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Abstract

Utilizing the framework of Zs lattice gauge theories in the context of Pauli stabilizer
codes, we present methodologies for simulating fermions via qubit systems on a two-
dimensional square lattice. We investigate the symplectic automorphisms of the Pauli
module over the Laurent polynomial ring. This enables us to systematically increase the
code distances of stabilizer codes while fixing the rate between encoded logical fermions
and physical qubits. We identify a family of stabilizer codes suitable for fermion simula-
tion, achieving code distances of d = 2,3,4,5,6, 7, allowing correction of any Ldglj—qubit
error. In contrast to the traditional code concatenation approach, our method can increase
the code distances without decreasing the (fermionic) code rate. In particular, we explic-
itly show all stabilizers and logical operators for codes with code distances of d = 3,4, 5.
We provide syndromes for all Pauli errors and invent a syndrome-matching algorithm to
compute code distances.
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1 Introduction

Error-correcting codes were initially developed to correct quantum errors on noisy quantum
devices and have found further applications in condensed matter physics and high-energy
physics. The cornerstone of quantum error correction is the stabilizer formalism [1], which
defines the codewords in the common eigenspace of elements in an Abelian group, referred to
as the stabilizer group. A stabilizer code is labeled [[n, k, d]] when it uses n physical qubits
to encode k logical qubits with code distance d. The code distance is the minimum weight
of an operator that commutes with all elements of G but is not in G itself. The ratios %
and % determine the quality of codes. Recent developments show the existence of “good”
quantum low-density parity-check (LDPC) codes, i.e., with the number of logical qubits k
and the code distance d both scaling linearly with the number of physical qubits n [2, 3, 4, 5].
In this paper, our focus is on a different objective. Instead of encoding logical qubits, we
aim to encode logical fermions using physical qubits. This motivation comes from the need to
simulate fermions on quantum computers since most models of matter involve electrons, which
are, in fact, fermions [6, 7, 8, 9, 10, 11, 12, 13, 14]. While fault-tolerant quantum computation
[15, 16] is the ultimate goal, current devices still have limited resources and suffer from noise,
so error-mitigation schemes are crucial. Therefore, we seek an effective design such that
when we implement fermions with qubits on a quantum computer, certain qubit errors can
be corrected directly in this protocol without having to encode the underlying qubits further.
Thus, we want to systematically increase the code distance d in a fermion-to-qubit mapping
with a fixed code rate (between logical fermions and physical qubits).!

When a fermionic Hamiltonian consists of geometrically local terms, they can be mapped
to local qubit operators by the Bravyi-Kitaev superfast encoding and its variants [8, 17], by the
auxiliary methods [18, 19, 20, 21, 22, 23], or by exact bosonization [24, 25, 26]. The mappings
between fermionic Hamiltonians and higher-spin Hamiltonians are also studied in Refs. [27,
28, 29, 30]. There are also proposals that utilize defects of surface codes for fermionic quantum
simulation [31, 32, 33] and those defects are recently implemented by Google Quantum Al
[34]. Variants of these mappings have been studied to optimize different costs [35, 36, 37, 38,
39, 40, 41, 42, 43, 44, 45, 46, 47, 48]. In the context of quantum many-body physics, these

!The code rate here is defined as the ratio between the number of logical fermionic modes k and the number
of physical qubits n, in the n — oo limit. Each code will be demonstrated in an infinite plane, but they can be
defined on a torus or open disk (up to some boundary modifications) with linear size L, such that both n and
k scale with L?. If L is sufficiently large, the boundary effects are negligible, and the ratio k/n will converge
to the code rate.
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mappings also reveals the deep connections between fermion and spin systems [49, 50]. Aside
from the investigation of constructing new mappings, fermion-to-qubit mappings have been
studied in the context of variational quantum circuits [51, 52]. In all the above-mentioned
methods, extra qubits are required, e.g., the number of qubits is twice the number of fermions
on a 2d square lattice. This is the price for the locality-preserving property.? These methods
can be thought of as stabilizer codes. Given N fermions with the Hilbert space dimension 2%,
they are mapped to 2N qubits with space dimension 22V, which is an enlarged space. After
N gauge constraints (stabilizer conditions) are imposed, the gauge-invariant subspace (code
space) has dimension 2NV which matches the dimension of the logical fermions. It has been
shown that gauge constraints can be utilized for error correction [53], and code distances can
be studied for these stabilizer codes. Ref. [17] demonstrates that an improved Bravyi-Kitaev
superfast encoding can correct any single-qubit error in a graph where each vertex has degree
d > 6. In Ref. [54], another version of the Bravyi-Kitaev superfast encoding is proposed,
called the “Majorana loop stabilizer code,” which is designed to have code distance d = 3
such that any single-qubit error can be corrected. However, it is not known how to generalize
the Bravyi-Kitaev superfast encoding to produce codes with higher and higher code distances.
An alternative approach is code concatenation, where logical qubits in error-correcting codes
replace physical qubits in the fermion-to-qubit mappings. However, code concatenation will
decrease the code rate between logical fermions and physical qubits, increasing the overhead
of fermionic simulation. In this work, we present a method that increases the code distances
of fermion-to-qubit mappings while preserving the code rate.

