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In this paper, we propose using the nonlinear sigma model (NLSM) with the Wess-Zumino-
Witten (WZW) term as a general description of deconfined quantum critical points that
separate two spontaneously symmetry-breaking (SSB) phases in arbitrary dimensions. In
particular, we discuss the suitable choice of the target space of the NLSM, which is in
general the homogeneous space G/K, where G is the UV symmetry and K is generated by
£ = b1 Nho, and b; is the Lie algebra of the unbroken symmetry in each SSB phase. With
this specific target space, the symmetry defects in both SSB phases are on equal footing, and
their intertwinement is captured by the WZW term. The DQCP transition is then tuned by
proliferating the symmetry defects. By coupling the G/K NLSM with the WZW term to the
background gauge field, the 't Hooft anomaly of this theory can be determined. The bulk
symmetry-protected topological (SPT) phase that cancels the anomaly is described by the
relative Chern-Simons term in odd spacetime dimensions or mixed 6 term in even dimensions.
We construct and discuss a series of models with Grassmannian symmetry defects in 341d.

We also provide the fermionic model that reproduces the G/K NLSM with the WZW term.

I. INTRODUCTION

The continuous symmetry-breaking transitions are well described within the Landau-Ginzburg-
Wilson (LGW) paradigm, the local order parameter acquires a non-zero expectation value in the
spontaneous symmetry breaking (SSB) phase, and vanishes continuously when approaching the
transition point. However, within the LGW paradigm, two SSB phases cannot be joined by a
continuous transition but only first order or level crossing. Quantum effects open the possibility to
have a such continuous transition, and the first explicit example is the deconfined quantum critical

point (DQCP) between the VBS phase and Néel phase in 2+1d quantum magnet [1-4].

The ordinary symmetry breaking transition can be alternatively understood by proliferating
the symmetry defects in the SSB phase to arrive at the disordered phase. This point of view is
particularly useful to understand the DQCP - the symmetry defect in the VBS phase is decorated
with the quantum number of the spin SU(2) symmetry, proliferating which will restore the lattice

rotation symmetry but break the spin symmetry, and arrive at the Néel phase [5]. Decorated



G G
(®1)#0 (®2)#0 (®1)#0 H (®2)#£0
Dy
H, Ho H; G/K o H,
()70 (1)£0 (®2)#£0 ﬂ (@1)70
K7E:h1mb2 K7E:hlmh2

FIG. 1: G is the UV symmetry and K is generated by the Lie algebra ¢ = h1 N h2, where b1, h2 are the Lie
algebras of unbroken symmetries H;, Hz of SSB phases. The different SSB phases are obtained by condensing order
parameters ®; as in the left graph. Alternatively, the right graph emphasizes using the symmetry defects in the
homogeneous space G/K where the bosonic field lives in. Proliferating symmetry defects D; will drive the

transition from one SSB phase to the other due to the additional charges assigned by WZW term.

symmetry defects are also studied in other beyond LGW quantum transitions [6-8].

Intertwinement of symmetry defects in different SSB phases, i.e. the symmetry defect in one
SSB phase carries the quantum number of the broken symmetry of the other SSB phase, is the
prominent and ubiquitous feature of the DQCP theories. To properly describe the symmetry defects
and their intertwinement, we consider the following generic symmetry breaking pattern of DQCP
theory as shown in Fig. 1. Once condensing the order parameter ®;, one arrives at different SSB
phases with unbroken symmetry H;. Further condensing the other order parameter, one arrives
at the minimal symmetry K. We will show that the symmetry defects in G/K incorporate all
the symmetry defects in both SSB phases Sec. V. The reason is based on that the codimension-
(¢ + 1) symmetry defect in each SSB phase is classified by 7,(G/H;) [9], and 7.(G/K) contains
roughly the generators of these homotopy groups. Moreover, the generators of the homotopy group
are related to the differential forms via the Hurewicz theorem, then these symmetry defects are
described by the differential form in the Lagrangian, and this term corresponds to the charge
operator of symmetry defect. Technically, we use de Rham cohomology to find the generators of
the cohomology group of G/K. The intertwinement of symmetry defects is essentially captured by
the linking number of their corresponding charge operators, and the Wess-Zumino-Witten term in
the action assigns phase to the linking number. Therefore, we propose using the nonlinear sigma
model (NLSM) with the target space G/K to describe the DQCP between two SSB phases with
unbroken symmetry Hi, Ho, and the intertwinement of symmetry defects is described by the Wess-
Zumino-Witten (WZW) term. We also use G/K NLSM in short. The DQCP transition is driven
by proliferating symmetry defects D; in G/K along the red arrows in the right graph of Fig. 1. We

will provide details and examples in the Sec. V.

Intertwinement of symmetry defects in different SSB phases is also the manifestation of the



(mixed) 't Hooft anomaly of the global symmetry. When global symmetry has 't Hooft anomaly, the
theory is still well-defined unless the symmetry is gauged. The 't Hooft anomaly of global symmetry
constrains the infrared phases not being trivial gapped phases but either SSB phase, gapless or
topological order. The phase diagram of DQCP theory, namely two SSB phases connected by
a gapless phase, agrees with the consequence of the ’t Hooft anomaly. The anomaly of 1+41d,
2+1d DQCP theories have been carefully analyzed in [10-12]. However, previous anomaly analysis
is based on gauge theories, we focus on the anomaly analysis of NLSM description in terms of
coupling the theory to background gauge fields. Since G is anomalous but K is non-anomalous,
the NLSM with target space G/ K saturates the anomaly of G. We provide a detailed calculation of
coupling the WZW term to the background gauge field and show the gauged WZW term gives the
't Hooft anomaly [13—-15]. By anomaly inflow, the 't Hooft anomaly in even spacetime dimensions
is canceled by one higher dimensional bulk (relative) Chern-Simons term [16-18] and discussed
in Sec.IV, while in odd spacetime dimension, the 't Hooft anomaly is canceled by bulk mixed 6
term [13-15]. The lattice models that describe DQCP do not need additional higher dimensional
bulk, it is because some of the global symmetries are acting in the non-onsite way, when it flows
to IR, the field theory description requires these symmetries to be internal but with the 't Hooft
anomaly [19, 20]. We should point out that the NLSM has long been used to describe the Goldstone
mode in the SSB phase [21-23], and the additional Wess-Zumino-Witten term is used to match the
anomaly in the ultraviolet [24]. Recently, the gauge theory and its dual NLSM with Stiefel manifold
or Grassmannian manifold as the target space have been studied in the context of spin liquid and
quantum critical point beyond the LGW paradigm [25-27]. In current paper, we present a general
construction of NLSM with WZW that describes any given DQCP with continuous symmetry
breaking. In the following, we explore its connection to the mixed 't Hooft anomaly, relative

Chern-Simons term, and the intertwinement of different symmetry defects.

Inspired by recent work on deconfined quantum criticality (which can be critical point or
critical phase depending on the model details) among grand unified theories [28-30], we apply
our framework to construct the theory of 3+1d deconfined quantum critical phase (DQCPh)
with global symmetry G = SO(2n) that separates two SSB phases with unbroken symmetries
H, = U(n),Hy = SO(2n — 2m) x SO(2m), and K = SU(n —m) x U(1) x SU(m) x U(1). The
symmetry defects are then described by ma(G/K) = ker (w1 (K) — m1(G)) = Z & Z. This is par-
ticularly interesting since the symmetry defect in the SSB phase with unbroken symmetry Hs is
Grassmannian manifold and has topological charge mo(G/Hz) = Z2, which cannot be captured by

de Rham cohomology, but once embedding into the larger space G /K, the topological charge be-



comes integer, and it has corresponding differential form via de Rham cohomology. This manifests
the similar way that the non-perturbative SU(2) anomaly (due to m4(SU(2)) = Z2) can be pertur-
batively found by embedding SU(2) < SU(3) [24, 31, 32], and here we embed G/Hs — G/K. This
series of 3+1d DQCPh theories has “new SU(2) anomaly” of the global symmetry SO(2n) [33],
and it is matched by symmetry-protected topological phase in 5d bulk described by wows(SO(2n))
[28-30]. The mixed anomaly is obtained by pull-back via the embedding map of the subgroup into

G. Recently, this embedding procedure is rigorously analyzed using bordism theory [34, 35].

We then present the alternative fermionic model that reproduces the G/K NLSM with WZW
term. The fermions are coupled to the fluctuating bosonic fields which live in the homogeneous
space, the bosonic fields parameterize the mass manifold of the fermions. We dub such fermionic
construction of the nonlinear sigma model as fermionic sigma model [36]. When integrating out
the massive fermions, the effective action is the nonlinear sigma model with level-1 WZW term
[36, 37]. For generic homogeneous space G/K, the fermion mass manifold needs to be properly
chosen. This fermionic model also implies that the nonlinear sigma model with level-1 WZW term
needs a spin structure which is used to define the parallel transport of spinor fields, though the
Goldstone boson fields are bosonic [38]. We then construct the fermionic sigma model of the 4d
DQCPh theories and explicitly show the charge operators of two symmetry defects in different SSB
phases link together.

The paper is structured as follows, we review the essential ingredients of the nonlinear sigma
model and Wess-Zumino-Witten term as well as Lie group cohomology in Sec. II. Then we review
the 't Hooft anomaly and anomaly matching by WZW term in Sec. IIl. Readers who are familiar
with these can safely skip Sec. I and Sec. I1I but skimming through the notations would be helpful.
We present the gauged WZW term and its anomaly matching with the bulk (relative) Chern-Simons
term for generic spontaneously symmetry breaking in Sec. I'V. We construct specific DQCP theories
in Sec. V and present the fermionic sigma model description in Sec. VI. We summarize our results
and list further directions in Sec. VII. Finally, there are two appendices about de Rham cohomology
of Lie group in Appendix. A and Cartan homotopy method in Appendix. B that are used to derive

an explicit formula for the various WZW terms and Chern-Simons terms.



II. REVIEW OF NONLINEAR SIGMA MODEL AND WESS-ZUMINO-WITTEN TERM
FOR GENERAL HOMOGENEOUS SPACE G/H

A. The Lagrangian of NLSM and WZW term

Supposing the UV theory has global symmetry G, which can contain spacetime symmetry as
well as internal symmetry. In the IR, the symmetry is spontaneously broken down to H, then the
IR theory contains the part with unbroken global symmetry H and the gapless Goldstone mode
lives on the coset G/H. For example, the 3+1d Ny flavors fermion couples to SU(n) gauge field,
the global symmetry SU(N)r x SU(Ny)g is spontaneously broken down to SU(NN)giag, the coset
where the Goldstone boson lives in is simply the Lie group SU(N) [24]. Or the Heisenberg spin
in 2+1d, the spin rotation symmetry SO(3)g is spontaneously broken down to SO(2)g, and the

Goldstone mode lives in the coset S% = ggggg [39]. Before parametrizing the coset G/H, let’s take

the Goldstone boson lives in an arbitrary closed manifold M.
The Goldstone bosons are described by the nonlinear sigma model, where the scalar field takes
value in the target manifold M. The field configuration is represented by a map from d-dimensional

spacetime manifold X to the target manifold M,
U(zt): X — M, (I1.1)

where x* is the coordinate of X and U lives in M. The kinetic term is,

So=15 /X d'z (U0, UU 0. (I12)
where repeated indices mean summation. Besides the kinetic term, one can define the WZW term
by pull-back the closed form L@+ on M. It seems the WZW term depends on the additional
dimension, however, since the variation of the closed (d + 1)-form yields the exact form, ST (d+1) —
dn@ | according to the Stokes’ theorem, the equation of motion is indeed in d-dimension and does
not rely on the fictitious extra dimension. We may view the spacetime manifold X as the boundary

of a certain bulk manifold Y, such that Y = X, and extend the map U : Y — M, the WZW

action is,
Swzw = 27Tki/ 0* (F(dJrl)), (H,3)
Y

where U* is the pull-back map, k is the quantized level which is important for the theory to be
well-defined and not depend on an extension to the bulk Y. Suppose we have another extension

Y which is the orientation reverse of Y, and Y UY is a closed manifold, then the integral over



this combined manifold should be 2k7i, k € Z, such that the WZW term does not depend on

the extension, otherwise, there is a phase ambiguity for different extensions. r(d+1)

is actually the
generator of integral cohomology of M, T'@+1) ¢ H (d+1)(M ,Z). If the closed form is also exact,
then the WZW term is a term expressed in the d-dimensional spacetime.

