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Abstract

We consider topological defect lines (TDLs) in two-dimensional fermionic conformal
field theories (CFTs). Besides inheriting all the properties of TDLs in bosonic CFTs,
TDLs in fermionic CFTs could host fermionic defect operators at their endpoints and
junctions. Furthermore, there is a new type of TDLs, called g-type TDLs, that have
no analog in bosonic CFTs. Their distinguishing feature is an extra one-dimensional
Majorana fermion living on the worldline of the TDLs. The properties of TDLs in
fermionic CF'Ts are captured in the mathematical language of the super fusion category.
We propose a classification of the rank-2 super fusion categories generalizing the Zg
classification for the anomalies of Zs symmetries. We explicitly solve the F-moves
for all the nontrivial categories, and derive the corresponding spin selection rules that
constrain the spectrum of the defect operators. We find the full set of TDLs in the
standard fermionic minimal models and a partial set of TDLs in the two exceptional
models, which give CFT realizations to the rank-2 super fusion categories. Finally, we
discuss a constraint on the renormalization group flow that preserves a g-type TDL.
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1 Introduction

It goes without saying that symmetry is a central theme in theoretical physics as it provides
strong constraints on the dynamics of physical systems. A textbook example is Noether’s
theorem in classical physics, which states that every continuous symmetry is associated
with a conservation law. At the quantum level, 't Hooft anomalies of internal or spacetime
symmetries give non-trivial constraints on the infrared (IR) fixed points of renormalization
group (RG) flows, especially when the IR theories are strongly-coupled.
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Recently, the understanding of symmetry has significantly evolved. In the modern point
of view, the presence of symmetries in a quantum field theory (QFT) is equivalent to the
existence of topological defects [1]. More precisely, given a global symmetry G in a D-
dimensional QFT, the action of a group element g € G on a local operator O is implemented
by shrinking a topological defect U, inserted on a (D — 1)-sphere with the operator O placed
at a point lying inside the sphere, as shown in the figure belowﬂ

The defect Uy is called a topological defect because physical observables are invariant under
continuous deformations of the manifold where U, is inserted on. The group multiplication
of two elements g;, g» € G is realized by fusing the corresponding topological defects Uy,
and U,,.

With such a conceptual breakthrough, the notion of symmetry has been extended in
various directions including higher-form symmetry [1], higher-group symmetry [2-6], and
category symmetry (non-invertible symmetry) [7,18], where the last one is the main sub-
ject of this paper. A category symmetry generalizes the group structure of an ordinary
symmetry by including topological defects that do not have an inverse under the fusion.
The prototype example is the symmetry generated by the topological defect lines (TDLs)
in the two-dimensional Ising conformal field theory (CFT), where the TDL implementing
the Kramers-Wannier duality is known to be non-invertible [8-11]. The generalization from
ordinary to category symmetry is expected to provide us with new tools to understand and
constrain various physical systems. For instance, the generalization of 't Hooft anomaly
matching condition for category symmetry had been used to constrain the RG flows be-
tween CFTs or gapped phases [8,12-17]. Non-invertible defects also play important roles in
the study of quantum gravity |[18-23]. In two dimensions, category symmetries (topological
defect lines) are ubiquitous, and there is a comprehensive study of them [7H12,/14}24-54].
Viewing symmetries as TDLs allows one to discuss junctions and endpoints of the TDLs,
which are described in the mathematical language of the fusion category. In certain cases,
this 2d picture can be lifted to the framework of 3d TQFTs. More precisely, in the boundary-
bulk correspondence between 2d RCFTs (rational CETs) and 3d TQFTs [55,56], the Verlinde
lines (TDLs preserving the maximal chiral algebra) can be naturally interpreted as anyons
in three dimensions. Recent developments further extend the study of category symmetry
to higher dimensional QFTs [57H67].

'We consider zero-form symmetries throughout this paper.



In this work, we extend the study of category symmetry in a different direction to two-
dimensional fermionic CF'Ts. In general, fermionic CFTs have a richer structure than bosonic
CFTs due to the existence of fermionic local operators, which are Grassmann-valued opera-
tors with half-integer spins. On Riemann surfaces, the fermionic local operators obey anti-
periodic (Neveu-Schwarz) or periodic (Ramond) boundary conditions along non-contractible
cycles. These structures carry over to the defect operators living at the junctions or endpoints
of the TDLs, except that fermionic defect operators could in general have non-half-integer
spins. A universal example in all fermionic CFTs is the TDL associated with the fermion
parity Zo symmetry, which assigns +1 (or —1) charge to bosonic (or fermionic) local opera-
tors. The defect operators living at the endpoints of it are nothing but the Ramond sector
operatorsﬂ

The existence of fermionic defect operators leads to several modifications and additions
to the properties of TDLs. In particular, they can live at trivalent junctions and be involved
in the F-moves (the crossings) of the TDLs. Due to their fermion statistics, one needs
to introduce an ordering to the junctions to keep track of the ordering of the fermionic
defect operators in the correlation functions. Exchanging the order would give extra signs,
schematically as

As a result, the F-moves now satisfy a different consistency condition, called the super
pentagon identity, instead of the pentagon identity for the TDLs in bosonic CFTs. Besides
the super pentagon identity, the F-moves are also constrained by a new projection condition
if the internal lines of the H-junctions belong to a new type of TDLs, called q—typeﬂ Q-
type TDLs can host a one-dimensional Majorana fermion on their worldlines, which can be
pair-created or pair-annihilated as

- . (1.3)

The aforementioned projection condition follows from the pair-creation on the g-type internal
TDLs.

%In the example of fermionic minimal models [68}/69], one can easily check that the spin and statistics of
the Ramond sector operators are uncorrelated.

3The g-type object in super fusion category was introduced in |70,/71] and further studied in |72] in the
study of 24+1d fermionic topological phases.



The existence of g-type TDLs leads to many interesting consequences. For instance, the
notion of invertibility for g-type TDLs is slightly different from the one for the m-type TDLs.
Due to the 1d Majorana fermion 1, the defect Hilbert space of a g-type TDL £, has doubly
degenerate ground states, one bosonic and one fermionic. As a result, the fusion of £, with
its orientation reversal takes the form

L Lyg=2]+" -, (1.4)

where the --- denotes some nontrivial TDLs. We can see that, even when the - -- is absent,
the fusion rule does not take the form of a group multiplication law due to the factor of
2 in front of the trivial TDL /. Nevertheless, as we will see in Section [2.2.6], one could recover
the group multiplication by a proper rescaling of the g-type TDL £,. Hence, we could define
the invertible g-type TDL as the g-type TDL satisfying the fusion rule (|1.4}) with - - - absent.
Due to the rescaling, the invertible g-type TDLs satisfy a modified Cardy condition, which
was used in finding invertible ¢-type TDLs in many fermionic CFTs [16,/17].

Non-invertible g-type TDLs are also ubiquitous in fermionic CFTs. To study them, in
Section [3, we focus on systems of TDLs involving only one nontrivial simple m-type or g-
type TDL, which generates a Z, (invertible) symmetry or a rank-2 non-invertible symmetry
with a Fibonacci-like fusion rule. By solving the super pentagon identity and the projection
condition for low multiplicity, for the Z, symmetry case, we find eight solutions of the F-
moves, which reproduce the Zg classification of the anomalies of Zs symmetry [73-77]. For
the rank-2 non-invertible symmetry case, we find ten solutions of the F-moves, which contain
all the F-moves obtained from fermion condensation in [78]. We further conjecture that these
18 solutions give all the rank-2 super fusion categories (summarized in Table [1| and . One
important application of explicit solutions of the F-moves is that they could be used to
constrain the spin spectrum of the defect Hilbert space [8]. Following [§], we derive spin
selection rules for the nontrivial TDLs (see Section , which give us a handle to identify
TDLs in CFT realizations. The simplest family of fermionic CFTs are the standard and
exceptional fermionic minimal models [68}/69,(79]. We found the full set of simple TDLs
in the standard models and a partial set of TDLs in the exceptional models (see Section
. In particular, there are g-type TDLs in all the standard models with m = 0, 3 mod 4,
and all the exceptional models. The fermionic minimal models provide realizations of many
non-invertible rank-2 super fusion categories (see Table .

The mathematical structure of the fermionic defect operators and the g-type TDLs are
captured in the language of the super fusion category [80,[81]. It is also instructive to relate
TDLs in 2d fermionic RCFTs to anyons in 3d spin TQFTs, which can be obtained by gauging
a mixture of a Z, one-form symmetry and the spin structure in certain bosonic TQFTs, or
in the language of condensed matter, a fermionic anyon condensation [70]. In this picture,
the g-type objects are fixed points under the action of the Zs one-form symmetry.



This paper is organized as follows. Section briefly reviews the defining properties of
TDLs in 2d bosonic CFTs. Section [2.1] introduces the defining properties of TDLs in 2d
fermionic CFTs including the fermionic defect operator and the g-type TDL. Section
derives several consequences from the defining properties including the F-moves, the super
pentagon identity, the universal sector of the F-moves, and the modified Cardy condition
for g-type invertible TDLs. Section relates the TDLs in 2d fermionic CFTs to the super
fusion categories. Section [3| solves the super pentagon identity for the rank-2 super fusion
categories up to multiplicity 2, and conjectures a classification of the rank-2 super fusion
categories. Section [] derives the spin selection rules for the spectrum of defect operators
in all the non-trivial rank-2 super fusion categories. Section |5 gives the full set of simple
TDLs in the standard fermionic minimal models and a partial set of TDLs in the exceptional
models, and discusses how they realize the rank-2 super fusion categories. Section [0 ends
with a summary and comments on the constraints of the fermionic RG flows from the TDLs.
Appendix [A] gives a solution to the projection condition. Appendix [B] presents the solution
to the universal sector of oriented g-type TDLs. Appendix [C] gives a detailed derivation of
the formula of the fusion coefficients in Section 2.2.5] Appendix [D] gives the detailed data
of the TDLs in the super fusion category CCQl . Appendix [E| gives the F-moves of the super
fusion category that shows up in the m = 4 fermionic minimal CF'T, which is of rank-4 and
can be regarded as the “tensor product” of two rank-2 super fusion categories discussed in
Section

1.1 Review of TDLs in 2d bosonic CFTs

In a two-dimensional CFT, a global symmetry G can be implemented by topological defect
lines (TDLs) [7H10,25-42], supporting on oriented paths. When a charged operator O passes
through a TDL £, associated with a group element g € G, it gets acted by a g-transformation,
denoted by Zg(O). Graphically, we have

L, L,



The group multiplication of G is realized by the fusion of the TDLs,

ﬁg Eg’ K'gg’

where we simply bring the two TDLs on top of each other. The fusion satisfies all the group
theory axioms: it is associative, the identity element is realized by the trivial TDL 7, and
finally the TDL £,-1 associated with the inverse of g is the orientation reversal £, of the
TDL L,.

