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ABSTRACT

The Geroch-Hansen and Thorne (ACMC) formalisms give rigorous and equivalent defini-
tions for gravitational multipoles in stationary vacuum spacetimes. However, despite their
ubiquitous use in gravitational physics, it has not been shown that these formalisms can
be generalized to non-vacuum stationary solutions, except in a few special cases. This pa-
per shows how the Geroch-Hansen formalism can be generalized to arbitrary non-vacuum
stationary spacetimes for metrics that are sufficiently smooth at infinity. The key is the
construction of an improved twist vector, which is well-defined under a mild topological
condition on the spacetime (which is automatically satisfied for black holes). Ambiguities
in the construction of this improved twist vector are discussed and fixed by imposing natu-
ral “gauge fixing” conditions, which also immediately lead to the equivalence between the
Geroch-Hansen and Thorne formalisms for such arbitrary stationary spacetimes.
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1 Introduction and Summary

Multipole moments of a field encode the angular structure of the field as determined by
its sources; successive multipole moments can typically be read off from the angular de-
pendence of terms in an asymptotic radial expansion. This makes it a tricky business to
define gravitational multipoles in general relativity due to general coordinate invariance.
Nevertheless, Geroch [I} 2] and Hansen [3] managed to define and calculate gravitational
multipoles of stationary, asymptotically flat vacuum spacetimes in an elegant, manifestly
coordinate-invariant formalism. Thorne [4] developed a separate formalism for extract-
ing coordinate-independent multipoles from a stationary, vacuum metric, which relies on
properties of a preferred family of coordinate systems called asymptotically Cartesian and
mass-centered (ACMC) coordinates. These two formalisms were shown to give equivalent
definitions of multipoles by Gursel [5].

There are two families of gravitational multipole tensors in a stationary, vacuum space-
time: the mass multipoles M, ...,, and the current multipoles (or angular momentum multi-
poles) S,...q,- For example, for Kerr, the multipole tensors reduce to single numbers M, S,
at each order due to axisymmetry, and are given by M, = M(—a?)* and S, = Ma(—a?)".
The most familiar multipoles are the mass My = M and angular momentum S; = Ma.

The original Geroch-Hansen and Thorne formalisms, as well as the proof of their equiv-
alence, are all stated in asymptotically flat vacuum spacetimes[] The Geroch-Hansen for-
malism was generalized to electrovacuum solutions (i.e. solutions to the Einstein-Maxwell
equations) [7, 8, @], and scalar-tensor theories [I0]. However, for a generic matter content,
it has never been shown how — or if — the Geroch-Hansen formalism can be generalized.
In addition, the equivalence between the Geroch-Hansen and Thorne formalisms has not
been generalized beyond vacuum spacetimes.

Since the extension of Geroch-Hansen to stationary spacetimes with arbitrary matter
content was uncertain, it is also not clear if the entire concept of the two families of
multipole tensors M,,..,, and Sg,..q, still applies in such theories. For example, it was
suggested that there could exist theories in which stationary solutions admit a third family
of multipole tensors [11]P]

Nevertheless, the usage of the multipoles M,,..,, and S, ...,, are ubiquitous in modern
gravitational physics, and especially in phenomenology. For example, multipoles have
been discussed for solutions of N/ = 2 supergravity theories (with many scalars and gauge
fields) [15), 16, 17, 18, M9], or solutions of higher-derivative gravity theories [20], 21], 22].
Multipoles have been argued to be important, theory-independent characteristics of the
metric in gravitational wave phenomenology, as pioneered by Ryan [23] 24] and developed
and generalized in other works [25] 20], 27, 28]. Measuring the mass quadrupole is already
an important facet of tests of deviations from general relativity with current gravitational
wave detections, see e.g. [29].

It is clear that there is a need to expand our formal definitions and understanding
of gravitational multipoles beyond (electro)vacuum spacetimes, to include solutions in
theories with arbitrary matter content. That is precisely the goal of this paper.

!The condition of asymptotic flatness can be relaxed to include a NUT parameter [6].

20f course, it is clear that in the presence of matter, more information is needed besides these two
metric multipole families for the full metric reconstruction; a simple illustration of this is the Kerr and
Kerr-Newman black holes which both have identical gravitational multipoles M, ...q, and Sg,...q,. Only
in vacuum are the two multipole families sufficient information to reconstruct the metric unambiguously
[12, 13, [14).



1.1 Summary

This paper discusses how the Geroch-Hansen formalism can be generalized to stationary
spacetimes with arbitrary matter Lagrangians, in order to give a rigorous definition of
gravitational multipoles for any stationary spacetime. In addition, I show that the equiv-
alence between the Geroch-Hansen and Thorne multipole formalisms similarly generalizes
to arbitrary stationary spacetimes. The key to these proofs is the definition and properties
of an “improved” twist vector w{L in the Geroch-Hansen formalism (Section, which can
be formulated in terms of the energy-momentum tensor featuring in Einstein’s equations.

For generic matter content, this paper shows (Section that this improved twist
vector can be mathematically defined as long as a certain closed two-form constructed from
the energy-momentum tensor on constant-time slices of the spacetime is also an ezact form.
Physically, this condition is that there are no spatial two-cycles over which there is a net flux
of perpendicular (radial) momentum. This is a rather reasonable assumption for stationary
spacetimes. For example, for a single, stationary black hole with a spherical horizon,
asymptotic flatness ensures this condition is always satisfied so that the construction of wl’;
is always guaranteed to hold.

The construction of the improved twist vector further contains an ambiguity or “gauge
dependence” which affects the (current) multipole moments. I discuss (Section the
“gauge fixing” conditions that must be imposed upon the improved twist vector in order
for the multipole moments to be unambiguously defined. With the proposed “gauge fixing”
conditions, the equivalence of the Geroch-Hansen and Thorne multipoles also immediately
follows for such arbitrary spacetimes.

Along the way, T also exhibit (Section the explicit form of the improved twist
vector wi for N/ = 2 supergravity with an arbitrary number of vector multiplets, which
has not been reported previously.

An assumption that must be made on the metric, beyond asymptotic flatness, is suf-
ficient smoothness at infinity (see Sections and for a more precise definition and
discussion) and the existence of an ACMC coordinate frame (see Section [2.2). Whereas
these assumptions seem rather intuitively mild, they do leave open the possibility that the
Thorne ACMC formalism is slightly more general, in the sense that metrics could exist
where the Thorne ACMC formalism applies but the Geroch-Hansen formalism does not.
(This is discussed further in Sections [3.4.3| and (3.4.4])

The generalization presented here of Geroch-Hansen and Thorne to non-vacuum sta-
tionary spacetimes puts the definition of multipole moments and their usage in character-
izing arbitrary stationary spacetimes on firmer mathematical ground. These multipoles
being well-defined has been implicitly assumed in many (recent) works, but this paper is
the first to show that gravitational multipoles should indeed be unambiguous observables
in the presence of arbitrary matter fields.

An earlier partial discussion of generalizing the Geroch-Hansen formalism beyond vac-
uum spacetimes was given in [30] in the context of so-called bumpy black holes. There —
as is also of the essence in this paper — the key fact allowing the generalization of the
multipole formalism was the sufficient fall-off of the energy-momentum tensor; however,
for many such bumpy black holes, only the first few multipole moments can be defined as
the (improved) twist vector cannot be defined at higher orders in 1/r. Correspondingly,
the metric cannot be brought into ACMC form beyond a certain 0rderE| Other attempts to

3This was not shown in [30] but can easily be seen to be the case for the metrics discussed in [30] for
which only a few multipoles are found to be well-defined. The reason the ACMC expansion fails in these
cases is essentially because the energy-momentum tensor has an angular dependence that is “too strong”
for its 1/r fall-off — e.g. Tyy ~ cos®Osin®0/r° (eq. (4.4) in [30)).



generalize the notion of multipoles include generalizing multipoles to de Sitter spacetimes
[31] using the Noether charge formalism of [11] which allows generalization of multipoles
to non-stationary spacetimes. Perhaps the most obvious direction for future work is to un-
derstand how also the Noether charge formalism of [I1] generalizes to general non-vacuum
spacetimes, and its relation with the the (extended) Geroch-Hansen and Thorne formalisms
discussed here.