Apart from the closed (d + 1)-form which can be used to define the WZW term, other closed
g-form with ¢ < d can be used to represent the charge operators of the possible topological defects.
The topological defects are classified by the homotopy group [9], and the gth homotopy group
of M is isomorphic to the homology group of M via the Hurewicz theorem if M is (¢ — 1)-
connected. Therefore, the charge operator of possible codimension-(¢ + 1) topological defect is
given by the generator of H?(M,Z). This charge operator is like a counter, if the defect matches,
then yield 1, and 0 otherwise. For example, the baryon in 4d SU(N) gauge theory is classified by
m3(SU(Ny)) = Z, the charge operator or the baryon number current is T'®) € H3(SU(Ny),Z), and

it couples to the U(1) background gauge field A as,

exp <i /X4 AN r<3>> (IL.4)

This reproduces the Goldstone-Wilczek current [40, 41].

To sum up, the WZW term and the charge operators of the topological defects in SSB phases
are given by the generators of the integer coefficient cohomology group of the target space with a
certain degree. In the following, we are using de Rham cohomology to find these generators. Since
the coefficient of de Rham cohomology is R, one needs to normalize these generators such that the
integral on the generator of the corresponding homotopy group yields 1 [38]. After normalization,
this gives the generators of the cohomology group with Z coefficient and can be used to define the

WZW term and charge operators of the topological defects.

B. Construction of the coset

The Goldstone boson field U lives in the coset G/H, meaning that the Goldstone boson fields
are equivalent under the right multiplication of the elements in H, U ~ U’'h, h € H. We need the
following parametrization of the coset G/H [21]. We denote the generators of compact Lie group G
as T4, A =1,...,dim G, and the subgroup H has generators 7% a = dim G — dim H + 1, ..., dim G.
The orthogonal part of the b in g is f = g — b, denoted as T% a = 1,...,dimG — dim H (capital
letters are for generators in g, greek letters are for those in h and lower case letters are for f). We

have grouped the indices such that g = f ® h. These generators in general satisfy the algebraic



relation [h, ] C b, [h,f] C f, [f,f] € g. We often encounter that the coset G/H is a symmetric
space, in this case, the relation is, [h,h] C b, [h,f] C f, [f,f] C h. For h = &, the coset is simply
G. The Goldstone boson field U(w(z)) is parametrized by the Nambu-Goldstone boson 7%(x) as
[22, 23, 42),

Ulr) = 50T Tacy (11.5)
A general element g in G acting on the coset U(7) gives,
g7 (x) = DT T _ (125, g) (1L6)

the group transformation is equivalent to g : U(r) — U(n') = g~ 'U(n)h(r, g), where h(r, g) as well
as m depend on the spacetime coordinate. 7(z) is in general transformed in a complicated nonlinear
way. But when restricted to H, one can always choose the Goldstone boson 7(z) transformed in a

linear way.

C. Cohomology of the homogeneous space

The generators of the cohomology group are particularly relevant to the terms that describe the
symmetry defects and the WZW term. The cohomology of homogeneous space G/H is given by
the closed G-invariant forms on G/H modulo exact G-invariant forms. We first discuss differential
forms on G and then restrict them on G/H. These differential forms are constructed by the basis

of left-invariant 1-forms, the Maurer—Cartan 1-form on G ',

0 =U Y (m)dU (x) = 64T, (IL.7)

where T4 is the Lie algebra generator and #” is the component. The Maurer-Cartan 1-form is

Lie-algebra valued 1-form on G, and its component satisfies the Maurer-Cartan equations,
1
do¢ = = FABCoA N 9B (IL.8)

where fAPC ig the structure constant of the Lie group. Then the general left-invariant n-form on

G is given by, Qg) = i(Qg)Ahm’AnGAl A ... A @4 If the left-invariant n-form on G is closed,

n!

ngL ) = 0, but non-exact, Q(C?) #* alngI _1), then it gives the generator of the cohomology groups of
G.

! The Maurer-Cartan 1-form is on G instead of G/H, additional conditions need specifying as discussed later. More

details can be found in, for example, [14]



On the other hand, the invariant n-form on G/H should satisfy, a) the indices vanish on b, and
b) invariant under the adjoint action of h. These two conditions can be explicitly expressed using

the component of Maurer-Cartan 1-form, namely,

1

Q) — Qa0 0" A N O (I1.9)
"1

LM =->" EQ%,_.ﬂnfba"avajeal A ANOY AL AGY = 0. (I1.10)
i=1

Then the cohomology of G/H is given by,

H*(G/H,R) = invariant closed n-form on G/H

. I1.11
invariant exact n-form on G/H ( )

Note that the de Rham cohomology of G/H is isomorphic to the relative Lie algebra cohomology,
H*(G/H,R) = H*(g,h;R), therefore, we use de Rham cohomology of G/H and relative Lie algebra
cohomology interchangeably.

It is convenient to decompose the g-valued 1-form € into h-valued and f-valued parts,
0=UtdU = (U 'dU)|; + (U dU)|y = ¢+ V, (I1.12)

and in the component form, § = 94T = §°T* 4 9*T* = ¢ + V. The above conditions can be

intuitively understood by doing the group action on the 1-forms according to Eq. (I1.6),

0 — h='0nh + h'dh, (I1.13)

V> h 'Vh+htdh, ¢ — h 1¢h, (I1.14)

therefore, ¢ = %71 transforms under the adjoint action of §, while V' = 09T transforms as the
h-valued connection. The invariant n-form on G/H is then given by the combination of ¢ and

curvature W = dV + V AV or using the component form under the condition Eq. (I1.9).

D. Generators of cohomology group on G/H

Among these invariant n-forms on G/H, the cohomology on G/H is obtained by closed in-
variant n-form modulo invariant exact n-form. We postpone the detailed algorithm that finds the
generators of the cohomology group to Appendix. A. For physical relevance, we are interested in
the generator with a degree less than 6, for example, the degree 5 generator may correspond to the

4d WZW term, and the degree 3 generator corresponds to 2d WZW term.



a. Compact Lie group G For H = &, the cohomology group of G has degree 3 generator for
all compact Lie group (SU, SO, Sp), and degree 5 generator only for SU group [43]. The generators

are given by,

1 1 1 1
@ = —tr(ULdU)? = Str63, 2 = —tr(UT1dU)® = —t16°. IL15
2O = STV = Sul®, 2 = Sa(UTU) = (IL15)
These generators are of cohomology group with R coefficient, and they need to be normalized
such that the integral over the generator of m3(G) = Z, 75(SU) = Z equal to 1 [38, 44]. The

normalized forms are the generators of H3(G,Z), H?(SU,Z). These generators can be written in

the component form as,

1

%) = = fapct” 05 AOC, (I1.16)
1

2®) = @dAchfBA2A3fCA4A59A1 NN NN (I1.17)

where fapc = tr(TA[TE,TC]) is the structure constant, dypc = tr(TA{TH,TC}) is the totally
symmetric rank 3 tensor. The totally symmetric rank 3 tensors are non-zero for SU(N) group with
N > 2.

b. Homogeneous space G/H The cohomology of homogeneous space is much richer, the gen-
erators in general should satisfy Eq. (I1.9). Before case-by-case discussion of the homogeneous
spaces, the non-trivial generators of H3(G/H,Z), H®(G/H,Z) that may correspond to 2d and 4d

WZW terms or codimension-4, 6 symmetry defects are given by,
3 _ 1 3 G L, 5 100 3 2
y\?) = gtr(ngW +¢°), Yy = 5tr(¢ + §W¢ + 5pW7), (I1.18)

where W = dV + V AV is the curvature of V. Since V transforms as h-valued connection based
on Eq. (I1.13), its curvature will transform as adjoint action under H as well as ¢. The generators
y®),y®) are invariant under G. One can express these generators in terms of Goldstone boson
field by ¢ = (U~'dU)};,V = (U~'dU)|,. We postpone the derivation of these generators to the
discussion of its corresponding anomaly.

Similarly, we can express these generators in terms of components,

1

Y = = (dad fape0" N O° N0 = 2das fane)0" A O” NG (IL.19)
1
y(5) = @(3da1bcfba2a3fca4a5 - 4da1b'yfba2a3f’ya4as
+ 8da157fﬂa2a3 f’Ya4a5)9a1 A 0a2 N 9(13 N 9@4 A 9a5 (H'QO)

where the lower case letters are for § part, and the Greek letters are for b part. dg = tr({T?, T"})

is the totally symmetric rank-2 tensor, which is proportional to Kronecker delta for the most cases.
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The 5th cohomology groups are non-vanishing for SU(n)/SO(n),n > 3 and SU(2n)/Sp(n),n > 2
which are relevant to the spontaneous symmetry breaking of QCD with SO gauge group and Sp
gauge group. More details can be found in Appendix. A 3.

Besides the generators that correspond to WZW terms, there are low degree cohomology gener-
ators corresponding to the charge operators of topological defects. The second cohomology group
is of particular interest in the following specific models since the generators of it correspond to the
charge operators of codimension 3 topological defects, they are particle-like in 3d and string-like
in 4d. The second cohomology on G/H is related to the first Chern class, evaluated on h-valued
gauge field on G/H [14]. In terms of the 1-forms, the generator of y(?) = H?(G/H,R) is given by,

1
y(2) — mOé() WQO = imaofaobceb /\ 00 (1121)

where « is the index for the U(1) factor in b, if h has the decomposition h = by + ... + u(1) + ....
The elements in h; vanish similar to that the first Chern class of non-abelian gauge field vanishes.
We will demonstrate this explicitly in the following specific models.

The 4th cohomology is constructed in a similar way by using the symmetric tensor m, g that

is invariant under the adjoint transformation of H,
y@ = mgy gWEA WP (11.22)

The non-vanishing 2nd and 4th cohomology of some homogeneous spaces G/H are listed in the

Appendix. A 3 [43].