In the language of TDLs, it is natural to generalise the group structure of G to a (semi)ring
structure, which comprises a direct sum + in addition to the fusion product. A general fusion

LoLy =) NiLe, (1.7)

where the RHS is a sum of simple TDLs L., which cannot be decomposed further, and the

takes the form

fusion coefficients N¢, are nonnegative integers. In general, a TDL £, could be non-invertible
under the fusion with, for example, the fusion rule

LoLy=T+Ly+---. (1.8)

When a charged operator O passes through the non-invertible TDL L,, by applying the
fusion rule ((1.8)) piece-wisely, one finds

Ly,
L,(0) L£u(0)

a

This makes us inevitably discuss junctions and endpoints of TDLs, whose properties will be
reviewed in the latter part of this section. Here, let us briefly explain the various ingredients
of (1.9). The trivalent junction of the outgoing TDLs L,, L4, Ly, and the endpoint (or one-
way junction) of the TDL L; host defect Hilbert spaces H, 7 7, and H,, respectively. v
is a topological (zero conformal weight scalaQ defect operator in the defect Hilbert space

M., z.z,» The TDL L, induces a linear map Ly from the Hilbert space H of local operators

to the defect Hilbert space Hg,, i.e. Eg(@) € He,. The sequence of maps (Ea, EZ, )
characterize the category symmetry action of the non-invertible TDL £, on local operators.
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To be self-contained, we give an overview of the defining properties of TDLs in [§] that
would be relevant for our discussions in the following sections.

e Isotopy invariance: The deformations of TDLs by the ambient isotopies of the graph
embedding on the flat spacetime do not change physical observables such as correlation
functions involving these TDLsf] It leads to the fact that TDLs commute with the
stress-tensor.

e Defect operators/states: TDLs can join at a point-like junction, which is equipped
with a defect Hilbert space, e.g. Hg, z,... 0, for the k-way junction of the TDLs
L1,Ls,-++ L] The defect Hilbert space inherits the addition from the associated
TDLs, for example Hp 1, = He, @ Hpe,. Since TDLs commute with the stress-
tensor, the defect Hilbert space forms a representation of the left and right Virasoro
algebras. By the state/operator map, the states in the defect Hilbert space correspond
to point-like defect operators living at the junction of the TDLs. The junction vector
space Vi, zy.. r,, is defined to be the conformal weights (h,h) = (0,0) subspace of
He, o 2~ In particular, the junction vector m € Vi, -, at the two-way junction of
the TDLs £ and L5 gives a linear mapﬁ

m:H[;l —>H£2. (110)

Note that each junction comes with an ordering of the TDLs attached to the junction.
Following [8], we mark the last TDL entering each junction by a cross Xx.

e Locality: A TDL configuration on a Riemann surface is invariant under the cutting
and gluing. One can cut the Riemann surface along a circle that intersects the TDLs
transversely, and put on the circle a complete orthonormal basis of states in the Hilbert
space associated with that circle. The states on the circle can be constructed by
taking a disc with (defect) operators inserted, which could be further glued back to the
Riemann surface with a circle boundary. For example, consider a TDL configuration
that contains an H-junction on a Riemann sphere S?, as shown in (I.11)). Two junction
vectors v; € Vl:l, Lo T and vy € V£37 L4 T are inserted at the two trivalent junctions of
the H-junction. One can cut off a disc containing the H-junction and glue back a disc

4Note that on curved spacetime, the deformations of TDLs might lead to phases, called isotopy anomalies
18].

®The cyclic permutation of Li,Ls,---,L) defines an isomorphic between the defect Hilbert space
Heyro, L,

6In terms of fusion category, these operators define morphisms in Hom (L1, £s).



with a four-way junction inserted inside, graphically duplicated as

(1.11)

The junction vector vs € V¢, r, r, c, is determined by the junction vectors v; and v,
. . L1 L . . .
via a bilinear map H 2 (Ls) © Vi, r, 7. @ Vg racs — Vioca,cs.cs, Which is given by

the disc “correlation functional”:
Ly Ly

Hg ) pi(Ls) (1.12)

Ly Ls

It takes the input of two junction vectors in V, . 7 and Vg, , c; and outputs a state
in the Hilbert space associated with the boundary gray circle. The output state should
have conformal weights (h,h) = (0,0) and hence live in the junction vector space

V£17£27£37£4'

e Modular covariance: The modular covariance of the correlation functions of local
operators on Riemann surfaces carries over to those with TDLs and defect operators.

Let us focus on the partition function on a torus 72. When a TDL L is inserted along
the time direction of 72, it modifies the quantization by a twisted boundary condition
on the space circle, which defines the defect Hilbert space H,. The torus partition
function is then evaluated by a trace over H,

Ze(7,7) = Tew, (g™ figh4). (1.13)

After a modular S-transformation, the TDL £ becomes inserting along the space di-
rection and implements the L action on the Hilbert space H of local operators. This
gives the twisted partition function Z*(7,7) = TrH(EqLO_TZQEO_i). In summary, the
modular invariance requires that

c T c ]_ 1 -~ c =T c
Tro, (qLofﬂq_Lofﬂ) = Zp(7,7) = Z* (—;7 —;) = Try <£§L°7ﬁq~Lofﬂ> , (1.14)

2mi

where g = e~ "+ .



2 TDLs in fermionic CFTs

2.1 Defining properties

The TDLs in fermionic CFTs obey all the defining properties stated in Section 2 of [§] and
reviewed in Section [I.1] except the following modifications and additions.

1. (Fermionic defect operator) The defect Hilbert space at the junctions of TDLs
admits an Zs grading o, which assigns 0 to bosonic and 1 to fermionic states or defect
operators. The fermionic defect operators are Grassmann-valued, i.e. exchanging the order
of two fermionic defect operators inside a correlation function acquires a minus sign. Hence,
we add an extra integer label (in red color) to the junctions to specify their ordering inside

correlation functions. The junction vector space Vg, .. ., inherits the Z, grading of the

defect Hilbert space He, ... £,,. We denote the bosonic subspace by thm ,, and the fermionic
subspace by Véh,__ ., For example, the correlation function involving the fermionic junction

vectors ¢ € Vﬁfhb’Z5 and ' € VE_ .. - obey{l

(2.1)

On Riemann surfaces, defect (or bulk local) operators satisfy the Neveu-Schwarz (NS)
or Ramond (R) boundary condition. More precisely, an operator is identified with (—1)7”
times its image under a 27 shift along a non-contractible cycle on a Riemann surface, where
o is the Z, grading of the operator and v = 1 (v = 0) for the NS (R) boundary condition.
Let us focus on the NS boundary condition. For example, consider on a cylinder a pair of
defect operators O’s connected by a TDL £ that wraps around the cylinder once. On the

"Throughout this paper, all the correlation functions are in the Euclidean path integral formalism.
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double cover of the cylinder, we have

O(z,ys) O(x + 2m,ys)
/ / (2.2)

O(xvyl) O(x+27ryy1)

The operators on different sheets are identified as
Oz +2m,y;) = (=1)70(z, y1) - (2.3)

By the state/operator correspondence, this rule implies that a 27 rotation of a defect operator
produces a phase e2+39) that depends on both the spin s and the Z, grading o of the

defect operator.

2. (Simple TDL) A TDL £ is simple if the junction vector space V.7 is isomorphic to
either C11° or C''. The former TDL is called m-type, and the later is called ¢-type. For a
g-type TDL L, the fermionic state in the junction vector space Ve g, = C'" corresponds
to a topological fermionic defect operator ¢ (with conformal weight (k, k) = (0,0)) living on
the worldline of £,. We will refer to ¢ as the 1d Majorana fermion.

On an oriented g-type TDL L, the 1d Majorana fermion 1 can be pair-created, and by
a suitable choice of the normalization of i) we have

"y 201
_ _ . (2.4)
201 XK

On an unoriented g-type TDL L, there is no canonical way to completely fix the pair-creation
of ¥, and we haVEELH

X 201 X
= or = = — . (2.5)
201 R X 29 1)

8Throughout this paper, our discussions on the unoriented TDLs are always on flat manifolds. Hence, we

ignore any potential orientation reversal anomaly.
90ur convention of the pair-creations (2.4) and (2.5) is related to the one in |72| by a field redefinition
W — eTT .
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For a junction involving a g-type TDL L, the 1d Majorana fermion on £ induces an
Zo-odd map ¥ on the defect Hilbert space associated with the junction, which preserves the
Virasoro algebra and squares to the identity map due to or . It follows that the
spectrum of the defect Hilbert space is doubly degenerate. For example, consider a trivalent
junction of a g-type TDL L3 and two other TDLs £; and L, the 1d Majorana fermion v
on L3 can act on the junction vector space Vi cocs @S

Ly

= Ls o Wp,, (26)

Ly

where Ve, @ Vi, £, 25 — Vii 2005 15 @ Zg-odd linear map, that squares to the identity map,
ie U7 =11

3. (H-junction and partial fusion) By the locality property, an H-junction involving
four external simple TDLs Ly, --- , £4 and an internal simple TDL L5 is a bilinear map

Ly Ly

L1,L
Hpy e, (Ls)

Vi o7 @ Vs cars = Vercosca s (2.7)

Ly L

which takes two junction vectors in the junction vector spaces V. . 7  and Vg, r, r,;, and
produces a state on the gray circle in the junction vector space Vz, ¢, £5.2,- The ordering of
the junction vector spaces in the tensor product corresponds to the ordering of the junction
vectors in correlation functions, and is determined by the red integer labels in the graph

7).

If the internal TDL L5 is a g-type TDL, a pair of 1d Majorana fermions can be pair-
created and act on the junction vector spaces V. . 7 and Vg, r, ., explicitly as

Ly Ly

o (Vg @ Wp,), (2.8)

0For related discussions, see [72}45,/82].
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which can be equivalently written as
L1,L L1,L
Hpyey(Ls) = Hiy ey (Ls) 0 P (2.9)

where P, is a projection map

1 for m-type £
PLE{ or mTpe & (2.10)

s(1+ U@ ¥,) for g-type L,
and the “1” stands for the identity map[]

On a local patch, a pair of TDLs can be partially fused to a TDL £;L,, with a set of
junction vectors v; € V p 77— and v; € Vz, 7, ., inserted at the trivalent junctions,

= 2.11
The combination ), v; ® ¥; is unique in the projection
@ PE%‘ (Vﬁhﬁz,zi ® VZLZLQ) ) (212)

L;,CL1Lo

2.2 Corollaries

Most of the corollaries in Section 2 of 8] hold for TDLs in fermionic CETs. We discuss some

modifications and additional corollaries.

2.2.1 F-move

The direct sum of all possible H-junctions with external simple TDLs Ly, -, L4 gives a
L1,L4 _ L1,L Ly,L ;
map Hp)' ' = @mpte 25 Hrara (£5)- By (2.9), Hp, s satisfies
L1.Ls _ p7L1,L
Heiy=Hego ] Pe (2.13)
simple L5

U'When L is unoriented, the two different choices of the pair-creation in (2.5) give projection operators
onto different linearly independent subspaces.

13



After restricting the domain of H, < 1’£ * to the projection

D Pos (Voreoz, @ Vescass) - (2.14)

simple Ls

. ——=L1,L . . . . . .
one can find the inverse map H ﬁz z:4 following the same manipulation as in [§] using the partial
fusion , i.e. the composition H El’ L: oHj 51’54 * equals to the identity map on (2.14)). One

174

also define Hﬁl’ .(Ls) as the projection of H, ;. onto the subspace Pr, (Vey£0Ze @ Vis La.c6)-

The H-junction crossing kernel K is define as the compositio

51754 +7L2,L1 L1,L4
[:2 L3 (£5? EG) CL4»£1:£6 o H£3 Ly (EG) © C£17ﬁ2,£3,£4 Ollpy, r (£5) © C£57C3,£4

(2.15)
P Pes(Vey o7 @ Visesa) = Pro(Viey 237, @ Vircoca) -

The F-symbol F fj’b’ﬁ?’ is defined as the inverse of the direct sum of the crossing kernel as
-1

Fﬁl,ﬁz,lﬁs — @ 52375;1(»667'65) . (216)

simple L5, Lg

Further projecting F/ f4l’£2’£3 to the subspace Hom(Pr, (Vy, », 7. @ Vi, £ 7,), Pes(Ve, £,7, ©
Ve, Z,)) gives Ffi’b’ﬁ?’ (L5, Ls). Graphically, the F-symbol Ffi’ﬁ”ﬁg’ (Ls, Lg) gives the F-
move

o FFVE5 (L5, L) . (2.17)

simple Lg

Here, in the remaining of this section, and in Section [3| we adopt the no x-mark convention
such that the lines pointing down (up) from a junction correspond to the lines with (without)
the x-marks.

