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Abstract

We study the out-of-equilibrium quantum dynamics of dipolar polarons, i.e., impurities immersed in
a dipolar Bose-FEinstein condensate, after a quench of the impurity-boson interaction. We show that
the dipolar nature of the condensate and of the impurity results in anisotropic relaxation dynamics,
in particular, anisotropic dressing of the polaron. More relevantly for cold-atom setups, quench
dynamics is strongly affected by the interplay between dipolar anisotropy and trap geometry. Our
findings pave the way for simulating impurities in anisotropic media utilizing experiments with
dipolar mixtures.
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1 Introduction

Non-equilibrium dynamics is one of the most challenging and complex branches of quantum
many-body physics [1-3]. One of its central questions is how a locally excited system reaches
an equilibrium state. A paradigmatic testbed for studies of this question is a mobile impurity
interacting with a quantum environment whose steady-state solution — a polaron [4] — provides
a physical intuition behind low-energy transport in semiconductors [5], colossal magnetoresis-
tance [6], non-equilibrium phenomena such as quantum heat transport [7] as well as polaron pairs
in semiconducting organic polymers [8]. Unfortunately, it appears challenging to experimentally
resolve time dynamics of the polaron in solid state systems, where natural timescales are ‘fast’,
often given by femtoseconds (for electrons) and picoseconds (for lattice).

To study time evolution of systems with impurities, one can use ultracold quantum gases
instead [9, 10], where, depending on the nature of the particles in the bath, impurities can form
Fermi [11-14] or Bose polarons [15-18]; the latter are in the focus of our study. By rapidly
populating the impurity state and probing its quench dynamics with radio frequency (RF) pulses,
current cold-atom experiments can unveil the relevant timescales of Bose-polaron formation and
provide insight into (i) how many-body impurity-bath correlations are built from the microscopic
level and (ii) how an initially excited bath thermalize due to dephasing of phonons. In particular, a
combination of a RF pulse that coherently populates the impurity state and Ramsey interferometry,
which tracks down the quantum evolution of the impurity coupled coherently to the BEC, allows one
to measure a time-dependent Green’s function, which contains information about non-equilibrium
dynamics of the impurity [9, 10]. Its imaginary part gives the contrast, namely the overlap between
the initial and the final states. It is one of the key observables studied in this work.

Complexity of quench dynamics of impurities stems in particular from the interplay between
few- and many-body correlations and the corresponding timescales. Initial dynamics involves a
local excitation of the system, which implies participation of phonons with high momenta that
can resolve few-body physics. After some time, the dynamics is mainly driven by propagation
of low-energy many-body excitations. In a three-dimensional Bose gas, these limiting cases and
the transition between them can be studied using several robust theoretical approaches based
upon variational coherent ansatz [19-21], T-matrix approximation [22], Langevin equation [23],
master equation [24,25], the many-body generalization of Weisskopf-Wigner theory [26], dynam-
ical variational ansatz [27], exact results [28]. [For impurities in a Fermi gas, see, for example,
Refs. [29-31].] However, experimental and theoretical work on non-equilibrium polaron dynamics
is so far limited to ultracold gases with short-range interactions. The connection between the
far-from-equilibrium dynamics and the equilibrium polaron state remains an open problem for
more complicated interactions.

If the range of the potential is of the same order as the interparticle distance, the static prop-
erties of impurities are distinctly different from those for short-range interactions. For example,
Rydberg [32,33] and ionic impurities [34,35]' are dressed by many atoms and form many-body

'In the Rydberg case, the effective impurity-atom potential contains both s— and p— wave scattering terms. For a
charged impurity, the potential has an isotropic 1/ r tail.
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Figure 1: (a) Speed of sound ¢(#) for different strengths of dipolar coupling, €44, depending on the
relative direction between the phonon’s momentum and the direction of the magnetic field, B, which
fixes the orientation of the dipoles; cq is the speed of sound for a non-dipolar system. (b) Population
of phonons excited by the impurity in two directions with respect to the impurity. For § = 0
(0 = 7/2), the momentum of phonons is parallel (perpendicular) to the direction of the dipoles.
The top plot is for a non-dipolar impurity (d2 = 0). The bottom plot is for a dipolar impurity with
dy = 130ay (ao is the Bohr radius). We consider a homogeneous gas with na3; = 5 x 1075 and
a11 = a2 = 150ag so that €44 ~ 0.87. €44 is the parameter that characterizes the dipolar character
of the bath, see the text for details.

bound states for strong interactions, which are beyond the so-called Frohlich Hamiltonian [36,37].
Another scenario is provided by an impurity in a dipolar gas [38,39] where both the atom-atom
and impurity-atom potentials are characterized by a long-range and anisotropic dipole-dipole in-
teraction (DDI). The experimentally relevant interaction regimes of this system can be described
using the Frohlich Hamiltonian, making the dipolar polaron model an ideal platform for simplified
theoretical studies of non-equilibrium dynamics in beyond-contact-interaction polaron models.

Motivated by the realization of bosonic mixtures of non-magnetic and magnetic atoms such
as Er-Li [40] and Yb-Er [41] as well as of magnetic atoms such as Er and Dy [42-44], in this
work, we study non-equilibrium physics of dipolar polarons, i.e., impurities (non-dipolar or dipolar)
immersed in a Bose bath with dominant DDI. In stark contrast to systems ruled by short-range
interactions, the dispersion relation in dipolar systems displays an anisotropic behavior at low
energies [45, 46], supporting, for certain parameters, exotic states of matter such as quantum
droplets and supersolids [47,48]. As we shall demonstrate, the anisotropy of dipolar interactions
also plays an important role in our study.

To investigate the quench dynamics of the impurity, we rely on a variational ansatz, see Sec. 3.
We establish closed-form expressions for the parameters that enter this ansatz (see appendicies) and
calculate the Ramsey contrast as the overlap between the non-interacting and the interacting states,
see Sec. 4. At long times, the contrast is determined by the steady-state properties of the system,
such as the polaron energy and the residue, and we start Sec. 4 by discussing these quantities.
Then, we unveil the relevant timescales of the polaron formation and demonstrate that they contain
information about the dipolar nature of the condensate, in particular, how far the system is from
the collapse, see Sec. 4.3. Note that the Ramsey contrast is an integral quantity and cannot be
used to study anisotropic nature of dipole-dipole interactions in a direct manner. Therefore, we
introduce a theoretical construct in Sec. 4.4 that allows us to perform such a study and to show that
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time evolution of the system is highly anisotropic. Finally, we discuss an experimentally relevant
trapped case in Sec. 4.5.

For a non-dipolar impurity, our findings can be observed experimentally using well-established
interferometric techniques such as many-body Ramsey spectroscopy see, e.g., [9, 10] or by driving
Rabi oscillations between weakly and strongly interacting states [49]. In contrast, for the fully
dipolar case, further decoherence processes due to fast dipolar relaxation may play a role. We leave
an investigation of these effects to future studies.