Section [2| reviews the Geroch-Hansen and Thorne formalisms and the proof of their
equivalence, all for vacuum stationary spacetimes. In Section [3] I discuss the generaliza-
tion to non-vacuum spacetimes of the Geroch-Hansen formalism and multipole definitions
by constructing the improved twist vector and discussing its properties, and 1 discuss
the necessity of the assumptions of the existence of an ACMC coordinate frame and the
smoothness of the metric at infinity.

2 Geroch-Hansen and Thorne Formalisms in Vacuum

This Section is a review of the formalisms of Geroch-Hansen [2], 3] and Thorne [4] which
both define the gravitational multipoles M,,...,, and S, ..., of a stationary, vacuum space-
time, as well as the proof of their equivalence by Giirsel [5].

2.1 Geroch-Hansen multipoles

An elegant and manifestly coordinate-invariant formalism for defining multipoles of a vac-
uum spacetime was developed by Geroch [2] for static spacetimes, and later expanded to
stationary spacetimes by Hansen [3]. (See also [32].)

Let £ be the (asymptotically) timelike Killing vector of the four-dimensional stationary,
asymptotically flat spacetime with metric g,,; the scalar field A is given by its norm:

2= (1)

We can define a manifold M as the collection of the orbits of & — this is indeed a (three-
dimensional, Riemannian) manifold [33, [34] and a natural metric on it is:

Eaﬁ = GaB — Ail&afﬂ' (2)

The metric Eag can also be used to project tensors from the four-dimensional spacetime to
M; note that f“hz = 0. The natural covariant derivative D on M is simply [33], 34]:

D, =Hh'V,. (3)

Note that the correct way to project a tensor covariant derivative is DT, By = EZE;E:;V wlyp
We can also introduce a rescaled version of the three-dimensional metric, hgy:

hab = _629ab + 5@&)’ (4)

When we consider the metric hgy,, we will denote the corresponding three-dimensional
manifold M, so that there is no possible confusion with M which is endowed with the
metric h. The metric hy, can also be understood as the three-dimensional metric coming
from a (timelike) Kaluza-Klein reduction over . This amounts to introducing coordinates
(t, ") such that locally £ = 9, and the metric takes the standard Kaluza-Klein form:

Gudxtds” = \(dt + A)? — )\_lhijdxidxj> (5)
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In such coordinates, we have:

hij = —googij + GoiJo;- (6)

We will always denote p,v,--- for four-dimensional indices; a,b,--- for the induced
three-dimensional indices on M; a,f,--- for the three-dimensional indices on M, and
finally 4,7,--- as well as aq,as, - for the three-dimensional indices when we are using

coordinates where £ = 0;. Four-dimensional covariant derivatives will always be denoted
with V,, and three-dimensional ones by D (or D, D). Unfortunately, there are many kinds
of indices to keep track of, but fortunately it is usually clear from the context in what
space (and with what metric) we are working in.

We can introduce the twist vector w,,, defined by:

Wy = €upel” VPET. (7)
Equivalently in form notation, w = *(& A d§). The curl of this vector is given by:
8[Mwy] = _€uupa£pRJ)\§)\' (8)

Since the spacetime is a solution to the vacuum Einstein equations, R,, = 0, this curl
vanishes. It follows that the twist vector is derivable from a potential w:

Vuw = w,, (9)

which defines the scalar field w. From the Kaluza-Klein point of view (f]), the Kaluza-Klein
vector A with field strength F = d.A is related to the twist vector w, in (7)) as w; = 0 and:

Wi = _)\2(*?»7:)1'7 (10)

where *3 is the Hodge dual with respect to h;;. The vanishing of the curl of w, is then
simply the statement that the three-dimensional equation of motion for the gauge field F
is sourceless, d(*3A\2F) = 0, and the scalar w is the three-dimensional dual gauge potential,
—dw = F = M2 %3 F. The Bianchi identity for F translates to an “equation of motion”
for w;:

D;(\%w') = 0. (11)

The manifold M can be conformally transformed into a new three-manifold M with
metric hgy by: .
hab = %R, (12)

where Q ~ 1/r? at spatial infinity (with r the distance from the object). In this way,
spatial infinity of M is brought to a single point A, which is a regular point on the compact
manifold M.

The conformal factor ©, together with (local) coordinates at A on M, must be chosen
such that the metric coefficients hq, and Q are smooth (infinitely differentiable) functions
of the coordinates at A. For stationary, vacuum spacetimes it is known that this is always
possible, and that moreover one can choose coordinates such that hy, and € are analytic
at A [14, 12, 13, 35, 36]. (The demand of smoothness of hy, and Q at A may seem like a
trivial demand, but it is not — see further in Section [3.4])

Indeed, Geroch and Hansen used the existence of such a conformal factor €2 to provide
a definition of asymptotic flatness. The manifold M with metric h,, (and thus the full
stationary four-dimensional spacetime gq;) is asympotically flat if there exists a manifold
M with metric hab such that M = M U A where A is a single point; hab = O%h, is a
smooth metric on M; and Qlp = D a2 =0, D DbQ]A = 2hab]A [3]. We will also always
assume this particular definition of asymptotic flatness.



We can now combine the scalar fields A, w into new scalar fields ®,;, ®; on M:

1, 9 1
(I)M—4>\()\ + w 1), CI)J— 2/\w, (13)

of which we can introduce their conformal transformed version:

Dy = Q7120 . (14)

)

These scalar fields are then used to define symmetric and trace-free (STF) tensors P2 ’f.]aé

on M for every degree £ by PM7 = &), ; for { = 0, and then the recursive definition:
1 STF
MJ |7 M,J > M,J
Palu-a“_l - Dae+1 Pa1--~ag - 56(2€ - 1)Raéae+1Pa1-~~a(g_1 ) (15)

where the STF superscript means to take the symmetric, trace-free part, and D, R are
quantities defined on M. The gravitational multipoles (which are themselves constant
STF tensors) are then (finally) given by evaluating these tensors at the point Af]

(+1

1 M
May.ay = o FParoay(N); Sayea, = 2020 — )N o

(25 . 1)” ai--ap (A) (16)

Note that the presence of the term proportional to the Ricei tensor Ry, in is not
arbitrary. As Geroch showed, multipole moments transform among themselves in a specific
way under a change of origin [I]. In the conformally compactified spacetime M, such a
change of origin corresponds to a change of conformal factor, Q2 — . Geroch [2] showed
that and leads precisely to the correct transformation rules for the multipole
moments only when the Ricci tensor term is included.

Finally, the multipoles defined in (16| are clearly only well defined if the conformal
scalars @7 ; are smooth at A. As Hansen showed [3], their smoothness indeed follows
directly from the Einstein equations, suitably rewritten. In particular, the four-dimensional
vacuum FEinstein equations are implied by following equations of motion for the scalars
® ), ®; and the metric hy, on M:

D*®y ; — %(DM,J = 18?5’#@M,J7
Rap = 2[(Da®rr)(Dp® ) + (Da®s)(Dy®) — (Do) (D)),

(17)

where D,, R, are quantities defined with hy, on M, and the scalars k, 1) are given by:

1

4= DD\ + D,wD® 1

K 2/\2[ ADN + DowDw] (18)
_ 1 2 2

¢—4/\()\ +w*+1). (19)

The equations are conformally invariant elliptic equations if ®,; ; and s have confor-
mal dimension —1/2 and ¢ has dimension 0, i.e. that ®,, ; transform precisely as .
The conformal invariance of the elliptic equations implies that ® .,y will be smooth
everywhere on M — and in particular at A — if and only if the conformally transformed
coefficient & = Q=2 is smooth. From , the elliptic conformally invariant equation of
motion for x can also be derived, leading eventually to a proof of smoothness of all quanti-
ties &, ® ., involved in the transformed version of at A, ensuring that the multipoles
defined in Section [2| are well-defined [3].

41 always use the Thorne normalization for the multipoles; the actual normalization used by Geroch-
Hansen differs by precisely the prefactors in .