It would be useful to regard the F-symbol F| gj’ﬁz”cg’(ﬁg,, L) as a map between V., » = ®
Vieersz, and Ve o7 @V, o 7, that satisfies the projection conditionﬁ

Ffi»£2,£3 (,65, ‘66) = P£6 o F£41,£2,£3(£5, Lﬁ) o P£5 . (2]_8)

12For notation simplicity, here we abuse the notation a bit by denoting the conjugation of the projection
map P, (by cyclic permutation maps) also as P.

13We restrict the domain of the crossing kernel I?gf;‘ (Ls,Ls) to be the projection Pr, (Vﬁl,ﬁzfs ®
Vs £s.04), because in the following we would like to consider the inverse of the crossing kernel K 52154
40ur treatment of the F-moves differs from [78] that we impose the projection condition instead

of the projective unitary condition (26) in [78].
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We give the solution to the projection condition in the matrix representation in Appendix

(Al

Finally, we note that the F-move is a local manipulation of TDLs, i.e. it is performed
in a local patch; hence should be independent of the boundary conditions of the fermionic
operators.

2.2.2 Super pentagon identity

As illustrated in the following commutative diagram

Vor1:®@ V5@ Vy;5

/ )
FL23(4m)
J b

Vaom @ V150V 5 V1@ Vi35 @ Vi
) 4,3,k
FslymA(Jvl) Syl
Vaem@Vymi®Viis Visr®@Vy1:@Vy,5
2,3,4

\Fl(m,k) /
Fo2k (i)

V;L,S,E ® Vk,2j ® Vl,1,5

(2.19)
the F-move satisfies the super pentagon identity

F51’27k(i7 l) © Sé:ff o FE?SA(]'? k) = Z F}27374(m7 k) © F517m74(j7 l) © ij'17273<i7 m) ) (220)

m

where we abbreviated F 541’62’63 (Ls, Le) by F,**(5,6). The map S;lfzk exchanges the ordering

of a pair of junction vectors. More precisely, we have Si’g”g . Vﬁl,LQ,Zg ® VC4,£5,ZG N
V£4,£5,ZG ® V£17£2723 deﬁned by
Siys(w @) = ()7 @, (2.21)

where ¢ is the Zs-grading of the junction vector spaces.

We emphasize that when any of the internal simple TDLs is g-type, both hand sides
of the super pentagon identity are maps between the projections of the tensor products of
the junction vector spaces, P, Pr,(Viyrico @ Viscoc, ® Vegc, ;) and Pr, Pr,(Vey 240, ©
Vewtoe @ Ve, oy cs)-

Similar to the bosonic case where the anomalies for global symmetries G//invertible TDLs
can be classified by the H-junction crossing relations that solve the pentagon identity, t "Hooft
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anomalies in a 2d fermionic CFT can also be classified in the supe pentagon identity. To see
that, recall that it was known [83]/74] that this type of anomalies in a 2d fermionic system
can be captured by the group Hom(Qgpin(BG), U(1)). This group basically can be described
by a triples of chain (w,p,a), with w € C3(BG,U(1)), p a cocycle in Z*(BG,Z,) and a a
cocycle in ZY(BG, Z,) |76]. In terms of the data of the super fusion category, a encodes the
information whether a TDL has a 1d Majorana fermion, p specifies the Z, grading ¢ on a
trivalent junction, and w encodes the H-junction crossing relation [84].

2.2.3 Universal sector

The F-moves of the H-junctions with no more than two non-trivial external TDLs form a
simple set of data that is universal for all the TDLs, and can be solved by the super pentagon
equations with also no more than two non-trivial external TDLs. We will call it the universal
sector.

For the m-type TDLs, the analysis of the universal sector is identical to the TDLs in
bosonic CFTs [8], and we review it here. For simplicity, we consider unoriented m-type
TDLs. First, let us choose some convenient gauge to fix some F-moves. Note that for the
following trivalent junctions, we can perform the following “gauge transformations”,

R

where the dotted lines denote the trivial TDL I. By using these, we can always normalize
the F-moves of the following graphs,

_ . (2.23)

With the above normalization, one can further focus on all super pentagon equations with
the F-moves of H-junctions containing only two non-trivial external m-type TDLs. The
solution is unique, and all these F-symbols are represented by 1 x 1 identity matrices.

Next, we focus on the universal sector of an unoriented g-type TDL L. The result for the
universal sector of oriented g-type TDLs will be summarized in Appendix [Bl The junction
vector space of a trivalent junction involving two L’s and a trivial TDL [ is isomorphic to
C''. More precisely, we have three isomorphic junction vector spaces

View 2 Vere 2 Vepr =CH (2.24)
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The 1d Majorana fermion on £ acts on these junction vector spaces as

( ) 61;]: | \C _ 52;’:, (2.25)

N

where the dotted lines denote the trivial TDL I, and the junctions with (or without) a black
dot are associated with the fermionic (or bosonic) junction vector subspaces.

Changing the basis of the junction vector spaces gives the “gauge transformations”

— — 29

The gauge symmetry can be partially fixed by the gauge conditions

1 1 1
— «, 61 = = /87 = —
Q2 B2 V2
The above gauge conditions are invariant under the residual gauge transformations given by
(2.26) with the constraints

o =

=7. (2.27)

T = :l:l‘g, Y1 = j:yz, 21 = j:ZQ . (228)
Let us focus on the F-symbols with only two non-trivial external TDLs
FPol(n,Ly, Frtae, ), FpP L0, FPoS(L, 1, Fp=i(L,L), Fpo(IL L) (229)

The F-symbols will be regarded as maps between the unprojected junction vector spaces that
satisfy the projection condition (2.18]), and represented by 4 x 4 matrices F’s. The projection
matrices can be computed using the 1d Majorana fermion actions (2.25)). For example, the
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projection matrix involved in the projection condition of the F-matrix F: f = ’I(I , L) are given

\> g \> ) £\>

where €; = £1 is the sign ambiguity of the pair-creation on unoriented g-type TDLs ({2.5).
Similarly, we could compute the projection matrices for the other F-matrices. There is a sign

by the relations

(2.30)

ambiguity for each pair-creation, and we need to introduce seven other more undetermined
signs €q, €, €3, €4, €5, €5, €6 = £1.

Solving the projection conditions as in Appendix [A] we find the following form of the
F-matrices

1 0
0) /1920 0 207 0| (fa 0\ (120 0
f[:,[:,l I,,C — (flb ) ( o > , fﬁ,[,ﬁ £7£ — 2 ( B
e 0 fir/\0 0 1ay L) 0 1)\0 for/\O O 1py
0 2
10 1 0
£IT €3 0 f3b 0 I.L.C ey 0| (fw O
L) LT =
Ferd 01 Ohf Frted) 0 1(\0 fiy)"
04 0 2
1 0
B0 /fs 0N (120 0 foo 0\ (160 0
FLEI (L ¢ o 5b > FLLE(L ) = (/o 6 ‘
e L) = 0 1 (Of5f 00 1aB)’ c L) 0 fer) \001p?
1
0 3a
(2.31)
The residual gauge symmetry ((2.26]) with (2.28])) can be used to fix
1
fio=f= 1 RED

There are ten super pentagon equations with only two non-trivial external TDLs. Solving
them, we find two gauge inequivalent solutions of the F-moves,

1 2

= = 1 = — 1 _

o ﬁ ) flf 27 ) f2f 9 )
1

/ /
€] =€ =€ = €3 =€ =€ = €5 =€ = 1,

18



for v = e%, e, Note that the ambiguities €, - - - , €g are completely fixed. This effectively
gives the unoriented TDL L an orientation such that all the lines in (2.25)) (and also ([2.30))
have an upward pointing orientation.

Constraints on the projection matrices Since the 1d Majorana fermions can freely
move along the ¢-type TDLs, there are additional constraints on the actions (2.25)), as
shown in the following graphs,

( . ( e ( ) 64.......(7

(2.34)
where we have used eq. (2.5) and (2.25)) for the unoriented g-type line. Therefore we have

the constraints on the «, § and v as
a'=1, p*=1, and ~*=-1. (2.35)

One can check that our universal sector solutions ([2.33)) indeed satisfy the above constraintsﬁ

2.2.4 Rotation on defect operators

As discussed in the previous section, there are phases and signs producing from rotating the
defect operators, switching the order of the defect operators in correlation functions, and
moving the defect operators around non-contractible cycles. They are consistent with each
other as we now see. Consider a defect operator O in the defect Hilbert space H, of an
unoriented TDL £, which can be normalized such that the two-point function of a pair of
O’s connected by L is

Cli\ﬂzi = a2 (2.36)
O(Zl, 21> 0(22, 2’2)

15There are actually sign ambiguities in the relations (2.34), but the universal sector solutions (2.33)) fix
those sign ambiguities.
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Bringing z; to z; and 2; to 2o counterclockwisly gives

O(z1,21) O(z2, 2) —2mis  —2h 2

T = e 247)

where the phase on the RHS is given by taking z;o — €"215. Rotating the left operator by

2mi(s+3

degree 27 gives a phase e ), and we have

T = (2.38)
O(Zl, Zl) O(ZQ, ZQ)

We see that the resulting phase €™ is consistent with the sign given by exchanging the order
of the two defect operators in the two-point function.

To see the consistency between the rotation phase and the boundary condition of the
defect operators, let us consider a pair of 1d Majorana fermions ¢ on antipodal points of
a g-type TDL L inserted on a unit circle centered at the origin of a complex plane with
complex coordinate z. Under the exponential map z = ¢, the complex plane is mapped to
an infinite cylinder with the NS boundary condition for the non-contractible cycle,

Y Y — \‘\_[;_@D/ (2.39)
(G

Now, moving both of the two ¢’s on the cylinder counterclockwisly by half of the circle gives
a minus sign due to the NS-boundary condition. On the plane, it corresponds to first moving
the ¢’s to the middle configuration in (2.40)) then rotating the two ¢’s by degree 7.

:(e?>2 ¥ v (2.40)
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The rotation produces the phase (e%)2 which matches with the previous minus sign in the
cylinder case. By a similar manipulation, we also find

(0 =0, (2.41)

which was discussed in [72][]

2.2.5 Fusion coefficients

The fusion coefficients are determined by the dimensions of the junction vector spaces as

Elﬁg = Z dimc(V£l7527£im)£im + Z dimc1|1(V£l7527£iq)£iq . (2‘42)

m-type L;,, a-type £,

The derivation of this formula is given in Appendix [C] Due to this formula, the dimension
of the junction vector space will be also referred as the multiplicity.

Since the TDL L;, is g-type, the dimensions of the bosonic and fermionic subspaces of
V£17£2’£iq coincide, i.e.

dim(C”l(VCl,Ez,ﬁiq) = dim(c(VthEQL ) = dimC(Vgl’E%E ) = nlgiq . (243)

iq iq

On the other hand, the dimensions of the bosonic and fermionic subspaces of Vg, ¢, o, are

m

different in general, and we define

N 120, = dimC(thﬁ%Lim) . M2, = dim@(VZhbﬁ ). (2.44)

im

For example, the fusion of a g-type TDL £ with its orientation reversal gives

LL =dimc(Vyz )+ =1+ 1)+, (2.45)
where we use 1;, and 1 to emphasize the fact that sz s and Vﬁf 7, are both one-dimensional.

