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Abstract

We present the explicit expressions for the matrix product operator (MPO) representa-
tion for the local conserved quantities of the Heisenberg chain. The bond dimension of
the MPO grows linearly with the locality of the charges. The MPO has more simple form
than the local charges themselves, and their Catalan tree patterns naturally emerge from
the matrix products. The MPO representation of local conserved quantities is general-
ized to the integrable SU(N) invariant spin chain.
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1 Introduction

Quantum integrable models are special many-body systems that allow for exact solutions [1,2].
The Bethe Ansatz, with its origins tracing back to Hans Bethe’s seminal work on the exact
solution of the spin-1/2 Heisenberg spin chain [3], enables the exact calculation of energy
spectrum and physical observables. Through various generalizations, the Bethe Ansatz has
become the most renowned method for solving integrable models.

The defining feature of quantum integrable systems is the presence of an extensive num-
ber of local conserved quantities, denoted as {Qy}y—234. - They are local in the sense that
they are a linear combination of operators that act on a finite range of local sites. In our
notation here, Q; is the site translation sum of the local operator that acts on the adjacent
k sites. The existence of these local conserved quantities has been well established by the
quantum inverse scattering method [4]: the local conserved quantities can be derived from
the expansion of the transfer matrix T(A) with respect to the spectral parameter A, given by
log T(A) ~ Diss A1Q,, where Q, is usually the Hamiltonian itself. The commutativity of the
transfer matrix, [T(1), T(u)] = 0, ensures the mutual commutativity of the local conserved
quantities, [Q,Q;] = 0. Another way to obtain Q, is the usage of the Boost operator, denoted
by B, if it exists. Q. can be calculated recursively by [Qy,B] = Qj41-

Although the formal methodology for generating local conserved quantities Qy, through
the expansion of the transfer matrix and the usage of the Boost operator, has been known,
determining their general expressions in practice still remains a formidable challenge. This
difficulty stems not only from the exorbitant computational expense associated with higher-
order charges but also from finding a general pattern within the vast data sets generated by
these calculations. The general forms of local conserved quantities were firstly found for the
spin-1/2 Heisenberg chain (XXX chain) independently by [5] and [6] and subsequently found
for its SU(N) generalization [7]. For these models, the structure of the local charges has the
Catalan tree pattern [8]: Qy is constructed from the linear combination of the polynomial of
spin operators with the coefficient of generalized Catalan number. More recently, the general
forms of the local charges were found in the spin-1/2 XYZ chain [9], the Temperly-Lieb mod-
els [10], which include the spin-1/2 XXZ chain, and the one-dimensional Hubbard model [11].
Nonetheless, their expressions are still slightly complicated, even for these models where the
general forms of the local charges are now known. A universal, more simple description of the
general form of local conserved quantities is highly desirable.

Over the past two decades, there has been a growing trend to introduce tensor network
techniques [ 12-14] to reformulate quantum integrability. The matrix product state(MPS) rep-
resentation of the Bethe eigenstate of quantum integrable systems has been studied [15-22].
The symmetry of integrable systems was also investigated in terms of matrix product opera-
tor(MPO). In [23], the MPO commuting with the Hamiltonian of the Heisenberg chain was
constructed, which was probed to be the product of two transfer matrices with different spec-
tral parameters. More recently, the non-commutative symmetry of models with fragmented
Hilbert space was obtained in the form of MPO, even for non-integrable cases [24]. The hidden
symmetry of an integrable Lindblad system, which leads to multiple non-equilibrium steady
states, was exactly given by MPO [25]. However, despite the transfer matrix, which is the
source of Qy, being defined by the MPO constructed from the Lax operator, there has yet to be
an exploration of the MPO representation for local conserved quantities themselves.

In this work, we present the MPO representation of the local conserved quantities for the
spin-1/2 Heisenberg spin chains. The local conserved quantity Q; can be represented by the
MPO whose bond dimension is 3k—1. We found the Catalan tree pattern of the local conserved
quantities [8] naturally emerges from the product of the MPO along with the identity of the
generalized Catalan number. Unlike the local conserved quantities themselves, their MPO
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representation is only involved with the usual Catalan number, implying that the complexity of
these expressions is folded within the product of the MPO. This MPO representation of the local
conserved quantities can be immediately generalized for the integrable SU(N) invariant spin
chains of fundamental representation. To our knowledge, this is the first study investigating
the MPO representation for local conserved quantities of quantum integrable systems.

