Noise-induced transport in the Aubry-André-Harper model
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We study quantum transport in a quasiperiodic Aubry-André-Harper (AAH) model induced by
the coupling of the system to a Markovian heat bath. We find that coupling the heat bath locally
does not affect transport in the delocalized and critical phases, while it induces logarithmic transport
in the localized phase. Increasing the number of coupled sites at the central region introduces a
transient diffusive regime, which crosses over to logarithmic transport in the localized phase and in
the delocalized regime to ballistic transport. On the other hand, when the heat bath is coupled to
equally spaced sites of the system, we observe a crossover from ballistic and logarithmic transport
to diffusion in the delocalized and localized regimes, respectively. We propose a classical master
equation, which captures our numerical observations for both coupling configurations on a qualitative
level and for some parameters, even on a quantitative level. Using the classical picture, we show that
the crossover to diffusion occurs at a time that increases exponentially with the spacing between
the coupled sites, and the resulting diffusion constant decreases exponentially with the spacing.

I. INTRODUCTION

Non-equilibrium dynamics of quantum systems has
been a topic of great interest in condensed matter and
statistical physics, particularly concerning the study of
quantum transport [1-8]. While transport in generic
many-body systems is typically diffusive, diffusion of a
quantum particle can be suppressed by a random disor-
dered potential due to localization of the single-particle
states. This phenomenon, dubbed Anderson localization
[9], occurs for any non-zero random disorder in one and
two dimensions. At higher dimensions, all states are lo-
calized only for sufficiently high disorder. For disorder
values smaller than a critical value, only eigenstates be-
low a specific energy, called the mobility edge, are local-
ized [10-12].

Localization also occurs for systems with non-random,
quasi-periodic potentials. Such potentials can ex-
hibit localization-delocalization transitions and mobility
edges, even in one dimension [13-20], and are experi-
mentally feasible [21-24]. In the quasi-periodic Aubry-
André-Harper (AAH) potential, for example, all states
are localized above a critical potential strength and de-
localized otherwise, whereas the transition point features
fractal states [13, 14]. Transport is absent in the localized
phase, ballistic in the delocalized phase, and anomalous
at the critical point due to the fractal structure of the
eigenstates [25-28].

In recent years a number of theoretical works sug-
gested that single-particle localization with or without
quenched disorder is stable to the addition of sufficiently
weak inter-particle interactions, giving rise to novel dy-
namical phase transitions away from thermal equilibrium
[3, 29-34]. This phenomenon, dubbed many-body local-
ization (MBL), manifested in the absence of all trans-
port for a sufficiently large disorder, though logarithmi-
cally slow transport in the localized phase was reported
recently and is still under debate [35-37]. For weak dis-
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Figure 1. Schematic of the coupling of the heat bath to the
system. (a) central region of [ sites is coupled (b) sites at A
distance apart are coupled.

order, there has been numerical evidence of anomalous
diffusion that is attributed to the existence of rare insu-
lating regions [4-7]. The anomalous transport was also
observed in quasiperiodic systems even though such sys-
tems do not exhibit rare regions due to the deterministic
nature of the potential [38-41].

The stability of the many-body localized phase was re-
cently challenged in a number of analytical and numerical
works [42-46], which argue that the MBL phase is unsta-
ble in the thermodynamic limit and at long times. One
proposed mechanism for destabilizing a many-body lo-
calized phase in disordered systems is through avalanche
propagation [47-53], where small thermalizing regions
known as thermal inclusions act as a bath, which grow
and take over the localized regions, leading to delocal-
ization of the system. The impact of these rare regions,
also called ergodic bubbles, have also been investigated
in cold-atom experiments [21, 53].



Various phenomenological models of ergodic bubbles
were proposed: such as random matrices [54] or coupling
to a bath [48, 49, 55-60]. Coupling a Markovian bath to
all lattice sites of an Anderson insulator is known to de-
stroy localization and results in diffusive transport [61—
65], while for correlated noise, a transient sub-diffusive
regime can be seen [66]. On the other hand, it was
demonstrated that local coupling to a Markovian bath
induces logarithmic transport in an Anderson insulator
[58].

