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Abstract

We study Olshanski twisted Yangian based models, known as one-dimensional “soliton
non-preserving” open spin chains, by means of the algebraic Bethe ansatz. The even
case, when the underlying bulk Lie algebra is gl,,, was studied in [GMR19]. In the
present work, we focus on the odd case, when the underlying bulk Lie algebra is gl ;.
We present a more symmetric form of the trace formula for Bethe vectors. We use the
composite model approach and Y (gl,)-type recurrence relations to obtain recurrence
relations for twisted Yangian based Bethe vectors, for both even and odd cases.
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1 Introduction

Twisted Yangian based models, known as one-dimensional “soliton non-preserving” open spin
chains, were first investigated by means of the analytic Bethe ansatz techniques in [Doi00,
AA'05, AC*06a, ACT06b] and more recently in [ADK15]. The explicit form of Bethe vectors
in the even case, when the underlying bulk Lie algebra is gl,,, was obtained in [GMR19].
The latter paper uses the algebraic Bethe anstaz techniques put forward in [Rsh85, DVK87].
These techniques apply to the cases, when the R-matrix intertwining monodromy matrices of
the model can be written in a six-vertex block-form. The monodromy matrix of the model is
then also written in a block-form, in terms of matrix operators A, B, C, and D, that are matrix
analogous of the conventional creation, annihilation and diagonal operators of the six-vertex
model. The exchange relations between these matrix operators turn out to be reminiscent of
those of the six-vertex model. Such techniques have been used to study one-dimensional so,,,-
and sp,,-symmetric spin chains in [Rsh91, GP16, GR20,Reg22].

In the present paper we extend the results of [GMR19] to the odd case, when the underly-
ing bulk Lie algebra is gl,,,,;. This extension is based on the observation that defining relations
of the odd twisted Yangian are unchanged by doubling the middle row and the middle col-
umn of its generating matrix. This doubling leads to “overlapping” matrix operators A, B, C,
and D, satisfying the same exchange relations as their “standard” counterparts in the even
case. The key ingredient of this approach is the action of the “middle” entry of the generating
matrix on Bethe vectors, see Lemma 3.7. Computing this action requires knowledge of recur-
rence relations for Bethe vectors. We used the composite model techniques together with the
known Y (gl,)-type recurrence relations to obtain the wanted Y*(gl,)- and Y *(gly,,1)-type
recurrence relations.

The main results of this paper are presented in Theorem 3.8 and Propositions 4.2 and 4.4.
To the best of our knowledge, this is the first attempt to obtain recurrence relations for open
spin chain models outside rank 1 case. The success is mostly down to the fact that in our
approach Y*(gl,,)- and Y*(gl,,.;)-based models, after the first step of nesting, reduce to
Y (gl,,)-based models, allowing us to exploit the already known properties of latter models.
Lastly, in Proposition 3.11, we present a more symmetric form of the trace formula for Bethe
vectors obtained in [GMR19].

2 Definitions and preliminaries

Throughout the manuscript the middle alphabet letters i, j, k, ... will be used to denote inte-
ger numbers, letters u, v, w, ... will denote either complex numbers or formal parameters, and
letters a and b will be used to label vector spaces.

2.1 Lie algebras

Choose N = 2. Let gly denote the general linear Lie algebra and let e;; with 1 <1i,j < N be
the standard basis elements of gl satisfying

Leij»ex] = 6 ke — Sirexj- €Y)

The orthogonal Lie algebra soy and the symplectic Lie algebra spy can be regarded as subal-
gebras of gly as follows. For any 1 <i,j < N set 6;; := 6;6; with 6; := 1 in the orthogonal

case and 6; := 0;5n/2 — Oij<n/2 in the symplectic case. Introduce elements f;; := e;; — 6;;e

ijej1
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with1:=N—i+1and j:=N —j + 1. These elements satisfy the relations

fijs il = S fu — Sufij + 65(0ifia — 61 f51)5 (2)
fij+0iif5: =0, (3

which in fact are the defining relations of so, and spy. It will be convenient to denote both
algebras by gy . Write N = 2n or N = 2n+ 1. In this work we will focus on the following chain
of Lie algebras

gy Donv D gl Dl D Dgly,

where gl,,, gl,—1, ..., gly are subalgebras of gy generated by f;; with 1 < i,j < k and
k=n,n—1,...,2, respectively.

2.2 Matrix operators

For any k € N let El(Jk) € End(CK) with 1 < i,j < k denote the standard matrix units with

entries in C and let Efk) € Ck with 1 < i < k denote the standard basis vectors of C¥ so that

EPE® =5 ﬂEfk). Introduce matrix operators

K . 57 ) g 58 K. 57 p ) g 50 K . 57 ) g g8
1k . ZE ®EY,  pkb; ZE ®EY,  QkN: ZE ®E,

where 1 = k—i+ 1, 7 = k—j+ 1 and the tensor product is defined over C. We will al-
ways assume that the summation is over all admissible values, if not stated otherwise. Note
that the operator Q%K) is an idempotent operator, (Q*%))? = kQK) obtained by partially

transforming the permutation operator P with the transposition w : El(Jk) — E]g;), that is,
Q%R = (id @ w)(P*R) = (w @ id)(P*N).
Next, we introduce a matrix-valued rational function R%*) by
RER () := [RK) =1 plek), 4

It is called the Yang’s R-matrix and is a solution of the quantum Yang-Baxter equation on
ckeCrecCk:

REDw—v)REDw—2)REY (v —2) = RSP (v —2) REP (w—2)RE P (w—v) 5)

Here the subscript notation indicates the tensor spaces the matrix operators act on. We will
use such a subscript notation throughout the manuscript. We will also make use the partially
w-transposed R-matrix,

ﬁ(k,k)(u) .= k) u_lQ(k’k), 6)

satisfying a transposed version of (5):

REFw-REPr -2 R -2 =R u-2)REY v —2)RE w—v). @

2.3 Twisted Yangian Y*(gly)

We briefly recall the necessary details of the “p-shifted” twisted Yangian Y*(gly) adhering
closely to [AC*06a, GMR19] (see also [01s92]); here the upper (resp. lower) sign in + cor-
responds to the orthogonal (resp. symplectic) case. For the purposes of the Bethe anstaz, we
will give a non-standard presentation of Y *(gly) in the case when N = 2n + 1.

