that current numerical simulations of the model (6.1) and
of similar models do not fully agree with the above theoretical picture for either the dangling or the
non-dangling edge. We do not attempt to reconcile the analytical picture above with numerics.
Instead, we briefly comment on a 1d interface defect in the quantum model (6.1). One way to
obtain such a defect is to change the couplings J;; for several rows of spins. This should correspond
to perturbing the O(3) model by a local operator along a 2d space-time slice, so we expect the same
phase diagram and universal properties as for an interface in the classical 3D O(3) model. A different
type of defect arises when one inserts a row of spins along the interface, see Fig. 12 (right). This is
the interface analogue of a dangling edge. If the inserted spins are half-integer, the interface again is
gapless or breaks translational symmetry even when the bulk is in the paramagnetic phase. Thus, the
interface universality must again be distinct from that in a classical model. A possible phase diagram
is again given by Fig. 13. The extraordinary-log phase is described by Eq. (2.2) where the NLXM
action S, is supplemented by a topological #-term:
Y
T 4r

So /dmd7ﬁ~ (0,7 x 0;7), 6 =m. (6.2)
Since the 6 term does not affect the perturbative expansion in coupling g of (2.1), and g runs loga-
rithmically to zero in the extraordinary-log phase, we expect the universal features at the bulk critical
point to remain the same as for the interface in the classical model. Likewise, the ordinary+VBS
phase is essentially the same as for the ordinary interface in the classical model, apart from an overall
two-fold degeneracy of the ground state. However, the transition between the ordinary+VBS and
the extraordinary-log interface phases must be different from the special interface fixed point in the

1 Strictly speaking, it is not known whether a continuous special transition exists.
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classical model. Indeed, let’s begin with a decoupled spin-1/2 Heisenberg chain described by a SU(2),
Wess-Zumino-Witten (WZW) model. Inserting this spin-chain into the bulk of an O(3) model, we find
a relevant coupling

dS = u/da:dT Nz, 1) (x,T), (6.3)

where N® is the Neel order parameter on the Heisenberg chain and ¢® is the bulk order parameter.
Using Ay = 1/2, A, = 0.518936(67)[40], we see that the coupling u is relevant: the spin-1/2 chain
does not decouple from the bulk.

We may also proceed analogously to Ref. [39]: start with the ordinary interface fixed point of the
0(3) model, corresponding to the two ordinary boundary fixed points for the two sides of the 1d chain
interface in Fig. 12 (right), and couple in the Heisenberg chain. We obtain:

S = Siea + Sowa + Swzw + / dwdr (AJ”J‘“ +uN“(dy + 03) + vééc?%) : (6.4)

with ¢12 — the boundary order parameters of the ordinary fixed points and J, J* - the left/right
SU(2) currents of the WZW model. For simplicity, we have assumed reflection symmetry across the
inserted chain. The coupling A is marginal at tree level. Using Ad; = 1.187(2),[3] the coupling u
is slightly relevant: dim[u] = 3/2 — A; = 0.313(2). The coupling v is slightly irrelevant: dim[v] =
—2(A(Z) — 1) &~ —0.374(4). We attempt to directly perform conformal perturbation theory in u, v.
Since dim[u] and dim[v] are not infinitesimal, the results are somewhat scheme dependent. We use
the scheme in Ref. [41]. We have the following OPE’s:

_ _ 3 2 .
J(2)JYZ)Jb (w) I’ (w) = T af |Ziw|2JC(w)JC(u’J) 4.,
N (2, )N (w, @) = ﬁ (1 + %|z — w2 (w) T (@) + . ) ,
_ 1
Ja(Z)Ja(Z)Nb(w,QD) = mNb(w,’U_}) =+ .. .y
2 a1 ~ 5ab 22 2o ~ 6ab
b, (2, 2)0p(w,w) = T w|2Ad3 + ..., “(z,2)¢5(w,w) = m + ...,
Oo(2,2)0p(w, @) = Gpdbh(w, @) + ... . (6.5)

Here we'’ve set the velocity of the 1d chain equal to the bulk velocity and only included terms in the
OPE with zero Lorentz spin. We obtain the following RG equation for the couplings A, u, v:

dX

an 22 .
T (22 — u?), (6.6)
du 3 A

CMN<2—A43>U—7T<2+21)>U, (6.7)
dv 9

@~2(1—A¢3)v—ﬂu. (6.8)

Compared to Ref. [39], the coefficient of u? in (6.6) is doubled; in addition there is an extra contribution
from the coupling v to the flow of u, and a flow equation for v. Inserting the value of A¢, we find no
real fixed points with u # 0. Thus, the present RG approach fails to describe the extarordinary-log to
ordinary+VBS interface transition in Fig. 13. We cannot rule out that this transition is first order.

We conclude by noting that it would be interesting to study both 3d classical and 2d quantum
spin models with interfaces using Monte Carlo simulations.
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Note Added: After completion of this manuscript we’ve learned of a forthcoming paper by Bowei
Liu and Simone Giombi on a related problem.[42] Additionally, after the arXiv publication of this
manuscript, Ref. [43], which studies an interface in the classical 3d O(2) model through Monte Carlo
simulations, was published on the arXiv. The findings of Ref. [43] are consistent with the interface
realizing the extraordinary-log universality class in the regime of large interface coupling. In
particular, the value of the S-function coefficient o extracted numerically from the interface stiffness
is found to be aplane(N = 2) = 0.56(3) and the value of the exponent ¢ of the interface two-point
function, Eq. (1.2), is found to be gplane(IN = 2) = 0.29(2). This agrees with our prediction in table
1, aplane(N = 2) = 0.600(10) and with the corresponding value of gpiane = 0.265(4), see Eq. (2.11).
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A Computation of the A\ Propagator

We now solve Eq. (3.18) for the A propagator. We again split our analysis into two half-planes. Let
Ki1(y, z) correspond to when y and z are on the same half-plane, and let Kj3(y, 2z) correspond to
when y and z are on opposite half-planes. Then, the system of equations we must solve are

/RS+ a3y <,\1(x),\1(y)>c Ki1(y,2) + <,\1(x)A2(y)>c Kis(y,2) = 63(x — 2), (A1)

/RS+ dy <)\1(gs))\2(y)>cK11(y, z) + <)\1(:E)/\1(y)>cK12(y, z) =0.