The stationary current in a system with a finite den-
sity of sites coupled to a heat bath, was studied in
Refs. [56, 57, 67, 68], and a transition from a super-
diffusive to diffusive stationary current is established as a
function of the density of the coupled sites [56, 57]. How-
ever, Refs. [56, 57], do not provide insight on the tempo-
ral dependence of spreading excitations. Moreover, there
are known cases where the behavior of the stationary
current is different from temporal spreading of density
excitations [25, 26]. It is therefore an open question if
the spreading of density excitations exhibit one or several
regimes of transport, and how these regimes depends on
the coupling to the heat bath.

In this work, we answer these questions by studying the
spreading of density excitations at infinite temperature
for different couplings of the system to a Markovian bath.

The paper is organized as follows. We describe the
model Hamiltonian and the methods in Section II. In
Section IIT we present our results for different couplings of
the model to a Markovian heat bath. Finally, we discuss
our findings in the Section IV.

II. MODEL AND METHODS

We consider a system of N spinless fermions in a chain
of length L, which is described by the Hamiltonian,
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where 1, = &:fndm, and G, d:fn are annihilation and cre-
ation operators of a fermion on site m, .J is the hop-
ping strength, W is strength of the potential and g =
(v/5—1) /2 is the Golden mean. The phases are taken
uniformly from ¢ € [—m, 7| . In contrast to the Anderson
model, where all the single-particle eigenstates are local-
ized for any non-zero value of W, the AAH model exhibits
a delocalization-localization transition. For W < 2J, all
the single-particle eigenstates are extended and transport
is ballistic [26], while for W > 2.J all the states are local-
ized. At the critical point, W = 2J, the states are multi-
fractal and transport is diffusive if characterized by the

mean squared displacement [26], while a characterization
based on the stationary current suggests a sub-diffusive
transport [25, 26].

We couple the system to a Markovian heat bath which
does not affect the number of fermions in the system.
Specifically, we assume that the density matrix of the
system evolves via the Lindblad master equation [69],

a,%(f) =1 [Fl,ﬁ(t)} +zi: (Liﬁ(t)ﬁj — % {ﬁjﬁi,ﬁ(t)}) ,
(2)

where {.} is the anti-commutator, the first term repre-
sents the unitary evolution and the second term gives the
non-unitary dynamics. The operators L; are Lindblad
jump operators, which we take to be

where ~; represents the strength of the dissipation on site
i. The dimensions of the density matrix are N'x N, where
N is the Hilbert space dimension. This unfavorable scal-
ing with the system size makes the numerical solution
of the Lindblad equation computationally expensive. A
more efficient approach is to unravel the evolution into
a unitary evolution of wavefunctions in the presence of
white noise and then to average over the realizations of
the noise to obtain the quantities of interest [70-73].

For unitary unraveling, the time evolution operator is
given by,

ﬁ(t + dt, t) —eiHdt—iVT AL, Wi(t)ﬁi, (4)

where 7, (t) are independent Gaussian random variables
with mean zero and unit variance. The density matrix
can be obtained by averaging over the realizations of the
noise,

Pt + dt) =[(t + db)) (¢ (t + dt)], (5)

where [¢(t + dt)) = U(t + dt,t)|1(t)) and the over-bar
represents averaging over the noise realizations. In this
work, we set the noise strength to v = 1 and the time-
step to, dt = 0.1. We have corroborated that our results
do not change if dt is further reduced. We average over
10 noise trajectories and over 10 phase realizations (¢ in
Eq. (1), see Ref. [58] for further numerical details). We
have found this averaging sufficient to reduce the sta-
tistical uncertainty of the data. To study the transport
properties, we consider the following observables:
Particle transport at infinite temperature. 1t is easy to
check that irrespective of H the RHS of Eq. (2) vanishes
for Hermitian Lindblad jump operators and p o I, such
that any initial state will reach an infinite temperature
state. Therefore, to avoid transient effects we directly



