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Abstract

We investigate e-factorised differential equations and purity for Feynman integrals. We are
in particular interested in Feynman integrals beyond the ones which evaluate to multiple
polylogarithms. We show that a e-factorised differential equation does not necessarily lead
to pure Feynman integrals. We also point out that a proposed definition of purity works
locally, but not globally.



1 Introduction

The concepts of e-factorised differential equations [1], purity and uniform transcendental weight,
simple poles and constant leading singularities [2—4] play a crucial role in modern techniques for
computing Feynman integrals. These concepts are well understood for Feynman integrals which
evaluate to multiple polylogarithms.

However, as soon as we leave this class of function not everything is as clear as we want
it. This is already the case for the simplest Feynman integrals beyond the class of multiple
polylogarithms, the ones which are associated to an elliptic curve. It is therefore timely and
appropriate to clarify several issues. Although the main results of this paper are negative — we
show that a certain basis does not have the uniform weight property and that a certain definition
of purity does not apply globally to the simplest elliptic Feynman integral — we believe that
exposing these subtleties is beneficial to progress in our understanding of Feynman integrals.
The points which we discuss can be exemplified by the simplest elliptic Feynman integral, the
two-loop sunrise integral with equal non-zero masses.

We start with e-factorised differential equations. A e-factorised differential equation together
with boundary values at a given point allows for a systematic solution in terms of iterated inte-
grals to any order in the dimensional regularisation parameter €. But do these iterated integrals
have additional nice properties like a definition of transcendental weight or integrands with sim-
ple poles only? In this paper we show that the general answer is no, but there might be bases of
master integrals which have more of the nice properties than others.

This occurs already for the sunrise integral: We know two bases of master integrals, which
put the the associated differential equation into an e-factorised form. The construction of either
basis generalises to more complicated integrals, so it is worth examining the two bases in detail.

The first basis is constructed along the lines of an analysis of the maximal cut [5, 6] and/or
along the lines of prescriptive unitarity [7, 8]. Concretely this basis is constructed by the re-
quirement that the period matrix on the maximal cut is proportional to the unit matrix [9]. For
the sunrise integral we present a cleaned-up basis along these lines. Throughout this paper we
denote this basis by K.

The second basis is constructed from Picard-Fuchs operators and leads to a differential equa-
tion with modular forms [10]. For the sunrise integral we consider the basis given in [11]. This
approach generalises nicely to more complicated Feynman integrals [12-18]. Throughout this
paper we denote this basis by J.

In this paper we work out the relation between the two bases. The first question we address
is the following: Do these bases define master integrals of uniform weight? In principle, this
requires a definition of transcendental weight for elliptic Feynman integrals. Let us first be
agnostic to a full and complete definition of transcendental weight. We only make the minimal
assumption that the definition of transcendental weight in the elliptic case should be compatible
with the restriction of the kinematic space to a sub-space. With this assumption we may restrict
to a point in kinematic space where the elliptic curve degenerates. The master integrals reduce
to multiple polylogarithms, for which the definition of transcendental weight is unambiguous.
Choosing this point as the boundary point for the integration of the differential equation forces
the boundary constants (given by special values of multiple polylogarithms) to be of uniform
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weight (in the classical sense for multiple polylogarithms). In this way we may detect master
integrals of non-uniform weight.

It turns out that basis K (constructed by the requirement that the period matrix on the maximal
cut is proportional to the unit matrix) has boundary constants of non-uniform weight. Hence it is
not a basis of uniform weight if we require that the notion of uniform weight is compatible with
restrictions in the kinematic space.

The second question which we address in this paper is the relation between functions of
uniform weight and logarithmic singularities. Functions of uniform weight are also called pure
functions. In order to answer this question we have to adopt a definition of transcendental weight
for elliptic Feynman integrals. A generalisation of weight, which can be applied to the elliptic
case, has been defined in ref. [19]: Functions which satisfy a differential equation without any
homogeneous term are called unipotent. Unipotent functions, whose total differential involves
only pure functions and one-forms with at most simple poles are called pure. Adopting this
definition, we investigate if basis J (i.e. the modular form basis) for the sunrise integral is of
uniform weight in this sense. We find that this is the case locally, but not globally. The argument
which we present applies not only to the specific example of the equal mass sunrise integral, but
to a wide range of elliptic Feynman integrals expressible in terms of the elliptic polylogarithms
I" [20]. We also present an argument that modifying the definition of purity by requiring that the
above property holds only locally is too weak: It enlarges the function space too much.

This paper is organised as follows: In section 2 we start with a toy example, showing that
an e-factorised differential equation alone does not guarantee a solution of uniform weight. The
boundary values need to be of uniform weight as well. The toy example is entirely within the
class of multiple polylogarithms. In section 3 we introduce the standard example of an elliptic
Feynman integral: the two-loop sunrise integral with equal non-zero masses. We introduce the
notation which we will use in later sections of this paper.

