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Abstract

We show that time intervals of width A7 in 3-dimensional conformal field theories
(CFT3) on the Lorentzian cylinder admit an infinite dimensional symmetry enhancement
in the limit A7 — 0. The associated vector fields are approximate solutions to the confor-
mal Killing equations in the strip labelled by a function and a conformal Killing vector on
the sphere. An Inonu-Wigner contraction yields a set of symmetry generators obeying the
extended BMS, algebra. We analyze the shadow stress tensor Ward identities in CF Ty on
the Lorentzian cylinder with all operator insertions in infinitesimal time intervals separated
by m. We demonstrate that both the leading and subleading conformally soft graviton theo-
rems in (d — 1)-dimensional celestial CFT (CCFT4_1) can be recovered from the transverse
traceless components of these Ward identities in the limit A7 — 0. A similar construction
allows for the leading conformally soft gluon theorem in CCFT;_; to be recovered from
shadow current Ward identities in CFTy.
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1 Introduction

Celestial holography proposes a correspondence between theories of gravity in 4-dimensional
(4D) asymptotically flat spacetimes and conformal field theories (CFT) living on the 2D celestial
sphere at infinity ,. In particular, scattering observables in the 4D theory are computed by
correlation functions in the 2D theory, also known as celestial amplitudesEl and are subject to a
wide range of symmetries [3H10] (see also for a recent review). This correspondence appears
to be very different from other instances of holography. Most notably, it relates a bulk theory to
a boundary theory in two lower dimensions, while the bulk soft theorems imply the existence of

! Celestial amplitudes will be assumed to be defined in 2D whenever the dimension is not explicitly specified.



towers of negative dimension operators in the celestial CFT [12], naively rendering the boundary
theory non-unitary.

On the other hand, for masslessﬂ scattering, a simple flat space limit of holographic CFTy
correlators was found in [19] to yield (d — 1)-dimensional celestial amplitudes. This suggests that
at least some of the unique features of celestial CF'T should arise in a certain limit of conventional
CFT in one higher dimension. The goal of this paper is to explain how leading and subleading
conformally soft symmetries [5-8] emerge precisely in this way.

Motivated by the configuration of boundary operators for which CFTj3 correlators reduce
to celestial amplitudes, we first study the symmetries of an interval on the Lorentzian cylinder
of small width A7 o R™! in global time. We show that in the limit R — oo, the conformal
isometries of this strip are enhanced to an infinite dimensional symmetry parameterized by a
function and a local conformal Killing vector on a two-sphere. For finite large R (corresponding
to a strip of small, but finite width), the infinite dimensional symmetry is broken by O(R™!)
terms. We show explicitly via a procedure that mimics the Inonu-Wigner contraction [20] of the
conformal algebra to Poincaré, that the enhanced conformal isometries of the intervals around
7 = +7 generate an extended BMS, algebra to leading order at large R. Moreover, under these
symmetries, CF'T3 primary operators of dimension A at 7 = &7 + % transform as 2D primary

operators of effective dimension A =A+ud,. A canbe diagonalized by an integral transform
with respect to u analogous to that relating Carrollian and celestial operators [21},22].

This analysis suggests that conformally soft symmetries in 2D CCF'T are generated by certain
modes of the 3D stress tensor in the strips. In the second part of the paper we show that
the shadow stress tensor Ward identities in CFT, allow one to extract both the leading and
subleading conformally soft graviton operators in CCFT,;_;. We establish this by lifting the
method used in [23] to derive stress tensor Ward identities from the subleading soft graviton
theorem in arbitrary dimensions to the embedding space. This allows us to derive the shadow
stress tensor Ward identities on the Lorentzian cylinder R x S9! and study their restriction to
an infinitesimal global time strip. Specifically, we find that

im0, T, and lim(1 — ud,) T, (1.1)
u—0 u—0

where T, wp is the shadow transform of the CFT, stress tensor and a, b are indices on S%~! become
respectively, upon subtracting the trace, the leading and subleading conformally soft gravitons
in CCFTd,ll

Our results are interesting for several reasons. Firstly, they demonstrate that celestial CF'T
may not be as exotic of a theory as anticipated. On the contrary, the leading and subleading
conformally soft symmetries arise universally in a simple limit of any CFTjs, irrespective of
whether or not it is holographic. In this sense, our approach is complementary to that in
[24-26] which relies on the existence of an AdS bulk dual. More generally, we find that any
CFT, contains a (d — 1)-dimensional “celestial” sector characterized by an emergent BMS-like

2Tt has been long known that massive and in some cases massless momentum space scattering amplitudes
can be extracted from correlation functions of unitary CFT,; with holographic AdSg4;1 duals in various flat
space limits |[I13H17]. Interestingly, it was recently shown that such CFTy 4-point correlators exhibit conjectured
properties of (d+ 1)-dimensional scattering amplitudes, including dispersion relations, unitarity and the Froissart
bound in a flat-space limit [18§].



symmetry.ﬂ Secondly, our results suggest that holographic CF'T,; correlators encode information
about gravity in (d + 1)-dimensional asymptotically flat spacetimes (AFS) that need not be lost
in the flat space limit. It would be extremely interesting to understand the further implications,
as well as the limitations of this approach.

This paper is organized as follows. In section [2 we review the relation between AdS Witten
diagrams and celestial amplitudes at large AdS radius. We show how each operator in an
infinitesimal time interval around 7 = &7 in a CFT,; on the Lorentzian cylinder maps to a
continuum of operators in CCFT,;_; via an integral transform over the interval. In section
we generalize the relation between AdS Witten diagrams and celestial amplitudes to massless
spinning external states. In particular, we demonstrate that, at large AdS radius, spinning bulk-
to-boundary propagators in AdS,,; with fixed dimensions become massless spinning conformal
primary wavefunctions in RY?. In section 4| we analyze the conformal Killing equations in a
global time strip of the 3D Lorentzian cylinder of infinitesimal width A7 ~ R™!. We find an
emergent infinite dimensional symmetry in the limit R — oo labelled by a function and a vector
field on the sphere. We show in section that the associated vector fields reorganize into the
generators of an extended BMS, algebra after a Inonu-Wigner-like contraction. In section [4.2
we show that CFT3 operators in the strips around 7 = £7 transform like conformal primary
operators in CCFT, under these symmetries.

In section [5| we derive the conformally soft gluon and graviton theorems in CCFTy_; as a
limit of the Ward identities of a shadow current and the stress tensor in CFT,;. In sections
b.1] we revisit the derivation of these Ward identities using the embedding space formalism.
The large-R limits of these identities are worked out in section [5.3] After projection to the
Lorentzian cylinder, we demonstrate in section that the leading conformally soft gluon is
obtained from the components of the shadow current transverse to the S ! at 7 = 5. The
leading and subleading conformally soft gravitons are similarly extracted from an expansion of
the transverse traceless component of the shadow stress tensor around 7 = 7 in section [5.3.2}
We collect various technical results in the appendices.

2 Preliminaries

In this section we review how, in the large AdS radius limit, scalar AdS Witten diagrams reduce
to Feynman diagram constituents of celestial amplitudes. This result will be extended to account
for massless spinning external states, as well as exchanges of arbitrary mass and spin in section
Bl Importantly, we clarify the relation between insertions of CFT operators at different global
times 7 in a strip of width A7 = O(R™1) and the continuum of celestial operators corresponding
to an asymptotic state in 4D AFS.

Conformal correlation functions in CFT, are obtained by summing over all possible AdSy;4
Witten diagrams [27]. The building blocks of the latter are bulk-to-boundary and bulk-to-bulk
propagators. It will be convenient to express the bulk-to-boundary propagators in the embedding
space formalism [28,29]. We denote points or vectors in the embedding space R*? by capital
letters X, P, ---. Points in bulk AdSy,; are constrained to obey X? := 1, X*X" = —R? where

3In d > 3 the vector fields are parameterized by a function on the sphere and a CKV on S?~!, in particular
there is no local enhancement of the latter like for d = 3.



Nuw = (—,+, -+ ,+,—) and can be parameterized by global coordinates (7, p, Z) as

. X1 p,2) = REET Xi(1,p,7) = Rtan pQi(3).  (2.1)
Cos p cos p

sin 7

X%r,p,2) = R

Here Q(Z) € S?1 are unit normals to the sphere parameterized by coordinates Z with

221 22471 1 —|2?

(2) 1+ |22 141212714 |2)? (2.2)
In these coordinates the boundary is located at p = 7 and boundary points correspond to null

vectors P? = 0, where
P(r,7) = lim 2LX(r,p,2), (2.3)

p—75
or equivalently

P%1,2) = sint, P r1,Z)=cosT, P(r,7)=Q(2). (2.4)

The correlation functions (Oa, (P1) - - - Oa, (P,)) of scalar operators Oa,(F;) in a holographic
CFT, can be computed by summing over AdS;,; Witten diagrams (see [30] for a review). Moti-
vated by the relation between scattering amplitudes and AdS/Witten diagrams in the flat space
limit [15,24,31], a limit was proposed in [19] in which AdS/Witten diagrams reduce to celestial
amplitudes. In this prescription, boundary operators are placed at

s U;
=4 4+ = 2.5
n=%5+ 4 (2.5)

while bulk global coordinates are redefined as

t r
_ 2.6
4 R’ p R’ (2:6)

before taking R — oo with (¢,r) fixed. One of the main observations of [19] is that to leading
order at large R, scalar bulk to boundary propagators in AdS,4

Ca

KalX, P) = (—P- X +ie)™’

(2.7)

with Ca a normalization constant, become proportional to R"? conformal primary wavefunctions
[1]

(in)°T'(A)
—4-x+ine)

pa(z;ng) = ( (2.8)

Here n = £1 depending on whether the boundary operators are placed around 7 = +7 with the
spheres at 7 = £7 assumed to be antipodally related, = is a point in (d + 1)-dimensional flat
space and

9(2) = (1,9(2). (2.9)

4



Analyzing the other elements of the AdS/Witten diagrams, one concludes that these reduce to
the building blocks of celestial amplitudes to leading order at large R.