In this paper, we conjugate an existing stabilizer code with a Clifford circuit.®> This
produces a new stabilizer code. Since the new code is obtained via conjugation by a unitary
operator, the algebra of the logical operators is preserved. If we choose the circuit wisely, the
new stabilizer code will have a larger code distance (d > 3) where the code distance of the
original exact bosonization is d = 2. To study Clifford circuits systematically, we utilize the
Laurent polynomial method introduced in Refs. [55, 56] and further extended in Ref. [57],
which shows that any Pauli operator can be written as a vector in a symplectic space. For a
system with translational symmetry, e.g., the 2d square lattice, the space of Pauli operators
becomes a module over a polynomial ring. Furthermore, this polynomial method can be
used to formulate the 2d bosonization concisely [58]. The commutation relations of Pauli
operators are determined by the symplectic form. Ref. [59] shows that there is a one-to-one
correspondence (up to a translation operator on the lattice):

Automorphism of the symplectic form <= Clifford circuit on a 2d square lattice.

Therefore, the problem of finding new codes turns into a problem of searching for “good”*
automorphisms of the Pauli module with the symplectic form, which can be achieved efficiently
by exhaustive numerical search.

In this work, we use the Laurent polynomial method to construct bosonizations on a 2d
square lattice. Table 1 is the summary of our results. In Section 2, we review the original
2d bosonization method [24] in Section 2.1 and then pictorially construct 2d bosonizations

2We can apply the Jordan-Wigner transformation on the 2d lattice by choosing a path including all vertices.
However, some local fermionic terms will be mapped to long string operators that are highly nonlocal.

3A circuit U is Clifford if and only if UPU' is a product of Pauli matrices for any given Pauli matrix P.

4Here, “good” refers to symplectic automorphisms that generate bosonizations with higher code distances
while preserving locality and code rates.
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distance | occupation | hopping | interaction | stabilizer
Bravyi-Kitaev superfast encoding 2 4 6 6 6
Majorana loop stabilizer code 3 3 3-4 4-6 4-10
Exact bosonization (d = 3) 3 4 3-5 6 8
Exact bosonization (d = 4) 4 6 5-6 10 10
Exact bosonization (d = 5) 5 8 5-9 12-14 12
Exact bosonization (d = 6) 6 12 6-13 16-20 18
Exact bosonization (d = 7) 7 12 7-23 16-18 26

Table 1: A comparison of codes based on modified exact bosonization to the Bravyi-Kitaev
superfast encoding [8] and to the Majorana loop stabilizer code [54] on a 2d square lattice.
The d = 2 exact bosonization is equivalent to the Bravyi-Kitaev superfast encoding with a
specific choice of the ordering of edges [48]. We list the code distance, as well as the weights
(after mapping to qubits) of a fermion occupation term (local fermion parity term), of a
hopping term, and of a density-density interaction between nearest neighbors. The weights
of the stabilizers are also shown.

with distances of 3,4, and 5 in Section 2.2, 2.3, and 2.4, respectively. We review the Lau-
rent polynomial method in Section. 3.1. In Section. 3.2, we describe all these bosonizations
within the framework of the Laurent polynomial method. In addition, in Section. 3.3, we
describe a computerized method to search forbosonizations. In Appendix A, we discuss the
“syndrome matching” method used to compute the code distance of a given bosonization. In
Appendix B, we describe 16 elementary automorphisms. In Appendix C, we show the poly-
nomial representations of an automorphism with a distance of 6 and another with a distance
of 7.

2 Results

In Section 2.1, we begin by reviewing the original 2d bosonization on a square lattice from
Ref. [24]. Then we demonstrate a new way to perform bosonization with code distances of
d=3,d=4, and d =5 in Section 2.2, Section 2.3, and Section 2.4, respectively.