2.2 Thorne ACMC-coordinates and multipoles

While elegant and manifestly coordinate invariant, the Geroch-Hansen formalism of ex-
tracting multipoles can be rather cumbersome in practice; for example, it requires a judi-
cious choice of the conformal factor 2. Perhaps less elegant but much more practical is
Thorne’s formalism [4]. Thorne introduces “asymptotically Cartesian and mass-centered”
(ACMC) coordinates for asymptotically flat, stationary, and vacuum spacetimes. In such
a coordinate system (¢, z%), the metric has the following asymptotic expansion:

2M Sy = 1 [2(2¢—1)
Joo = —1+T+ﬁ+;r£+1 { [ MaNag 4 S |-
=2
=1 40020 — 1)
e ezl o [_ Gy ekt Na +8“} ’ (20)

9ij = 0ij + Z T
=0

where 7 = /(21)? + (22)2 + (23)? is the usual radius, and we use the shorthands A, =
ay---ap and Ny, = ng, -+ ng,, where n;, = x'/r. Moreover, €k is the three-dimensional
(flat) Levi-Civita symbol, and we always sum over repeated i, j,--- indices. The sym-
bol §; denotes an arbitrary angular dependence on spherical harmonics of maximal order
¢. In other words, S; can contain dependence on n; vectors through products such as

Na,y, Na,_,,- - but cannot depend on N4, , or any other higher-order angular dependence,
lLe.:
Se=> ca,Na,, (21)
e<e

for arbitrary constant tensors c4,. Note that the symbol S is used as a placeholder; the S,
quantities appearing in each component of the metric can be different.

The first crucial condition that an acceptable ACMC coordinate system satisfies is the
angular dependence at every order in the asymptotic expansion. For example, for gy,
the term at order —(“*1) can have angular dependence on spherical harmonics up to the
maximal order ¢, but not higher. A coordinate system which has a higher order angular
dependence than “allowed” is not ACMC | The second condition for an ACMC coordinate
system — the “mass centered” part — is that there is no mass dipole tensor, M,, = 0,
and equivalently the 72 term in goo must be a constant [

The simplicity of the ACMC coordinate expansion is that the multipole tensors My,, S4,
can simply be read off from the 7~*1) terms in the expansions of gy and go;- Different
ACMC coordinate systems may differ in the lower-order angular dependences Sy, but will
always agree on the values of the multipoles, as shown by Thorne [4].

2.3 Equivalence of Geroch-Hansen and Thorne formalisms

The equivalence of the Geroch-Hansen and Thorne formalisms was shown by Giirsel [5].
The proof starts by assuming a coordinate system in which the metric is ACMC as in

SThorne actually discusses a generalization of this condition by defining ACMC-N coordinates, where
N is roughly the first order #—(V+1 in the asymptotic expansion where the ACMC condition fails. In
ACMC-N coordinates, the multipoles up to order N + 1 can still be read off from the metric expansion.

6Tt is easy to relax this mass-centered condition to have AC coordinates where the dipole is not neces-
sarily zero. The resulting multipoles M Ags S 4, that are read off from a metric in AC coordinates are easily
related to the true multipoles My,, Sa, [17].



and also harmonic, 9,(/—g ¢") = 0. (For vacuum spacetimes, it is always possible to
find such a “canonical harmonic gauge” that is ACMC, see also the discussion in Section
3.4}) Then, using these coordinates, the relevant Geroch-Hansen quantities are calculated
on the induced three-dimensional manifold M. This includes the induced metric h;; of

and its inverse: .
hij = 0ij + Z AN =0+ Z P17 (22)

which Giirsel shows is also automatically harmonic, (92(\/E h*7) = 0. The scalar field X is
simply ggo of . The twist form w, is given by wy = 0 and:

L4020 — 1) Ny S
w; = — Z (Weijkejmaesmz‘lz—1ak |:7“Z_+i:| + 7’€+1) . (23)

/=1

(In (22), [23), and (25), I correct typos in egs. (30)-(31), (34), and (49) of [5]). Integrating
this gives the scalar field potential w (through V,w = w),):

o0

1 [4e20— 1)
w=- ; pl+1 { (5_{_ 1) SaNa, +Se- 1} . (24)

To show that follows from integrating , the identities in Appendix [A| are useful.

The scalar fields ®,;; can now easily be computed explicitly from A in and w in
(24). Giirsel then chooses a conformal factor and altered coordinates ' on the compactified
manifold M in such a way that:

~i ZEi 1 Sg_l 1
=ptrlor 2=ga

<2

o = ) TS (29)

<2

It is critical to be able to choose the coordinates z' and 2 such that €, hw’ P M, are analytic
functions of Z* and that (25)) is satisfied. Crucially, this relies (besides various mathematical

lemmas that Giirsel proves) on a property of the Beig-Simon conformal factor [5, 12], 13} [14]:
1
) — 2 [(1 + 492, 4 402)"7 - 1] , (26)

where B is a constant chosen such that (D;D;QB9)(A) = 2?15}38) (A). Specifically, for a
choice of coordinates z* such that iL%SS) is harmonic, all of Q8% iz%?s), CTDE\];?]) are analytic
functions of Z'. This is shown by Giirsel (in the Appendix of [5]) by explicitly calculating
the subleading angular dependences in the ACMC expansion using the vacuum Einstein
equations.

Finally, using , Giirsel computes the tensors Pj/l[’J and the multipoles My,, S4,.

The result, of course, is that the multipoles calculated in precisely agree with those
in the ACMC expansion (20)) [5].

3 Generalization to Arbitrary Spacetimes

This section explains how the Geroch-Hansen formalism as well as the proof of its equiv-
alence with the Thorne formalism can be generalized to arbitrary non-vacuum stationary
spacetimes.

We will assume that the metric is governed by Einstein’s equations R, — (1/2)Rg,, =
T,,. Note that this includes solutions in higher-derivative theories of gravity, as long as
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the solution considered is perturbatively linear in the higher-derivative coupling [22]. We
demand that the matter content is such that the metric is asymptotically flat. Note that
we are still using the definition of asymptotic flatness using the existence of the conformally
compactified three-dimensional spacetime as introduced by Geroch and discussed in Section
[2.1], even though the spacetime is no longer vacuum. Of course, this condition of asymptotic
flatness implicitly demands specific asymptotic fall-offs for the energy momentum tensor
through the Einstein equations (see e.g. (69)).

We will assume that the metric (both the four-dimensional metric g, and the three-
dimensional compactified metric ;L,]) are sufficiently smooth in the chosen (harmonic) co-
ordinates in order for the Geroch-Hansen formalism to apply; we will also assume the
existence of a (harmonic) ACMC coordinate system with an expansion of the form (20)),
especially in Section [3.3.2] These assumptions of smoothness and the existence of ACMC
coordinate systems intuitively seem rather mild, but are crucial for the application of the
Geroch-Hansen formalism; this is further discussed in Section

We will first detail the general definition and construction of the improved twist vector
w! that allows for the definition of the twist scalar w in non-vacuum spacetimes in Section
3.1} Section discusses the precise conditions necessary for the existence of wi. Section
then deals with the non-uniqueness of the improved twist vector wﬁ (as defined in
Section and describes the necessary “gauge-fixing” to fix w{t (and thus w) so that the
multipoles are well-defined. Finally, Section discusses the conditions for the existence
of an ACMC coordinate system.

3.1 Construction of the improved twist vector

An immediate problem with generalizing the Geroch-Hansen formalism to non-vacuum
spacetimes is the definition of the twist vector potential w. Defining w,, through @ means
its curl is proportional to the Ricci tensor:

Wy = €pe’VPE, Opuwy] = —€upo&’ R7\EN. (27)

For non-vacuum spacetimes with R, # 0, this curl then does not vanish, and it is not
possible to define the scalar field potential w as V,w = w,.

The solution to this conundrum lies with a definition of an “improvement” vector
I

w,, such that the “improved” total twist vector has vanishing curl, a[uwg“) = 0 with
Wi = w, + w!; then we can define the twist scalar w through
Vuw= wff"t), (28)

and apply the Geroch-Hansen formalism again with the scalars A and w. I will discuss the
construction of this improvement vector for Einstein-Maxwell theory (which is known) and
its immediate extension to more general N'= 2 STU supergravity theories (which was not
yet known) before discussing the fully general case for arbitrary matter.

