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RG flows on two-dimensional spherical defects

Tom Shachar, Ritam Sinha, and Michael Smolkin

The Racah Institute of Physics, The Hebrew University of Jerusalem,
Jerusalem 91904, Israel

E-mail: tom.shachar@mail.huji.ac.il, ritam.sinha@mail.huji.ac.il,
michael.smolkin@mail.huji.ac.il

ABSTRACT: We study two-dimensional spherical defects in d-dimensional Conformal
Field Theories. We argue that the Renormalization Group (RG) flows on such defects
admit the existence of a decreasing entropy function. At the fixed points of the flow,
the entropy function equals the anomaly coefficient which multiplies the Euler density
in the defect’s Weyl anomaly. Our construction demonstrates an alternative derivation
of the irreversibility of RG flows on two-dimensional defects. Moreover, in the case
of perturbative RG flows induced by weakly relevant deformations, the entropy func-
tion decreases monotonically and plays the role of a C-function. We provide a simple
example to explicitly work out the RG flow details in the proposed construction.
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1 Introduction

The renormalization group (RG) flow provide a theoretical framework for isolating the
degrees of freedom which describe the low-energy phenomena. The idea is to sim-
plify the theory by ignoring its microscopic structure without affecting the low energy
physics. In doing so, the number of degrees of freedom decreases, and there has been
a long-standing debate about how to quantify this decrease. In 80’s, Zamolodchikov
formulated and proved the c-theorem, which makes this quantification precise for a
wide class of 2-dimensional quantum field theories [1]. Starting from this work many
results were obtained in various dimensions [2—-20)].

In this paper we study RG flows on two-dimensional defects. The defects have a
long story, both in two and higher dimensions — see for instance [21-38]. Defect RG
flows were also extensively studied in the literature [39-50]. There are a number of
exactly established results about the RG flows on line defects [51-54] and their higher
dimensional generalizations [55, 56]. Recent examples and perturbative calculations in
the context of defects cover a wide range of systems and models [57-62]. Here we restrict
our attention to the case where the bulk QFT is a d-dimensional Euclidean conformal
field theory, and the state is simply the flat space vacuum state. We are interested to
study RG flows when a two-dimensional spherical defect is present in such a theory.



In this setup, the defect changes along the RG flow, but the bulk remains intact. The
flow in this case is called a defect RG (DRG) flow.

The full conformal group SO(d + 1,1) is broken at the fixed points of DRG. Since
a spherical defect is conformally equivalent to a planar one, it preserves the subgroup
SO(3,1) x SO(d — 2) of the full conformal group. This symmetry pattern represents
global conformal transformations on the two-dimensional planar defect and rotations
around it. The theory at the fixed point is called a defect CFT (DCFT).

In what follows, we introduce a renormalized defect entropy which is fixed by the
characteristic size of the defect. Our construction is similar to the one previously
employed in the context of entanglement entropy [63]. For a DCFT, it reduces to
the dimensionless ”central charge” that multiplies the Euler density in the defect’s
Weyl anomaly, whereas for a general quantum field theory, it interpolates between the
central charges of the UV and IR fixed points as the radius of the spherical defect
is varied from zero to infinity. Using the ideas introduced in [53], we show that the
renormalized defect entropy necessarily decreases from its initial value along the DRG
flow, thus providing an alternative proof for irreversibility of the DRG flows on two-
dimensional defects [55]. Furthermore, we argue that when the DRG flow is induced by
a sufficiently weak relevant deformation of the UV fixed point, the renormalized defect
entropy exhibits monotonic decrease and plays the role of a C-function throughout all
orders in perturbation theory.

The paper is organized as follows. In section 2 we review the derivation of the
Ward identities which are necessary for our needs. In section 3 we define the renor-
malized entropy function, and use it to reproduce the sum rule as well as prove the
irreversibility of DRG flows on two-dimensional defects. In section 4 we provide an
instructive example which explicitly illustrates various details of DRG flows discussed
in this paper. We conclude in section 5.

2 Ward identities

As a starting point, we review a higher dimensional generalization of the identities
obtained in [53]. Consider a p-dimensional defect D, embedded in a d-dimensional
Euclidean bulk. For simplicity, the bulk is assumed to be flat. The theory is governed
by a DCFT action perturbed by a set of relevant defect operators O; with scaling
dimensions A; < p,

[ — [DCFT + gl/ dpo-\/’TyOZ 9 (21)
D

where 7, is the induced metric on the defect.



The bulk and defect stress-tensors, T, T and the displacement operator D, are
defined through the variation of the effective action, W, with respect to the bulk metric
guw' and embedding function X* (o),

oW = — % /M A% /G 3G, (TH) + /D dPa\/% 6X" (o) (D)
- %/deaﬂ [5g#,,(T’“’> + } . (2.2)
The total stress tensor, T)0" is defined by,
T =T + Ty 0p (2.3)

where dp denotes the delta function which restricts the bulk integrals to the defect, i.e.,
by definition [ d?zép = [, d?0+/3, or equivalently, the integral of the d-dimensional
delta-function over the defect satisfies, fD 0 = 0p. By assumption, the bulk theory is
conformal, therefore T = 0.

