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Abstract

We devise a novel mechanism of isotope separation from a mixture of Bose-Einstein
condensate in the presence of interspecies interaction. Fractional revivals of this miscible
system are studied inside a ring waveguide for spatially resolving the isotopes of Rb. The
characteristic time scale is influenced by the ring radius and the strength of interspecies
interaction. We identify the physical parameters for which the autocorrelation function
displays the signature of distinguishability. A study of the separability function further
suggests favourable time instances for separating the isotopes with greater yields. The
precise ranges of ring radius and interspecies interaction strength are revealed. We
illustrate condensate densities at proposed time instances, which confirms our results
and also validates our method.
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1 Introduction

The natural abundances of isotopes are mostly in the form of mixtures. Often, a particular
isotope is required in pure form and thus, isotope separation has been an enduring problem in
science. Separation of stable isotopes involves methods such as diffusion or centrifugation [1],
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ion-exchange chromatography [2], light-induced drift isotope separation (LIDIS) [3, 4] etc.,
which rely on the difference in the isotopic mass, isotopic charge and isotopic shift in atomic
or molecular spectral lines, respectively. The isotopes of the alkali metals can be separated
from an isotopic mixture of Bose-Einstein condensate (BEC), where phase separation is ex-
ploited by tuning the interspecies Feshbach resonance [5-7]. One could note that the regime
of separation for the ground state of the two species lies at the greater values of the inter-
species interaction [6,8,9]. This is because, at higher values of interspecies interaction, the
energy of the inhomogeneous state is lower than that of the homogeneous state, which favours
the spatial separation of the isotopes. The isotope separation is also predicted for a BEC mix-
ture under the Thomas-Fermi limit [10-12]. Experimental observation of spatial separation
is also achieved, but by neglecting the role of mass-imbalance between the isotopes [5]. The
miscible-immiscible transition is shown in the absence of an external trap, where the transition
is governed by the strength of the interspecies interaction in comparison to the intraspecies
interaction [10].

On the other hand, the phase boundary of such transition is also shown to alter by changing
the trap frequency [13-15]. The external trap, being the most favourable physical quantity to
control the dynamics of a BEC, drives a quick emergence of various technological applications
[16-18]. A large amount of literature exists towards the theoretical and experimental studies
of efficient trap engineering in BEC [19-25]. A ring-shaped waveguide is one of the most useful
traps in 2D, which is formed by overlaying a blue-detuned laser in the middle of harmonic
confinement [26,27], where the radius of the ring can be efficiently controlled. BEC inside such
a ring waveguide manifests a number of interesting physics. The phenomenon of fractional
revivals (FR) is recently reported in this system [28] and is a very well-studied effect in diverse
quantum systems in their time evolutions [29-37].

In this work, we present a novel technique of isotope separation from the isotopic mixture
of trapped Bose-Einstein condensates. The underlying model involves the dynamics of an iso-
topic mixture of a binary BEC inside the ring trap. The inclusion of interspecies interaction
makes the FR-physics more rigorous and interesting due to the emergence of two time-scales,
which are influenced by each other. We provide a systematic study of the time-evolution and
identify the region of experimental parameters, the trap parameters and the interspecies inter-
action strength, for which the isotopes of Rubidium, 8Rb and 8’Rb, will get spatially resolved.
Employing FR of mixed BEC in a ring waveguide to spatially separate its isotopes will be the
first-of-its-kind technique.

The paper is organized as follows. The next section deals with the model of interacting BEC
mixture in a ring trap, along with the numerical technique to be adopted. Section III includes
a detailed analysis of the combined dynamics through a modified FR phenomenon, where
the influence of interspecies interaction on the individual time scales becomes apparent. A
range of interspecies interactions is proposed in Sec.IV, which later suggests physical situations
for isotope separation through autocorrelation function. In Sec.V, we quantify the degree of
isotope separation at different time instances and identify the favourable situations for greater
isotopic yields in experiments. A precise parameter domain is also revealed for ring radius
and interspecies interaction. Visualization of condensate densities at the identified instances
clearly manifests the spatial separation of the isotopes, which validates our model for practical
applications. The paper concludes in Sec.VI with a summary and possible implications.