3.1.1 Einstein-Maxwell and STU supergravities

The Ricci tensor does not vanish in solutions to Einstein-Maxwell theory, with Lagrangian
density:

1
L=R—F,F". (29)

However, it was shown [7] that for stationary solutions where the Maxwell field is also
stationary, LcF = 0 (so that we can also take LA = 0 — see Appendix [B.1)), one can

9



define an “improvement vector” wﬁ from the electromagnetic field, for which the curl of

Wi = w, + w!, vanishes and the scalar w can be defined as V,w = Wi Tt is convenient

to first introduce the dual field strength F' in the usual way, F = %F', so:

. 1 .
F;u/ = §€ul/po'Fp . (30)
The Bianchi identity is dF = 0, and assures us that F' can (locally) be written in terms
of a potential as F' = dA. The equations of motion for the Maxwell field can be written
as dF = 0, so the dual field F' can also be written in terms of a dual potential, F' = dA.

Define the component along & of both potentials as p, p, so:

p=¢-A, p=¢-A (31)

Of course, in coordinates where § = 0y, these potentials p, p correspond with the electro-
static potentials A;, A;. Note that p (resp. p) do not change under gauge transformations

that preserve LA = 0 (resp. LA = 0), so they are unambiguously well-defined quantities;
see Appendix [B.2] The improvement vector is then given by [7]:

Wy = —% (FVup — PV up) (32)
which in form notation is:
W' = % (pdp— pdp). (33)
Note that:
dw’ = —dp A dp, (34)
which can be shown to be the necessary improvement vector such that w,(fOt) = w, + wi

satisfies dw®? = 0 [7].

The construction of the improved twist vector can be readily generalized to four-
dimensional N' = 2 supergravity including an arbitrary number of vector multiplets; this
includes the STU supergravity theories — the arena where gravitational multipoles of
many black holes and horizonless, smooth microstate geometries have been considered
[15], [16, [17, 18, 19]. We start with the (bosonic) Lagrangian density:

1 1 -
L= R~ 291,0,2' 0"z — LI Fj F™" + T RanF F, (35)

where F' = «F is the Hodge dual of F. There are n + 1 gauge fields FA = dA® A €
{0,1,2,--- ,n} and n complex scalar fields 2/, I = 1,2,--- n. The matrices I, R are
symmetric, real (n+1) X (n+ 1) matrices which depend on the scalars — we will not need
to be concerned with their precise form (but see e.g. appendix A in [19]). Note that the
scalars are not charged under the gauge fields. We assume that both the gauge fields and
the scalars are stationary, so L¢F = L¢z! = 0. The improvement twist form wﬁ is then
given by:

(PaV up™ = PV ,upn), (36)

= 5“/12 is the component of the gauge fields along

w

I
w

N | —

or w! = —(padp™ — pPdpy) /2, where p

>

¢, and similarly gn = £#A, is the component of the dual gauge field along &; note that
these potentials p*, jp are well-defined and not ambiguous under gauge transformations,
analogous to the Einstein-Maxwell case. The precise definition of the dual gauge fields and
more details on the derivation of is given in Appendix [B] As far as I know, this is the
first presentation of the Geroch-Hansen improvement vector for NV = 2 supergravity
theories.
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3.1.2 General matter

For general matter content, the status of the Geroch-Hansen multipole formalism was
not clear up until now. For example, if there could exist matter couplings for which no
improvement vector could be found, then this may even have implied the existence of a
third family of multipoles (besides the “usual” two My,,S4,) [1I]. Luckily, as I show
here, it is relatively simple to show that a stationary solution in a theory with any matter
content allows for the construction of an improvement vector w{u such that wﬁtOt) = wy +w/{

is curl-less and allows for the definition of the twist scalar w.

We start by defining the vector V# using the energy-momentum tensor 7" and the
(projection) spatial metric (2) on M:

VH =R, T, =T, — XM TV0E,. (37)
This vector is divergenceless, V,V# = 0, since § is Killing and energy-momentum is con-
served (V,T" = 0). Note that the energy-momentum tensor must also be stationary,

LTH = 0, since the energy-momentum tensor is related through the Einstein equations
to derivatives of the stationary metric. The Hodge dual of the one-form V is closed,
d*V = 0. Since also L¢(*V') = 0 and using the form identity L¢ = di¢ +i¢d, we find that:

daW® =0, WO =i V. (38)

So W is a closed two-form, which moreover lives on M (or M) — this can be seen from
ieW® =0 so that W, = hZWa,,.

We have seen that the form W ® is certainly a closed two-form on the three-dimensional

manifold M; under mild and reasonable assumptions (see below!), it will also be an ezact
form as well, meaning a one-form B® exists (on M) such that:

w® =dBW, (39)
where we denote d to denote the exterior derivative on M; or in components:
(ig % V), = €upo€?V7 = W2 =20, B.). (40)

Note that we do not need to distinguish between indices on M or on the full four-
dimensional spacetime, as is valid on either manifold. It follows almost immediately
that our sought-after improvement vector wi is simply:

Wxi — QBI(}), (41)
The curl of is:
@[le{} = Qa[uBi}l) - Elu,ypo'gpvg = 6,IJ,I/pO'é-pj—YU)\ 5)\' (42)

From , , and the Einstein equations R, — Rg,,/2 = T,,, it follows that w,(fOt) =
wy, + w;’t has vanishing curl and allows for the definition of the twist scalar w through

Vuw = wffOt).

Equations of motion for ®,,; It is interesting to report the alteration of the equations
of motion in the presence of matter, which can be written as follows:

R 15
D*®,, — gcI>M = gn‘*@M + Ky + o0,
R 15
D*®;, — =, = —x'® 'P
7 g 3 KO+ ROy, (43)

Rap = 2[(Da®u)(Dy@as) + (Da®s)(Dy @) — (Dath) (Dyt))]

1
+ (Tab - habTCc) + !

N (wawlf — QW(Ian)w) ,
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where Ty, = EZTWEZ is the energy-momentum tensor projected onto three dimensions.
The new quantities k', o are also determined by the energy-momentum tensor. We can
first define the following shorthands:

Ty 1

T = SVE T, =T", Ts L(wh* — 2D%), (44)

= v

where T}; is calculated in coordinates where £ = 0;. Then £/, o are given by:

15

K =T+ aTs+ 1—675, (45)
A

o=asTi+ o= ST (46)

The Einstein equations only fix that:ﬂ

—N4a; (M —w’ —1)+4haz—w’—1 = =5N* +4ay (\* — w? — 1) + 16Aas — 3w” —3 = 0,
(47)
but otherwise leave undetermined the coefficients «;_4, which are a priori functions of A
and w (although note that solutions to exist where the «; are pure constants).
The linearized limit offers more insight into the unknowns «;. In this limit, assuming
«; remain finite, we must have:

(05)in = (@) = —, (18)

and then we also immediately retrieve the linearized version of :
1
DQCI)M = _5 <Et + ch) ’ D2(I)J =0, Rap = Tap — hdeCc : (49)

So, in the linearized theory, ®; reduces to a source-less Newtonian potential, while ®,,
reduces to a Newtonian potential with source —(73; + 7 )/2. In the slow-moving limit
|Tus| < [T, the equation of motion for ®;, further reduces to the correct one for (half of)
a Newtonian gravitational potential with matter distribution T};.

The “equation of motion” ([11)) must still be valid for the twist vector w,. Using ,
we see that this implies the following equation of motion for w?:

D ()\72wl,a> _ 28 (/\ B 20‘3)71 + <)‘ — 20[4)75

A 1+ w?— )2 ’ (50)

where we already used . Note that the linearized version of this equation is, using :
daw®* = 0. (51)

The Einstein equations thus do not completely determine the unknowns «; for an
arbitrary unspecified energy-momentum tensor 7). Most likely, these will be further

"The four-dimensional Einstein equations decompose into the (tt), (ta), (ab) components. The (ta)
components are solved by the introduction of w!; the (ab) components are solved (unambiguously) by
R!,. The equations of motion for ®;,; are only needed to solve the scalar (tt) component of the Einstein
equations, and so there is necessarily some ambiguity with how the terms in this one equation are “divided”
among the two equations of motion for ®, ;. Note that we did already fix the coefficient of the term ~ w!
in — to a reasonable numerical coefficient (which was also explicitly verified for Einstein-Maxwell
theory).

12



determined when a particular matter theory is specified; e.g. Einstein-Maxwell theory
gives the following additional relation:

1+ 2a3) + 204\ + w? — 302 = 0, (52)

but there is no a priori reason the same relation would hold for other theories of matter.