2 System

We consider a highly imbalanced dipolar binary mixture at zero temperature. We first focus on
a uniform three-dimensional system, see Sec. 4.5 for a discussion of an experimentally relevant
trapped gas. The problem is cast in the framework of a single impurity problem interacting with a
dipolar condensate. The host bath is labeled by |1) with density n and the impurity is labeled by
|2). For equal mass components, m; = mg = m, the out-of-equilibrium dynamics of the impurity
obeys the Frohlich Hamiltonian,

A = Zwkb*bk+—+nvu( - 0) Zvu Wie ™ (b +55,), ()

which describes the scattering between an impurity with momentum operator p and a Bogoli-
ubov bosonic excitation of energy hk. Here, l;k(gif() annihilates (creates) an excitation with
energy wx = y/ex (ex +2nVq1(k)) where e, = h*k?/2m is the free energy dispersion, and
Wy = /€ex/w; T is the position operator for the impurity. The boson-boson (V71) and impurity-
boson (Vi2) potentials are given by Vi;(k) = g¢;; + gfj (3k%/k* —1). The first term of this
expression describes the short-range physics characterized by the coupling strength g;;, which
within the Born approximation reads g;; = 47rh2aij /m, where a;; is the s-wave scattering length.
The second part contains the long-range DDI potential, which is anisotropic. Its strength is de-
termined by the dipolar coupling strength g% = poptift/3 = 4mh?\/d;d; j/m, where p is the
vacuum permeability, and j;(;) is the magnetic dipolar moment related to the dipolar length d; ;).

The anisotropy of the DDI implies that the velocity of Bogoliubov excitations depends on the di-
rection [50]. Figure 1 (a) depicts the anisotropic speed of sound c(8)/co = /1 + €4q(3 cos? 6 — 1),
where €5q = dj/ai1; is the ratio between the dipolar and scattering lengths of the bath, and
co = /g11n/m is the sound velocity for the isotropic non-dipolar case (44 = 0). In the absence of
dipolar interactions, polaron formation time, which marks the onset of the final stage of the impurity
dynamics, is given by &/cq [25], where & = h/(v/2cp) is the coherence length of a non-dipolar
condensate. If we naively define a direction-dependent timescle as 7% /(v/2¢(0)?) (see App. D for a
derivation of this timescale), then we shall expect slower dynamics in the side-to-side (§ = 7/2) di-
rection, which features the softest excitations in the system [50], than in the head-to-tail (§ = 0) one.
This expectation is directly confirmed by our calculations, see Fig. 1 (b). The number of excited
bosons is also direction-dependent, as we discuss in Sec. 4.4. Note that excitations with momentum
perpendicular to the direction of dipoles (¢ = 7/2) may be unstable [50], i.e., the speed of sound
may become imaginary, which leaves a trace in the dynamics of the impurity, as we show in Sec. 4.3.

To conclude the problem formulation, let us motivate the use of the Frohlich approximation,
which is expected to be accurate only for weak interactions. As our focus is on the dynamics and de-
coherence of the impurity due to the interplay between the short and long-range anisotropic physics,

4
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we shall only explore systems with a;; ~ d;, i.e., the s-wave scattering length that determines the
short-range physics is comparable to the dipolar length of magnetic atoms. For Dy, d; ~ 130ay,
which for experimentally relevant densities implies a small gas parameter (na3 < 1), allowing us
to use the Frohlich Hamiltonian as long as €44 < 1, see also App. A.

3 Variational ansatz

To investigate the out-of-equilibrium dynamics of the system, we employ a coherent-state vari-
ational ansatz [19-21, 51] for the wave function |1)(t)) = e~*¢()e2x Bie(®)b =By ()b |0). Here,
|0) = |Ok,P) is the state of the system at ¢ = 0, which consists of an impurity with mo-
mentum P and a phononic vacuum?. The parameters 3y (t) and ¢(t) are calculated using the
standard principles of time-dependent variational theory, which minimizes the action functional

[t <17ZJ(7§) )ih@t — 7:[‘ @ZJ(7§)> [52] with the Hamiltonian after the Lee-Low-Pines transformation [53]:

H = S71HS, here S = exp <if' (P - PB)) (see App. B). The corresponding equations for Sy (t)
and ¢(t) read (see App. C)

ihB = T‘/gvlz(k)Wk + Oy B,

2
. 2 p2 -
B(t) = Via(0)n + 50 + Y22 37 WicVia (k) Re[ B,
where Q) = wy + e — hk (P—Pg) /m. The momentum of the bosons, Pg = 37, hik | By |?, will

be neglected in our calculations (see below). In addition, we note that Eq. (2) should be regularized
(see the discussion in App. B).

4 Results

4.1 Steady state

First, we study static properties of the system with P = 0, by imposing in Eq. (2) the saddle-point
condition, i.e., B = 0. The corresponding solution is fx = —/nVi2(k) Wi /(VV Q). Note that
Px is proportional to Vi2(k), thus, Py enters in the next-to-leading order (hierarchy is determined
by powers of V12). Therefore, Py should not be considered when investigating the leading order
effects, validating the neglect of Py in our calculations.

Let us now consider the equation of motion for the phase ¢. We identify the polaron en-
ergy as By = ho(t — oo), leading to By = Vin — v Zﬁ % The first term here
corresponds to the mean-field result, whereas the second one includes quantum fluctuations at
the level of second-order perturbation theory. For the considered parameters, the second term is

2As we show below 3 5| Bk|?> — 0 for weak impurity-boson interactions (i.e., V42 — 0), which implies that
S A (OB =BL Db | + > [ﬂk(t)l;L — Bﬁ(t)i)k} . Therefore, the coherent-state variational ansatz in our calcula-
tions corresponds (approximately) to an ansatz based upon a single-phonon excitation. This means that our steady-state
results should be accurate at the level of second-order perturbation theory where perturbation is given by V2, see also
App. B where we calculate the energy perturbatively. Furthermore, as we focus on the Frohlich Hamiltonian and our
ansatz describes (approximately) a one-phonon excitation, relaxation in quench dynamics should occur via dephasing of
the initially populated continuum of energy states (cf. [28]).
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about 10% of the mean-field result, see App. B. Note that we employed the regularized potential

(A) _ amn? 8 AL 2ab is a high- _
Vi, ' =15 a1z + didas A + =2 A|, where A is a high-energy cut-off parameter. For a more

detailed discussion of a steady state and VI(ZA), see App. B.