The correspondence established in [19] left an important question open. A bulk scalar field
in AdS corresponds to an operator of definite dimension in CFT, while massless asymptotic
states in flat space should map to a continuum of operators of dimensions A = % 4+ 2\ in
CCFTy-1 |32]. In contrast, according to , the celestial amplitudes appear to simply
inherit the dimension of the primary operator in the parent CF'T. We conclude this section by
explaining how one can in fact extract a continuum of operators in CCFT from the large R
expansion of .

Recall that the conformal primary wavefunctions obtained from bulk-to-boundary propaga-
tors in the large R limit depend on the position at which the CF T, operators are inserted within
the global time strip of infinitesimal width oc R~!. In particular,

1
lim K(X,P)|

. -1, 2.1
R—oo Tp:f—i_ﬁo = (t — Uy — re) - Qp + iE)A + O(R ) ( 0)

This result corresponds to an outgoing conformal primary wavefunction defined with respect to
a different origin in spacetime, namely

1
—G - (x — xg) + 1)’

oa(r — x0;q) x ( (2.11)

where xy = (ug, 0,0, 0). Now note that this shift in origin can be traded for a shift in the conformal
dimension A by an integral transform on ug. Specifically,

o8] ‘A o0 9
1 1 . .
d —Ao — d —Ap / d A—1 _iw(t—uo—rQ-Qp+ie)

QiA_l Sin(ﬂ'Ao)B(A + AO — 1, 1 — AO)
- (t—1Q - Q, + ie)Atho-1 ,  Relg € (0,1),
(2.12)

where B(x,y) is the Euler beta function. Similar to calculations involving conformal primary
wavefunctions in CCFT, the integral formally converges only for Ag = ¢+ i\, with ¢ € (0,1)
and A € R. Nevertheless the result may be analytically continued away from this line in the
complex Ay plane [10433}/34]. Following [32], these conformal primary wavefunctions can then be
shown to form a complete basis for asymptotic scattering states in R%® provided that A, takes
the appropriate continuum of values.

We conclude that up to an interesting normalizationﬁ insertions of CF'T; operators at different
points in the infinitesimal global time intervals generate the expected continuum of CCFTy_;
operators. The transformation is the same that maps operators in a Carrollian conformal

4In we assumed that one can exchange the order of integrals over ug and w. It would be important,
yet beyond the scope of this paper, to study under what conditions this is allowed. It is possible that different
prescriptions will yield celestial amplitudes that differ by Poincaré invariant structures as observed for example
in [35,36]. We thank Walker Melton and Sruthi Narayanan for a discussion on this point. It would also be
interesting to understand the precise relation between our prescription and those proposed in [37,[38] based on an
AdS/dS slicing of flat space.



field theory to celestial operators [21,22] and had also previously appeared in the context of flat
space holography in [39]. We will return to this in section . A complementary approach is to
keep the ug dependence and then relate the R — oo limit of AdS Witten diagrams to Carrollian
correlators instead of celestial ones [40,41].

3 Spinning celestial amplitudes from flat space limit

We now discuss the extension of the result reviewed in the previous section to external spin-
ning operators. We analyze in turn the flat space limit of massless spinning bulk-to-boundary
propagators, spinning bulk-to-bulk propagators and vertices.

3.1 Bulk-to-boundary propagators

We start by considering the spinning bulk-to-boundary propagators for fields of dimension A
and spin J 29

Tiays, (X5 P) - La s,y (X5 P)
(=P - X +ie)” ’
(3.1)

K2/ (X;P) = Cpy0p, XY -0, X0, PP .0, PP

where
—P - Xnap+ PsXp

—P - X +ie
Here A;, B; are R>? embedding space indices, p; Tun over the rescaled coordinates (¢, 7, Q) defined
in (2.2)), and v; run over the boundary coordinates (u,(2) in ([2.5). 8, X%, 9,,P% hence
implement projections onto the corresponding bulk and boundary tensors respectively and {-}
denotes the symmetric traceless component. We collect some useful results on the embedding
space formalism in appendix . Ca,s is a normalization constant [29]

Iap(X; P) = (3.2)

Or o — (J+A-1I'(A) 53
ST 2pd2(A — 1)D(A 4 1 — §)RE-D/2-2+T :

We see that spinning bulk-to-boundary propagators are obtained from the scalar ones defined in
by dressing with the conformally covariant tensors in . It then suffices to analyze the
behavior of these tensors in the flat space limit.

Using the large R expansions

X(1,p,7) = (0,R) + (z,0) + O(R™), (3.4)
P(rz) = £(§(z).0F (0.5) +O(r™?) (3.5)

of the bulk and boundary embedding space vectors, where x = (¢,7(2(%)) are Cartesian coordi-
nates and ¢ is defined in (2.9), one obtains the expansions of the projectors 9,X 4 and 0, P".



From these expansions it immediately follows that

O(R™2) u
9,X49, PP = ’ ’ 3.6
Mz, {ﬂMA@+OW1% . (36)
1.(2) + O(R™) v=u
Py Xp0,X40, PP = Gul2) + : ’ 37
AABC {(GGQ(Z) x) AM(Z + O(Ril), v=2z% (3.7)

The expansion of the conformally covariant tensors (3.2)) projected onto bulk and boundary
indices follows directly from these results. We distinguish between two cases. First, when the
boundary index is ¥ = u we have

B .1 1 1 }

I,.X,P) = j:ilinmA {GH <(—@~xiie)A) +O(R7)|, (3.8)
which we recognize as the derivative of a scalar conformal primary wavefunction. Likewise, if
the boundary index is v = z* we have

0.4(2) - x .

A i@+ o). 3.9)

I,.X,P) = % {8(1(]#(5) +
Hence, up to normalization and a phase, the flat space limit of 1, ,(X, P) corresponds to the con-
formally covariant tensor used in the construction of spinning conformal primary wavefunctions
given in [42].E| Putting everything together, we conclude that general massless spinning confor-
mal primary wavefunctions are obtained from flat space limits of the spinning bulk-to-boundary
propagators (3.1]) with transverse indices. Note however that the dimensionally reduced bulk to
boundary propagators have a non-vanishing trace. In order to obtain conformal primary wave-
functions in CCFT,_; the trace has to be subtracted. For example, in the spin two case this is
implemented by applying the projector [32]
1
biba — sbi b bib

Pa;az - 5{;15(12} B d— 15a1a25 B (310)
Finally, (3.8) implies that bulk-to-boundary propagators with time indices on the boundary
result in pure gauge conformal primary wavefunctions. We leave a better understanding of this,

as well as additional data resulting from the dimensional reduction to future work.

3.2 Bulk-to-bulk propagators and vertices
The spin J bulk-to-bulk propagator in AdS;,; obeys the equations [29]

AA—d) T ] )
(DAdS - T + ﬁ) HNI..-NJ7V1-~~VJ (Xv X) = T9um{n g\#JlVJ}dAdS(Xv X)v (3'11)
vul]:[ul...ﬂj7l/1...VJ (X, X) = 0. (312)

5The polarization vectors 9, are gauge equivalent to the ones defined in [32].



To take the flat space limit we assume that all of the components are in the chart (¢,r,€), in
which the AdS metric g, becomes the Minkowski metric 7,, to leading order at large R

G = N + O(R7?). (3.13)

On the other hand, the Laplace operator behaves as 0445 = Ogi.a + O(R™?) and the Dirac delta

behaves as d445(X, X) = dgra(z, ) + O(R7?) [19]. Therefore the first equation turns into the

equation for the propagator of a spin J field of mass m = ]%im % in flat space. The second
—00

equation can be treated in the same way since g, = 7, + O(R™?) and the AdS covariant

derivative becomes the flat spacetime covariant derivative when R — oo.

As a result, the bulk-to-bulk propagator must have an expansion of the form
Uy iy vy (X7 X) = Gm---wm.--w (37» f) + O(R_Q), (3.14)

where G, u,..0, (1, %2) is the Feynman propagator for a symmetric traceless tensor of spin .J
in RV,

Since vertices are simply integrals over AdS which become integrals over R%¢ in the flat
space limit, we conclude that AdS-Witten diagrams for spinning particles reduce to CCFT,_;
amplitudes of spinning massless particles in the flat space configuration .

4 From conformal to infinite dimensional symmetry

Consider a d-dimensional CFT on the Lorentzian cylinder with metric
ds* = g, datda” = —dr* + dQ5_,, (4.1)

where dQ?_, is the metric on the (d — 1)-sphere of unit radius. Conformal transformations
are coordinate transformations that preserve the metric up to a Weyl rescaling. Specifically,
infinitesimal conformal transformations are obtained by finding the diffeomorphisms

ot =zt 4 e (x) (4.2)
under which the metric transforms as

g:w(x’) = guu(x) + 5g,uu7 59W = U(IE)QW(OU)- (4.3)

Such diffemorphisms are subject to the conformal Killing equations

Ve, + Ve, = %V - €(x) g (4.4)

The solutions to these equations generate the conformal algebra so(d,2) for d > 3, while for
d = 2 this algebra admits a Virasoro enhancement.

The relation between celestial amplitudes on the (d — 1)-dimensional celestial sphere and

conformal correlation functions of primary operators localized to strips of infinitesimal width

AT # as R — oo suggests that, on short global time scales, d-dimensional conformal field

theories should develop an infinite dimensional symmetry. In this section we show that this is
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indeed the case by analyzing the conformal Killing equations in this limit. We specialize to
d = 3 in which case the emergent “celestial” CFT is 2-dimensional and expected to be governed
by the extended BMS symmetries of 4D asymptotically flat spacetimes (AFS) [43H46].