In what follows, the indices a, b, .. will be used to denote the p tangential directions

OXH
doa *

7
€L =
m
I

Similarly, the indices I, J, .. will be used to denote the d — p normal vectors,
n

The three physical quantities in (2.2) are related by Ward identities associated with
the invariance of W under the bulk and defect reparametrizations. In the former case,
the condition W = 0 is imposed under an infinitesimal diffeomorphism of the form
ah — o't =gt — EF

ozt = _5/17 5g;u/ = vugu + VI/SM . (24)

By splitting the bulk into normal and tangential components, &, = €%, + n’¢&;, this
gives the following Ward identity (See Appendix A for details)

V,.T"E, + 6p [(@bT’)“ - Da) £+ (vaTaf Dl - Kngab> 51] ~0, (2.5)

where @a is the covariant derivative on the defect?.

'We adhere to the conventions of [55, 64], see [29] for alternative definitions. The ellipsis in the
last line of (2.2) encode variations associated with the normal derivatives of the bulk metric. These
terms are irrelevant for the low dimensional defects considered in this paper. Moreover, in general the
first-order normal derivative terms have no impact on the results for spherical defects.

2The symbol V is used to denote the covariant derivative on the defect, compatible with the induced
metric, Vo9e = 0. Refer also to the paragraph below (A.4).



Likewise, the same condition, 6WW = 0, is imposed for infinitesimal reparametriza-
tions of the defect,?

50" = —(%, SXM = el Ogu =0 . (2.6)

Combined with (2.2), they imply D, = e#D, = 0, i.e., tangential displacements are
trivial.

Now consider a dimensionless dilaton background, ® (¢), localized at the defect
[53]. By definition, the dilaton couples linearly to the trace of the defect stress-tensor,

ie., T = g"T,, = %%, and under defect reparameterizations, it transforms as,

50 (o) = —C°0, (o) . (2.7)

Hence, (2.2) takes the form
- oW - .
= oW = | d’o\/4 X" (0) D, + | dPo=i® = | dPor\/F ¢ <Da . T8a<I>>
D D oD D

As a result, in the presence of dilaton, we have D, = 178,9.

A bulk CFT in d-dimensions is invariant under the full conformal group SO(d +
1,1). However, the conformal defect partially breaks it. In particular, a p-dimensional
spherical conformal defect is invariant under the subgroup SO(p+1,1) x SO(d —p) C
SO(d + 1,1). The first factor represents conformal group of the p-sphere. For p = 2,
it has six generators, SO(3,1) ~ SL(2,C). This group acts on the 3-dimensional
ambient subspace hosting the sphere. For simplicity, we parametrize this subspace by
a*, = 1,2,3. The group SO(d — 2), generates transformations in the transverse
directions to the defect. In the conformal frame where the defect is planar, SO(d — 2)
represents ordinary rotations in the transverse space to a flat defect. The six SL (2,C)
conformal Killing vectors are given by,

1 z? Toat .
éé;)zg {55 (R+E) 2 R ] ’ X?@):&;Gab Te, a,bc=1,2,3, (2.8)

3Finite reparametrizations of the defect are defined as follows,
5 =35%(0), X(3) = X"(0), §u(X(5)) = g (X (0)) = 9 (X(5)) -
Employing this definition yields the conventional transformation for the induced metric on the defect,

- OXME)0XV(6) . o . Oob Dot
hecl®) = “g5a— —gge I (X(0)) = g5a ggahale)

The infinitesimal diffeomorphism, 6% = 0% — (2, takes the form given in (2.6).



where R is the radius of the sphere. The £’s are particular combinations of translations
and special conformal transformations which preserve the sphere, whereas x’s represent
rotations. It can be checked that (2.8) satisfy the conformal Killing equations in the
bulk as well as on the defect. Each such Killing vector gives rise to a conserved charge
in the bulk,

Q= [ aaz,e, (2.9)

where Y is a hypersurface.

Now consider the vacuum expectation value of ()¢ provided that the hypersurface
¥ wraps around the spherical defect. By definition, when )¢ surrounds an operator, it
transforms it, i.e.,

(Qe) = (0cD) , (2.10)

where 6¢D is a small change in the spherical defect induced by the conformal Killing
vectors (2.8). This change vanishes if the defect is conformal (DCFT), but we do not
assume it in what follows. In fact, the scale invariance is broken in the presence of fixed
dilaton background.