Set fi := n when N = 2n and fi :=n+ 1 when N = 2n+ 1. Introduce symbols s;;[ ] with
1<1i,j <N andr =1, and combine them into generating series s;;(u) := J;; +Zr21 sijlr]u™

3
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where u is a formal variable. Then combine these series into a generating matrix by doubling
the middle column and the middle row when N =2n+1 (i.e. when i=n+1):

. . i i<n
SC() = E@V @5 iy oy(1) where a(i)= - 8
( ) Z ij a(l),a(])( ) ( ) itn—f i>nh (8)
The defining relations of Y*(gly) are then given by the reflection equation
_ S(Zn)( )R(Zn 2n)( ll) S(Zn)( )R(Zn Zn)( _ V) (9)
and the symmetry relation
. ) S@A)(,) — @A)
5 () = g@i () S W ZSTH@ (10)

u—i
Here ii := —u—p, ¥ := —v— p with p € C and §@ := G(REV), R2%2D .= (id @ &)(RE™2M)
with @ : El.(jzn) — 0; jE]g?n). It is a direct computation to verify that the doubling in the i =n+1
case has not introduced any additional relations.

2.4 Block decomposition

We write the matrix S™(u) in the block form:

f AMwW) BN (w)
s )(u)z(cm)(’;) @) (’:)), (11)

This allows us to rewrite the defining relations of Y *(gy ) in terms of these blocks. The relations
that we will need are [GMR19]:

AP BDw) =R%D w—v) BD @) REP (5 —w) AP (v)
N PADBM () REM (5 — u)A(bﬁ)(u) BP(v)QMpM(w)

, 12)
u—v u—y
R —v) B () R (5 — 1) BV (1)
= BN RED G — ) W) RED -, (13)

Rflﬁl;ﬁ)(u — V)Aglﬁ)(u)A(bﬁ)(V) _A(ﬁ)(v)A(ﬁ)(u) R(ﬁ,ﬁ)(u _ )
Riﬁl;ﬁ)(u V)B(“)(u) Q(n ) C(n)(v) B(n)( )Q(n ) C(ﬁ)(u)RS”lb,ﬁ)(u —v)

u—v

C(")(u)A(n)(v) A(n)(v)R(n n)(v —u) Cc(lﬁ)(u) Rflﬁ’ﬁ)(u —v)
N PR AD () RED (5 —u) cg”)(v) DM w) QMM ()

(15)
u—v u—7v
where a and b label two distinct copies of C"'. The symmetry relation implies that
. R A® () — AW (5
DO (—u—p)=AM(w) + (W) - (u), (16)
u—1i
. . By = B®(i
LBy — p) = B(y) £ B = BT@ 17)
u—i
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3 Bethe ansatz

3.1 Quantum space

We study spin chains with the full quantum space given by
LM :=1(AM) e - L(AD) e M(W) (18)

where £ € N is the length of the chain, LMy, ..., L(A®) and M () are finite-dimensional
irreducible highest-weight representations of gly and gy, respectively, and the N-tuples A0,
..., MY and p are their highest weights. We will say that L™ is a level-n quantum space.

The space L™ can be equipped with a structure of a left Y*(gy)-module as follows. Intro-
duce Lax operators

L0 = 3 BTV ® (5 —ule), (19
i,j
M(Zﬁ)(u) = Z Ei(jZﬁ) ® (51‘]‘ — u_lfo(j)a(i))- (20)
L,J

Choose an {-tuple ¢ = (¢y,...,¢;) of distinct complex parameters. Then for any & € L( the
action of Y*(gly) is given by

sw) £ =] [£8Pw—c) MED (w+(px1)/2) [ [ @-c)-& @D

where the subscript a labels the matrix space of S?® and subscripts i and £+1 label the individ-
ual tensorands of L(™. This Y*(gly)-module is called the evaluation representation. Moreover,
since L™ is finite-dimensional, the formal variable u can be evaluated to any complex number,
not equal to any c;, ¢;, and —(p £1)/2.

Let 1y and 1, denote highest-weight vectors of L(AD) and M (w), respectively. Set

nN=Lwne® -8lnel,. (22)

Then s;;(u) - n =0if i > j and s;;(u) - n = w;(u) n where

(23)

ut(pr1)/2—pppu=G—A d—¢—27
pia) := [ : :

u+(px1)/2 u—c; i—c;

j<t
Note that uy_;+; =—u; and us =0 whenfi=n+1.

An important property of the evaluation representation is that the subspace (L()° c L,
annihilated by s;;(u) with i > n, j < fi and i > j, is isomorphic to an (£ +1)-fold tensor product
of irreducible gl,, representations. Its subspace (LMY ¢ (L(M)0 annihilated by spi(u) with
i < n, is isomorphic to an (£ + 1)-fold tensor product of irreducible gl,_; representations. This
can be continued to give the following chain of (sub)spaces

L0 5 (LMY 5 (LMYl 5 ... 5 Myt

where (L), (LMY . (LM)"1 are isomorphic to (£+1)-fold tensor products of irreducible
al,, gl,_1, ..., gl, representations, respectively. We will say that (L) is a level-k vacuum
subspace.
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3.2 Nested quantum spaces

Choose an n-tuple m := (my, ..., m,) of non-negative integers, the excitation (magnon) num-
bers. For each m; assign an my-tuple u® := (u(lk), cees ugfk)) of complex parameters (off-shell

Bethe roots) and an my-tuple a* := (a'l‘, ey aT’;k) of labels, except that for m, we assign two
m,-tuples of labels, a := (a;,...,ad,, ) and @ := (dy, .. .,d,, ). We will often use the following
shorthand notation:

ukD = (@w®, u®), (24)

We will assume that u®-D is an empty tuple if k > [ so that, for instance,
f(u(l'“k); u(k...l)) — f(u(l...k))

for any function or operator f when k > [. Finally, for any tuples u and v of complex param-
eters we set

—viE1
fEw,vy) = %, fEu,v):= l_[ fEw,vy). (25)

i Jj u;€u, v;€v

Let Va(f ) denote a copy of CK labelled by “af.‘” and let ng) be given by

wh.=yWg...gv®,
a al a

Mk
() 1,(A) () 14,(R) : :
Let V., V. and W, ™, W, be defined analogously. We define a level-(n—1) quantum space by
(n-1) . yw® () (n)y0
L =W, oW, ®(L")". (26)
When fi = n + 1, we additionally introduce vector spaces

@y @y () QRO ()
W, =v Ve eV, W=y e e v

n

where Va(iﬁ)/ = spanC{EJ(.ﬁ) :2<j<hAlcC Va(l-ﬁ) and Vd(iﬁ)/ = spanC{Egﬁ)} C Va(iﬁ)~ We then define
a reduced level-(n — 1) quantum space by

