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Abstract

We investigate a quantum battery system which yields both of the driven and dissipation.
Furthermore, the coupled two-level charger and battery are immersed in nonequilbrium
boson or fermion reservoirs. We consider the change of the energy spectrum induced
by the external driving to the charger by going beyond the secular approximation and
obtain the Redfield master equation. When the charger and the battery possess the same
transition frequency and the charger is driven in resonance, a bistability can emerge with
the closure of the Liouvillian gap. As a result, the efficiency of the battery depends on the
initial state of the charger-battery system, and certain types of entangled initial states
can enhance the efficiency. In the non-resonance driving regime, the efficiency of the
quantum battery can be optimized by the compensation mechanism for both the boson
and fermion reservoirs. Our investigation is helpful to the design and optimization of
quantum battery in the nonequlibrium open system.
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1 Introduction

The stage is yours. Write your article here. The bulk of the paper should be clearly divided
into sections with short descriptive titles, including an introduction and a conclusion. A central
issue in quantum technology is to explore how to utilize the quantum resource to accomplish
various tasks which can not be realized in the classical counterpart. One of such tasks origi-
nates from the energy storage, which coins the word “quantum battery”. A typical quantum
battery device is composed of a charger which supplies the energy to the battery, and a battery
which is used to store and extract energy.

Ever since the concept of quantum battery was proposed by Alicke and Fannes [1], several
quantum battery models have been put forward in different physical systems, for example, the
spin or resonator chain model [2-7,7-15], the Tavis-Cummings and Dicke model in quantum
optics [16-21], Rydberg atom system [22]. In some of these systems, the Floquent technology
has been used to enhance the performance of the quantum battery [23-25]. Since a quantum
system is inevitable to couple to the reservoirs, the quantum battery which is subject to the
open system is now also evoking significant interests [26-36].

The simplest open system for quantum battery is probably two coupled two-level-system
setup, which is subject to the external environments. One of them is driven by a classical
field and can serve as the charger and the other one can serve as the battery [28]. In this
paper, we further couple the charger and battery with two independent reservoirs that can
exchange energy (for boson reservoirs) or particles (for fermion reservoirs) with the system.
We emphasize that our model is established by a non-equilibrium setup, where the temperature
difference for boson reservoirs or chemical potential difference for fermion reservoirs supplies
the non-equilibrium for the system.

We adopt a quantum master equation approach under the Born-Markovian approximation.
Beyond the Lindblad master equation [37], we derive the Redfield master equation [38,39],
which is widely applied in the study of quantum transport [40,41] and photosynthetic reac-
tions [42-44]. To obtain the Redfield master equation, we work in the eigen states represen-
tation by regarding the driving field as part of the open system, since it actually changes the
energy spectrum of the charger-battery system. This is dramatically different from that in the
traditional treatment [28], where the driving is treated as an effective reservoir and is intro-
duced phenomenologically. Furthermore, by taking the non-equilibrium into consideration,
which was shown to induce the steady state coherence and entanglement [45-55], one can
also go beyond the secular approximation, and find out whether the steady state entanglement
is beneficial to increase the efficiency of the quantum battery.

One of the surprising results based on our Redfield master equation approach is the emer-
gence of bistability when the charger and the battery are identical and the charger is driven in
resonance. Such bistability is associated with the Liouvillian gap closure [56-58], and the effi-
ciency of the quantum battery when the charging time becomes very long depends on its initial
state. As for the traditional Lindblad master equation treatment, it yields a unique steady state,
so that the efficiency is initial state independent.

In the above mentioned identical and resonant driving case, certain types of initial entan-
glements can lead to the steady state to be entangled and beneficial for the performance of the
quantum battery. The efficiency can reach its maximum value when the system is immersed
in the equilibrium boson or fermion reservoirs in this case. On the contrary, when the tran-
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Figure 1: Schematic diagram of the quantum battery model under consideration.
The charger and the battery are both two-level systems with transition frequencies
w1, and w,, respectively. They are immersed in their individual reservoir and coupled
to each other with coupling strength A. The charger is driven by an external classical
field with strength F and frequency wy.

sition frequencies of the charger and the battery differ from each other, the efficiency of the
battery is enhanced more than 90% by setting the frequency of the battery larger than that of
the charger and coupling it to the boson reservoir with higher temperature. For the case of
fermion reservoirs, the efficiency is dominantly determined by the charger-battery detuning.
Whether red or blue detuning is beneficial to enlarge the efficiency depends on the sign of the
average chemical potential. In this sense, the efficiency diagram as a function of detuning,
nonequilibrium as well as the driving strength provides important guidelines for enhancing
the efficiency of our simple quantum battery setup.