The boundary conditions at infinity correspond to a conformal vacuum state. Since
Q¢ annihilates it, and there are no other insertions in the path integral save the defect,
we deduce that for any ®(o),

0= (5:D) = (Q¢) = / A S, (TH)E, = _/ d*o (VT — To"®)¢, ,  (2.11)
) D
where in the last equality we used Gauss’s theorem followed by (2.5) with ¢/ = 0 for
the Killing vectors (2.8), as well as tracelesness of the bulk stress tensor. Integrating
by parts, yields

0= (5:D) / o (TS,6, + To"® &,) . (2.12)

Next, recall that the conformal Killing vectors satisfy

A ~ 2 /4 A
vagb + vbga =—(V- S ’A}/ab = (V- 6 ’Ayab . (213)
o (Vo) = (V)
Combining, we finally obtain
2 1 La) b A
0=(5:D) = [ d® (§(v ) +0 (I)&,) (1) . (2.14)



The dilaton couples linearly to the trace of the defect stress tensor, and therefore
the right hand side of (2.14) can be interpreted as a change in the defect due to a small
variation in the dilaton profile, 6® ~ %(@ . 6) + 0°®&,. In particular, it follows from
(2.14) that one can identify two defects if their dilaton backgrounds are related by*

1~
d~d+a <5V“5a + gaaacb) , a1, (2.15)
Hence,
log Zo = log Zgs0 = log Zg + / o (T (0) ) ;00 (o) + O (68%) , (2.16)
D

with d® defined in (2.15). Expanding around ® = 0 results in a series of constraints.
At O(®Y) we have,

/ Po ]13 (V£ (T ()0 =0, (2.17)
and at O(®'),

/ o £9,5(T(0))o + / o, dp@%(vg@)) ®(0o)(T(0)T(09)) = 0 . (2.18)

For our purposes (2.18) is enough, and we ignore all the other identities.

Notice that the covariant derivative takes a simple form for the first three Killing
vectors in (2.8), i.e., vea (0,0) = —2n (0, ¢). where n = (sin 6 cos ¢, sin 0 sin ¢, cos 6)
is a unit vector. Choosing a dilaton profile of the form, ® (6, ¢) = n® (0, ¢) for any
b = 1,2,3, and introducing the following notation [ d’c\/4 = [,, for brevity, the
double integral in (2.18) becomes,

1&’7:/52 /S ng nb(T (i) T (i2) ) . (2.19)

Due to the SO (3) invariance of the integration measure and the two-point function,
we deduce that 1% is an invariant bulk tensor, and therefore it is proportional to 6%,

~

w — Lgar i ) (T () T (R2) ) .
1= g0 [ [ ) (T ) () (2.20)

Setting a = b = 3, i.e., & x cosf, and evaluating the first term in (2.18), yields

/52 (T (7)) = %/52 /S2 (n - 22) (T (An) T (Ra) ) - (2.21)

In fact, a similar expression also holds for higher dimensional spherical defects.

40ur analysis also holds in the case of a p-dimensional spherical defect. This is why a general p
appears in (2.15).



3 Irreversibility of the DRG flows

In this section we establish the irreversibility of DRG flows on the two-dimensional
defects through the use of renormalized defect entropy defined below. It is derived
from the defect F-function defined by

F = —log Zp : (3.1)
Zcrr
where Zgpr is the partition function of an ambient CFT without defect. The F-
function is dimensionless, and therefore it depends on the dimensionless couplings and
dimensionless combination R, where p is the floating cutoff scale.’

For a 2d defect of characteristic size R embedded in a flat Euclidean space, the
F-function at the UV fixed point of the RG flow takes the form®

2
Pt = ot 5 [0 5 (32)

b - b s Tr(K, K
(B o iR L [ e AT ) ) o)

Here, R is the Ricci scalar of the defect, whereas K# = K — +9acTr(K*) is the traceless
part of the defect extrinsic curvature K*. The constants in the above expression are
functions of the critical couplings. This ansatz is obtained by solving the Wess-Zumino
consistency conditions at the fixed points of the DRG flow [66-68]. Moreover, for a

sphere in flat space K* = 0, and therefore (3.2) simplifies

b
FggFT g2 = Cyy T aUV<,UUvR)2 _ % log<,u,UVR) , (33)

where by = by.

The F-function changes if a UV DCFT is subject to a relevant deformation. How-
ever, the precise structure of the F-function away from the UV fixed point is not
essential for our needs. Our analysis relies on the existence of a cutoff scale px < pyy,
where the theory is controlled by the IR DCFT, and the F-function can be recast as
(3.3) with fyy, cuy, @y and cyy replaced by their IR counterparts.

The first two terms in (3.3) are non-universal, because one can shift ¢y by rescaling
luv, Whereas ayy can be arbitrarily changed by adding a finite local counterterm to the
defect (cosmological constant). In contrast, by, does not suffer from the ambiguities, it
is universal and satisfies byy > by for the UV and IR ends of the RG trajectory [55].7

By introducing suitable explicit factors of u all couplings may be assumed to be dimensionless.
6There are additional contributions if the ambient Euclidean space is curved, see e.g., [65, 66].
b, is also universal, but we do not study it in this work.