2.1 Review of the original bosonization

We first describe the Hilbert space in Fig. 1. The elements associated with vertices, edges,
and faces will be denoted by v, e, and f, respectively. On each face f of the lattice, we
place a single pair of fermionic creation-annihilation operators cy, ch, or equivalently a pair
of Majorana fermions 'yf,’y}. The even fermionic algebra consists of local observables with
trivial fermionic parity, i.e., local observables that commute with the total fermion parity
(—-DF = Hf(—l)c}cf where F' =}, c}c}c is the total fermion number.” The even algebra is
generated by [24]:

5The even fermionic algebra can also be considered as the algebra of local observables containing an even
number of Majorana operators.
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Figure 1: Bosonization on a square lattice [24]. We put Pauli matrices X, Y., and Z. on
each edge and one complex fermion cy, c} on each face. We will work in the Majorana basis

vy =cs+ c} and v = —i(cy — c}) for convenience.

1. On-site fermion parity:

Py = —z'yf’y}.ﬁ (1)

2. Fermionic hopping term:
Se = Z"YL(e)fY;{(ey (2)
where L(e) and R(e) are faces to the left and right of e, with respect to the orientation

of e in Fig. 1.

The bosonic dual of this system involves Zo-valued spins on the edges of the square lattice.
For every edge e, we define a unitary operator U, that squares to 1. Labeling the faces and
vertices as in Fig. 1, we define:

Use = X56225,

_ (3)
Uss = X58245,

where X, Z. are Pauli matrices acting on a spin at edge e:

|

Operators U, for the other edges are defined by using translation symmetry. Pictorially,
operator U, is depicted as

—X,—
U = )}e or % , (5)
o
corresponding to the vertical or horizontal edge e.
T
8Py = —iysy} = (—1)°7°f measures the occupancy of the fermionic mode at face f.
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In Ref. [24], U, and S, are shown to satisfy the same commutation relations. We also map
the fermion parity Py at each face f to the “flux operator” Wy =[], ; Ze, the product of Z,
around a face f:

eCf

7Z7
W= % s % (6)
7Z7
The bosonization map is
Se +— Uk, 7)
Pr «— Wy,
or pictorially
YL(e) —X.—
7 X € -~ % ,
7}1(6)
(8)
7 X TL(e) |e ’}/;{(e) -~ )}ev
7Z7

727
—iypYy <~ % f % :
7Z7

The condition P, P.S538556525545 = 1 on fermionic operators gives a gauge (stabilizer) con-
straint G, = Wy, ] X, =1 for bosonic operators, or generally

eDvs

Xz %
Gy = | ~ 1. 9)

The gauge constraint Eq. (9) can be considered as the stabilizer (G, |¥) = |¥) for |¥) in
the code space), which forms the stabilizer group G. The operators U, and W generate all
logical operators.” The weight of a Pauli string operator O is the number of Pauli matrices
in O, denoted as wt(O). For example, we have wt(Uss) = wt(Usg) = 2, wt(Wy) = 4, and
wt(G,) = 6. The code distance d is defined as the minimum weight of a logical operator
excluding stabilizers:

d = min{wt(0) | [0,G] =0, O ¢ G}. (10)

"The logical operators consist of all operators that commute with G. Elements of G are trivial logical
operators as stabilizers have no effect on the code space. U. and Wy together generate all the other logical
operators.
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The code distance of this original bosonization is d = 2 as U, has weight 2 and any single
Pauli matrix violates at least one G,, which implies that there is no logical operator with
weight 1.

There are 4 types of nearest-neighbor hopping terms ( Y.vg, YL YR, V1 VR, and 7 vr) and
one type of fermion occupation term (—i’yfv}). When mapped to Pauli matrices, their weights
wt; are in the range 2 < wt; < 6. The maximum weight corresponds to the worst case to
simulate the fermion hopping term or the fermion occupation term. A good stabilizer code
requires a balance between the minimum weight and the maximum weight. A high minimum
weight guarantees the error-correcting property, while a low maximum weight implies that
the cost of simulation is low. We label the minimum and maximum weights of the hopping
terms as Wty and wtpyay. In this example, (Wtmpin, Wtmax) = (2, 6).

2.2 Bosonization with code distance d = 3

We now introduce a new way to map the fermionic operators S, and Py to Pauli matrices.
For simplicity, we present the mapping in a pictorial way:

YL(e) %
7 X € <~ —X.—

g
—ipy ~— % f % :
g
The stabilizer on the bosonic side is

G4=3 = (1) x % Jf % =1. (12)

Notice that there is a minus sign coming from ZXZ = —X.® We can manually check that
the logical operators defined in Eq. (11) do commute with the stabilizer in Eq. (12). We will
prove that this mapping preserves the fermionic algebra in Section. 3..