2 Basic Formulation of the System and the Method

We describe the method for the isotopic mixture of 8°Rb and 8’Rb BECs, having atomic masses
m; and m,, number of atoms N; and N,, respectively. Both the components have their respec-
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tive intra-species scattering lengths, a;; and a,,, whereas inter-species coupling is governed
by the scattering length a;, and is tuned to the desired values through the inter-species Fes-
hbach resonance [38-42]. The dynamics of a two-component BEC in a ring trap is described
by the three-dimensional (3D) mean-field Gross Pitaevskii Equation (GPE), which is made di-
mensionless by scaling the position, time, and energy by a;, 1/w; and hw |, respectively.
Here, a; = a; | = v/f/2m;w is the harmonic oscillator length in the transverse direction
when the ring trap is created in the x-y plane. w, is taken as w; ,, the trap frequency as
experienced by &Rb in z-direction. All the physical quantities are chosen as per the experi-
ment [5,39]: N; =N, =103, m; =85a.u,, my =87 a.u., w, =27 x 130 Hz, a;, = 0.675um;
a;; = ayy = 2.698 x 10~° m; and the radial frequencies, w, = w1, = wy, [5]. The GPE is
written after dimensional reduction to quasi-2D as follows [43-45].

.0,
z%=[£+/\f]¢i, &
where ; = Y;(x,y,t) and L = —zm—n;ivx,yz with Vi,y = aa—jz + aa—;. The second term,
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and the ring trap,
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which is a combination of a 2D harmonic potential and a Gaussian potential. Here p; = m;/m;,
w = w,/w,. o and V, are the waist and amplitude of the Gaussian spike, respectively. The
oscillations along the radial direction are suppressed by placing the condensate in the exact
minimum () of the potential [46].

Numerical Method: We adopt the Split Step Fourier Method (SSFM) [47-49] for numerically
solving the system, where both the parts of the dynamical equation (Eq.1) are treated sepa-
rately. The first term is evolved in the momentum space, and the second term, involving the
nonlinearity and the trap, is evolved in the coordinate space [47]. The x- and y-coordinates
are equally divided into 512 grids with a step size of 0.1841. The step size for time is 0.0915
with a total of 16384 grids up to the second revival time.

3 Dynamics of the Condensate Mixture

We consider that the condensates of the two isotopes initially coexist in the form of a binary
peak with waist, dy = 0.75 a, and at the diametrically opposite points of the ring with co-
ordinates, (£ry,0). The mixed cloud disperses along the ring waveguide in clockwise and
anti-clockwise directions. They will start interfering at (0, %ry), and also continue to spread
further.

It is important to note that a single component BEC (not the system under study) in a ring
trap, after some specific time interval, revives in its initial position and shape. The time when
the condensate replicates the initial configuration is termed the revival time, Ty. This revival
phenomenon has been thoroughly examined recently, where the exact revival time is given by
Tp = Trrg [28]. Moreover, at some specific fractions of this revival time (¢t = Ty x p/q), several
mini replicas of the initial condensate are formed, and this phenomenon is known as fractional
revivals (FR), where p and q are mutually prime integers and decide the number of splits [28].
According to the model, at time % (p =1, g =4), asingle initial cloud will split into two, and
a dual initial cloud will split into four daughter condensates. Moreover, two components of a
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Figure 1: (a) The density of the BEC mixture of 8Rb and 8Rb with interspecies
interaction strength a;, = 1.0 a;;, at the quarter revival time, t = Tz/4. The den-
sities of the two isotopes are shown separately in (b) and (c). The autocorrelation
functions of the two interacting species are shown in (d). The ring radius is taken
as 1y = 12a;. x and y are in the units of a; = 0.675 um and, t is in the units of
1/w; =1.224 ms.

binary BEC with no interspecies interaction will independently show FR and follow the above
model, which is not the case for an isotopic mixture of BECs where interspecies interactions
are considered.

To display the resultant cloud of the isotopic mixture in the presence of interspecies in-
teractions, we choose a FR time as Tr/4 and the condensate is delineated in Fig. 1(a). It is
apparent that the condensates of both the isotopes are mixed in a nontrivial manner due to
their coexistence. This becomes further clarified when the condensate densities of Rb and
87Rb are shown separately in Fig.1(b) and 1(c), respectively. These densities look identical
and not distinct, resulting in a miscible cloud, as shown in Fig. 1(a). To separate two con-
stituent clouds of the interacting isotopes, we need to unwind the physics of miscibility and
then try to devise a way. The well-known autocorrelation (AC) function helps us in the first
stage. AC is the modulus square of the inner product of the initial and the temporally evolved
wavefunctions, having mathematical definition as

IA(t)|2=|f J Y*(x,y, 0 (x, y, t)dxdy|*. (3)

For a dispersing cloud, the AC function decays with time to manifest, gradually decreasing
fidelity with the initial structure. However, the existence of significantly dominant peaks have
different physics and are also observed in Fig.1(d) for the mixed cloud in Fig. 1(a). Periodic AC
peaks with nearly one magnitude are the signature of revivals, whereas there are other periodic
peaks of lower magnitudes, which are known as FR instances. Overall, the AC time-series
provides us with comparable characteristic time scales for both the isotopic condensates in the
presence of interspecies interactions, due to which the components remain indistinguishable.