This paper consists of the following Sections: in Section 2, we review the local conserved
quantities for the Heisenberg chain and the SU(N) integrable spin chain. In Section 3, we
present the main result of the MPO for the Heisenberg chain. In section 4, we give the demon-
stration that the MPO introduced in section 2 actually reproduces the local conserved quanti-
ties of [5-7]. Section 5 contains the summary of our work and future outlooks.

2 Local conserved quantities of the Heisenberg chain

In this section, we review the result of the local conserved quantities of the Heisenberg chain [ 5,
6] and its SU(N) generalization [7].

2.1 spin-1/2 Heisenberg chain

The Hamiltonian of the spin-1/2 Heisenberg chain is given by:

L
H:Z‘Ti'o'i+1: (@))
F)

where o; = (X;,Y;, Z;) stands for the vector of the usual Pauli matrices acting non-trivially on
i-th site, and L is the system size. We assume the periodic boundary condition: o;,; = ;. The
Hamiltonian (1) is integrable [3] and has macroscopic number of local conserved quantities
{Qi}k=23.4, .- The key sign of its integrability is the mutual commutativity [Q,Q;] = 0, and
Q5 = H is the Hamiltonian itself.

To represent the expression of Qy, we introduce some notations. A sequence of n sites
C={iy,iy,...,1,} with i; < iy <...<1,, will be called a cluster of order n. A cluster C can be
further classified by hole, defined by i,, —i; + 1 —n, which is the number of the sites between
i; and i, that are not included in C. For example, the cluster C = {1, 3,4, 7} is the cluster of
order 4, and whose hole is 3.

For a cluster C = {ij,1i,,...,i,} of order n, we define the nested products of Pauli matrices

fn(C) by:

fo@) =0y, (0, x (0, x (- x (07, x 03, )++))). @
Then we define the components of the local conserved quantities:
Fam= Y, falC), 3)
CceClnm)

where C(»™ denotes the set of clusters of order n with m holes, satisfying 1 < i; < L.
The general expression of Q; is given by [5,6]:

Qk = Fk,O + Z C'n+m—1,nFk—2(n+m),m> (4)
1<n+m<|k/2]
0<n,1<m
where Cy , = (k:") — (’::ll) is the generalized Catalan number.
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2.2 SU(N) generalization

The structure of the local conserved quantities of the isotropic SU(N) version of the spin-
1/2 Heisenberg chain in the fundamental representation is the same as that of the spin-1/2
Heisenberg chain [7]. The Hamiltonian of SU(N) invariant chain is given by [26]:

L
H= Z titis ®)

where tf,a =1,...,N 2 1 are the su(N) generators in the fundamental representation. For
the N = 2 case, (5) reduces to the Hamiltonian of the spin-1/2 Heisenberg chain. We choose
the normalization of the generators so that t,’s are the su(N) Gell-Mann matrix, satisfying the
following algebra:

[t9, 0] = 2if @b, (6)

4
t9P Pt = ~Oab 2debete, (7)

where f2b¢ is the structure constant of su(N), and d?*¢ is a completely symmetric tensor, which
is non-trivial for N > 2.
For the SU(N) case, f,(C) for a cluster C = {iy, i5,...,1,} is defined by:

Ful@) =1t - (t, x (b, x (- x (6, x . ))), (8)

where t; = (til, cees tﬁv 2_1) stands for the vector of the su(N) Gell-Mann matrices acting non-
trivially on i-th site. The outer product of the vector A, B with N2> — 1 components is defined
by (A x B)® = f2bcAeBb,

The local conserved quantities of the SU(N) invariant chain are expressed in the same form
as (4), with f,(C) defined in (8).

2.3 Doubling-product representation for SU(2) case

For the SU(2) case, the local conserved quantities can be represented using the doubling-
product notation, which was initially introduced in the proof of the non-integrability of the
spin-1/2 XYZ chain in a magnetic field [27], and subsequently employed to construct the local
conserved quantities of the spin-1/2 XYZ chain without a magnetic field [9].