We define
2 2 hll(’U) 2 2 hlg(v)
1 1 / _ = AN 1 20,/ _ = AN
</\ (x)/\ (33 )>C - NHll(x7$ ) - N (4x3x/3)2’ </\ (x)/\ (J} )>c - NH12(1‘,JJ ) - N (41,31./3)2'
(A.2)
Then, we equivalently have to solve
/ d*z Hll(Il,I)Gll(I,I2)2 + H12(I1,I)G12(I,$2)2 = 53(I1 - 932)7 (A~3)
R3+

/s deHll(xl,x)Glz(%@)z + H12(x1,x)G11(x,x2)2 =0,
R3+

with G11 and G12 defined as in Eq. (3.3). We follow the method of Ref. [22]. Let

G11/12(v) I (v+Vo2 =12 +£1+ (v+ Vo2 —1)72¢

2 N P —
GYyj1a(z, 7)) = FRCIVER gu1/12(v) = 1672 02— 1
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Furthermore, let

R T [ . I
g11/12(p) = */ g11/12(v)dv,  hiij12(p) = */ hi1/12(v)dv, (A.5)
2 2p+1 2 2p+1

and p; = (@2 —af)® Then, Eq. (A.3) reduces to

dxda3

o0 d ~ " . R
| Fanoninea) + inelpnina(pa) = datiat - o) (4.6)

*dx N
/ ?gll(Pl)hu(lb) + g12(p1)h11(p2) = 0.
0

Finally, we define F{f}(k) as the Fourier transform of f(sinh® ). Then, Eq. (A.6) becomes

F{gu}(k)F{h11}(k) + F{g12} (k) F{h12}(k) = 1
F{gia} (k) F{h11 }(k) + F{gu }(k)F{h12}(k) = 0. (A7)

Thus, solving this equation for F{ﬁll/lg}(k) allows us to compute hy1/12(v).
In carrying out this procedure, we find that

. 1 _ 1
g11/12(p) = mz% YFP(1,1/2 — 1, 3/2 — p, 1/2%) £ g-arctanh(1/2)+
1 —2pu—1 2
e F(1,1/2 24,1 A.
16m(1+20) (L2220, (A8
where z =2p+ 1+ +/(2p+1)2 — 1. Then,
. sinh(km/2 1
F{g11/12}(k) (km/2) + — tanh(kn/4), (A.9)

- 16k(cos(2um) + cosh(km/2)) — 16k

We note that strictly speaking the integral (A.5) for §iq/12(p) is only convergent for p < 1/2. Also,
the Fourier transform (A.9) of (A.8) only exists for u < 1/2. We analytically continue Eq. (A.9) to
> 1/2. Notice that the result is invariant under p — 1 — u. Now solving Eqgs. (A.7),

F{hy1}(k) = 4k csch (km /2) (1+cos(2um)+2 cosh(kr/2)),  F{hys}(k) = 4k csch(km/2)(cos(2um)—1),

A.10
hin(p) = —8(psin?(um) +1) hia(p) = —8sin? () EA 11;
B (s N (L '
After taking a derivative of Eq. (A.5) with respect to p, we find
2 32 cos?(u) 32
1 1,0\ — — - A.12
(A (@)AN (), (4x3x/3)2Nh11(11), ha(v) (v+1)272 (v —1)2x2’ ( )
2 32sin? ()
(A (@)X*(a)), = TN ® e =T (A.13)

Again, the resulting A two-point function is invariant under g — 1 — p.
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B Evaluation of Fig. 8(b) at Coincident Points

B.1 Conformal Contribution

To compute Fig. 8(b) at coincident points, we evaluate the diagram for two points on the same side
of the interface:

2
Ggli)(%y) = —N/d?’UJd?’ZGu z, w)Gr1(w, 2)Hi1 (w, 2)Gi1 (2, ¥)+ (B.1)

&

Here, we use the definition of H;;/15 from Eq. (A.2). We now define the differential operators

2 2
_ o, p—1/4 - , pu—1/4
Then,
2
£:L,G1) (x.y) = =G (a,y) Hu () (B.3)
To the order we are interested, the diagram has the form
(b)
b 911 (v) b
Ggl) (Iv y) = LH + GI(]C)Onf.('I7 y)v (B4)
Yy

where the latter term arises because of the UV divergence in —2/NG11(z,y)H11(z,y). As we check
in App. B.2, the latter term vanishes under the application of £,L,. Now, let

2 d 2 d2
Then,
) 1y 1 2 (b)
Ez‘cyGll (l’,l‘ ) - (1‘3)5/2(1’/3)5/2D 911 (BG)

Then, Eq. (B.3) reduces to

D2 (0) =~

v+ VR DF + (v VE 1) (COSQ(/”) 1 ) (B.7)

2NV — 1 (w+1)2  (v—1)2

For simplicity in future notation, we define gﬁ)(v) = —5hwc(v).
For later convenience, we split up our analysis into symmetric and antisymmetric channels. We
do this as follows. Note that

2
LaL,G13 (w,y) = —Ghalw,y) Hia(w, y). (B.8)

Then, if we define (note the normalization)

1

v, L b
SG £ 561, (B.9)

b
GY)a(w,y) =
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and we define g

(b)
S/A

analogously to our definition of gﬁ), we find that

( YN 1 cos(2um) 1 1 1 1

D’ (v) = NS ( w+1)? (v— 1)2> ~ oAl ((v—i— 12 (v— 1)2> » (B.10)
®), N 1 cos(2um) 1 1 1 1

D2 (v) = N ( w+1)2 (v-— 1)2> ~ s ((v T2 (v- 1)2> » (BAD)

where sg(v) and s (v) are defined in Eq. (3.