In what follows, we provide an alternative derivation of this inequality. Moreover, we
prove that our construction decreases monotonically along the DRG flows induced by
weakly relevant deformations of the UV DCFT leading to a C-function. To the best of
our knowledge, this is the first perturbative example of a C-function in the context of
two-dimensional defects.®

To isolate the universal part of F, we define the renormalized defect entropy (RDE)
as follows

S— —Rop (1 _ %R&R) F= L (R0}~ Rop) F (3.4)

This definition is motivated by the so-called Renormalized Entanglement Entropy in
four spacetime dimensions [63]. The derivatives with respect to R are designed to
eliminate the non-universal terms, such that S = %0 at the fixed points of the DRG flows
on spherical defects. The Renormalized Entanglement Entropy is neither monotonic
nor proved to be useful in establishing irreversibility of RG flows in four dimensions
[63]. In contrast, as shown below, the RDE introduced in (3.4) necessarily decreases
between the two ends of the DRG flow.

Introducing a constant dilaton profile, one can rewrite (3.4) in an equivalent form

o[t~ Loren-3 | Loren. o5

because by definition the dilaton is coupled to the trace of the defect stress tensor.
Using the constraint equation (2.21), we get

5= —4—]%2/52 /S (o1, 02)(T(00)T(02) (3.6)

where s?(0q,09) = 2R*(1 — ny - Ry) is the square of the chordal distance between the
two points o7 and o, on the surface of a two-dimensional sphere.

Note that (3.6) necessarily includes the contribution of the contact term, otherwise
(2.21) is not satisfied at the fixed points of the DRG flow, where the trace of defect
stress tensor vanishes up to an anomaly. In particular, while the two-point function
is positive definite due to unitarity of the theory, the contact term does not have a
definite sign. Hence, the RDE is not necessarily positive.

To isolate the contribution of the contact term, we evaluate (3.6) at the UV fixed
point of the DRG flow. To this end, we note that the UV DCF'T satisfies,

D= 2R = (Flo)T (o) =~ (R 4+ v2) AT

—— (37
24w 127 7(0‘1)

8See also [69], where the ideas of entanglement [9, 45, 52] are used to build a proposal for the
C-function.



where the contact term on the right is obtained by varying the anomaly term on the
left with respect to the induced metric on the defect. Substituting this expression into
(3.6), yields the expected result Sy, = I’UTV In particular, (3.6) can be written as
follows

s=te i [ [ fenndention =% - [ 2ot . (6s)

where the contact term is now excluded from the positive definite <TT> In the second
equality we used invariance of the integrand under rotations of S? to position oy at the
south pole of the sphere (o9 = 0).

The integral on the right hand side of (3.8) is manifestly positive and finite, because
the sphere introduces a natural IR cut off, whereas the limit of coincident points, o — 0,
is dominated by the UV DCFT with vanishing 7', i.e., (TT) = B'47(0,0;), where "’s
are the beta functions of various couplings, whereas the renormalized operators O; are
associated with the relevant deformations of the UV fixed point. Hence, (T'T) is less
singular than 1/s?, and the integral converges in this limit.

The RDE is a function of dimensionless couplings, ¢°, and pR. The natural choice
for the running scale is p ~ 1/R,

S(uR, ¢'()) =S(g'(R™)) . (3.9)

u~1/R

Thus the value of S along the RG trajectory can be probed by varying the radius of
the sphere. In particular, taking the limit R — oo, we establish the irreversibility of
DRG flows on the two-dimensional defects

bIR - bUV e

. /S SPETOTO)| <0 e b <be (3.10)

R—o

The RDE might not be necessarily monotonic along the RG trajectory. To show



it explicitly, let us differentiate (3.9) with respect to R and use T = 5O,

d 0 0 -
o [ 2@ 5 (0,01040)

R5S() = —6'5=8(6") =+

dR

i aﬁk k 2 2 qigj
55]( 18 )/S 2 () (0;(0)Op(0)) = =272 BiBihy; . (3.13)
In the last equality we have defined the matrix h;;(g), which is analogous to the well-
known Zamolodchikov metric [1].

The beta functions vanish at the fixed points of the DRG flow, therefore 937 /dg"
likewise the first term within parenthesis in (3.13) necessarily flip the sign along the
flow. Similarly, the second term within parenthesis does not exhibit a definite sign,
because it explicitly depends on the three point function. The upshot of this discussion
is that the positive definiteness of h;; and, consequently, the monotonicity of S is not
evident. That said, the renormalized defect entropy is monotonic for a large class of
RG flows, as demonstrated in the next subsection.