The rest of the paper is organized as follows. In Sec. 2, we illustrate our model and derive
the Redfield master equation. In Sec. 3, we discuss the bistability emergence and the steady
state entanglement in our system. The efficiency of quantum battery is investigated in resonant
and non-resonant driving in Sec. 4 and Sec. 5, respectively. At last, we give a short conclusion
in Sec. 6.

2 Model and master equation

As schematically shown in Fig. 1, the quantum battery system under our consideration is com-
posed of a charger and a battery, which are both considered as two-level systems. The charger
is driven by a classical field, the charger and the battery are coupled to their individual reser-
voirs following either bosonic or fermionic statistics. In the rotating frame with respective to
the frequency wy of the driving field, the Hamiltonian of the whole system including reser-
voirs reads H = H, + Hg + V. Here, the Hamiltonian for the charger-battery system is [28]
(h = kg = 1 in what follows)

A A
Hy, = 710§1)+720'22)+7L(O'$)O'(_2)+O'(_1)0'g2))

+2 (o +0). &

Here, Ug)(m = g,+,—) is the Pauli operator for the ith two-level system with transition fre-
quency w;, and the notation 1 and 2 represents the charger and battery, respectively. A; = w;—wy
is the detuning between the charger/battery and the driving field, F is the driving strength and

A is the coupling strength between the battery and the charger.
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The Hamiltonian of the reservoirs reads

Hy = ) (@p— wq)bl by + Y (0 — wg)eick, 2)
k k

where by (b;i) and ¢, (cz) are the annihilation (creation) operators for the kth mode with fre-
quencies wy; and w, in the reservoirs in contact with the charger and the battery, respectively.
The Hamiltonian for the system-reservoir coupling can be expressed as

vV = ngas) (bz + bk) + kaagcz) (CZ + ck) , (3)
k k

where O'E(i) = O'(+i) +0® and gk (fi) denotes the coupling strength between the charger (bat-
tery) and the kth mode in its contacting reservoir. One should note that we here keep both of

the formal rotating wave terms (i.e., of)bk + O'(_l)b;; and a(f)ck +O'(_2)CZ ) and counter-rotating

wave terms (i.e., O'S_l)b;; + 0(_1)bk and osrz)c;{r + a(_z)ck ) in the system-reservoir coupling inter-
action Hamiltonian.

Under the significant approximation and simplification, the conventional Markovian mas-
ter equation for the charger-battery system can be written as

2 2
Ly - —i[Hy, p1+ D Ji(0)Ni(@)D,0lp]+ D J(@)Ni(@)D,0lpl, ()

dt i=1 i=1

where Dy[p] = 2ApA'—A"Ap—pATA, J1(w) = Y g26(w—w;) and Jy(w) = 1 Y f26(w—w,)
are respectively the spectra of the two reservoirs. One should note that the formal counter-
rotating wave terms in Eq. (3) play no roles in the above master equation. For the boson reser-
voirs, the average particle number on frequency w in the ith reservoir is N;(w) = [exp(cw/T;)—1]7!
with T; being the temperature of the ith reservoir and N;(w) = N;(w) + 1. For the fermion
reservoirs, it becomes N;(w) = {exp[(w —u;)/T;]+ 1}~ with u; being the chemical potential

of the ith reservoir and NV;(w) = 1 —N;(w).

For the above approximated master equation, the effects of both the external driving and
the charger-battery coupling to the energy spectrum are neglected. As a result, the master
equation yields a Lindblad form. In what follows, we will derive the master equations by
taking into account of both of the above two effects and obtain the Redfield master equations
when the classical driving is in and off resonance, respectively.