In section 4 we investigate the first question: Are the known bases, which put the differential
equation into an €-factorised form also of uniform weight? In sub-section 4.1 we introduce three
bases I, J and K for the sunrise integral. The first one [ is a pre-canonical basis and serves only
in intermediate steps. The basis J is the one appearing in [11], while the basis K is the one
appeanng in [9]. The associated differential equations are given in sub-section 4.2. For the bases
J and K, the differential equations are in &- factorlsed form In sub-section 4.3 we discuss the
period matrix on the maximal cut for the bases J and K. By construction, the period matrix for
the basis K is proportional to the unit matrix. In sub-section 4.4 we present the solutions for
the master integrals for the bases J and K. We then look at the values at p?> = 0. At this point
the elliptic curve degenerates and both solutions are given in terms of special values of multiple
polylogarithms. We find that the basis K is not of uniform weight.

In section 5 we investigate the second question: What is the relation between purity and
simple poles? We start in sub-section 5.1 with recapitulating the definition of purity from the
literature. We then show in sub-section 5.2 that this definition does fit the modular form basis
locally, but not globally. In sub-section 5.3 we demonstrate that our argument extends to Feyn-
man integrals expressible in terms of elliptic polylogarithms I'. The problem is the behaviour at
the finite cusps. However, modular transformations, which we discuss in sub-section 5.4, allow
us to cover the kinematic space with coordinate charts such that in each coordinate chart the
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requirement from the definition of purity holds locally. Our conclusions are given in section 6.
In appendix A we present the g-expansions of the modular forms and Eisenstein series appearing
in the main text. In appendix B we give the boundary constants for the sunrise integral.

2 A toy example

We start with a simple toy example, showing that an e-factorised differential equation alone does
not guarantee a solution of uniform weight. The boundary values need to be of uniform weight
as well.

Consider the two functions F(x) and F»(x)

F (X) _ ei—:ln(x)
_ 1+£1n(x)+%82(1n(x))2+0(83),
B(x) = (142¢)mW

= 14e2+In(x)]+¢€° 21n(x)+%(ln(x))2 +0(e%). (1)

Fi(x) is of uniform weight (where we count algebraic numbers to be of weight zero, In(x) to be
of weight one, and € to be of weight minus one), while F>(x) is not. However, both function
satisfy the e-factorised differential equation

d

€ .
TF() = “F(x), i e {1,2}. 2)

The general solution of eq. (2) as a power series in € reads

cn@)?e+0(), @)

Fi(0)=c"+ [Ci(l) +¢%1n (x)} e+ lcl.(z) +cVin (x)—i—% ,

with boundary values Cl-(j ). For Fi(x) the boundary values are

%=1, c¥=0forj>1. )

=1, V=2 ’=0forj>2 )

For a solution of uniform weight we must have that any non-zero boundary value Ci(j )
J- This is the case for Fj(x), but not for F>(x): The boundary value Cél)
solution of uniform weight it is supposed to be of weight one.

From this simple example we see that a e-factorised differential equation alone does not

guarantee a solution of uniform weight, we must in addition require that the boundary values

is of weight
is of weight zero, for a

Cl-(] Je/ are of uniform weight as well.



3 Feynman integrals and elliptic curves

In this section we introduce the standard example of an elliptic Feynman integral: the two-loop
sunrise integral with equal non-zero masses. This section also serves to set up the notation.
We consider the family of Feynman integrals

dPky dPk, 1
in? in? (—gi+m)" (=g3+m?)" (~g3+m?)"™

(6)

Viz—D
Ly v,vs (D,x) = e (mZ) h /

with x = pz/mz, V123 =V1+Va+V3and q; = k1, g2 = ko — k1, g3 = —kp — p. Below we will set
D =2-2¢.

The elliptic curve associated to this Feynman integral can be obtained from the maximal cut
and is given by a quartic polynomial P(u,v) = 0:

E : V—u(u+4) [u2+2(1+x)u+(1—x)2] = 0. (7)
We denote the roots of the quartic polynomial by
w o= =4, = —(1+v3)°, w3 = —(1=vx)*, us = 0. (8)
For 0 < x < 1 the roots are real and ordered as
u < uy < uz < ug. )
We set

Uy = (u3—up) (ug —uy) = 164/x,
U = (ua—ur) (ws—u3) = (1-vx)° 3+V%),

3
Us = (uz—uy) (ua—up) = (1+vx)” (3—x). (10)
We define the modulus and the complementary modulus of the elliptic curve E by
o U _ 16y R - S (et Va) M RV SO
Us  (14+vx)' (3= V) Us  (14+vx)’ (3= V)
Our standard choice for the periods and quasi-periods is
4K (k 4iK (k
Y1 = (1)’ Y2 = S ),
Us Us
4K (k) —E(k 4iE (k
o = [()l ()]’ 0y = E)_ (12)
Us Us



Figure 1: Branch cuts and cycles for the computation of the periods of an elliptic curve.