3.1 Perturbative DRG flow

Consider a DCF'T perturbed by a set of weakly relevant defect operators O; with scaling
dimensions A; = 2 —¢; where 0 < ¢; < 1. We choose the operators O; such that at the
UV fixed point they satisfy
i
(0i(01)0j(02))ov = ——— 5 (3.14)

s(oy, 09)%8
Cijk

- s(o1, 09)Ri TR~ Bk 50y, 03)AiTAR R 5(0g, 03)RitAR—A

The above weakly relevant deformations give rise to a perturbative RG flow of the form
[2, 70],"°

(Oi(01)O;(02) O(3) vy

dg’
dp

B =p—=—ag + 700" " + O(¢%) , (3.15)

9We drop the anomaly term from T, because it does not contribute to the connected correlator in
(3.8). Note also that the flow equation for S(uR, g°(1)) can be derived from the Callan-Symanzik
equation,

(g + 8 ) Skt ') =0 (3.11)

The differential operator within parenthesis in (3.11) commutes with Ra%, and therefore (3.11) follows
from the definition of S and the Callan-Symanzik equation for the F-function. Hence,

S(g') =

5 AR LTI (3.12)

10Gee also next section.

— 10 —



where the indices are raised and lowered with the Kronecker delta. In particular, the
IR fixed point is located in the vicinity of the UV DCF'T and one can use conformal
perturbation theory to calculate Ab = bz — byy. Substituting T = B'O; into (3.10) and
expanding around the UV fixed point, yields

8b = 3789 [ E0\/75(0) (22, (O)O0) v
- ¢ [ #0'V/30(0)0000) s + O)) (3.16)

where Z,* is the mixing matrix, which relates the renormalized O; to its UV coun-

terpart, O; = Z,*OFV. We keep only linear terms within parenthesis in the above

expression, because the perturbative beta functions (3.15) are evaluated up to O(g?).
For simplicity consider the case with equal ¢;’s, then

27TOijkgk
€

Using (3.14), (3.15), (B.5) and (B.15), we obtain

Zij =0y + +O(g%) . (3.17)

Ab = —3m%e 6ij ng g{R + 27T30ijk inR ngR gIkR + O(Q?R) = -7’ 6ij ng g{R + O(ng) <0,
(3.18)
where the couplings g%, correspond to the IR fixed point of the DRG flow, and we
used B'(gix) = 0 in the second equality to simplify the expression. If there is only one
relevant deformation, i.e., a single coupling ¢z and one OPE coefficient C}, we obtain

€ 63

R) = IR — _ ~ Ab=—— . 1
Blgw) =0 = ¢ ey = b 012<0 (3.19)

Lastly, the matrix h;; in (3.13) is given by"!

Therefore, as long as the perturbative expansion remains valid, h;; retains its positive
definiteness within a small neighborhood of the UV DCFT. Specifically, the RDE ex-
hibits perturbative monotonicity to all orders in the coupling constant and serves as
a C-function, provided that the DRG flow is generated by a sufficiently weak relevant
deformation of the UV DCFT.

UThe first equality in (3.18) is applicable to any coupling g’ along the DRG flow. Consequently,

one simply applies —/3° ag'i to the expression for Ab/3 to derive h;;.

- 11 -



4 Example of the DRG flow

In this section we present a concrete and simple example of a DCFT, where the general
concepts of the previous sections can be explicitly illustrated. With this aim, consider a
free massless scalar field in a d-dimensional Euclidean bulk coupled to a two-dimensional
defect D,

[= %/dd:v(?ugbo@“gbo+go/pd20\/§¢g+/dQU\/_< 0——R> (4.1)

where the last integral on the right hand side represents the geometric counterterms
with Ay and R being the cosmological constant and Ricci scalar of the induced met-
ric respectively. This action is Gaussian with a space-time dependent mass term of
the form, m? = 2¢go6p. We employ the minimal subtraction scheme to absorb the
divergences due to the presence of a singular mass term.

Varying (4.1), yields

d—2
4(d—1)(

where the third term on the right hand side represents the well known improvement in

T:ifl)/t — M¢06V¢0 ,ul/ (6¢0) - auau - 5u1/82)¢(2] - ’%w (90@5(2) + AO>5'D ) (42)

the bulk, and we used the following identities,

6Aac — 591“’ Z ;3/ ’ IS/MV = &aceZef’ .
Taking trace of T};;", and using (2.3) along with the tracelessness of the bulk stress
tensor, T'=T# = 0, yields
d—

A 2
Tiw =T 0p = $00%do — 2(godg + No)dp = (d — 4)godgdp — 2Ae0p (4.3)

where the last equality follows from the equation of motion operator,
—0¢o + 29060 op = 0 . (4.4)
Hence, we finally obtain,
T = (d — )god — 20 . (45)

To facilitate further analysis, we assume that d = 4 — ¢, i.e., the bare coupling gg
is weakly relevant. In particular, conformal perturbation theory can be employed to
relate gy to the renormalized coupling g at an arbitrary energy scale . To this end,
we note that up to second order in gy the defect insertion in the path integral can be
written as follows,

2
o9 Jp ¥ _1_90/ngg(glw%O/D/D(ﬁg(gl)¢g(a2)+... . (4.6)

- 12 —



All scales are included in the above expression. To get the defect at a given scale p,
we integrate out the distances in the range 0 < ¢ < p~!. This calculation boils down

to excluding a small ball of radius p~! around ¢3(c;) in the second term on the right

hand side of (4.6),

o12>p~t 0<o12<p™! C
/ 05(01) 05 (02) / 202\/§¢(2)(01)¢(2)(U2)+/ d*os/4 — g (bo 01 ce
01