4.2 Ramsey contrast

We are interested in time evolution that follows an immersion of the impurity with P = 0 in the
bath. This corresponds to an abrupt quench of Vi3 from zero to a finite value. For a non-dipolar
impurity, this change can be realized using known experimental protocols, see, e.g, Ref. [10].
For a dipolar impurity, this could be done by first embedding the dipolar particle initially in the
non-magnetic m = 0 state, at a magnetic field such that @12 = 0, and then transferring the impurity
to the (maximally stretched) magnetic state of lowest Zeeman energy. This procedure would also
result in this case to the desired abrupt switching-on of V.

To illustrate time evolution, we evaluate the contrast, i.e., the overlap between the polaron
wave function and the initial state, S(¢) = (1(0)|¢(¢)), where the initial state corresponds to a
phononic vacuum and an impurity with P = 0, i.e., [¢/(0)) = |0k, 0). Note that S(¢) does not
contain any information about the directional dependence of the dynamics. It is an experimentally
relevant observable that contains only the information averaged over the sample. For the coherent
variational ansatz, the contrast takes a simple form

S(t) = exp [—w(t) 3 mk(t)P] . G)
k

Using it and Eq. (2), we derive a semi-analytical expression:

iEot  4i [na3; [ais 2 t
——t o\ — | — — 4
h + 3 s ail R tn ’ ( )

where the dipolar character of the problem is incorporated in Fy and R:

R (z) = /0 1duz(u)2{:v w(u)+e"“’§(“>+i’ﬁ(gi_w(u)x)erfc {12“ xw(u)}},

and Fj is the steady-state polaron energy, which can be conveniently written as Fy = gion +
v [ duz(u)?w(u)'/? where v ~ (nad;)3?; z(u) = 1+ % (3u*—1) and w(u) = 1+
cdd (3u® — 1) are auxiliary functions, see App. B. The characteristic timescale t, = gt —
describes time evolution of a non-dipolar Bose gas at the mean-field level. As ¢, ~ £/co, we
interpret it as the timescale for a phonon to pass the region of the condensate distorted by the
impurity. Note that it is natural to expect that ,, defines polaron formation time, and as we show in
the next subsection this is indeed the case. Indeed, assuming that the initial state contains excited
phonons next to the impurity, polaron formation time is determined as the time needed for these
phonons to leave the vicinity of the impurity, which is approximately ¢,, [25,54]. For the considered

parameters ¢, ~ 0.1ms.

S(t) = exp

The short-time dynamics (¢ < t,,) of the contrast follows from Eq. (4)3

S(t) ~1— (1 +1) ; - z'%h”t, (5)

*Note that we disregard the term i%, which is proportional to V1% for consistency of our derivations. Note also that

the quantum fluctuations term that enters the polaron energy, ~ ~y fol duz(u)?y/w(u)t, drops out of the expression.
This term becomes relevant only at longer time scales.
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Figure 2: Dipolar polaron contrast (a) Absolute value and phase of the contrast (solid green
curves) together with the corresponding short-time prediction of Eq. (5) (dashed orange curves) for
a homogeneous dipolar quantum gas. (b) Instantaneous energy F(t) and amplitude of the contrast
as a function of time (solid blue curves); Ej is the polaron energy in the steady state; |.S(t — 00)|
converges to the quasiparticle residue Z [Eq. (7)], which is shown with a dashed gray line. Note that
E(t) and |S(t)]| reach its asymptotic values on the timescales given by t,,. Our interpretation is that
the quasiparticle (polaron) picture becomes valid after these timescales, i.e., the polaron is ‘formed’.
Here we used the gas parameter na3; = 5 x 1075; the coupling strengths are d; = dy = 130ay,
€qda = 0.993 and a12 = a11. The time scales t,, and tq, for these parameters and for Dy atoms are
approximately 0.1ms and 0.2s.

where the initial dynamics is characterized by the timescale

m

ta = 2 4 27
32mhn? (afy + 3dids)

(6)

which is determined only by low-energy two-body impurity-boson scattering and the density of the
bosons, and does not contain any information about the boson-boson interactions. Our approach
does not allow us to access the unitarity-limited universal dynamics [10,55]. These dynamics
can however be observed in current experiments only with strongly interacting gases making it
irrelevant for our study.

At long times ¢t >> t,,, the phase and the absolute value of the contrast approach the steady-state
quantities: the polaron energy Ey and the quasiparticle residue, Z = |S(t — oo)|, which is given

by
] 3 2 r1 2
Z =exp |1/ non (CHZ) / Mdu . (7
3 T\ a11 0 vw(u)
To illustrate the time evolution of the contrast for intermediate times, we shall first consider the
system in a box potential, for which the density of the Bose gas is uniform.

4.3 Homogeneous case

We consider the scenario where a17 = d1, which corresponds to a stable system with dynamics
strongly affected by dipole-dipole interactions. Att < 0, V15 = 0; at ¢ = 0, the impurity-bath
interaction is turned on, initiating the quench dynamics. Figure 2 (a) depicts the amplitude and
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phase of the contrast as a function of time for a typical gas parameter naj; = 5 x 1075, Following
Refs. [10, 56], we distinguish two regimes of the dynamics, namely, the two-body “relaxation”
and the many-body “polaron formation”, which for a non-dipolar impurity can be accessed exper-
imentally by using interferometric techniques. During the initial “relaxation”, which occurs for
t < t,, mainly two-body collisions between the impurity and the bath are relevant. Such two-body
processes dominate the dynamics for times on the order of tenths of us for typical experimental
conditions, cf. the dashed curve in Fig. 2 (a).

In Fig. 2 (b), we present t.he time evolution of the contrast (4), and the instantaneous polaron
energy, defined as E(t) = h¢(t). Time evolution of E(t) reflects formation of excitations in the
system via the following identity (see App. C):

B(t) = nVis(0) — S+ . ®
which connects E(t) to the energy deposited to the medium and impurity states. The latter states
are populated via recoil due to the conservation of momentum in phonon-impurity scattering. Ac-
cording to Eq. (8), E(t = 0) > E(t) in agreement with Fig. 2 (b). In the “relaxation” regime, the
energy of the system decreases as a function of time due to the energy exchange (dephasing) with
the bosonic bath. For ¢ ~ t,,, the system is in the “formation” region where collective excitations of
the Bose gas are building up the quasiparticle. For ¢ >> t,, the polaron is formed — its instantaneous
energy is the steady-state energy, Fy; the absolute value of the contrast is the quasiparticle residue.

In Fig. 3 (a), we plot |S(t)| as a function of time for different values of €45 < 1 (recall that
for €54 = 1 the system is unstable against 3D collapse). Firstly, we consider the case a1 = ajo.
We tune ¢4y by changing aq; for fixed d; = ds. For a;; = a1 and dy = d», the boson-boson
and boson-impurity interactions as well as the functions z(u) and w(u) are identical. This implies
values of the residue close to unity even for €54 — 1, see Eq. (7). As €4q decreases, i.e., the
bath becomes less dipolar, the quasiparticle residue also decreases. This happens due to the in-
crease of a1, which makes the bath more strongly interacting, rendering the dynamics /ess coherent.