For d = 3, (4.1 reduces to

2

ds? = —dr? + 2v,.dzdz, ~p = ——
S T + 27,zazdz, 7y 1+ 29

(4.5)

where we introduced stereographic coordinates (z, Z) on the unit 2-sphere with metric v,;. We
would like to zoom into a region of the 3-dimensional Lorentzian cylinder of infinitesimal width
centered around a global time slice at 79. To this end, we introduce the coordinate u defined by

u
= — 4.6
T To + R, ( )

in which case the metric (4.5)) becomes
ds* = —R72du?® + 2v,:dzdz. (4.7)

The conformal Killing equations associated with (4.7]) take the form

1

O e’ = gv - €, (4.8)

Oy, + 0,6, = 0, (4.9)
2

Dse, + D.,es = gv €Y.z, D.e, =0, (4.10)

where D4 is the covariant derivative on the sphere and we denote indices tangent to the sphere
by A.
The last equation in (4.10]) is solved by

Yoz0.6" = 7,:0:6 =0 = ! = F(u)Y?(z, 2), (4.11)
where Y4 are conformal Killing vectors on the sphere. Moreover (4.8) and the first equation in
[10) yield(]

1 u
20, = F(u)D-Y = €' = 5/ du'F(uW)D Y + f(z, 2). (4.12)

Finally, F'(u) is determined from (4.12)) and (4.9)). In the limit as R — oo we distinguish between
two cases. If D -Y = 0 we immediately find

0. F(u) = O(R?) = F(u) =c+ O(R™), (4.13)

where ¢ is a constant. For future convenience we chose ¢ = 1 which reproduces the standard
Lie algebra of rotation generators to leading order at large R. On the other hand, if D -Y # 0,
taking a u derivative of (4.9) we find

F(u)oaD Y
2R2 n

SNote that f(z, %) may depend on R. As we show later, the global translations are obtained from an Inonu-
Wigner contraction of vector fields with f(z, Z) = R. Supertranslations may also be obtained by allowing f(z,z) =
Rfo(z,z) and directly applying (4.30) to the local generators.

O2F (u)Yy — 0, (4.14)

9



or upon taking the divergence on the sphereﬂ

O2F (u) + %F(u) D-Y =0. (4.16)
(4.16)) is solved by
F(u) = =0t w), (4.17)

Since we have taken a u derivative and a divergence on the sphere in order to arrive at
and , it is important to verify whether these solutions also obey the original conformal
Killing equation . In fact , fail to obey away from the R — oo limit. For
D-Y #0
Z'ezl:i(T(H-%) ~ 814]0(27 Z)
I R
Therefore the violation is O(R™!) for the local CKV on the sphere, while in the special case
D -Y = 0 the violation is O(R™2). The enhanced conformal Killing symmetry in the strip is
therefore broken at O(R™!). Singularities in the local CKVs on the sphere also lead to a violation
of the conformal Killing equations by contact terms.

The vector fields that preserve the metric of a 3D Lorentzian cylinder in an infinitesimal time
interval oc R~ in the limit R — oo are hence

1
Oct Gua = * OzA:YA+§DA(D-Y). (4.18)

= [F 2R @)D ¥ + 1(2.9)| 00+ ey A, (4.19)
where

Fo(u) = ettt DLy
{ :I:(u) € R, 7£07 (420)

Fi(uy=1, D-Y =0.

It may be interesting, yet beyond the scope of this paper, to systematically understand whether
and admit subleading Correctionsﬁ at large R that allow for an enhancement of
conformal symmetry in a strip of small yet finite size.

A few comments are in order. Just like the generators of the extended BMS group in 4D AF'S,
the vector fields are labelled by a function f(z,z) and a local conformal Killing vector
Y#4(z, z) on the sphere. The resulting symmetry group is infinite dimensional, in contrast to the
conformal group in 3 dimensions. At first glance this may seem surprising, however we ought
to keep in mind that are not symmetries of full 3D CFT but only of infinitesimal time
intervals.

Moreover, note that in the R — oo limit the metric develops a “null direction” reflected
by the vanishing of the g,, component. As such, the restriction to short global timescales shares
similarities with the Carrollian limit [47,48]. In the next section we show how the extended
BMS, algebra is recovered from the enhanced conformal symmetries (4.19) of the strip by a
Inonu-Wigner contraction [20)].

"Recall that conformal Killing vectors on the sphere obey

DsDADpY® = —2D.Y. (4.15)

8Unfortunately this naively appears to require coupling the boundary CFT to gravity. We thank Jan de Boer
for a discussion on this point.
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4.1 Extended BMS, algebra in CFTj

We now show that the extended BMS, algebra can be extracted from the algebra generated
by the vector fields (4.19)). This procedure is analogous to Inonu-Wigner contraction of the
conformal algebra to Poincaré [20].

We start by noting that appropriate linear combinations of generate an s0(3, 2) algebra
for constant f(z,z) and Y = Y“9, restricted to the global conformal Killing vectors of the
sphere [46],

2 1 52 1 1 2 1 52
Yip = —i(20. — 50:), Yoy = —i 0.+ i 0s, Vi = — 0, — g, (4.21)
2 2 2 2
1 — 2 1— 52 (1 2 (1 52
Yo, = 2Z d. + Tzag Yo, = Z(JFTZ)@ _ %@ Yos = —20. — 70..  (4.22)

4.21)) correspond to rotations of the 2-sphere and have vanishing divergence D -Y;; = 0 while
4.22)) have non-vanishing divergence

DYy = 20, (4.23)
where Q = == (2 + 2, —i(z — 2),1 — 2%) is the unit normal to the sphere at (z, Z). Specifically,
identifying

D = —in:R, Jij = iE)/ij, (424)
P = i, K;=iey (4.25)

we find the commutation relations |30]
[D, Ji;] =0, [D,P]=F, [D K]=-K,
[Jijs Pr] = (0 Py — 06 F;),  [Jig, K] = i(0i K — . 055), (4.26)
[B, KJ] = 22(15”D — Jz'j), [Jl'j, Jkg] =1 [52'ij5 + 6j€<]ik — 5jk<]i€ — 51’6ij]'

These generators can be reorganized in terms of Lorentz generators M4z of the embedding
space R?? []

P+ K;
Mo = =D, My=="21 (4.27)
P-K,
Mi' = J’ijy MiO = 9 , 1= 1, 2, 3. (428)
7

Explicit computation shows that (4.26]) imply that Map obey the so(3,2) algebra
[Map, Mcp) = i(nacMpp +nspMac — npeMap — napMpc) (4.29)
with ngo = n4qa = —1,7;; = 1 and all other components vanishing. The Inonu-Wigner contraction

is implemented by redefining
1

PH = EM““, pw=0,---,3 (4.30)

90ur conventions differ slightly from those in [15] and are simply related by exchanging the 0 and 4 directions
or equivalently shifting 7 — 7+ 7 in (2.1)).
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and taking R — oo while keeping P* and M,, fixed. It is straightforward to show that in
this limit, reduce to the Poincaré algebra, with P* and M, the translation and Lorentz
generators in R'? respectively.

We now demonstrate that an analogous Inonu-Wigner contraction of the local vector fields

(4.19) leads to the extended BMS, algebra ebms,. In analogy with (4.30) we define

4 + =
€y T €y €y — €y
——, Ly=—%7— 4.31
R YT T (4.31)

for arbitrary conformal Killing vector fields YIE and take the limit R — oo. Setting 79 =

Z+O(R™), we find from (£.19) and ([4.31))
1
—ily = 5D-Yo.+ O(R™?), (4.32)

—ily = YA9,+ gD Y, + O(R™2). (4.33)

Ty

Together with the vector fields with Y = 0, parametrized by an arbitrary function f on the
sphere

Ty =ie; =if(z,2)0, + O(R™?), (4.34)
Ly generate ebmsy
77, Tr] = O(R™?), (4.35)
[Ly,, Ly,] = iLpyyy +O(R7?), (4.36)
Ty Ly = |Y(f)— %(D.w F(2.2)| 0+ O(R™2) = iTy_y oy yys) + O(R2).(4.37)
Note that
Jim Ty = lim Ty_y (4.38)

which means that Ty correspond to a special class of supertranslation vector fields T with
f = %D .Y and are hence redundant. Analogous results are obtained by expanding
around 79 = —7%. The results of this section are summarized in Figure . In our analysis we
naturally recover ebms, which follows directly from . In flat space it is known that an
appropriate choice of boundary conditions at null infinity leads to a further enhancement of
ebms, to gbms,, the generalized BMS, algebra [49]. In this case, the vector field on the sphere
Y4 remains unconstrained and the local conformal algebra of S? is enhanced to the full diff(S?)
algebra. In our analysis, the restriction to extended BMS, can be traced back to the use of
standard Dirichlet boundary conditions for gravity in AdS, in which case the boundary metric
and hence also the metric of the cylinder cross sections are fixed. It would be interesting to
understand if different boundary conditions lead to gbms, instead. Naively any other choice
would lead to a boundary theory with a dynamical metric.E|

ONote that the rotation generators with D -Y = 0 are obtained directly as M;; = Jij, hence no linear
combination is necessary.

Tt was argued in [50] that for Neumann boundary conditions one may nevertheless obtain a CFT (on a fixed
background). More precisely, the author argues that for Neumann boundary conditions there is a dual graviton
that is kept fixed. The stress tensor of the associated theory is then the Cotton stress tensor of the original
Dirichlet CFT.

12



50(3,2) generators — S 16ca] enhancement (f.19)

Inonu—WignerJ/ J/Inonu—Wigner

Poincaré > ebmsy

Figure 1: The metric of a CFT,; on the Lorentzian cylinder develops an approximately null
direction over infinitesimal global time intervals AT ~ R™!. In the limit R — oo, the conformal
Killing equations admit an infinite dimensional set of solutions parameterized by a function
on S% 1 and a conformal Killing vector on S%!. In particular, for d = 3, an Inonu-Wigner
contraction in the intervals around 7 = &7 leads to vector fields that obey the extended BMS,
algebra.

Finally, consider the shift 7y — 79 + 7 in 6% defined in . Under this transformation,
¢ — —¢. The same transformation can be implemented for the globally defined vector fields
by keeping 7 fixed and considering instead an antipodal map on S2. Therefore, the action of Ly
and Ty on S? slices of the Lorentzian cylinder separated by 7 in global time becomes the same
provided the slices are antipodally related. This is compatible with the observation in [19] that in
order to respect Lorentz invariance in the flat space limit of AdS Witten diagrams it is necessary
to antipodally identify the time-slices corresponding to in/out states. It further suggests that the
antipodal matching condition between Z* and Z, employed in AFS [44] arises naturally in the
flat space limit proposed in [19]. Note that similar arguments led to a derivation of the matching
conditions via a resolution of ¢® with hyperbolic slices [51},52].