The geometric interpretation is as follows: For simplicity we assume that the roots u;-u4 are
real and ordered as in eq. (9). The square root v can be taken as a single-valued and continuous
function on C\ ([u1,u| U [u3,us))

v = Vu—uivu—u/uz—u\us—u, (13)

where /x denotes the standard square root with a branch cut along the negative real axis. For the
ordering as in eq. (9) v is positive for u €Juy,us|. It is purely imaginary with positive imaginary
part just below the branch cut [u3,u4]. Let y; and v, be two cycles which generate the homology
group H{(E,Z). This is shown in fig. 1. We choose y; and 7, such that their intersection number
is (v1,72) = +1. Note that the intersection number is anti-symmetric: (Y2,Y;) = —1. The periods
are alternatively given by

u3 u3
du du du du
\ulz/—:2/—, \|12:/—:2/—. (14)
v v v v
u m

Y1 Y2

In the last expression the square root is evaluated below the cut [u3, u4]. Similar formulae can be
given for the quasi-periods.
The derivatives of the periods and quasi-periods are given for i € {1,2} by

d 1 d 1 d U>
—Vv;, = —=Vy;,— (InU —0;— | In—=
d 1 d U 1, d U
—0; = —=VyY;— |In—= —0;— | In— ). 15
x 2Vidx (nU3) T30 <HU32) (1>
In particular we may use these relations to replace ¢; by ‘2';’ or vice versa. Explicitly we have
d
3(14+v%) 0 = 4Vx(2+x) Wi —4x (1= V%) (3+ ) v (16)

Replacing ¢; by ”2';" is often advantageous to eliminate the square root y/x. In the following we

will often write 9, for %. The Legendre relation reads
8mi

_ = . 17
Yi02 — 01y NG (17)

6




We denote the Wronskian by

67
Finally, we set
V2 2miT
T=—, = . 19
vi qg=ce (19)
We have
dtv = Ezdx (20)
Vi
and
4 8
NP T T o
n(31)"'n(27)

where 1 denotes Dedekind’s eta-function. The first few terms read

x = 99-36¢"+904" +0(q"). (22)

4 Uniform weight and e-factorised differential equations

In this section we investigate the question of uniform weight for bases of master integrals,
which have e-factorised differential equations. The two-loop sunrise integral with equal non-
zero masses serves as an example.

4.1 Bases of master integrals

We consider three bases I, J and K for the family of the sunrise integral. The first one, I isa
basis without any additional properties and given by

I10
I = I . (23)
D1

The latter two, Jand K , put the differential equation into an e-form:
dJ = eBJ, dK = eCK, (24)

where the (3 x 3)-matrices B and C are independent of the dimensional regularisation parameter
€. The basis J, appearing in [11,21-23], is defined by

2
Ji = € I,



, T
S = & — I,

V1

2

yvi d 1o (wl)z
5 = L+ — (32 -10x-9) (2) 1. 25
3 2ni8de2+24(x x—9) n) 72 (25)

In terms of 111 and />1; the master integral J3 is given by

2
sy o= _%(x2_30x+45)%_§(1+ﬁ)(3—ﬁ)%+§6(1+ﬁ)3(3_ﬁ)% I
+§(1—x)(9—x)%1211. (26)

Note that the definition of the master integrals J involves only y1 and ¢ (through %\yl), but not

Yz nor ¢z,
The basis K, appearing in [9], is defined by

K = 821110, (27)
K, = —8(147;2@(1%/}) (3—vX) {Wz—%(1+\/)_c)2¢z}1111+%(1—X)(9—X)W21211,
K=+ (140 (3-8 v (148 0 - = (10 0wt

In the definition of the master integrals K all periods Y1, s and all quasi-periods ¢1, ¢, appear.
The master integrals K, and K3 are related by W, <> Yy, ¢2 <> ¢ and an overall minus sign.

4.2 The differential equations

The differential equation in the basis I reads

dl = Al, (28)
with
0 0 0 i
A= 1|0 —(142¢) 3 =
0 —1(1+2¢e)(1+3e) 1+3¢
0 0 0
+( o 0 0 dxl
€ L(142¢)(1+43e) —(1+28) )"~
0 0 0 I
4 o2 0 0 —5 (29)
—& S(1+28)(1+3e) —(1+2¢)

In this basis, the entries are rational dlog-forms. However, the differential equation is not in
e-form.



The differential equation in the basis J reads

dJ = eBJ, (30)
with
0O 0 O
B = 0 w (31
W3 W4
and
i
Wo = 27i dt - “’ZW dx,
VY1
dx dx dx
- _ i) de = & 4
. 1
w3 = f(1) 2mi)dt = —E%dx,
. (x+3)* Y12
4 = fa(T) (2mi) dt 48x(x—1)(x—9) ( TC) * (52)

f2, f3 and fi are modular forms of I';(6). The minus sign in front of f; is convention. In terms
of the variable x they are given by

_ 1 2 Vi\2
fo= 5 (3 =100-9) (£1)",
1 3
o= —gprlr=D-9) (),
1 4 (V1\*
fi = G4 (?) . (33)