16We thank Ken Kikuchi for pointing this out to us.
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2.2.6 g-type invertible TDL and modified Cardy condition

Let us consider a set of N,, m-type invertible TDLs £,  for 4y, = 1,---, Ny, and Ny g-type
TDLs L;, for iq =1,---, Ny, that closes under the fusion. Invertibility of the m-type TDLs
implies

L Li, =1. (2.46)

7:11’1

We further impose the following fusion rules for the g-type TDLs
L Li, =21, (2.47)

which is a specialization of the more general fusion (2.45) without distinguishing 1, and
1¢. The factor of 2 can also be understood as the dimension of the Hilbert space of two 1d
Majorana fermions, each coming from £;, and Zl-q respectively. A g-type TDL that satisfies
the above fusion rule is called a ¢-type invertible TDL, for the reason we will see momentarily.
The above fusion rules and imply that absolute values of the loop expectation

values (quantum dimensions) are
(Lidee| =1, [Li)re| = V2. (2.48)

This further implies that the products £; L; and L; L; are g-type TDLs, the product
L, Lj, is a m-type TDL, and the product £; £;, is 2 times a m-type TDL, i.e. the fusion
rules should take the form

‘C’imﬁjq = Ekq ? ‘qu’C
L

ill] = Elq )

(2.49)
L= Li, LiLj = 2Lk, .

7:11’1

Note that the above fusion rules admit an extra Z, grading, where the m-type TDLs are Zs
even and the g-type TDLS are Zy odd, but one should not confused this with the Z, grading
o of the defect Hilbert vector space.

The above fusions are almost group multiplications, except that the coefficient on the
RHS of the last equation in (2.49)) is not 1. If we formally define

(2.50)
and ignore the differences between 1;, and 1, then the fusion forms a group with the elements

{Eim,/jiq} The TDLs ENZ»Q together with the m-type invertible TDLs £, generate an
(invertible) symmetry by their actions on local operators and states in the fermionic CFTH

1"Dividing a factor of v/2 in ([2.50) could be interpreted as factoring out the 1d Majorana fermion living
on the worldline of the TDLs £; .
18We adopt the strict sense of symmetry here, as opposed to the non-invertible or category symmetry.
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Note importantly that some parts of the symmetry are generated by Ziq that do not have
a well-defined defect Hilbert space. Hence, the usual Cardy condition should be modified.
Consider the twisted partition function

Z%ia(7,7) = Try, (Ziqqm‘iqz“‘i) : (2.51)
1

Its S-transformation equals to G times the partition function for the defect Hilbert space

He

iq

~ 1 1 1 c _T c
ZE <_— ——) = =Ty, (q=figh i) (2.52)

The spectrum of the defect Hilbert space He,, is doubly degenerate because H, forms
a representation of a one-dimensional Clifford algebra generated by the action of the 1d
Majorana fermion v living on the g-type TDL L; . Therefore, ZFia (—%, —%) should admit
a ¢, g-expansion with coefficients in \/§Zzo- This condition was referred to as the modified
Cardy condition in [16).

2.3 Relation to super fusion categories

The relation between TDLs in fermionic CF'Ts and super fusion categories is analogous to
the relation between TDLs in bosonic CFTs and fusion categories discussed in [8]. Here, we
highlight some modifications and additions, following the treatment of super fusion category
in [72].

The defect Hilbert space H, of a TDL L is an object in the super fusion category. The
morphisms between objects in the super fusion category are given by junction vectors in
the two-way junction vector spaces. More explicitly, a weight (h, h) = (0,0) operator m in
the defect Hilbert space H, 7, (i.e. m € V. 7,) gives an isomorphism between the defect
Hilbert spaces,

m: 7‘[51 — 7‘[52 . (253)

The endomorphism spaces for m-type and g-type TDLs are
End(He,) = Vo, z, =C, End(Me) =V, z =C. (2.54)

The junction vector space V, .. r, (the subspace of the weight-(0, 0) operators in H, ... r, )

" in the super fusion category [72]. In the discussion

corresponds to the fusion space V;"‘l
of the F-moves, the tensor products between the fusion spaces are usually taken to have
coeflicients valued in the endomorphism spaces (2.54)) (as in (351) of [72]). It is equivalent to
considering the projected tensor products with C-number coefficients. An important

new ingredient of the pentagon equation in the super fusion category is the Koszul sign from
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exchanging the order of the fusion spaces. Such a sign corresponds to the sign (2.21]) from
exchanging the ordering of the junction vectors.

In super fusion categories, there exist an object II called “transparent fermion” with the
distinguishing property |72} 13]@

Hom(TI, I) = C°*. (2.55)

However, we would not regard this object as corresponding to a genuine nontrivial TDL
because of the following reasons. By , the defect Hilbert space of the transparent
fermion TDL II contains a fermionic topological operator ¢ (with conformal dimension
(h,h) = (0, O)) By pair-creating and pair-annihilating 1, a TDL II can break and shrink
to disappear or to points on g-type TDLs. Therefore, any TDL configuration involving the
TDL II reduces to the configuration without II. For example, consider a TDL II wrapping
a local operator O. The II line can unwrap by pair-creating v)’s and shrink to disappear by
pair-annihilating the s,

(U
(0) = = -0 . =0, (2.56)
i i

Another example is a TDL II stretching between a fermionic topological operator ¢ and a
g-type TDL L. The II line can shrink to a point on £, and 1) becomes the 1d Majorana
fermion on L,

= Py . (2.57)

3 Super fusion categories of rank-2

Let us consider a system of two simple TDLs, the trivial TDL I and a non-trivial TDL W.
The system is described by super fusion categories of rank-2. Let us first consider the case

9A super-fusion category C containing a IT line is known as a II-superfusion category [85}/86], which is
equipped with a distinguished object II and every other object £ in C is oddly isomorphic to I1L.
20Here, we abuse the notation a bit to denote the TDL corresponding to the object I also by II.
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when W is m-type. The consistency of the F-moves with two external I's and two external
W’s implies that the one-dimensional junction vector spaces Viy;w and Viww should be
bosonic while Vi1, can be bosonic or fermionic. Hence, the most general fusion rules are

W2 =10+ (n, +ng)W, WI=1W=IW, (3.1)

or

W2 =141+ (n, +n)W, WI=1,W=IW, (3.2)

where we added subscripts b and f to the fusion numbers to distinguish the dimensionalities
of the bosonic and fermionic junction vector spaces. The corresponding (super-)fusion cat-
egories are labeled as clmm) and gL, Next, let us consider the case when W is g-type.
The junction vector spaces Viy.rw, Viww, and Viyw are all isomorphic to C!'. Hence, the

most general fusion rule is
W2= 1, + 1)l +nW, WI=W =IW, (3.3)

The corresponding super fusion categories are labeled as Cj.

We solve the super pentagon identity for (ny,ns) € {(0,0), (1,0),(0,1),(2,0),(1,1),
(0,2),(3,0),(2,1),(1,2),(0,3),(3,1),(2,2),(1,3)}, and n < 2, in the following procedure.
We first use Mathematica to spell out the super pentagon identity as polynomial equations
whose variables are the F-symbols. We then use Magma to find the Grébner basis of the
polynomial equations. Finally, we input the Grobner basis back to Mathematica to solve for
the solutions. We find that the solutions only exist for Cr(r?’o), CS’O), Cr(r?’l), Cr(é’l), (/Z\r(r?’o), Cg,
and Cé. We conjecture that these are all the rank-2 super fusion categories.

The Cr(r?’o), @?’0), and Cg categories correspond to Zs symmetry, i.e. their fusion rings
(after the proper rescaling in Section are Zs group ring. They fall into a Zg classification
[73-77) and can be realized by the tensor product of v copies of m = 3 fermionic minimal
models (free Majorana fermions) [87-89,[73], as summarized in Table [[]Y] We comment here
that the C¥ super fusion categories have some very unpleasant features that seem to violate
the locality property reviewed in Section We will discuss this problem and a potential
resolution in Section [3.2.4]

21'We thank the JHEP referee for emphasizing the Zg classification.
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# categories v

000 | 9 non-anomalous | 0 mod 8
anomalous 4 mod 8

000 | 9 k=—1 2 mod 8
" k=1 6 mod &

3im

k=1,vy=e1 | 1mod8

o |y k=—1,7=e% |3mod8
ﬁ:—l,vze%ﬁ 5 mod 8

k=1, v=e7 | 7mod8

Table 1: The rank-2 super fusion categories of Zs symmetries and their fermionic CFT
realizations.

The other categories cit ’0), el ’1), et ’1), and Cfl correspond to non-invertible symmetries,
i.e. their fusion rings are not group rings. We list the number of categories for each case and
their CF'T realizations in the table below.

# categories with | # categories with CF'T realizations with
(W)ge > 0 (W)ge < 0 (g2 > 0
CI(I} 0 1 1 m = 4 fermionic minimal model
e 1 1 ?
ch 1 1 m = 7 fermionic minimal model
2 5 5 exceptional m = 11 fermionic minimal model
d exceptional m = 12 fermionic minimal model

Table 2: The rank-2 super fusion categories of non-invertible symmetries and the fermionic
CFT realizations, of those with a positive loop expectation value (W)g. > 0, in the fermionic

)

minimal models [68,69,79]. We leave a question mark for the ¢l categories, as we do not

know their CFT realization.

3.1 Gauge fixings

Before proceeding to solve the super pentagon identity, we first briefly discuss some gener-
alities on the gauge fixings. As we have seen in Section [2.1] for every trivalent junction, one
is free to change the basis of the junction vector space. When the junction vector space is
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one-dimensional, this corresponds to a simple rescaling of the graph by a complex number,

a b a b

A 34

C C

where a, b, ¢, label the type of TDLs and a = 0 or 1 for the bosonic or fermionic junction.
If the junction vector space is multi-dimensional, say

a b,c (len (35)

the above scaling factor will be promoted to a m x m or n x n matrices for « = 0 or 1, i.e.

\'Of/ai — (ggbc). \'O‘/’j (3.6)

where the addition indexes 7, j label the multiplicities. Correspondingly, the F-matrices for
the following graph

a c
_ f a,b,c; a, B i,J
- Z Z 5.1 ‘Fd o,y ( f)k’l y (37)
f67 ki ’
will transform as
,b,c; a, ,d 17 .d 15 b,c i g
e i — 5 @ (), ) () e i

/73/ k/ l/

(3.8)

In section , we will solve the super pentagon identities of the Cfl categories, which have
multiplicity two for both the bosonic and fermionic fusion channels. For their gauge fixings,
we will present a detailed discussion in App/D] In the discussion below, for simplicity, we
focus on the case of multiplicity one. In this case, the F-matrices transform as

a’b7c; a?IB i7] g’yc f ga f7 a7b7C; a’ﬁ
’Fd; 0,y (6’ f)kvl — ga e ge ,cod Fd; o,y (67 f) : (39>
« B

It is easy to verify that the super pentagon equations (2.20) are homogeneous under the
scaling (3.9)). Therefore, we need to first choose some gauge conditions to remove the scaling
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redundancies, which in turn helps us to fix some components of the F-matrices to certain
values. Clearly, if two components of the F-matrices share the same scaling factor, one
can only use the factor to fix one of the components, while the other one would be later
determined by the super pentagon identities. Given a set of trivalent junctions and the
F-matrices associated with them, we need to determine a maximal set of components of the
F-matrices that can be gauge fixed. The gauge transformation can be schematically
written as

F— (H gg”) Fo, (3.10)

where i denotes the collection of the indices (a, b, ¢; ), and p collectively denotes the indices
of the F-matrices. The exponent y; can only take values in {—2, —1, 0, 1, 2}. Therefore, for
each F-matrix F,, we can assign a “gauge vector” ¥ to it,

T, = (p1, p2, -, fn) - (3.11)
The gauge vectors for all the F-matrices form a matrix G = {¢},}. The maximal number of
gauges we can choose is given by the rank of G.