In Fig. 3 (b), we present |S(t)| for a1; = 2a;2. In this case, the residue vanishes in the limit
€qq — 1 due to a slow logarithmic divergence of the integral in Eq. (7). Vanishing residue leads to
a number of differences in comparison to the previously discussed symmetric case. In particular,
for €44 ~ 1, the absolute value of the contrast approaches the result of Eq. (7) at timescales much
longer than the typical timescales of polaron formation, ¢ ~ ¢,,. By analyzing the function R(¢/t,,),
we conclude that for €54 ~ 1 long-time dynamics of the contrast is of the form

_ nai’l <4tn(a12 — d1d2)>2]

27w t(l — Edd)an

|S(t)| ~ Z exp 9)

which allows us to introduce a relevant timescale close to the collapse: te = t,,/(1 — €44); Eq. (9) is
valid for ¢ > t. and \/d1d2 # €gqai12. The timescale ¢ underlies the very slow dynamics of |S(t)|
and of the instantaneous polaron energy as €54 — 1. We illustrate this slowdown in the inset of
Fig. 3 (b).

4.4 Anisotropy of time evolution

Up to now, we have considered quantities integrated over all directions, which cannot show the
anisotropy of the time evolution. However, in general, the impurity experiences direction-dependent
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Figure 3: Amplitude of the contrast (a) Amplitude as a function of time for a;2 = a;; and
different values of ¢44. (b) Amplitude as a function of time for a;2 = 2a1;. In both plots, we fix

the dipolar coupling strengths as dy = d; = 130ag. (Inset) Slowdown of the dynamics due to a
‘rich’ dipolar character of the bath.

dynamics, with the limiting cases given when its momentum is parallel or perpendicular to the
dipole direction; following Ref. [38] we call these the axial and radial cases, respectively. When
€qqd 7 0, the energy cost to create a phonon with § = 0 is higher than the energy cost to create a
phonon with 6 = 7/2, see Fig. 1 (a). Therefore, we expect that the movement of the impurity is
affected more strongly in the radial direction (unless V19 is also vanishing in this direction), which
is further reflected in the values of the radial and axial effective masses in the steady state, see

App. B. The latter effective mass is always weakly renormalized, while the former increases rapidly,
implying slow diffusion in the radial direction.

To quantify the discussion above, and to illustrate the slowing-down of the radial dynamics
compared to the axial dynamics, we study the number of excitations as a function of the angle:
B(0) = Y"1 |8k [25(cos(8) — cos(0')) where k' = {k', 6, ¢} is the integration index:

16na3, (a1 vz(u)? [1 — cos (z2£ + xi x? 4+ w(u))]
By(t) =/ ——— | — dx . (10)
™ ar (z + /22 + w(u))?y/22 + w(u)
This function features different timescales for different angles, see Fig. 1 (b), demonstrating that the

time evolution of the dipolar polaron is drastically different from what is expected for short-range
interactions. Physical insight into the anisotropy can be gained by considering the short-time

dynamics, i.e., t < t,,. In this limit, we derive B(6) ~ |/t/t%,, where

m
th = :
T 39mn2 [a12 + V/d1dz(3 cos?(0) — 1)]4

1D

The timescale t% depends on the angle, showing the difference in the dynamics parallel and perpen-

dicular to the dipolar moment. One striking example is the dynamics with a12 = v/d;d2, which

leads to weak interactions for # = 7/2 and consequently teFHW/ ? 5 [cf. the bottom panel of
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Fig. 1 (b)].

Note that the anisotropy of t% is due to the dipolar nature of the impurity, and vanishes if we
assume that do = 0 [compare the two curves in the top panel of Fig. 1 (b) at £ — 0]. For longer
times, the anisotropy of the dynamics is also driven by the anisotropy of the medium. It exists even
if do = 0, provided that d; # 0. This can be shown using Sy from the saddle point approximation.
The existence of the anisotropy for d2 = 0 can be also anticipated from the directional dependence
of the effective mass, see App. B.

Finally, we mention another manifestation of anisotropy of time evolution that could be ob-
served if the velocity of the impurity is close to the speed of sound. In this case, there is a “critical
slowdown” dynamics (not to be confused with the slowdown presented in the inset of Fig. 3 (b)
due to €44 — 1) [25]. In the non-dipolar case, the impurity exhibits a “critical slowdown” near the
critical momentum p. = mcy. In the dipolar case, the speed of sound is direction dependent, hence,
we expect that the “slowdown” occurs when the impurity momentum resonates with a specific
sound mode in a particular direction. Therefore, the impurity will experience the “slowdown” more
readily (i.e., for smaller values of the momentum of the impurity) in the radial direction — the effect
will be particularly strong if €44 is close to one.

4.5 Trapped system

As we have shown, many properties of dipolar impurities in the homogeneous system can be
understood (at least at the qualitative level) from the case with zero-range interactions by simply
assuming that the s-wave scattering length depends on the direction. The physics of the prob-
lem becomes more intricate in the presence of inhomogeneous trapping, due a possible interplay
between the trap geometry and the anisotropy of the interaction. To illustrate this, we use the
local-density approximation to study the experimentally relevant case of a system in a harmonic
trap, see, e.g., [43]. We assume that the dipolar condensate is confined by the external potential
Vip,2z) = %mwg (A%p? + 2?), with dipoles pointing along the z-direction, A = w,/w., and study
the role of different geometries on the dynamics of the contrast. For simplicity, we assume that the
impurity does not experience any external potential.

In Fig. 4 (a) we present the amplitude and the phase of the contrast averaged over the Bose
gas confined by a cigar-shaped (A = 0.1), and a spherical (A = 1) traps, which correspond to
(wp,wz) = 27m(50,500)Hz and (w,, w,) = 27(500, 500)Hz, respectively. To calculate the contrast,
we rely on the local-density approximation (n — n(r)):

. . 3 2
S = ]i[/d?’rn(r) exp [—Zggir)t L a nirjar, <a12> R <8wha;;n(r)t>] , (12

3 s ail

where £(r) = [ d3r'Via(r — v')n(r) + ~(r) [ duz(u)*w(u)'/?. Note that we use the real-space
representation of Vo only at the mean-field level in £. This allows us to account for the leading-
order effect of the long-range tail of dipole-dipole interactions. The bosonic density for our system
with N = 2 x 10* atoms is conveniently calculated using the Gaussian variational ansatz [50]

N 1 (p* 22
n(p, Z) - TF?’/QZ%ZZQ% €xp [_a%{ (l% + lg):l s (13)

where [, and [, are variational parameters found by minimizing the energy; ay = /h/miw is the
harmonic oscillator length with w = (wzwz)l/ 3. The Bose gas in a trap will have an anisotropic
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Figure 4: Dynamics in a trap (a) Contrast (amplitude and phase) as a function of time for an oblate
trap (wp,w.) = 2m(50,500) (green solid), and for a spherical trap (w),,w.) = 2m(500, 500) (grey
dashed). Here, ¢4 ~ 1 and a12 = aj;. (b) Steady-state local polaron energy (at the mean-field
level) Ey(r) = [ d®r'Via(r — r')n(r) for the two aforementioned cases. To illustrate the shape of
the condensate, we draw (see dashed curves) a contour of the condensate when its density is at a
10% of the peak value.Here we use a1; = 130ag and dy = do

density, which plays an important role in time evolution, as can be seen by comparing the left and
the right panels in Fig. 4(a).