2.1 Resonant driving

We first consider that the charger and the battery are identical and the charger is driven in
resonance, that is, A; = A, = 0. Then, the Hamiltonian of charger-battery system becomes

F
H, = }L[af)a(_z) + O'(_I)O'S_z)] + —[a(j) + 0(_1)]. (5)

2

whose eigen values are obtained as
El =Wy, Ez = w_, E3 = —w_, E4 = —w,. (6)

with

wi:%(mzwzﬂ). %)

As a result, it is obvious that E; > Eo > E3 > E,.
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Furthermore, the eigen states |E;) which satisfy H,|E;) = E;|E;) are obtained as

(|E1>)|E2)7|E3>)|E3>)T = U(|ee),|eg),|ge),|gg))T, (83)
(|ee),|eg),|ge),|gg))T = U_1(|E1>)|E2>5|E3>>|E3>)T>
(8b)

where the unitary transformation U is given by

F o o F
2G G G 2G
_F ol 6. F
6. G G_. 26
U= F W oo F P )
2G_ G_ G_  2G_
__F _®© @ _F
2G, . G, 2G;
and the inverse transformation is
F _F F _F
2K, 2K_ 2K 2K,
K, K K A
-1 _ 77t — 2M 2M T2M T 2M
L Iy S S o : (10)
M M oM 2M
£ _F _F _F
2K, 2K 2K 2K,

In the above equations, we have defined G, = VF2+ 22 £ AWF2 + A2, KL = 4/F2+£2Aw,
and M = VvF2+ A2,

In terms of the eigen states |E;), we will have

ol = |ge)(ee| +|ee)(gel +|gg){eg| +leg) (gl

= —F(C Too — T33— T44) —A(C — T4 )
+ + +H.c.),
M 22 33 4) T 3T 2

(1D
olP = lee)(eg| +leg)(ee| +|gg)(gel +|ge)(gsl
= ﬂ(T —Ty—T33+7T )+£(’L' + 794 +H.c)
= VT T T2 T T3 T Tae) T (T3 T Tag -C.),
(12)
where 7;; = |E;){(E;|. Then, performing the rotating wave approximation, the interaction
ij il \Ej p g g pp

Hamiltonian becomes

&ik i LSSk ; .
V ~ Z V(Tlsbk +T31b, — Toabr — T42b)) +Z ﬁ(/rlng + T31C, — ToqCr — T42C,)-

k k
(13)
Thanks to the general form of the Markovian master equation
d oo
FTLe =_J dtTrg[V; (), [Vi(t — 1), p ® p3l] (14)
0

with V(t) = exp[i(H, + Hp)t]V exp[—i(H, + Hg)t], we finally reach the Redfield master equa-
tion in the Schédinger picture as

dp_ . 4
E—@—d;mm@mHMM (15)

where the dissipator reads



SciPost Physics Submission

Dlp] = [MiM)+TL(M)][2(T310T13+ T420T24) — (T11 + T22)p —p(T11 + T22)]
[y1(M) + vo(M)I[2(T130T31 + T24P T42) — (T33 + T4a)p — P(T33 + T44)]

=2[y1(M) = yo(M)](T130 T4z + To4p T31) — 2[[1(M) — [,(M)][T310T24 + T420T13]-

16)

with
2

2
1) = T (N, Ty () = o i (MON; (V). a7

We emphasize that the last line in Eq. (16) comes from the non-secular terms. In the
equilibrium situation, that is, T; = T, for boson reservoirs or Ty = Ty, u; = U, for fermion
reservoirs, these terms will disappear. The same situation has also been found in the two-qubit
system, which are immersed in the nonequilibrium reservoirs [52].

2.2 Non-resonant driving

In the non-resonant driving case, that is, A; # 0 and/or A, # 0, an analytical solution of the
Hamiltonian in Eq. (1) is cumbersome. However, both the eigen energies and the correspond-
ing eigen states, and hence the unitary transformation U can be obtained numerically.