In practice, we can choose rank(G) number of components of the F-matrices with lin-
early independent gauge vectors, and fix them to some convenient values. In the categories
c? and ¢ ’1), there are three linearly independent gauge vectors, and thus we fix three
components in the F-matrices. In Cé}’l), there are four to fix. At last, in Cg , there are five to

fix, which has been discussed throughout in Section see (2.27) and (2.32)). The overall
scaling (z7 = x9 =y = Y2 = 21 = 22 in (2.26))) actually does not change any F-matrix.

3.2 m-type:

Let us present the F-symbols of the super fusion categories clmomne)

3.2.1 %9 and ¢M?

In these two cases, they are ordinary fusion categories with two objects, which have been stud-
ied in [8]. The fusion category C\ 9 has two solutions corresponding to the (non-)anomalous
Zo symmetry.

To compare with the fermionic ey later, we here highlight the non-trivial F-moves of
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the H-junctions in the bosonic Cr(r}70)7

N
o (D) - e

1
, 3.12
) e Ny ) e
where ( = %5
3.2.2 oY
Our first non-trivial super-fusion category with a m-type TDL has the fusion rule,
W2=T+1;W. (3.13)

Besides the universal sector, we solved the rest of the super-pentagon equations induced by
the above fusion rule. We found two consistent solutions and determines the F-moves in the
following H-junctions,

NARREIAY
eV N B (—Cc-l <-1>' N .

where the dots at the vertices denote the fermionic junction vector in the junction vector
space. In addition, we also used the gauge freedom,

~ ~
oL e T (3.15)

to normalize the upper right entry .FVV“,/’W’W([, W) to 1.

3.2.3 ¢V
In a similar fashion, for the super-category CY with fusion rule,

W2 =T+ (1, + 1) W, (3.16)
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we find two consistent solutions to the super pentagon equations. Besides the universal
sector, we spell out these F-moves as follows:

AL (Y
)N

(3.17)
ooy [NV

0 0 0 -2 -8
ol EE Y

where w = 1 + /2 and we have once again used up the gauge freedoms,

\( — go\(, Y — gl\'/, (3.18)

to normalize the 13 and 23 entries of F&,V’W’W

to 1. Using the above F-moves, we compute
the loop expectation value

(W)ge =w. (3.19)

We would like to further remark that the first solution is gauge equivalent to/t@ F-moves
in the super fusion category obtained by the fermion condensation of the R¢(so(3)4) fusion
category given in [78§].

3.2.4 CVY
C\%Y is an variant of the C{0% category with the trivalent junctions

, , , (3.20)
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where the first junction is fermionic and the other two are bosonic. By solving super-pentagon
equations, we have the following non-trivial F-symbol,

\/ / _ \\/ (3.21)

While the above solutions give consistent super fusion categories, the trivalent junctions

where Kk = £+1.

(3.20)) are inconsistent with the locality property reviewed in Section which implies the
isomorphisms between the junction vector spaces Vivw.r, Viww, Viwrw, and Viyw. More
explicitly, we can cut off a disc that contains one of the trivalent junctions in (3.20f). No
matter which junction is inside the disc, we have the same Hilbert space associated with the
boundary circle, from quantization on the boundary circle. The Hilbert space has a unique
ground state (with conformal weight (h, h) = (0,0)). The fermion parity of the ground state
should agree with the fermion parity of the junction inside the disc. However, the three
junctions in do not have the same fermion parity.

A potential resolution to this problem is that we demand the fermionic junctions on single
TDL W must always come in pairs, which cannot be separated by cutting off or gluing back
discs. In particular, the number of fermionic junctions inside a disc should always be even.
With this constraint, the locality property would only imply isomorphisms between the
tensor product space Viyw,r @ Viyw.r and the spaces Vi ww, Viv.rw, and Viy. On the other
hand, this constraint would not affect the derivation of the F-moves in Section since
we could always add an extra fermionic junction on one of the nontrivial external lines.

3.3 qg-type:

We present the F-symbols of the super fusion categories C;'.

0
331 (!

Cg is the first non-trivial super-fusion category of rank-2 containing a g-type TDL, with the
following fusion rule,

W2 = (1, + 1;)I. (3.22)

The g-type TDL is always unoriented for the category of rank-2. In Section [2.2.3] we have
solved the F-matrices f}}V’W’I, FIW’I’W, .7:&/‘/’[’[, .FII’W’W, fé}W’I and fé}l’w. There are two
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gauge inequivalent solutions given in ([2.33)). With respect to each of the above solutions,
one can further find two inequivalent solutions to the F-matrix J’:‘K/V’W’W. So overall there are
four inequivalent solutions. We list them as follows:

V/ 1 0 0 \v
o [
V2|0 1 Yo '
\// 0 7—772 \\/

for k = +1 and vy = e%, e% Using the above F-moves, we compute the loop expectation

value

(W)ge = V25 . (3.24)

The solution with kK = 1 and v = e is gauge equivalent to the F-moves in the super
fusion category obtained by the fermion condensation of the Z, TY fusion category given in
[78]. Actually, all of the four solutions can be obtained via the fermionic anyon condensation
of the 3d Ising TQFT. In the condensation picture, there are two ways [91] to braid the
anyons o and v, corresponding to the duality N-line and the Z, n-line in the 2d Ising
CFT. The two braidings are precisely encoded in the values of v, while the Frobenius-Schur
indicator x is inherited from its bosonic parent. We thus have overall four ways of fermionic
condensations

2
3.3.2 (2
Our last example is the Cg super fusion categories, whose fusion rule is given by

W2 = (1, + 11)I +2W, (3.25)

22The F-moves of the Cg categories are also obtained in [90]. We thank Yanzhen Wang for sharing his
undergraduate thesis with us.
23We thank Qing-Rui Wang for a discussion on this result from the perspective of fermionic condensation.
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where W is a g-type TDL. We separate the non-trivial F-symbols in the following four sectors
classified by the number of their external trivial TDL:

11,1
84 . f[ 9
. W,W,I W,I,W W,I,I I,W,W IW,I IIW
82 . -FI Y ‘FI 9 fW 9 f[ 9 FW 9 and fW y
I,W,W W,I,W W,W,I W,W,W
Sl . .FW 3 ‘FW 9 .FW 9 al’ld .FI 3

W,W,W

Overall there are 361 variables in the F-symbols constrained by 9601 super-pentagons as
well as the projection conditions. We find four solutions to these super-pentagons, where
one of them is gauge equivalent to the solution obtained by fermionic condensation of the
(bosonic) 1Eg fusion category as discussed in [78]. Now we spell them out in detail. One
first needs to fix the gauge freedoms of these F-symbols and solve the projection conditions.
We present the discussion of those in Appendix @ The trivial F-symbol .FII’I’I =1in &, as
usual; The Sy sector is the universal sector for g-type TDLs that has been discussed before.
We thus start from the sector S;. The F-matrices take the form and (D.22)). Using

the solution (D.19)),

10 0 1 1 0
0'—(0 1>7 p—(_l 0), and T—(O _1), (3.26)

the super pentagon equations give
1 /10 170 1
f?b—§(0 1) , and f7f—§(_1 0) 3
1
2

1/10 0 1
f8b_§(0 1)7 and fo_ (_1 0)7

f9b:f9f:%([1) (1]),
1 —2 2 (2 1
(5 ) i
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And finally, for the most non-trivial sector Sy, the F-matrices take the form (D.24)). Solving
the super pentagon equations, we find the matrices F, and F; as,

£ 0 0 _ L 2 2
2
0 L £ 0 —2y% —2y71
F 1 _1+2'Y 0 0 _g _2,72 2,}/71
b— 5 13 14+~2 9
2 2 _5 27 20 2 2 _27
-i 0 0 e e S 3
1 -1 1
0 =+ TP+ 0 8 9%
0 Pk £ 0 2yt 292
—4 0 0 e
3 1442
s 1 0 ‘ — 4y 0 —2y 2
T2 - 1+272 0 0 —5 2971 —24% |
—1 -1 —1
1 0 e i TS 1 U s
R R

where we have defined ¢ = 1++/3, and v = e ore’i as before. Overall we have two choices
of ¢’s and ~’s, and thus four solutions. From the F-moves, we compute the loop expectation
value

(Wgs = —= . (3.27)

Finally, the solution with ¢ =1 —+/3 and v = et s gauge equivalent to the F-moves in
the super fusion category obtained by the fermion condensation of the %E(; fusion category
given in [78].

4 Spin selection rules

Following the analysis in [8], the fractional part of the spins of the states in the bosonic or
fermionic defect Hilbert space H2 or H!. can be determined by a sequence of modular T
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transformations and the F-moves, schematically as

//???‘@Jf

\/\ N

In the following subsections, we derive the spin selection rules for the super fusion categories

cim™ and C;. For simplicity, we will suppress the X-marks and the trivial lines in the

following TDL graphs, which could be recovered by comparing with the graphs in (4.1)).

41 ¢V
Let us first focus on the bosonic Fibonacci fusion category ¢ with the fusion rule
W2=T+W. (4.2)

For any pair of states |¢), ]’} € H% or H. with equal conformal weight, we consider the
matrix element of the cylinder propagator

(gl Figho ) = - (4.3)
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Performing modular 7 transformation, and applying the F-move in (3.12)), we find
/f - + . (1.4

Similarly, considering a modular 7~ transformation on the matrix element <¢’|qL°_iqZO_i |v)
gives

\_
] = ¢ v . (4.5)
R

Applying the F-move again on the last graph in above, we obtain

= (! / — g1+. (4.6)

In summary, we find the following three equations
647ri(5+%0) _ g—l + W_’_? e—47ri(s+%o) _ C—l + /W_7 W_ _ C—1€2m’(s+%a) . €—1W+ ) (47)

where s and ¢ are the spin and the Zy-grading of the states [¢) and [¢'), and W. are the
lassoing linear operators acting on Hy, defined by an W line wrapping the spatial circle
splitting over the temporal W line as in the last graph in (4.4 and (4.4)), respectively.

The solution to (4.7)) gives the spin selection rules: the states in the bosonic defect Hilbert
space MY, should have spins in

0, £2 for (= 1+\/g,
s€Z+ ; ¢ e (4.8)
0, :l:g for C: 72 5,

and the states in the fermionic defect Hilbert space Hi;, should have spins in

141 g _ 15
sez+{” o for ¢="75" (4.9)

1 3 _ 15
bX :l:m fOI' C— 5 .