The short-time dynamics of the contrast can be computed using Eq. (5)

. t 7 a Vdid B t
St ~1-(1-1)8 T |:ai+ alll%(A 1 o (14)

2 44
where 8 = %noa‘%l (%) and the timescale depends on the peak density, ny = n(0,0),
11
. . _ 2 2 JATTT .
) = Srncar; - Lhe function £ is defined as (cf. [50]) £(A D= ((112261)) — 34 (E’zcztfrll)g /AZQ L with

A =1,/l,. The last term in Eq. (14) originates from the local polaron energy at the level of first
order perturbation theory (see App. E for more details). The interplay between the dipole-dipole
interaction and the geometry of the potential enters Eq. (14) via the term v/d;d2k. By changing the
shape of the trap one varies « in the range [—1, 2], and consequently the energy exchange between
the impurity and the bath, see Fig. 4, which illustrates distinctly different approaches to the steady
states for the two values of A. Note that in the limiting case a12 = —+/d1d2r(l, /1), the average
polaron energy at the mean-field level vanishes, slowing down the dynamics. This regime amplifies
the importance of the /¢ term and beyond-mean-field effects (see Eq. (14)) in a dipolar mixture,
suggesting the contrast as a probe of novel physics.

The local-density approximation utilized above is accurate only if the impurity can explore

a small region of space. This assumption is adequate for studies of time evolution on timescales
given by t,, ~ 0.1ms (compare with timescales for the dynamics in the trap 27 /@ ~ 2ms). Time

11
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evolution of the impurity cloud at longer times deserves a further investigation. To motivate it,
we present in Fig. 4(b) the local polaron energy Ey(r) (see App. E) for A = 0.1 and A = 1. We
see that in the former case the energy of the impurity is minimized when it is expelled from the
condensate. In the latter case, the impurity prefers to localize outside the condensate along the
z-axis (cf. Ref. [57]).

4.6 Summary and Outlook

We studied steady-state properties and quench dynamics of an impurity atom in a dipolar Bose-
Einstein condensate. We solved Eq. (2) that determines a coherent-state variational ansatz employed
to describe the system. Using our solution, we derived and analyzed a semi-analytical expression
for the Ramsey contrast, see Eq. (4). In particular, we calculated short- and long-time dynamics of
the contrast that elucidate initial few-body dynamics and approach of the system to the quasiparticle
limit, see Egs. (5) and (9). Furthermore, we proposed and illustrated a quantity suitable for studying
anisotropic time evolution driven by dipole-dipole interactions, see Sec. 4.4. Finally, we employed
a local-density approximation to analyze an experimentally relevant trapped system and showed
that the dynamics of the system depends strongly on the shape of the trap, contrasting the system
under consideration with cold-atom impurity systems where only contact interactions are important.

In this work the host medium is a Bose-Einstein condensate, however, our results can be easily
extrapolated to impurities immersed in an isolated droplet or in a dipolar supersolid. A possible
interesting future direction is to study the polaron dynamics across the superfluid-to-supersolid tran-
sition using dipolar or non-dipolar impurities embedded in dipolar media [58,59]. This transition is
expected to have an unusual phase diagram [60], and the impurity dynamics may provide a tool to
probe it.

Another direction is to consider multiple dipolar polarons and their interactions induced by the
medium. In contrast to systems with short-range interactions [61-63], the anisotropic nature of
the dipole-dipole potential will induce anisotropic correlations between impurities. These can be
observed experimentally for example by studying the anisotropy of the impurity cloud in quench
dynamics (cf. Ref. [64]).

Finally, we note that dipolar polarons in quantum gases may provide a valuable insight into out-
of-equilibrium dynamics of indirect excitons modelled as electric dipoles. Interaction and trapping
in these solid-state systems can be controlled, making it possible to study out-of-equilibrium
dipolar excitons in atomically thin semiconductors [65]. These systems garner significant attention
due to their unique optical properties, and their quantum simulation may not only deepen our
understanding of dipolar excitations, but also lead to novel technological applications.
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A On the accuracy of the Frohlich Hamiltonian

To investigate the effects of beyond-Frohlich physics, let us consider the terms that describe other
relevant scattering processes such as

1 . s 1 ‘  Jann S
Hop = 0 Vig @O blba + 1 Y Vg et (bLbfl + b,kb_q) ., (SD
k,q k,q

where

1 1
VD = Vi (K T k) [WaWie + : s2
kk 2 12( + ) kVVk Wi Wi (S2)
The upper (lower) sign corresponds to Vk(l? (Vk(iz). This Hamiltonian leads to the following
equations for the parameters (i, which appear in our variational ansatz,

ﬁ

1B = NG

1 (1) 1 (2) g
‘/12(k)Wk + Qkﬁk + V %: ka/ﬁk’ + V %: ka’ﬁk" (83)

The equation for ¢(¢) remain unchanged.

The last two terms in Eq. (S3) describe the beyond-Frohlich-Hamiltonian physics. Note that
their effect is next-to-leading order (in powers of V}2) because the source term, \/nVio (k) Wi/ VYV,
for S is proportional to \/nVi2, which is a small parameter for experimentally relevant densities.
Therefore, these terms can be neglected in our work (at least within our variational approach), as
the properties that we calculate are determined by |3 |2. Note that the beyond-Frohlich terms are
important for the case |a;;| > d;, which can be described using frameworks developed to study
non-dipolar polarons.

B Static properties of the system

Below, we provide four appendices with technical detials that support results presented in the main
text. In App. B, we compute the polaron properties, including its energy, quasiparticle residue,
and effective mass. The energy will later enter as an input in the calculation of the contrast. The
energy is computed using second-order perturbation theory with either the bare impurity-boson
perturbing potential or the renormalized one derived by excluding high-energy momentum states.
In App. C we provide technical details for Eq. (2) of the main text. In App. D, we derive the
analytical expression for the contrast, see Eq. (4) of the main text. In App. E, we assume a Gaussian
density profile of the Bose gas to compute the energy in a trapped case. This allows us to highlight
the underlying effects in polaron’s dynamics in a trap.
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1. Lee-Low-Pines transformation (LLPt). In impurity problems, a transformation to the co-
moving frame of the impurity is customary and simplifies the calculations. We transform the

Hamiltonian, H' — S~'#S, by means of the operator S = exp (if’ . (15 - PB)) where P is the

total momentum of the system, and f’B =h)y kBTkl;k is the momentum of the bosons. At the
Frohlich level, we derive

A . (P —Pp)?
5—1%5_(2+Zwkb*bk+nvu( k = 0) ZVlz Wk(karbT )
m k k;éo
(S4)

Note that the total momentum P can be considered constant here.