D 2

(4.7)
where 015 is the distance between the points o; and o5 in the d-dimensional Euclidean
space, and C' is the OPE coefficient at the Gaussian fixed point,

C
o5 ()5 (0) ~ B Go(0)+ ... . (4.8)
The last term in (4.7) contributes to the renormalization of the coupling gy in (4.6),

C 5, _. . wC
glp)ps = go — 793# +0(g) = go=gu (1 + Tg + 0(92)> , (4.9)

where ¢ is the dimensionless running coupling constant. Thus,
dg 2 3
p = ,u@ =—eg+7Cg°+ O(g°) . (4.10)

Furthermore, the renormalized defect operator [¢?] can be obtained by differenti-
ating the partition function in the presence of D with respect to g and striping off the
integral over D. Indeed, the operator insertion obtained in this way is finite and differs
from the ¢ by an ascending series of poles in €. In principle, the contribution of the
total derivatives to [¢?] could be missed, because we explicitly strip off the integral
over the defect. However, in our case total derivatives are not allowed by dimensional
analysis. As a result, one gets

(%] =

dgo dAO dbg R 2 dgo -1 2 dAO dbo R
W g %_(dg) (W dg 247

Combining, (4.5), (4.9), (4.10) and (4.11), yields

) L (4.11)

T=8(9)l¢") + A, (4.12)

where A represents anomaly (identity operator), which is not essential for our needs.
As expected, T is a finite operator, which needs no renormalization, and up to an
anomaly term it vanishes at the UV and IR fixed points, gyy = 0 and gir = 5.

Next, we use the general formula (3.10) to evaluate the difference between the
anomaly coefficients at the UV and IR ends of the DRG flow on a spherical defect.

— 13 —



In our example, gy = 0, thus the defect becomes trivial in the UV, and the anomaly
vanishes. Substituting (4.5) into (3.10), yields'?

b = —3 /S o) (TN )| =-3n(d - 17 (4.13)
([0, —m [ [ 2o endeio),) o).
where
G _ T ()
<¢0(01>¢0(O—2>> - 8(0'170'2)d_27 C¢ - 471% ;
2 2 203’
(¢5(01)d5(02)) = 5(01,09)20 D 7 (4.14)
2 2 2 _ 80;
(95(01)9p(02)¢p(03)) = (s(a1,02)s(01, 03)5(02, 3))42
In particular,
C=4Cy = % . Qi = €T . (4.15)

The two integrals within parenthesis in (4.13) can be evaluated in a closed form,
see Appendix B. Substituting (B.5), (B.15) and (4.9), yields'®

3 T 2g €
b = — <202 (; - 3;;‘) +Olgh) = =5 + Ol . (4.16)

To check this result we perform an independent calculation of bz based on the
direct calculation of the F-function. We have,

2 3
7= % [ [ (enden, - [ [ [ oo, ol . (1)
Substituting (4.9), (4.14) and using (B.5), (B.10) of Appendix B, we obtain

72

O

This expression is not finite in the limit ¢ — 0, because we did not include the con-

+O(eo)> +LO(gY) . (4.18)

tribution of the geometric counterterm proportional to the integral of the Ricci scalar

12Note that for any g along the RG trajectory, the expression for S is manifestly finite in the limit
€ — 0, therefore O(g*) terms are free of poles in €, i.e., these corrections are at least O(e?).

13This result agrees with (3.19) if the difference between the normalizations of ¢3 and O; is taken
into account. It follows from (3.14) and (4.14) that one should use C; = /8 in (3.19) to compare with
(4.16).
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over the defect.!* This counterterm is a constant independent of R, and therefore it
does not contribute to the RDE (3.4). Substituting (4.18) into (3.4), setting y = R,
and taking the limit R — oo, gives

3

in full agreement with (4.16).

5 Conclusions

In this paper we defined the renormalised defect entropy (RDE) (3.4) to characterise
RG flows on the two-dimensional spherical defects embedded in a d-dimensional flat
Euclidean bulk CFT. By definition, the RDE is finite along the entire RG flow from the
UV to the IR fixed points. This construction is used to provide an alternative derivation
of the sum rule (3.10), also known as the defect b-theorem [55]. More interestingly, we
argue that the RDE is monotonically decreasing along the RG flows induced by weakly
relevant deformations of the UV fixed point. This result is quite surprising considering
the fact that monotonicity of the non-perturbative definition of RDE is not obvious.
The salient feature of the key identity (2.21) in our construction is that it can be
generalized to higher dimensional spherical defects (p > 2). However, for such defects,
the integral of the two-point function on the right hand side of (2.21) exhibits UV
divergences. These divergences are closely related to the new type of non-universal
terms appearing in the partition function for the higher dimensional defects. In par-
ticular, one has to modify the definition of RDE to isolate the subleading universal
contribution associated with anomaly. The corresponding modification necessarily in-
volves higher order derivatives of the partition function with respect to R, such that the
non-universal terms are suitably removed. The final pattern for the higher dimensional
RDE resembles the so-called renormalized entanglement entropy [63]. It includes the
uncharted higher point correlators of the defect stress tensor, which make nonpertur-
bative studies difficult. Even though it is hard to prove monotonicity or positivity of