8). If we define cg(v) and c4(v) analogously to c(v), we

find

(v) + ca(v). (B.12)

There are four independent homogenous solutions to D? f = 0: two symmetric solutions sg(v) and
-1
fw, and two antisymmetric solutions s4(v) and %}ih(”)

our analysis into symmetric and antisymmetric channels is that only the symmetric homogenous

c(v) =cg

. The advantage of splitting

solutions are allowed to enter cg(v) and only the antisymmetric homogenous solutions are allowed
to enter c4(v). One way to argue this is by noting that the spectrum of boundary operators in
the symmetric/antisymmetric channels should not be drastically changed by 1/N corrections. Our
strategy is thus to compute the inhomogenous solutions for the cg/4 differential equations, to use

boundary conditions to constrain c¢g(v) and c4(v), and to use these expressions to find G11 cont (T T) —

ngl{ bulk (@, ) (where the latter term represents the bulk divergences).

B.1.1 Inhomogenous Solution
We use the method of variation of constants to compute the inhomogenous solution to cg and c4.

Note that sg(v) and sa(v) are the two homogenous solutions to the differential operator D. Let

Dcgja = Cisn/tA. (B.13)

Let us label the right hand side of the symmetric and antisymmetric differential equations for cg(v)
and ca(v) as fg/a(v). We first start with the inhomogenous symmetric solution.

A (v) = sg(v /fs Jsa(v ) /fs Jos (v )‘/71(11/ (B.14)
We expand this as
e, Ss(v) [ dv cos(2um) 1
=47 m<v+1 @) (B.15)

Siif)/v dv' (v’ v\/71)2~ (( 1 1 )

2 q v+ 1) (U' — 1)2

ZELU /Oo\/ 2 1<vi1 (v’il)z’)_
sa(v) /oo dv' (v +Vv'? — 1) (cos 2um) 1 ) .
dp J, Vo —1 (W +1)? (W -1)



We substitute v = cosh # again and get

- 1o i cos(2um)
" (cosh ) = ——— / d - B.1
s (cosh6) 4psinh 6 J, @ (cosha +1)2 cosh a—1)2 + (B.16)

- / dae2ra 1 —
4psinh @ J, (cosha +1)2 cosha— 1)2

e~ 1o Ocd 1
4usinh9/9 @ ((coshoH—l)2 B cosha—l

e*.#b‘) /00 dae2ic cos(2pm)
4psinh 0 Jf, (cosha 4 1)2 (cosha —1)2

Let us define

Ii(q,G):/;oda(eqa)Q, fi(q,e):/ewda(aeqa. (B.17)

cosha£1 cosha £ 1)2

The closed forms of these integrals are in Appendix F. Then,

ins eﬂa
c¥(cosh ) = 4#Sim(cos(er)Lr(O, 0)—1_(0,0)+ I (—2u,0) — I_(—2u,0))— (B.18)
e 1o
W(I+(O7 0) — 1-(0,6) + cos(2um) L4 (21, 0) — 1-(2p,0)),

The inhomogenous symmetric solution is

_ oo int 21 o0 Lint 2 _q
Cglhomog.(v) _ SS(U)/ Cs ( )SA(QILL) v d’l)/ —SA('U)/ S5 ( )SS(QM) Y dUI (Blg)

We compute this function by integrating by parts. Namely, we use that

/9 AB12(8) /ﬂ dafi(a) = /9 dafi(a) /9 dB£2(8). (B.20)
Then,
(inhomos: (il ) = CZ(;];Q [e™ (16 + 1)(14(0,0) + cos(2um) L (21, 0)) + e (1 — 1)(I4(—24, 0) + cos(2um)I4(0,6))]
(B.21)
+ c;(/:;G [e™0(uf + 1)(1-(0,0) + I (2u,0)) + € (uf — 1)(I_ (=2, 0) + I(0,6))]
+—CZi?9 |07 (L(0.6) + cos(2um) 1 (20.0)) + € (I (~20,0) + cos(2pm) [ (0.6))]
_ CZCJIG |70 (0,0) + 1-(20,0)) + € (I, (~211,0) + 1(0,6))]

We analogously compute

in @“9
4 (cosh ) = m(f+(0, 0) —1_(0,0) + cos(2um) L (—2u,0) — I_(—2p,0))— (B.22)
e 1o
Trsinh g oSG (0,0) = 1-(0,6) + Ly (20, 0) — I (21, 0)),
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; h 6
MO8 (cosh f) = — e

[e™?(uf + 1)(cos(2um) 11 (0,0) + I (2p,0)) + e (ub — 1)(cos(2um) I+ (—2p,0) + 14(0,6))]

83

(B.23)
csch9 (e~ (4 + 1)(I_(0,0) + I_(241,0)) + e (4 — 1)(I_(~2p1,0) + I_(0,))]
csch9

e~ (cos(2um) I (0,0) + I+ (21, 0)) + e (cos(2um) T (—2p, 0) +f+(o,e))}

al
csch [

e —u0(F_(0,6) + I_(21,0)) + e*® (I, (— 2u,9)+i_(o,9))].