Finally, the modified equations suggest that x’, resp. o, should be a scalar with
conformal dimension —2, resp. —5/2. The smoothness of the conformally transformed
o wm,s (and thus the well-definedness of the multipole moments) then depends crucially
on the smoothness of the conformally transformed energy-momentum coefficients &' =
02K, 6 =052,

There are two lingering concerns with the improved twist vector as introduced here.
First of all, when is B in 1) well-defined, i.e. when is the closed two-form W) = iexV
also ezact on M? And secondly, BM as defined by W® = dBW is not unique as it can
be shifted by an exact form, B — BM 4+ dA©® which leads to a shift in the twist scalar,
w — w+ 249 which could a priori shift the resulting (current) multipole tensors; what
is the correct “gauge” choice for B(l)

I will address these two important issues in the following two subsections, including a
discussion on the conditions that the energy-momentum must satisfy in order for W® to
be exact, and the correct “gauge-fixing” conditions for B(") that give rise to the correct
twist scalar w. An immediate consequence of the analysis in Section will be the
equivalence of the Geroch-Hansen and Thorne formalisms, as long as an ACMC expansion
exists and the prescribed “gauge-fixing” of B™) is adhered to.

3.2 Conditions on exactness of W)

When is the closed two-form W® = i x V also ezact on M (or equivalently on M)?
To gain some insight in this question, I first discuss how W® and B™ arise in Einstein-
Maxwell theory, before showing that B! is always exact under certain mild assumptions
on the topology of M.

3.2.1 Einstein-Maxwell (and N = 2)

We can easily verify that W) is exact in Einstein-Maxwell theory. Indeed, we found that

([34), so:
dw! = —dp N dp = 2W . (53)

Using that the energy-momentum tensor for Einstein-Maxwell can be expressed as:

1 _
T =3 (FM”FVP ¥ FMPFVP) , (54)

and noting that dp = icF (i.e. (dp), = £”F,,) and similarly dp = icF, it is relatively
straightforward to calculate that indeed:

1
iexV=W® = —5dp N dp, (55)

where V' is the vector defined through (37)); we see that is indeed consistent with
(53) and dw' = 2W @ ie. . For Einstein-Maxwell theory, then, the closed form

81 would like to thank the anonymous referees for stressing that this point required addressing, which
in particular led to the writing of Section
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W® can be written as the wedge product of two exact one-forms, and so is guaranteed
to be exact itself. This means always holds in Einstein-Maxwell theory, regardless of
the particular solution that is considered. (The same reasoning naturally applies for STU
supergravity.)

3.2.2 General matter

Even without knowledge of the matter content of the theory, we can still provide a precise
prescription for when W is exact. Since W is defined on the three-dimensional Rie-
mannian (non-compact) manifold M, (co)homology tells us that W ® is exact if and only
if the integral of W over all non-trivial two-cycles of M vanishes. (This follows from
Poincaré duality, which holds as long as M is a manifold with a finite good cover, which
is a mild technical assumption that I will assume holds.E[) Note that we are using results
on the cohomology of non-compact Riemannian manifolds, which is the reason why it was
important that V in and W@ in live on the three-dimensional manifold M.
Consider any spacetime where there is a single (up to homology) non-trivial two-cycle
in M — for example, a (single) stationary black hole with spherical horizon topology is
such a geometry. The non-trivial two-cycle can be taken to be the two-sphere at spatial
infinity. (This is homologous to the horizon two-sphere.) On this two-sphere, we see that:

2 wW® ~ /2 V=9 To dQgy ~ ILm /(r2T0T) sin @ dfd¢p = 0, (56)
52 (00) 52 (o) TTreo

where we introduced asymptotically spherical coordinates (r, 0, ¢). The last equality follows
from asymptotic ﬂatness.m Physically, this integral represents the total radial-pointing
momentum flux through the sphere at infinity — which is clear should vanish in stationary
spacetimes. We conclude that in any stationary spacetime with a single (up to homology)
non-trivial two-cycle, W® will always be ezact and holds.

For a more general spacetime, must still hold from asymptotic flatness; the integral
of W® will vanish on the two-sphere at infinity. If there any additional non-equivalent
two-cycles in the spacetime, there does not appear to be a generic argument ensuring
that the integral of W® on it will always vanish. However, it does seem unlikely that
spacetimes could exist containing two-cycles where the integral of W over them does
not vanish. In such spacetimes, a similar calculation to implies that there would be a
non-zero flux of radial (i.e. perpendicular to the two-cycle) momentum going through this
two-cycle, which seems irreconcilable with the stationarity of the spacetime.

3.3 The improvement form “gauge” choice

The two-form W® = ie * V' constructed above is unique and unambiguous, but the one-
form potential B is only defined through its exterior derivative giving W®:

dBY = w®, (57)

9A good cover is an open covering of M where all non-empty finite intersections of opens in the cover
are diffeomorphic to R™. Note that every manifold has a good cover, and a compact manifold always has
a finite good cover. So, the quoted results in cohomology are a natural generalization to non-compact
manifolds of the more familiar results of Poincaré duality for compact manifolds. See §5 in [37].

0The fall-off T, ~ O(r—3) is a straightforward consequence of the ACMC expansion , the Einstein
equations, and . It can also be seen from the asymptotic Bondi expansion [38], where (using v =t —1)
Tur ~ O(r=%), and stationarity of the solution means that T, ~ O(r~3), so that Ty, ~ O(r—3). Without
stationarity, Ty, ~ Ty ~ O(r~?) would carry information of the Bondi news tensor, see (5.2.8) and (5.2.9)
in [35].
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From the definition alone, it appears that B (and thus w! = 2BW is not unique
and can be shifted by a “gauge” transformation BM) — B®M 4+ dA©) for a scalar A©); this
would result in the twist scalar being shifted as w — w + 2A© . Clearly, such a shift of
twist scalar could result in the multipole structure being altered — for example, choosing
A0 = /2 would result in all vanishing current multipoles.

There is thus a need to choose the “correct gauge” for B in the construction of w?.
Since the gravitational multipoles should be a property of the metric alone, a natural choice
is to choose w! such that the resulting multipoles only depend on the metric and not on
the energy-momentum tensor (except, of course, indirectly as the metric solves the non-
vacuum Einstein equations. In the following two subsections, we will explore how to make
this notion precise. In the context of linearized gravity, we can find explicit coordinate-
independent statements that fix the gauge of w! — in particular, and the vanishing of
all integrals ; in the full non-linear theory we can use ACMC coordinates of the metric

to fix the gauge of w’, i.e. and .

3.3.1 Linearized gravity

The “equation of motion” for wﬁ was a simple consequence of the Bianchi identity
dF = 0 for the Kaluza-Klein vector A in (5]). The linearized version of was (51)), i.e.:

ol =0, (58)

so w/ is a divergenceless vector on M at the linearized level.

The linearized divergencelessness of w! can be used to define “multipole moments” of
w! in a similar way that Geroch originally defined multipoles (in flat space) for a scalar
field @ satisfying the Laplace equation D*® = (0. For such a scalar, the multipole moments

can be defined through integrals of the form [I]:

/ (- £"DpyDy, -+ - Dy, ®) dS™, (59)
K

where £ is a conformal Killing vector on M, and K is a two-sphere at infinity; the integral
does not dependent of the precise choice of K due to D?® = 0. In particular, if all possible
integrals of the form (59 vanish, i.e. for all possible choices of conformal Killing vector
¢ and all possible integers ¢ > 0, then all the multipole moments of ® vanish — and in
particular, ® = 0 is the only such solution to the Laplace equation.

In the case of w!, we wish to demand that its multipole moments vanish, so that it
does not contribute to the metric multipoles ultimately derived from the potential w. This
is precisely the requirement of the vanishing of all possible integrals of the form:

/I'{ (é&al .. .gaeDal . Daewfn) dsm7 (60)

which does not depend on the precise choice of K due to (58]).