2. Ground-state energy. The polaron energy is among the key quantities that describe static
and dynamic properties of the system, in particular, the contrast. To use methods of many-body
perturbation theory, we write the Hamiltonian Eq. (S4) as

H =Ho + Hint,
_Pp.)2 P
Ho = EEel 4 57 wncbb, (S5)
Hin = nVin(k = 0) + Y2 ) Via(K) Wi (bk + b*_k) ,

where P is a real vector — the total momentum of the system. The first-order correction in
perturbation theory is trivial for the homogeneous case E( ) = = (0| Hint |0) where |0) is the state
consisting of a single impurity with momentum P and the vacuum of phonons. The second-order
correction reads

2
@ _ 5 10 it 0) \gmg&) (3cos? 01— 1)| W
B =3 o o v ) .6
k#0 EO Ek

where Qg (P — 0) =~ (ex + w) for slow impurities. Using the definition of the contact g;; and
dipolar coupling strengths gg.i) defined in the mean text, we re-write this expression as

2 2 1 o] 2 2
ER =~ 32 (nad, 921 (‘”2> / / duda 2w . (ST)
1 Jo \/W(m—l— x2+w(u)>

where = = k&/v/2, € = h/\/2mgiin and u = cos fy.. We have defined the auxiliary functions:

[ s } - [ 1t 8;‘3 - 3 ] (S8)

with €gq = dy/a11 and €gq = +/dida/aj2. The integral in Eq. (S7) diverges and should be
regularized. Similar to the contact case, we do so by disregarding the short-wavelength phonons
which are irrelevant in the polaron physics. To this end, we note that the integral

1 poo 2, (02
lim / / dudx z2(u) _1 /duz(u)Q. (S9)
=0 ) _1Jo Va2 + w(u) <$+ xQ—i-w(u)) 2
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Figure S1: Beyond mean-field energy E(()Q) (A)/ E(()Q) computed with the exact Hugenholtz-Pines
(HP) (red dashed line) formalism and the regularized correction (green points) as a function of

the cut-off A (in the units given by n%). We find that Eé2) (A) = EI({QF), + 525 confirming our
regularization procedure. Here a2 = 150a¢ and dy = d».

should be removed from Eq. (S7), which leads to

EQ = 32m(naty )2 <a12>2/1 dudz § 21 zaw)’
mai; \ a1 -1 2 z? + w(u) (a: + 22+ w(u))

(S10)

This expression is further simplified

9 2 .1
E((f):lzi\/%(nafﬂ)?’”h (“12> /duz(uy\/@, (S11)
0

2
man aill

which coincides with the expression obtained with the Hugenholtz-Pines formalism in [57].

Finally, we compare the mean-field energy to the derived correction E[()Q):

47rh2a12n . 3ﬁ @ 1 (Sl2)
mE((]Q) 32 fol duz(u)?y/w(u) @12 Vnad,
Assuming that aj; = a9, di = da, na3; ~ 5 x 1075 and* €44 = 1, we conclude that WE# is
m 0

of the order of 10, validating the use of perturbation theory.

3. Regularized potential. In the previous section, we computed the polaron energy using
bare potentials. Alternatively, we could have used a regularized potential for these calculations.
To find forms of the regularized potentials, we note that a dipolar Bose gas within a mean-
field approximation can be described with the potential from the first Born approximation, see,
e.g., [66-68]. Therefore, as long as we focus on a weakly-interacting Bose gas, our expression for
V11 is accurate. For any beyond mean-field calculations, this potential clearly fails, as can be seen

“Note that Eéz) is well-behaved even for e4q = 1 unlike the effective mass of the polaron, see below.
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by solving a few-body problem already with dej = 0, see, e.g., [69]. Therefore, we need to suggest
an effective description for V.

For our purposes, the effective interaction follows from the first and second terms in Born
approximation. Using V}o = 47rh (a12 + Vdida(3 cos® G — 1)) and

4rh? 8 2a?
V) = 5 (o VA 224, 1)

where A is the high-momentum cut-off parameter, we write the equations for 5 and ¢, regularized
in the second-order in the impurity-boson interaction strength

V() Wi + QB (S14)

ihfB = N

. P2 —
¢ =Vin+ Z Wi Viz (K)Re[Bil. (S15)

Note that V{% is used only in the equation for . This is expected — recall that the parameter Sy
is proportional to V2. Using a steady-state solution of these equations, we compute the polaron
energy
A
P2 n V2 (k)W2
Eo=VAn+-— -2 12 (k) Wi

2,2 P
om "V S

(S16)

In the thermodynamic limit >, — V/(27)3 [ d3k and for P = 0, this expression reads

1 877,2]6‘2714/3 [alg + /dida> (3%2 — 1)]2

A
T
Eo = Visn — /né dk [ dz :
0 -1 my/k? + 167 (a11 + di (322 — 1))nl/3 (lc + k2 + 167(a11 + dq (322 — 1))n1/3)

coinciding with the result within the Hugenholtz-Pines formalism (see Eq. (S11)) in the limit
A — o0. To show this, use the integral

o p? 1 2VF
dp -5 =" (S17)

0 VPP+Fp+vVpP?+F) 2 3
where I is some constant. In Fig. S1 we compare the polaron energy derived using the Hugenholtz-

Pines formalism with the energy based upon the regularized potential.

4. Quasiparticle residue. At the level of second-order perturbation theory, the residue is

1 (k| Hine [0)

Z=1=y - <E(()0) *Eﬁo))?

(S18)

which leads to

B a1 2(u)?
Z= 1—(@11) N an/ T (S19)

where (as before) z = k&/ v/2 and u = cos . Note that this expression coincides with the first
two terms of Taylor series of Eq. (7) of the main text, providing another validation of the variational
ansatz.
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Figure S2: (Top) The effective mass along the z axis, m,, as a function of the (dimensionless)
interspecies scattering length a1, assuming that a;; = 130.041ag. The different curves represent
three different interaction regimes. The solid curve is for a system with only contact interactions,
i.e., d1 = dy = 0; the dashed curve illustrates the case with do = 0; the dashed-dotted curve shows
the mass for a dipolar impurity in a dipolar medium, see the text for details. (Bottom) The effective
mass along the z axis, m_, as a function of the (dimensionless) interspecies scattering length a2.
The different curves represent three different regimes, see above and the text for details. Notice the
different scaling of the y-axis in comparison to the top panel.