A doubling-product is a notation for the product of the Pauli matrices, defined by:

L
AjAy Ay = Z(A1)i(A1Az)i+1 (A2A3)i12  (An—1An)isn-1(An)itns 9)
i=1

where A; € {X,Y,Z} and A}A;; is the product of A; and A;, . (-); denotes the operator acting
on the i-th site. The hole is equal to the number of j that satisfies A; = A;,;. We define the
support of an operator as the range of sites on which it acts. The support of the doubling-
product of (9) isn+ 1.

With the doubling-product notation, the component of local conserved quantities for the
spin-1/2 Heisenberg chain (3) can be rewritten by:

Fom=1i" > A, (10)

AeSTl+m,m

where §; , is the set of all doubling-products with (support, hole) = (I, m). The local conserved
quantities constructed from (10) differ from those constructed from (3) by the factor ik,

4
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3 MPO representation for the local conserved quantities

In this section, we present the matrix product operator (MPO) representation for the local
conserved quantities of the spin-1/2 Heisenberg chain and its SU(N ) generalizations. Given an
operator as a sum of finite-range interactions, it is possible to construct the MPO representation
for such a local operator using entirely upper (or lower) triangular matrices [28]. We show
the MPO representation for the local conserved quantities with the upper triangular matrix I‘Ii.

3.1 MPO for the Hamiltonian

The MPO component for the Hamiltonian of the spin-1/2 Heisenberg chain (1) has been known
as the matrix with bond dimension 5, the element of which are local operators acting on the
physical Hilbert space [29]:

I X; Y, Z; O
O 0 0 0 X; Io O

=0 0 0 0 Y |= ol | (1
O O 0 0 z 04,411
O 0 0 O 1

where 0; = (X;,Y;,Z;) is treated as a row vector and O'iT is its transpose and I is the identity
operator. O denotes the zero-operator, and O,, , is an m X n matrix whose entries are all O.
The Hamiltonian is reproduced by the MPO constructed from T;:

I o, H°
112 L_
LIy = 0 alT ) (12)
44

where the (1,5) component of the RHS, H® = Zle_ll O; - 0,1, is the bulk term of the Hamil-

tonian, that misses the boundary term, h® = o; - 0, = 0'L0'1T. The Hamiltonian under the
periodic boundary condition (1) is reproduced by the sum of the bulk term and boundary
term: H = H®+ h®. In the following, we generalize this result to the higher-order local con-
served quantities Q.

3.2 Building blocks of MPO

We introduce a 3 x 3 matrix M;, the element of which are local operators acting on the physical
Hilbert space. M; serves as the building block of the MPO for the local conserved quantities of
the spin-1/2 Heisenberg chain. M; is defined by:

0 -%Z Y,
Mi = Zi O _Xi 5 (13)
-Y, X; O

where the off-diagonal elements are the Pauli matrices acting on the i-th site. Note that M;
has the form of the so(3) generator assigned with the Pauli matrices. The nested product of
(2) is represented with these building blocks by:

falit, i, iy) = 0 -(aiz X ((ri3 x (-0 x (o-in—l X ain) )
:o-ilMileé“.Ml'n,lo.T (14)

i’
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where in the second line, o; = (X;,Y;, Z;) is treated as a row vector, and al.T is its transpose.
For the more general SU(N) invariant chain, the building block for the MPO becomes the
N2 —1 by N? — 1 matrix defined by:

N2-1

(Mi(N))ac — Z fabctlb’ (15)

b=1

where the indicesruna,c =1,2,...,N>—1. We note that M l.(NZZ) = M;. The nested product (8)
for the SU(N) case is represented by:
t| (16)

1.’

falins i, oo ip) =t My, My -+ M; |
where t; = (t/,...,tV *~1) is treated as a row vector, and t! is its transpose.

We introduce another building block for the MPO, the 3 by 3 diagonal matrix e for the
SU(2) case and the N2 — 1 by N2 — 1 diagonal matrix e™) for the general SU(N) cases, the
diagonal elements of which are the identity operators:

> 17)

®
Il
S O ~
S ~ O
~ O O
®

where the non-diagonal elements are all O. We note that e(® =e.

3.3 Explicit expressions of MPO

Next, we construct the MPO for the local conserved quantities from the building block defined
above. While we focus on the spin-1/2 Heisenberg chain (SU(2) case) here, the scenario for
the more general SU(N) case is similar as well: simply replace M;,e,o; with M l.(N),e(N ),ti,
respectively.