In the eigen states presentation, we have

4 4
1 2
o= D 2P0 = 3 1y a®
i,j=1 i,j=1

where Xi(jm) = (EiIUGSCm)U'rlEj) for m = 1,2. Under the rotating wave approximation, the
interaction Hamiltonian between the charger-battery system and the reservoirs can be written
as
1 2
V= ZZ(gkxi(j)kaij‘i'fkli(j )CkTij+H-C-), (19)
ij>i k

where we have ordered the eigen energies by E; > E, > E; > E,. Consequently, the master
equation under Markovian approximation but beyond secular approximation reads

d o~
—op =Lp=—il) EIE)E]Lp1+Di(p) + Dylp), (20)
j=1
where
Dip) = Do D>, D, JalemINalem)Go 0], 1)
i,j>imn>ma=1,2
Dalp) = Do >0 D JalemINalem )M [0, (22)
i,j>im,n>ma=1,2
and

gl(;?nn[l)] = X}?)X,&(?(Tjiprcmn_prmnrji)+Xi(]q)xr($1)(fnmp’rij_Tianmp): (23)

HD el = 22 (210 Tm = P TamTi) + 22 (TrnP Tji = TjiTrnp) - (24)
In the above equations, we have defined €;; = E; — E; as the energy level spacing between
the states |E;) and |E;).
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In the eigen states representation, the initial state is obtained as |1(0)), = U'|)(0)), and
the system undergoes the time evolution which is governed by the master equation in Eq. (16)
or Eq. (20), depending on whether the driving to the charger is in resonance. After a time
interval 7, at which the charging process is supposed to be ended, the system will reach a
state with density matrix p(7). Back to the bare representation and Schodinger picture, we
will have

A(7) = Uy (0)Up(T)UTU](7), (25)

with U;(7) = exp[i(Gél) + ng))fl
We formally assume that 5(7) can be expressed as (in the basis of {|ee), |eg),|ge),|gg)})

My My Mz My
M M M M.
5(7) = M21 Mzz M23 M24 ’
31 M3y M3z Msy
My, Mgy Myz My,

(26)

the reduced density matrix for the battery subsystem can be expressed as (in the basis of

{le),1g)H)

Mss+My; My + May )
= . (27)
Ps ( Moy + Mgz My + Moy

In the quantum battery scenario, one of the quantities we are interested is the mean charg-
ing energy Ep contained in the battery at the end of the charging process, which is expressed
as [59,60]

Eg(t) = Tr[Hppgl, (28)

with Hg = wle){e|. Another quantity is the ergotropy function £, whose physical meaning
can be understood as follows.

Considering the state of a quantum system, which is characterized by the free Hamiltonian
H, is given by the density matrx p. In terms of spectrum decomposition, p and H can be
written as

p =D ralr)(ral. H="eslen)(e,l, 29)

n

where r, and e, are the eigen values of p and H with corresponding eigen states |r,) and |e,).
Grouping the eigen energies as ro > >ry > --- and ey < e; < e, < -+, we can construct a
quantum state, whose density matrix yields

PP =" role)esl. (30)

n

When a quantum system is in such a state, it is unable to release energy to the outside, so, the
state pP) is called passive state [59,60]. The energy of the passive state is given by

EQ) =Te(Hp®) = ren, (31)
n

which corresponds to
EW® = mJnTr[HUpB(T)UT], (32)

Here, the minimization is performed on all of the local unitaries Uz on the battery subsystem,
and this corresponds to the part energy in Eg(7) that is locked into the correlations in the
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Figure 2: Liouvillian gap of the system as a function of A = A; — A, for (a)
boson and (b) fermion reservoirs for the Ohmic spectra. The parameters are
set as F = 050, w, = 54,a; = a; = 0.1A4,A = (A; + A,)/2 = 0 and (a)
T=(Ty+T,)/2=Aand (b) Ty =T, = A, i = (uq + ty)/2 = 2A.

system, preventing one from accessing it via local operations on the battery. Therefore, the
ergotropy, which is actually the available energy that can be extracted from the battery is

&(t) = Eg(r)—EW. (33)

For our two-level battery system, the above qualities can be obtained as [28]

Eg(7) = §m+n, (34)
&) = (Ve +alo o) +(0.)