5. Effective mass. The polaron energy as a function of P (see Eq. (S16)) allows us to compute
the effective masses of the polaron, m,, m, and m., defined via the expression for P — 0
p: P} P2

Ey(P) = Ey(P = z Y z_ 2
o(P) = Bo(P =0)+ g0 4 2 4 o (520)

Assuming that the momentum of the impurity is much smaller that the speed of sound (in all
directions), we derive

mi:x7y,z Vm K <w + h2k2 )

2 22
m L 2h2n Z Via (k) WA )" k; (S21)

2m

where (as in the main text) m = mgs = mj. Due to the axial symmetry of the problem, the
directions x and y are identical, and therefore, we can focus only on the effective masses in x and 2
directions. These masses in the thermodynamic limit are

[V k:2 m [V k2
m E / 12(k ] Pl Pl e : / 12(k ] . (522)
T 212 7 212
mx 4 m ;12:1 ) my 4 m ;12:1 )

Using the definitions from the discussion of the ground-state written as

< m/my ) .8 8y/naj; <a12>2 dordlu 222(u)? ( 1 —u? >
m/m; VT ai Va2 +w(u)(z + /22 + wlu))? 2u? '
In the limit of d2 — 0 (non-dipolar) impurity these expressions reproduce the results presented
in [38], providing us with another benchmark of our variational approach.
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We identify three limiting cases: d; = 0 and arbitrary ds; d; # 0 and d2 = 0; d; # 0 and
ds # 0. As expected, the effective masses m, and m, from Eq. (S22) are identical if the medium is
isotropic, i.e., my = m, if d; = 0. The difference between m, and m, for a non-dipolar impurity
dy — 0 (a12/d2 > 1) if d; # 0 has been discussed in Ref. [38]. For a dipolar gas and a dipolar
impurity, our results show that if /d;dy ~ a;; the effective masses are strongly affected by the
dipole moments of both the impurity and bosons. To illustrate these limiting cases, we calculate the
effective masses for Dysprosium atoms assuming aj; = 130.041ag and n = 102°m 3. The value
of a;; is chosen such that the system is stable, i.e., V7 is always positive. In Fig. S2, we show
the effective masses for (i) the contact case (d; = do = 0); (ii) a dipolar medium with a contact
impurity (de = 0, d; = 130ay); (iii) a dipolar medium with a dipolar impurity (d; = do = 130ay).
We see that the mass m, is only weakly affected by the dipolar nature of the interaction, whereas m,,
is strongly modified. This strong modification may be observed by means of momentum-resolved
Bragg spectroscopy, thus, the effective mass anisotropy that we discuss here might be accessible
within current experimental resolutions. Finally, let us analyze what happens in the limit € — 1,
i.e., in the vicinity of the collapse of the Bose gas. The effective mass m, stays finite even if
€4q = 1. The mass m, however diverges. One can show that m/m, — 1 ~ In(1 — €4q).

Finally, we discuss the effect of self-localization (strong modification of the effective mass)
that is predicted using the mean-field strong-coupling ansatz [70,71] (see also [72] for an attractive
impurity in a trap) on our results. For a non-dipolar system, the defining dimensionless parameter
for this localization is v/16mna?,//a11 [70], which is of the order of 0.1 for the parameters used
in our work. [Note that self-localization might occur only if this parameter is much larger than one.]
Let us now speculate what happens for a dipolar system. To this end, we analyze a naive extension
of the parameter above v/167n[a12 + d1 (3 cos?(0) — 1)]2/+/a11 + d1(3 cos2(0) — 1), where we
assumed that d; = ds. By estimating this parameter, we conclude that self-localization may occur
only if aja # aj; and if €gg ~ 0.999 (for the considered values of the density and scattering
lengths). Therefore, the self-localization effect does not affect the main findings of our study, and
we leave its further investigation in dipolar systems for a future research. That research could rely
on the mean-field ansatz in a co-moving frame [73—77], which (unlike the strong-coupling ansatz)
allows one to study a strong modification of the density of the Bose gas preserving translational
invariance of the problem.

C Derivation of Eq. (2)

For a non-dipolar case, Eq. (2) has been derived before [19]. For a dipolar case, the derivation
is analogous. Here, we outline only a derivation of the equation for ¢, which follows from

<1/J(t) ihoy — 7:1’ 1/1(t)> =0, see, e.g., Ref. [63].

First, we compute the expectation value of the time derivative

(W) [ih0u] 9(0) = ho +ihS [Bu(t)B; — Br(0)6e] /2. (s23)

where we have used the following properties of coherent states: (v(t)|bg|¢(t)) = Ok and
<¢(t)|b£|w(t)> = B Also it is convenient to use that D(a + B) = D(a)D(B)eleB—a"B)/2,
where D(3) = ¢*"~7"® when calculating the derivative of a coherent state.

Second, we compute the expectation value of the Hamiltonian

(P — Pp)? ) In
7+§(w + ex)| k| + nVi2(0) + 2 —E Via (k) WiRe L],
m - k k k 12 vV - 12 ke Ok

(@) HI(D) = 5
(S24)
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where P = > k|Byk|?; we used that Vi2(k) Wy = Vio(—k)W_y and DT(B)bI D(B) = b + B*.
To proceed, we use the equation for Sy presented in the main text

ihBy = \/3‘/12(k)wk + Q1P (S25)

to derive
B8t = BiBe] = 3 \/zvlz(k)wk%e[ﬂk] > udlbul® (526)
k k

With this expression, the equation for ¢ reads

. — 2 —
h¢:<l°l°ﬁa>+z[hl<<ljnl°3>] Bul? + nVia(0) \f S Via (k) Widhe ). (527)

2m k k40

This equation leads to Eq. (2) of the main text. Note that the terms proportional to PPp vanish,
and only the terms proportional to P% are relevant. However, these terms are the next-to-leading
order and can be neglected in our calculations, as we discuss in the main text.

Distribution of the energies in the system for P = 0. We can use Eq. (S24) to understand the
dynamics of the energy in the system initiated in the ground state, i.e., with P = 0, which also
implies that Py = 0 as i = S_y. First of all note that we have (1(¢)|H|4(t)) = nVi2(0), i.e.,
the total energy is independent of time as it should. To show this conservation law, one can use

the explicit solution to Eq. (S25): fk(t) = mg(k)% Ig}‘: [exp (mkt> - 1}. The total energy

is not to be confused with the energy of the polaron, E(t), associated with fig. Its expression,
E(t) = nV12(0) — 1 3", (hwi + ex)|Bk|?, was presented in the main text.