We close this section discussing the difference between the construction we have presented
and the connection between the conformal Carroll algebra and the BMS algebra presented in [53]
(see also [54] where this connection was conjectured). Let us briefly review the definition of the
conformal Carroll algebra following [53]. Firstly define a Carroll manifold to be a triplet (M, g, &)
where M is a smooth manifold, g € T'(T9(M)) is a symmetric and positive tensor field, and
¢ € I'(T'M) is a nowhere vanishing null vector field. In this setting, the conformal Carroll group
of level N € N, CCarry(M,g,&) is defined as the set of conformal transformations of (M, g)
preserving the tensor field g ® %% i.e., diffeomorphisms f : M — M for which

frg=Qg, [fre=07¢ (4.39)

Of particular interest is the case in which M = R x ¥ where (X, §) is a Riemannian manifold.
In this case, letting z# be coordinates on ¥, u be the standard coordinate on R and endowing
M with the product chart, the degenerate metric reads ¢ = gagdr?dz® and the null vector
field is £ = 0,. For this case, the authors of [53] argue that the generators of the Lie algebra
ccarey (M, g, &) are vector fields of the form

X=Y+ (%u + T(az)) Da, (4.40)

where Y € conf(3, §) with £y¢ = A\g, in which £ is the Lie derivative, and where T'(z) is the
unconstrained supertranslation. It is immediate to observe that taking (3,9) = (5% ) and
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N = 2 this has exactly the form of bms, generators pulled back to Z*, the same being true in
higher dimensions.

With this short review completed we can compare to our setting. It is immediate to observe
that the two constructions are a priori distinct: we studied the standard conformal Killing
equation in a Lorentzian manifold in a particular regime, whereas in the construction
of the conformal Carroll group one studies the equations in a Carroll manifold. Note
however, that the infinitesimal strip around 7y parameterized by 7 = 79 + % can be seen as a
Carroll manifold in the strict R — oo limit, being precisely of the form discussed above, with
(2,9) = (5%,7). Moreover, it is clear that the Ly generators that we have obtained from the
conformal Killing equation in the strip have the form . That is to be expected: we have
shown that they are the bms, generators obtained from the enhanced conformal symmetry of
the cylinder, and as argued in [53], bms, = ccarry(R x 52,7, 0,).

Moreover, at the level of field theories defined on the manifold under consideration, our
construction applies to a standard CFT in a Lorentzian manifold, whereas the conformal Carroll
group analysis applies to a Carrollian CFT on a Carroll manifold. Finally we remark that it is
plausible that the theory we obtain by taking the limit we propose contains more information
than a Carrollian CFT. On the one hand, the antipodal matching condition between Z% and Z~
appears naturally in our construction by studying the 7 evolution of the symmetry generators.
On the other hand, as will be shown in section [3], both the leading and subleading soft theorems
can be recovered from the transverse traceless component of the (shadow) stress tensor Ward
identities. This is in contrast to the Carrollian setting where all components of the Carrollian
stress tensor Ward identities are used in order to establish and analogous relation [21}22.|55].

4.2 Transformation of CFT3 primary operators in the strip

We now study the action of the conformal Killing vectors on CFT3 primary operators and show
that when restricted to global time slices, these operators transform as quasi-primary operators
in CCFTy. We work in Euclidean signature and Wick rotate at the end.

A primary operator Oa(z) of arbitrary spin transforms in some representation D : SO(3) —
GL(V). The action action of a conformal Killing vector € on such an operator is [56]

A :
0.0A(x) = — [(V : 6)3 + €'V, + %VMEVS“” Oa(z), (4.41)

where V,, is the spin covariant derivative [57] [
i a
V=0t 5w, "S- (4.42)

a

Here wu"b is the torsion-free spin connection defined in terms of a vielbein ¢},

Juv = 62635@, (443)

where g, is the 3-dimensional metric, S, are the generators of the representation D and S, =
efel Sqy. Note that O (x) are defined to only carry internal indices. As an example, in appendix

12This agrees with the definition involving X in [57] upon setting £+ = iSH¥, with S*¥ obeying (4.29).
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we demonstrate that (4.42) reduces to the standard Levi-Civita connection when acting on
Lorentz vectors. The (Wick rotated) metric (4.7)) is recovered with the following choice of vielbein

1_ Vez > 2 _ . Y2z s 3:d_u
e =4/ 5 (dz+dz), e°=—iy/ 5 (dz—dz), e i (4.44)

u
Taking € = Ly, namely

+ _ —
Ly = X 5 24 (4.45)

_ %(D.Y)uﬁu—i—iYAaA_FO(R*l)’ Tozg (4.46)

we show in appendix |C| that (4.41]) becomes
01y Oa(x) = =i [D.Y?h + D:Y7h + V(0. — Q. J3) + YZ(0: — Q:J5) + O(R™)] Oa(z), (4.47)
where we defined the operator-valued weights

A . A- A
b ;‘]3, : 2‘]3, A=A+ud, (4.48)

Finally given that J3 acts diagonally on a primary operator,
JgOA = SOA, (449)
the operator-valued weights simplify to

A+s A—s

h— o h= o (4.50)

On the other hand, note that the dilatation operator in the two-dimensional theory is not
diagonal in the basis of primary operators of the CFT3. Indeed, only operators placed at u =0
diagonalize the two-dimensional weights . For this special case, one obtains operators
transforming like two-dimensional primary operators with respect to conformal transformations
of the slices, whose dimensions agree with those of the corresponding CFT3 operators. More
generally A can be diagonalized by the time Mellin-like transform discussed at the level of the
bulk-to-boundary propagators in section [2|, namely

(/9\A(z,2; Ag) = N(A, AO)/ du u=Ou(u, 2, Z), (4.51)

o

where N (A, Ay) is chosen to reproduce the standard normalization of CCFT operators. Under
this transformation we have

udy — Ao —1 (4.52)
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and therefore it follows that (/’)\A(z, z; Ag) transforms as a two-dimensional quasi-primary operator
with weights
(A+Ag—1)+s

- |
h: h:
2 ’

A+A0—1)—8
5 .

(4.53)

The transformation of 5A under Ly is therefore
01y Oa(2,7 M) = =i [D.Y?h + D:Y?h + Y30, — 50.) + Y7(9: — 5Q2) + O(R™1)] Oa. (4.54)

As an example consider a CFTj current J,, of dimension A = 2 and spin s = 1. According to
its restriction to an equal time slice, (jz, j;), transforms under 2d conformal transforma-
tions of the slice as an operator of dimension Accrpr = 1+ Ag and spin s = 1. Choosing Ag =0
then yields a 2D current. Likewise the stress tensor 7}, has Acpr = 3 and spin s = 2. In this
case its 2D counterpart T has Accrr = 2+ Ay. Therefore choosing Ay = 0 again yields an
operator that transforms as the stress tensor in two-dimensions. Currents in the dimensionally
reduced theory can be equivalently obtained from currents in the parent CF'T3 by performing a
3D shadow transform followed by restriction to the u = 0 slice and a 2D shadow transform. It
can be easily checked that this prescription lowers the dimension of the operator by 1. This is
detailed in appendix [D] and motivates our calculations in the following section.

This discussion brings the proposed projection from CFT, to CCFT4_; closer to the standard
dimensional reduction procedure. The starting point in dimensional reduction is a manifold
M x K, where K is usually taken to be compact. A field ® in this higher-dimensional space
can be decomposed into modes that diagonalize a differential operator on K. The coefficients
in the expansion of ® in terms of these modes are then a tower of fields ®,, in M [58]. This
is analogous to what happens here. Explicitly, we start with a CFT3 on R x S? and note that
the operator Oa(u, z, Z) can be expanded in terms of eigenfunctions of the differential operator
u0, in R and a continuum of modes (/Q\A(z, Z;Ag). In this case the role of K is played by the
non-compact R and therefore we obtain a continuum instead of a discrete set of fields in the
dimensionally-reduced theory on S2. Similar ideas applied to the distinct context of relating
celestial holography to holography for the continuum of AdS3/CFT, slices of the future/past
Milne wedges of Minkowski spacetime have been put forward in [59,/60]. It would be interesting
to establish a precise equivalence between these two approaches.

Finally, note that the transformation is the same as the one recently employed in [21,22]
to relate Carrollian and celestial holography. This transformation appears here in a novel context
and we believe it deserves further study. One difference here is that the effective dimension of the
CCFT operator is not simply Ag, but instead A+ Ay — 1. One hence has to account for the shift
by the dimension A of the operator in the parent CFT3 when taking conformally soft limits for
example. The additional shift by 1 is due to the fact the CFT3 vector field has no radial
component. In the case of superrotation vector fields in AFS this is known to induce a shift by
1 in the conformal primary dimension of on asymptotic field with respect to its action [46]. It
would be interesting to further explore how radial evolution in AFS arises from the perspective
of the flat space limit of CFT}.

We conclude this section by noting that in the case when Y is a globally defined CKV on
52, the vector fields Ly are also globally-defined on the cylinder and therefore must be linear
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combinations of s0(3,2) generators. In this case, conformal symmetry of the CFTj3 implies the
Ward identity

> 61, (01 0,) = 0. (4.55)
i=1

In the large R limit this reduces to

> DY hi+ D: Y5 h + Y7 (0.

i=1

si80,.) + Y (05, — 580,) + O(R_l)} (O---0,) =0,

(4.56)

which corresponds to the global SL(2,C)/Zy symmetry of the CCFT; as expected. When Y are
not globally defined, we expect the symmetry action on the correlator to reduce in the
large R limit to an insertion of the CCF'T, stress tensor. In the next section we will show that
the subleading conformally soft graviton theorem in CCFT and the associated stress tensor Ward
identity follow from the flat limit of the CFT3 shadow stress tensor Ward identities. Remarkably,
the large- R expansion of the shadow stress tensor Ward identity in CFTj allows us to also directly
recover the leading conformally soft graviton theorem.

5 CCFT,;_; conformally soft theorems from CFT|

In this section we describe how soft symmetries in CCFT,_; emerge from the higher-dimensional
CFTy upon dimensional reduction. As a first step, we identify the operators in CFT, that
become conformally soft operators. In particular, we show that the leading conformally soft
gluon in CCFTy_; arises in the flat limitF_gl from a shadow-transformed conserved current in
CFTy. Similarly, the leading and subleading conformally soft gravitons are obtained from the
CFT, stress tensor.