At the linearized gravity level, then, the “gauge” for w’! must be such that is
satisfied, and such that w! has zero multipoles on the flat three-dimensional background,
i.e. all integrals of the form vanish. Note that this also precludes further “gauge”
transformations w! — w! + 2dA©®: from (58) it follows that A must be harmonic,
D?A©® = 0; and from the vanishing of it follows that A® = 0 is the only possibly
solution.
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Einstein-Maxwell [t is interesting to apply the above reasoning on the Einstein-Maxwell
improvement vector , ie.:

L. -
Wy = =5 (PVup = PV up) (61)
At the linearized level, the equations of motion for p, p are simply:
0*p=0*p =0, (62)
so that indeed: '
20; (W) = —p0*p + pd*p = 0. (63)

Moreover, since both p and p are harmonic functions, it follows that w! has vanishing
multipoles; this is most easily seen using the expansion of e.g. p using (constant) STF

tensors py, as:
p= 3 oa i (01
>0
and then using properties of multiplying two such expansions as discussed in Appendix [A]
We conclude that is indeed the unique possible Einstein-Maxell improvement vector
under our “gauge fixing” conditions, to linearized orderH

3.3.2 Using ACMC coordinates

It is not obvious to generalize the above, coordinate-invariant discussion involving the
equation of motion to the non-linear level. However, fixing the gauge for w! becomes
very easy when we assume and use the existence of a harmonic ACMC coordinate sys-
tem in which its expansion satisfies (see Section for a further discussion on this
assumption).

In such an ACMC coordinate system, the twist vector w, will still be given by wy = 0
and , which can be slightly rewritten as:

40020 — 1) Ny Si-1
_Z ( = S4,0; {re—d +_rf+1) : (65)

The condition that w! does not contribute to the multipoles as derived from w, through
Vuw=uw, +w£, is precisely the statement that w! will only contribute to the unimportant,
lower-order angular dependences S;_; at every order »~(*1) in the asymptotic expansion,

and will leave the multipole terms ~ S, unaltered, i.e. that we must have (with w/ = 0):

N
I _ (-1
Wi =2 T (66)
=1
Indeed, when holds, the integrated expression (24) still holds for the twist vector:

o0

1 [4e20—1)
w:_;ﬂﬂ { (D) “Sa,Na, +Se1] - (67)

Using w constructed in this way, the rest of the Giirsel proof of equivalence also immediately
applies; the Geroch-Hansen and Thorne formalisms will give identical multipole moments
as long as holds (and as long as the metric is suitably smooth at infinity — see Section

3.4).

HTt is interesting to note that (61) has been used in the literature [7, 8, [, 39, [40] as “the correct
improvement vector” without any reference to the conditions mentioned here (nor other conditions that
would fix its gauge), even though there is then in principle no reason not to consider w! “gauge”-shifted
by an arbitrary gradient instead.
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Existence of (66) We can easily show the existence of a “gauge” for w! such that both
dw! = 2W® and hold, using the properties of STF tensors listed in Appendix . We
start by noting that w! = 2B, in an ACMC coordinate system, satisfies Bél) = 0 and
atB§1> = 0; moreover, we have:

28[23511) = —GijkogklRlo, (68)

where we used the definition of B the Einstein equations, and we ignored a term ~ Rg,o
since this involves a product of (the non-constant part of) at least two metric tensors.
Since derivatives can never introduce higher-order angular dependence (i.e. it can never
convert a term Sy_; /r*! into Sp/r¥*1), it suffices to show that:

o
R Si1
0 = P
=1

(69)

in order to conclude that a “gauge” exists where holds. With a few somewhat tedious
calculations, and using that any product of two or more (non-constant parts of) metric
tensors will automatically give subleading angular dependences that satisfy , we find:

. . 1
Rig = Ry = 0T + S = 5(9:0390; — (9))°90:) + S, (70)

where we used the shorthand S = >7,°, S,/ r*! to denote any subleading angular de-
pendence. Now, we use the explicit ACMC expansion to calculate:

L 40(20 — 1) Na Na
9:0390j — (aj)zgo@' = - ; WSkAe_l [Ejkazajai (re_ﬁ) - Eikagaa2 (ﬂﬁ)] +8.

(71)
Due to the derivatives, the highest possible angular dependence (at order r~(*3) of the
first term in the square brackets must be proportional to the tensor [Na,;|5™. This is
symmetric in the indices a; and j, but is contracted by the antisymmetric tensor €;z,, —
so we conclude this term must be ~ S. The second term’s highest angular dependence
(at order 7=(*3)) must be proportional to [Ny4,;;|°TF, but this vanishes due to the tensor’s
tracelessness; so also this term is ~ S. We conclude that R;y = S, which is as we
needed to show.

Satisfying the equation of motion with Finally, we can also discuss the “equa-
tion of motion” for w!. The most general form of w! (i.e. not necessarily satisfying

l‘u
(66)) is:

> /- Nia, ,  Siy =/ Ny, Sp—1
I _ £—1 _ —1
wW; = (SiAe_l N - 7““1) - 2 : (SiAf—lai ( rl ) + P ) (72)
=1

(=1

At the linear level (as discussed above), becomes d;w!* = 0 and so the coefficients
S 4, are completely undetermined by this equation of motion; it follows that at the linear
level it is certainly possible to choose a “gauge” for w! that satisfies . Note that all
coefficients S 4, vanishing in is of course precisely equivalent to the statement that all
multipole integrals of the form vanish, discussed above.

To generalize to non-linear order, we can use a similar argument as Thorne uses [4]
(see Section IX and X on p. 327-332 therein) to construct the general non-linear ACMC
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expressions from the linearized metric expressions h,, (which only features the multi-
pole terms ~ My,, S4,). In essence, Thorne shows, in constructing from the linearized
metric, that new leading order angular dependences (i.e. mixing with the multipole terms
~ My,,S4,) will not appear at non-linear order as they could be re-interpreted as part
of the linearized solution. Similarly, the only possible terms that appear in order by
order in h are of the form ~ S,_;/ r+1 since terms ~ S 4, could be reinterpreted as part
of the linearized solution (and subsequently set to zero).

3.4 The existence of the ACMC expansion and smoothness of
the metric

In the Geroch-Hansen formalism (see Section [2.1]), a crucial ingredient was the existence of
a conformal factor 2 and local coordinates i at the point A at (compactified) infinity such
that the metric coefficients were smooth when expressed in these coordinates. Giirsel’s
proof of the equivalence between the Geroch-Hansen and Thorne’s ACMC formalisms (see
Section relies on the existence of harmonic ACMC coordinates and an appropriate
choice of Q and ¢ which are guaranteed to make the metric coefficients smooth at A.

For vacuum spacetimes, Thorne showed that the general form of the linearized metric
solution to Einstein’s equations near infinity in the de Donder gauge is non-linearly com-
pleted in a way that satisfies the ACMC condition [4], so that de Donder coordinates are an
explicit example of a possible harmonic ACMC coordinate system. Moreover, the metric
coefficients g, are analytic functions of the de Donder coordinates for Einstein metrics
[41]. (Other relevant smoothness properties of vacuum spacetime metrics at infinity are
given in [14, 12| [13], 35, B0, [5], as also cited above in Sections and [2.3])

Beyond vacuum spacetimes, the smoothness of the metric at infinity is not guaranteed,
nor is the existence of a suitable ACMC coordinate system. In Sections [3.1}{3.3] these were
then implicit assumptions underlying the applicability of the Geroch-Hansen formalism
for non-vacuum spacetimes and its equivalence to Thorne’s ACMC formalism. Although
these assumptions of smoothness at infinity and the existence of ACMC coordinates may
seem like mild conditions on the metric, in this Section we will discuss how they could
conceivably fail in a non-vacuum spacetime.

The existence of an ACMC coordinate system, and its relation to the canonical har-
monic gauge of [11] is discussed in Sections |3.4.1|and [3.4.2] The smoothness of the metric
and how this relates to the canonical harmonic gauge and ACMC expansions is then dis-
cussed in Sections [3.4.3] and B.4.4l The tentative conclusion is that the ACMC formalism
can be more general than the Geroch-Hansen formalism, since it is conceivable that metrics
exist for which ACMC coordinates can be found but are not sufficiently smooth at infinity
to allow for the Geroch-Hansen formalism to be applied.