L = W e Wit @ (L) c LD, (27)
Next, we define a level-(n—2) quantum space by
L2 = Wi g (L D)° (28)
where (L("1)0 s the level-(n—1) vacuum subspace given by
W e (WP e (LMY c LD,
Here (Wéﬁ))o C Wéﬁ) and (Wéﬁ))o C Wii(ﬁ) are 1-dimensional subspaces spanned by vectors

E%ﬁ) ®: - ®E§ﬁ) and Egﬁ) ®: - ®E§ﬁ), respectively. When fi = n+ 1, note that (L*D)0 ¢ L(1)',
Finally, for each 1 < k < n— 3 we define a level-k quantum space by

L0 = wiD @ (LKD) (29)
where (L*+1)0 is a level-(k+1) vacuum subspace given by
(k+1)0 . _ (k+2)Y0 o ... (n—=1)y0 (7)y0 (M40 (n)yn—k (k+1)
(L ) ._(Wa Ve ---e(W yYew, )Y e (W, ) ®(L™)"" CL

k+2 an—1

and (Wé,’f:;z))o C W(E,lffzz) is the 1-dimensional subspace spanned by vector EYHZ) ®--- ®E§k+2).

6
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3.3 Monodromy matrices

We will say that the matrix $@"(u), acting on the space L™ via (21), is a level-n monodromy
matrix. In this setting, we will treat u as a non-zero complex number. We define a level-(n—1)
nested monodromy matrix, acting in the space L™V, by

T (v;u™) = l_[R(" D™ —v) ]_[ RED(@E™ —v) AD (). (30)

i<m, i<m,

When #i = n+ 1, we introduced a reduced level-(n — 1) nested monodromy matrix, acting in the
space L1 by

T (v;u®) o= | [ R @™ —v) [AD ()] 31)

i<m,

where R(n " is the restriction of R(n " to V(")/ e v c V(n) ® V(M and the notation [ ]™
denotes the restriction to the upper- left (n x n) d1mens1ona1 submamx this notation will be
used throughout the manuscript. Then, for each 2 < k < n— 1, we recursively define a level-
(k—1) nested monodromy matrix, acting in the space L), by

T(k)(v u k- n)) — l_[ R(k k)(u(k) )|:T§k+1)(v;u(k+1...n))](k) (32)

i<my

where Tékﬂ) should be Ték”)’ whenk+1=A=n+1.

Lemma 3.1. For each 2 < k < n, the space L9 is stable under the action of Ték)(v; u®-1) and

ngb,k)(v _ W) Tcgk)(v; u(k...n)) Tlgk)(w; u(k...n))
— T[Ek)(w; u(k...n)) Ték)(v; u(k...n))REIkb,k)(v _ W) (33)
in this space. Moreover, when k+1 = i = n+ 1, this is also true for the subspace L™V ¢ 1("=1)
and [Té”)(v; u(”))](”). In particular, [Té")(v; u("))](”) = Té")’(v; u™) in the space L1V

Proof. The first part is a standard result; it follows from (14), construction of quantum spaces,
and application of the transposed quantum Yang-Baxter equation (7). We thus focus on prov-
ing that L™ is stable under the action of [Té”)(v ; u(”))](") when i = n+ 1. Observe that

[ (nn)(")]kz ;(n) o E (n) v, 1+1,] r(ln)k+1

where [ ];; denotes restriction to the kl-th matrix element of ﬁ(br;’") in the a-space; this notation

will be used throughout the manuscript. Therefore, for any 1 < k,l < n and any n € Wéﬁ)/,
Lew Y, e (M), of (27),

[T®(v; u(”))] NO®LBE

=2, [ [ R e~ v] n@[ [ 1R @ - v)] L@ (v)-€
p,r i<m, i<m, pr

—

=2 [ [ R - v)} LI INOR
< kp

ps<n Li<m,

since sy (v) - £ =0. But

[ [ TR W~ v)} ¢ W,
kp

i<m,
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181 only if the product includes [ﬁgj&")(ugn) —v)]

with r < n but then it must also include

ar

182 [ﬁg?;lﬁ)(uf.") —v)],, which acts by zero on 7. Thus

RG] =] [TR W) new
kp kp

i<m, i<m,

183 and so
[TW;u)]™ . ne et =T (v;uM) . ne st

184 It remains to prove (33) for Téﬁ)’ (v;u™) in the space L™ which follows by the standard
185 arguments. O

186 Remark 3.2. Lemma 3.1 together with (30), (31) say that Y*(gly,)- and Y*(gly,,)-based
157 models, after the first step of nesting, are equivalent to Y (gl,)-based models with off-shell
18 Bethe roots given by v(1-"72) .= y(1-1=2) gpd vy = (u™ 7™) in the even case, and
189 v(™ :=u™ in the odd case. This property will be explored in Section 4.

190 3.4 Creation operators

101 We define level-n creation operator by

- - RAM (M (M)
(Mg (MY .= (n) ¢, aa Y
A= l_[(ﬁ"’fdf(u" == u(n)))ﬁﬁn) &9
i U

i<m, isi (f~(@

192 where

650 @)= D EDY @ EY o [BUW@M]; ., € (Ve ) @ (V") ®End(L™). (35)

kl<h

103 The R-matrices in (34) are necessary for the wanted order of the R-matrices in (30), which in
194 turn is necessary for Lemma 3.1 to hold. The denominator is an overall normalisation factor.
195 From (34) it is clear that %(”)(u(”)) satisfies the recurrence relation
_ p() f .
BO@™) =6 () B NG R O\l (36)

a

196 Where o
~ R®M (ﬂf")—uggr?)

%(ﬁ)(u(n);u(n)\u(n)) — l—[ Q;dpm, ) (37)
" ", @, ug )
197 Next, for each 1 < k < n— 1 we define level-k creation operator by
K)o (k
%(k)(u(k); u(k+1...n)) = l_[ ﬁik)(uf )’ u(k+1...n)) (38)
iSmk !
198 where
k) (k). (k+1n)y . k k k), (k+1... k k
6000 u ey = S (EOY o [TH V0 ] € () @ End(L0),

j<k
(39)
190 Note that Té”)(ul(.n_l); u(™) should be replaced with T (ugn_l); u™)whenAi=n+1.
200 Parameters of creation operators may be permuted using the following standard result,
201 which follows from (13); see Lemma 3.6 of [GMR19].