Therefore, Fig.1(a) to Fig.1(d) suggest designing a physical situation when AC peaks will

4
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get separated in time during some FR instances to distinguish and measure two isotopic con-
densates from their mixture. The key physical parameters to control the dynamics are the
radius of the ring trap (ry), interspecies interaction (a;,) and time. It is clear from Fig.1 that
the interspecies interaction, a;5 = 1.0 a;;, and ring radius, ry = 12a, do not help in iso-
tope separation during the whole temporal dynamics. Below, we will explore the influence of
interspecies interaction on the individual revival dynamics of the isotopes.

3.1 Revival Dynamics of the Mixture without and with Interspecies Interactions

For a two-component BEC, we have two-time scales, one for each component. First, we will
discuss about the expression for revival times of the two species at zero interspecies interaction.
It is known that an initial Gaussian wave packet of two isotopes with width w; ; =w; , = w;,
centred at (ry, 0), propagates along the ring and interferes with itself at (—ry, 0). The resulting
interference maxima of the two species are proportional to the oscillating terms in their density
[43] and are given by

2Dtd
Imax,1 O< COS — 5 |
WiWia

2.2
Mmywiw;

4)

Imax,2 < cos(
2

where I,,,,, 1 and I,,,,, o are the interference maxima of 8Rb and ®’Rb, respectively. The
condensates are initially separated by distance D at position d and with width w;. w,; and
w, o are their widths at a later time t. These widths are related by

2
2m,t
Wio= w?+( 1), (5)
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respectively. The difference in the interference maxima is brought out due to the difference in
the revival times of the isotopes. Hence, we have different effective fringe separations for the

two species:
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At revival times, the fringe separation becomes 27try x p due to the circular geometry of the
ring, where p denotes the winding number. Since the initial separation D between the wave
packets is 27try, the revival time for 85Rb and ®"Rb are obtained as,

_ 2
TR,] = ’ITT'O Xp,

m
TR2 = _ang Xp. (6)
5 m,

The difference of the revival times of 8°Rb and 8’Rb in the absence of interspecies interaction
becomes

ATy = (@—1)71?3. %)

my

It is clear from the above equation that the difference in the revival time scales for two nonin-
teracting isotopes is merely due to the mass-imbalance of the two species. The solid line with
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squares in Fig. 2 shows ATy with the radius of the ring in the absence of interspecies inter-
action. This variation is quite straightforward from the above analytical expression. However,
the presence of interspecies interaction makes the variation quite nontrivial, and it doesn’t
follow Eq.7. In this case, ATy is plotted after numerically solving the dynamical equation and
by finding the revival times for an interacting mixture, as depicted by the dotted lines with
circles and triangles in Fig. 2 for two nonzero interactions, a;5 = 0.5a;; and a;5 = 1.0a;, re-
spectively. The difference in the time scales of the mixed constituents is not significant enough
without offering us quite a favourable situation for separating the isotopes. This also explains
why we didn’t have separation for a;» = 1.0 a;; in fig.1. The important points from Fig. 2 are
i) the nonuniform time scale variation with the ring radius and ii) the possibility of influencing
the time scale variation with respect to the different interspecies interaction strengths.

15 , ,
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Figure 2: Difference in the revival times of the two isotopes ATy, for various radii
are shown. The solid line with squares is in the absence of interspecies interaction,
whereas the dotted line with circles and triangles is in the presence of interspecies
interaction a;, = 0.5a;; and a;, = 1.0a,, respectively. Here, radius rg, revival time
Tg, and interspecies interaction a, are in the unitsof a |, 1/w |, and a,;, respectively.

4 Identifying Appropriate Interspecies Interaction for Isotope Sep-
aration

We have seen that a mixture of isotopes with interspecies interaction doesn’t follow Eq.[6]
and both the isotopes have their revival times altered due to interaction strength for a given
external trap. We evaluate the revival times of both the species for a wide range of interaction
strengths with constant ring radii and depict them in Fig.(3). A merging of the time scales is
observed at higher interspecies interactions. This behaviour is also seen for other fractional
and revival times of the two species at greater interspecies interaction. We have shown the
merging of timescales for ring radii ry = 10a,, ry = 12a, and, ry = 14a,, in the Fig.3(a),
3(b) and 3(c), respectively.