The MPO component for k-th local conserved quantity Q; for k > 2 is the upper triangle
square matrix with bond dimension 3k — 1:

[ I o \

. M +©

Il = kK , (18)
o)

\ L)

where M;( and Oy, are the square matrices of size 3(k —2), and the blank blocks are entirely

filled with zero-operators. ./\/l}( is defined by:

> (19)
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where the diagonal 3 by 3 block elements are all M; and the non-diagonal elements are all
O3 3. ©y is defined by:

C,e (dneN:b—a=2n+1)

(@k)a,b = { 5 (20)

O35 (otherwise)

where a and b (1 < a,b < k—2) indicate the coordinate for the 3 by 3 block matrices in Oy,
and N = {0,1,2,...} is the set of all natural numbers and C, = (2n”) — (nz_nl) is n-th Catalan
number, which is the special case of the generalized Catalan number C, , = C,. © can also
be obtained from a simple recursion equation, which will be shown in the appendix C.

One can calculate the k-th local conserved quantity Q, by taking the product of Fik over
all the sites and doing some boundary treatment. To be specific, for L > k one can write the
explicit form of the matrix product as:

I w; Q
LT} = 0 vi, | (21)
mm.
where m =3k —2 and u; | = (ui Lo ,uz(f_l)) and vy ; = (v,} 1 ..,vi(lk_l)) is the row vector

of 3(k—1) dimension with its elements being the operator localized at the boundary. u{( ; has

non-trivial action on the sites from the (L —k+1)-th site to the L-th site, and v]]( , has non-trivial
action from the 1-st site to the k-th site. The local conserved quantity Q; under the periodic
boundary condition is given by:

Qr=Q5 +q;, (22)

where Q) is the bulk term of Q. and qf =y, LVZ1 is the boundary term of Q;. The boundary

term q,‘i’ is constructed from the operators that jump over the boundary, i.e. the linear combi-
nation of the operators that act across the boundary from the L-th site to the 1-st site. In the
periodic boundary case considered here, the structure of the boundary terms is the same as
that of the bulk term.

When taking products of I}, we can treat each building block as if it was a non-commutative
scalar because the building blocks appearing in the MPO are conformable for multiplication.
Therefore, in the following, we denote the zero-operator block matrix O, ,, just simply as O.

We give the expressions up to Fé below:

Lo o ro 0 o
— T i __ i
I} = 0] O'Il , F?l,— Ol O'IT B
I
I oo 0 0 0 I o, O 0 O O
0 M Ce O M, Cee O O
4 Ol O_T > 5 O Mi O >
Ii @) O'l-T

~
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I o, 0 O 0 0O O O
I o :
(I e 0 0 0 0 O} ( O M, C.e O Ce O o\
O My Ce O Ce O O M, Cee O Cie O
. O M Ce O O ‘ O M Ge O O
— 1 L
ri= 0O M, Cee O |, Il = 0 M Ce O
°o M 0 O M, O
o o/ !
\ ) o o
\ 1)
(I &0 0 0 0 0 0 0)
0 Mi Coe 0] C]_e O Cze O
O Mi Coe O Cle O 0]
O M, Ce O Ce O
T = O M, Ce O O |,
o M, )
o)

Coe
O M
0]
\ r)
where the lower triangular elements are all zero operators and the O’s in these expressions
represent zero-operator block matrices, suitably shaped for the position of their respective
blocks.
In the following section, we treat the building block elements of Fli such as M; and o and
e and O as a symbol, and the indices indicate the positions of these building block elements.
For example, (I‘]i)l , =0}, and (F]i)z 5 = M; for k > 3, and (F;)Z g = Cae.
We note that the component of the MPO is only involved with the usual Catalan number,
unlike the local conserved quantities themselves.

4 Proof of the MPO

In this section, we give the demonstration that the MPO introduced in the previous section
actually reproduces the local conserved quantities of the spin-1/2 Heisenberg chain.

4.1 Catalan number identity

There is the useful identity of generalized Catalan numbers C,,,, , and usual Catalan numbers
C,, for the proof of the MPO:

Cn+m,n = Z Cno e Cnm = Z ﬁ Cn]-' (23)

nog+:+n,=n Z;_”zo nj=n j:O

n;=0

One can prove this recurrence relation (23) by relating C,,, , to the numbers of monotone
lattice paths from (x, y) = (0, 0) to (n,n + m) that never crosses the line y = x + m.