III. REVIEW OF °'T HOOFT ANOMALY AND ANOMALY MATCHING BY WZW
TERM

A. ’t Hooft anomaly and anomaly inflow

The theory with global symmetry that has 't Hooft anomaly is still well-defined but the anoma-
lous symmetry cannot be gauged, otherwise, the anomaly is lifted to gauge anomaly and the
theory is inconsistent. Recent understanding of symmetry-protected topological (SPT) phases
gives a general picture of anomaly matching, the anomalous theory in d-dimension can be viewed
as the boundary of d + 1-dimension SPT (or invertible phase), and the anomaly is canceled by the
bulk, therefore, the bulk-boundary combined system is non-anomalous [17, 45, 46].

The ’t Hooft anomaly for global symmetry G of a quantum field theory constrains the infrared

phases to be



11

e gapless with G symmetry

e spontaneously symmetry breaking

e topological order
but never a trivial gapped phase. The theory with 't Hooft anomaly is dubbed as “anomalous
theory 77. The ’t Hooft anomaly of the global symmetry in a theory can be found by coupling
the theory to the background gauge field associated with its global symmetry. When performing
a gauge transformation on the background gauge field, the partition function of the anomalous

theory on spacetime manifold X instead of being invariant becomes,
Zr[A+ 6, A] = Zr[Alel x oA (IIL.1)

where ) is some gauge parameter. The partition function suffered from the ambiguity that different
regularization yields different results. Some ambiguity can be cured by adding local counterterms,

but for anomalous theory, the phase remains.

However, one can eliminate the ambiguity by viewing the anomalous theory 7 as the boundary
of certain SPT phase Z. We can extend the background gauge field to the bulk Y, 9Y = X, the

partition function of the SPT phase under the gauge transformation is,
Z7[A] = e M) 5 Z7[A + 6, A = ey et e A), (IIL.2)
Therefore, the bulk-boundary combined system is invariant under the gauge transformation,
Z7[A|Z7[A] — Z7[A 4 6\A]Z7[A + 6\ A] = Z7[A] Z7[A] (ITL.3)

The pictorial description is shown in Fig. 2. Using the bulk SPT to cancel the 't Hooft anomaly of
the boundary theory is called anomaly inflow. On the other hand, the bulk SPT determines the ’t

Hooft anomaly of the boundary theory.

FIG. 2: Bulk-boundary combined system is invariant under the gauge transformation.



12
B. Anomaly matching by Wess-Zumino-Witten term

The ’t Hooft anomaly is a property of the Hilbert space, therefore, it should be matched in the
ultraviolet and the infrared theory. From UV to IR, a common scenario is that the theory has
spontaneously symmetry breaking. Suppose the UV theory Ty has the global symmetry G, and it
is spontaneously broken down to H in the IR, the IR theory contains the 77z with the unbroken H
symmetry and Goldstone bosons U lives in the coset G/H. If the UV theory Tyy has an anomaly,
then the IR theory T;r together with the Goldstone boson U should match the anomaly in 7y .
We can break the sufficient symmetry such that 77z does not suffer from the anomaly and all the
UV anomaly is matched by the Goldstone boson that lives in the homogeneous space G/H.

The chiral anomaly is an example that the local (perturbative) anomaly which can be seen from
the triangle diagram is known to be matched by the Goldstone boson with WZW term [47, 48].
However, the global (non-perturbative) anomaly is more subtle and needs a proper definition for the
WZW term [38, 49, 50]. In some cases, the non-perturbative anomaly can be found perturbatively
by embedding the group into a larger group [24].

Coupling the WZW term to gauge field and constructing gauge invariant gauged WZW term
has been extensively studied over the three decades [13, 51-53], and it has very rich mathematical
structures [54-56]. The gauged WZW term for general coset was studied in Ref. [15, 57].

In the following, we discuss a bulk-boundary combined construction of the gauged WZW term
that could match general 't Hooft anomaly [18]. More specifically, assuming the d-dimensional UV
theory has an anomaly described by d 4+ 1-dimension SPT phase Z, and the anomalous symmetry
G is spontaneously broken down to (anomalous or not) H in the IR. Ref. [18] defines the general
WZW term associated with Z so that the anomalies of UV and IR are matched.

As presented in Sec. I B, the Goldstone boson lives in the coset G/H, where G can contain
both spacetime and internal symmetries. Another view of the coset G/H is that the Goldstone
boson locally takes value in G and has gauge symmetry H, or cover of H. The Goldstone boson
transforms under G as Eq. (11.6). Consider the connection A on the principal G-bundle, A is the
background gauge field associated with the global symmetry G, the gauge transformation of A is

given by,
A— A9 =gt Ag+ g tdyg. (I11.4)
We can use the Goldstone boson field as the transition function to define the new connection,

AV =AU + U du (IT1.5)
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which transforms as H connection under G action according to Eq. (I1.6),
AY = h7tAYh + b tdh. (IT1.6)

Therefore, AV is the connection of the principal H-bundle. Note that the Lie algebra valued 1-form
6 = U~'dU is precisely AY|s—g. Similarly, we can decompose the connection into h and f part,

they transform under G action as,
AV = A + AY — (W A+ b7l dh) + (WA ) (I11.7)

where AhU is the connection of H-bundle and A]y transforms under the adjoint action of H. Since
AV and AhU are the connections of the same bundle, we can consider the interpolation of these
connections,
U U U AV t=0
AT () = Ay + (1 -t)Ay = (IT1.8)
Al t=1
As shown in Fig.3, one can imagine a cylinder where the leftmost is the connection AY, and
the rightmost is the connection AhU. The leftmost gauge field AY is extended to the bulk SPT
with anomalous symmetry G via the transition function U, while the rightmost gauge field AbU is

extended to the bulk with anomalous symmetry H (if H is non-anomalous, then the extension is

FIG. 3: Pictorial description of the construction of WZW term. The left manifold Y describes the SPT with

not needed).

symmetry G whose connection is the background gauge field A. With the transition function U, the left manifold
Y can be glued with the middle cylinder [0, 1] X X, where the WZW term lives in. The path [0, 1] connects the
connection AY and Agj, where the background gauge field Agj can be extended to the right manifold Y with global
symmetry H. The WZW term on the cylinder then describes the Goldstone boson in the symmetry breaking phase
with G — H.

The general gauged WZW term in [18] is defined by taking the partition function of the invertible
theory on the total manifold Yyt = Y U (X x [0,1]) UYp. The resulting partition function is gauge
invariant. The Goldstone boson field U is defined on the cylinder X x [0, 1], therefore, the WZW

term actually only depends on the dynamics of U on d-dimensional manifold X. The connection
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AV at the left-most of the cylinder is extended to Y by transition function U, AhU is extended to
Yp.

However, this construction is slightly different from the ordinary understanding of the WZW
term, namely the WZW term only depends on the spacetime manifold X, though it is written
in one higher dimension. In the following section, we provide an alternative construction of the

gauged WZW term that is in accordance with the pictorial understanding of anomaly inflow in

Fig. 2

IV. (RELATIVE) CHERN-SIMONS FUNCTIONAL, GAUGED WZW TERM AND ITS
ANOMALY

We first recall the setup of our system - given an anomalous UV global symmetry G, and it
is spontaneously broken down to anomalous or not symmetry H in the IR, then the UV anomaly
is matched by the Goldstone boson in G/H and IR theory with unbroken symmetry H. Instead
of the construction in Sec.III B, we give an alternative construction of gauged WZW term that
agrees with the anomaly inflow picture in Fig. 2, however, as shown in Fig. 4, the price is that the
bulk SPT is described by the more complicated relative Chern-Simons functional (for H = &, the
relative Chern-Simons term reduces to the Chern-Simons term) in the odd spacetime dimensions.
For the even spacetime dimensional bulk, the bulk SPT is described by the mixed 6 term, i.e. wedge
product of various curvature tensor, and the gauged WZW term can be written as the derivative
of a lower degree form [13-15]. For our purpose, we will only consider odd spacetime dimensional
bulk in the following, which is relevant to the DQCP of GUTs in Sec. V B, and mention the even
dimensional case in Sec. V A.

For two connections A, A’ on the principle H-bundle, and a path of connection that interpolates
these two, the relative Chern-Simons term is defined by the form that trivializes the difference

between the curvature characteristic forms of different connections [16],
dCSPrtU(A, A"y = ch®nH2)(4) — ch®n+2)(4) (IV.1)

where ch(?™) (4) = Ltr(iF/(2m))", F = dA+ANA s the curvature of the connection A. The Chern-
Simons form is then the special case of the relative Chern-Simons form with A’ = 0, dCSZ"+Y(4) =
ch(®+2)(4).

As reviewed in the previous section, the theory with the 't Hooft anomaly needs to be matched

with bulk SPT. The SPT Z with U or SU symmetry can be expressed as Chern-Simons functional,
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’ )

FIG. 4: Instead of defining WZW term on a cylinder as discussed in Fig. 3, we bend the cylinder such that the
anomaly matching agrees with the gauge invariant bulk-boundary combined system in Fig. 2, and the WZW term
only depends on spacetime manifold X = Y. However, the bulk SPT is now described by relative Chern-Simons

term in odd spacetime dimensions and mixed € term in even spacetime dimensions.

and many other SPTs can be obtained by higgsing the gauge field, for example, discrete gauge
theories can be obtained from the Chern-Simons functional [58, 59]. We take the SPT Z to be
described by the Chern-Simons functional or more general the relative Chern-Simons functional

[18, 60],

ZZ[A]:exp<ik /Y CS(A)), ZﬂA,A’]zexp(ik /Y CS(A,A’)). (IV.2)

where k € 7Z is the level, K = 1 for SPTs. The anomaly associated with these SPTs is matched by

the gauged WZW term in the following form,
LD (U, A, Ag) = CS(AY, AY) — CS(A, Ay) = TED(U) + da'D(U, A, Ay), (IV.3)

where (9 (U, A, Ay) is a d-form, and it is clear that the gauged WZW term does not depend on
the extra dimension, since the first term is a closed (d + 1) form whose variation depends on the
d-dimensional boundary X and the second term only depends on the boundary X by the Stokes’
theorem. The relative Chern-Simons form CS(A, A’) manifests the gauge invariance under H
transformation, and the gauged WZW term is invariant under U — Uh without any counterterms.

If h = @, then the gauged WZW term is given by the Chern-Simons form,
L) (U, A) = CS(AY) — €S(A4) = THDWU) + da'D (U, A). (IV.4)

We note that the gauged WZW term in Eq. (IV.3) indeed reproduces the 't Hooft anomaly under the
global symmetry G. Let’s first focus on the case when h = @, the connection A — g~ 'Ag + g 'dg

and Goldstone boson field U — ¢~ 'U under the G transformation. AY is then invariant under this
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transformation, therefore, the first term CS(AY) is invariant under the gauge transformation of G.
However, the second term —CS(A) contributes to the anomalous phase under the transformation

of G by the descent equation argument.

For the case when h # &, under the G transformation, the connection transforms as A —
g 'Ag + g~ 'dg and Goldstone boson goes as U — ¢~ 'Uh, both AV and AhU transform as the
connection on H according to Eq. (IT1.7). The CS(2"+1)(AU,AhU) is invariant under the gauge
transformation, this can be explicitly checked. But the second term —CS(2”+1)(A,Ah) part will
give the anomaly associated with the symmetry G and H which needs to be canceled by the SPT
in the bulk, this mechanism is called anomaly inflow [61], and the bulk boundary combined system
is non-anomalous. In short, the gauged WZW term Eq. (IV.3) has the anomaly associated with
the bulk SPT which is described by CSZn+ (A, Ay). If we assume there is no anomaly associated
to the symmetry H, then the gauged WZW term matches with the anomaly of the bulk SPT
described by CSZmHU (A, Ap) and dCSPHY) (A, Ap) = ch+2D)(4).