202

203

204

205

207

208

209

210

211

212

213

214

215

216

217

218

219

SciPost Physics Submission

Lemma 3.3. The level-n creation operator satisfies

B0 ™) = B0, YR, @ — )R, @, ), 40)

ie—i+17" a4 H—l 1+1

For each 1 < k < n—1 the level-k creation operator satisfies

k k,k k k
%(k)(u(k); u(k+1.,.n)) _ (k)(ul(<—)>l+1’ (k+1.. n))RiHl)l ( ( ) E+)1 (41)
Here the “check” R-matrices are defined by
k,k u k,k) 5 (k,k
RGO = — PRPREP W) (42)
and u® . denotes the tuple u™ with &) qnd (k) h d.
Jeribl ple u™’ with parameters u; * and u;., interchange

Introduce the following notation for a symmetrised combination of functions or operators

FOY =0+

and a rational function .
p(v):=1+ ——. (43)
y—7

The Lemma below rephrases the results obtained in [GMR19].
Lemma 3.4. The AB exchange relation for the level-n creation operator (34) is
{PMAPM} BV (™)
= BM (W) {p(v) TH (v; u™)}
1

v
N p(v) ﬁ‘(.ln) . ) 93’(n)(u(n)\ul('n)) @L(ﬁ)(ugn); u(n)\ugn))
7 ) (ufM =y St

aa1 aal

% Re? { (w) T(n)(w u(n)) l_[R(n ) (u(n) (n))R(n ) (u(n) (n)) (44)
wou™

j>i
() . _ n) ._
where u' )\ui = (U, .-, Uj1,Ujgy, - -5 Uy ) and ugi) = (U, U1, U1, e o5 Uy, U)-

Proof. From [GMR19], the relation (12), as well as (10), lead to the following exchange rela-
tion with a single creation operator

{pMAD} 60 @) =60 @) {pOr) TOv;ui™)}

1 A
— (i gv) 6{ (v)p Res {pw) T®(w;u™)}" (45)
P(u ) —v W—>ul(”)

where T(V(v; u(")) = a(u(") v)R (u(") v)A®(v). We extend this to the creation operator
for m,, excitations by the standard argument Indeed, the right hand side of the equation
consists of terms with A(”)(u) as the rightmost operator, for u equal to each of v, u(") cee, uET’I?
and the corresponding tilded elements. Due to the w — W symmetry of {p(w)Ag")(w)}W in
(45), it is sufficient to find those terms corresponding to v, u( n. u(”)

First, we find the term corresponding to v to be %(”)(u(”)) {r(v) T(”)(v u™)}V. The re-
quired order of R-matrices inside TCE”)(V, u™) is a result of Yang-Baxter moves through the
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220 R-matrices inside B (u™). Using factorisation (36) we find the term corresponding to ugf)
221 to be

v
1 (V)
o (n)){ 51) ﬁc(_lm) i (V)} %(n)(u(n)\ugl?)
u Uy, —V noon

x%(”)(u(”) (n)\u(n)) Res {p(w) T(”)(W u("))}

w—>umn

222 This is because, after applying (45) to the leftmost creation operator ﬁc(.l“) 4 (ufg)), there can

223 be no further contributions from the parameter-swapped term in the subsequent applications
224 of (45).
225 To find the remaining terms, we note that Lemma 3.3 allows us to apply any permutation to
226 the spectral parameters of the level-n creation operator before applying the above argument.
227 By applying the permutation o; : (1,...,i—1,i,i+1,...,m,) — (1...,i—1,i+1,...,m,,1),
228 Wwe obtain the term corresponding to u(n). O
220 The Lemma below follows from Lemma 3.1 and is a standard result, see e.g. [BRO8].
230 Lemma 3.5. The AB exchange relation for the level-k creation operator (38) is
[T(k+1)(V' u(k+1...n)):|(k) %(k)(u(k). u(7<+1A..n))
a J 3
—_ &)y, (k). (k+1..n)y (K (4, 4,(k...N)
=B u ) TR (v ut )

1
+Z (k) - (k) (V uk+1 n)g&(k)(u(k)\u(k) (k+1.. n))

* Res T(k)(w ulf ”))l_[R(k N @ —u®). (46)
1

l _]>l ] }
231 Moreover,
(k+1) (.., (k+1...n)
[Ta (V’ u )]k+1,k+1

— %(k)(u(k); u(kH“'"))f_(v; u(k)) [T£k+1)(v; u(k+1...n))]

BR (g (O, 3y (k+1..1))

k+1,k+1

+Z (k) vﬁ(k) (v; uk+1 n)%(k)(u(k)\u(k) (k+1.. n))

v Res f (w; u(k))[T(k+1)(W u k1. n))]k+1 - l_[R(kk) (u(k) (k)) 47)
-

w—>u1 j>i

222 3.5 Bethe vectors
233 Recall (22) and define a nested vacuum vector by

mi= (B @ (BT V)P @ (BSY)P o (Bf) "™ @ . (48)
23s For each 1 < k < n we define a level-k (off-shell) Bethe vector with (off-shell) Bethe roots
235 u® and free parameters u*+1-" by

\Il(u(l'"k) | u(k+1...n)) — l_[ %(i)(u(i); u(i+1...n)) X nm. (49)
i<k

236 We will say that vector n™ is the reference vector of this Bethe vector.
237 The Lemma below follows by a repeated application of Lemma 3.3.
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Lemma 3.6. Bethe vector ¥(u+%) | u*k+1-1)) is invariant under interchange of any two of its
EZ) and ug.l), for all admissible i, j, and L.

The last technical result that we will need is the action of s;4(v) on a Bethe vector, when
A =n+ 1. It is motivated by the following relation in Y *(gly,,1)(ut,v™1) for 1 < k < n:

Bethe roots, u

_ _ p(v) Y
511 V)5t (@) = 00 £ 0, D1 @10 = { 22 5130} s,
We postpone the proof of the Lemma below to Section 4.3.
Lemma 3.7. Whenn=n+1,
$3a() D) = £ (v, u®) £+, @80 pa (v) W)
v
1 .
+ { g, (v)} B \u) RO, u\uf)
(n) (n) Ay Amp L L .
i P(ui ) u, " —v
x Res F(mu®™) S (w, @) py(w) ¥ D@ Dul). 50)
W—)an !
3.6 Transfer matrix and Bethe equations
We define the transfer matrix by
T(v) i=try MPVSCO () = tr, [MED D {p(1) AN ()} (51)

where MGD = Zisﬁ a; g (El.(iZﬁ) + ET(TZﬁ)) is a twist matrix; here ¢; € C* and a; = 1 except

a; =1/2 when i = n+ 1. The latter accounts the doubling of s;;(v) in Sc(lzﬁ)(v).