8The stabilizer is derived from the identity P,P.SssSs56S525545 = 1. After we map Py and Se to Pauli
matrices using Eq. (11), it becomes G=3,
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Figure 2: Syndromes of single-qubit errors for the bosonization with code distance d = 3.
The red vertices v represent locations where the single-qubit error does not commute with
the stabilizer G,.
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Given the stabilizer, we can provide the syndromes for all the single-qubit Pauli errors, as
shown in Fig. 2. We see that all single-qubit Pauli matrices have different syndromes, which
means that we do not have any logical operators with weight 2. This implies a code distance
of d > 3. Eq. (11) shows logical operators with weight 3, so we conclude that the code distance
is d = 3. Based on the syndrome measurements, we can always correct any single-qubit error
according to Fig. 2.

The 4 types of nearest-neighbor hopping terms, v.,7%, YLYR, VYR, and 7} YR have weights
wt; in the range 3 < wt; < 5. Therefore, the modified bosonization has (Wtmin, Wtmax) = (3,5)
and a fermionic occupation term of weight 4. Compared to the original bosonization with
(Whmin, Wtmax) = (2,6), the minimum weight is increased such that error correction can be
performed, while the maximum weight of the hopping terms is decreased implying a reduction
in the simulation cost.

2.3 Bosonization with code distance d =4

In this subsection, we provide a construction of an exact bosonization with code distance

d = 4 as an intermediate step toward d = 5. Since its code distance is d = 4, which is even,
this code (like the d = 3 code) can only correct the |451| = 1 Pauli error. However, for

error defection, Pauli errors up to weight 3 can be observed from the stabilizer syndrome
measurements.
The mapping can be described as

— X —
YL(e) % %
7 X € -~ —x—',
/7;%(6) %
iX L) |e Vg < Jf )}e’ (13)
7|
727
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(—2,1) (0,1)

A
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N
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Figure 3: Syndromes of single-qubit errors for the bosonization with code distance d = 4.
The red vertices v represent locations where the single-qubit error does not commute with
the stabilizer G4=4.

The stabilizer becomes

We can check that the logical operators in Eq. (13) commute with the stabilizer in Eq. (14).
The proof of the equivalence between the even fermionic algebra and this stabilizer code will
be shown in Section. 3.

The syndromes for all single-qubit Pauli errors are provided in Fig. 3. From the generators
of the logical operators in Eq. (13), we may be tempted to conclude that the code distance is
d = 5 because the minimum weight is 5. However, based on the syndromes in Fig. 3, we find

10
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that the following operator is logical:

1 .

Since it does not commute with the terms in Eq. (13), this operator does not belong to the
stabilizer group. Therefore, the code distance for this stabilizer code is d < 4. In Appendix A,
we introduce the “syndrome matching” method to provide a lower bound for the code distance
for a given stabilizer code. With this method, we check that the stabilizer code defined by
Eq. (14) has a code distance of d = 4.

The minimum and maximum weights of the nearest-neighbor terms are (Wtpin, Wtmax) =
(5,6) and the fermionic occupation term has weight 6, which means that all the operations
are quite well-balanced. This code has an error-correcting property for any single-qubit error.

2.4 Bosonization with code distance d =5

The bosonization map with code distance d = 5 is provided in this subsection. The generators
of the even fermionic algebra are mapped to Pauli matrices as shown below:

YL(e) Jf %
i —¢ <~ X'z (16)

732(6) ‘XJZ %

VL) |€ Vre) = € % ; (17)
—7— —X—'—X—'—Z7—
' 1
. /
—ivy —Z— —X—'—7— - (18)
Y
-X7-'—7—

11
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The stabilizer is

i

The minimum and maximum weights of the nearest-neighbor terms are (Wtmin, Wtmax) = (5,9)
and the weight of the fermionic occupation term is 8. We use the “syndrome matching”
method in Appendix A to confirm that d = 5. This code has an error-correcting property for
any two-qubit error.

0,1)

X

0.1) (1,1

h v
Py

(0.0)

(—2,-1))(~L,—1)(0,~1) (L. -1) 2. 1)-1.-1)

(0,1) (1,1)
Y

[

(0,0)

(—2.-1) (0,-1) (1,~1) (=2,-1) (0,~1)

(1,1) (0,1) (1,1)

o™

]

(=1,=1) (=1, =10, =1)

Figure 4: Syndromes of single-qubit errors for the d = 5 bosonization.

3 Stabilizer codes and the Pauli module

This section discusses the stabilizer code formalism and the Pauli module representation via
Laurent polynomials. The Laurent polynomial method is reviewed in Section. 3.1. Then, in

12
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Section. 3.2, we discuss bosonization with distance d = 3,4, 5 and the corresponding symplec-
tic automorphisms. The searching algorithm for automorphisms is presented in Section. 3.3.