The relation between soft theorems in RY4*! and shadow stress tensor Ward identities in
CFT, was first observed in 23] (see also [61,62]). Here we combine this general correspondence
with the flat space limit to derive CCFT,_; conserved operators (associated instead with soft
theorems in R") from CFT, ones.

Particularly relevant will be the shadow transform of a spin J tensor field in CFTy; which is
defined in the embedding space (see appendix as

Hi(nAiBi(P . Y) _ YAiPBi)
(_2P . Y)d—A-‘rJ

oA Ar(p) = / DY ®p,..5,Y). (5.1)

The shadow transform squares to the identity up to normalization [63]. This integral transform
maps a primary of dimension and spin (A, J) to another primary of dimension and spin (d—A, J).

"Defined here as the localization of the operator at u = 0 in a time strip 7 = 79 + % of infinitesimal width. As
we show in appendix @] one could also start from the time-Mellin transformed shadow current in the strip
and take Ag = 1. In this paper, the flat space limit, while motivated by holography, doesn’t require the CFTy to
have a holographic dual.
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In the remainder of this section we lift the analysis of [23] to the embedding space RY¥*! and
evaluate shadow current and shadow stress tensor insertions

(Ja(P)OL(P) - On(Py)),  (Tan(P)OL(P1) -+ On(Py)). (5.2)

Our approach is therefore independent on the choice of lightcone section or conformally flat
manifold (X, ¢g). In order to take the flat space limit we project and analytically continue to
CFT, on the Lorentzian cylinder. To simplify formulas we introduce the notation X for a string
of primary field insertions in correlation functions

<X> = <01(P1)"'On(Pn)>' (5'3)

Since the dimensions of the leading conformally soft gluon and subleading conformally soft
gravitons are A = 1 and A = 0 respectively in any number of dimensions, it is perhaps to be
expected that the flat limit will lead to the corresponding conformally soft theorems. What we
find remarkable is that this approach also allows us to easily recover the leading conformally soft
graviton! This can be obtained by acting on the CFT,; shadow stress tensor with 0, in the strip.
We will see that in the limit R — oo this indeed precisely reproduces the leading conformally
soft graviton theorem in CCFT,_;.

5.1 Shadow current
Using the defining relation ([5.1)), the shadow transform of a spin-1 field in the embedding space
can be written as

ey = 5 f DdYan’;Zl?i;ff;Y) ). (5.4)

Here we have used the following identities

Y4 o 0 nap(P-Y) — PpYa
log(-2P-Y) = 5 spagylos(-2P-y) = TSI (s

oPA

We now consider a g-valued current where g is the Lie algebra of a Lie group GG which is
a global symmetry of the CFT,;. Omitting color indices and recalling that the dimension of a
current is A = d — 1, ((5.4)) reduces to

~ 1
Ja(P) = 1 / DY 0padyslog(—2P - Y)JB(Y) (5.6)
1
= -3 / DY Opalog(—2P - Y)0ysJP(Y), (5.7)
where in the last line we have integrated by parts.E We now invoke the Ward identitylﬂ [28]

O(IP(V)K) = 36V PITL(), 55)

14Recall that on the lightcone JEZ(Y) ~ JE(Y) + Y B f(Y).
1°The embedding space delta function §(Y, P) is defined by [ DYY§(Y, P;) = 1.
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where T; are the generators of the representation of G in which O; transforms. It follows imme-
diately that

(apm) = -1 P, (5.9)

Finally, we can project (5.9) to a particular section of the lightcone parameterized by P4(z).
In this case we find

G0 Ouw)) = —3 3 D 0101) 0w, (6.10)

Equivalently, as described in appendix [A] we can choose a set of orthogonal polarization tensors

e4(z) (A7) and project the components of the shadow current to an orthogonal basis obtaining
O 0,(a)) = -3 2L 000, )
a 1{+41 n\+n - A - P(:Ij‘) P(JL‘J % 1{+41 n\4tn/)/y .

which coincides with the leading soft gluon theorem in the embedding space RV¥*! with the soft
gluon operator given by [23] [
Sa(x) = —4J,(x). (5.13)

Our main result will be to demonstrate that analytic continuation to Lorentzian signature fol-
lowed by the flat limit prescription of [19] will yield the leading conformally soft gluon. The
leading and subleading conformally soft gravitons in CCFT,_; (or equivalently the soft graviton
in R) can be recovered in a similar way from the CFTy stress tensor. To show this, we first
need to generalize the embedding space analysis herein to the shadow stress tensor.

5.2 Shadow stress tensor
For a spin two field the shadow transform takes the form

~ 1 dv, OpaOyclog(—2P - Y)0ps0yp log(—2P - Y) _~p
Tap(P) = 16 DY (—2P . y)dAa-2 T

V).  (5.14)

For the stress tensor, A = d and so

Tup(P) = %/Ddy(—QP-YfapAayc log(—2P - Y)0psdyn log(—2P - Y)TP(Y).  (5.15)

6Note that we normalize the shadow transform (5.1)) according to [63]. This normalization differs from the
one in 23] by a factor of (—1/2)7. To see this, note that when contracted onto lightcone tensors,

lenAB(P('PY.)Y_) PpYy JE(Y) = inAB(P : Y)(]_: %’5)1/,4 —YpPy JP(Y) -
1 P—-Y)4(P-Y ’
S R o s R
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While the steps involved in the derivation of the relation between the shadow transform of the
stress tensor and the soft graviton theorem are similar to those in [23], we find it instructive to
repeat the significantly simpler calculation here in the embedding space. Integrating by parts
and using this can be written as

Oye {nep(P-Y) — PpYp|T“P(Y)} + (A« B) (5.16)

8

~ 1
TAB(P) = __/DdYP Y

and further evaluating the derivative with respect to Y one finds

~ 1 Y.
Tap(P) = Z/DdYP'AYUB[OPD]TCD(Y)

1 Y
— =~ | D%
8/ P Y[

where [.,.] stands for antisymmetrization. We ensured that the manifest symmetry of
under A <> B is preserved upon integration by parts.

The insertions of both terms on the RHS of in correlation functions are determined
by the uplift of the stress tensor Ward identities to the embedding space [28]. In particular, the
first line involves T1¢P! whose insertions are related to the spin component S¢P of the Lorentz
generators in the embedding space

nep(P-Y) — PpYg|oycTP(Y) + (A < B), (5.17)

TR = —L 36, P)STP(R). (5,19

We then find that inside correlation functions, the first line in ((5.17)) simplifies to

1 iy YA cD P)aPp oD
3 [P A e R) - ——Z e SE (%)
_ i (P)aP? o

On the other hand, the second term in (5.17)) is determined by the stress tensor Ward identity

(OycTP(V)X) = —nDEia(Y,a)apﬂxy (5.20)

i=1
Using this Ward identity, insertions of the second term in (5.17)) can then be shown to be related
to the orbital part of the embedding space Lorentz generators, £pg, namely

EDB = —i(PD(‘?pB—PgapD). (521)

Specifically, we find that inside correlation functions the second term in (5.17)) reduces to

n

—% / DY PY‘AY ep(P-Y) — PpY](0yc TP (V)X) = é Z (?_—AE(Q)DB (X).  (5.22)

=1
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Combining the two contributions from equation (5.17)) we find the embedding space formula for
insertions of the stress tensor in CFTy

.on
7

(Tap(P)X) = gZ%

1=

S P (s (x) + (4 B). (529

[(Li)pB + (Si)psl(X) + (A < B)

As before, we can now project to a particular section parameterized by P4 (z)

Tu@X) = IO Fan(P)X)
e 9P () 0y PP () Pa () PP ()
4 Z P(z) - P(x;)

i=1

(J:)pB(X). (5.24)

Alternatively, using the orthogonal set of polarization vectors 2! (A.7)) to construct the spin
two tensors e4P = é‘f‘aeﬁ and projecting to the associated orthonormal basis, we find 23]

(Tup(@)Os(1) -+~ Onlan)) = EZ - S?;U();A-(?():) =

=1

(T)pB(O1(21) - - - Op(0)), (5.25)

which upon deﬁningjﬂ B
Sap = —4T (5.26)

we recognize as the formula for a subleading soft graviton insertion in the embedding space
RLA+1

5.3 Large R expansions

We now apply these results to a CFT, on the Lorentzian cylinder and show that the conformally
soft theorems in the dimensionally reduced CCF'T,_; arise naturally from the flat space limit
prescription proposed in [19]. We work with the analytic continuation to Lorentzian signature
of the Euclidean results derived in the previous sections.

Consider the embedding

P(r,Z) = (sint,Q(Z),cosT) (5.27)

of the d-dimensional Lorentzian cylinder in R*? with metric nap = (—1,1,---,—1) introduced
in section [2} Here Q2 = 1 are unit normals to S**. We also consider the polarization tensors
ca(1,2) = (2,807,060, =24, 24c087), a=1,...,d—1, (5.28)

ea(m,2) = (cost,0,—sin7), (5.29)

"Working in units where x = v/327G = 2.
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where 6° denotes a vector with vanishing components except for an entry equal to 1 at b = a.
These are such that ¢, - P = ¢4 - P = 0 provided that

Q
L= a 7 :1’d_1 5.30
“=1rq0 © (5.30)
Moreover, &, - €, = 14 where 1gg = —1. They also enjoy the property that setting 7 = 7 + %
and expanding at large R
fa = (24,0°, —2,,0) + O(R™Y),
( ) (B7) (5.31)

eq = (0,0,—1) + O(R™Y).