We are after the value of ¢(1) after subtracting off the bulk divergences. Thus, we expand ¢(cosh§) =
cs(cosh @) + ca(cosh @) for 6 < 1 using App. F and extract the constant term:

cinhomog ( ) +e mhomog (1 _ 7TS€C2(,U,7T)(2/J(4/12 — 1)71'(2 + COS(QMTI')) + (12/,1,2 _ 1) Sil’l(2/,67r))

S

subtracted 24[L
(B.24)
B.1.2 Boundary Conditions
The full solutions to the differential equation are
; C sh™!
cs (’U) _ Cglllomog. (’U) T 54 (’U) - 385(1})20;,)5 (7})7 (B25)
1nnomo C h_l
ca(v) = 3P (u) 4 Csa(v) + 4“(@);58 =
(B.26)

We constrain the coefficients of the homogenous solutions using the following boundary conditions:
(i) the difference between cg(v) and ca(v) does not have a pole at v = 1, (ii) the difference between
cs(v) and ca(v) has no v — 1 term in its series expansion around v = 1. Boundary condition (i)
arises because Gg? = Gg’) - Gg’), and at coincident points, G 2 must be nonsingular (the two pomts
are on different half-planes). Boundary condition (ii) arises because the self-energy for GIQ, ie.,
,CxﬁyG(lbz)(a:,y) or the RHS of Eq. (B.8), has no delta function. These two boundary conditions are
sufficient for computing ¢(1)| ptracteds the value of ¢(1) after subtracting off bulk divergences.
Boundary condition (i) directly gives us the value of Cq — C3. We can express C7 — C3 both in

terms of integrals and explicitly — both forms are useful for this computation. Let Ac™ = ¢t — ¢ipt,
Then,
OoAiIl / / /2_1 OOAin ! ! /2_1
CS(U) _ CA(’U) _ SS('U)/ c t(U )SA(U ) v dv' — SA('U)/ c t(v )SS(U ) v dv'+
v 2p v 2
(B.27)

Ciss(v) — Casa(v) — %ss(v) cosh™ (v) — %SA( ) cosh™*(v).

Now, note that

et sin? () e M sin?(um)

int _ _ _ —
AC (COSh 0) - 2//[/ Slnhe (I+( 2#30) I+(070)) + 2/11 Slnhe (I+(079) I+(2,LL,9)) (B28)

Importantly, per the expressions in App. F, Ac™(cosh ) does not diverge for small 6, and sg/4(v)v/v? — 1
does not diverge as v — 1, so none of the integrands in Eq. (B.27) diverge as v — 1. Thus, all possible
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divergences arise because both sg(v) and s4(v) are singular as v — 1. Matching the singular behavior
of the first two terms in Eq. (B.27) with the next two terms in Eq. (B.27) gives us that

o) A - / _ / 12 -1
Ch—Cy = / Cimt (V)5 (V) Vv do’ (B.29)
1 2p

where s_(v) = sg(v) — sa(v). We can also directly compute C; — Cs using Eqs. (B.21) and (B.23)
along with the series expansions in App. F:

—sec?(um)(—1 + 4p%(1 — 4p2)7? cos(2um) + cos(4um) + 2(p + 4p?)m sin(2un))

Cy — Cy = 150

(B.30)

For boundary condition (ii), we need the v/v — 1 terms in the series expansions of the first four
terms in Eq. (B.27). First note that

1 (u? —1/4)vv -1
ss(v) " ——+p+ + B.31
1 (2 —1/4)vv—1
sA(v) " ———= -+ + B.32
We begin with the series expansion of the integrals. First, note that
1 2um — 83T — sin(2 t
—Acint(v)sA(v)\/m R~ (2um = 8yu°m — sin(2pu)) tan(pm) tialp)+---, (B.33)
2p 12p24/2(v — 1)

ia(p) = ﬁ (4pm(4p® = 1) + (2 + p — 4p® + 2u(4p® = 1)(=H (p — 1/2) + H(p))) sin(2pm) ) tan(pr),

(B.34)
and H is the harmonic number. Then, the contribution from
> 1 / / 2 /
ss(v) ZAcint(v )sa(v )Vt —1do (B.35)
v
to the /v — 1 term is
iA(/J') v—1 (M2_1/4) v_l/ool / ’ 2 /
— - — Acint (V) s4(v v/ —1dv B.36
¥ PR [ B (w)sat)V (5.36)
_ 2tan(pm)(2pm — 8udm — sin(2um))v/v — 1
12v/2p '
Likewise,
1 2um — 83T — sin(2 t
—Acing(v)ss(V)Vv? — 1= (2p — 8p°m — sin(2pum)) tan(pur) +ig(p) + -, (B.37)
2p 12421/2(v — 1)
where

is(p) = 2 (—4pm(4p® = 1) + (=24 p + 4p° + 2u(4p® — 1)(=H(—p — 1/2) + H(—p))) sin(2u)) tan(ur).
(B.38)
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Then, the contribution from

1
—sA(v)/ — Acing (v)sg(v)Vo'? — 1dv’

2p
to the v — 1 term is

is(Wvv—1 (p*—1/4)Vv— 1A, ;
T VT [

_2tan(,u7r)(2,u77 — 8u3m — sin(2um))vo — 1
1224 ’

Summing these two contributions and simplifying gives

(B.39)

(B.40)

(u - 1/4 Vv — / 7Ac1nt \/Td , tan(pm)(2pm — 8pdm — sin(2um)) /v 1'

6v/24

Per Eq. (B.29), the contribution from Cjsg(v) — Casa(v) is

dv’

(u? —1/4)vVo—1 /°° Acing(v)s_(v)Vv'? =1
2p

Then, the two integrals cancel, and to eliminate the coefficient of /v — 1 we require

tan(um)(2um — 8udm — sin(2ur))

Cy—Cy=—
3 4 6u
B.1.3 Final Result
Using that ¢(v) = ¢g(v) + ca(v), we arrive at
~ ~ Cs — C
1 — inhomog. 1 inhomog. 1 Cy — () —
C( )|subtracted ©s ( subtracted + A ( subtracted + ,U( ! 2) 2,U/

This simplifies to
472 9
C(l)|subtracted - ?(M - 1/4)

Thus,

b 2
G cont (@,2) = =5 (1% = 1/4).