We discuss a realization of these spin selection rules by the TDLs in the m = 4 fermionic
minimal model in Section 5.1.3
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4.2 Y

Let us carry out the same manipulation in the fermionic Fibonacci fusion category clh,

We first perform modular 72 transformation, upon which we apply for the F-move in

(3.14), and we find

_J
= + ——
-
L
N = ¢ - —. (4.10)
_\\
; - ¢! // 4o _JT —

where the sign differences between (4.10]) and (4.4)), (4.6]), (4.5)) are due to the sign differences
in the F-moves (3.14) and (3.12) and also minus signs coming from moving the fermionic
junction vectors around the spatial circle. We find the equations

64m’(s+%a) _ C_l + /W+’ e—47ri(s+%a) _ C_l + /W_7 /W_ _ _<—1€27ri(s+%a) . C_l/W—i-a

(4.11)
which give the spin selection rules
141 g _ 145
s+%ez+{? 10 or ¢ e (4.12)
2 :]:10 for C = 5

Note interesting that the spin selection rules (4.12)) are related to (4.8) and (4.9)) with the
fermion parity (—1)7 flipped.
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4.3 ¢

Let us apply the manipulations in (4.1)) to the super fusion category ey

| s

:K_l w N N
\f\\—a Twri ) T Y}
\\\ 5}// —MLH_JK_ + _Jfr_’ (4.13)
ﬁ¥ 1—w/ 1 2

)

47rz(s+%a) - W, = Wf
c w +1 7 "
ot _ L0
w w41
—2mi(s+30) _ = _ W. +w/ 4.14
° wo w1l e )
P 1—w ) 1 1 — —~
W, o= 2mi(s+50) -~ W Wf
w e + w —I— 1 + + + >
Wf — _ = 2mi(s+50) _ W _Wf .
! ° 2 5Vt + ow ¥
Solving the above equations, we find
o 11 3
—€Z 0, -, =, - f =1++v2. 4.15
S + 9 S + { ) 47 27 4} or w \/_ ( )



We discuss a realization of this spin selection rule by the TDLs in the m = 7 fermionic
minimal model in Section [5.1.4]

4.4 CV
Let us consider the super fusion category 52;0 with the F-moves given in Section ((3.2.4)).

Following the top sequence of the modular T transformations and the F-moves in (4.1)), we
find

_////,_=_/)fif_=m __________ 3?? - B

where we used the pair-creation and pair-annihilation of the fermionic junctions at the first
and last equalities, respectively. We find the spin selection rules

1 L ofor k= —1,
s=-z+i8 " (4.17)
2 % fork=1.

We discuss realizations of these spin selection rules by the TDLs in the tensor products of
two or six copies of m = 3 fermionic minimal models (free Majorana fermions) in Section

0. 1.2

0
4.5 C

Let us consider the super fusion category Cg with the F-moves given in Section m Fol-
lowing the bottom sequence of the modular T transformations and the F-moves in (4.1]), we
find

:)n +§%::¥

ik

AVE

\_
—
—

(4.18)

K

Sl =
S
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where again the black dots denote the 1d Majorana fermion on the g-type TDL. Next, we
apply the rules in ([2.25)), and find

o = e 4 f ........ = —y ) (419)

The spin in the defect Hilbert space Hy should satisfy the spin selection rules

i
L fork=1vy=e1,

16
1 3 fork=—1,y=e7,
s=Z+ 0 = (4.20)
2 6 fore=1y=e1,
3im
% fork=—-1,vy=e1 .

We discuss realizations of these spin selection rules by the TDLs in the m = 3 and m = 4
fermionic minimal models in Section E.1.1] and B.1.3]

2
4.6 C?

To compute the spin selection rule for Cé, we need to use the bosonic part of the F-move

(D.24)), which is represented by the 10 x 10 matrix

1®1 0
1®1
F=|rtapio|rm(( 017270 (4.21)
o 0 0 1

The inverse of this F-move is represented by the pseudoinverse of F,

1(1®1) 0 ) L
Fo= (L eo o) gt (D200 (122
0 1
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Let us define the following vectors

Vi = —
Vo = | T Y
V3 = —
Vga= |

Ne—

T

H\M

Applying the F-moves, we find the equations

J
—

\_
= (FVD)y, _ N =
N

Using the equations (2.25) and (D.1]), we also find

Solving the equations (4.24]) and (4.25]), we find the spin selection rules

g Oa%a%?
S+§€Z+{ 11
37 2

DT WIN

for € =1++/3, fy:e%orﬁzl—\/g, ’y:e%,
for € =14 /3, vze%orle—\/ify:e%.

41

(4.23)

A
N

\.\2
(Fvl)g, vi =TFvi. (4.24)
= 5! :
= 7—1 \\\, (4.25)
= (r2p) —}

(4.26)



We discuss realizations of these spin selection rules by the TDLs in the m = 10 and m = 11
exceptional fermionic minimal models in Section [5.2]

5 TDLs in the fermionic minimal models

In this section, we study TDLs in the fermionic minimal models [68,69,79]. We give a full set
of simple TDLs in the standard models and a partial set of TDLs for the exceptional models.
We further analyze the TDLS in the m = 3, 4, 7 standard models and the m = 10, 11
exceptional models, which give realizations for the rank-2 super fusion categories summarized

in Table [2I

5.1 Standard models

The fermionic minimal models are labeled by an integer m € Zs3. For convenience, we
introduce two integers p and ¢ given by p = m + 1 and ¢ = m when m is even, and p = m

and ¢ = m + 1 when m is odd. The holomorphic part of the primaries are labeled by (7, s)
(pr—gs)®—1

with the range 1 <7 < ¢—1and 1 < s < 2! and holomorphic dimension hys = ipq

The NS-sector partition function is [69]

ZNS_ZZXTSXTS+ Z ZerXq 7,89 (51)

rell] s=1 re[d+1] s=1

where [n] = {r|l <r <g—1,r—n =0 mod 2}. We give the full set of TDLs in the
NS-sector. There are g-type TDLs when m = 0, 3 mod 4, and there is only m-type TDLs
when m =1, 2 mod 4. We discuss these two cases separately.

First, for m = 0, 3 mod 4, the m-type TDLs are

-1
Lo (D)L, forr=1 -, g—l and s=1, .-, pT’ (5.2)
and the g-type TDLs are
F _ p—1
Lag (-1)"La, fors=1,---, - (5.3)

The NS-sector partition function twisted by the TDL L, ,, is

uv (r,s) Suv r,)
NS _ZZ S)erer+ Z Z (0):( Xr,sXq-r,s (54)

refl] s=1 (r
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and the NS-sector partition function twisted by the TDL (—1)F L., is

Suv r,s uv (r,8)
1) Euy_zz (u),( ) Xr,sXr,s — Z Z S)erXq 7,8 3 (55)

i L GROC re[g+1] s=1 (r

where S(y,v),(rs) is the modular S-matrix. It is straightforward to check the Cardy condition,
i.e. the S-transformations of these twisted partition functions admit positive integer expan-
sion in terms of the characters, and give the defect partition functions. The fusion ring is
commutative and follows the fusion rules

(D)2 =Li=1,

310 -1 %5 (5.6)
7,5) :
Loy siLors,sy ZZNT181 (T252)£”3+ZZNT181 (r2;s2) Lg-rs,
r=1 s=1 r:ﬂ s=1
where N is the fusion number which is related to the modular S-matrix by the

(r1,81),(r2,52)
Verlinde formula

2

7»3) Srl,sl (u,v) 7“2,82) (u, 'U)S(u v),(r,s) 5.7
SHE | 67

T1,81 (r2,82)
u=1 v=1 S, u)

Next, for m = 1, 2 mod 4, the m-type TDLs are

-1
L forrzl,---,q—lands:l,---,pT, (5.8)

and there is no g-type TDL. The fermion parity TDL is given by (=1)¥ = £, ;;. The
twisted partitions for the m-type TDLS are given by the same formula as (5.4). The fusion
ring is commutative and follows the fusion rules

p—1

qg—1 =

_ (r,s)
Em,sl Erz,sz - Z Z N(T1751),(T2752)£T75 . (59)

r=1 s=1

Finally, it is not hard to explicitly check that (5.2)) and (5.8)) are all the simple TDLs for
small m, and we conjecture that this holds for general m.

5.1.1 m=3

In m = 3 fermionic minimal model, there are two m-type TDLs: [ = L;;, (—1)F =
(=1)¥Ly 1, and two g-type TDLs: Loy, (—1)F'Ly;. The fusion ring is commutative and
subject to the relations

(=D =1, £3,=1,+1y)I. (5.10)
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The g-type TDLs L5; and (=T L, are invertible, and we define the rescaled TDLs
Lﬁz,h (1) = i<_1)F£2,17 (5.11)
¥ v

which generate the left and right fermion parities [16].

Taking the S-transformation of the twisted partition functions ([5.4) and ([5.5]), we obtain
the defect partition functions,

()" =

ZNS. Loy = 2X21X11 T 2X21X315  ZNS,(—1)FLay = 2X11X2,1 T 2X31X2,1 5
ZNs(—1)F = 2X21X21 -

From the relations (5.11)), we find the defect partition functions for (—1)f% and (—1)fr,

(5.12)

Zyns (i = V2x21X01 + V2X2uXs1s  Znsyre = V2X1aXad + V2x31Xz1,  (5.13)
where the degeneracies are properly quantized as expected.

The subset of TDLs {1, L5} (as well as the one with {1, (—1)"Ly}) realizes the super
fusion category Cg. More precisely, by comparing the spin contents in ([5.12)) with the spin
selection rule (4.20)), we conclude that {1, Lo} realizes the solution (3.23) with k = 1,7 =

137

et PYand {1,(—1)F Ly} realizes the solution ([3.23) with x = 1,7 = e

5.1.2 Tensor product of v copies of m = 3 models

Let us consider the tensor product of v copies of m = 3 models (free Majorana fermions).
We focus on the TDLs
(—1)Fr = (—)F (P (5.15)

)

where (—1)F " is the left fermion parity of the i-th copy. The defect partition function of
(—1)** is simply given by the v-th power of the single-copy defect partition function,

Zys -y = 27 (X2aX11 + X21X81)" - (5.16)

From the above partition function, we read off the spin content of the defect Hilbert space
H_1yF as
1 v
S e _Z _'_ —_— 5.17
2 16 ( )
24 As pointed out by [92], this (—1)fZ chiral Zy symmetry can be implemented by the stacking the Kitaev
chain with a fermionic CFT, whose partition function is given by the Arf invariant Arf(p) associated with a

spin structure p (more precisely, a modified spin structure S - p twisted by a background Z, gauge field S)
Zinro = exp(imArf(p)). (5.14)

Note that this stacking does not change the (torus) partition function.

44



By matching with the spin selection rules for C%0 (given in (4.12) of [8] with n = 2), C%0
(given in (4.17)) and C (given in (4.20))), we see that {I, (—1)""} in the tensor product of v
copies of m = 3 models realizes all the rank-2 super fusion categories of Z, symmetries (as
summarized in Table .