We therefore see that &, = (e,,0) + O(R™!) where ¢, are polarization vectors in R4 [23]. In the
case of CFT3 (d = 3), it will be convenient to trade the coordinates (2!, 2%) for complex coordi-
nates (z,z) = (21 + 129, 21 — i22), and €1(7, Z) and e5(7, 2) for the following linear combinations

e.(71,2,2) = —=(zsinT,1,—i,—Z2,ZcosT), e5(7,2,2) = —=(zsinT,1,1,—2,2zcos7). (5.32)

V2 V2

In the flat space limit, ((5.32)) become &, = (€4,0)+O(R™1) with €, and € the polarization vectors
associated respectively with positive and negative helicities in R'3, namely

1 1
€(2,2) = —(z,1,—4,—2), €(2,2)=—(2,1,7,—2). 5.33
(2,2) \/5( ), e(2,2) ﬁ( ) (5.33)
For simplicity we will assume that all of the operators are placed at 7 = 7, which holograph-
ically would amount to considering all bulk particles to be outgoing. If one of the particles is
A

taken to be incoming, following [19] we insert the corresponding operator at (—7, 74) where 7"

denotes the antipodal map. In that case we observe that P(—7, 74 = —P(%,7). Taking this
into account therefore produces the required sign difference in the corresponding contribution to

the leading soft graviton factor. Finally, recall that at large R and 7 = § + &
P(r,2) = (q(2),0)+O(R™Y), (5.34)

where ¢(2) = (1,9Q(2)) is a null vector in R4,

5.3.1 Leading conformally soft gluon theorem

Equipped with these results, consider a g-valued conserved current J in a CFTy; with global
symmetry group G. Insertions of the shadow transform of this current into correlation functions
on the Lorentzian cylinder are obtained from the embedding space formula by projecting
with the polarization tensors {e,, &4} in . Expanding at large R and using together

with (5.34]) we find

(Su(2)0y (1) -+~ Onlwa)) = 3 €a(®) - q(xi)

- 0(z) - q(z) Ti{O1(x1) -+ Op(xy)) + O(R™), (5.35)
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which reproduces the leading conformally soft gluon theorem in CCFT,;_;. Note that in the
limit © — 0 the large R corrections drop out. In the particular case of CF T3 using the set of
polarizations {e,,¢z,e3} we find

e(r) qlz) 1 1422 e(x) qlw) _ L1422
(@) aw) - Vir—a @) alwm)  VEi-a (5:36)
and therefore we recover
210:() - Oula) = TS (0N Oulea) + O, (597)
(8:(@)01(01) -+ Oul)) = 223 L (O4(@) - Oulan)) + O(R™),  (5.38)

which are the holomorphic and antiholomorphic g-Kac-Moody Ward identities [64].
The time component of the CFT3 shadow current leads to an identity that resembles a soft
scalar theorem [65]

n

~ u T L
Note that the leading term in is of a different order in a large R expansion compared
to (5.37), (5-38). Such soft theorems were argued in [66,[67] to arise from conservation laws
associated with higher form symmetries in 4D AFS. From a boundary perspective, we find that
they are a simple consequence of dimensional reduction. It would be interesting yet beyond the
scope of this paper to understand the relation between these different perspectives, as well as
the role of these additional symmetries in CCFTy_;.

5.3.2 Leading and subleading conformally soft graviton theorems

Next we consider the shadow stress tensor T (P) whose insertions are given by (5.23) or, upon
projection to the Lorentzian cylinder, by (5.25)). As we show in details in Appendix [E| restricting

to components on a constant time slice a,b € {1,...,d — 1}, we find in the flat limit that
. EAB i ZT; Z;
0u(Gany 01+ Op) = > -2 (2)4a(x:)d5( )aui«ol - 0,) + O(R™). (5.40)

2" ga) - qlx)

Here €4, is the transverse, traceless polarization tensor in R%¢. Upon switching to a basis that
diagonalizes the dilatation operator on S?! via the transform , Oy, becomes the weight-
shifting operator e?2i. Note that in the limit w — 0, the large R corrections to drop
out. We hence see that insertions of iig(l)@ug{ab} reproduce the leading conformally soft graviton

theorem in RV with NSL%) = lin%aug{ab} the leading soft graviton operator.
u—
Moreover, we show in Appendix [E] that

n AB(

(1- uaU)<9{ab}O1 e Oy) = ZZ ab x>qA(xi>qC($)

£ () - qlw,) (J)clO1---0,) + O(RTY),  (5.41)
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where (J;)pc have indices restricted to B,C < d + 1 due to e?*! = ¢! = 0. In this case,
(J;) e coincide with the so(d,2) generators whose action on conformal primary operators re-
stricted to the strip (4.7]) was worked out in section . Their action hence coincides with that
of the Lorentz generators in (d + 1)-dimensional AFS, or equivalently, conformal so(d, 1) trans-
formations. Therefore insertions of hm(l — u0y)G{apy reproduce the subleading conformally soft

graviton theorem in R%¢ and the subleadmg conformally soft graviton operator is related to the
CFT, shadow stress tensor via Nab = hn% (1 —u0y,)9¢apy- The constructions of the supertransla-

tion current and the stress tensor from N((lb) and Nab then follow directly from respectively [44,/45]
and [46,/68] .

We now specialize to CFT3. Using the large R expansions of the polarization tensors
{€.,€5,e3} we construct the transverse traceless spin 2 polarization tensors €, = €q€p). The
only non-vanishing components are €28 = e/ef and €22 = ¢2¢Z. Therefore the expressions for

the leading soft factors reduce to those derived in [45],

AP (@)qalw)gp(r) _  Z—% 1422

= - 5.42
() - al) s ultam (542)
ez2 (v)aa(zi)as () _ _zmalter (5.43)
q(x) - q(x;) zZ—Zzi1+ 2%
and consequently

" zZ—% 1422
NOO,...0) = S ZT% 9, (Oy---0, 5.44
(RO 0 = =3I D 0,00 O, (541

n o ; 1 —
20,0, = =Y 20,0 0,). (5.45)

12—221—1—2@21

Insertions of Nt and N%) can be treated similarly. Relegating the complete calculation to
Appendix [F], we find that

WO ..o — -z +zz) 0 (-2,
(N0 On>_z[(z—zi l—i-ZiZi)zhZ z — z (0=, QZ"JS)} {01+ On),

(5.46)

)
<Ni‘12)01 ... (’)n> _ Z [ (Z - Zz)) (Z - Zi)2 (aZi . injg)} <(91 - On>7

(z—2z)(1+ z%) zZ—z

which agrees with the formula for the subleading soft factor [46,68] with external weights (b;, b;)

and helicities J3 as defined in (4.50). Taking a two-dimensional shadow transform of NS)) as
in [68] yields the CCF Ty stress tensor.

6 Discussion

In this paper we studied the symmetries of CFT3 on the Lorentzian cylinder over short time
intervals. We showed that strips of infinitesimal width oc R~! around any time-slice admit an
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infinite-dimensional set of locally-defined solutions in the R — oo limit. These can be reorganized
into vector fields obeying the ebms, algebra. The extended BMS, symmetry emerges via a Inonu-
Wigner contraction which for the global subalgebra reduces to the contraction of the so(3,2)
algebra to Poincaré. We studied the transformation properties of CFT3 primary operators in
the strip under the superrotation subalgebra of ebms,; and found that they transform as two-
dimensional conformal primaries with operator-valued effective dimensions A=A+ud,.

The two-dimensional dilatation can be diagonalized by a time Mellin-like transform. Con-
sequently each CF'T3 primary operator results in a continuum of CCFTy primary operators of
the same spin and with dimensions Accpr = A + Ag — 1 where A is the CFT3 dimension and
Ay is the dual Mellin dimension. We showed that, inside the strlp, the transverse components
T, of the A = 0 shadow stress tensor give rise to operators N o and N whose insertions into
correlation functions reproduce the leading and subleading conformally soft graviton theorems.
Likewise, the transverse components J, of the A = 1 shadow current provide an operator 8,
whose insertions reproduce the leading soft gluon theorem. As such, conformally soft theorems
and the corresponding infinite-dimensional CCFT,;_; symmetries effectively emerge from the
dimensional reduction of the CFT\.

There are several aspects of our dimensional reduction or flat space limit that we believe
deserve further investigation. The conformal Killing vectors giving rise to the ebms,
algebra violate the conformal Killing equation at finite R. This appears to be in stark contrast
to the asymptotic symmetries of 4D AFS that are exact and can be extended into the bulk. It
would be interesting to understand whether the symmetries can be preserved in the strip beyond
the R — oo limit and relate this to the emergence of a bulk radial direction from the CFT.
Interestingly, both large r corrections to the asymptotic charges in 4D AFS and corrections away
from the large AdS radius limit have been linked to loop corrections [26,/69]. This resonates
with the fact that in explicit examples of holography, the large AdS radius limit is related to a
large N limit in the CFT [70]. Furthermore, it is well known that 1/N corrections to conformal
correlators are dual to loop corrections in the bulk [71]. It will be important to further study these
corrections in order to clarify the relation between CFTj3 correlators and celestial amplitudes.
It would also be interesting to connect our enhanced conformal Killing symmetries in
the strip to the bulk A-BMS algebra [72] which similarly arises, subject to certain boundary
conditions, in the limit of infinite AdS radius.

More generally, our analysis provides motivation for looking for boundary conditions in AdS
that turn on shadow operators on the boundary. These operators are dual to modes in AdS that
are in general non-normalizable near the boundary, but normalizable deep inside the bulk. This
seems consistent with the flat space limit prescription which amounts to zooming in close to the
center of AdS [24,[31], as well as proposals suggesting that flat space physics may be obtained
via a TT deformation [73/74]. Tt would also be interesting to understand if the whole tower of
W40 currents in celestial CET [75] can similarily arise from a limit of CFT3. Perhaps relatedly,
the role of the T, and T,,, Ward identities remains to be understood.

The approach we have adopted in this paper proposes a connection between CCFT and
standard CFT. In principle these ideas may allow for an understanding of how general features
of CFT, such as the existence of an associative OPE, are reflected in the dimensionally reduced
theory, potentially allowing for a better understanding of the corresponding features of CCFT.
In particular, our results suggest that the stress tensor of the reduced theory is closely related to
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the stress tensor of the parent CFT, so that it may be possible to extract a CCF'T central charge
from this procedure. This may shed light on previous proposals based on a hyperbolic slicing of
Minkowski spacetime [60),76,77].