3.1 Review of the Laurent polynomial method for the Pauli algebra

We start by reviewing how any Pauli operator can be expressed as a vector over a polynomial
ring R = Fo[z,y,27 1,y 1] as set out in Ref. [55]. First, we define X129, Z12, X14, and Z14 in
Fig. 1 as column vectors:

X2 = VAT

0 0
0 0
i 0 (20)
0 1

1
0
0
0
All the other edges can be defined with the help of translation operators as follows. We use

polynomials of x and y to represent translation in the x and y directions, respectively. For
example,

0 0 0 0
0 0 1 xy
— .2 | 2| = = — | =
Zis =Y~ | 7| Xss =2y | 0 (21)
0 0 0 0
More examples are included in Fig. 5.
0
T4 '
A oy? + a2y
0
X =
Z T
(0,0) "

Figure 5: Examples of polynomial expressions for Pauli strings. The flux term (i.e. fermionic
occupation) on a plaquette and the hopping term on an edge are both shown. The factors
such as z2y? and 2 represent the locations of the operators relative to the origin.

To determine whether two Pauli operators represented by vectors v; and vs commute or
anti-commute, we define the dot product as

v1 - Vg = U1Avg, (22)

9This is the ring that consists of all polynomials of x, 7, y, y~* with coefficients in F.

13
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where 7= is the transpose operation on a matrix along with z,y — =~ %, y~! and
0 010
0 0101
A== (00 (23)
0 00

Notice that —1 is the same as 1 here because we are working over the Zs, field. The minus
sign just reminds us of the symplectic form. The two operators v; and vy commute if and
only if the constant term of vy - vy is zero. For example, we calculate the dot products

X2 Z1o=1, Xss-Zu=a'y !, (24)

and, therefore, X12 and Z12 anti-commute, whereas X5g and Z14 commute (their dot product
only has a non-constant term x_ly_l). Furthermore, Xsg - Z14 = 2~ 'y~' means that
the shifting of Xsg in —x and —y directions by 1 step will anti-commute with Z14. This
dot product defined by A is referred to as the symplectic form. A translationally invariant
stabilizer code forms an R-submodule'® V' such that

v1-v9 = U01Avg =0, Youi,v9 € V. (25)
We now study the automorphisms A of the symplectic form A:

(A’Ul) . (A'UQ) =wv1-v2, Yvi,v9 €V. (26)

This is equivalent to AAA = A, which, taking A = [%‘%] , becomes

ac][ 01] ab]:[ oz]
bld ]| —1]o][cl|d 1|0 (2

= ad—éeb=1, ac=ca, bd=db.

Examples of the automorphism A are

[ T]0 )
S = {T] ,where ¢ € Mats[R] and ¢ = c,
c
[0 |1
H =
| —1 |0 ] (28)

0
0
1
0

,where r € R.

Mats[R] consists of all 2 x 2 matrices with entries in R = Fo[z,y, 271, y1].

10The R-submodule is similar to a subspace of a vector space, but the entries of the vector are in the ring
R =Ts[z,y,z *,5 !]. In a ring, the inverse element may not exist. This is the distinction between a module
and a vector space.

14
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3.2 New stabilizer codes developed from automorphisms

First, we reformulate the original bosonization introduced in Section 2.1 and incorporate it
into the Pauil module. For simplicity, we will write 7! and y~! as Z and 7, respectively. The
original hopping operators U, in Eq. (5) can be written as

0
1
Uy = | — 29
2 T ) ( )
0
where U; represents U, on the horizontal edge and U, represents U, on the vertical edge. The
flux term Wy in (6) is written as

0
0
= 30
1+y (30)
14+z
The stabilizer G, in Eq. (9) corresponds to the vector
1+
1+y
= 31
1+y (31)
1+
Now, we will apply automorphisms on these vectors to generate new stabilizer codes.
3.2.1 Automorphism for code distance d =3
We consider the simplest automorphism
A = , (32)
which modifies the Pauli operator X, as
17 1 0 0
0 0 1 1
Al = ol Ao T T (33)
0 | 1 0 0
Pictorially, this is equivalent to
—X,— Aq %
X, = —Xem (34)
)}6 i> )(Le
| .,

15



SciPost Physics

NI e
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Figure 6: Clifford circuit corresponding to automorphism A;

Nz

Notice that Z, is unchanged under this automorphism. This automorphism corrsponds to the
Clifford circuit shown in Fig. 6.
Now we apply A; on the logical operators Uy, Us, and W and the stabilizer G:

1 0
0 1
AUy = 0 , Al = | ne-al
1+y 0
- - (35)
0 1+=z
aw=|—Y | aq=| 1Y
1+y y+y
| 1+ rT+7T
The automorphism A; applied on U, can be visualized as
(
)}e i> )}e
fo‘ fo‘fo
U= (36)

e T
* :

The flux term Eq. (6) is unchanged. The automorphism A; applied on the stabilizer G,, is

(R . I .