= Z(VNZ+aNP+N), (35)

where N = My; + Mg3 — Moy — My, and N = My + Ms,.

In what follows, we will discuss the characterization of the Liouvillian and the charging
efficiency P(t) = Eg(7)/Eg(7). We will set T = 20000/A when we discuss the quantities on
the steady state. We have checked that the system has achieved the steady state after this time
interval.

3 Bistability and steady state entanglement

In the last section, we have listed the phenomenological master equation and derived the
Redfield master equation for the driven charger-battery system. The master equations in
Egs. (15,20) show that the Liouvillian superoperator £ belongs to the Liouvillian space H®H,
where H is the Hilbert space of the quantum system. To fully determine the dynamics of the
system, one has to resort to the spectrum of the superoperator £, with

Lp;=A;p;. (36)

Equivalently, p; is an eigen right vector of £ with eigen value A;. It can be proven that
Re[A;] < O for arbitrary i. We sort the eigen values A; in a way that Re[Ay] < Re[A;] < -+ <Re[A,],
so Re[A(] = 0 corresponds to the steady state p,, = po/Tr(po) and the Liouvillian gap A = Re[ A, ]

is also called the asymptotic decay rate [61], which determines the slowest relaxation dynam-

ics in the long-time limit.
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Figure 3: Tomography [(a) and (c)] and concurrence [(b) and (d)] of the
steady states governed by our Redfield master equation under the nonequilib-
rium boson reservoirs. The initial state is set as [¢(0)) = |eg) for (a) and
(b) and |y(0)) = (leg) + |ge))/+/2 for (c) and (d). The parameters are set as
F =050, =5A,T = A,a; = a, = 0.1A. In (a) and (c), we set AT = A. In
(b) and (d), we set AT = 0 for blue solid curve, AT /A = 1 for red dashed curve and
AT /A =—1 for green dotted-dashed curve.

The results of Liouvillian gap are demonstrated in Fig. 2 (a) and (b) for the boson and
fermion reservoirs by choosing the Ohmic spectrum with

Ji(w)=a;wexp(—w/w,.), (37)

for i = 1,2. The results show that the Liouvillian gap behaves similarly for different non-
equilibrium natures, that is, the temperature difference AT = T; — T, for the boson reservoirs
and the chemical potential difference Ay = u; — u, for the fermion reservoirs. The results
given by the phenomenological master equation [Eq. (4)] show that the Liouvillian gap is
always nonzero, which implies that there is only one steady state as the evolution time tends
to be infinity. On the contrary, for the Redfield master equation [Eq. (20)], it is found that the
Liouvillian gap closes when A; = A, = 0, that is, the charger and the battery are identical,
and the charger is driven in resonance. In this case, the system exhibits bistability. It is then
constructive to investigate the steady state when the charger-battery system is prepared in
different initial states.

Let us firstly consider that the system is prepared in the initial state |3(0)) = |eg), that is,
the charger is in the excited state while the battery is in the ground state. A tomography for
the density matrix |p;;| for A; = A, = 0 is shown in Fig. 3(a) for the boson reservoirs case.
It shows that, the population exhibits an uniform distribution and there exists some minor
coherence. For the same initial state, we plot the steady state concurrence C [62,63] in Fig. 3
(b), which quantifies the entanglement for a two two-dimension composite quantum system
as a function of A for A = 0. We observe C = 0 at A = 0, in which the charger is driven in
resonance. Away from the resonant driving A # 0, a non-zero entanglement emerges and the
non-equilibrium nature of the reservoir can enhance the steady entanglement. As shown in
Fig. 3 (b), the values of C for AT /A =1 (red dashed curve) and AT /A = —1 (green dotted-
dashed curve) are higher than that for AT = 0 (blue solid curve) for the non-resonant driving
case.
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Figure 4: Concurrence of the steady states governed by our Redfield master equation

under the fermion reservoirs. The initial state is set as [1)(0)) = (|eg) + |ge))/ V2.
The parameters are set as F = 0.5A, w, =54, T1 =T, = A, =24, 07 = a5 = 0.1A.