Finally, the shadow transform played an important role in this analysis, since it allowed for
the construction of the soft operators from the stress tensor and current. In Lorentzian signature,
the shadow transform constructed by Wick rotating the Fuclidean shadow is just one member out
of a group of transformations preserving the Casimirs of the conformal group [78]. It therefore
seems plausible that the other transforms will also play meaningful roles in the dimensionally
reduced CCFT. We hope to address some of these issues in future work.
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A Embedding space primer

A Euclidean CFTy is defined on the projective null cone in the embedding space R"4*! with
metric nap @ The projective null cone is parametrized by a vector P obeying

P? = 0, P~AP, \#0. (A1)

Choosing a representative from each equivalence class yields a section of the lightcone ¥ C Rb4+1
corresponding to a conformally flat manifold on which the CF'Ty is realized. The non-linear action
of the conformal group on X is realized through the combination of Lorentz transformations
SO(d + 1,1) and rescalings of the null cone that preserves the chosen section. Let P(z) be an
embedding of ¥ into RV, Then the metric it inherits from the ambient space is

OPA OPE
dxk OJxv
A different section ¥’ embedded by P’(z’) is related to ¥ by a rescaling

dst = nap dxtdx”. (A.2)
P'(z) = w(z)P(x). (A.3)
The metrics on the two sections 3, ¥ can then be shown to be related by a Weyl rescaling

dsy, = w*(x)dss. (A.4)

18T orentzian CFTy are instead lifted to R%<.
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We conclude that conformal maps between different conformally flat manifolds are represented
in the embedding space by Weyl rescalings and Lorentz transformations of the embeddings of
the corresponding lightcone sections (see [56] for a review).

A primary field of dimension A and spin J in a CFT, on a given section can be lifted to a field
on the lightcone as follows. If ¢,,,...,, (x) is a spin J symmetric traceless tensor, its lift to a tensor
D 4,..4,(P) defined on the embedding space lightcone has to obey the following properties [2§]

1. ®4,..4,(P) is symmetric, traceless and transverse PAid 4, 4,(P) = 0,
2. ®4,..4,(P) is defined up to terms PAiAAlmAimAJ(P)’ where A; denotes a missing index,
3. ®4,..4,(P) is homogenous of degree —A: ® 4,4, (WP) =w 2P, .4,(P).

If ¥ is parameterized by P(x), ¢y,..,.,(2) is then recovered by the projection [2§]

Pt gpY

= Eyo Ce D

(b#l"',U«J (l‘) (DAI"'AJ'(P(:K))‘ (A5)

Projecting using the Jacobian of the embedding as done above reproduces the coordinate com-
ponents of the tensor field. Alternatively, we can introduce a set of polarization vectors €2(x) in
the embedding space obeying

o P = 0, e4-€p=0a. (A.6)

The pullback of g, to the section (¥, g) can then be shown to give rise to a vielbein in (X, g),
namely

a aPA a A aPA N A
e# = Ok €ar € T 65 Ok - (€a ’ Q)q ) (A7)
where [56]
opP4oprP

uv _ nAB A-B B-A A8
o = T T (A.8)

with g,, = (P7)*n,, ¢* = PA/PT and ¢* = —26%.
As a result, the symmetric, traceless combination 6?11_',',;‘; = 5?@11 e Ejj} can be used as projec-

tors which allow us to recover the components of the tensor field with respect to the orthonormal
basis

¢al"'aj(x) = 8?11-::£J(‘r)q)Al"‘AJ(P(‘T))' (AQ)

Primary fields in more general representations of SO(d) can be handled in the same way. They
are lifted to fields in representations of SO(1,d + 1) defined on the lightcone with homogeneity
of degree —A which are transverse in the appropriate sense and which can be projected back
to the original representation by introducing appropriate projection matrices. These fields are
again only defined modulo terms that lie in the kernel of the projection matrices. The particular
case of Dirac spinors in several dimensions is discussed for example in [56].
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It will also be useful to recall the definition of conformal integrals on the space of homogeneous
functions f(X) of degree —d on the lightcone [63]

/Dde(X) = VO](G;(LRW/dd+2X5(X2)f(X). (A.10)

In practice such integrals are evaluated by gauge-fixing the rescaling freedom and introducing an
appropriate Faddeev-Popov determinant.

B Properties of the spin covariant derivative

In this section we show that the spin-covariant derivative (4.42) reduces to the Levi-Civita
connection when acting on fields transforming in the vector representation of SO(3), namely if

(Sab) y = —1 (0506d — 0aady) (B.1)

then
vV,VY=0,V¥ + FZUV". (B.2)

To see this we evaluate V,V* where V' are the vielbein components of the vector field, and then
transform to the coordinate components V,V". We start with

VVe=0,V" +w, V" (B.3)
The coordinate components are defined by
vV =e,V, V" (B.4)
Evaluating V, V",
V.V =eld Ve 4 ehw, V. (B.5)

We now transform V¢ = e2V? on the RHS

vV.V' = e, (esV7) + eZef,wuabV" (B.6)
= (e0,e2)V7 +elesd,V° + eZezwuabV" (B.7)
and recall that eles = d7 and ejebw,, = w,”,, where w,”, is given by (C.6). In this case
V.V = (eg0ue)VT +0,V" + (I, — en0ueg) V7. (B.8)
The terms with e/0,ef cancel and we are left with
V.V =0,V"+T},V, (B.9)

which agrees with the Levi-Civita covariant derivative of the vector field with respect to the
coordinate components.

28



C Conformal Killing vector field action in the

The components of the rotation generators with respect to the vielbein

1 _ Y2z - 2 _ g Y2z s 3:@
e =14/ 5 (dz+dz), e i/ i (dz —dz), e =

are Sy, = efel Sy Explicitly, we find

i 7z2
Suz = 5 _J—7
RV 2
_ L
Suz - R 2 J—H
Szé = Z.’YZEJ37
where
J_ = 893 — 1S3, Jy = So3+ 1531, J3= S

strip

The coordinate components of the torsion-free spin connection w,’, are given by

o _ 10 o a
w,u v F,uu - eaaﬂeu

and therefore, we see that its only non-vanishing components are

z z 1 z
w = —W _ = — s
z Z z Z 2 zZ
_ 1 -
Fo= . = —F%,
wZ zZ wz 4 2 zz)
where
P 2z P 2z
2 1427 #1422
As a result, defining
1 1
Q, = I, Q:=-=I%
2 2

we find that the spin covariant derivative of O is given by

vuOA 8uOA7
VZOA = azOA - QZJSOAa
VEOA - 650A - QEJ3OA.

Now fix 79 = § and take € = Ly given by
6; — €y
2

- %(D Y )ud, + Y29, + O(R7Y).

Ly

29

(C.10)

(C.11)
(C.12)
(C.13)

(C.14)

(C.15)



We will show that 7, Oa reproduces the action of Y on a 2D primary operator in the large R
limit. To this end observe from (C.11))-(C.13) and (C.2)-(C.4) that for this vector field we have

V.Ly — %D-Y+0(Rl), (C.16)
[EV,05 = i ED-Yuau—l—Yz(é Q) + Y7(0: — Q) + O(R )} Ox,(C.17)

l

%VM(LY),,S’“’ — YDy~ D.Y?)Jy + O(RY). (C.18)

[\

From this we immediately see that the expansion of 01, Oa(z) is
00, Oa(x) = —i [D YZh + DY +Y*(0. — Q.J3) + Y#(0: — Q:J3) + O(R™ )] Oa(z). (C.19)
Here we have defined the operator-valued weights

A+ Jy A—J;

5 b o A=A+, (C.20)

h=

This agrees precisely with the transformation of a 2D primary operator, as given for example
in [68].

D Shadows and dimensional reduction

In this appendix we discuss the connection between the d-dimensional shadow transform on
the cylinder and the Mellin-like transform on an infinitesimal time strip that implements the
dimensional reduction to S¢~!. All embedding space fields are assumed to obey the properties
described in appendix [A] We begin by projecting the embedding space formula for the shadow
transform to a particular section. Starting from , we find

_ OPA
(Pul"'/w(m) - Ol CI)A1 AJ(P(J:))

d J(na;B, P(x) - P(y) — Pa,(y)Pp,(x B
- H Ot /D P( >H (7] (_;p)(x) .(Z)(y))d A<+3 HU "Dy, (Py)),

(D.1)

where the conformal integral is gauge-fixed to a particular section Y = P(y). We now use (A.8))
to eliminate n®:¢, noting that the q(Biq_Ci) contributions contract to zero, namely

= _ d (a5, P(x) - Py) — Pa,(y)Pp,(2))
o) = [I55 [ prrnlMs Ty
X H () 381; . %@CI__.CJ(JD(@,)) (D.2)

OPZLOPR () P(x) - P(y) — Pa,(y) Py, (2
/de(y)l'[z oo oy A, P(x) - P(y) (y) P, ( ))(Pyl...y(,(y)' (D.3)

(2P(2) - Py))" >+
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We finally observe that owing to ([5.5) we can write

% = [ aty Sy Ui log( 2P(x) - P(Y)) gorvs
Dppyops () = /d ) - P(y))t-24 ° ), (D-4)

which is the shadow transform restricted to a section of lightcone [63].
Now we consider the particular case of the cylinder section parameterized by (5.27)) and
expand at large R. In this case taking x = (7,) and y = (7, ') we have

P(z)-Ply) = —cos(tr—1)+Q-Q". (D.5)

Setting 7 = +7 + %, expanding at large R and taking the time Mellin-like transform (4.51]) we
find

F(AO)/ aluu_A(’(I)lf1 1, (1, 9) :F(AO)/ duu =20

/dT’dd ey 1L Qi Oy log(iQ sin7’ F 2% cos 7' — 20 - Q’) s (y)
(£2sin 7’ F 2% cos 7/ — 2(2 Q)d-a (D.6)
F A & ! > : H / u / /
_Zﬁ /_oo duquo /dT’ddlg /O dw(_iw)defle'Lw(i2smT F2% cosT'—-20-0)
x F.L"l"'#i(x7 y)?
where
Fpyose(2,y) = [ ] Oun: O log(£2sin 7/ — 20 - Q)" (y) + O(R™) (D.7)

and p;, v; are restricted to §2, €. We also defined

OF (1, Q) = D(+2 + L Q). (D.8)
2 R
In general, [ duu=20® is an operator in CFTy with dimension d — A + Ay — 1 (see section .
Setting Ay = 0 should then yield an operator of dimension d — A — 1 in CCFT,;_;. Note that
for Ag =0, is singular which suggests one should take a residue [5]. Indeed, the residue of
(D.6) at Ag = 0 reduces to

1 Y e R
+ _ ! qd—1 3 _ s oN\d—1-A-1-"" r
/_Ooaht(I)u1 (1, €)= —F(d—A)/de Z /0 dw(—iw) 5 E (" — 7o)
> eiw(i?sinT’fQQ-Q’)F » (.CL' y)

_ i R /dd sy [L, Ours 0, log(£em@2 — 200 - v)  (D-9)
2d—1— iemaQ_QQ Q/)d,l,A

ac{0,1}

% (I)l/l"’l/J( zrra Q/> + O(RO)

which we recognize as proportional to a linear combination of (d — 1)-dimensional shadow trans-
forms in the strips around +7. Note the appearance of a linear combination of incoming and

31



outgoing insertions. It may be interesting to understand this better, perhaps in relation to the
proposal of [79].
On the other hand, taking the limit at Ag =1 of and using the identity [5]

. e—1
11_{% elz| = 26(x), (D.10)
we find™)
ResT(a) [ a5 0 @)= e [t (8, 00) - 78, (0. 0)

x Discd® _ (0,9).