The interesting point to gain here is the wide difference in the time scales of the interacting
species for a significant range of interspecies interaction. Moreover, the greater the radius, the
greater the difference in the revival times at a;, = 0 as shown in Fig.2. This difference in
the time scales is definitely the situation where the mixed condensate cloud should manifest
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Figure 3: Variation of revival time for 85Rb (line with squares) and 87Rb (line with
triangles) with interspecies interaction a;,, for fixed ring radii, (a) ro = 10a,, (b)

ro = 12a; and (c) ry = 14a,. Here, ry, Ty, and a;, are in the units of a |, 1/w,
and a;,, respectively.

a separation. The separation of isotopes is not possible for interspecies interaction strength
a2 2 0.5a4;, due to insignificant differences in the revival times of the two species. There-
fore, for separating isotopes, one needs to choose 1) an interspecies interaction strength for
which the revival times of the two species are fairly separated and 2) a ring radius for which
the difference in the revival times, in the absence of the interspecies interaction strength, is
considerably large. To examine whether such a situation is indeed favourable for separating
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Figure 4: Autocorrelation function of two initial condensates of a coupled BEC with
interspecies interaction a;5 = 0.3 a;;. Fractional revival instances are indicated by
pair notations. The inset shows the autocorrelation function of the two species at

a;» = 1.0 a;; for comparison. The ring radius is taken as ry = 12a, and t is in the
unit of 1/w | = 1.224m:s.

the BEC of two miscible isotopes, we choose a set of preferred parameters: ry, = 12a; and
interspecies interaction strength, a;, = 0.3a;;. We repeat the AC function plot with these pa-
rameters in Fig. 4 for 85Rb (solid line) and 8’Rb (dotted line) interacting condensates, where
every peak corresponds to a fractional revival time, and we compare it with the previous AC
function (Fig.1(d)) plot, given in the inset of Fig. 4. AC peaks are seen to separate, unlike
in the previous case. The FR times of both the species are indicated by the notation, (tq, t,),
such that (%, %) corresponds to %th revivals of both, 8°Rb and 8’Rb. The spacing of the peaks
increases with time, thereby making it possible to identify time instances where the differ-
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ence in the AC functions of the two species is maximum. As discussed earlier, the greater the
difference in the two AC functions, the lesser the spatial overlap between two isotopes. Two
condensate wavefunctions will become distinguished or separately measured when the pair of
peaks are separated from each other. In other words, the maximum of one AC peak should
coincide with the minimum of the other AC peak. This, being a dynamical system, such typical
situation has to be maintained for separation. The pair of peaks (1,1) is one such instance.
Hence, our methodology is indeed helpful in choosing the optimal values of ry and a;, for
which the isotope separation is possible.

5 Separability of the Isotopes

From the autocorrelation functions of the two species, one could notice the separation of the
isotopes. However, it requires careful analysis of how much they are separated and at what
times for efficient implementation of the isotope separation scheme. To obtain the degree of
separation, we define a quantity called Separability (S)’ between the two isotopes in the mixed
BEC:

51 S S S
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Figure 5: Variation of the isotope Separability with Time. The prominent separability
peaks are indicated, such as S 1 denotes the time near the 1/2-th fractional revival

of 8Rb. The interspecies interaction is taken as a;, = 0.3a;; and the ring radius is
ro=12a,. t is in the unit of 1/w | = 1.224 ms.

S=1-—A,
U e [ 11 G )P, y)Pdxd y P ®)
[ G, Itdxdy [ 1y (e, y)l4dxdy

The term, A, is given by the square of the inner product of the probability densities of 8°Rb
and 87Rb, weighted by the product of 4" order moment of the inner product. The numerator
helps in amplifying the tiny variations in the overlap of the wavefunctions of two species. The
separability takes the value from O to 1, where 0 implies zero separation and 1 corresponds
to a 100% separation. We choose the parameters of Fig. 4 for calculating S and presented in
Fig. 5. A separability peak close to 1 will be the desired situation. For times up to 1000 in the
unit of w%, we could find four prominent peaks, S 1 Sy, S 3 and S,, occurring closer to %, 1, %

8
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and 2 of the revival time of 8’Rb. At these times, the separation of the isotopes is maximum,
i.e., S &~ 1, compared to the other times.

The times corresponding to S%, S1, S% and S, are 0.286s, 0.575s, 0.855s and, 1.138s, re-
spectively. At these times, the condensate densities of the two species have > 95% separation.

The exact values of the percentage of separation of the two isotopes for the above Separability
peaks are given in Table.1.

Peak S% Sl S% Sz
Time (s) 0.286 0.575 0.855 1.138
Separability | 95.7% | 98.9% | 98.7% | 94.5%

Table 1: Percentage of separation of the two isotopes for the four Separability peaks
and their corresponding times from Fig. 5. The interspecies interaction is taken as
a;o = 0.3a;; and the ring radius is ry = 12q, .