characterize particle transport at infinite temperature.
For this purpose we look at the two-point density-density
correlation function,
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where po, = I/N is the infinite-temperature density ma-
trix, and 7y, /o corresponds to an initial density excitation
at the center of the lattice. For non-interacting systems,
Eq. (6) can be written as
2 1 2
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where U? /2 (t,0) is the single-particle propagator. The
second equality follows, since for unitary unraveling
&Z (t) can be written as: &;-f (t) = >, U5 (£,0) d;rc and
Tr [ﬁood;[dj} = 30ij. Since US; ), (t,0) has dimensions
L x L, this allows us to efficiently study the system for
large L.

We characterize the nature of transport using the root

mean squared displacement (RMSD) [4, 6, 74, 75],

i=1

Typically, the RMSD grows as a power law in time,
R(t) ~ t*, where the dynamical exponent o = 1/2 cor-
responds to diffusive transport and o = 1 to systems
with ballistic transport. Regimes characterized by sub-
diffusive and super-diffusive transport involve exponents
ranging between 0 < o < 0.5 and 0.5 < a < 1, respec-
tively. For localized systems o = 0.

Dynamics of entanglement entropy. While the entan-
glement entropy is not a good measure of quantum in-
formation for mixed states [76], for the unitary unravel-
ing, it is well defined for each of the trajectories. There-
fore, in situations when one can physically justify the
specific form of the unraveling [77], the entanglement av-
eraged over the various trajectories is a sensible quantity
[58, 78]. Another advantage of the unitary unraveling
is that the wavefunction |4 (¢)), is Gaussian through the
entire evolution, which allows an efficient computation of
the entanglement entropy, using the relation,

S(t) == leat)nca (t)+ (1 —ca (t)In(1—cq ()]
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Here, c, (t) are eigenvalues of the correlation function
(W (1) |afa;
est [79, 80]. For ballistic transport, the entanglement

entropy grows linearly with time, while anomalous trans-
port is characterized by a sub-linear growth [81-84].

¥ (t)), restricted to the subsystem of inter-

T T TR T L S (A TR T
t t

Figure 2. Root mean-squared displacement R (t) (left panels)
and entanglement entropy S (t) (right panels) as a function
of time; for system size L = 1000. The top panels, which are
plotted on a log-log scale, correspond to the delocalized phase
and the critical point. The bottom panels, which are plotted
on a semi-log scale, correspond to the localized phase. The
black dashed and dotted lines provide a guide to ballistic and
diffusive transport, respectively. The statistical error is of the
order of the line width.

III. RESULTS

In this Section, we discuss our results for local coupling
the heat bath to one site of the system and to a finite
fraction of system sites. In finite fraction coupling we
either couple the heat bath to a central region of the
chain or to equally separated lattice sites through the
entire chain (Fig.1). All the results below are obtained
for a chain length of L = 1000.

A. Local coupling

In the left panels of Figure 2 we plot the dynamics of
the root mean squared displacement for the delocalized,
critical, and localized phases of the AAH model. In the
absence of coupling to the heat bath, particle transport
in these phases is ballistic, anomalous and absent, re-
spectively [25, 26]. As can be seen from Fig. 2(a), local
heat bath does not affect the nature of transport in the
delocalized and critical regimes. On the other hand, it
induces logarithmic transport in the localized phase, sim-
ilar to the case of the disordered Anderson model [58].
Within the time range considered, there is no sign of a
crossover to diffusion, as opposed to the case where the
noise is coupled to all the sites [61, 62, 65, 66, 85].