P

(D.11)

This is a linear combination of primary operators of dimension d — A with respect to both the
CFT, as the CCFT4_1. For d = 3, taking a 2D shadow then yields a combination of operators
of dimension A — 1, which in the special case of the CFTj3 stress tensor should reduce to the
stress tensor in the CCFT,. This linear combination is reminiscent of the construction of soft
charges in 4D AFS which involves a linear combination of operators at Z* and Z~, although the
precise relation, if any, remains to be understood.

More generally, given operators Oi(u, Q) in strips around £7,

5651/ duu™2°0% (u, Q) o DiscO%(0,9). (D.12)
0= J -0

Since Accrr = A+2Ap—1 we get an operator of Accprr = A. We conclude that placing operators
at u = 0 inside a small time interval results in CCFT operators that inherit the dimensions with
respect to the parent CFT, as found in [19]. The appearance of the discontinuity remains to be
understood.

E Derivation of CCFT,;_; conformally soft theorems from
CFT,

In this appendix, we give the derivation of the leading and subleading conformally soft graviton
theorems from the higher dimensional shadow stress tensor correlator. We start by defining

“ €A€B T ZT; = T
s = =R (e, ©1)

so that the shadow stress tensor correlator in the CFT,; becomes

(GO -+ On) = —iS{0 (Or+--O,). (E.2)

To compute the flat space limit of .S éi) we expand at large R keeping the first subleading contri-
butions. To keep track of them we introduce the following notation:

P = q+dq, eco=¢€4+0d6, ac{l,...;d—1}, (E.3)

19The normalization can be obtained by a careful consideration of the ie prescription.
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where ¢ = (¢°, ¢*,0) denotes the leading term in P and ¢, = (€2, ¢’ ,0) the leading term in &,.

a’ -a’

These correspond to the flat space counterparts of P and ¢,. dq and d¢, are the deviations from
the flat space limit and take the form

dqg = (sinT — 1,0, cos T), 0€q =2,0q, a€{l,--- d—1}. (E.4)

We restrict our attention to the components of the shadow stress tensor tangent to the S~ on
which the CCFT is defined, namely with @ € {1,--- ,d — 1}.
We need to evaluate
€a(2) - P(xi)

Pl) Pl P (x)ey (2)(J) ap- (E.5)

The first quantity is immediate to expand and yields
culw) Ple) _ alo)al)
P(x) - P(x;) q(x) - q(z:)
For the second one we have

PAa)ey (o)(T)ap = ¢ (@)e; (@)(T)ap + 20" (2)0¢" (2)(To) a + 607 ()¢ (2)(Ti) an
(E.7)

+O(R™Y). (E.6)

We now study the second and third terms observing that for 7 = 7 + % and large R, (Ji)aa41 =
iRqa(:)0y, + O(1)

¢! (2)0¢" (@)(Ti)ap = —(sinT — 1)’ (2)(Fi)oj + cosTq(x) - q(:) (iRDy, + O(R")), (E.8)
0q* ()l (2)(T)ap = (sinT —1)el(x)(Ti)o; — cos Tey(x) - () (iRD,, + O(R")). (E.9)
As a result, we have

PA(x)ey (2)(T)ap = " (2)e) (2)(Ti)ap — z(sinT — 1)¢’ (2)(F)o; |
+ zcostq(x) - q(x;) (iRD,, + O(R")) + (sinT — 1)e)()(Jr)oy
— cosTe(z) - q(;) (iRO,, + O(RY)). (E.10)

At this point, we can further expand at large R. In particular, we notice that the first term is
O(1) because A, B < d+ 1. For the others we write 7 = § + % and expand at large R to find

PAa)ey (@) (T)ap = ¢ (2)e) (2)(Ti)ap — iuzq(e) - q(2:)00, + tuey(x) - q(a:)0,,
+O(R™). (E.11)

Combining with (E.6]) we find

5 = 3 S L pa a0y (7).

i—1 P(x) - P(x;)
2> {% (qA(x)eg(x><$>AB — iuzpq(w) - q(2:) 00 + iuey(w) - q(xi)am) + O(Rlﬂ .

(E.12)
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Taking one derivative in u we get

0,50 = i3 [ LI () g+ ale) - alw ) + OR )

=iy K — pea(®) - ()0, + “al®) - 4(T)er(w) Q(“"i)aui) + O(Rl)] (E.13)

q(r) - q(:)

Now observe that the first term is proportional to the operator Y. q%(x;)d,, which annihilates
conformal correlators by the global conformal symmetry of the CFT, to leading order at large
R (or equivalently by momentum conservation in the flat limit). Specifically

Z Tjar1(7:)(X) = Z (=i P;(2:)Opat () + 1Par1(2:)Opi(n,) + Sjar1) (X) =0, j=0,---d,
=1

=1

and therefore
= I, . ~ .
D igi(2:)0,,(X) = In > (=iPu (21)0piay) — Sjasr) (X) = O(R™), j=0,---d. (E.15)
i=1 i=1

As such, only the second term remains

(@ _ Z-n €a(T) - q(zi)en() - q(;) -1
8,5 = ;[ ) (o) dy, + O(R™Y |, (E.16)

which coincides with the leading soft factor. Moreover, it is also clear that

n

1 —wuo, S — MqAxeBx T)ap +O(R™), E.17
(-wa)s) = 32 T @ @) G+ O (B.17)
where since a,b € {1,...,d — 1} it follows that A, B € {0,...,d} and in this range (J;)ap act
as the RV Lorentz generators in the flat space limit. Finally we take the (d — 1)-dimensional
symmetric traceless component of S (EZ) with a,b € {1,...,d—1} by applying the projector ([3.10]).
Then

1 a
ozl = L - (=15)
However, since €;7! = 0 it follows that n*e/'ef = 0“¢e] and that ef,e;} = 0 when either A or

B are d+ 1. As a result, for a,b € {1,...,d — 1},

5ab

A _B l[AB BeA]
d—1

- €aq € +Ea€b

€ 6 = 5eltel), A,B < d+1, E.19
{a®*b} 9 cd

which coincide with the symmetric traceless polarizations in R»¥. As a result, the operators
Nt(l%) = lin(l)&ug{ab} and N(%) = hH(l) (1 — u0y,)SG ey play the role of leading and subleading con-
u— u—

formally soft gravitons in R%. It is immediate to see that they have the expected dimensions
A =1 and A = 0 respectively.
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We conclude this appendix with a comment on the timelike components of the shadow stress
tensor. For d = 3 one can construct from the u, A components of the shadow stress tensor
operators which coincide with the supertranslation currents in the dimensionally reduced theory.
This is perhaps to be expected, as conservation of the CF'T3 stress tensor leads to relations among
its transverse and time components. It may be interesting to further explore these constraints
in relation to the asymptotic Einstein equations in 4D AFS.

F Subleading soft factor in CCFT,

In this appendix we calculate the subleading soft factor

n

oS @D €al) - 9(:) a0y By 7 .
(1 aU)Sab ZZI q(x) K Q(Iz) q ( ) b( )(\71>AB +O(R )7 (F1>

in the specific case of reduction from CFT3 to CCFT,. We need to evaluate ¢ (x)eZ (2)(J;) an
using the complex polarization vectors {¢,, €;}. We recall that (J;) ap are the s0(3,2) generators
acting on the i-th primary operator. The actions of such conformal Killing vectors and their
large R expansion have been studied in section In particular, we note that since ¢* = ¢} = 0,
only (J;)ap with A, B < 4 appear. For this range of indices, we havﬂ

jABOi = _5LYABO’L'7 A7B :Oa'”37 (Fz)

where Ly has been defined in (4.33)) and Y45 are the S? conformal Killing vectors (4.21)) and
(4.22). We have computed the large R expansion of dr,, O; in (4.47), which yields

(T:)aO; =i (Dzinjgbz- + D5 Y b + Yi5(0., — Q.. J3) + Yin(0z, — Qs J3) + O(R_l)) O;.
(F.3)
Now using the explicit parametrization of ¢ and {e,,e;} it is straightforward to compute the
following contractions

— 2.2
qA(x)E,];(x)YAB(Zia 2@') = _(j_i_—z;z)azm (F4)
¢ (2)el (1)Yap(z,2) = —(’L—Zazi, (F.5)
from which we immediately obtain
A B . (Z — ZZ)(l + z?i) (Z — ZZ')Q _
- A( B C[E-z)0+zy) o (F-z) 1 .
—iq™(z)e; () (T;) aO; = {(1 (1 Zi2¢)2hi BT (05,—Qs,J3) + O(R )] O;.

20Tt is possible to check by explicit computation that J4p reproduces the conformal Killing vector action by
studying its action on lightcone fields in coordinates adapted to the cylinder section. Indeed, parameterizing
the lightcone as X = (rsin7,7Q,rcos), so that the cylinder section is obtained by gauge-fixing r = 1, and
evaluating JapOa(X), we find due to the homogeneity of Oa(X) under rescalings that —r9,Oa = AOa. Then
follows by straightforward computation.
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In turn, this means that we have

-uo)s? = iy [EE Sy Eoth o] +om), k)
- )1+ z2) (z-=z)°
1+ 222

1-ud)s® = iy [E=E (00| + OB, (B

zZ— Z

which take the form of the standard CCFT soft factors [46,/68] with the operator-valued weights
(h,b) in place of the standard weights.
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