B.2 Nonconformal Contribution

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

The nonconformal contribution arises from a UV divergence in the self-energy of the diagram in Fig.
8(b). Thus, we are interested in the terms in Eq. (B.1) where w and z are on the same side of the

interface:

) 2

¢ (zy) = -~ d*w d®z [Gr1(w, 2) Hiy (w, 2)][Gra (2, w)Gra (2, ) + Gra(z, w)Gia(2,y)]-

lw—z|>a
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Here, a is a lattice cutoff. We follow the method of Ref. [1] to compute the effect of the lattice cutoff.
Note that G11(w, z)Hy1(w, z) has the form of a two-point function of a conformal scalar of dimension
5/2. Then, we know that under a small conformal transformation z# — z* + ¢*(x),

o g, (WD) (W) — )
56 ()~ [@was WED I Z D g0 o) - G () (B18)

(G11 (7, w)Gri(z,y) + Gra(z, w)Gia(2, ).

Now, recall that if s = z — w,

1 52
= 2 _ me_ 2 _ K = —
G11(w, 2) o w3z3m((v FVE—1DF—(v+ V217", w w523 +1 (B.49)

2 cos? () 1
H = — B.50
11(w7 Z) 7_‘_2(23103)2 ( (U + 1)2 (U _ 1)2 ( )
Then, we can expand the self-energy and propagators in the small s limit:

1 8 4,LL2 —1
GllHllz*m <s5+53(w3)2+) (B.51)

G11/12(2’ y) =1+ S‘La;f + (1/2)5“51/653:}" +o )G11/12(wa Y) (B.52)

We now see how 6.G gz;) transforms under the two types of conformal transformations: scale trans-
formations and special conformal transformations. First, consider a scale transformation: e*(x) = ex*.
Then,

W2 =
5.G") (z,y) WSN/ ( w3) 1) /Singdgdéﬁ(Gll(%w)Gll(Zay) + Gz, w)Gha(2,9))
(B.53)

2€ 5 (8 4ut-—1 1 5.9 1 5.9

- d°w (a2 + W Gii(z,w) [ 1+ i 0,G11(w,y) | + Gra(z,w) [ 1+ 5% 05, G12(w,y) | |-
We drop a term that diverges as a~2 because it is canceled by a shift in the expectation value, (§)),
at the critical point. The constant term is

3G (2, y)

const 7T2N

/d3 [ (G4 (2, w)02L Gy (z,w) + G_(z,w)05G—(y,w)) + (B.54)

Y (Gelow)Gw) + G- ()G w.1) |
Finally, we have that
_QM w.x) = 83 (w. —92 + —1/4 w, ) =
{ 9 + (w3)2 ]Gll( ) = 6% (w, ), { D + (w) :|G12( )=0 (B.55)

Then,

0eG\Y (3, y)

(Gn(ﬂ«" w)Gr1(w,y) + Grz(z, w)Gi2(w,y)) |
(B.56)

8e 3
const - SWQNGll(x’y 3 2N /d |:
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Now, consider a special conformal transformation: e# = b*x? — 2(b- x)a*. Now,

(w—2) - (e(w) —€(2) _

w — 2|

2(b-w)s+ (b-s)s (B.57)
Substituting gives

J G11 (x,y) 3N ( ;3) 1> /sin 0dode(2b-w +b-s) (B.58)

(Gui(z, w)Gi1(z,y) + Gra(z,w)G12(2,y)).

The first term in (2b-w + b - s) acts a constant, whereas the second term fixes b parallel to the first
derivative in the Taylor expansion of G'11/12(2,y). Then,

5.6 (2, ) ~ %/dsw(}’u(mw) {(b-w) (gai 4 ‘l("wg)) 4 b“Bw] Gu(wy)t  (B.59)

Gio(z,w) [(b -w) (3830 + 4(“;3;21) + 3b“8}j’] Gia(w,y).

Then,

2 _ w
5.0 (2, 4) ~ — oo b (@) O ()4 S 1) [ {b (1 (2, w) G (w, ) + Gral, w) Gz, )

3n2N (w3)?
(B.60)

Thus, we need an expression for Gnconf(x y) that vanishes under £, £+ and transforms as described

_8
3Nn2

above for both scale transformations and special conformal transformations. The below expression
satisfies both constraints (it vanishes under £, £, up to contact terms):

a®

2 A/ 3
neont (¥ Y) = W/ds M(Gn(ﬂf w)G11(w,y) + Gra(z, w)Gra(w,y))  (B.61)

(w?)?
4
“3NA2 log (4x3y3A"2>G11(x,y). (B.62)
Here, A’ and A" are two UV cutoffs that are lattice-dependent. They are not necessarily equivalent,
but they both inversely scale with the lattice spacing.

C Perturbation theory around the ordinary fixed point

In this section we perform perturbation theory in the coupling u, Eq. (1.4), around the ordinary fixed
point for the interface. Our goal is to match u to u, Eq. (3.5), in the g, u — 0 limit. We set N = oo
throughout. We consider the anomalous dimension of the boundary operators qSS, gb 4 to first order
in u and match it to Ag = 1 — p, Ax = 1+ p. We have (¢L(1)L(0))ora = (2(1)P2(0))ora = S,
(o} (r)é%(O))ord = 0. Then to first order in u,

@LI30) = = [ e ()P ora =~ [ Pre—s
R HIVES] e
The first order correction in u to (L (x)@i(y)), ($2 (x)gsﬁ (v)) is zero. Thus,
(Bs/aa(X)ds/an(y)) ~ (15 dmulog Alx — y1), (€2)

x— |2

from which we read off Ag =1+ 27u, Ay =1-2ru. Thus, to leading order u = —2mu.
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D Free energy on HS?

For a single scalar in the background of (i)\) in Eq. (4.6) the free energy on HS? is
Frgs = —log Z = ~Trlog( —A + (iA) + — (D.1)
HS3 = g4 = ) g ARZ ) .