We summarize the anomaly matching by WZW term in the following, given the WZW term
@+D)(U) with field U lives in G/H, couple it to the background gauge fields A, A’ associated with
global symmetry G, H and get f(d+1)(U, A, A"). Under the gauge transformation, the anomalous
phase of the gauged WZW term is canceled by the bulk SPT described by the (relative) Chern-

Simons term.

Another way to see the necessity of relative Chern-Simons term is as follows, supposing the UV
symmetry G has 't Hooft anomaly and it is matched by CS(Q”H)(A), the IR symmetry H also has
the 't Hooft anomaly and matched by CS(Q”H)(A;,). The gauged WZW term together with the IR
anomaly should match the UV anomaly, in other word, the gauged WZW term should yields the
same anomalous phase as CSZ" 1) (4) — CS(Q”H)(Ah) which is roughly the relative Chern-Simons
term CSZMHU (A, Ag) = CSCHD(A) — CSEHD(Ay) + dBP™ (A, Ay), where B (A, Ay) is some
2n-form depending on A, Ay.

In the following, we will use the Cartan homotopy method to find the explicit form of

CS(AY, AbU), a(d)(U, A, Ay), and compare them with the simple case when h = @.

A. Cartan’s homotopy method and relative Chern-Simons term

We postpone the detailed review of Cartan’s homotopy method to Appendix. B [62]. For any

invariant polynomial S(A, F') of connection A and curvature F' = dA+AAA, (dA can be substituted
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by F — A% and dF is substituted by —[4, F]), we have the following formula,

0

(dly + 0,d)S(A, Fy) = 5taS(At, F), (IV.5)
where the operator ¢; is an anti-derivative operator,
(P A w @) = (0P A W@ 4 (=1)PnP) A (£ D). (IV.6)

If Ay, A1 both are connections on the same bundle, one can define a one-parameter family, A; =
Ap +t(A1 — Ap), and the curvature is given by F; = dA; + Ay A A;. The operator ¢; acts on A, Fy

as,
LA =0, 0F, = 0t(A — Ap). (IV.7)
Integrating over ¢ from 0 to 1 on both sides of Eq. (IV.5), we have,

S(Al,Fl) - S A(),F() ( /Et + /Et ) At,Ft (IVS)

1.  Relative Chern-Simons form

Since the Chern class is even degree closed form ch®) = %tr(%)”, it can be locally written as
an exact form, ch®"*2)(F) = dCS?"*1(A4). But this is not globally true, if true then the integral
of Chern class on any closed manifold would yield 0. From Eq. (IV.2), the difference of two Chern
classes with curvature F, F’ can be written as the relative Chern-Simons term. And according to

Cartan’s homotopy formula,

ch@ 2 (F)—ch(®"+2) (R < / 0+ / 0 > chC+2(F) =d / LichCrH2) (B = dCSP Y (4, Ay),
(Iv.9)
where F, = dAy+ A7, and Ay = A+t A; as discussed around Eq. (I11.8). The relative Chern-Simons

term is given by,

. n+1
st (A, Ay) = / £;ch® 2 (Fy) = % (;) / dt tr(A;F}). (IV.10)
¢ ! ™

More explicitly, we have

CSCr (4, Ag) = —

. n+1
— (2‘) / dt tr(Aj(Fy + tDy Aj + 1245)"), (IV.11)
! T
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where Dy is the covariant derivative with respect to h-connection, DyA; = dA; + {Ay, A;}. The

relative Chern-Simons terms with degrees 3 and 5 are,

1 1 1
CS (4, 4y) =~ ytr <Ath + 5 AfDy Aj + 3AfAfAf) v (IV.12)
. 1 2
CS®) (A, Ay) = _Flw?)tr (AfFff + 5 A Ey, Dy Aj} + thAf
1 2 1 3 1 5
+ gAf(DhAf) + §Af Dy A5 + gAf . (IV.13)

Since Aj, the curvature of Ay and the covariant derivative with respect to Ay are all transformed
under adjoint action of H, the relative Chern-Simons term is manifestly invariant under the H
transformation as well as G transformation. If H = &, A; is identified with the G-connection A,

the curvature Fyy = 0 and Dy A; = dA, then,

CsO(4) = e (4da+ 2. (1v.14)
s

SO (A) = —

i 3 3
tr ( A(dA)? + S A%dA + S A° V.1
487r3r<( St 54 ) (IV.15)
which reproduce the Chern-Simons forms with only the background field associated with the global

symmetry G.

2. Explicit form of gauged WZW term

According to the definition of gauged WZW term I(d“)(U,A,Ab) in Eq. (IV.3), the gauged
WZW term is obtained by the difference of relative Chern-Simons terms with connection AV and
A which result in a closed d+1-form T'(@+1) (U) only depending on the Goldstone boson configuration
U and an exact d 4+ 1-form expressed as da(d)(U , A) which depends on the configuration U as well
as the gauge field A. We will use Cartan’s homotopy formula to obtain the explicit form of the
d-form (¥ and give the explicit form of the gauged WZW term.

The closed d 4 1-form @1 (1) is easily obtained by turning off the background gauge field
A in the relative Chern-Simons forms Eq. (IV.12) and Eq. (IV.13). The connection AV defined in
Eq. (ITIL.5) and Eq. (II1.7) can be decomposed as,

AV =AY + AV = (U AU + V) + (U AU + ¢). (IV.16)

Once turning off the background gauge field, AV =V, A]y = ¢ and the curvature of Ay becomes
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W = dV + V2, then T+)(U) becomes,
ré®w) =cs®,v)=- ﬁtr (¢W + %qﬂ)vgé + ;qs?’) e H3(G/H,R), (IV.17)
r® @) =cs® o, v) =— ﬁtr <¢W2 + %¢{W, Dy ¢} + §W¢3
20DV + 36 Dré+ ;¢5> € BG/H,R),  (IV.8)

where Dy ¢ = d¢ + {V, ¢} = 0. One can check when H = &, ¢ is identified with 6, the curvature
W vanishes and the covariant derivative Dy ¢ = df = —0 A 6, the WZW terms become,

1 _
@) = - a0’ = —5 gtr(UTNAU) € HY(G.R), (IV.19)
(5) o 5_ 1 ~177\5 5
e’ (U) = 4807r3tr9 4807r3tr(U av)® € H°(G,R). (IV.20)

These match with the standard WZW term for WZW conformal field theory in 2d and chiral
symmetry breaking in 4d. The WZW terms for G and G/H obtained by the Cartan homotopy
method reproduce those in Sec. I1.

The gauged WZW defined in Eq. (IV.3) can be obtained by considering the interpolation A; =
tULAU + 0, Ay = tU_lAhU + V, in this case the Cartan homotopy formula becomes,

CS (A AY) — cs@r(g, v) ( / b+ / 0 )CS @D (Ay, Ag )

= do®™ + / £(ch® 2 (F) — ch® 2 (Fy)) = dBP 4 ¢S (4) — ¢Sl (4,).  (TV.21)
t

Since there is no anomaly for H, the Chern-Simons term for gauge field Ay vanishes. The Chern-
Simons term CS"Y(A) differs from the relative Chern-Simons term CS"1) (A, Ay) by a total

derivative d3(2")| therefore, the gauged WZW term is,
r(2n+1)(U’ A) = CS(2n+1)(AU, AhU) . CS(2n+1)(A, Ab) _ F(2n+1)(U) + d(a(Qn) + B(Qn))’ (IV.QQ)

where the 2n-form « depends on U, A, Ay while 3 depends only on the background gauge fields.
For example, ) = tr(A A Ap),a?) = tr(¢U (A + Ay)U). If H = @, %™ vanishes, and o(>" is
obtained by,

/ Ltr(CSP D (tA + dUTUY)). (IV.23)
t

This gives, for example, a(® = %tr(dU U~'A). More details can be found in Appendix. B.
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V. NONLINEAR SIGMA MODEL OF DQCP THEORIES

With the gears presented in the previous sections, we will show that the WZW term captures the
intertwinement of the topological defects and matches with the 't Hooft anomaly in the anomalous
theory. We use the charge operators of topological defects to construct the WZW term and use

the gauged WZW term to match the mixed anomaly in the theory.

We are interested in the critical points or phases between spontaneously symmetry-breaking
phases in the presence of the 't Hooft anomaly, and the manifestation of the 't Hooft anomaly
in different symmetry-breaking phases. This situation is along with many deconfined quantum
critical point theories. We begin by revisiting the intertwinement in the DQCP theory of the 3d
quantum magnet [10, 12], and then construct a series of 4d DQCP theories which is motivated
by recent work on DQCP among grand unified theories [28-30]. The new set of 4d deconfined
quantum criticality theories is the higher dimensional generalization of 3d DQCP theories, and the
new 4d DQCP (DQCPh) theories are governed by 't Hooft anomaly of global SO(2n) symmetry

which turns out to be a variation of the new SU(2) anomaly [28-30, 33].

A. Revisiting deconfined quantum critical point in 3d quantum magnet

As mentioned in the introduction, the continuous global symmetry of the 3d quantum magnet
is G = SO(3)g x SO(2) g, which corresponds to spin and lattice rotation symmetry. The Néel phase
in this system is the antiferromagnetic phase, with spins pointing up or down. This phase has
Hygel = SO(2)s x SO(2)r symmetry, broken by the easy-axis spin configuration. The Goldstone
boson in the Néel phase lives in the coset G/Hyeel = SO(3)s/SO(2)s = S%. The possible topological
defect is classified by WQ(S%«) = 7, corresponding to codimension 3 integer-valued defect, which is
the hedgehog defect in the Néel phase. On the other hand, the lattice rotation symmetry is
broken in the VBS phase, Hyps = SO(3)s. The corresponding Goldstone boson lives in the coset
G/Hyps = SO(2)g = Sk. The possible topological defect is classified by m(SL) = Z, which
corresponds to codimension 2 integer-valued defects, this is the vortex line in the VBS phase.

It is very interesting that the vortex core in the VBS phase carries spin—% degree of freedom [5].
When proliferating the vortices in the VBS phase, the defects will destroy the VBS ordered phase,
but due to the additional spin—% degree of freedom at the vortex core, the system will become
the ordered Néel phase. In other words, the disorder operator of lattice rotation symmetry carries

the symmetry charge of the spin rotation symmetry, which is reminiscent of the mixed 't Hooft



21

anomaly of these two symmetries.

The 't Hooft anomaly should match along the renormalization group flow, meaning that all
possible phases should have such an anomaly. In the ordered phases, although some defects may
be suppressed by energy, their intertwined feature should manifest thanks to the anomaly. We
can deform the theory by tuning the relevant operators such that the theory flow to the IR phase
with the smallest symmetry K and there is no anomaly with K, hence, the anomaly in the UV is
matched by the Goldstone boson in the coset G/ K.