Let Q. , represent the set of monotone lattice paths that meet this condition. For each
P € Quympn, let x;(P) be the smallest x coordinate of the point on the path where the path
reaches the line y = x + j for the first time for 1 < j < m. We define xy,(P) = 0 and
Xm+1(P) = n. We define the subset of Q,,,,, , as follows:

Q™ = {P € Qi a|Vi €N,0< j < m:xjiq(P)—x;(P) =n;}. (24)
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n+m

m

. h

O=x9gXx; XpXx3 n

Figure 1: Graphical explanation of the proof of the recurrence relations of general-
ized Catalan numbers eq. (23). n = 11, m = 3 case is shown. C,,,, , equals the
number of possible lattice paths from (0, 0) to (n + m, n) that never crosses the line
y = x+m. If one divides a path P into (m+1) pieces Py, Py, ..., P,, by the point where
P first reaches the line y = x + j, each P; can be related one by one to a possible
lattice path from (0, 0) to (x;,; — Xj, Xj;1 — X;) that never reaches the line y = x.

Qp,+m.n can be represented by the direct sum of Qe Jr’;;l"nm:
_ ng,...,1
Qn+m,n - |_| Qn+m,nm . (25)
no+-+n,=n

Let us denote P; as the part of a path P from (x;,x;) to (xji1,Xj;1), corresponding to the
element of Qn o that is, to a monotone lattice path from (0, 0) to (n;,n;) that never crosses
the line y = x (see Fig. 1). Because the number of elements in Qn]’nj equals Cn;, one gets

m
#lansmm =] ] cu, (26)
where #[e] denotes the number of elements in a (finite) set. Using (25), we have

Cotmn =#[Qama]= Y. #[Qmm]= > ]_[an 27)

m
Zj:O nj=n 21:0 nj=n j=0
leZO anO

Thus, we have proved (23).

4.2 Demonstration of equivalence of MPO and Q,

In this subsection, we demonstrate the MPO actually reproduces the local conserved quantities,
taking the case of Q;, as an example. The rigorous proof is given in appendix A for the bulk
term and in appendix B for the boundary term.
Considering Eq. (4), we can see the operator 01M2M402 isincluded in F15_5(p4m)m = Fa

for (n,m) = (2,2), and therefore included in Q;,, particularly being included in the bulk term

{5 for L > 6. The coefficient of 0'1M2M40g in Qq3 is Cpym—1,n = C32. In the following, we
demonstrate this coefficient and operator are reproduced by the MPO made from I7,
is calculated as follows:

12 L _ 12 L
Q= (F I 'F12)1,13_ Z YayaVagas " Vayapsr (28)

1=a;<ay<--
w<ap<ag,,=13

12
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start >—

end

Figure 2: An intuitive method for calculating the coefficient of 01M2M4U6T in QJ,,
which is one of the components of F4,. The three paths depicted by the teal, the
bold blue, and the purple line contribute to the coefficients. For example, the bold
blue line represents the path that picks o, M, Cie, M, Cye,o ' in this order, and
the contribution is C1201M2M406T. To obtain the coefficients of Fi_y(;4m),m, in more
general Q| , we must take all the possible paths including C, e, ..., C, e in this order
that satisfy n; +--- +n,, = n.

where the indices indicate the position of the building blocks, and y{,’p,% represents the

1
(ap,a,41)-th block element of Ffz, and the second equality holds from the fact that I‘fz is an

upper triangular matrix. In the summation in (28), 01M2M402 is included in the restricted
summation of (28) as follows:

1 2 3 4 5 6
Z Yal’a2 Yaz,a3 Yﬂs,a4Ya4,as Yas,as Y‘le,a7’ (29)

1:a1 Sa25~~~Sa6Sa7=13

where the other variables in (28) is fixed as a, = 13 for p > 7, and therefore ng,apﬂ = [ for
p=7.