5.1.3 m=4

This model has four m-type and four g-type TDLs, whose fusion ring is generated by two
m-type TDLs {(—1)", £1,} and a g-type TDL Ly, with the relations®]

(=D)F)y =1, L£3,=0+1)I, Li,=I1+Li,. (5.19)
Taking the S-transformation of the twisted partition functions (5.4 and ([5.5)), we obtained
the defect partition functions,
ZNS, o1 = 2X2,1X11 T 2X22X1,2 T 2X2,1X31 + 2X2,2X3.2 »
ZNs(~1)F Loy = 2X11X21 + 2X31X21 + 2X10X22 + 2X3,2X22
ZNS,L1s = X12X1,1 T X32X1,1 T X1,10X1,2 T X1,2X1,2 + X3,1X1,2 + X3,2X1,2
+ X12X3.1 T X3,2X3,1 + X1,1X3.2 + X1,2X3.2 T X3,1X32 + X3.2X3.2 5

(5.20)

The super fusion category ci? of ¢ = %‘F’ is realized by the TDLs {I, £, 2} [16], and we
find that the spin selection rules and are indeed satisfied by the defect Hilbert
space H,,, given by the defect partition function Zyg,,,. On the other hand, the super
fusion categories Cg with k =1,7 = +etT are realized by the subsets of TDLs {I, L5} and

{I,(=1)" Ly}

514 m=7

This model has eighteen m-type TDLs and six g-type TDLs. Let us focus on the subset of
TDLs {I, L3,}, which has the fusion rule

L5, =1+2Ls;. (5.21)
From the formula of the twisted partition function ([5.4]), we find the quantum dimension of
,63,1 is
S
(Ls1)pe = oD =142, (5.22)
S(,1),1,1)
2The translation between the notation in [16] and here is
1
R=—Lyy, W=~L,, 1
NG 2,1 1,2 (5.18)

where note that the TDL R is a rescaled g-type TDL.
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Hence, it realizes the super fusion category it with w = 1+ V2. Indeed, the defect
partition function of Lg; is

ZNS,L31 =X11X31 T X11X5,1 + X1,2X32 T X1.2X5.2 T X1,3X3,3 T X1,3X5,3 + X3,1X1,1
+2x31X31 + 2X31X51 + X3.1X71 + X32X12 T 2X32X32 + 2X32X52
+ X32X72 + X33X13 T 2X33X33 + 2X3.3X53 + X3.3X73 + X51X1.1
+2x51X31 + 2X5,1X51 + X5,1X7.1 + X5.2X12 T 2X52X32 + 2X52X52
+ X5.2X72 + X5.3X13 T 2X5.3X33 + 2X5.3X53 + X5,3X7,3 + X7.1X3.1
+ X71X51 T X7.2X3,2 + X7.2X5,2 + X7,3X3,3 + X7,3X5.3 ;

(5.23)

whose spin content agrees with the spin selection rule (4.15)).

5.2 Exceptional models

There are two exceptional fermionic minimal models of m = 11 and m = 12 found in [79].
Their NS-sector partition functions are given by

p—1

2
Zns =) [X1s + Xss + X7 + X118l (5.24)

s=1

Both models realize the Cg super fusion category, which has a g-type TDL W with the
fusion rule

W? = (1, + 1)1 +2W. (5.25)
The NS partition functions twisted by the q-type TDL W are given by

p—1
2

ZNs = Z(Xl,s + Xs,s + X7,s + X116)"

s=1

% (14 VB) (1 #3110 + (1= VB) (x50 +x7,)) -

(5.26)

The partition function of the defect Hilbert space Hyy is given by the modular S transfor-

mation of Z\y, i.e. Znsw(7,7) = ZNg(—2,—2). One can check that Zygw(7,7) indeed

T

and g. The spin content of Hyy, is

admits an integer expansion of ¢ = >

0.1 1L
S€Z+ ’?7?7
302

26The NS-sector partition functions for m = 10 and m = 11 models are given by the same formula.
2"The partition functions twisted by W for m = 10 and m = 11 models are given by the same formula.

for m =11,
(5.27)

SoT WIND

for m = 10.
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The quantum dimension of W is
(W) =1+ V3. (5.28)

Hence, by matching with the spin selection rule (4.26) and the quantum dimension (3.27]),
we find that the exceptional m = 10 and m = 11 realizes the Cé super fusion category with
(=1—+/3andy=+et7.

6 Summary and discussions
This paper is devoted to developing the theory of TDLs in fermionic CFTs.

1. We formulated the defining properties of TDLs in 2d fermionic CFT's, which are mostly
carried over from those for 2d bosonic CFTs, except that the Hilbert spaces associated
with junctions and endpoints of TDLs can now also host fermionic operators. In
addition, there is a new type of simple TDLs (g-type TDLs), whose two-way junction
vector spaces host fermionic operator of conformal weights (h, h) = (0,0).

2. We derived several consequences from the defining properties and discussed their re-
lation to super fusion categories. In particular, the F-moves (crossings) (2.17)) of the
TDLs are constrained by the projection condition and the super pentagon iden-
tity . The later differs from the pentagon identity in the bosonic CFT by an
extra edge (the map ngf ) in the commutative diagram (2.19)), that exchanges the
order of two junction vectors.

3. We gave a conjectural classification of the rank-2 super fusion categories. The nontrivial

invertible categories are el ’0), ey ’0), and Cg . The nontrivial non-invertible categories

are Ci” , el ’1), ch ’1), and Cg. We gave the F-moves explicitly for all of them.

4. We derived the spin selection rules for the defect Hilbert spaces of the TDLs in the
aforementioned nontrivial super fusion categories, and discussed their realizations in
the fermionic minimal models.

5. We found the full set of simple TDLs in the standard fermionic minimal models and a
partial set of TDLs in the exceptional fermionic minimal models. These TDLs realize

all the rank-2 super fusion categories with a positive loop expectation value except
et (see Table .

We comment on the constraints from the TDLs on the RG flows between fermionic fixed
points. A TDL is preserved along an RG flow if it commutes with the conformal primary
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that triggers the RG flow. If a unitary RG flow preserves a TDL with non-integer quantum
dimension, then the IR phase cannot be a non-degenerate gaped state [8]. Following the
argument in [§], we derive a refinement of this statement for the preserving TDL being ¢-
type. Let L, be a g-type TDL preserved along an RG flow. Suppose the IR fixed point is a
TQFT with a unique vacuum, it follows that

(Lo)sixr = Tr Lo = Tryy, 1 =dimHe, (6.1)

where on the second equality we use the modular S transformation. The defect Hilbert space
H., is even dimensional. Hence, we find

(L)sixp € 2. (6.2)

In other words, an RG flow cannot be trivially gapped if it preserves a g-type TDL whose
quantum dimension is not a non-negative even integer.

Finally, let us comment on the relation between the fermionization of CFTs and the
fermion condensation of the TDLs. A bosonic CFT 7T, can be fermionized to a fermionic
CFT 7; if Ty, has a non-anomalous Zy symmetry 7. More explicitly, the fermionization is a
procedure of tensoring 7; with an Arf TQFT and gauging the diagonal Z, symmetry, i.e.
Tr = (T, x Arf TQFT)/Zs. From this procedure, it is not obvious what the TDLs in ¢ are
and what the super fusion category describing the TDLs is. We do not have a full answer
to these two questions, but from our analysis of the fermionic minimal models in Section [}
we can deduce some rules:

1. When 7 has integer topological spin (as in the case of m = 1, 2 mod 4), the fermionic
CFT 7T; has the same number of TDLs as 7, and with the same fusion rules (as in

(5.9)).

2. When 7 has half-integer topological spin (as in the case of m = 0,3 mod 4), the
fermionic CFT 7T would have a genuine super fusion category, which in particular
could contain fermionic junctions or g-type TDLs. In fact, a subcategory of the full
super fusion category can be obtained by the fermion condensation [70,72,[78|, which is
a procedure applied on a modular tensor category with an abelian fermionic anyon (a
Zy TDL of half-integer topological spin) to get a super fusion category. Importantly,
the (—1)" TDL is not inside this subcategory, and is “emergent” in this sense. For
example, in the Ising CF'T after condensing 7, the non-invertible duality TDL becomes
the g-type TDL (—1) [46], but the (—1)" TDL has no predecessor in the Ising CFT.

On the other hand, one can get back the bosonic CFT 7Ty, by bosonizing the fermionic CFT
T:, more precisely, by gauging the (—1)¥ symmetry. However, we do not know a general
procedure to apply on the super fusion category of T to get (at least a subcategory of) the
fusion category of the bosonic CFT T,,.
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A General solution to the projection condition

In this appendix, we give a solution to the projection condition (| - As in (| - the
pair-creation process on the internal line of the H-junctions in ([2.17)) gives relations

XN
NV

where for simplicity we do not label the external and internal lines, which can be distinct
TDLs in general. We have focused on the case where the internal lines are g-type, and
the black dots at the junction denote the fermionic junction vectors. The X, Y, Z, W are
matrix representations of the ¥z ® W, in . The relations (A.1)) can be rephrased as the
projection conditions

(A.2)

T
T
R
R



where the projection matrices Ps and Py are

1 X 0 0 1 Z 0 0
11 X1t1 0 0 11Zt1 0 0
Py == Ps == A.
2l 0 0 1Yl " T2l00 1 W (4.3)
0 0Y 11 0 ow1ti
The solution to the projection condition (2.18)) in the matrix representation is
\g/ 1 0 \P/
—1
_ X 0 fr 0 1200 ’ (A4)
\</ 0 1 0f)\001W \P/

where for simplicity, we have assumed that the internal lines on both sides of the F-move
are g-type. It is straightforward to generalize the above formula to the case when m-type
internal lines appear on either side of the equations.

B Universal sector for oriented g-type TDLs

In this appendix, we summarize the solution for the universal sector of an oriented g-type
TDL L. With a suitable gauge choice, the 1d Majorana fermion on £ acts on the junction

20



vector spaces VI,L,Za Vize Vz,z,@ VZ,I,La Vﬁ,Z,I? VZ,LJ as

= B X — 571 ’

e e N N (B.1)
= 8 : _ |
\/ \v/ \/ 71\/
T =
S 7 S ~_1\/
I =

After solving the projection condition, the F-matrices are of the form

10
v P 0\ /1-200 Z ay 0| (fu O\ (1-200
FEEI( T :(fm )( 3 ~)’ FEIE(L Ty = ( ) it
(L) 0 fir/ \0 0 1~a e L) 01 0 far/ \O 0 1py
0 2
10 10
L1, 10 Jan 0 1.LL By Ol (fw O
q I) = Ly I =
‘Fﬁ <£7) 01 (O f3f>7 FI (£7> 01 0 f4f )
1
02 03
10
Bol/fss 0N /120 0 foo 0\ /1100
1.0, 5b 11.C 6b
) — a o L) [ —
o= 5| (5 5) Gra) - 2 we= (5 5) (o) )
0 L
Ba

(B.2)

o1



and

1 0
L.C,I fiy 0 1200 LIL —a5 0| (fu O 1200
I,C) = ~ a L. L) = - B
Fr L L) (0 f1f><001’704>’ Frie L) 0 1 (O foy 001p87)°
0 2
1 0 1 0
Z.I,1 -10 fap 0 [L.L = —B70 | (fw O
= [: ~ [: ~
F(L,T) 0 1 (0 fgf), FPEE(L,T) 0 1 0 i)
0 % 0 %

0
i =20 | /F 0\ [1-E0 0 T (Jo 0 (1-100
1,C,1 5b =~ 1,1,L 6b
0 = a ~ o ~ i = ~ ~ .
Fr (L L) 0 1 0 fs 00 1ap)’ Fr L) 0 fer) \0 0 132
! !
0 L
Ba
(B.3)

By solving the super pentagon equations, we find the following two gauge inequivalent
solutions,

a=a=p=p=7=1, flb:flb:flf:f2b:f2b:f2f:%7

w

2 ~ ~ ~ ~
Jip = %a Joy = %, Jao = Jfav = far = far = Juw=Ju = fay =1, (B.4)
far =177, f5b:f5b:f5f:f~5f:f6b:f~6b:f6f:f6f:%7

for vy =1, i.

C Fusion coeflicients

In this appendix, we follow the appendix B of [8] to derive the relation between the fusion
coefficients and the dimensions of the junction vector spaces summarized in the fusion rule
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(2.42). First, consider the following manipulations of the TDL configurations

simple L3
Ls
- > 0 Cyz70 F?'(0,3) (C.1)
simple L3
Ls
O
> o F31(2,0) 0 Cy57 0 FE2'(0,3),
simple L3 L
3

where the 0’s denote the trivial line. Therefore, we find that the identity of the fusion
coefficient N ff’ Lo

1 _ _
fo,LQ = m@nw 10,33‘F§71’1<2: 0)oC3310 F12’2’1<07 3)‘12,20; 11,0,T> y (C.2)

where sandwiching by the bra <117T,07 10733‘ and ket ‘12’570, 11,0,T> means evaluating on the
corresponding identity junction vectors.