3.4.1 Existence of ACMC coordinates

When is it possible to choose coordinates satisfying the ACMC condition for a station-
ary, non-vacuum asymptotically flat metric? It is always possible for vacuum spacetimes,
so intuitively it should also be possible for non-vacuum spacetimes as well, as long as the
presence of matter “does not touch the structure at infinity too much”. The discussion
below in Section gives an indication of making this notion more precise, and gives
a simple counterexample by simply adding — by hand — a non-ACMC perturbation to
flat space. However, it is important to stress that this example non-ACMC metric is not
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a solution to any known theory of gravity coupled to matterB

Indeed, it seems that stationary solutions in most theories of (extended) gravity admit
an ACMC coordinate system. This includes black holes and other stationary solutions in
theories of (Einstein) gravity plus matter, such as the STU model discussed in Section
[1I7, 19]; black holes in higher-derivative-corrected gravity [22]; and black holes in
scalar-tensor theories of gravity such as (Jordan-)Brans-Dicke [42] 43 44]@ In fact, I am
only aware of one example of a stationary metric in a theory where the ACMC expansion
fails. This is the so-called “disformal Kerr” metric [45, 46], which is constructed from
“stealth black hole” in a DHOST theory; the disformal Kerr metric is [45]:

- 2M 4T+ DMarsin? 0 in2 0
ds? = — (1 _ pf) a2 - VT > I rde + 8122 [(r2 + %)% — a®Asin® 0] dg?
2A — 2M(1 + D)rD(a? + 12 M (@ 1 12
42 ( 12 JrDl@+1%) 12 _op M) var v a6,

p* =1r?+a’cos’ 0, A=r*+a®>—-2M(1+ D)r.
(73)
Here, D is a parameter indicating the “disformation” away from Kerr. It is easy to see
that there is no possible coordinate transformation that will make this metric ACMC to all
orders. In fact, for this metric, the metric components are no longer analytic functions of
the coordinates (due to the factor v/r in g;,), which is a necessary condition for an ACMC
coordinate system to exist; see the discussion below in Sections [3.4.3| and [3.4.4]

3.4.2 The ACMC expansion and canonical harmonic gauge

In [II] (see section 2.3 therein), convenient expressions are given for the most general
(not necessarily vacuum) linearized trace-reversed metric perturbation v, = n**n*’h,s —
1P heg (where the metric is linearized as g, = 1 + hyw + O(h?)) in what was called
the “canonical harmonic gauge”, where 9,7"" = 0:

Yoo = 04, Aa,,
Yoi = aAé,lBiqu + 8pAH (GiquqAé—l) + aiAg,DAg7 (74)
Vi = 0ij0a,En, + On_y Fija,y + Opa,_ (€pgiG5)a,,)

+ [@‘Ag,l%mg,l + Ojpa,_, (Eipq-/\/qAé—l)] Ty Djaka,.

The functions Ay, Ba,,Ca,,Da,,Ea,, Fa,.Ga,, Ha,, Na,,Ka, are all STF tensors; the de
Donder gauge further fixes Ba,,€4,, Fa,, G4, in terms of the others.

The remaining functions Aa,,Ca,,Da,, Ha,,Na,, K4, are in general functions of the
retarded time u =t — r and r, and their form depends on the details of the solutions. For
vacuum Einstein solutions, Da, = Ha, = Na, = K4, = 0 [L1], but for general non-vacuum
solutions this need not be true.

12In fact, the counterexample in Section is very similar to the multipole situation of bumpy black
holes, of which the multipoles were discussed in [30]; the bumpy deformations of Kerr are not a solution to
any known theory of gravity coupled to matter, nor can they be brought to ACMC-N form for arbitrary
high N, as mentioned in Section

13Specifically, using a similar analysis as in [17, 19, 22], 1 have checked that the metric in eq. (2)
(for @9 = 1, necessary for asymptotic flatness) of [43] (which is the metric found in [42]) as well as the
asymptotically flat metric in eq. (0.39) of [44], can be brought to ACMC form. Note that for these
stationary (J)DB solutions, R, « 9,90, for the BD scalar ® and so trivially w! = W2 = 0 since
£-09 =0.
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The existence of an ACMC expansion for this stationary metric is equivalent with the
condition that:

1
{AAZ,CAE,DA[,HAZ,NAK,ICAZ}:(9(—) . (75)

r

Note that for a stationary metric, these functions can only be functions of » and not of u.

It was implied in [II] that bringing the metric to this canonical harmonic gauge is
equivalent to bringing it to a (harmonic) ACMC gauge. However, while true for vacuum
solutions, this is not necessarily true for non-vacuum solutions. A simple counter-example

is to take: »
cos
Yoo = 20 Yoi = Vij = 0. (76)

(Note that this implies hog = 700/2 and h;; = 6;;70/2.) It is quite easy to see that
the resulting metric g,, is not ACMC — indeed, it is impossible to find a coordinate
transformation to bring the metric into an ACMC frame! This is then an example of a
metric that does not admit an ACMC expansion. However, this metric is in canonical
harmonic gauge. So the canonical harmonic gauge and the ACMC expansion are not
equivalent: an ACMC coordinate system can fail to exist whereas the canonical harmonic
gauge will always exist. It is important to supplement the canonical harmonic gauge with
the condition in order for it to be equivalent with the ACMC expansion — e.g. for
, we have A;;;, ~ r, which violates . The condition somehow formalizes the
idea of “not touching the structure at infinity” at all orders in 1/r that was mentioned
above in Section B.4.1]

Finally, from the above discussion, the condition is clearly necessary and sufficient
for the existence of an ACMC expansion. For stationary metrics, it seems this is an extra
condition that needs to be imposed on the metric and in particular cannot be derived from
asymptotic flatness. However, we note that, for non-stationary metrics, the condition
actually becomes equivalent to the condition of asymptotic flatness, since the spatial
derivatives in ((74)) will also pick up contributions from the u-dependence of the STF tensors.
This is a further indication of the naturalness of the condition . A final indication for
the naturalness of this condition is given by demanding that the metric is smooth at infinity,
discussed below.

3.4.3 Smoothness of the metric: simple examples

The Geroch-Hansen formalism relies on the existence of a conformal factor €2 and local
coordinates around the point at infinity A such that the coefficients of the conformally
compactified metric hg, as well as © are smooth at A. For vacuum spacetimes, a choice
of such coordinates and 2 always exists [14], 12}, 13} B35, B6]. However, for more general
spacetimes, this existence can be a subtle matter.ﬂ To illustrate this, we consider a few
simple (linearized) examples here.

Consider the linearized metric in canonical harmonic gauge where only the tensors
Ay, are non-zero, so that only vy # 0 (and note that hoy = 700/2 and h;j = 0;;700/2)-
Following the Geroch-Hansen procedure to linear order in h, we have:

1 1
q)M - Z’YOO - ZlaA(AAg; (77)
and it is easy to see that the induced three-dimensional metric hg, is simply flat at the

linearized level. We can choose new coordinates 2* = z'/r? and the conformal factor

140f course, for specific theories, it can be possible to prove similar smoothness conditions on the metric
as for vacuum spacetimes. For example, for stationary electrovacuum spacetimes, see [7].
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Q = 1/r? = 7 such that hy; = Q23;; and h;; = 6; — so the conformally compactified
metric is again simply flat, and the compactified point at infinity A is at the origin of the
Cartesian 2! coordinates. In particular, all of the mass multipoles will simply be given by:

My, = [3A2(i>M]§‘T:Fo; (78)

where the derivatives are with respect to the coordinates #%, and with ®,; = Q~/2d,, =
7“’700/4.

In this setup, it is interesting to consider a few different choices for ®,,. For example,
consider:

Py(cos0)
(I)M :COE+C2T7 (79)
where P, are the Legendre polynomials. The compactified scalar ®,, expressed in the
coordinates 4¢, is given by:
oy 1

) — 5@2(@2 + 9?7 — 22%). (80)

(i)M :Co(i‘2+g2+2

This is clearly smooth at A (i.e. #° = 0). It results in a non-trivial mass quadrupole:
sz = Myy = —Co, Mzz = 202. (81)

The coefficient ¢y does not contribute to any multipoles.
On the other hand, we could instead take:

cos 6 e Ps(cos )

Dy =0 ) (82)

r3 r3

which gives:

. cy 252 — 332 — 22
By =122+ 2+ 2+ 22 Y (83)

This is not a smooth function at A; indeed, if one were to calculate M;; from , one would
find that 0;0;® is not continuous at A — so M;; is not well-defined. In fact, this can be
generalized to any higher-order angular dependence as well: if we take ®,; ~ Py(cosf)/r",
the resulting ®,; ~ 7~ (for n > 0), so that ®,; is not smooth at A (where # = 0) and the
multipoles are not well defined.