Their g-expansions are given in appendix A.
The differential equation in the basis K reads

dK = eCK, (34)
with
0 0 0
C = G Gp G (35)
G Gp G
and
1
G = —=2dy, (36)
’ 2T



Gz = T{(1+x)ﬁﬁ+(3x2—10x—9)@ax"’1+2x(x—1)(x_9)a“‘“axq’2]dx,
’ 6 T T T T T T
_in 2\2 ) Y2 0,2 R
Gz = 3 (l-i—x)(?) + (3x —10x—9)7 - -|—2x(x—1)(x—9)< - dx,
_ Ly
C371 — EFd ;
— _i_TC m 2 2 N max\m B _ axllll 2
Go = —¢ (1+x) n) + (3x* —10x—9) i +2x(x—1) (x 9)( . dx,
Ciy = —= (1+x)—1—2+(3x2—10x—9)ﬂaxwz+2x(x—1)(x—9)a""’1a’““’z]dx.
’ 6 T T T T T T

4.3 Periods on the maximal cut

In this section we investigate the period matrices on the maximal cut of the sunrise integral. On
the maximal cut of the sunrise integral only the last two master integrals are relevant (either I, 3
or Jo,J3 or K>, K3). The defining property for basis K is that the period matrix on the maximal
cut is diagonal and constant.

We denote by

of, X e {IJ,K}, ic {1,2,3}, (37)

the integrand of the master integral X; in the loop-by-loop Baikov representation [24]. In the
loop-by-loop Baikov representations we have four integration variables z; — z4, where z; — 23
correspond to the three propagators and z4 to an irreducible scalar product. Let CMaxCut pe
the integration domain selecting the maximal cut, i.e. a small counter-clockwise circle around
z1 = 0, a small counter-clockwise circle around zp — 0 and a small counter-clockwise circle
around zz3 = 0. We set z4 = u in accordance with the notation used in eq. (7). We denote by 7
and 7y, the two cycles of the elliptic curve. They define the integration domain in the variable u.
We define

C2 _ CMaXCUtU'Yl, C3 _ CMaXCUtUYZ- (38)

We consider the period matrix

(39)

_ <<¢§|Cz> <<P)2‘\C3>>
(of1G) (o¥IGs) )

In the i-th row of this matrix we then look at the leading term in the expansion in the dimensionsal
regularisation parameter € for this row. We denote the order of the leading term of row i by
jmin(i). This defines a matrix PX-1°ding with entries

I_)l?j(.vleading = coeff <<(Pf( | Cj> ,ejmin(i)> . ejmin(i) . (40)
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One finds

~ . Vi V2
Pl,leadmg = —8ir ( W1*%(1+\/})2¢1 sz%(l+\/})2¢2 ) ,
(I=vx)(3+vx)  (1=vx)(3+vx)
. \2 . \2
Jeading . (27U£) (2%18) T
P 2’( 0  —(2mie) )
i 10
K leading __
P _ 47t£<0 1). @1)

As advertised, we see that PX:1°2din¢ jg proportional to the unit matrix. Note that P/1°2n¢ can be

written as
.22
Jleading 2i (2%18) 0 11 42
P ’( 0 —(mie) JL0o 1) (42)

This is the decomposition of the period matrix P/1°24ing into a semi-simple matrix and an unipo-
tent matrix [25,26].

4.4 Solutions

In the basis J we may give a solution for the master integrals in terms of iterated integrals of
modular forms.

Let f1(1), f2(1), ..., fn(T) be a set of modular forms. We define the n-fold iterated integral of
these modular forms by

I(f1, /2, JiT,%0) = (Zni)"/dﬁ/dﬂiz“/dfnfl (t1) o (t2) .- fu(Tn).  (43)

With ¢ = exp(2mit) we may equally well write

dn—1

d d dg, 1
I(f1, f2, s fu3 7T, T0) / q1/ 2 / (1) o (12) o (T), T = llnq,
q0

2mi
(44)
It will be convenient to introduce a short-hand notation for repeated letters. We use the notation
Y = fifif; (45)
J
to denote a sequence of j letters f; and more generally

{ﬁ17ﬁ27"'7ﬁn}j = fipfiza"'?fina """ 7fi17fi27"'7fi,; (46)

J copies Of fi, . fiy s fin
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to denote a sequence of (- n) letters, consisting of j copies of f;,, fi,, ..., fi,- For example

(.Y = fi,fofifor fis fo (47)

Our standard choice for the base point Tg will be Ty = i, corresponding to go = 0. This is
unproblematic for modular forms which vanish at the cusp T = ico. In this case we have for a
single integration

q
o0 . d . .
f=Yaq = [Ty YUy (48)
j:l 0

For modular forms which attain a finite value at the cusp T = i we employ the standard “trailing
zero” or “tangential base point” regularisation [10,27,28]: We first take go to have a small non-
zero value. The integration will produce terms with In(go). Let Ryp (4, be the operator, which
removes all In(gp)-terms. After these terms have been removed, we may take the limit gg — 0.
With a slight abuse of notation we set

(fis o i) = Jim Ri / 44, dqz . / ) e @)

490 40 q0

We define the boundary constants By for the sunrise integral J> by

Y By (50)

i Ring) /2 =€ =

The left-hand side corresponds to setting all iterated integrals to zero, including the ones which
are proportional to powers of In(g). The boundary values By, are collected in appendix B. Let us
mention that the boundary values By, are of weight k. The right-hand side of eq. (50) is therefore
of uniform weight.