Next, consider the pentagon identity

FU(2,0) 0 FP#1(0,3) 0 Fg ™ (1,2) = FEY(1,3) 0 S50 FIM(0,0), (C3)

32,1

93



which follows from the commutative diagram

Vi1 ®@Vio® Vipr

/ \FIIJJ(O’D)
F231(1,2)

Viga®Vos0® Vi1 Vst ®@Vizo® Voat
2,2,1 1,1,0
F7(0,3) S33h
Viga®Viaz®Viag Viig®V351® Voa1

wj()) /
F230(1,3)

Vito® Vos3® Viat
(C.4)

Let us follow the right route of this diagram starting from a junction vector v € V351 and
two identity junction vectors in Vi, and V) o1,

111 (L)p(1@v®1) = (L1)p2(1®1Qv)

(L)r2(1®@1®0) it L3 is m-type, (C.5)
%(1 R1®v+1® Us(l)® Us(v)) if L3 is g-type,

where we have used the relation (2.19) in [§] and ignored the subscripts of the identity
junction vectors. This implies the following relation

<11,T,0= 10,3,§|Tr Vggvl(Ff’g’O(la 3)o S50 F11’1’1(07 0))|1I,1,07 11,0,T>

32,1
) {Li)redime(Vsz,) if L5 is m-type, (C.6)
% dime(Vy3,) if L3 is g-type.

Next, let us follow the first two steps on the left route of the diagram,

1®1®1
. {0372,1(1)) ®1xl if £y is m-type
3(Cs31(v) ® 1+ U3(C331(v)) @ Ua(1)) @1 if Ly is g-type
_ JGa@e P00 if £y is m-type

z [Cs,éj(v) ® F2%10,3)(1® 1) + U5(Cy51(v)) ® FE2H0,3)(Ua(1) @ 1) | if Ly is g-type

= Py(Cy31(v) ® FY1(0,3)(1@ 1)),

(C.7)
where we have used the relation (2.20) in [8] between the F-symbol and the cyclic permutation
map, and the fact that the action of the 1d Majorana fermion along an external line of an

o4



H-junction commutes with the F-move, i.e. Uy 0 F}>%(5,6) = F;>°(5,6) o ¥;. Composing
with the third step on the left route, we find the following identity

3,1,1 2,2,1 2,31
<11,T,07 10,3,§|F3 (2,0) o Tr V3,§71(F1 (0,3) 0 Fyoo (1, 2))|1I,1,0a 11,oj>

_ _ (C.8)
= <11,I,0> 10,3,§‘F33’171(27 0)oC3370 F12’271(O> 3)|12,§,0a 11,0,I> .
Putting everything (C.2), (C.6)), (C.8)) together, we find
Lo dime(Vy5,)  if L3 is m-type, ©9)
. dimein (Va3,) if L3 is g-type,
where we have used the relation § dimc(Vyg,) = dimein(Vag,)-
D Detailed data of the Cé category
D.1 1d Majorana fermion action
The 1d Majorana fermion on W acts on the junction vector space Viyww as
\( _ pY | \( _ UY |
(D.1)
\( _ TY |

where p, o, T are 2 x 2 matrices.

Constraints on o, p and 7-matrices Similar to the discussion in sec. there are
also additional constraints on the entries of projection matrices o, p and 7. Let’s consider
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the following graphs,

~. A

_ _ -1, -1 R

= = T pT P = T pT P )
~ 2 1 1 1 1

= = T 0T © ; = T 0T O ,

= —plo p‘la\(7

where we have used (2.5) and (D.1)) for the unoriented g-type line. Therefore we have the

constraints:

(D.2)

ot lp=r"tor o= —ploplo=1. (D.3)

In the derivations (D.2)), there are potential sign ambiguities. Let us argue that they can
actually be fixed by the universal sector solution (2.33)). Considering the subgraphs of the
graphs in (2.30)) that contain only the upper trivalent junction, we find the relation

W = elﬁ (D.4)

where ¢; = 1 has been found in the universal sector. Now, we can sew the above graphs with
the graphs in the pair-creation process on the left leg of the WW W-junction

\( S \( (D.5)

where €, is the sign ambiguity. We find the following relations

(D.6)

Therefore, for consistency, we must have

€, = €1 = 1. (D?)

o6



Similarly, one can argue that the sign ambiguities of the pair-creations on the other two legs
of the WW W -junction

\( ) ERYI’ \( ) ED\ﬁy D)

should be fixed as
GRZGDzl, (Dg)

and thus no sign ambiguities anymore.

Gauge fixings on o0, p and 7-matrices Now we utilize gauges to further constrain
the projection matrices. Notice that the junction vector space Viyww admits the gauge
transformations

\( . gb\(7 \'/ . gf\[/’ (D.10)

where g, and gy are two 2 x 2 matrices. Combining with eq. (D.1)), we see that the o, p and
T-matrices transform accordingly as,

o— g logr, p—g,'pgr, and T — g, 'Tg;. (D.11)

First, one can use the gauges g, and gy to fix
oc=1, (D.12)

and thus the constraints turn out to be
pP=-1, =1 and 7p=—pr7. (D.13)

In addition, there is a residual gauge left under the fixing of o = 1, say letting g, = gy = R,
under which p and 7 further transform as

p— R'pR, and 7 — R 'TR. (D.14)

Using it, we can diagonalize 7-matrix, and solve the constraint (D.13)) as

10 0 o 10
o= (5 1) o= (pat) mar=x(g ). (0.15)

where ¢ is an undetermined C-number. Actually, we did not use up all gauge freedoms in
the residual gauge R. To see it, let us consider a further gauge transformation on eq. (D.15])

by the R-gauge
Ry Ru)
R = , D.16
(Rm Ros ( )

o7



while keeping the 7-matrix invariant. One then finds that
R
Ris = Ry :0, and 0o — ﬁ@ (Dl?)
R
We can use the ratio of Ry and Ra to rescale p = 1. At last, the two solutions of the
T-matrix are gauge equivalent as one can, after fixing o = 1, assign a subsequent gauge

transformation
01
ae(®) o

to interpolate 7 to —7. Therefore we finally have

o (00 e (00) o (10) D19

D.2 Solution to the projection condition

Let us first focus on the H-junctions with a single trivial external TDL I. When [ is the
first external TDL, we have the projection conditions

= 2 = /B_lp 2 Y
</ = = Bp :
(D.20)
P/ IS G |
Solving these projection conditions, we find that the F-moves should take the form
g/ 1 0 ?/
Bp~t 0 fw 0O 1670 O
‘ = D.21
</ 0 1 0 fi)\0 0 101 ?/ ’ (D-21)
0 6—1p—1

o8



where the 1’s are 2 x 2 identity matrices, and fr7, f7y are 2 X 2 matrices. One can also write

down the projection conditions in the case when I being the other external lines, and solving

them gives the following form of the F-moves

1 0

:7710 <f10b 0)(
0 1 0 fioy
0 ~7

CCRTLRRLLLR

29

1 0
a0 fsp O
1 0 1 0 fsz) \0 0

18700 0

a0 Joo O lalo
N 0 1 0 for/\0 0
0

10 O

00 1~y

00

1 ao

)

1 50)

N—

IR LKLR

(D.22)



Finally, we consider the H-junctions with all the external TDLs are W. They satisfy the
projection conditions

\</ = (r'®1) = (' ®@p) ;

(D.23)
\?/ _ 21 _ (T®0_> : 1 |
\?/ ~ (o) - (g0
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Solving these projection conditions, we find the following form for the F-moves

e
\</

e
' I®1 0
\// Tr@p 0
| 3 0 1
B 0 0
0 0
0 0

NG
g
e

1®17®0c0 0

0
0
0

0 0
0 0
0 O Fp O
1®1 0 (0 Ff)
TRp 10
0 1

(D.24)

N
\>/

N
Y

0 0
0O 1 0 0 0
0 01®1l7!'®c0 ’
0 0 O 0 1

N
Y
N

where the 1’s stand for the 2 x 2 identity matrix and F;,, Fy are 6 x 6 matrices.

Gauge fixings on F;

By far one may notice that there is one more gauge freedom left,

say the product of Ry, and Ras. Scanning the gauge transformation of the entries of various
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F-symbols, see eq. 1) we pick a specific entry of F-symbols, say }"‘YVV’;K&W;LO(I/I/, 1 )%1 Its
gauge transformation under R-matrix is given by

FURWAO gy L FRVIO W, )3 (D.25)

Therefore, we fix the last gauge freedom by requiring

Fwioa WD =1, (D.26)
In terms of eq. (D.24)), we have
Frse = Fyor  C(W, i =1. (D.27)

E Super fusion category for m = 4 fermionic minimal
model

In this subsection, we solve the super-pentagon equations for the super fusion category of
m = 4 fermionic minimal model. As discussed in [16], we focus on the super fusion category
generated by the lines W and R,

m

¢/, = <W,R> - {I, W, R, WR} , (E.1)
with the fusion rules
W2=I+W, and R*=1, (E.2)

where R and W R are g-type TDLs. One can also establish this fermionic category by lifting

the bosonic m = 4 minimal CFT to the 3d anyon theory and performing fermionic anyon con-
densation. In this context, the bosonic anyon theory has six Verlinde lines {L;, L¢, Ler, Loy Loy Lo}
corresponding to the six primaries {I, €, €, €, o, o'}, where the line L. is a transparent
fermionic anyon. After condensing L., L; and L. are identifed to L. and L. respectively,
meanwhile £, and £, go to themselves, and thus of g-type. We end up with the super
fusion category consisted of four equivalent classes

Crms = {[L1], [£), [£o], [£]} - (E-3)

m

One can check that the fusion algebra follows

(L =L+ (L, [Lo]* = (L], and [L[Lo] = [Lo], (E.4)
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i.e. eq. (E.2).

The super fusion category of fermionic m = 4 can be regarded as “tensor product” of
two (super) fusion sub-categories of ci? and CJ, as discussed in sec. admit two and four
solutions respectively. For the super pentagon equations of fermionic m = 4, there are 615
F-move entries constrained by 12850 equations. Among them, we can fix 31 gauge freedoms
and finally find exactly eight gauge inequivalent solutions. Since the F-moves of lines W
and R have been computed in sec. . We here only spell out the F-matrix of L, = /WR,

be{0,1}

iﬁ/%/

- Z ffjﬁalca/ (ﬁm Eb) ’ ’
N
%2

R

10 0 —iX
LoiLoiLy K w|0 1 —ix 0O
o o o —_— — . _1
‘FEJ/ (‘Ca? ‘Cb) \/§C<a’7 b) ( ) O 1 Z)\ O )
10 0 A
10 0 —iX
LoiLorLy K . » 10 1 —ix 0
e = — -(—1 E.
or fﬁa/ (‘Ca? ‘Cb) \/§< (CL’b) ( ) 0 1 Z)\ 0 9 ( 5)
10 0 A
where the blue line denotes L,/, the red lines stand for Lo =1 and £, = /W, and
Yol b) = (0,0), (1,0), (1,1
((a,b) = 7 for (a,)=(0,0), (1,0), (1,1) (E.6)
1, for (a,b) =(0,1)

In the F-matrix, k = =1 is the Frobenius-Schur indicator of the line £, and A = +1
corresponding to the two solutions in the universal sector of the line R. Overall there are
eight solutions.
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