—X—v-X7Z— —X—v—X—

f f

727

16
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This is the bosonization with code distance d = 3 introduced in Section 2.2. Since we applied
the automorphism of the Pauli module on the original bosonization, the logical operators
satisfy the same algebra. Therefore, we conclude that this new stabilizer code is a valid way
to simulate fermions.

3.2.2 Automorphism for code distance d =4

In this section, we consider a slightly more complicated automorphism A’ '':

1 0 0 1
0 1 1 0

/

A= 0 zy|l+my 0 (38)
zy 0 0 142y

One can easily check that A’ indeed satisfies the condition in Eq. (27) for being an auto-
morphism. Applying A’ on the logical operators Uy, Us, and W and the stabilizer G, we
get

1+y 0
0 1+7
Ay = |————— AUy = | —————
Ui 0 ’ =\ Frmr ey |
Y+ Ty 4y 0
STy (39)
142z T+
A/W: 1-1;2/ —— , A/G: y—ty —
1+y+T+wY 1+y+z+wY
| 14z +7+y2? 142 +7+ya?
The operators A’(U) can be depicted as
( —Z— —Z—
Ue = (40)

A
% :

14" = A4A7 in terms of the elementary automorphisms defined in Appendix B.

17



SciPost Physics

The stabilizer A'(G,) is

—X—v-xX7-' A % : (41)

The logical operator U, and the stabilizer G, are mapped on the bosonization with code
distance d = 4 introduced in Section 2.3.
Finally, the flux term under the automorphism A’ becomes

727
g ZJfZ
w4 g f % . 42)
2 vl

f 1

This term can be simplified by multiplying it by A’(G,), which does not change the effective
logical operation. The resulting flux term is

727
¥ s
(13)

YX% :
which matches Eq. (13) in Section 2.3.

3.2.3 Automorphism for code distance d =5

We introduce another automorphism A” '2:

1 T T 1
1 z+41 1+ 1
" __
AT = r T+1|Z+14+z4+2° 142z (44)
T 1 x+ a2 1+

2 A" = AgA3A7A1, in terms of the elementary automorphisms defined in Appendix B.

18
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Again it is easy to check that it satisfies the condition in Eq. (27) for being an automorphism.
Applying A” on the logical operators Uy, Us, and W and the stabilizer G, we get

1479 14+
1+7y 0
A”Ulz % 5 ANUZZ —2 . . | > (45)
y+ay+x T2+
| ytay+x T
[ Ty +1 Ty + Yy
Ty+y+z+a |’ TWHY+TYy+y+ay+aty |
y+x Y+ 1+ xy+ 22y

The A”(U.) operators can be depicted as Eq. (16) and (17). Here, we choose A”(W + G) as
our flux operator shown in Eq. (18) because it has a lower weight wt[A”(W +G)] < wt(A”"W).
The pictorial representation of stabilizer A”G is Eq. (19).

3.3 Searching algorithm for automorphisms

In this subsection, we describe how we find automorphisms with code distances d = 3,4, 5, 6,
and 7. The automorphisms A; in Eq. (32), A’ in Eq. (38), and A” in Eq. (44) correspond to
the examples for d = 3, d = 4, and d = 5, respectively. We will show other examples with
different code distances.

First, we consider 16 elementary automorphisms Aj, Ag,---, A1 (shown in Appendix
B), which attach no more than one new Pauli matrix to the original Pauli matrix. For
example, the A; automorphism attaches one Z to X., as shown in Eq. (33). Given the
16 elementary automorphisms, their product A; A;, A; A;, --- with 4, € {1,2,---,16} is
also an automorphism. (We note that these elementary automorphisms do not generate all
automorphisms.) We find that the product of five elementary automorphisms A;, A;, A, Ai, Ai,
is sufficient to generate the code distance d = 7; therefore, we focus on products with five or
fewer elementary automorphisms. We now describe how we search for automorphisms with
large code distances:

1. We write down the bosonization of all the nearest-neighbor and on-site terms generated
by Se and Py. They include the automorphism acting on Uy, Uz, W, Uy + W, Uy +yW,
U +gW + W, Uy + W, Uy + W, Uy +TW + W.13

2. We use the minimum weight of bosonization of nearest-neighbor hopping terms to
roughly estimate the code distance of a given bosonization (automorphism) A.

3. We choose some candidate automorphisms with an appropriate minimum weight d, to
find a bosonization with desired code distance d.

4. We apply the syndrome matching method shown in Appendix A to the candidate au-
tomorphisms. By applying syndrome matching, we find a lower bound of their code
distances.

5. We apply the syndrome matching method for distance d+ 1 to an automorphism A with
a lower bound d. If syndrome matching for distance d + 1 returns a logical operator
with no syndrome, we conclude that A is a bosonization with code distance d.