We may express the master integrals in the basis J to all orders in the dimensional regulari-
sation parameter in terms of iterated integrals of modular forms. We have

ﬂcngn
Ji=e = ! s
—el(f2;q)+2 Z (; e
J—e (f239)
(>} . . 1 . . o0
[Z (32’1 ({1,f4}’;q> — et ({1,f4}’,1;q))] ) B
j=0 k=2

- i .
+Z?«HzZl<{1,f4}k,1,f3,{f2}172k;61> :
=0

k=0
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()2 £ e

J3=¢e
)y <82”11 <{f4, 1} ,f4;q) — g%l <{f4, 1}’;61)) ) €5y
j=0 2 k=2
< k 2k
Y Y (U s Y ) ¢ (51
j=0 k=0
The expression for J, appeared already in [10], the expression for J3 follows from (see eq. (25))
11 d
J3 = ———J J. 52
3 <7 d 2+ ol (52)

For the first few terms of €-expansion we have
_ 2 2.3, 724 5
J1 = 1+4¢ 3§3e +10§2£ +0(¢),
ho= [B+I(1, f3iq)] €

+ [33 - %le(l;q) — Bl (f2;9)—I(1, f2, f3:9) — I (f2, 1,f3;61>} e’

+ {344‘@232— %331(1;61) — B3I (f2;q) +%le(1,f2;61)+ %le(fz, 1;q)
+BoI (1, fasq) +Bal (f2, f:q9) + Col (1, f3:9) +1 (1, fo, o, f3:9) 1 (f2, 2, 1, f33q)
+I(1, fa,1, f3;9) +1(f2, 1,f2,f3;Q)} et+ 0 <85> ,

J3 = el(f3q9)+ {—%Bz—l(fz,f%q)} e+ {—%33 +%le(f2;q)+321(f4;q)

+8I (f359) +1(f2, fo, [3:q) +1 (fa, 1,f3;q)] &+ {—%B4 - %Csz + %B3I(fz;4)

2 1
+B3I (fa;q9) — §C3I(f3;(]) —Bol (fa, f2:9) — B2I (f2, fa3q) — 5321 (f2, f2:9)

1
—5Bl (fa,1:0) = QI (2. f3:0) =1 (f2. 2, fo: f3:0) =1 (fa, 2, 1. f3:4)
~1(f fuo 1 fr30) 1 (fs 1,f2,f3;q>] e +0(e). (53)
Let us also summarise the boundary values: From eq. (50) and eq. (51) we obtain

. R
lllen(q)Jl = e =2 ,

q—0

2 E (=n" e &
limRy, . Jo = e =2 " ekB
40 ln(q) kg“z ks
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limRy,)J3 = —=e n=2 “By. 54
o Ring) 3 2¢ kg'z k (54)

In all three cases the right-hand sides are of uniform weight.
Given a solution in the basis J, we easily obtain a solution in the basis K. The two bases are
related by

K = UJ, (55)
with
1 0 0
U = 0 —(g;?:)—gz-’t T (56)
0 g2 —1
and
1
& = 5 (3x2—10x—9)%+4x(1—x)(9—x)ax7:” % (57)

In the modular variable T the quantity g; is given by

T 1 dvwy

= PR
52 ot Y 2nidt

= 4(3b7—3b1by—6b3—e2). (58)

The modular forms b; and b, and the quasi-modular form e; are defined in appendix A. The
quantity g5 is a quasi-modular form of modular weight 2 and depth 1. For y € T'; (6) the quantity
g> transforms as

2 ¢ a b
@hD© = @t 1= (4 0) 59)
where the operator |y is defined by
_ at+b
(FlE) = (ev+d) ™ fr(x),  ¥(0) = — (60)

For the first few terms of €-expansion we have

—By+1(f3,1:q)]e+ L [=B3 —2B2+ Bl (f2:9) — 1 (f2, f3, 1:q9) =21 (1, f3;q)

K = —
2 2ni[ 27
—281 (1,1, f3:9) — 2 (1, f3,1:q) — g2B2I (1:q)] €% + O (),
1
Ki = —I(fu9)e+ |=Bo+1(f2,f5:q0) + 8B+ g1 (1, f5i9) | €+ 0 (&). (61)

2
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Let us look at the boundary values of K>

) . B> (B3 + 232) 2 3
él_l%Rln(q)Kz = —z—nig — TS + 0 (8 ) . (62)
The term
——=¢ 63
27 (63)

is of weight minus one and spoils the uniform weight property. Hence we conclude that the basis
K is not of uniform weight if we require that the notion of uniform weight is compatible with
restrictions in the kinematic space.

5 Purity and simple poles

In this section we address the second main question of this paper: The relation between uniform
weight and simple poles in the elliptic case.

5.1 Definition of pure functions in the literature

We recapitulate the definitions of unipotent and pure function as given in ref. [19]:

Definition 1. A function is called unipotent, if it satisfies a differential equation without a homo-
geneous term.