In this appendix, we repeat for completeness the calculation of the trace (D.1) presented in Ref. [25].
We need to know the spectrum of —A + (i\). We have
—A+ (i\) = =92 — 2cot ad, + csc? a(—Agz) + (u — 1/4) sec? a, (D.2)

where we have temporarily set the radius R to one. Going to sectors of fixed angular momentum /,
—Agz = £({ + 1) we find eigenfunctions

(A + (iIN)oF = (—1+Kk)oE, k>0, (D.3)
1 . 3 k ¢4 w3 k € p
+ — 3 2:‘:# 2 12 _ _ ~ = - e ~ ‘2
¢y () = (cosa) 2™ (sina)" o Fy (4 2—1—2:|:2,4—|—2—|—2:|:2,1:|:,u,cos a). (D.4)

Note that as a — 7§, o7 (a) — (5 — @)2%. The “+” solution gives rise to the boundary fixed point
with Ay = 14 p, and the “—” solution gives rise to the boundary fixed point with Ay =1 — p, which
we have encountered in section 3. Note also that ¢~ can be obtained from ¢+ by substituting u — —pu.
Thus, we work with ¢* throughout and use p > 0 for A¢ =1+ |u| and p < 0 for A¢ =1—|u|

In order for ¢F to be finite at o = 0, the first index of the hypergeometric function must be equal

—n, n = 0,1,2.... (Then the hypergeometric function is just a finite degree polynomial in cos? a.)
Thus, we must have
3
k:§+u+€+2n, n=0,1,2... (D.5)
and the eigenvalues of —A + (i) + 2 are
1 3 5
Ep:—1+(§+u+p) ,p=0,1,2.... (D.6)

Here p = ¢ + 2n and the degeneracy of level E, is g(p) = w

in p > —1, so B, > 0. The free energy

. Note that we are only interested

1 E,
Fis: = 5 pzzog(p) log =5 (D.7)

Here, we have re-instated the radius of the hemisphere R, since we are interested in the logarithmic
term ~ log R in the free energy. We now apply the (-function regularization to the above formal sum:
1

d
Fuss = =54

R*> g(p)E,*| ~—logRY g(p)E," (D-8)
p=0 p=0

Analytic continuation to s = 0 is understood throughout and in the last step we’ve dropped a constant
term. Writing E, = (p+ 1+ 1)(p + ¢ + 2), we use the Feynman trick:

Frs: = —% logRF(Z;g ;/0 duu®"(1 - u)s—l( P+1)(p+2)

(s P+ p+1+u)?
r(2s) [* -1 -1
= —=1 Tl —w)* T X D.
los Ry [ duu ™ (1= X (s, ) (D.9)
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with

X(s,u,p) = C(=242s, ptu+1)+ (1-2p—2u)((=142s, pt+u+1) = (p+u)(1— p—u)¢(2s, p+u+1).
(D.10)

Here ((s,a) is the Hurwitz {-function (analytic continuation of {(s,a) = Z;io m ). X(s,u) is

analytic near s = 0 in the interval u € [0, 1]. Therefore, the only singularities in the integral (D.9)
occur at u — 0, u — 1. These give 1/s poles as s — 0, which compensate the I'-function prefactor in
(D.9). Thus,

1 1
Frgs = leogR X (X(s=0u=0,p)+X(s=0,u=1,u)) = EMBIOgR. (D.11)

E Normal fixed point at large-N in 2 < D < 4

We begin with the non-linear o-model

. vyl Lg.ges (g2 !
Smf_/mzod x[2((3u¢) + (¢ gbulkﬂ, (E.1)

at its normal boundary fixed point. We summarize the results of Ref. [23] that studied the following

bulk two-point function at large-NN:

Gm(z,y) = % (" ()" (1)) + (6" ()" (y)) conn) - (E.2)
It was shown that A )
Gm(7,y) = (dzDyD)s <90(U) + ﬁgl(v) + O(N2)> . (E.3)

So far we have not normalized G,,. 7 is the bulk anomalous dimension of the ¢ field, Ay = (D—2+n)/2,

1 2(4/D — 1)I'(D — 1)

"= NIz -1t - o T oW ) (E4)

Here, the leading order transverse correlation function is expressed in terms of,

2P=31(D/2) p=(P=1) D-1D D+1 1
0 _——,— —_— JR— _—
g (U)_ 7_‘_D/2 k(’t)), k(’U D—1 241 ( 2 9 27 2 ’7}2)

The leading order correction in 1/N to G, is expressed in terms of g'(v),

gl(v) = 72/ dvl(vf - 1)*D/2/ dvg(vg - 1)’3/2*1

- > -2 [ 2 _ 1\D/2—1 0 (43)°
X dvs(vs — 1) . dvg(vi — 1) v(vg) | g”(vg) + ~

v U1

Here one goes from the first to the second line using integration by parts. The function v(v) is related
to the A\ propagator via:

————v(v) + O(N?) (E.7)
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and

V(o) = 2P0((D —1)/2) pL) | D @Qpla() -
ViL(D/2—=1)T(2—-D/2)T(D/2—2) \ v*—1 ' D—-4 2 -1 ‘
The associated Legendre functions @) are expressed in terms of hypergeometric functions
T(v+2)/m Y v 3 3
(1) — _ 2 _ 1 1/2 v—2 F _ 1 -2 E.9
Q) = g YT 1(2+2 g Fhvtgw ) (E-9)
T(v+3)y/m L v 3 3 _
Do) = Yo (v? — 1)o7V 3R 2, — Su?). E.1
Ql/ (U) 2”+1F(V ¥+ 3/2) (’U )U 2 (2 + 2 v+ 2,’0 > ( 0)
The constant AY is related to the one-point function of ¢ (not normalized) via:
(On(E) = ez + OV Y2) (E11)
N (220)(D-2)/2 : :
and is given by
(45 _ T(D-1)rQ-D/2)
= ymsre (E.12)
Our goal is to extract a2, b? and, thereby, s? from G,,(x,y). Based on the bulk OPE,
a a N A
d)norm(m)(z)norm(y) = W(l + )\¢¢€($ - y) F'E(y) + .. ')7 (Els)
we have
CA—" 1 v—1\2% q2 v —1\2/?
G (,y) = T—(—— ) 22 4 aggea [ —— 1,
(z,y) (4zpyp)2e (v —1)/2)2% [ ( D) ) N T Appea ( 2 ) + v —
(E.14)

where (e(z)) = @aPya: - The unnormalized field ¢ appearing in (E.2) is related to the normalized field

brorm via ¢ = VCA~"2¢0m. Thus, the normalization constant C' and a2 can be read-off from the
v — 1 limit of G,,,. We write,