13The stabilizer G can be added to any term.
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Applying the syndrome-matching method, we found automorphisms to generate exact
bosonization with d = 3,4,5,6,7 (see Table 2).

Code distance Automorphisms
3 A1 (3,5)
4 AyA7 (5,6), AsA7A; (4,6)
7 A1A11A5A14A9(7, 23)

Table 2:  The possible automorphisms for different code distances. The numbers inside
parentheses are the minimum and maximum weights of the logical operators for the nearest-
neighbor terms. For example, Ag A3 A7 A14 has the minimum logical weight 5 and the maximum
logical weight 9.

4 Discussion

In this work, we introduce a method that employs Laurent polynomials and symplectic auto-
morphisms as efficient classical computational tools in the search for fermion-to-qubit map-
pings with error correction capabilities. One significant advantage of this method lies in its
ability to generate equivalent mappings with higher code distances while preserving the code
rates. This is possible given a 2D fermion-to-qubit mapping, due to the established equivalence
between various 2D fermion-to-qubit mappings, as referenced in [48].

The Laurent polynomials and symplectic automorphisms serve a dual purpose in our
method: they are instrumental not only in the analytical derivation of quantum codes but are
also valuable for the numerical studies of these codes. To illustrate the effectiveness of our
approach, we demonstrate this method through examples of codes with distances d = 3,4,5
and further extend our constructions up to d = 7.

Additionally, we present general algorithms designed to systematically search for and verify
fermion-to-qubit mappings with elevated code distances. It is noteworthy that our proposed
method is not exclusive to fermion-to-qubit mappings; it is also applicable to regular qubit
stabilizer codes, which are utilized to encode logical qubits.

Toward fault-tolerant fermionic quantum simulation, having error-correcting codes is not
enough. Efficient and fault-tolerant gate sets are also important. We leave the investigations
of fault-tolerant gate sets for future studies.
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Note added.—As this work was being completed, we also became aware of an independent
work, Ref. [60], using a similar polynomial technique to study fermionic quantum simulation
from a different perspective. The other recent work Ref. [61] studied an error-mitigation
scheme in fermionic encodings. The recent development of programmable neutral atom arrays
in Ref. [62] can simulate fermionic modes directly, which avoids using any fermion-to-qubit

mapping.

A Syndrome-matching method for finding code distances

In this appendix, we present an algorithm to find the code distance for a given stabilizer code.
We call it the “syndrome matching” method. Specifically, given an integer n, we describe an
algorithm to determine whether d > n. The algorithm is as follows.

1. We first choose once vertex to be the origin (0,0). We then apply a single Pauli from X,
Y1, Z1, X2, Ya, Za (acting on qubits located on edges (0,0) — (1,0) and (0,0) — (0, 1)).
We have 6 cases each of which has its own syndrome vertices, i.e., a set of vertices v
that violate the stabilizer G,,. For a single-qubit error, the syndrome set is an ordered
set V() = {(:Bgl),ygl)), (asgl),ygl)), ...}, ordered by :L'Z(-I)Z mgl) < :L'él) <.... If two vertices
1,7+ 1 have the same xz(»l) = azg_lgl, they are ordered by yi(l) < yﬁr)l.

2. Ensure that the operator is logical. For this to be the case, all syndrome vertices should
vanish. Therefore, we select the first syndrome vertex (xgk),ygk)) € V). Then we enu-
merate all choices of a Pauli matrix on an edge different from the Pauli matrix selected
in the previous step(s), such that it cancels the syndrome at (:cgk), y%k)). This operation
may generate other syndrome vertices. The syndrome vertices V*) are updated due to
this new Pauli matrix. At this stage, the operator has one more Pauli matrix, and a new
ordered set for the syndrome vertices V' 1 If the syndrome set V*+1) is empty, this
operator is logical. If the operator does not belong to the stabilizer group'*, this means
that we have found the nontrivial logical operator with the minimum weight. This min-
imum weight is the code distance and, therefore, we stop the algorithm. Otherwise, we
continue.

3. Repeat steps 1 and 2 until the algorithm stops automatically or all cases with operators
containing n Pauli matrices have been considered, i.e., all V(™ are checked. If the
algorithm stops automatically, it will return the value of the code distance. If the

1A way to check if a Pauli string operator O belongs to the stabilizer group is by computing O - (AW) and
O - (AU, ,2), where AW and AU, 2 generate the full logical space since W and U; 2 are the original generators
in the exact bosonization and we apply an automorphism A on them. O - (AW) = O - (AU1,2) = 0 if and only
if the operator O commutes will all logical operators, which means O € G (G is the stabilizer group).
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algorithm stops by considering all the cases with n Pauli matrices, we conclude that
code distance satisfies d > n.