Theories with the same symmetry properties and anomaly will be dual to each other, in the sense
that they describe the same IR phase with different UV details [63]. We consider the deformation
of the theory to the spontaneous symmetry breaking phase with unbroken symmetry K = Hygel N
Hyps = SO(2)s. Then the gapless theory of the Goldstone boson living in the coset G/K = §% xSk
with WZW term would be a suitable dual description of the DQCP theory. Indeed, we will show
this construction is related to the O(5) nonlinear sigma model that served as the dual theory of
various gauge theory descriptions of 3d DQCP [12]. Both topological defects in Néel and VBS
phase are present in this Goldstone boson theory, since 7 (S% x SL) = m(S%) x m(Sk). The

symmetry-breaking routes are summarized as follows,

G =5S0(3)s x SO(2)

\@v}

(PN
/ Hyps =S0(3)s (V1)
m (/@N

K = Hyeée N Hyps = SO(2

Hygel = SO(2)s x SO(2

We denote the generators of SO(3)g as {T, T2, T3} and SO(2)g as {T*}. Supposing the gen-
erators of Hyge are {73, T}, then the charge operators of the topological defects in the Néel and
VBS phase are represented by,

(2)

iV =6* € HY(G/Hyps,R), €~ =0'A0* € H*(G/Hyea, R). (V.2)

In the ordered phase with global symmetry K = Hy¢ N Hyps = SO(2)g, the generator is {73},

and the cohomology generators are,
nM=0*e HY(G/K,R), ¢? =0'A6? € H*(G/K,R). (V.3)

In this case, 17(1) =7 and 5(2) = £@ since the global symmetry G is the tensor product of two
subgroups. Wedge product of the two generators yields a generator of the higher degree cohomology
group, (D A €@ =94 A 01 A 02 € H?(G/K,R).
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The WZW term in the 24+1d DQCP assigns a phase to the linking between the VBS vortex and
hedgehog defect or the linking between S% and Sk in S* [64]. The way to define the linking is to
find the surface D% that is bounded by the circle S}% and the intersection with S?g gives the linking
number. The form on D% is denoted by /(1) and the WZW term is,

r® =¢®@ agp®. (V.4)

More explicitly, we can parameterize S% and S}% by 3-component unit-vector ng and 2-component
unit-vector ng, then & @) = eabcnasdnf’g Adng, 77(1) = n}{dn%. The 1-form is closed when restricting
on the circle, but not closed on the disk, dﬁ(l) = dn}%dn%. Therefore, the WZW term is given by
ré = eabcden%dn%dngdn%dnﬁz, which appears in the SO(5) NLSM of DQCP [12, 65-68].

When coupled to the background gauge field the anomaly of the gauged WZW term comes from
the mixed 6 term in 4d which matches the anomaly in the bulk SPT phase with global symmetry
SO(3)s xSO(2)r. We can further embed SO(3)s x SO(2)r — SO(5), the corresponding anomaly is
described by swy € H4(BSO(5),U(1)), upon pull-back to SO(3)s x SO(2) g, the anomaly becomes,

Fwi(As © Ar) = Jua(Ashun(dr) = 55 ua(As), (v

where Fr = dAR and wy is the second Stiefel Whitney class of SO(3) bundle. This anomaly also
matches with that in 3d CP! model in [10, 11]. The same anomaly in WZW theory and 3d CP!
model is also a check of the infrared duality of the different theories [12, 63]. Recent works on
quantum spin liquid have examined related gauge theories and their corresponding NLSM with
WZW term, and the target spaces of the NLSM are Stiefel manifold or Grassmannian manifold
[25-27]. It would also be interesting to construct other 2+1d DQCP theories that saturate the
anomaly discussed in [69, 70]. Similar construction and anomaly matching can be applied to 1+1d

system [7, 71-74].

B. Deconfined quantum critical point and intertwinement of topological defects in 4d

In contrast to the extensive theoretical and numerical studies of deconfined quantum critical
points in 2d and 3d, the 4d generalization of DQCP is rarely explored. One difficulty is that the
gauge fields tend to be deconfined in higher dimensions and many gauge theories then describe the
deconfined quantum critical phases instead of critical points. Nevertheless, previous works focus
on the gauge theory description and find interesting examples of deconfined quantum critical point

with mixed 't Hooft anomaly that implies the intertwinement of symmetries [75].
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Regardless of the specific models and their critical behaviors, it is interesting to study the
intertwinement of topological defects in 4d which manifests the 't Hooft anomaly in the UV theory,
since there are more types of topological defects in higher dimensions. This also offers a way to
understand the higher dimensional SPTs, since the WZW term essentially describes the linking
between extended operators in the bulk where the SPT lives in.

We construct the nonlinear sigma model with WZW term to describe this phenomenon in the
following subsections and construct the corresponding fermionic parton theories in Sec. VI. Our
construction turns out to describe the deconfined quantum critical phase (DQCPh), since the
minimal fermionic parton theory contains U(1) gauge field, which is deconfined in the 3+1d [28-
30]. Because the inputs of our construction are the global symmetries and corresponding mixed
't Hooft anomaly, it may have different gauge theory descriptions with the same global symmetry
and anomaly. It is interesting to find specific gauge theory description that realizes the deconfined
quantum critical point.

From the previous discussion, the DQCP theory is anomalous and can be thought of as the
boundary of one higher dimensional SPT. The 4d DQCPh theory can serve as the boundary of
5d SPT. The 5d SPT with only Z2 symmetry is Zs classified, this SPT is described by Jys wows
[76, 77] and recently studied in [78-80], where w; € H*(Y®,Z3) is the i*! Stiefel-Whitney class. In
the presence of symmetry, similar topological terms are possible for the all-fermion electrodynamics
[81] and the new SU(2) anomaly [33]. Hence, it is possible to have an anomalous theory at the
boundary of the nontrivial SPT with the anomaly described in the above mentioned examples. In
the following, we will discuss a series of models with the new SU(2) anomaly, these models describe

the gapless theories between two spontaneously symmetry-breaking phases.

1. Symmetry breaking and topological defects

Recent work shows that the DQCP (or DQCPh, depending on the model details) can present
among the Grand Unified Theories (GUTSs) in which the standard model with global symmetry gen-
erated by sy = su(3) @su(2), du(l)y ®u(l) x can be embedded, the three GUTs are SO(10) GUT
with gso(i0) = $0(10), Pati-Salam (PS) model with hps = s0(6) © s0(4) = su(4) ©su(2); © su(2)r
and Georgi-Glashow (GG) model with hgg = su(5) ® u(1)x [28-30]. The gauge symmetry is “un-
gauging” such that they can be viewed as global symmetries. In other words, the dynamical gauge
fields in the original theories are background gauge fields in these alternative theories. Therefore,

the Higgs phases and transitions become symmetry-breaking phases and transitions. When con-
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densing the symmetric ®54 or antisymmetric ®45 scalar fields charged under SO(10) in the SO(10)
GUT described in [30], one can get the symmetry breaking phases with unbroken symmetry hpg or
hag respectively, these symmetries can be further broken down to £gps. The symmetry-breaking
pattern is summarized as follows.
9s50(10)
@W Xﬁ)
ESM =bps Nbhaa

where @45, P54 are traceless symmetric and antisymmetric higgs fields of SO(10). The possible

topological defects in the PS and GG phases are classified by,

SO(10) B SO(10)\ _
= (soe<sor) = (o) = o

The topological defects in the symmetry breaking phases are codimension 3 defects corresponding

to the line operators in 4d. The topological defects in the PS phase are Grassmannian manifold
and Zy classified, meaning that two of such defects can be deformed to nothing.

As discussed around Eq. (I1.4) and Sec. V A, since the coset SO(2n)/(SO(2m)xSO(2n—2m)) and
SO(2n)/U(n) have vanishing m and 7o, the 2nd homotopy group is isomorphic to the 2nd homology
group. We can use the corresponding cohomology generators as the charge operators of these
topological defects. However, it is impossible to directly express the charge operator of Zs classified
topological defect of SO(2n)/(SO(2m) x SO(2n — 2m)) within the de Rham cohomology, more
generally it is impossible for the Z, classified topological defects, since the normalized generator
of de Rham cohomology yields Z-valued closed form. Mathematically, one may consider mod n
reduction of the cohomology group or using the Cech cohomology. But the current situation is
reminiscent of the non-perturbative SU(2) anomaly which is characterized by m4(SU(2)) = Zg [32],
the way to reproduce the non-perturbative anomaly perturbatively is by embedding SU(2) —
SU(3), and the non-perturbative SU(2) anomaly is seen by the WZW term of SU(3) group [24]. As
in Sec. VA, we attempt to embed the space SO(2n)/(SO(2m) x SO(2n — 2m)) into a larger space,
the natural choice is the Goldstone boson in the SM phase with both order parameters condensed
and the unbroken symmetry is K. Indeed, we find that the embedding into G/K can capture both
topological defects even this Zo classified topological defects in the PS phase with target space
SO(2n)/(SO(2m) x SO(2n — 2m)).

The above statement can be seen by examining the homotopy group of the target space G/K.

The short exact sequence of the global symmetry G, K and coset is 0 - K — G — G/K — 0, this
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induces the long exact sequence for the homotopy group, and the relevant part is,
.. = m(G) - m(G/K) —» m(K) —» m(G) - m(G/K) — ... (V.8)

The homotopy groups of G = SO(n) is known, m2(SO(n)) = 0,71 (SO(n)) = Z2,n > 3 and G/K is

contractible 71 (G/K) = 0, the long exact sequence becomes,
0— m(G/K) = m(K) = Zs —0 (V.9)

Therefore mo(G/K) = 71 (K) = m1(SU(3) x SU(2) x U(1) x U(1)) = Z&Z quotient by Zg, where the
two Zs correspond to the topological defects in PS and GG phase respectively. This construction

is valid for a series of theories with G = SO(2n),n > 2.

2. Construction of Lie algebras

In this subsection, we describe the embedding of so(2m) @ so(2n — 2m) and u(n) into the
50(2n) Lie algebra. The s0(2n) Lie algebra is represented by n(2n — 1) 2n x 2n anitsymmetric
real matrices, which generate the rotation of a 2n-vector. so(2m) @ so(2n — 2m) consists of the
2n x 2n anitsymmetric real matrices that rotate within the first 2m elements, or within the last
2(n — m) elements in the 2n-vector. The u(n) is embedded in the so(2n) by Kronecker producting
the symmetric generators of u(n) with ic? and antisymmetric generators of u(n) with io?.

In our case, m = 2|n/2] in so(2m) @ so(2n — 2m), where m is taking the floor of n/2. The
intersection of u(n) and so(2m) @ so(2n — 2m) is isomorphic to u(m) & u(n — m) and always
contain two u(1)s, in the upper-left block u(1)4+ and lower-right block u(1)_ of the original so(2n)
respectively. Hence, u(1); +u(1)_ C u(n) rotates the upper and lower block with the same phase,
while u(1)4 —u(l)_ C so(2m) & so(2n — 2m) rotates the upper and lower block with the opposite
phase.