In the right panels of Fig. 2 we present the growth of
the entanglement entropy starting from a random prod-
uct state. We use a random product state so that ini-
tially the entanglement entropy is zero, which provides
us with a finite regime of entanglement entropy growth.
In the delocalized regime, the growth of the entangle-
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Figure 3. Root mean-squared displacement R (t), as a func-
tion of time for L = 1000. Left panels correspond to coupling
of the heat bath to a central region of length [. Right panels
to coupling the heat bath to system sites which are A distance
apart. Top panel correspond to W = 1 and bottom panels
to W = 4. Dashed and dotted lines are guides to the eye for
diffusive and ballistic transport, respectively. More intense
colors stand for larger A or .

ment entropy is unaffected by the presence of the local
heat bath and is consistent with a power-law dependence
on time, observed in closed systems [86]. In the local-
ized case, the heat bath induces logarithmic growth of
entanglement entropy which is reminiscent of the entan-
glement entropy growth in the MBL phase [87-90]. How-
ever, here this growth is accompanied with logarithmic
particle transport, while the presence of logarithmic par-
ticle transport in the MBL phase is under debate [35-37].

B. Coupling to a finite part of the chain

We have seen that local coupling to the heat bath is
not affecting transport in the delocalized phases and is
inducing logarithmic transport in the localized phase. In
this section we study how transport is affected when the
heat bath is coupled to a finite fraction of system sites.
Moreover, we will show that the spatial configuration of
the coupled sites is important. Specifically we consider
two different configurations: coupling I < L sites at the
central region of the chain, or coupling sites which are
separated a distance A apart, such that their density is
1/

The left panels of Fig. 3 show the dynamics of R (t)
in the delocalized phase (top panel) and the localized
phase (bottom panel) for different widths [ of the coupled
central region. In both delocalized and localized phases
R (t) initially grows diffusively. After this initial diffusive
growth it crosses over to ballistic transport (Fig. 3(a)) in
the delocalized phase, or to logarithmic transport in the
localized phase (Fig. 3(c)). In both cases the crossover
time, which we will designate by t;, grows with the width
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Figure 4. Root mean-squared displacement R(t), as a function
of time; for a number of coupled central region widths I (top
panel) or the distance between the coupled sites, A (bottom
panel). Solid lines correspond to the the numerical solution
of the Lindblad equation (2), and dashed lines to the solution
of the classical master equation (9), with time rescaled by a
factor of 20 to have the best fit with the solid lines. The
parameters used are L = 1000 and W = 4.

of the coupled region, .

The right panels of Fig. 3 show R (t) for coupling sites
which are a distance A\ apart from each other. In the de-
localized and localized phases, we observe a crossover to
diffusion. At the critical phase, transport remains prac-
tically unaffected by the heat bath (not shown). In the
delocalized phase, the initial transport is ballistic (see
Fig. 3(b)) and in the localized phase, the initial transport
is logarithmic (see Fig. 3(d)). In all cases the crossover
time, which we denote by t4 increases with A. In the
next section we introduce a classical master equation,
which provides an explanation to the dependence of the
crossover times on the parameters of the system.

C. Classical picture

The dephasing mechanism of the heat bath, diminishes
the importance of interference effects, and gives hope
that classical treatment might be sufficient to understand
the underlying phenomenology. We therefore follow the
variable-range hopping approach of Mott [91], and as-
sume that coupling the system to the heat bath induces
transitions between localized single-particle eigenstates.
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Figure 5. Same as Fig. 4 but with the time axis rescaled by
the crossover times ¢; or tq (see main text).

The probability to find a particle in a single-particle state
«, which we denote by p,,, evolves according to a classical
master equation [85, 92, 93],

8tpa = Z (Faﬁpﬁ - Fﬂapa) .
B

9)

where the transition rates I'yg between the eigenstates
« and 8 can be calculated from first-order perturbation
theory (see Appendix A),

>

k€coupled sites
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where 7 is the strength of the coupling, ¢, (i) are the sin-
gle particles states in the position basis, and the sum k
runs over the sites coupled to the heat bath. In the local-
ized phase, by definition, ¢,, (i) decays exponentially. We
order the single-particle eigenfunctions such that ¢, (4)
has it center of mass around a site a, which allows us to
approximate the transition rates as,
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Figure 6. Extraction of the diffusion coefficient for various
X by fitting Dt'/2 to R (t) obtained from the solution of the
Lindblad equation (dashed lines, top panel). The bottom
panel shows the diffusion coefficient as a function of A\ for
W =4 and L = 1000. The dashed blue line corresponds to
the theoretical prediction, with no fitting parameters.

where £ is the localization, which for the AAH model is
¢ = 1/In'Y [86]. The coupled site is, therefore, initi-
ating transitions, or scattering, between localized states
within its neighborhood. Transitions to far-lying states
are exponentially suppressed with the distance from the
coupled site. For local coupling, this leads to logarithmic
transport, R (t) ~ &In (Jt) [58].