Theorem 3.8. The Bethe vector ¥(ul™) is an eigenvector of (v) with the eigenvalue

Aw;u®) =" g e P Tv; u-M)} (52)

k<h

where p(v) is given by (43) and

L(v;um) = = (v, u® D) Fr v, u®) p (v) fork < (53)
and
Frou ) Freu™) v, aM)u,(v) ifi=n
Fﬁ(v;u(l“'”)) = (54)
fF,u®™) v, a™) g () ifi=n+1

provided Re(sk) A(;u™™) = 0 for all admissible k and j; these equations are called Bethe

vVou.
J

equations.

Proof. When #i = n, this is a restatement of Theorems 4.3 and 4.4 in [GMR19]. When /i = n+1,
using Lemmas 3.1-3.7 and the fact that ¥(""D (g 1-m=D; M) e (=1 we find

’L'(V) \I,(u(l...n)) — %(n)(u(n)) T/(V; u(n))q}(u(l...n—l); u(n))

v
1
' { TR w} HOu )
(n) (n) Amp Amyy t
i p(ui ) u, " —v
T R(bh) () () o Y gy (1), (1)
X l_[ Rajdmn (@ uai(j))wlii?n) 7' (w; Uy )¥(u Uy ) (55)
j<my, i

11
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255 Wwhere

T (v;u™) = {p(n) trg IMP TP T (w;u ™)} + £ 70, ™) £+, @) 4 50(0)

256 The operator s;,(v) acts by a scalar multiplication with u;(v) in the space L""D. Requiring
27 7/(v;u™) to act by a scalar multiplication on ¥(u*"~D; u(™) and repating the sames steps

258 as in the 1 = n case, via Lemma 3.5, lead to the wanted result. O
250 Remark 3.9. Let (q; ])“ denote Cartan matrix of type A,. Let (b;;); fic1 denote a zero matrix
260 when fi=n+1 and let bnn 2, by_1,n =bp 1 =—1, and b;; = 0 otherwise, when fi = n. Set

k)., _

261 mg:=0 and Z; u; E(k — p). Then Bethe equations can be written as, for k < n,

k l k l k
ﬁ M zJ(. )—zf)+%akl ()+z()+n+%bkl €ri1 ukﬂ(u(. ) 56)
k 1 K 1 = ' K
1=k-1i=1 Z( ) ()_%akl ( )+Z()+n_lbkl €k g (u( '8
](n) 2(n-l—l) l_[ lﬂ[z(”) (l)+ 7an ﬁ lﬁ[z(n)+zm+n+ 5bn _ e ,un(u(”))
1 1
(n) ( _1)1 n—1i=12% (n) i() % anl 1=p—1 i= 1Z(n) () n_%bnl €n .u'n(u(n))
(57)
262 3.7 Trace formula
263 Set
SM(w) —ZE(N)®sij(u).
264 Define the “master” creation operator
1
)= ] ] [
K (k k) ~(k
ken j<i £, ) ul) Goi (F (9, @)
Xtr[ l_[ NN)(u(k) (_1))
Ui,
N), (k NN, ~(k l
Xl_[( SOy [T RVEw - ()))
(k1) “ (k,0)>~(1,j) lJ
X (B}, )" @ ® (E(N))@’ml] (58)

265 where (k,i) > (I,j) means that k > [ or k = [ and i > j, and the products over tuples are
266 defined in terms of the following rule

[1=1111
(k,i)  k<n i<my

267 In other words, these products are ordered in the reversed lexicographical order. The trace is
268 taken over all alz‘ spaces, including a?, which are associated with level-n excitations. Note that
260 (k,1) is fixed in the third product inside the trace. Diagrammatically, the operator inside the

270 trace is of the form

271 where X =R a z(u(k) (-l)), xX = ﬁakal.(ﬁl('k) —ugl)), and v = Sak(ugk)).
i“j i
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Example 3.10.

1 1
513(11(3 ))Szz(u(l ))
u(11) _ﬁg) >

By M) =s1,@), By, ul?) =51, s w(P) +

2 1 1 ~(2 2 1
524Ul 55y . @) —a® 4+ 1)515 @) 55w
1) ~(2) (1) ()., (1) _ ~(2) ?
Uy " —uy (U’ —uy )y " — )

By, u?) = 555?51, wP) +

2 1 2 1
@ @) €] 513522 (") sas(ui)san(ul”)
%5(U1 s Uy )—523(11 )512( )+ o @ 0 ~@
U "~y U~
2 1
514?53

+ .
(@l —uf) @l - i)
Proposition 3.11. The level-n Bethe vector (49) can be written as
\I_,(u(l..n)) — %N(u(l...n)) .. (59)

Proof. First, notice that R-matrices Rif;]:)(ul(.k) —uﬁ.k)) in (58) evaluate to f +(u§.k) —ugk)) under
the trace. This cancels the first overall factor in (58). The second overall factor is the choice of
normalisation in (34). Next, let Va(N ) and Vb(N) denote copies of CV. Then, for any { € (LYo
and El.(N) ® E](N) S Va(N) ® Vb(N) with 1 <i,j <n, we have

QN EM @ EM — 0

and
Q(NN)S(N)(V) E(N) E(N)®C ZQ(NN) E(N) E§N)®ski(v)§’=0.

Thus }AIEIIZQI;” (ﬁgk) — ug.l)) with 1 < k,l < n act as identity operators in (59). This gives an
i9

expression analogous (up to Yang-Baxter moves) to that in Proposition 4.7 of [GMR19]. The
N = 2n case then follows from that proposition. The N = 2n+1 case is proven analogously. [J

4 Recurrence relations

4.1 Notation

Given any tuple u of complex parameters, let (u;, uy) - u be a partition of this tuple and let
up g :=uy Uuy = u. Assume that 1 <k < [ul and set

Dlf@)= > f\(w .. 1))

uy|=k i <lp<--<ig

for any function or operator f. We will use a natural generalisation of this notation for any par-
tition of u. For instance, for (uy, uy, uyy) F u, upy = uyUuyy, uy gy = up Uy, Uy g = uyg Uiy,
and u;y; ;;; = u. We will assume that the union of all components (of a partition) in a product
of functions or operators always equals u. For instance, f (uy;) g(u;) will mean that uy = @
and u; Uuy =u.