Since the intersection of Lie algebras is u(m) @ u(n —m), the symmetry K generated by this Lie
algebra contains two U(1) factors, ma(G/K) = m1(K) = Z@Z due to Eq. (V.9). We have identified
that one of the U(1) factors is in U(n), the other relates to SO(2m) x SO(2n — 2m). Hence, the
topological defects in G/K correspond to those in symmetry breaking phases with only unbroken
U(n) or SO(2m) x SO(2n — 2m). Since they are Z classified, we can find the de Rham cohomology

expressions of the charge operators corresponding to the topological defects,

n® € H*(G/K,R), ¢? ¢ H*(G/K,R), (V.10)
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where ? = 7 ¢ H?(G/U(n),R) corresponds to the charge operator of topological defect in
G breaking down to Hy = U(n) phase, and &®) should relate to 5(2) € H*(G/SO(2m)SO(2n —
2m), Z2) which corresponds to the charge operator of topological defect in G breaks down to
Hso = SO(2m) x SO(2n — 2m) phase.

For SO(8), these generators of the cohomology group is given by,

NP =0 A OT+ 65 N0+ 0P AP+ 0P A+ 0 A0 6% A0 € HA(G/K,R), (V.11)

€8 — 0T NG+ 05 N0+ M A% 10" A6+ 016 A 672 4017 A 6% € HA(G/K,R), (V.12)

where the indices 1 ~ 12 are the generators of the coset s0(8)/u(4), while {2, 3,4,5,8,9,10,11, 14, 15,
16,17,20,21, 22,23} are the generators of the coset s0(8)/s0(4) & s0(4). The 775)2) € H*(G/K,R)
coincides with the nontrivial generator in H?(SO(8)/U(4),R). And it is worth mentioning that
the first two terms in fé%) will cancel each other when pull-back to S?, the remain terms are all in

50(8)/s0(4)Pso0(4), this further supports that 5% relates to the generator in H2(SO(8)/SO(4)SO(4), Zs).

3. Wess-Zumino- Witten term

As illustrated in Sec.V A, one can construct a WZW term by wedge product of the charge

operators,
) NESY € HY(G/K,R). (V.13)

However, to properly include the linking information, an additional degree of freedom should be
included. Intuitively, two 2-spheres can link with each other in S° but cannot be properly described
in 4-dimension, this is similar to the lower dimension example that the linking of two circles needs
to be embedded in S? and the linking is essentially the intersection between one circle and the disk
that is bounded by the other circle. Following this procedure, one needs to find the 3-disk D? that
is bounded by one of the 2-spheres, say corresponding to 5&20), then §§2C; is no longer closed, and the

WZW term that encodes the linking of two topological defects is,
0O = n?) A del) € HP(G/K,R), (V.14)

where CT/?{ is the extension of G/K such that it contains a 3-disk which is bounded by a 2-sphere.
This term corresponds to W1 Ws in Eq. (IV.18). As mentioned in [28], the mixed anomaly of U(n)
and SO(2m) x SO(2n —2m) is contained in SO(2n). The gauged WZW term then matches with the
anomaly from the Chern-Simons term, for the SO(2n) global symmetry, dCS®) = W5(S0(2n))? e
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HS(BSO(2n),Z), whose mod 2 reduction is w3(SO(2n))? € H(BSO(2n),Zs) corresponding to
the image of wow3(SO(2n)) [38]. This model is akin to the Stiefel liquid in 2+1d, where the target

space is Stiefel manifold, and the anomaly is carefully studied in [25, 26].

4. Intertwinement of the topological defects and higher linking number

Since both topological defects are codimension 3 and Z classified, their charge operators are
represented by the generators of the second cohomology of G/K, H*(G/K,Z) = Z®Z. As discussed
previously, the two Zs correspond to the two u(1) factors in K and one is in the u(n), another is in
the s0(2m) @ so(2n — 2m). To illustrate the intertwinement of the topological defects, we consider

two 2-spheres embedded in the target space G/ K,
s? us, L G/K. (V.15)

where U is the disjoint union of two manifolds. Intuitively, we are considering the mapping that
sends two disjoint 2-spheres into the homogeneous space G/ K, such that the second cohomology of
G/K is pull-back via f* to the second cohomology of each sphere, f *nL(JQ) = wt(f) € H? (S%J, R) and
f*gso =w@S0 e H 2(850, R). The two different topological defects are then simply understood
by these two spheres. The linking of the two spheres is characterized by the degree of the map
that sends the disjoint spheres into S [82]. We can further embed S° A G//?( , then the map is

summarized as,
SBus, &SP L G/K. (V.16)

Hence, the WZW term I'®) in Eq. (V.14) is pull-back via h* to the non-trivial element of H°(S% R),
and deg(g) = —Lk(S}),S%) is the linking number of S, and SZ5 in S5 [82]. The WZW term on S°

captures the essential intertwinement of the different topological defects in G/K.

5. Ezplicit construction for G = SO(2n),n > 4

In the following example, we are focusing on global symmetry SO(8), and the subgroups are
Hso =S0(4) x SO(4) and Hy = U(4). This construction also applies to G = SO(2n),n > 4.

We first construct the map from S LIS25 — G/ K, the two spheres are related to the two u(1)

S0(3)
= 350(2)

generators of SO(3) C G and modulo the subgroup SO(2) C G. Since the two S%s do not intersect

factors in K. The 2-sphere can be viewed as the homogeneous space S? = thus, we take the
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with each other, we take two commuting s0(3) to construct Ss, the starting point is,
TA — {0_20’0_12’0_32}’ TA — {0_0270_2170_23}. (Vl?)

We choose one element of each set as the generator of SO(2), then the Goldstone boson field for

each S? is given by, for example,

(61, 1) € ST — Uy = el@rsindnbicosé)(THLTAT o 50(3) /S0O(2)

(63, o) € Sk — Uy = (025202 cosda)-(TLTAT  50(3) /SO(2) (V.18)

It is easy to show that (U;dU;)?* corresponds to the generator of H%(S?,R). The Goldstone boson

fields are equivalent under the right multiplication of h € H, therefore, we have
U1 =1 - (TA)T, U2 = 1ny - (TA>T <V19)

where n; = (sin 6; cos ¢;, sin 0; sin ¢;, cos ;) is the 3-vector on the 2-sphere, and generator of the
second cohomology is given by det(n;, dn;,dn;). Moreover, one can construct the 6-vector on 5-
sphere by interpolating the n; vector, the 6-vector is given by n = (cos¥ny,sin¢ns), v € (0,7].
The corresponding Goldstone boson field is cos (0! ® Uy) + sint(0® ® Us). The 5-form is given
by w® = det(n,dn,dn,dn,dn, dn) which is the volume form of S®, when pull back to Sa L Sgo,
the integral on S° gives the linking number of S and S2, in S° [82].

The skeleton theory of the Eq.(V.14) together with the kinetic term is given by the O(6)

nonlinear sigma model with WZW term,

/X ;g(@#n)2 + 297;1 /Y eabcdefn“dnb A dn® A dn® A dn€ A dnf (V.20)
where Q5 = 73 is the area of 5-sphere. Similar action appears in Ref. 83 and previously in Ref. 84.
The Eq. (V.20) can be viewed as the boundary of the bulk SPT with SO(6) symmetry which is
described by the nonlinear sigma model with §-term [85, 86]. With this skeleton theory Eq. (V.20),
one can see that the charge operators of the topological defects are given by w&z) = egpen®dnb A dn®
and wézo) = €gepnddn® A dnf where a,b, c are in {1,2,3} and d, e, f are in {4,5,6}. The WZW term

in Eq. (V.20) calculates the linking number between the two charge operators,

9
Qll Eabcdefnadnb A dn® A dn® A dnf A dnf = 27ri/ wl(f) A dwgo) = 27TiLk(Sl2J, Sgo). (V.21)
5 JY Y

If fixing the position of one charge operator wbz), and move the other charge operator wgg around

the fixed position one wl(f), then the WZW term describes that the worldsheet of the moving
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monopole wé%; detects the flux of wEJ2). And the WZW term assigns phase to their linking number,

this demonstrates essentially the intertwinement of charge operators of topological defects.

Since the nonlinear sigma model with the WZW term can be viewed as the boundary theory of
the bulk SPT, one can instead see the intertwinement in the bulk SPT. Once coupling the charge
operators of the defects to 2-form background gauge fields B, C?)| the bulk SPT is described
by, % fy B@ A dC®). The linking between the surface operators el$B , e $C is also given by the
above linking number [87].

These bosonic fields can be further embedded into G/K by embedding the generators T4, TA
into the generators of G/K. In the following section Sec. VIC, we will couple these Goldstone
boson fields to the fermionic field and construct the fermionic sigma model. The fermionic sigma
model also shows the intertwinement of the charge operators is related to the higher linking number

of two S%s in S°.

VI. FERMIONIC SIGMA MODEL AND WZW TERM

In this section, we construct the fermion model that reproduces NLSM with WZW for general
homogeneous space G/H. The fermions are coupled to the fluctuating bosonic fields living in
G/H. After integrating out the fermion fields [36, 37|, the resulting effective action is the NLSM
with WZW given in Sec. V. We call such models as fermionic sigma model and they provide an

alternative insight into the intertwinement of symmetry defects in higher dimensions.

A. General G-symmetric action and fermionic sigma model

The bosonic fields introduced in Sec. II B transforms nonlinearly under the global symmetry G

as in Eq. (I.6). We can consider a field x that transforms under G as,
X % X' = D(h™(g,m)x, (VL1)

with some representation D. The y field is like a representative point on the coset, and it can be
rotated to the general one by the Goldstone boson field. The x field can be converted into the field

1 = U(m)x that transforms as an ordinary linear transformation under G,

Y() % ¢/ (z) = DU)X (2)
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We can also introduce the covariant derivative, Dy x. Under the G transformation it becomes,
Dyx = (0 + V)X 5 0u(h™ (m,9)x) + (V + b dh)h ™} (7, g)x = h™" (m, ) Dy x. (VL3)

Meanwhile, as in Eq. (I1.13), ¢ 9y h=1¢h. Therefore, the general G invariant action can be con-
structed by x, Dy X, ¢, which is also invariant under the unbroken symmetry H [21-23].
To construct the fermionic sigma model, we introduce a mass matrix My as a reference point,

and it satisfies,
hMoh™' = M. (V1.4)

For example, My = diag(1,..,1,—1,...,—1) with n times +1, m times -1, is the matrix that breaks
SO(n 4+ m) — SO(n) x SO(m). The xMyy is then G-symmetric,

g XMox = xD(h™") "' MoD(h™)x = xMox (VL5)

Upon rewriting the term in the 1 basis, the G-symmetric action is,
iy 0,6 + U () MoU (). (VL6)
where 9 is the complex fermion that transforms linearly under G. Eq. (V1.6) is the general fermionic

sigma model where the fermion mass manifold G/H is parameterized by the bosonic field U.