Each term in (29) corresponds to the “path” from “start” to “end” traversing through the
matrix in Figure 2, which has the same structure as Fliz. A “path” is defined as follows: first,
we pick up the element in the first row, where only o is non-zero !. Thus we have to pick o
first, corresponding to y% , = 0. Every time we pick an element, we then vertically descend
within the same column till we reach the diagonal line, after which we move horizontally to
the right within the same row and pick up an element on the row. The element chosen in our

p-th pick corresponds to ng,ap in equation (29). At the final (sixth) pick, we have to pick

o', corresponding to y26 o = 06T, and finish the procedure for this path. By considering all

+1

possible paths, we can compute equation (29). For calculating the coefficient of 0'1M2M40'2;
in Qf,, we have to pick up the point of o, M, C, &M, Cye, o' in the matrix in Figure 2 in that
order. There are three possible paths that generate 01M2M40'6T in Qf,, which are depicted
by the teal, the bold blue, and the purple line in Figure 2, corresponding to (n,,n,) = (0, 2),
(1,1), and (2,0) respectively. These paths all satisfy n; + n, = 2. All the contribution to the
coefficient is

COCZ + C1C1 + C2C0 = Cg’z, (30)

Indeed, the (1, 1)-component of I“,i is I, presenting another non-zero component on the first row. Nevertheless,

an initial pick of I does not yield 01M2M40;r in Q{,, thus these cases are not considered here.

10
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where we used the Catalan number identity (23). Thus, we have demonstrated that the coef-
ficients of 01M2M402 in the MPO is actually Cs 5, which is the same as the case of the local
conserved quantity Q.

Let us consider a more general situation, leaving the rigorous proof to the appendix A.
We calculate the coefficient of the operator o, M;, - --Mij_loij in Q; for j = k—2(n+m)

and with m-holes, i.e. i; —i; +1—j = m. The paths that generate o; M;, - ~Ml~j_10i: have
to pick up the elements of C,.e,...,C, e, corresponding to the m-holes. Every time we pick
up C,e on the paths, there is a horizontal move of (2n + 2) columns to the right, and every
time we pick up M, there is a horizontal move of one column to the right. The number of
the columns between o and ¢! of the matrix corresponding to I‘li is k — 2, thus we have the
relation Z;n:l(an +2)+ j—2 =k —2. Solving this equation, we have n; +---+n,, = n, and
all the contributions to the coefficients become

Z Cn1 an U C'nm = Cn+m—1,n’ (31)

ny+ny+--+n,=n
HjZO

where we used the Catalan number identity (23), and we can see the coefficient of (4) is
reproduced by the MPO.

5 Summary and Outlook

In this work, we show the matrix product operator(MPO) representation of the local conserved
quantities for the spin-1/2 Heisenberg chain and its SU(N) generalization. In terms of our
MPO representation, the local conserved quantities are more simply written: the pattern in
the expression of the MPO is more straightforward than that of the local conserved quantities
themselves. The Catalan tree pattern of the local conserved quantities naturally appears from
the product of the MPOs. This means the complexity of the local conserved quantities is folded
into the product of the MPO.

Investigating the MPO representation of local conserved quantities in other quantum inte-
grable models is an intriguing future research direction. Especially the generalization of our
result to the spin-1/2 XYZ chain [9], the anisotropic case of the Heisenberg chain is an inter-
esting topic. And it would also be worthwhile to verify how the mutual commutativity of the
local conserved quantities can be explained with our MPO representation.

Another potential direction is the investigation of the open boundary case. In the periodic
boundary condition, the boundary term of the local conserved quantity is trivial: they have the
same structure as the bulk term. However, the boundary term in the open boundary condition
is non-trivial, and the expressions have yet to be elucidated even for the most famous spin-
1/2 Heisenberg chain [30]. Using the MPO representation, we might infer the pattern of the
boundary terms also in the open boundary case.
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A Rigorous proof for bulk term

In appendix A, we give the rigorous proof of the bulk part of (22).

In the following, the matrix indices indicate the position of the building blocks, i.e. treating
the elements of F]i such as M; and o and e and O in F,i as a symbol.