We extend the notation above to partitions of tuples u(’™ in a natural way. For in-

stance, f(um))g(ul1 “M)Y will mean that u1(111) =..= ul(g_l) = ul(ll) I ul(ln) = () and
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(n) (1..n)
Uy Uy

|qu 2)| = (k, 1) will mean that |u1(11)| =k and |u12)| =[, so that

2 = 2

luf P =) luf? =k uf? =t

= u(~M, We will write uI(Ill)II = ul(Il) u u1(111) and u(1 2= uI(Il) U uI(I2 ). The notation

We will also use the following specific level-n notation:

uyy = (‘n)’ = N(n), u = u(”)\ug'n)

foralll1 <j<m,.

4.2 Recurrence relations

We will combine the composite model method with the known Y (gl,,)-type recurrence relations
to obtain recurrence relations for Y *(gy)-based Bethe vectors. The composite model method
was introduced in [IK84]. For a pedagogical review, see [Sla20]. Recurrence relations for
Y (gl,)-based Bethe vectors were obtained in [HL"18a]. We will need the following statement
which follows directly from those in [HL"18a].

Proposition 4.1. Consider a Y (gl,,)-based Bethe vector (v~ |y (M) in the quantum space
) (
Va(,: ® - ® Valn) ® L(A)
with Va(_”) & C", a finite-dimensional irreducible Y (gl,)-module L(A), Bethe roots v~V and
inhomogeneities v("™ associated with spaces Vlffl). An expansion of ®(v("D | v(M) in the space
Va(“) is given by

Ag(p D, y ) .
(P(V(l"'n_l) |v(n)) _ Z Z l_[ = = Ei(n) ® ‘I’(VI( ..n—1) |vI(n)) (60)

i<n |V1(1r)|:1 i<k<n Vi i

i<r<n
where A (2; vy = (g, v k1) FH (g, () Ar(2), v©® =@ and v(n) = v(”).

Applying (60) twice gives an expansion of <I>(v(1 =1 | y(M) in the space V(") ev®

amn 1.

<i<
1<i nlvl(lr,1)11| (20)1<k<n

i<r<n

(k—1), (1 .n— 1))

EDMDHD I B S Ve R

I<i<jsn), I(Irl)l 1|u(5)| 1i<k<j Ym  ~Vm
i<r<n j<s<n

Ak(v(k D, (1"'"_1))Ak(v1(1'; 1), vI(}I — 1))

X
l_[ L) _ (k))( (k=1)

(k)
Vi~ Vi)

j<k<n 1
+(u(1 1)’ (1)) 1
e Vi EMe E(n) . E(n) E™ ) @ o D(y =11,y (1)
(-1 () G- _ ()
Vaor T~ Vm Vi i
where vl(l'}) = v(") v(") = vr(nn )_1 and

Kul|v):=

[],;w—v+1) (( 1 62)

l_[l<]( —Uu; )(V Vi) C},e]t u; — Vj)(ui — Vj + 1))

is the domain wall boundary partition function.

14
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310 Proposition 4.2. Y*(gl,,)-based Bethe vectors satisfy the recurrence relation

k—1 1. k—1 k 1.
e =3 3 [T a0 K@i 1) sian o () w@")

<i<
1<i<n |u1(1r,I)II|:(2’0) i<k<n

i<r<n

(k—1). . .(1...n)
Te(upy, up ) G-1). . (1..n)
+ Z Z Z l_[ =N il up )

1<i<j<n |u1(1r1)|:1 |u1(ls)|:1 i<k<j U — Uy
i<r<n j<s<n

k=1). (1. k—1). (1.
Fk(u( ) ( ”))Fk(ul(n )uI(II n))

(1) (0, (D) 0
( )( IH III)

< |1

j<k<n

1 ()
f—+(u1J i) 1 1.
x ( G- _ () Si,2n—j+1(u1(ﬁ)) + G-1) 0 5j,2n—i+1(u1(1r;)) \I’(ul( n))

U i Upp ~— Uy
(63)
s where ul(ﬁ) uE"), I(In) = ﬂg") and ul(n) = u(")\ugn) with 1 < j < m,, and Fn(ul(ﬁ b, 1(11 )y

312 denotes f+(u1(ﬁ D T (n)y T, (u 1(1? D, g (dmy,

a13  Example 4.3. When n = 2, the recurrence relation (63) gives

(2 (1,2 1 1,2 1 2 2 1,2
V(D) =5, () W)+ >0 L u) K [ufh) sawd) vw?)
=2

+0,,1) (2)
. a2 (g ug) g 1 2) (1,2)
+ Z F2(u11 :ul )( u(l)—u(z) 13( 111 )+ (1)_ () 524(“111) \Ij(ul )
=1 II 111 1 II
(64)

314 Proof of Proposition 4.2. By Lemma 3.6, it is sufficient to consider the j = m, case. Recall
315 (36), (49) and consider vector

gl(ﬁ)(ugllz; u(n)\ugrrllg)\P(n—l)(u(l...n—l) | u(n)) ) (65)

316 With the help of Yang-Baxter equation we can move the operator Qi(ﬁ)(ug’:); u(")\ug})) all way
317 to the nested vacuum vector n™. As a result of this, the level-n nested monodromy matrix
318 (30) factorises as

=(f1,h) =(A,A) ¢~ A
Ramna(ufﬁj —v)R dm"a(ug;j =) TP u\u(Y). (66)

319 Since E’R(ﬁ)(u(”)' (”)\u(”)) n™ =n™ when fi = n, we may view vector (65) as a Y (gl,,)-based
320 Bethe vector with monodromy matrix (66) and apply expansion (61) in the space V(n) Va(n)

321 Recall (53), (54) and act with 6((.1") a (ug))%(")(u(”)\ug)) on the resulting expression. This
322 gives the wanted result. o O
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323 Proposition 4.4. Y *(gl,,,.1)-based Bethe vectors satisfy the recurrence relation

Fk(u(k_l)' u(ln)) ) (1..n)

111 !

v = >0 >0 [ —as—w sualun) ")
1<isn | 0 _yicksn U Uy

i<r<n
k=1). (1. 1.
N Z Z l_[ Fk(u( ), ( n))'Fﬁ(ul(In); u)
4 , LD, NORG)
lsi<n g i<k<n 1 Uy 11 11
i<r<n

(n 1) _ (n)_’_1 ; .
11

x( (n-1) _ () st () + S s (g ))‘If(uI ™)
Uy U

DD D I [} Bt et D i P

1<i<n |uI(Ir,%II|=(2’0) |uI(In)|=1 i<k<n
i<r<n

(n), (1...n))

Fﬁ(un >

(1...
l 2A— 1(”11,;)) \I’( n))

I (D (1) oD
m U j=1). ,(1.n
HDIEDIED I | B = e il (C TR
1<i<j<n 02y Oz i<k<j U " T Ui
i<r<n j<s<n