However, the entanglement will be recovered in the resonant driving by preparing the ini-
tial state as [0 (0)) = (leg)+|ge))/+/2. In this case, the tomography and concurrence are given
in Fig. 3(c) and (d), respectively. Under the resonant driving, we observe |0, el = [Pgg,¢g| = |Pee,ggl>
|peg,eg| = |pge,ge| = |peg,ge| and |pee,eg| = |pee,ge| = |pgg,eg| = |pgg,ge|) and this symmetry
leads to a non-zero steady state entanglement for A = 0 as shown in Fig. 3(d). Similar to
Fig. 3(b), the non-equilibrium also increases the entanglement in the regime of A # 0.

For the resonant driving, the steady states for the equilibrium and non-equilibrium fermion
reservoirs are similar to that for the boson reservoirs, and we will not give the tomography
results here. However, in the non-resonant driving situation, the steady state entanglement is
dramatically different for the fermion and boson reservoirs. When the charger-battery system
is prepared in the separated state |eg), the concurrence for the steady state is smaller than 0.01
even under the resonant driving. For the initial state [1(0)) = (|eg) + |ge))/+2, although it
still yields a zero concurrence under the non-resonant driving, the resonant driving can induce
a considerable entanglement as shown in Fig. 4 for the fermion reservoirs. Furthermore, the
non-equilibrium induced by the chemical potential difference between the two fermion reser-
voirs weakens the entanglement, it is opposite of the case for the boson reservoirs, in which
the non-equilibrium is supplied by the temperature difference.

4 Efficiency of quantum battery for resonant driving

In this section, we will discuss the efficiency of the quantum battery based on the Redfield
master equation in Eq. (16) in the resonant driving situation. We will also give a comparison
to the results based on the phenomenological master equation in Eq. (4).

We first prepare the system in the state [)(0)) = cos 6|eg) +sin fe'?|ge) to discuss the ef-
ficiency of quantum battery model in the equilibrium boson reservoirs. Since the phenomeno-
logical master equation in Eq. (4) yields a single steady state, we can obtain an efficiency of
P, ~ 0.94 for arbitrary 6 and ¢. However, based on the Redfield master equation in Eq. (16),
we contour plot the dependence of P, on 6 and ¢ in Fig. 5. It shows that, for the separated
states (0 = 0, /2 and ), the efficiency is always zero. For the maximum entanglement initial
state 0 = 1/4 or O = 31/4, the efficiency is sensitive to the phase ¢. For ¢ = 7/2, which
yields |1(0)) = (leg)+i|ge))/v/2, the efficiency is still zero. However, for ¢ = 0 or ¢ = 7, that
is [4(0)) = (leg) £|ge))/ 2, we can achieve a maximum efficiency by P,; ~ 0.23. Actually, as

10
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0.05

Figure 5: Efficiency P, as function of 6 and ¢ for the initial state
|(0)) = cosBeg) + sin Bel?|ge) in the bosonic reservoir. The parameters are set
as F :O.SA,,(I)C = SA,Al = AZ :O,Tl = Tz = A,al = Q9 =0.1A.

shown before, under these initial states, the system will evolve to an entangled state, which
implies that the entanglement may enhance the efficiency of the quantum battery.

0.5

(b)
0.8} 1 04 /_\
mo.e- ——0 1 | mo.s-/,f ]
Av --¢=02r < [
| ——-¢p = 0.5 |
0.4 —o-Eq.(4) 0.2
0.2p—_ - --- —-~ 01}
0 ) R
-2 0 - 0 2
AT/A AT/

Figure 6: (a) Efficiency P,, and (b) concurrence C,, as functions of ¢ for the initial
state [10(0)) = (leg) + e?|ge))/+/2 in the nonequilibrium boson reservoir. The pa-
rameters are set as F = 0.54,w. =54, A1 =A, =0,T = A,a; = a, =0.1A.