To give an example, the functions In(x) and Li,(x) are unipotent

d 1 d 1
EIH(X) = ;, ELIZ(X) = —;ln(l—x>, (64)
while ¢* is not
d
aex = ¢ (65)

Definition 2. Unipotent functions, whose total differential involves only pure functions and one-
forms with at most simple poles are called pure.

The standard example are multiple polylogarithms, whose total differential is given by
dG(Zl, . ,Zr;y) = Z G(Zl,~ .. ,Z\j, cee ,Zr;y) [dln (ijl —Zj) —dIn (Zj+1 —Zj)] 5 (66)
j=1

where we set zo = y and z,.1 = 0. A hat indicates that the corresponding variable is omitted.
In addition one uses the convention that for z;,1 = z; the one-form dIn(z;;1 — z;) equals zero.

Clearly, the one forms
dzj41 —dzj
din (g —z) = —L—— (67)
Zj+1—3Zj

have only simple poles.
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5.2 Iterated integrals of modular forms

Let us now look at iterated integrals of modular forms, as defined in eq. (43). It is clear that
these iterated integrals are unipotent functions, as differentiation removes one integration. We
investigate the order of the poles of the total differential.

We denote by

H = {teC|Im(t) >0} (68)
the complex upper half-plane and by
H = HU{ix}UQ (69)

the extended complex upper half-plane. Under the map g = exp(2mit) the complex upper half-
plane H is mapped to the punctured open disk

D = {qeCl0<|gql<1} (70)
and H is mapped to
D = DU{0ju{e™|reQ}. (71)
Let f¢(t) be a modular form of weight k for a congruence subgroup I and
ofodular - — omi fi (1) dr. (72)

1

0 1 ) € I. In this case f has the g-expansion [29]

For simplicity we assume that <

fo = Y anq". (73)
n=0

(In the general case f; will have an expansion in qﬁ, where N’ is the smallest positive inte-
ger such that fi(T+ N’) = fi(t). The general case is only from a notational perspective more
elaborate.) In addition we will always assume that modular forms are normalised such that the
coefficients of their g-expansion are algebraic numbers. We view w}{nOdUIar as a differential one-
form on D. In the variable g we have

(D}(nodular — Z anqnildq- (74)
n=0
This shows immediately that co?“’d“lar is holomorphic on D and has a simple pole at g = 0 if

ap # 0. Thus, in a neighbourhood of ¢ = 0 the differential one-form w}{nOdUIar has at most simple
poles.
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Let us now discuss if this extends globally to D. The answer will be no. We have to look at
the other cusps. We investigate the behaviour at

g0 = ezni(*g), c,d€Z, c#0. (75)

We may derive the behaviour of mkm"dum at go from the modular properties of f;. We consider
the modular transformation

1= (4 h)esm@, v =( ) (76)
and set
v =y(t) = %, g = &, (77)
This maps T = —% to T/ = ieo and g to g(, = 0. For the automorphic factor we have
ct+d = L,MJro((q—qo)z). (78)
2ni qo

(feley~1) (1) has again a ¢’-expansion as in eq. (73)
(feler™) () = La(d)" (79)

If f; is a modular form for the congruence subgroup I" and y € I" we have a), = a,, otherwise
the coefficients need not be the same. Usually we are interested in the cusps not equivalent to
T = ico, this implies y € SL; (Z) \I'. For aj, # 0 we have

c\ k1 dg —kt1
@podular - — 40 (—) 49 ———5+0O ((61 —4q0) ) - (80)
2mi (g —q0)"
Thus we see that whenever f; is non-vanishing at the cusp t9 = —%, the differential one-form

wglOdular has a pole of order & in the variable g at ¢ = go. Globally, ooglod‘ﬂ"jlr has poles up to order
konD.

These poles do occur. Consider for example the modular form f3 from eq. (33). It is a mod-
ular form of modular weight 3 for the congruence subgroup I'1(6). The space of modular forms
Mz (T'1(6)) of modular weight 3 for I';(6) is four-dimensional and consists solely of the Eisen-
stein subspace. There are no cusp forms in this space. Hence, f3 € M3(I";1(6)) is an Eisenstein
series. From the g-expansion of eq. (97) one sees that f3 vanishes at the cusp T = ico. As f3 is
not a cusp form, there must be a cusp T € QQ, where f3 is not vanishing. Hence, 03 = 2mif3(t)dt
has a pole of order three in the variable ¢ there.
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5.3 Elliptic polylogarithms

The discussion of the previous sub-section is not restricted to iterated integrals of modular forms
and carries over to elliptic polylogarithms I
Let g¥) (z,1) denote the coefficients of the Kronecker function and set

_ dt
Ok (2 ) = i) (o6 ) R dzt (k- g @S [ 8D
We may view kam“eCker as a differential one-form on the two-dimensional moduli space M 5.