In addition, a more favourable instance will be relying on the following factors too: 1)
at higher evolution time, one could observe an overall decay of the autocorrelation function
(Fig.4) due to dispersion and hence, sooner is better for isotope separation; 2) a broader tem-

poral width of the separability peak is preferable, as it will provide better time window in
which the isotopes remains separated in the experiment.

0.98
B
S 0.96
2,
O
= 0.94
3
0.92
0.9

o

Figure 6: The preferred parameter regions for isotope separation in experiments,
following the Separability, S;, as an example. The interspecies interaction a;,
and ring radius ry can be chosen as per the need, where the white dotted line
indicates the maximum separability. We also draw the regions for various per-
centage yields, 90%, 95% and 98%, by dashed contours. The ring radius is in

the unit of a; = 0.675 um, and the interspecies interaction is in the unit of
ay; = 2698 X 10_9 m.

Parameter Contours for Maximal Isotope Separation: In our work, the separability of
the isotopes is tuned by two physical parameters, the radius of the ring r, and the interspecies
interaction a;,. The separability peaks in Fig. 5 offers the times for maximal isotope sepa-
rations, designated by S 1, S, S 3 and S, and having > 95% isotope yields. The exact values
of the percentage of separation are given in Table.1. These, along with the above points (1
and 2), suggest one of the most favourable instances as S; with a wider separability peak and
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98.9% yield. We identify the parameter contours, comprising of ry and a;,, for the instance,
S, and depict it in Fig. 6.

The diagram highlights the regions above 90% separability. Though the whole highlighted
region provides a wide parameter range for isotope separation, one can further improve it by
choosing greater yields, as shown by different contours. The white dotted line in the middle
indicates the maximum separability value for both parameters. It is interesting to note that
the maximum separability line lies within the window 0.2a;; > a;, > 0.4a;; of interspecies
interaction strength. We also draw the regions for various percentage yields, 90%, 95% and
98%, by dashed contours. For a desired separation line, the favourable values for the radius
and interspecies interaction can be chosen in the experiments.

Condensate Densities Upon Isotope Separation: One can visualize the individual conden-
sate of the isotopes for any set of parameters, described in the parameter contour plot in Fig.
6 to verify their spatial separation. Here, we will choose one of the values, such as the in-
terspecies interaction is a;, = 0.3a;; and the ring trap radius is taken as ry, = 12a, in Fig.
7. Condensate densities of both the isotopes, 8°Rb and ®Rb, separately plotted at times,
0.286s, 0.575 s, 0.855 s, and 1.138 s, corresponding to S%, S1, S% and S,, respectively. These
instances, near multiples of half revival, do not further split the initially considered dual clouds
and, hence, show nice separation in the preferred parameter window. At S 1 the isotopes are
separated with respect to their common centre of mass and remain separated for a shorter
time interval, as reflected from the narrow width of the separability peak for S 1 in Fig. 5. It

is fascinating to observe that each of the other pairs of plots for Rb and 8’Rb condensates
in Fig. 7 manifests orthogonal positioning with respect to each other, implying a clear isotope
separation inside the ring trap.

Sy, s, ‘ S3, S, ’

Figure 7: Condensate densities of both the isotopes, 8Rb and 8’Rb, separately plot-
ted at times, 0.286 s, 0.575 s, 0.855 s, and 1.138 s, corresponding to S%, Sy, S% and
S,, respectively. Spatial coordinates are in the units of a; = 0.675 um,. The inter-
species interaction is taken as a;, = 0.3ay;, the ring radius is ry = 12a, and time is
in the unit of 1/w | = 1.224 ms.

10
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6 Conclusion

We have reported a method to separate isotopes from a mixed-binary BEC of Rb isotopes,
which is made to evolve along a ring waveguide. The difference in the fractional revival
time scales of the two interacting isotopes is employed in spatially separating them. We have
quantified the degree of spatial separation of isotopes by a quantity called Separability. The
plot of separability and time gives us specific times when there is a maximum separation of
isotopes. The times corresponding to S 1, Sy, S 3 and S, are identified, where the condensate
densities of the two species have > 95% separation. The percentage of separation is addressed
up to ~ 99%, which is higher than the previously reported isotope separation methods [4,50]
by using the LIDIS technique [4,51-53]. The physically supported parameter contours offered
a wide range of trap and cross-interaction values under the present scheme. The domain of
interspecies interaction strength is unique (a;, < a;;) in the context of high fidelity spatial
separation of isotopes in comparison to the past works [6,8,9].
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