This entanglement enhanced efficiency is also verified in the non-equilibrium case. As
shown in Fig. 6, where the steady state efficiency and the concurrence are plotted as functions
of AT, the behaviors of the efficiency and the entanglement are positively related to each other
in our system. For example, both of the entanglement and the efficiency reach their maximum
values at the equilibrium situation with AT = 0 for 6 # 0.5, which otherwise keeps zero. On
the other hand, the results based on the phenomenological master equation in Eq. (4) show
its independence on ¢ due to its single steady state. Although the efficiency based on Eq. (4)
is higher than that based on Eq. (15), the steady state entanglement is not as shown in Fig. 6

11
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Figure 7: Efficiency P, as function of T; = T, = T in boson reser-
voirs (a) and w; = WUy = W in fermion reservoirs (b) with the ini-
tial state being [1(0)) = (leg) + |ge))/v2. The parameters are set as

F = 0.57(,,0)6 = SA,A]_ = Az = O,a]_ = Q9 = 0.1A. In (b), we set Tl = T2 =T=2A
for the blue solid curve, T = 2A for red dashed curve and T = 3A for green dotted-
dashed curves respectively.

(b), this is because we have resorted to different treatment.

The above results for the boson reservoirs are also valid for the fermion reservoirs. For
example, the initial state [)(0)) = (leg) £ |ge))/v2 leads to the highest efficiency in our
quantum battery setup and this efficiency will reach its maximum value in the equilibrium
situation, that is, T; = T, for the boson reservoirs and T; = Ty, Uy = u, for the fermion
reservoirs. In Fig. 7(a), we plot the efficiency as a function of the temperature T; = T, = T
in the equilibrium boson reservoir by setting the initial state as [1(0)) = (leg) + |ge))/v2. It
is not surprising that the high temperature will suppress the efficiency due to the weakening
of the quantum nature by the thermal effect. The battery efficiency for fermion reservoirs
as a function of u; = u, = u with different T is plotted in Fig. 7(b), which shows that the
efficiency drops off for a fixed u, which is not dependent of T. Moreover, as u is positively
or negatively higher enough, the efficiency will be saturated at a relatively large value for
arbitrary temperature. It means that coupling to fermion reservoirs exchanging particles with
the system is more robust to the thermal effect than boson reservoirs exchanging energy with
the system, to enhance the quantum battery performance.

5 Efficiency of quantum battery for non-resonant driving

In this section, we study the efficiency of the quantum battery when the external driving to the
charger is not in resonance and the charger and the battery are not identical, that is, A; # A,.
In this case, the Liouvillian gap of the Redfield master equation opens, and there is only one
steady state. In the following discussions, we prepare the initial state as [1/(0)) = |eg), and
investigate the battery efficiency in both the equilibrium and nonequilibrium cases.
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Figure 8: The efficiency P, as a function of the driving strength F and the
detuning A for the boson equilibrium reservoir. The parameters are set as
w,=5A,A=0,a; =a, =0.1A.

5.1 Boson reservoirs

In Fig. 8, we plot the efficiency P as a function of the driving strength F and the detuning A for
different temperatures T; = T, = T for boson reservoirs. One sees that the efficiency can reach
its maximum value for A > 0. In this case, the nonequilibrium is supplied by the driving to the
charger and the dissipation for both of the charger and the battery. As a result, the efficiency is
enhanced by a compensation mechanism, in which the frequency of the driven charger should
be higher than that of the battery. The results also show that a lower temperature is helpful
to broaden the high efficiency regime.

For the non-equilibrium boson reservoirs, we demonstrate the dependence of the battery
efficiency P, on the charger-battery detuning A = A; — A, and the temperature difference
AT =T, — T, in Fig. 9. One sees that the efficiency has higher values in the top right corner,
in which the efficiency is 0.93, being much higher than that with resonant driving (A = 0). In
the top right corner where A > 0 and AT > 0, that is, w; > w, and T; > T,. This suggests
that, to enhance the performance of the quantum battery, it is beneficial to have the frequency
of the battery to be lower than that of the charger and couple it to the reservoir with lower
temperature. Meanwhile, the regime with high efficiency shrinks with the increase of T, which
implies that a higher temperature is harmful for the performance of the quantum battery.