B. Reproducing the WZW term from the fermionic sigma model

We follow the Ref. [36] and recent presentation in Ref. [37] to derive the Wess-Zumino-Witten
term by integrating out the fermion, the partition function of the anomalous theory depends on

the Goldstone boson field is,
ZrU] = / D DipeSW¥:U1 (VL7)
Sl 0.U) = [ @'z (i3, + imU (mMU (7))o
= /d”x O(id + imMY)y = /d”x D, (VL8)

where MY = U(m)MoU(w)~' and Z7[U] contains the kinetic term and possible Wess-Zumino-

Witten term of the Goldstone boson. Following the standard derivation, the WZW action is,

1 1 F(% +1) -~ L U~ U
WZW = —— " «9,. MY MY, MY VL.
Swyz o7 (A2 T(d 1 1) /Ydud T tr J:ll(v O M”)M7T0 (VL9)
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where u is the extra coordinate on Y, 9Y = X, I'(z) is the Gamma function I'(n + 1) = n!
for integer n. Since the WZW term is written locally in 1 higher dimension than the spacetime
manifold, we have extended MY as the map from Y to the mass manifold. After straightforward
calculation, the WZW term for G/H is in general given by,

1 22 7(d+1)
27 (4m)42 T(d + 2)

P (1) = tr<[M0, U—ldU]dHMg) (VL10)

where |z] is the floor function. Recalling that U~'dU can be decomposed into h and § parts,
U='dU =V + ¢, and [My, T®] = 0,T® € b, we have,

[Mo, U=tdU] = [My, ¢] = [My, 0°T,a € § (VI.11)
It turns out, for example,
1
6) — __ = —1 37715 241 5
T 4807r3tr([Mg,U dU] MO) € H°(G/H,R) (VL12)

i

= (¢W2 + 30 Dyg} + W6+ 26(Dvo)’ + 56*Dyo + }zf’) (VL.13)

1673

This shows that the fermionic sigma model in Eq.(VI1.6) reproduces the WZW term for G/H

homogeneous space.

C. Fermionic sigma model and intertwinement of mass manifolds

In this section, we present the construction of a fermionic sigma model that could reproduce the
WZW term in Sec. V B. There are two types of topological defects in the symmetry breaking phases,
both of them are characterized by the charge operators as the generators of the second cohomology
H?(G/K). We then consider embedding two S%s into G/ K, the linking number of these two spheres
is the degree of the mapping from two S? to S°. More explicitly, to illustrate the intertwinement
of the topological defects, we consider the mapping in Eq. (V.16), S% L S%O EN <£> CT/?( .

We are focusing on the case where the global symmetry is SO(8), the generalization of this
construction to SO(2n) can be obtained by embedding SO(8) < SO(2n). The embedding of two
disjoint S?s into G/K is obtained by considering two commuting s0(3)s and modulo the so(2)
subalgebra.

The Goldstone boson fields in Eq. (V.18) can be used to rotate the mass matrix and coupled to
the fermions. Therefore, we can construct the fermionic sigma model that reproduces the WZW

term, or the charge operators of the topological defects. Here we consider the fermions that are
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transformed under vector representation of the global flavor symmetry SO(2n) and the mass matrix
can be an antisymmetric or symmetric representation of SO(2n).

As noted in Sec. V B and [28-30], the higgs fields ®45, P54 which are used to approach GG and
PS phase have different symmetry properties, they are symmetric and antisymmetric respectively.
The mass matrix of the fermion model can be chosen in a way that aligns with the symmetry
properties, once integrating out the fermion fields, the corresponding charge operators of the topo-
logical defects could match with the symmetry constraints of the higgs fields ®45, P54. We are
considering this symmetry constraint also applies to the SO(2n),n > 4 model.

However, the so(3) matrices considering in Eq. (V.17) are all antisymmetric. The way to render
the antisymmetric matrix to a symmetric one is to Kronecker product additional o2 to the anti-
symmetric matrices, to preserve the antisymmetry, one needs to Kronecker product additional ¢*
to the antisymmetric matrices. Due to the symmetry constraint [28-30], we would like to construct

one set with all symmetric matrices and the other set with all antisymmetric matrices.
Sym : {o°%,6%12 6%2) Asym : {092, 0% 5023}, (VI.14)

Hence, the first set of SU(2) matrices is symmetric, the second set is antisymmetric. The above
matrices are ready to couple to complex fermions. In the Majorana basis, the mass matrix should

be antisymmetric, and the general form of the mass matrices in 4d is,

M=0"®85 +c2®5,, (VIL.15)

217 023

where S; are the symmetric matrices, o are the v matrices. We need further add indices to

the two sets of matrices and make them symmetric,

0220 0212 0232
{U , 0 y O }a

Sym : Sym, : {2002 52021 52023} (VIL.16)

It is convenient to block diagonalize the matrices by doing the unitary transformation e‘%(’mo,

i10.1332

M — e'a

1332

Me 150 Gym (00220 60212 502821 gy, o (53202 53221 53223y (i 17

One can freely choose the representative matrix in each set, and the other matrices can be obtained

by doing the SU(2) transformation,

MEO = 59220 a — {50012 ;00321 (VI.18)

MY = 53202 o — (50021 0023} (VI.19)
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Since the mass matrices are block-diagonal, one can rotate the upper block or the lower block

separately by
50012 | ;3012 0032 4 ;3032

MO = 59220 9 — { 5 ’ - ) (V1.20)
MY — g2 o _ g 50021 :; 03021’ 50023 3; 53023 . vL21)
Hence, we obtain the map from S? to the SU(2) mass matrices,
(61, 61) € S2 Mio _ UlMgonl €sSU?2), U= 101510 61,01 cos ¢1)-(TL,T2)T (VI1.22)
(02, ¢) € S2 > MY = U, MJU; ' € SU(2), Uy = il02sin@2.0> cosdo)-(TLTL)T (V1.23)

where Mio, Mg satisfy [Mio, Mi] = 0. We first find that the charge operators of the topological
defects can be reproduced by the fermions coupled to the mass manifolds and evaluated on a
submanifold,

M2PAMZPAMEC = volg202,  MYdMYdMY = volg202 (V1.24)
where volgz = sin 0;df;d¢; is the volume form of the S?. More interestingly, if we interpolate the
mass matrix in Eq. (VI.15) by,

SU 3 M(u, 0y, 1,02, ¢2) = 0 @ uM>° + 03 @ /1 —u2MVY, (VL.25)

such that M(0) = 023 ® MY, M(1) = ¢*' @ M3©. Note that the two mass matrices play different
roles, one is the identity mass, and the other one relates to the chiral mass. When integrating out

the fermion fields, the WZW term is,

2w
S = tr(M~tdM)?
WZW = 96073 /52X52X |t )
2
T / 120tr(0%%%)u?\/1 — u2 sin 0y sin odb dé1dO; do; du. (V1.26)
9607T3 S2%S2x]

When evaluating the WZW term on an interval u € [0, 1],

Swaw = / / / 120tr(c%%%)u%\/1 — u2 sin 6; sin Oodb dgdO doy du (VL.27)
9607T3 S2 .Jgs2
—isin 6y sin 6
- / Zisinbisinbs o diydbaders (VL.28)
S2%S§2 87T
= 27 = 2miLk(S?, S?), (V1.29)

where Lk(S?,S?) is the linking number of two S? in S? [82, 87]. This WZW term corresponds to
¢oW1Ws in the previous section, where Wy, Ws are the curvature of the two 2-spheres corresponds
to the generator of H?(G/H;,R) and ¢ is f-valued 1-form, but interestingly, ¢ relates to the chiral
rotation U(1) in the global symmetry of the fermionic sigma model, which corresponds to the

exchange of two symmetry defects in the G/K NLSM in Eq. (V.14).
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VII. SUMMARY AND COMMENTS

a. Summary We propose the nonlinear sigma model with target space G/K and Wess-
Zumino-Witten term as the general description of deconfined quantum critical point theory, based
on the very important features of the symmetry defects and their intertwinement in the DQCP
theories. We show the topological defects in G/K precisely correspond to the symmetry defects
in each spontaneous symmetry breaking phase in the DQCP phase diagram. The WZW term
decorates the symmetry defects in one SSB phase with the charge of the broken symmetry of the
other SSB phase. By proliferating the symmetry defects, the broken symmetry of one SSB phase
is restored but the additional charge breaks the symmetry, leading to the other SSB phase.

We connect this NLSM description with the ordinary 't Hooft anomaly matching argument by
explicitly calculating the gauged WZW term and its corresponding bulk SPT. When the anomalous
UV symmetry G is spontaneously broken to non-zero subgroup H (which can be anomalous or non-
anomalous), the odd spacetime dimensional bulk SPT is in general described by relative Chern-
Simons term and mixed 6 term for even dimensional bulk. We provide an alternative fermionic
sigma model that reproduces the NLSM with the WZW term. This alternative fermionic model

gives insight into the detailed global symmetry actions.

We apply our framework to several examples - first revisit the ordinary 2+1d DQCP between
Néel and VBS phases. Then motivated by recent works on deconfined quantum criticality among
different grand unified theories [28-30], we studied the deconfined quantum critical theories between
two SSB phases with unbroken symmetries Hso = SO(2m) x SO(2n — 2m) and Hy = U(n), and
they come from the theory with G = SO(2n) global symmetry by condensing the order parameters.
Applying the G/K NLSM description (K = U(m) x U(n — m)), we are able to find operators

that correspond to the symmetry defects in both SSB phases, due to 7T2(U( )=Z L.

G

m)xU(n—m)
It is interesting because the symmetry defect in the SSB phase with unbroken symmetry Hsg is
Grassmannian manifold and has Zy valued topological charge, which does not have a corresponding
de Rham cohomology description. Embedding G/Hso into larger space G/K is reminiscent of
finding non-perturbative SU(2) anomaly by embedding SU(2) < SU(3), and the non-perturbative
anomaly associated with m4(SU(2)) = Zs can be seen from SU(3) WZW term via perturbative

calculation. Then we construct the WZW term and examine the corresponding anomaly which

descends from the SO(2n) anomaly [28-30, 33].

Furthermore, the symmetry defects in this complicated homogeneous space can be understood

by examining the embedding S? x S? EN G/K. Hence, the G/K NLSM becomes the ordinary
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O(6) nonlinear sigma model with the WZW term. The first and last three components of the O(6)
vector describe the 2-spheres corresponding to different symmetry defects. The WZW term then

assigns the phase to the linking of the two 2-spheres in S°.

We provide an alternative fermionic sigma model to reproduce the NLSM. The fermions are
coupled to the fluctuating bosonic fields living in the homogeneous space G/K, when integrating
out the fermions, the resulting effective action is the G/K NLSM with level-1 WZW term. As an
example, we embed the two 3-component unit vectors into G/K and construct the fermionic model
of O(6) NLSM. We should point out that since the SO(6) is explicitly broken down to SO(3) xSO(3),
the chiral U(1) rotation in the fermion model is crucial to get the correct linking between symmetry

defects in different SSB phases. This rotation is in SO(6) but not in SO(3) x SO(3).

b. Comments The G/K NLSM with WZW description discussed in this paper is applicable
to any dimensions and different continuous symmetries of DQCP theory. However, this description
focuses on the kinematics of the DQCP theory, namely the symmetry defects, their intertwinement,
and 't Hooft anomaly. The dynamics of the DQCP theory is much more complicated - the operator
contents and their scaling dimensions are not universal, and the renormalization group schemes
vary from different dimensions and different models. Nevertheless, the symmetry of the G/K
NLSM would imply infrared duality of gauge theories, for example, the discrete symmetry that
exchanges two types of symmetry defects becomes particle-vortex like duality of gauge theories
[12, 63, 88]. Furthermore, the duality between different quantum field theories relates the operator
contents and set the constraints on the scaling dimensions which reveals information on dynamics
[12, 89, 90].