C =G (1+%+O(N’2)>, Co = %,
a; = (ag)? (1 + % + O(N’Q)) , (ad)’ = _NF(DF(_DIE(_I 1_) D/2). (E.15)

with ¢; and r - to be determined.
Based on the boundary OPE, (5.4), (5.5),

CA™™ 1\ 2P-1p2
Gﬂl(x7y) = W < — N> W, v — Q. (E.16)
We note that g'(v) decays as 1/v” for v — oo, thus,
D/2 -1 1
2 _ 1 -2
by = D1 (1 + N(l c1) + O(N )> . (E.17)

We perform the integral in (E.6) numerically for v — 1 in order to extract ¢; and r. We begin by
discussing the behavior of g!(v) for v — 1. We have

(45)*

g°(v) + = 2020, (v = 1)1 P2 1 (1,1/2,2 — DJ2,1 —v72). (E.18)
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Then

(w2 — 1Py (0) ( ¢%(v) + Ao)*Y _ 42 0 (E.19)
N (v=12 wv-1 ’ ’
with
22057 (D — 1) /2 D —1)(D —2)?
49—2 = —pr1y /3 ( )/2) , -1 = ——( I ) q—2. (E.20)
m(P+D/21(2 — D/2)T(D/2 — 2) 2(D—4)
The v, integral in the second line of (E.6) then gives
>~ 2 D/2—1 0 (Ag)z g2
dvs(vy —1) v(va) ( g° (va) + N ) o1 —q-1log(vs —1)+p+..., v3—1, (E21)
v3 3

where p is a constant that we can only determine numerically. Performing the integrals over vs and
vg in (E.6)

dvy (v — l)D/Qfl/ dvz(vs — 1)7D/2/
v1 V2 v

- s 0\2
- / dva (v2 — 1)D/2—1/ dvs(v5 — 1)P/2 7 (k(vs) — k(v2))v(vs) (go(vs) + (143'[))

o0 oo

dvg(v3 — 1)P2 1y (vy) <g°(v4) + (14]\27)2>

3

v1 V2

_ L 2 / g—2D  q-1(D—14) g—2(D/2—-1)

—2[ D log(vy — 1) +p (D/2_1<p 4 D5 + o) (v1 —1)
+%(v1 “Dlog(or =D 4oy w11 (E.22)

p’ is a constant that we can only determine numerically. Finally,

R e L e (B )

L (v=Dlogv —1) ( g-1 qz)

D/2—2 D/2—1+7

+

D/2—2| D/2—-1

+p//.

4 D—2 D/2-2\Dj2—-1 D

Again, p” is a constant to be determined numerically. Matching to (E.14),

_ N/ ]
= (D—-2)Co 5 (D/2_1+1og2>, (E.24)
p/l
r = 77(/12)2/]\[ —cq, (E.25)

where r determines the 1/N correction to a2, Eq. (E.15), while ¢; determines the 1/N correction to
b2, Eq. (E.17). Finally, for the constant s2, (5.3),

f)) f P’ 5 NT(D)

2 = 2 1 _ = - - — 1 = — .
g 50( TN (A2/N 0 0T T b Tgn(xD)2)

(E.26)

— 44 —

(v—l)[ 1 (p_Q—QD_Q—l(D_4)>+ 1 <Q—1 +(J;2)_Q—2(D/2_1)

o))

(E.23)
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Figure 14: a) The coefficient r of the 1/N correction to a2, Eq. (E.15).

b) The coefficient 1 — ¢; of the 1/N correction to bZ, Eq. (E.17). For both of a) and b) the red lines
are asymptotes expected from 2 + ¢ and 4 — € expansions; the solid dot at D = 3 is the analytical
calculation.

Bottom: c¢) The coefficient f of the 1/N correction to s?, Eq. (E.26). Inset: a quadratic fit to f(D)
for D near 3.

where f is the function we introduced in (5.32). We want to determine f'(D = 3).

We proceed by first evaluating the integral (E.21) numerically for v — 1 to determine p. We then
evaluate the integral in the second line of (E.22) to determine p’. Finally, we evaluate the integral
(E.6) to determine p”. The resulting values of the coefficients of 1/N corrections to a2, Eq. (E.15), b2,
Eq. (E.17), and s?, Eq. (E.26), are shown in Fig. 14. The numerical results are in good agreement with
the analytical result at D =3: r(D=3)=1—c¢1(D =3) =1—n(D = 3)/2, so that f(D =3) =0.[1]
They are also in good agreement with the results of 2 4+ € and 4 — € expansions[1, 44]:

2
s ™N-1, 5 s €N _ N-1 ) B
aU—N(1+12N_26 + O(e )), bt_72(N—2) 1 eN_2+O(6) , D=2+c¢,
4(N +8) N2 + 31N + 154 1 N+9
2 _ 1— O(é2 BP=Z(1l-€c—" " +0( D=4—c¢
%o c ( (N + 8)2 (<)) tT 3 T (<)) ¢

(E.27)

To determine f'(D = 3) we fit f(D) in the window 2.95 < D < 3.05 to a quadratic function. We
obtain f'(D = 3) = 3.67(1). Here, the error bar is conservatively estimated by increasing the range of
the fit to 2.9 < D < 3.1.
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F  Useful Integrals