5.2 Fermion reservoirs

In Figs. 10 and 11, we plot the efficiency P, for the fermion reservoirs with same and different
chemical potentials respectively. For the same chemical potential yu; = u, = u, the results in
Fig. 10 show that the maximum efficiency can be obtained by setting A < 0 for yu > 0 and
A > 0 for u < 0. For the nonequilibrium fermion reservoirs, the efficiency shows a complicated
dependence on the chemical potential difference and detuning for different average chemical
potential g = (u; + uy)/2. For small [, for example g = 0 and @ = 3A, one observes that
the maximum efficiency can be reached in the parameter regime for either A > 0 or A <0 in
Fig. 11(a) and (b). For a positively large 1 = 6A, as shown in Fig. 11(c), the optimal regime
mainly locates at A < 0. As a dramatic contrast, this optimal regime is transferred to that with
A > 0 when i = —6A. These behaviors can be physical intuitively explained by the compensa-
tion mechanism. When the chemical potential is negative, the charger-battery system is easy
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Figure 9: The efficiency P, as a function of AT and A for nonequilibrium boson
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Figure 10: The efficiency P,, as a function of the driving strength F and the
detuning A for the fermion equilibrium reservoirs. The parameters are set as
Tl=T2=7t,a)c=57L,A=O,a1=a2=0.1l.

to release particles to the environments. In this case, the charger should be higher than the
battery in frequency, to compensate the particle loss to achieve a larger efficiency. Vice verse,
when the chemical potential is positive, the frequency of the charger should be lower than the
battery. Therefor, we reach the highest efficiency in the regime A > 0 for i < 0 as shown in
Figs. 10(c),(d) and Fig. 11(d). On the contrary, the high efficiency regime can be found with
A < 0in Figs. 10(a),(b) and Fig. 11(c) when & > 0.

Furthermore, for small § and Ay, the particle flow for the charger and the battery can be
either the same (both of them release or absorb particles) or different (one partner of charger-
battery system releases particles while the other absorbs). Therefore, the highest efficiency
can appear in both the A > 0 regime and the A < 0 regime as shown in Figs. 11 (a) and (b).

The above results for both of the boson and fermion reservoirs demonstrate the advantages
of non-resonant driving setup in the following two aspects. First, the value of the highest
efficiency in Figs. 8 to 11 for non-resonant driving is about 3 — 4 times higher than that in
Fig. 6 for resonant driving. Second, since the Redfield master equation yields a unique steady
state under the non-resonant driving, there is no need to prepare the charger-battery system
in the initial entangled state to achieve a high efficiency. This simplifies the experimental
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Figure 11: The efficiency P, as a function of Ay and A for
nonequilibrium fermion reservoirs. The parameters are set as
F=05AT,=T,=A,w, =54, A=0,a; = a, =0.1A.

difficulties in entangled state preparation.

6 Conclusion

In this paper, we have investigated the efficiency of a quantum battery setup, where both the
charger and the battery are two-level systems. They coherently couple to each other and si-
multaneously interact with their individual boson or fermion reservoirs, with nonequilibrium
characterized by the temperature or chemical potential difference. By taking the external
driving to the charger beyond the traditional phenomenological manner, we obtain the Red-
field master equation without secular approximation. When the transition frequencies of the
charger and the battery are equal to each other and the charger is driven in resonance, we
show that the system will exhibit a bistability behavior which is determined by the closed Li-
ouvillian gap and can not be predicted by the conventional Lindblad master equation. As a
result, the on demand chosen initial entangled state may lead to a relatively higher efficiency
for the quantum battery. This efficiency can be furthermore enhanced in the non-resonant
driving cases. For example, for both the boson reservoirs and fermion reservoirs, one can
found a maximum efficiency which achieves 93%, being much higher than that for resonant
driving.

We also show the role of the nonequilibrium of the reservoirs in the performance of the
quantum battery setup. When the charger is driven in resonance, the nonequilibrium reduced
the efficiency of the quantum battery for both the boson and fermion reservoirs. However,
when the charger is driving nonresonantly, a temperature difference for boson reservoirs and
chemical potential difference for fermion reservoirs can enhance the quantum battery effi-
ciency in a compensation manner. In this sense, the nonequilibrium reservoirs provides us an
effective approach for designing energy devices based on open system.
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