When the heat bath is coupled to a region of final
width [, the transitions rates I', g are approximately con-
stant in this region, and therefore a particle initiated in
the coupled region is expected to diffuse. It takes the
particle time, t; ~ [2, to leave this region. After leav-
ing the coupled region, transitions rates exponentially
decay with the distance from the region, and transport
in the system is expected to be equivalent to the situ-
ation of local coupling. When the coupled sites are at
equal distances A apart, on a time-scale of moving be-
tween two nearby coupled sites, transport is logarithmic,
but at larger time-scales the expected motion is diffusive.
The crossover time can be obtained from A = £1n (Jtg),
yielding tg ~ J lexp (A/€), and the diffusion constant
as D ~ \2/tg = N2 exp (=\/€).



In Fig. 4 we compare the numerical solution of the
classical master equation (9) to the numerical solution
of the Lindblad equation (2). Since the classical rates
(11) are obtained phenomenologically, the overall prefac-
tor of the rates cannot be determined from microscopic
considerations. We determine it by rescaling the time
axis of the classical master equation such that the corre-
spondence with the solution of the Lindblad equation is
optimal (2). Apart from this trivial rescaling of the units
of time, there are no fitting parameters. Remarkably, the
agreement between the classical master equation and the
Lindblad equation goes beyond the qualitative level for
the central coupled region (top panel). For equal spac-
ing coupling, there is still qualitative agreement, but the
quantitative agreement is reasonable only for small A/€.

In Fig. 5 we test the predictions of the classical theory
for the crossover times, by rescaling of the time axis by ¢4
or t;, respectively. We see that such a rescaling correctly
identifies the crossover time for both couplings to the heat
bath when either [ or \ are varied. The prediction for the
diffusion constant is verified in Fig. 6. The agreement is
not quantitative, however the exponential decrease of the
diffusion constant with A is nicely captured.

IV. DISCUSSION

Using the unitary unraveling of the Lindblad master
equation, we study the dynamical properties of the AAH
model coupled to a dephasing heat bath. We consider
local coupling and coupling to a finite part of the chain.
This setup is partly motivated by dynamics in MBL sys-
tems in the presence of finite density of ergodic bubbles
[7, 48, 49, 94], with the crucial difference that it is dissi-
pative.

For local coupling of the heat bath in the delocalized
and critical phases of the AAH model, we didn’t observe
any qualitative effects of the heat bath on the dynamics
of the particle. On the other hand, in the localized phase,
the root mean square displacement, entanglement en-
tropy, and average energy (not shown) show asymptotic
logarithmic growth, as it occurs for the one-dimensional
Anderson insulator in the presence of a local noise [58].
Suppose the region of the coupling to the bath is of finite
width. In that case, we find a regime of transient diffu-
sion, which crosses over to ballistic transport in the delo-
calized phase and logarithmic transport in the localized
phase. We have shown that this crossover time increases
as the square of the width of the region, as typical for
diffusion. When the heat bath is coupled to the system
on equally spaced sites, initial transport in the system is
similar to the transport with local coupling. Eventually,
it crosses over to diffusion in all phases. Specifically, in
the localized phase, the crossover time increases expo-
nentially with the distance between the coupled sites.