Coordinates on this moduli space are (z,T). The elliptic polylogarithms I are iterated integrals
of @ronecker(z ¢ 1) along z at constant 1. It is known that the functions g*) (z,7) have at most

simple poles in z and when restricted to T = const the elliptic polylogarithms I" are pure functions
in the sense of definition 2. However in the applications towards Feynman integrals it is usually
the case that the assumption T = const is not justified. A variation of the kinematic variables of
the Feynman integral will imply a variation of T and we have to consider the T-dependence as
well. For the argument we want to make it is sufficient to restrict to z = a + bt with a,b € Q
and k > 2. In this case the differential one-forms kamneCker reduce to the form of ookmo‘mlalr [25]
and the argument from the previous sub-section applies: In this case the differential one-forms
co,lfmne"ker may have poles up to order & in the variable g (or 7).

5.4 Modular transformations

We have seen that locally in the coordinate chart DU {0} the basis J satisfies the criteria of
definition 2. This coordinate chart includes the point x = 0. Let us now investigate the global
picture. For the sunrise integral we have four singular points x € {0,1,9,%} and we may cover
the kinematic space with four charts, such that each chart includes exactly one singular point
[21,22,30]. Below we will follow the notation of ref. [22].

In each chart we may construct a basis, which satisfies the criteria of definition 2 locally. In
different charts we will have different coordinates T and t’, but also different bases of master
integrals J and J'. The coordinates T and v will be related by a modular transformation. The
modular transformation induces also the transformation between J and J'.

Let us discuss the behaviour near the cusp Tp = —%. The modular transformation y defined
in eq. (76) maps To = —% to T, = ico. Let f; be a modular form for a congruence subgroup I'.
Then by definition f; (1) is holomorphic on H and (f;|xy~!)(') has a ¢’-expansion as in eq. (79)
for any v € SL,(Z). This suggest to change in a neighbourhood of T = —% coordinates from ¢ to
q'. The differential one-form

2mi (filey ') (V) v (82)

has then a simple pole at ¢’ = 0 (corresponding to T = —%). However, cokm‘)dmar as defined in
eq. (72) does not transform under this coordinate change into eq. (82). Instead we find

oottt — (_et' +0) 7 2mi (fillyy ') (¥) d. (83)
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(—ct' +a) is the automorphic factor for y~!. For k # 2 this factor spoils that iterated integrals
of modular forms transform under modular transformations into iterated integrals of modular
forms. However, elliptic Feynman integrals transform nicely: Let us consider for

at+b
= — SL,(Z 84
W = T2 yesL@) (34
the combined transformation
1 0 0
J =10 2 o |/
0 —ﬁ ct+d
p at+b
= ) 85
cT+d (85)
One obtains
dl = eBTJ (86)
with
0
B = 2mi 0 —(HlLy () 1 |dr. (87)

(Bl HE) el DE) =Ry H(E)

AsT'(6) is a subgroup of I'; (6) we have M, (I";(6)) C M (I°(6)) and as I'(6) is a normal subgroup
of SLy(Z) it follows that

fley ' € M(T(6)). (88)

We see that the entries of B’ are again differential one-forms of the form as in eq. (72). We may
express J' again in terms of iterated integrals of modular forms, this time in the variable ¢’. It can
be shown that the boundary constants are again of uniform weight. Hence it follows that in the
coordinate chart with coordinate ¢’ (or T') the basis J satisfies the criteria of definition 2 locally.

Although the kinematic space of the sunrise family can be covered with four charts such
that in each chart the criteria of definition 2 holds locally, we do not advocate to define purity
by requiring that the kinematic space can be covered with local charts, such that in each chart
the criteria of definition 2 holds locally. The reason is given by the following counterexample:
Consider the functions f;(x) defined by the generating series

ifj(x>€j = x feT (89)
Jj=0

1 2In(x)
(1-x? l-x

= 1-|—{ ! —ln(x)}E-l-l

5 +1In*(x) | 2+ 0(%).
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Clearly, we would not like to call the functions f; for j > 1 pure. The functions f; satisfy the
differential equations

dx dx
dfj = |——+——=|fi-1- (90)
The functions f; are clearly unipotent. In a neighbourhood of x = 0 the differential has a simple
pole at x = 0. In a neighbourhood of x = 1 the change of variables

1

¥ o= e ODn
transforms the one-form with a double pole into a one-form with a simple pole:
d dx’
- = (92)
(1-x) X

Thus we see that modifying the definition of purity by requiring that definition 2 holds only
locally is too weak: It enlarges the function space too much.

Let us however point out a difference between the sunrise integral and the counterexample:
In the latter case the transformation in eq. (91) is a general ad-hoc coordinate transformation,
whereas in eq. (85) we only consider the smaller set of transformations induced by modular
transformations.

6 Conclusions

For Feynman integrals which evaluate to multiple polylogarithms we have a clear understanding
of purity: These are Feynman integrals, whose term of order j in the €-expansion is pure of
transcendental weight j. We are interested in extending this concept to Feynman integrals beyond
the ones which evaluate to multiple polylogarithms.