(k— 1) (1...n))1—.( (k—=1), (1. n))

Tje(uyy Uy Uy
(k—1). .. (1...n) (n). . (1..n)
x l_[ “T( ; V(i us ™)
k-1 k—1 ILIT > 1 Al s Uy
j<k<n (u( ) UH))(HI(H ) uIII))
G- . ()
(T N———
ot G- _. O G- () )Si2a—ittm
2y Uy — U 2}/ U~ — Uy
6] 1) ()
+(/51 [y s uy”) (/3 +ﬂ2) 1 ) o -(u )]
WU _ O 0 G- _ ) $j,2a—i\Uypy
2r U~ — U 2r Uy Uy
324 where
(n— 1) ~(n)

_ —1 1
F @ ul ™) ™, al)

Bo=
(n 1) ~(H) (ﬂ 1) _ (n) (Tl) ~(n)
(u; )y, up )y — i)

(n D_,m u Y _
Uy il ( (n—-1) ~(n)+1+ Uy Uy )

B = ul(ﬁ 1 I(In) up — U (n 1) ul(ln) (68)
By = £+l u) “{1:3—“12 N (u(n 1)—“1?25;‘1(3 1()“) ﬂl(ﬁl)Hl’
Uy —Up Uy U
= (a7 = )y = oty g et — ).
325 and uI(IrIL) = Sn), uI(I") u§ and ul(n) = u(")\ugn) with1<j<m,.
326 Example 4.5. When n = 1, the recurrence relation (67) gives
L (u(l), (1))
V) = s e+ ST TG WD), (69)

=1 Uy — gy
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327 When n = 2, the recurrence relation (67) gives

ny(ul; ul™?)

2 1,2 L2
(u?) = 523(1‘1(11))‘1’(”1( )+ Z W 13(um))\1'( )
D=1 Uy " — Uy

(2). (2)
T3 (uy s ) @) (1)

(2) ~(2) 24(u[[[) (uI )
=1 U T Hm

1 1,2 2 1,2
Ly )
(2) _ =(2)

luf?=(1,1) i
1 (2)
fruy ug) (2) 1 2) (1,2)
X ( m_, @ s1a(ttr) + D@ 525(“111 ) [¥(u; )
Uy — Uy Uy — Uy
1), (1 2) 2). (1 2)
L(uy s (w5 u™) D, (@ 2 1,2
Z (2) - (2) K( ( ) | uI([ [)H) slS(uI(H)) \Ij(ul( ’ )) N (70)
juf?1=(2,1) H
328 The Lemma below will assist us in proving Proposition 4.4.

320 Lemma 4.6. Let \I/j(u(l“'”)) denote a Y (gly,,1)-based Bethe vector with the reference vector
_ (™
330 = (Ep, )a n™. Then

(m (1.0,
1 FA(u' U \u )
RSO TRk =y o CUUTIO B
1<igj U j i +1 l_[k>jf+(uk > )
331 Proof. Recall (34) and consider vector
l_[REZ:)( ~(n) (n)) lIjgn—l)(ul...n—l | u(n)) ) (72)

j>1

332 With the help of Yang-Baxter equation we can move the product of R-matrices all way to the
333 reference vector n7'. As a result of this, the level-n nested monodromy matrix (30) takes the
334 form

]_[ RED@® - [ [REP @™ - R @ —nREP @ —na®w).  (73)

i>1 i>1

335 In the space L1 it is equivalent to Té”)’ (v; u(”)\u(ln)). Next, recall (48) and note that

[ [RED@ —uf™y-mp = £l a\a™) . (74)

j>1
336 Hence, vector (72) can be expanded in the space Vélﬁ) ® Va(lﬁ) as
f+(u(1n), ﬂ(n)\ﬂ(ln)) . Egﬁ) ® Egﬁ) ® \Ijin—l)(ul...n—l | u(n)\u(ln)) ) (75)

337 From (35) note that 66(.31(1/) . Egﬁ) ® E&ﬁ) = s, (v). Defining relations of Y *(gl,,,.1) imply that

Sﬁﬁ(u(ln)) l_[ %(i)(u(i); u(i+1...n)\u(1n)) — l_[ %(i)(u(i); u(i+1...n)\u(1n))Sﬁﬁ(u(ln)) +UWT
i<n i<n
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where UWT denotes “unwanted” terms, all of which act by 0 on n7". We have thus shown
that

\Pl(u(l..,n)) — %(n)(u(n)\u(ln)) ﬁ(n) ( (n)) l_[R(n n)(~(n) (n)) \Ifgn_l)(lll"'n_l; u(n))

a1d;
j>1

= pa() £ @, a\G ) et mu(Y). (76)

This gives the j =1 case of the claim. Then, using Yang-Baxter equation, Lemma 3.3, and the
identity

+ (n) MORY GO (n) R (n) u™
77]+1 f (u ]+1) aj414; ( ]+1 ) djy1d; ( ]+1) n] (n) (n) nj
1T
we find
1
+1(u(1 n)) _f+(u(n) 51)1)‘1/ (u(%n;.n) (n) )+ m \Dj(u(l...n)). (77)
Ui J
A simple induction on j together with Lemma 3.6 gives the wanted result. O

Proof of Proposition 4.4. The main idea of the proof is similar to that of the proof of Proposition
4.2. However, there will be additional steps because in the i = n + 1 case (recall (65), (49)
and (48))

A [Tjckam, £, a)
ROWD, uM\u)- g™ ="+ Y udl)_ﬁ(n) Pogon™. (78)

N J

j<my j
Thus, moving operator Qi(ﬁ)(ugg; u(”)\ugl?) in (65) all way to the reference vector n™ results
in the expression

' +(u(n) ~(n))
2 (n—1) . (1..n=1) |, (n) nl<k<m f k > "my, NG
Wy, (u |u™™) + Z O Vo2

j<m, ] m

(- D™y (79

where \i!k’l and \i!kl .j denote Bethe vectors based on the transfer matrix (66) and the refer-
ence vectors (E("))am (E("))am n™ and (E("))am (E("))am (E(”))a n™, respectively. Consider the
second term in (79). Acting with %(”)(u(")\uf’?)) and applying Lemma 4.6 gives

Z l—[ +(u(n) ~(n)) T (u(n) u(l n)\(u(n) u%?))
£ ) @ =+ ) )

i<j<m, j<k<m,

x B (@M ™, 1)) B @D [ u ™\ (80)
Using the identity

1 1 f+(u(n) ~(n))
ul(n)_a(n) Z (u(n) (n)+1)(u§n) (n) l_[ f+(u(n) (n))

my, i<j<m, mn) j<k<m,

(81)

which follows by a descending induction on i, expression (80) becomes

T (™ u ™\ @™, u™))