Despite the difficulty in extracting specific dynamical information, our proposal captures the
essential features for which the DQCP is beyond ordinary symmetry-breaking transition. In this
point of view, the DQCP is not rare, and it can be more ubiquitous if incorporating higher-form
symmetry [91-95], categorical symmetry [96, 97], and loop group symmetry for the system with a
fermi surface [98-100]. The ongoing exploration of non-invertible symmetries should also have their
corresponding DQCP theory provided the symmetries have mixed anomaly [101-103]. One can also
apply the current approach to understand multicritical point joined by several SSB phases. This

formalism can also be used to construct DQCP models involving average symmetries [104—106].
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Appendix A: de Rham cohomology of Lie groups and homogeneous spaces

1. de Rham complex

Let e; denote the basis for the Lie algebra g and #° for the 1-forms for g*, which is the dual
space of g. The p-forms on g are the alternating multi-linear maps w : g x ... x g — R. For z,

being the basis for space V, the V-valued p-form on g, w € AP(g*, V') can be written as,

w=AL 20" N AP (A1)
D

11 eyl
For example, the Maurer-Cartan 1-forms are Lie algebra valued 1-forms,
0 = 04T4 e Al(g*, g). (A.2)

The exterior derivative sends the p-forms to p+ 1-forms d : AP(g*, V) — APT1(g*, V) and follows

the rule,
, 1 . . ,
do' = _ifyl'kej AOF, dag = Bgixﬁela (A-3)

where f;k is the structure factor for the Lie algebra and Bgi is a certain linear map for the V-space.

For h C g being a subalgebra of g, the relative cochain is given by,
AP(g*,h, V) ={w e AP(g",V)|iy(w) = 0 and iy(dw) = 0,Vy € h}. (A4)

where i, is the interior product, in other words, the forms ws as well as dws do not contain 0's from
the subalgebra h parts, and the forms are invariant under adjoint action of H. In the following, we
will mainly consider AP(g*,R) and AP(g*, h, R) which is relevant to the Wess-Zumino-Witten term
for G,G/H and other topological terms in the physical actions, thus, no z, dependence.

The condition to construct relative cochain implies
Lyw = (diy + iyd)w =0 (A.5)

where L, is the Lie derivative with respect to y, the relative cochain is then given by,

AP(g*, b, R) = {w € /\(8/b)"|Lyw = 0,Vy € b}. (A.6)
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the Lie derivative action is explicitly expressed in terms of the components of the Maurer-Cartan

1-form,

"1
L™ =-%" ﬁwm,...,anf"j’y’%eal A AOY A LA G = 0. (A.7)
i=1

The relative cochain can be constructed by first finding the space spanned by A”(g/h)* and then

using L,y € H iteratively to eliminate non-invariant bases.

2. Cohomology

A p-form w € AP(g*, b, R) is closed, if dw = 0; and exact if it can be expressed by a (p—1)-form
n by w = dn. Since d? = 0 for any differential forms w, the exact forms are necessarily closed but
the closed forms can be non-exact.

The cohomology H*(G,R) and H*(G/H,R) measures the closed forms not being exact. Con-
sequently, the p-forms cannot be expressed locally in p — 1 dimension by Stokes theorem.

We explicitly calculate the cohomology group using the basis of the general p-form generated
by the exterior product of the 1-form components #%s. For example, the basis for the 2-forms in

A2%(g*,R) are,
{01 A 62,01 A 63, ..., 0m(E) =L A gdim(G)y (A.8)
The exterior derivative can therefore be expressed as a matrix dgy,

d{(6")"7}a = di {(6)" P, (A.9)

The matrix J’;b is a (di”;(G)) X (diﬁ(f)) matrix. The subspace of the closed p-forms C? is the

null-space or the kernel of the matrix (Jg SR
subspace of the closed p-forms: C? = ker (ng)T (A.10)
The subspace of the exact p-forms ZP is the the orthogonal complement of the kernel of (cng_l),
subspace of the exact p-forms: ZP = (ker angfl)L (A.11)

This can be obtained by Gaussian elimination of the matrix Jg;l. Therefore, the cohomology is

the quotient,

ker (d2,)T

HP = ——_ab
(ker d; ')t

(A.12)
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Algorithmically, we denoted the space of closed p-form as CP and exact p-form as ZP, they are

both matrices, and the cohomology is,
[ker CP - (ZP)T . ZP . (CP)T] - CP (A.13)

For the relative cochain, one needs to further impose the constraint in Eq. (A.6). This constraint
corresponds to dropping the basis which contains indices corresponding to that in h and invariant
under the adjoint transformation of H. One can start with the basis constructed by wedge product

of 6%s, where a € g/h, and then use the Lie derivative for each h € H to eliminate non-zero bases.

3. Examples

Using the de Rham cohomology, we are able to calculate the following examples. And we
compare our results with the general results which are cited from [43] if not citing others.

SU(4): Our calculation gives,
H3(SU(4),R) =R, H®(SU(4),R) =R. (A.14)

In general, H*(SU(n)) = A(es,es, ..., ea,_1), where ¢; € H*(SU(n),R), the cohomology ring is
generated by wedge product.
SO(6)/(SO(4)x SO(2)), dim = 15 — 7 = 8 even dimensional: Our calculation gives,

SO(6) B SO(6) B
H? <so<4)><50(2)’R> =R, H! <SO(4)><SO(2)’R> =RaR. (A.15)
In general,
H*(SO(2n +2)/(SO(2n) x SO(2))) = (1 + t*)(1 4+ t2 + t* + ... + t27) (A.16)

For n = 2, H*(SO(6)/(SO(4) x SO(2))) = 1+t + 2t* + 5 + 3, where t" corresponds to the degree
n generator, 2t* means 2 independent degree 4 generators. In general, the Poincare polynomial for

* SO(2n ..
H <SO(2k)><S(O(%n72k)) is in [107],

H*(%)‘ 14364 + 418 + ...

S0(4) x50 i
H* (500507 ‘ 1+ 24 4+ 16 4 368
also,
H*(Sogmr) |1+ 482+ 981+ . .
H*(33550)| 1+ 562 + 14¢..
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Our explicit calculation of cohomology up to 4 degree agrees with the general results.

SO(6)/U(3): Our calculation gives,

H? <SUO(§),R> =R, H* <SUO((£>,R> =R. (A.19)

In general, H*(SO(2n)/U(n)) = A(ez, €4, ..., €2n—2).
Our calculation of other cohomology of cosets with G = SO,

SO(8 SO(10
s |SO(8)/U () | ol | S0(10)/U6)
HAG/HR)| o) | R | o) | R

(A.20)

The torsion Zs of H 2(%@)@)) cannot be detected by de Rham cohomology.

a. Cohomology of G/K The cohomology of G/K is relevant to the symmetry defects in
spontaneously symmetry-breaking phases. The Lie group K is generated by the Lie algebra ¢ =
b1 N be, and our cohomology calculation gives,

so6) | so) | so(o)
SOSONU | SOSONU | SOSONU (A.21)

H2(G/H,]R{)‘ R®R ‘ R®R ‘ R®R

where R @ R in H2(SO(6)/(SOSO N U)) are the same generators of H?(G/H;), H*(G/Hs). For
SO(8),S0(10), one is the same generator of SO/U, another is the new from both SO/U and SO/SO

parts.
b.  Other cosets SU(4)/SO(4): Our calculation shows,
SU(4) SU(4)
H'( == R)=R, H°(——~R|=R A.22
<SO(4)’ ) ’ <50(4)’ (A.22)
In general,
« [ SU(n Ales, ..., €4m+1) n=2m+1
H <SOEn;’R> - (A.23)

Ales, ..y eam—2) @ Aleam) n=2m

SO(6)/(SO(3)x SO(3)), dim = 15 — 6 = 9 odd dimensional: Our calculation shows,

50(6) _ S0(6) B
" <SO(3) x 50(3)’R> =R (SO(3) x 50(3)’R> =K (A-24)

Appendix B: Cartan homotopy formula

1. Review of Cartan homotopy method

If two connections are of the same bundle, one can consider the interpolation [62],

Ay = Ao+ t(A1 — Ao), Fr=dA + .At2 (B.1)



Another useful formula,

Dgn = dn + [A, 1],

[P, w@] = ) A W@ — (=1)PI@ A 5P)
Define the anti-deriviative operator /;,

LA =0, UF = 6t(A — Ao),

6P W@y = (6w D + (—1)PyP) (4w D)

we have,
(dly + 0 d) Ay = &%‘:t
(dly + 0, d)Fy = 5t88]:t

This shows that for any polynomial S(A, F), we have
0
(dly + £,d)S(Ay, Ft) = 5taS(At, Fi)
this yields,
S(A1, F1) — S(Ao, Fo) = (dko1 + ko1d)S(A¢, Ft)

where

1
kzng(At,ft)E/ (51%,55(./4,5,.715)
0

2. Details of gauged WZW term
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(B.8)

(B.9)

(B.10)

We would like to use the Carton homotopy method to derive the additional exact form in

the gauged WZW term. As discussed around Eq. (IV.3), the general gauged WZW for symmetry

breaking of G — H has the form,

r(d+1) (U, A, Ab) = CS(AU, AhU) — CS(A, Ah) = F(dJrl)(U) + da@ (U, A, Ah)

For h = @, the gauged WZW term is given by the Chern-Simons form,

L) (U, A) = CS(AY) — CS(A) = D) 4 da'D (U, A).

(B.11)

(B.12)

For presentation simplicity, we focus on d = 2 and first calculate the case when ) = &, then h # @.
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a. The case when h = @ Consider the path of interpolation, A; = tU YAU + U~ 'dU =
tU AU + 0, such that A; = AY, Ag = 6. The difference between Chern-Simons forms is then,
Ccs®(aY)y —csB®g) =d / 6,CSB (A + / 0,dCS®)(Ay). (B.13)
t t
The last term on the right-hand side (RHS) gives CS®)(A), while the first term in the RHS gives,

d /t ((AF, — éAi’) _ / (AA) = d(—dUU " A), (B.14)

t

since 0, F; = U"YAU, 0, A; = 0. Therefore, a(® = —dUU ' A. In short,
CSB(AYY — s (g) = cSO)(A) — d(dUU T A). (B.15)
Hence, the gauged WZW term in d = 2 is,
@@, A) = TE(U) + d(dUU 4), (B.16)
where I‘g’)(U ) is given in Eq. (IV.19). This indeed shows that the gauge field only supports on
d-dimensional manifold.

b. The case when h # @ Consider the path of interpolation, A; = tUTAU + 6, Ay, =
tU _1AhU + V, the difference of the relative Chern-Simons form is,

Cs®(Av, Ay —cs®o,v) =d /t 0,CS®) (A, Apy) + /t £;dCS®) (A, Ay y). (B.17)
Similarly, the last term in the RHS gives CS(3)(A, Ayp), the first term in RHS is,

d /t fotr <(At — Ay ) Fy + (A — Ag)Fys+ ) (B.18)

=d t tr(tU ' AU + @)U (A + Ap)U (B.19)

=dtr(UpU (A + Ayp)) (B.20)

where (4 F;; = A;, (4A; = 0, and ... is the polynomial A? — AtAg,t — %(A? — Ag,t) which vanishes

under #;. Then the gauged WZW term is given by,
LU, A, Ay) = CS(AY, AY) — CS(A, Ay) = TE(U) + ditx(UgU (A + Ay)) (B.21)

where T'®)(U) is given in Eq. (IV.17).
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