This is non-trivial and in this paper we discussed some subtleties: We showed that an e-
factorised differential equation alone does not lead necessarily lead to a solution which is pure.
The boundary values have to be pure as well. This applies in particular to a basis constructed by
the requirement that the period matrix on the maximal cut is proportional to the unit matrix. The
argument we presented is agnostic to the exact definition of purity beyond the case of multiple
polylogarithms, we only assumed that the definition of transcendental weight in the general case
is compatible with the restriction of the kinematic space to a sub-space.

In the second part of the paper we adopted a particular definition of purity from the literature.
We showed that this definition works only locally — but not globally — for a particular basis of
the two-loop equal mass sunrise integral. Of course, it might well be that this particular basis is
not the optimal one, but another possibility is that the definition of purity needs a more refined
definition. The modular transformation properties, which we discussed in section 5.4, point
towards a possible modification.

We believe that the detailed analysis we carried out in this paper will be helpful for a defi-
nition of purity which not only includes the elliptic case, but also Feynman integrals related to
Calabi-Yau geometries.
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A Modular forms

In this appendix we give the g-expansions of the modular forms f>, f3 and f4, appearing in
eq. (32) and the g-expansions of y; (which is a modular form of modular weight 1). In addition,
we define the Eisenstein series e, which appears in eq. (58).

We start by introducing a basis {b1,b,} for the modular forms of modular weight 1 for the
Eisenstein subspace £;(I'1(6)):

by = Ei(vx1,%X-3), b2 = E1 (2tu%1,X-3), (93)

where %1 and 3 denote primitive Dirichlet characters with conductors 1 and 3, respectively. In
terms of the coefficients g'¥) (z, 1) of the Kronecker function we have

V3 1 V3 1 1
by = ~—o)(Z by = ——~— oM (Z )= oM ) 04
= LG b= - (G- 04)
Then
fr = —6(bi+6b1by —4b3),
f3 = 36V3 (b} —biby—4b1b3+4b3),
fa = 324b}. (95)

In terms of the coefficients g(¥) (z,7) of the Kronecker function we have

1T 1 1 1
= — 3.2 )= o (= @)=
f2 2 _Sg (271) 8 (37T>+g (6,’C>:|,
1| 1 1
= G 1) =123 (=
1T 1
= — | —180@® _ 97 (2 )
f4 e i Sg (07 T) 8 (3 ’ T) (96)
The g-expansions are
1
[ —5—8q—4q2—44q3+4q4—48q5—40q6+0(q7),
fi = =33 q—5q2+9q3—11q4+24q5—45q6]+O(q7),
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1
fao = 7+6q+ 54q% +222¢ +438¢* +756¢° +1998¢° + 0 (q') . (97)

In addition we have

Vi

= 2V3(b1+b2)
T

2
= V3 [1+3q+3q2+3q3+3q4+3q6} +0(q). 98)

We define the Eisenstein series e, by

1 ! 1
er(1) = ) - (99)
2(2nl)2(n17n2)6222\(070) (n1 +not)?

The prime at the summation sign denotes the Eisenstein summation prescription defined by
’ N, N
Z f(z4+ni+mt) = lim _Z’ Nlllgloo _Z’ f(z4+n+m7) |. (100)
(n1,np)€Z2 m=—N n=—Nj

The g-expansion of e, starts with

1
a) = - +q+3¢*+4¢° +7¢* +64° +12¢° + 0(q’) . (101)

The Eisenstein series e; is a quasi-modular form.

B Boundary values

In this appendix we give the boundary values B;. These are easily obtained from [10,31]. We
have

- 3 [ _ 2meI'(1+2¢) (102

k —€
B, = -3 h
Leb = g 3 T(14¢)?

where

1 —€
h==|(=r3) ¢ 2F (—2¢,—&:1 —&:r3) — (—r;1> JF| (—23, el —£;r31>] (103)
l

and r3 = exp(2mi/3). The hypergeometric function can be expanded systematically in € with the
methods of [32-35]. The first few terms are given by

2Fi (—2e,—&;1 —&;x) = 1 42€%Li, (x) + &> [2Li3 (x) — 4Li (x,1)]
44 [2Lig (x) — 4Li3; (x,1) + 8Lioys (x,1,1)] + O <35> . (104
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The first few boundary values are given by

By 0,
By 0,

37, . (-1
32 = ?[L12(7‘3)—L12(7‘3 >},

1

3

B = T{—ZLizl(r3,1)—Li3(r3)+2L121 <r§171>+Li3 (61)}
1

—In(3) By,
3
By = 5 {4Li211(r3,1,1)—2Li31(1’3,1)+Li4(”3)_4Li211<r§17171>

i

o o 1 1
+2Li3, <r3 L 1) “Liy <r3 1) } —In(3)Bs— 30’ (3) Ba+50oBs. (105)

These can be reduced to polylogarithms of depth 1 as follows [36,37]:

32 = 3Im Li2 (1’3) N

4 i\ 175 1 5
By = “ImLis(—)—~n*— —x(
+ = P (L) - iR - orm ),
63 48 N\ 17 |
By = —ioImLis(rs)+ < ImLiy <%)+%n3m(3)+%n(m(3))3, (106)
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