3.4.4 Smoothness of the metric: general considerations

From the above example, it seems clear that if an ACMC coordinate system does not exist,
the Geroch-Hansen formalism will most likely also not be applicable. It will fail precisely
because it will be impossible to find a conformal factor Q and coordinates ¢ such that €
and the conformal metric Ay, is smooth at A. In the language of the canonical harmonic
gauge , it seems that the fall-off is a necessary condition in order for the metric to
be smooth at infinity. In the example above with c3 # 0, we had A;j; ~ logr, which
is certainly not smooth at r — oo.

However, the above example also shows us that the existence of an ACMC coordinate
system is not sufficient for the Geroch-Hansen multipoles to be well-defined. The example
(82) with c3 = 0 but ¢; # 0 certainly satisfies the ACMC condition, but nevertheless it is
clear that there is no choice of coordinates 2 and € that could make @ M smooth at A.

It is conceivable that a metric allows for an ACMC expansion without the Geroch-
Hansen formalism being applicable (as the example (82]) with ¢; # 0 shows). However,
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the converse is not true: if the ACMC formalism is not applicable, then the above argu-
ments suggest the Geroch-Hansen formalism will fail as well, since the higher-order angular
dependence in the non-ACMC metric leads to an unavoidable non-smoothness of the (com-
pactified) metric at infinity. In this sense, then, the ACMC formalism can be more general
than the Geroch-Hansen one.

It would certainly be interesting to find an example of a solution to a theory which
admits an ACMC expansion but does not allow for the application of Geroch-Hansen; to
the best of my knowledge no such solution is currently known.
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A STF Tensors

Symmetric and trace-free (STF) tensors and their properties are important in the multipole
story. Using n’ = 2'/r with r = \/(21)2 + (22)2 + (23)2, a first interesting property is:

Da, (1) = (—1)"(2¢ - 1)!!%. (84)

r

We used Ay = a; - - - a; as a shorthand over / indices, so that in particular 04, = 0q, - - - Oy,
The shorthand N4, = ng, - --n,, denotes a purely angular dependence involving (up to)
the order ¢ spherical harmonics. The superscript STF means to take the symmetric and
trace-free part only. For example, [n;n;]3™" = n;n; — 6,;/3. See [4] for the more general
formulae. This equation (84)) is related to the general asymptotic expansion of a harmonic

function V:

2€ — 1 WMy, Ny

V= Z e (85)

where the multipole tensors Ma, = [Ma,]5™" are all symmetric and trace-free. Note that

there is a one-to-one correspondence between spherical harmonics of degree ¢ and STF
tensors [N4,]5TF, which we will not need here (see e.g. [4]).

The formula has important consequences. For example, it implies that a spatial

derivative acting on a formula can never “increase” the angular dependence; schematically:

0, (NA,Z) o Nayi n Siq (86)

40 r€+€’+1 r€+€’+1 ’

where the ~ denotes that the equation is schematic and does not take into account the
constant of proportionality, and S,_; denotes angular dependence up to at most order £ —1
spherical harmonics (so Na, ,,Na, ,,---). This fact is very important, as it implies
that derivatives of the metric components in ACMC coordinates will never “mix”
the multipoles My,, S4, with the subleading angular parts Sy_; in the leading angular
dependence at every order £ (i.e. Ny, /rth).
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Finally, the product of two non-constant parts of metric tensors in ACMC coordinates
always give a “subleading angular” part. In other words:

"\ Ma,Na, +Si 1 M Na, +Si1 = Sy
(o Madaron]) (MM ) L5

(=1 /=1 (=1

This is important in the considerations of Section [3.3.2|["”

B Improvement Twist Vector for N' = 2 Supergravity

Here, I show that that the improvement twist vector (36)) is indeed the correct improvement
twist vector for the Lagrangian H This means that, for and , we have:

Owly = +€upe TN EN (88)

The total energy momentum tensor can be written as the sum of a gauge field contri-
bution and a scalar field contribution:

T =T48 +T). (89)

(The piece T,Ef) is the piece that survives when the scalars are constants; T,Ef) is obtained
when all the gauge fields vanish.)
The energy-momentum tensor of the scalar fields is:

TS = 49150,2"0,2" — 2,910,209 %”. (90)

The scalar field respecting the symmetry & means that Le2! = £#9,2' = 0, and similarly
for z'. In this case, we can calculate:

oT & = 4g,£007:10,27¢ = 0, (91)

where we note that the term in 7}, that is o< g, does not contribute and we used £-9z7 = 0.
From , it follows that the scalars do not contribute to — this is entirely analogous
to the case of a single, free scalar [I1].

Turning to the gauge fields, we first define the dual field strength G,:

oL

GA,LLV = _2—(5FA,ul/

= IxsF), — RasF),,. (92)
The equations of motion for the gauge fields are then simply:
V.G =0. (93)

Similarly to in pure Maxwell theory, the forms F* satisfy dF* = 0 due to the Bianchi
identities. The gauge field equations of motion are dx G, = 0. Defining the Hodge dual G
of G in the usual way, G = *Ga, it follows that we can always define a dual potential
AA such that G’A = dAA.

The Lagrangian can be rewritten in the useful form:

1
L=R-—2g1;0,2"0"z" — ZFjVGx”. (94)

15See [19] where similar arguments were important in calculating multipoles.
6Note that I follow almost the same normalizations and conventions of (A.16) in [19], except that I flip
the sign of Ixx so that Ipy = dpx is the vacuum flat space solution.

23



From here, it is easy to see that we can write the energy-momentum tensor of the Maxwell
fields as:

1 1
10 = 5 (PG~ janr 67). .
Note that TF) = T(F)“# = 0. Also, note that the expression FAW G, is automatically
symmetric in the indices (uv), which can be seen from using the definition of G, above
and using the Schouten identity on the term involving F'.

Having introduced G, in this way, it is clear that the calculation of the improvement
twist vector w! is now analogous to the case of pure Maxwell theory. From , LAY =
EEAA = 0, and defining p* = £ - AN and py = € - Ay, it is a straightforward calculation to
show that indeed satisfies for T, = ,Ef)

B.1 Gauge potentials, field strengths, and symmetries

It is straightforward to show that a gauge field F' = dA enjoys a Killing symmetry &, so
LeF = 0, if and only if it is possible to choose its gauge potential A to enjoy the same
symmetry, so LcA = 0.

If LA = 0, and using L¢ = dig + i¢d, we have i¢F' = —di¢A. Then dieF = 0 and
moreover dF' = 0 from the Bianchi identity, so that L F' = dig F' + i¢cdF = 0.

To show the converse, say we have F' such that L¢F' = 0, and a gauge potential A such
that F' = dA. Then, using the Bianchi identity, we have di¢F' = 0 so that i F' = dp for
some potential p. Allowing for a gauge transformation, A — A’ = A 4+ dA, we have:

LA = digA +icF + digdA = d(icA + p+ igdA). (96)

From this, it is clear we can always find a gauge transformation parameter A such that
LeA" = 0. This is perhaps easiest to see in a coordinate system where { = 0, for some
coordinate x, in which we can write the equation:

ieA+p+icdh=A,+p+0,A=c, (97)

for some constant ¢; this equation can always be integrated for A so that £;A" = 0 is
satisfied.

B.2 Uniqueness of electrostatic potentials

Even though A is not gauge invariant — even after demanding £; A = 0 —, it is easy to
see that the electrostatic potential p = £ - A is unique when preserving £;A = 0. Indeed,
consider a gauge transformation A — A’ = A + da that preserves stationarity of the

gauge field, LA = L, A’ = 0. Under this gauge transformation, p — p+¢-da = p+icda.
But from £;A" = 0, it follow that 0 = Leda = digda, so that icda = cte. Moreover,
this constant cte must vanish at infinity (and thus everywhere)E] We conclude that p is
invariant under gauge transformations that preserve stationarity of the gauge field £L; A =
0. Of course, an entirely analogous reasoning applies to show that the dual potential p is
invariant under gauge transformations that preserve stationarity of the dual gauge field,
LA =0.

1"Large gauge transformations (which do not vanish at infinity) can also be excluded by the extra natural
condition lim,_,~, p = 0, otherwise p (and the resulting multipoles) can potentially change, in a manner
reminiscent of the D-brane Page charges changing under large gauge transformations in supergravity
theories [47, 148, [49].
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