Calculating the product of the MPO explicitly, we have:

Q= (LT T )i = 2 [17.. (32)

1:(115(12S"'S(1L_1SCIL=]{+1 1<p<L

where the second equality holds from the fact that I‘]i is an upper triangular matrix and we
denote the matrix element of Fli by (F]i)a’b = Yfz,b' Considering the first row and the last column
of F]f is written by:

I (a=1) I (a=k+1)
Ye=10, (@=2) , v ,=10) @@=k (33)
O (otherwise) O  (otherwise)

and yﬁ,a = O for 2 < a < k, the summation in (32) can be decomposed as:

GB2= Y. > Gi( l:[ Yﬁp,apﬂ)"f
k

1<i<j<L 2=0111<aj4p<<aj_1<a;= i+1<p<j—1

— P T
SO
1<i<j<L biyq+-+bj_1=k—2 i+1<p<j—1

b,>0

— i+1,i+2  it+k—2 T
= Z oY1 " Y1 Oik—

1<i<L—k+1
5
c> S o o) e
1<i<j<L byyy+tbj_ =k—2 i+1<p<j—1
b,>0, 3p”:b,>1
where the second summation on the first row is taken over a;,,,...,a;_; and the other a,’s
are fixed by ay,...,a; =1,a;41 = 2,a; = k,aj41,...a; =k + 1, and in the second equality we

. — : : P _— P p : p

define b, = a,,; —a, fori <p < j and Ty, = Yapapn- Tp, 1 well-defined because Ya,ap1
depends only on the difference a,,; —a,. In the last equality, we decompose the summation
to the case that all b, = 1 for all p and the other cases that at least one b, is greater than one.

The explicit form of v} is:
p

M, (b, =1)
Y}I;p =1 Cp,j21¢ (b, iseven). (35)
0 (otherwise)

The first term of (34) becomes

. _ i+1, 042 ivk=2 T
First term of (34) = Z oivy 11 Y CHR
1<i<L—k+1
_ T
= Z oM 1Mo My 20, 44
1<i<L—k+1
— _ pbulk
= > fle)=FPx, (36)
cecks

bulk

12
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where Cglﬁf '™ denotes the set of clusters C = {ij,...,i,} of order n with m holes, satisfying

1<1i; <i, <L, and we can see F,':‘(l)lk is the bulk term of Fy ;.

We denote the number of p’s that satisfies b, > 1 in the variable {bi+1, ...,b j—1} of the
second summation of (34) by m. Then the second term of (34) becomes:

Second term of (34)

—

— p T

=2 2 allln e
b,>0, 3p":b,>1

w—2 m_ )
=22 2 2 ol [T, )\ 11T v )o)

/
1<i<j<L m=1i<iy<-<iy_p yu<j by +++by =k—2—(w—2—m) r=1 " 1<rsw—2—m
1 m
bi’ >1
m/
w—2 m

= M: M: -+ M T
=220 20 Tlm) 20 oMMyM, 0

1<i<j<Lm=1 by +-+by =k—w+m r=1 i<iy<-<iy_g9_m<j

1 m
bi/ >1

m’

k w—2 ( m \ L—w—1
:Z Z Z l_[Ycr Z B Z oM My, --M;, , 0,
w=2m=1 c1+---+i,rn>=lk—w+m r=1 j =1 i<iy<-<ip_o np<itw—1
k W—Z( m \
>2 2 Tlne] X #w©
w=2m=1 c1+---+i,rn>=lk—w+m r=1 j CECE/J]TM
k W—Z( m \
=2 > [Tree | D) fum©

w=2m=1 |\ 2d+tdp)=kowmr=1 [ ey
d.>1 "

Lk/2]lk/2)=n

no
= Z Z Z l_[ C4,—1 Z fr—2(n+m)(C)

n=0 m=1 di++d,=n+mr=1 ceck—Z(n+m),m
d.>1 bulk
=

m
= Z Z l_[ Ca, FlEEle(Hm),m

o<n+m<|k/2] \ dy+-+d,=nr=1

n>0,m>1 d.>0
— bulk
- Z Cn+m—1,an—2(n+m),m’ (37)
O<n+m<|k/2]
n>0,m>1

where we denote w = j—i+1 and. we de.compose the su.mmatlon Z bigpy by =k—2,b, 507 after
fixing m, to the summation over {iy,...,1,_;_n} where i, satisfies b; =1 and the summation
over {bi{’ o) bi\//vm } where i] satisfies b, > 1. Note that {it,.. 0 YUSis, - s iygmt ={i+1,
In the third equality, we used the following relation:

m nd

m
iy i T T
gi l_[ Ybl- l_[ Ybl- 0; = l_[ Vb aiMilMiz o Miw727m Oitw—1
r r
r=1

/
r=1 1<r<w—2—m

13
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where T, 1 defined by b, = Cp,/2-1 (0) for b, is even(odd), and the factor on the left hand

side (]_['rnzl Ylg_/ ) can be treat as a c-number, and factored out on the right hand side because
}flg_, is O or is proportional to e for bi;>1, and e behave as identity operator: eM,, = M,e = M,
and ;e = 0;. In the fourth equality, we replace the variable by c, = bi;. If ¢, is odd for some
r, we can see v, = 0. Thus the non-zero contribution comes from the case that all ¢, is even,
and in the sixth equality, we rewrite c, by ¢, = 2d,. For k —w 4+ m being an even integer, w
and m have to satisfy the relation w = k —2n — m with 3n € N. In the seventh equality, we
change the variable by d. —1 — d,, and in the ninth equality, we used the Catalan number
identity (23). F }(’Elzk(n m)m 18 the bulk term of Fy_y(,4m) m-
Therefore, with (36) and (37), we have proved Qi becomes:

_ pbulk bulk
Q?{ - Fk,ltl) + Z Cn+m—1,an32(n+m)’m, (38)
0<n+m<|k/2]
n>0,m>1

and we can see this is actually the bulk term of Q.

B Boundary treatment

We prove the boundary terms of the local conserved quantities Q, are given by qE =y, val.
We write the k-th matrix product operator from i-th site to j-th site (j —i > k) by:

I wey Qg

i i+l j _
frtr = a0 (39
0 ,
I

where v, ; and v; ; are the row vectors of dimension 3(k—1), whose elements are independent
of i and j, respectively, and are constructed from the local operators that act on at most k
adjacent sites between the (j—k+1)-th site and j-th site and between the i-th site and (i+k—1)-
th site, respectively. u; ;(vi;) is independent of i(j). Q?(’[l.:j] is constructed from the local
operators that act on at most k adjacent sites between the i-th site and the j-th site.

We can decompose the products in the MPO for the k-th local conserved quantities as:

112 L+N _ plp2 | pL o pL+1pl+2 | pL+N
L2 TN =plr2. ..ok x o2l

I wer Qg I Werin Qprirnen
- 0 Vz,l 0 Vz,L+1 ’ (40)
I I
and we have
Qi,[l:L+N] = Q(I:<,[1:L] + Q;:(,[L+1:L+N] + uk:LV;—,L+1' (41)

Now, we can see the term in Qi[ whcih acts across the L-site and the L + 1-site is

1:L+N]
Uy LVZ, L+1- Consequently, the boundary term qE in system size L for periodic boundary condi-

. .. T
tion is given by u; LV -

14
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C Recursion equation for ©;

Oy can be obtained from the following recursion equation:

2
Opus = (OS(k—Z),B (©r)

+E 1, 42)
033 03,3(k—2)) kel

where E; is a square matrix of order 3(k — 2), defined by:

e (b—a=1)

> 43
O35 (otherwise) (“43)

(Ek)a,b = {

where a and b (1 < a,b < k—2) indicate the coordinate for the 3 by 3 block matrices in Ej.
In the following, we prove (42). We first calculate the (Gk)2 is the RHS of (42) for k > 3.
Substituting the expression of ©; of (20), we have

k—2 b—1
2 — _ Zn=a+1 (ek)a,n (Gk)n,b (b —a> 1)
[©0 ]a’b - ; (©dan O = {03,3 (otherwise)’ (44

where a and b (1 < a,b < k—2) indicate the coordinate for the 3 by 3 block matrices in ©y.
For the case of b—a =1 (mod 2), there do not exist any integers n that satisfy bothn—a =1
(mod 2) and b—n =1 (mod 2) simultaneously. Thus one gets:

[(@ )2] _ Do ©K)aa+2+1 (Odator+1,p (AMEN:b—a=2m+2)
k7 dab Os3 (otherwise)

_ Z;n:OCICm_Ze (AmeN:b—a=2m+2)
B Os3 (otherwise)

_{CmHe (dmeN:b—a=2m+2) 45)

Os3 (otherwise)

From (45), we can see the RHS of (42) is equal to the ©;,; of (20). Then we have proved
eq. (20) satisfies the recursion equation (42).
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