Tt satisfies by = o + O(g*), because from (4.1) and (4.18), we have (Ag = 0 in dimensional

2473e
regularization),

3
g bo 2 Py 4 0
_F =_ — d R+ O .
7 793¢ + 247 Jp 0\/’; +0(g",€)

Hence, using (4.5) and (4.11), we recover the anomaly term in (4.12)

-1 3
do R _ &€ R +O>h .

_ dgo
A=(d 4)90( ) dg 24m 8 24r

dg

This result agrees with (4.16).
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such constructions in general, it would be interesting to explore them further.
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A Conformal Ward Identities in the presence of defects

For the sake of completeness of the presentation, in this Appendix we reproduce a
slight generalization of the Ward identities obtained in [64] to account for defects of
codimension higher than one. We apply the identities to the special case of a spherical
defect and recover (2.5).

Following [64], we extend (2.2) to include an extra term coupled to the normal
derivatives of the metric,

W =— % /M d%\/g 0g, (T™) + /D dPa\/% 6X" () (D)

1 ~ aIny AIuy
— 5/ o4 [5gm,(T“ )+ V10g,, (A7) + } (A1)
D

In principle, there could be additional terms coupled to higher order normal derivatives
of the metric. However, they vanish at the fixed points of DRG provided that p < 4.
Moreover, even if the first additional term of this kind is present, we argue that the
Ward identity (2.5) is not modified in the special case of spherical defect.

The bulk diffeomorphism z# — 2/ = z# — &* yields

6guu = Vugy + Vuglm OX" = _5“ . (A2)

Together with (A.1) it results in the following Ward identity,

0= / dz\/g &N, T — / o5 [g”Du + VT + v[vugyfxf“”] (A.3)
M D

Thereafter, we split every vector &, into components that are tangential and normal to
oxH
Oo?

the defect, using the tangent frame e# = and a normal frame nf.
& =ela+nlér, Vy=eN,+nVy (A.4)

In all further computations, we will make the following assumptions for the tangent
and normal frames: Vn; = Ve, = 0. This assumption corresponds to a particular
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choice of foliation in the vicinity of the defect, because n/; and e” become bulk fields.
In the case of a generic two-dimensional defect embedded within a curved ambient
space, this type of foliation might not necessarily exist. However, it can be readily
established for a two-dimensional spherical defect in flat space, which is a central focus
of our paper. To achieve this, one simply needs to adopt spherical coordinates in the
three-dimensional ambient space that encloses the sphere, while employing Cartesian
coordinates for the remaining d—3 dimensions.'® The Ward identities remain unaffected
by the choice of foliation; hence, our results are applicable for all geometries that admit
a foliation of the above type.
To evaluate the above expression, we make use of the following identities,
Vet = —nl Kb Vanﬁ = KIbeZ, (A.5)

a

where K, are the extrinsic curvatures of the defect manifold D. Using these identities,
we obtain

Vi = €hetVa&y — einl K& + einl Voly + el K& + nlel V&, + nini Vi€,
(A.6)

ViV, = ehetV V& — ein (§V K5, + K5, V1&) + ein) ViVaé,
+ eZeZ (VIKibgj + KanVIé.J) + niegVIVJfb + ninfvlvij (A?)

Substituting equations (A.6),(A.7) into (A.3) yields,

oW = / d’x\/g &,V ,T" + / o/ [ — D%, — D¢, — TV & + T1KY ¢,
M D
— 11V, — TP K& — TV &0 — Vi T — AV, V.8, + A K5,V 14,
— Al V.6, — AN 6, — AV Y 6, — ARV V6 + ] (A.8)

To proceed, change the order of V;V, to V.,V and then integrate by parts over the

defect submanifold. Using the identity [V,,V,]{, = =R ,.& = R/ ,&, one arrives

at,

15The flat metric in these coordinates takes the form ds? = dr? + r?2 (d92 + sin? 9d¢2) + 69 dx;dx;.
The defect is characterized by » = R and z* = 0. As a result, the normal frame extends into the bulk
field with n#d,, = 9, and n!'d, = 9, for i = 4,5, ..., d. Likewise, the tangent frame extends into the bulk
field, giving ega,,, = §a¢ and e}0, = gag.Upon direct calculation, we find V,ej = Vreg =V,nt =
V,nt = 0, and similarly for the derivative in the direction of n!. The useful non-zero Christoffel
symbols are ['g g = =Ty 00 =1, T = —T g9 = rsin® 0, and Ty 9y = —T9,0p = 572 sin(26).
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oW = /M dz\/g &V, T (A.9)
+ /D o5 [(vafab DYV, TR 4 AleRb v, (AfabK;a))gb
+ (VT = D' = TOKY, + ATOR ], + AVVKS, KD ) &
(=T VA Vg (= T - A )V
— AN, e — ARV 6 + }