B 16 elementary automorphisms

In this section, we demonstrate the transformation rules of Pauli matrices for 16 elementary
automorphisms that we refer to as Ay, ..., A1g. These automorphism correspond to applying
nearest-neighbor two-qubit Clifford gates. Here are the 16 elementary automorphisms:

1 0/lo o0 0
0 1/0 0 0
A1_01107A2_ 07 (47)
|1 0[0 1 7 1
1 0|0 0O 1 010 07
0 1/0 0 0 11]/0 0
AB=lTz1 ol M| Zy|1l 0 |’ (48)
z 0|0 1 2y 00 1]
10 0
o1 7
L0 0 0
(1 0 T
0 1 0
A= |5 . (50)
L0 0 1
10 0 0
11 0 0
Ao =10T1T 1 1 z (51)
L0 0|0 1 0 1
1 0[0 0] 1 0]0 0
7 1/0 0 2y 110 0
Ay = 0011 v | A = 0 011 Ty |’ (52)
L0 00 1 0 0[]0 1
71 1]0 07 M1
0 1/0 0 0
Az = 0 o0l1 ol A = 0 , (53)
L0 01 1 L0
T1 y|0 0] 1 zy| 0 0
0 1/0 0 0 1,0 0
As=150TT 0|0 M=o 01 0 (54)
L0 0]y 1 0 0 |2y 1
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The diagonal blocks of Ay are identities, and its nontrivial part is the lower left block which
attaches an extra Z to X; and X5. By multiplying the polynomial vectors of X1, Xs, Z1, and
Zo by automorphism Ap, we get the following terms:

(55)
7267 i> *Ze* 5 ée i> ée
| |
Similarly, we may multiply X1, X9, Z1, and Zy by As, thereby obtaining
— X — i
—X— A2 : )}e A )}e :
| |
(56)
—Z— Ao —Z— ée Aa ée

Following the same argument, we can obtain pictorial representations for the rest of the
automorphisms:

A32
X~ s, % X, M X
| |
e T (57)
*Ze* i> 72677 é@ i> ée
| |
Ay
—X — — 7
7X67 & %7 AXLe ﬁ) AXLe
| |
(58)
*Ze* ﬂ> *Zefa ée £> é@
| |
A52
*Xe* ﬁ> *Xefy )}e i> AXLB
| |
L, e (59)
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Submission
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A162

A P A
7X67 16 7X€7 , ‘e 16 .

7 A1e % é A1e é
(4 —_— ) e > e

C Automorphisms for code distances d =6 and d =7

In this section, we show the explicit form of automorphisms A%=% and A?=7 found by syndrome
matching. The automorphism A%=6 = A; 454,44, has a code distance of 6:

1+7y TH+y y Ty
_ 0 1+ 2y Y 0
d=6 __
AT = 0 wy | 1+zy 0O (71)

Ty T+z+y| z+y 1+7y

By applying A4=5 on logical operators Uy, Us, W, and stabilizer G, we obtain their polynomial
representations as follows:

[T+ 1+ 7y
_ 0
A5y, = — 0 |- (72)
| Y+ T+7Ty
T+7TY+y
Ad=577, = ytay+l (73)
Y+ary+T ’
| T+ 14+x+oYy+Yy
[ Ty +y°
AT = W (74)
wWH+l+z+y |’
_1+fy+xy+y2
[ Ty + Ty +y +y?
72 —_
_ 1
A%=6G — vyt it (75)
Ty +14+z+y
| TY+ Y+ T+ + Ty 4y +ay+y?
The automorphism A7 = A; A1 A5 A14Ag with distance d = 7 is
T+1 T Y Ty +y
Adz?z zy+y+1 zy+1| 2y +1 y+7xT+1 (76)

Ty4+y+1 Ty+1
T+1 T

ry+zry TY+Tr+Yy+ay
r+y l+z+7y+y
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By applying A%=" on logical operatrs Uy, Uy, W, and stabilizer G, we can write down their
polynomial representations as follows:

0 T+ Ty
72 PR —_ J—
_ 1 _ 1
ATy = | gy, - | YT (77)
Ty +y+zx zy+y+1+y
| y+ay T+ 14Ty

ny—i-y—i—xy—i-yZ
— zy+x+ 14y
r*y+r+14+zc+y+ay+xy+xy

l+z+a2®+Ty+y—+y°
TW+T+T+1+TYy +y+ 2y + 2y’
TP+ T+ Ty +ay+1+y
AFTG = TR+ T2y + 7Y + 227 . (79)
+1+ 24y + 2y + 2%y + zy?
| AT+ T+ + Ty +y+yP
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