We have shown that a classical master equation with

transition rates that exponentially decay from the loca-
tion of the coupled sites captures all the observed phe-
nomenology. Moreover, it provides accurate predictions
of crossover times for all studied couplings of the heat
bath. This time scale is set by the time it takes for a par-
ticle to traverse the distance A between two nearby cou-
pled sites. In the delocalized phase, this time is propor-
tional to A (if the transport is ballistic) or A (if it is diffu-
sive). On the other hand, it scales as t4 o exp (A/€) in the
localized phase. Within the classical model, the motion
of the particle between the coupled sites can be viewed as
a random walk with a spatial step of A and a mean-free
time of ¢4, which means that the motion is diffusive, with
diffusion constant given by D ~ \2/ty = A2 exp (—A/€).

In this work, we have focused only on fixed A, such
that D is also fixed. If X is allowed to vary randomly,
such that its distribution is unbounded, then the average
time to transition between coupled sites, t4, can diverge.
In this case, the average diffusion coefficient will vanish,
and transport will be subdiffusive (see Refs. [56, 57] and
Appendix B). Since sites coupled to a heat bath can be
thought as perfect ergodic bubbles, we argue that our
results put an upper bound on transport in MBL systems
due to the presence of ergodic bubbles [7, 48, 49, 94].

Here, we focus on a quasi-periodic model without mo-
bility edges. In the presence of mobility edges, at least in
principle, the coupling to the heat bath can create tran-
sitions between the localized and delocalized states. Sev-
eral interesting questions arise for these models: would
the coupling eliminate the intermittent logarithmic trans-
port regime? How will the dynamics depend on the initial
conditions? We leave these questions to future studies.
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Appendix A: Transition rates for white noise

In this section, we calculate the transition rates using the first order perturbation theory. Withing the unitary
unraveling of the Lindblad equation the dynamics of the system is described by a the time-dependent Hamiltonian,

H(t)=Ho+V (1),
where, V =7 Z n; (¢ i| with n; (t) being a Gaussian random variable with zero mean and unit variance. The

noise is characterlzed by the correlation function, (n; (t)n; (t')) = ;70 (t —t’). The time evolution of the state |t(t))
in the eigenbasis |a) of Hy can be written as,

Orcq = —iz <a V(t)
¥
where €, is the eigenvalue of H, which corresponds to |a). In the integral form, this corresponds to,
t
Co (t) =ca (0) — Z/ Z dt’ <a "7 (t)‘ ’y> ey (t) e ermealt’, (A2)
0
S
Back substitution of the LHS into the RHS and ignoring terms of order, O (Vz) gives,

Ca () = ca (0) — i /O t S ar <a ]f/ (t)‘ 7> ey (0) i)t (A3)

We assume that the system is initialized in state 3, such that ¢, (0) = d,4 , which yields,

[7) ey (e, (A1)

t
Cor (£) = By — i / at' (o |V (1)] 8 e-iseo”. (A4)
The transition probability rate between state |a) and |3) is given by

Pas=lea OF ft= 1 [ at [t (a]7 )] 3) (3]7 @)

Now since averaging over the noise gives,

8) (8| ()] a) =2 > m @)y @] (ali)il8) fals) (18) =y P B o W — ¢, (A8

a> emilea—ea) (' —t"), (A5)

<a ]V (t")

we obtain

VZ [(ald)” [(B10)I” /dt/dt”5 eiles—ea)(t'—t")
=lea|z’| (Bl ?

where (8]i) = ¢} (i) and (k|a) = ¢q (k).

Appendix B: Coupling at random sites

In this section, we consider the case where a given site is coupled with probability p, which means that the distance
between two coupled sites is distributed according to the Poisson distribution. In Fig. 7 we shows the dynamics of
R (t) calculated using the classical master equation for W = 4.0 and and number of p. We average the data over 50
realizations of the couplings to the heat bath. As opposed to the case where the coupled sites are placed at an equal
distance from each other leading to eventual diffusion, here we find sub-diffusive transport with a dynamical exponent
which depends on p. Our results are consistent with Refs. [56, 57] where the stationary state current is calculated in
a similar system.
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Figure 7. Dynamics of R (t) for for W = 4.0, and the case where each site of the system can be coupled with probability p.
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