The following integrals are used in this work:

© elda 2e070%(q —14e(1+4q)) 2
I.(q,0) = = “rq(l —¢? F.1
+(q7 ) A (COShO{—f— 1)2 3 (1 +69)3 + 37’('(]( q )CSC(Wq)+ ( )
%(q - 1)6(1+q)62F1 (27 1+ q, 2+ q, 760)7
e e?®da 2
I_(g,0) = = q(¢* — 1)Be™?, ~1 — F.2
0.0) = [ oot = 3 o0~ DA 1= 0.0 (F.2)
B9 ((—2¢ 4+ 1)(q¢ — 1) + (3 — 3¢ + 2¢?) cosh § + (¢ — 3) sinh 9)]
17 |
. < ae?do 2 9 9
I1(q,0) :/9 (cosha + 1) 2577050(7”1)(1 —3¢" + mq(q” — 1) cot(mq))— (F.3)
220 - (1+e))(1+0B+q) +(1+e)?(1+q2+0+0g)
3 e~%1(ef +1)3
2¢% 2 0 2 - 0
5 |9 = D)2(=¢",2,9) + (1 +¢(0 = 3¢ = 0¢°))T(q)2F1(1,¢,1 + ¢, —e )} ,
a0 = [ S0 2 anl =3¢ +imala? — 1)+ ma(a? — 1) o) ese(ma)—
_(q,0) = , Tcosha—1)7 3 T q° +1imq(q mq(q cot(mq)) csc(mq
(F.4)
1 1 inh —q(2 — h(6/2)) —1
Lao (X, gy 29 4 S0 0(0 — q(2 + qf)) — 6(q + coth(0/2)) B
3 q coshf — 1
1 1
2
3a(g® = 1)2(e”,2, g)e.
The latter two integrals were evaluated using results from App. G.
We now compute the behavior of these integrals as § — 0:
1 0
I1(g,0) ~ £ {2+ 4(3 +24) + 29(¢” = D[H(1/2 = q/2) = H(=q/2)]} = 7, (F.5)
4 2¢ 24 2 2
I (q0)~—e 4 2 29 2 22— 1)1 F.
(0,0) g5 + o+~ — 35 ~ 3@ —1)logb+ (F.6)
1 1
73(76 +a(=25+2q(9 + 119)) = 12(¢° — q) H(—q = 2)) = 755 (11 + 30" (4" — 2))9,
~ 1
Li(g,0) ~[3+ 49+ (2= 6¢°)0(1 — ¢/2) + (=2 +647)0(3/2 = ¢/2)+ (F.7)
g(~1+¢*) (M (1 - q/2) — vV (3/2 - q/2))],
~ 2 4
I-(4,0) 5 + 5 — (2/3)6q(~1 +¢*) (F.8)
1
—(13 — 12yg + 12¢ + 6(—11 + 67r)q* — 127%¢(—1 + ¢*) csc®(mq) + 127 (3¢* — 1) cot(mq)+

18
12(—1 + 3¢%) log 0 + 12(—1 + 3¢*)¥:(q) + 12¢(—1 + ¢*)¥ ) (q)).
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G Asymptotic Behavior of Hurwitz Lerch Transcendent
We are interested in the asymptotic behavior of

®(z,2,9),
where z — +o00. There are four cases to consider per our calculations.

G.1 Casel
Consider 0 < ¢ < 2 and z > 0. Per Ref. [45],

D(e*,2,q) = Fls) Z AT;((ijf;q) + e~ 1™ (By(2, q) (o + im) + B1(2,9)) |, (G.1)
where
_ T(2,(g—n—1)log(—2)) — 1
An(z,2,q9) = G—n—1)y , (G.2)
_ (1) —

I T BT N X LT YT ES T N

Note that )
Au(e,2,9) _ DR (C1)et@Hm (1 — (a4 im)(1 40— g) (©.4)

e(nta 7 (q—n—1)?2
Using that 0 < ¢ < 2, the sum is asymptotically

o0

An(e*,2,q) = —e e 2
Z e(n+ta 7 (q—1)2 o pE

+ e[ B(2,1/2 — ¢/2) — (a + in)Bo(2,1/2 — ¢/2)]. (G.5)

n=0
Then,
—« —2a .
B, 2,0) % gy~ ¢ T n(a tim 4 ot (ng)) ese(ma). (G.6)
G.2 Case 2

Now consider —2 < ¢ < 0 and z > 0. We know that 2+¢ > 0, so we can apply Eq. (G) to ®(e*, 2,2+q).
Then, from the series definition of ®,

+e20®(e”,2,2 + ¢) ~ e~ 1M r (o 4 i + 7 cot(mq)) ese(mq).  (G.7)

1
d(e*,2,9) = = +
( 7 ¢ (1+q)?

G.3 Case 3
Consider 0 < ¢ < 2 and z < 0. We again use Ref. [45]:

B-et2,0) = s |0 S AEERD e By gat Biza) | (@)
n=0
where
An(z,2,—eo) = L2 <(qq_’;_11))02‘) .y (G.9)
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Note that

(A 2,0) | ()4 () e —a(lbn =) oy
e—(ntDa ~ (q—n—1)? ' '

Using that 0 < ¢ < 2, the sum is asymptotically

(=)t A, (—e®, 2,q e ™ e
Z ) e(n+(1)a ) ~ TR + e 1aBy(2,1/2 — q/2) — B1(2,1/2 — q/2)]. (G.12)
n=0
Then,
—a —2«
P(—e,2,q9) = (616_71)2 7 + e “m(a + 7 cot(mq)) cse(mq). (G.13)
G.4 Case 4

Finally, consider —2 < ¢ < 0 and z < 0. Using the series expansion,

O(—e*,2,q) = e “m(a + 7w cot(mq)) cse(mq). (G.14)
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