Let us provide some physical intuition for the terms in Eq. (S24). The term >, (hwy + € )| Bi|?
is the energy of excitations created during the dynamics. Note that a phonon is always accompanied
by an excited state of an impurity. Indeed, recoil of the impurity is required by the conservation of
the total momentum and explains the appearance of the combination (fiwy + €y ) in the sum. The last
term in Eq. (S24) is always negative (or zero). It describes the energy stored in the boson-impurity
interaction.

D Derivation of contrast

Here, we outline the most important steps in the derivation of Eq. (4) of the main text. Starting
from Eq. (2), we write ¢(t) as

t
o(t) = ;/0 ds

where the explicit solution of By (t) is Sk (t) = Via(k) \\F ng [exp (’Q—kt> - 1} , which leads to

Vi2(0 n‘*‘izvm JWi (Bk(s )+51*<(5))] ; (528)

o) = / dS{V12( ni ZW[cosmkt/h)—u}. (529)

It is convenient to split this integral into two parts with time-dependent and time-independent
integrands:

o(1) :/0 dT_f {‘/12(0)?1 - 3; Vu(;lvvk} /0 {3 Z V12 S cos (ka/h)}
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The integral [;(¢) is identical to the one appearing in our calculations of the polaron energy (see
Sec. B), namely I;(t) = Eyt/h. Note that regularization of the potential should be taken into
account here. The second integral I5(t) can be written as

2
L(t) = 711 /O ds {V 3 W cos (ka/h)} oy V”(szwk sin (Ot /h)

k k

so that
n Via (k)2 W,
O(t) = [i(6) + Io(t) = Bot/h+ 25" 12(932(1{ sin (Ot /) (S30)
k
For the contrast, we also need to calculate the expression

Z 1Bt = = Z Via(k)" W [1 — cos (uct/h)]. (S31)

2
k 4

Using ¢ and /3 in the definition of the contrast, S(¢) = exp [—i¢(t) + 23k Bk(t)ﬂ , we derive

2 3 2
a2 r°2(u) QLT
LB — -1 fna?, (22 /dudaz it )| (32
e H< 1) \/332—|—va%< ) (532)

where we use dimensionless variables, Q, = <x2 + Va2 + w); t=t/t, witht, = g —.
a non-dipolar condensate, ¢,, is the time required for a phonon to travel through the region of the
condensate distorted by the impurity. Indeed, ¢,, ~ &/cy, where the healing length £ defines the
size of the distortion due the presence of the impurity. For a dipolar condensate, the anisotropy
of time evolution is encoded in the prefactor (), which effectively leads to a direction-dependent
speed of sound, ¢(0).

The auxiliary functions z(u) and w(u) are defined in Eq. (S8). The integrand appearing in
Eq. (S32) can be written as a primitive function and simplified further by using the procedure
outlined in Appendix D of Ref. [25]. The primitive reads

For

e~ s (S33)

t 3
—i | duz(u Q/dx dsx—,
/ (u) 0V +wu)Q,

Using 2 = Qu/vVw(u) + 20, dv = (U + w) (w+ 2(21.)73/2 dQ, and Va2 +w = (Q +
w)(w + 2Q,)~ /2, the function K is further simplified:

K = /duz /dQ /ds 572 ¢~ iQas (S34)
w + 2Q
In this expression, the integrals over (2, and s can be computed:
2 —1915
/ dQ, /dsw—|—2(2 58 = (S35)

{otvat + L e | Jutof] VT G- v e | L1 Vot |},

leading to the function R (¢) with ¢ = ¢/t,, from the main text.
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E Energy for a system in a trap

We compute the contrast for an inhomogeneous density via

S(t) = % / d*rS(r, t)n(r). (S36)

Note that in the homogeneous case the dipolar mean-field energy is zero, but for the trapped case, it
does not vanish. In order to evaluate it, we compute

Ey(r) = /dgr’Vm(r —r')n(r'), (S37)

d
where V(r —1’) = 47T|f 1fr,|3 (3 — cos?6) is the DDI interaction in real space. To compute the

energy, we employ the convolution theorem,
Bulr) = [ d*Vialr — xynle) = 7 (FIVI00 Finl 10}

where F and F~! denote Fourier and Inverse Fourier transforms, respectively. The Fourier

transform of the DDI interaction is F[Vi2](k) = gg) (3cos? i — 1).
Let us assume a Gaussian density profile of a trapped condensate:

N 1 [(p? 22
_ (= $38
n(p,2) 7T3/2ll2)lza?{ P [ a2, <l% * 12 >} ’ (538)

where ayy = /h/mu is the harmonic oscillator length, W = (wng)l/ 3;1, and [, are variational pa-
rameters that depend on the aspect ratio A = w,/w.. Using that F[n](k) = N exp [—%4L (k215 + k212)],
we write

Eo(r) = F~ [FH(V)Fn)(k)] =

d d’k 3k? Ay 1272 272 -
ngN W m —1 exXp —T (kplp + kzlz) exp [—jk . I‘] s (839)
P z

or (in dimensionless units):

Folr) = 20 [ [ S
Bl ) Gr) K2+ @2

1
- 1] exp {—4 (g5 + qf)} exp[—jq-§,  (S40)

1

where T =(2,9,2) = -

(%, = f) and A = [./l,. In spherical coordinates, we write this
pltp’ e
expression as

1 1 3cos? 0 1
E, = —— 9N [ dgg* | sinf - -1 —=¢*
o(r) (2ﬁ)3912 21.d% / a9 /Sm q [AQ sin 62 + cos? 0, } exp { 14

2mJo [gsin 6,1/72+72 (S41)

2w
X exp [—jq cos f,Z] / dgexp [—jgsinf, (Z cos ¢ + ysin ¢)],
0

where the integral in ¢ produces a Bessel function Jy. Using a variable u = cos 6, we write

d 2
£ 9o N dq / ) 3u [ _ U
d -1 1 — u24/72 2] ¢*—jquz

o(r) 2l.a}; ) Ar? uq AZ(1— u?) + 2 Jo [qV1 — w232 + 2| e
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We write this expression as

Eo(p, Z) = g?2n0Q(p7 Z)7 where Q(p, Z) = /dq/duf(q7u7 P, Z)7

1 5 3u?
f(q)uvpvz)_él\/??q A2(1—U2)+U2

_ 1] Jo [q 1— u2p~} o197 —Jquz

The polaron energy can be conveniently written in the units of energy FE,, = h/t, = 87h?ngai1/m

as
Ey 1+/dids
= == Q . S42
En(pjz) 2 all (pﬂz) ( )
This quantity is illustrated in Fig. 4 of the main text.
The spatial integral over the energy is known, € = % [ d3rgfymoQ(p, 2)n(r), is known
(cf. Ref. [50]). It reads
e= v [ [ @ Viale ¥l n(e) = noghy(a, (343)
N 24/2
where
(A1) (14+2A%)  3A%arctanvAZ -1
K = —
(A2 -1) (A% —1)3/2
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