Since &, &r and their normal derivatives are completely independent, their coefficients
must separately vanish. This leaves us with the following Ward Identities,

VbTba — D%+ K?bTIb — V. (KchAIba) + Rcab[A]bc -0

Vol = D' = KLT + (R + K§,K}) A7 =0

v Ale _pIb _

TIJ + AlabK;z]b -0

At jaK (A.10)

For a p-dimensional spherical defect and flat bulk with R = 0, there is only one normal
direction to the sphere with a non-vanishing extrinsic curvature, Ky, = 2. However, its
contribution to the first equation in (A.10) vanishes with the use of the third equation.

Thus we simply have
v, 1% = D

B Useful integrals

In this Appendix we evaluate various integrals on a p-dimensional spherical defect of
radius R. These integrals are used in the main body of the text. It is convenient to
describe the metric on S? through the use of stereographic projection on RP. In these
coordinates the metric is conformally flat,

4R?

aedx®dx® = méacdﬂdmc 2P = Gger®at (B.1)

In particular, the chordal distance between the two points on S? takes the form

|21 — 2

, =2R .
s ee) = 2R e TR 4 TPy

(B.2)

— 18 —



We start from the following double integral

» 1
I, = /Hd T :)3, ( ) (B.3)

T, T2)]?

Note that the integral over x; is independent of x5, because the integrand is invariant
under rigid rotations of the sphere. Hence, we can set xy = 0 without changing the
answer. As a result, we obtain

p+1

1 21+p 2aﬂ_— dpiL'l
I = dP i i = RQ(p—a / 7 B4
L= / | | Ti I (th)]Qa F(J%l) (1 + 22)p—o|z |2 (B.4)

where in the second equality we used (B.1), (B.2) and integrated over x5. Using spher-

ical coordinates to perform the remaining integral, yields

21+p—2a7rp+%r(1§0 _ a)

I, = R2(r—a)
1 T(Z5)T(p - o)

(B.5)

Next we calculate

I, = / Hdpx“/?y(xi)[ ! — . (B.6)

s(x1, xa)s(xe, x3)s(x3, 1))

Let us carry out the integrals over x; and x5 first. Due to the manifest invariance of
the integrand under the rotations of the sphere, the final result is independent of w3,
and therefore we can set x3 = 0. Thus the integral over x5 gives the volume of S?,

P+1

1
dPi/3(x;) — B.7
pH /H [s(x1, 22)s(22,0)s(0,21)]" ¢ (B.7)
21—1177-(-?7“ 2 1 1
= (QR)3E—/ d’z; -, Tio =21 — Ty .
L(5) 11 (lza2] 2ol |21 [)P (1 + 2F) (1 4 23)] S

To simplify the double integral, we apply inversion |x1 2| — |z12]7,

I = Ry 2T /ﬁd” : : (B8)
— (2RI 2 . B8
i () Joor e[+ 2) (14 23)]

Using the standard Feynman parametrization to integrate over zy, yields

p—e—2 € 1

21_p7r e

1—u) 2 Uz
I, = (2R)* /dp / d — . B.9
2= (2R) F(p;rl 2 " (1+23) 1+ (1 —u)x3)? (B.9)
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Integrating over the Feynman parameter u, and then using the spherical coordinates
to carry out the remaining integral over x, we obtain

3(p+1)

w0 (4 + %)
3
LT (59)
Finally, we evaluate a triple integral of the form

]3 :/Hdpx“/ﬂxz) [ S<x1’x2) — - (B].].)

s(x1, 29) (2, )5 (x5, 21)] P

3e

9 =

(B.10)

As before, the rotational symmetry can be used to set z3 = 0,

I3 = /Hdp%'\/ V(i) [ oo ) )](p—e)

s(:vl,xg)s(arg,()) (0, zq

., pEl
2P 1

s "= 2R 3€+2/ dp i y
T (p_) ( H T (1 g )1+e(1 4+ >1+e |x12|p_€—2|x2|p—6|1:1|p_6
(B.12)

where in the second equality we used (B.1), (B.2). Next, we apply inversion |zys| —
|12 to simplify the double integral

_,  p*l
2P 1

Iy = ————(2R) 36“/ dPx; B.13
3 F(i%l) ( H Li (1—|—ZB )1+6(1+x )1+6 ’x12|p e—2 ( )

Introducing Feynman parametrization to integrate over zq, yields

21- pﬂ_ng- 1 — u) p_§_4u§
I; = (2R)3+? / / du _
= O e ) T G

(B.14)

Integrating now over the Feynman parameter u, and then using spherical coordinates
to calculate the integral over z, we obtain

3p/2+191-2€ (3¢ 1 ] — BY T (¢/2)
T(14€) T (4)°T(p) |

I = (2R)*+2 " (B.15)
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