) m,

B0 O\, uNEE @D ). (82)

i<m,
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3s4 Thus, acting with ﬁ((in) e (ugr’})) %(”)(u(”)\ug’;)) on (79) and recalling (65) gives

\P(u(l"‘”)) — ﬁ(('ln) . (ug))(%(n)(u(n)\u(n)) lij(n—l)(u(l...n—l) | u(n))

(n) u(l n)\(u(n), (n)))

+ Z D

i<m, i Um,

x gg)(n)(u(n)\(ugn)’ ugrr;))) lijglz—l)(u(l...n—l) | u(”)\ul(.n))). (83)

355 We will view vectors \Ifé”l_ D and \Ifé"z_ 2
356 recurrence relations.

357 First, consider vector \Ifé”z_ D Its reference vector is annihilated by the (j, i)-th entries, with
58 1 <1< j<n, of the monodromy matrix (66), and we may use (61) to obtain an expansion in

350 the space Vd(ﬁ) ® Vd(ﬁ). Taking ul(ﬁ) = u(") the second term inside the brackets of (83) becomes

Z Z Z l_[ F(u(k 1)’ - n)) K( (k l)l I(IITI)II

<i<
1<i<n Iul(lr%nl (2,0) |u1(n)| 1i<k<n

as Y(gl,)-based Bethe vectors and apply Y (gl,,)-based

i<r<n FA(uI(In) ull Tl)) X X
’ (A) (h) (1...n)
w0 E;"®E " ®¥(y ) (84)

II III

(k-1), (1...n)) 1,(u(n—n_ (1...n))l-.(u(n)_u1(1...n))

De(uy Uy 5 alldy s
+ Z Z l—l (k DENCEN () _ =)

1<1<n| (r)l 1i<k<n Uy Uy — Uy

i<r<n

(n—-1) ()
frlug i) g () 1 () o () (1...n)

X( u(n D u(n) E— E mEz ®EI ®\I/(u1 ) (85)

I il II III

l_.k(u(k D, g, (1my

+ Z Z Z l_[ (IkH1)’ I(k) 'Ff(ul(ljl_l);ul(lmn))

1<i<j<n Oy Oz i<k<j  Um T Um

i<r<n j<s<n

k-1). . (1. k=1), . (1. .. (1. 1.
I‘(u( ) ( ”))F(uI(H ) 1(11 ) F(uI(InIII);u( n))r”(ul(ln)ml( ")

|1

k—1 k—1 -
j<k<n (u( - Uy ))(uI(II ) um)) uI(In) - ul(ﬁ)
—/. (n=1) _ (n—1) (n—1) ~(Tl)
frluy uy ) f(uy i)
(n-1) ~(n) (n—1) (n)
(up =g )uy  —uyy)
- 0)
(u ) 1
x LE(’” oE + ——— —FVeE" |@w(u"). (86)
u(] 1) u(J) u(J—l) _
11 11 101 1
360 Next, consider vector \IJ(H_U. This time we can not apply (61). Instead, we will use
361 the composite model approach to obtain the wanted expansion. Set L' := V(") ® V(") nd
2 L= Wé'\l()l ® Wd('\l) ® (LM)0 5o that LD 2 [ @ L', Recall (39) and set

e )= D E ) @ [RE 0 —u RGN (v —a]

j<n

6.0 = [T D@ u N,
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The cases when k = n, n we denote by
ﬁ-(lll;l—l(v) = 0’2?*,;1(‘})’ (V) = 0/ gt (V) dI(V) = ﬁ:l(v), CI(V) = ﬁ]lﬁ(v)

so that

6 s u™) =D g (VB0 + 6, () d'0) +pj, () ).

k<n

This notation is reminiscent of the Bethe ansatz notation commonly used in the composite
model approach, and pclzln—l is an additional creation operator. Consider the Il-labelled opera-
i

tors. Their action on the reference state Egﬁ) ® Egﬁ) in the space L' is given by

[ (1) A _ p(n—1) () (?)
oday,l,j(v)-E2 ®E, _(En—j ):;H-E2 ®E,",

I (A) o () _ (n=1) (7) ()
()5 OBy = — (n) — LE T B @

j+2
m j<n
Il (1) () _ (n 1) () (A) (A) ()
nl () ESY @ B (n) Z( )*nl(—(n)lzj+2 o BV +EM @ EJ+2),
' V= m j<n v
. N 1 1 .
P W64, (V) By ® Fy = 2 B

w—aH v —ul) S

1 (A) (A) () ()
X ( o B2 ®E L TEL®E, |
W — Uy

Moreover, ﬁy,?_l(v)ﬁyl_l (u), ﬂlllln_l(l/) p(lllv—l(u)’ and ﬂLIZ_l(W) pa,?_l(v) ﬁ(lllv—l(u) act by zero on
) L J i j i

Eéﬁ) ® Egﬁ). The homogeneous (aa and bb, pp) exchange relations are analogous to (40) and

(41), respectively. The mixed (ab, ap, bp) exchange relations have the form

J ’al

n ,N— ]‘ n—1i,n
g (B () = 6, () @ oy (IR e D=+ — 6, (0) a PR,
_ ! '
C0n51der the I-labelled operators. The dc, cb, db exchange relations have the form
1
a0 =Ff"uwWd' )+ — ') d'w.
v—u

The standard Bethe ansatz arguments then imply

l_[ﬁ(n 1)(u(n 1) (n)) E(n)®E(n)®\I’(n 2)(u(1 n— 2)|u(n 1n)\u(n))

[eestafle o
(n D (n— 1)\ (n— 1))
,u u;
() (n) (n—1)yx
+Z W ) DB, ®E" o (£ S
mn k<n

l_lﬁln 1(u(n D)d( (n 1)) 89)
i#]

(1) g p(W) | (A o p(R)
(n o (n)Ek+2®E +Ey ®Ek+2)

(Tl 1) (n 1)\u(n 1)) ( 1

+ Z (n 1) ~(n) Z

mn k<n

® (B, V), lr[ﬁ'n @M)@Yy (89)
Ui
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-, (=1 _ (n—=1)y _ (n—1)\ ,,(n—1) _ (n—1)
+Zf (@ u) ™) w7 w) )

i<i’
1 ) o p(A) () o @A) (n-1) (n-1)
XZ(_(allEk+z ®F ok ,® Ek+2)®(Ek ) (B )val
kl<n - ¢ j
-1 -1 -1
x| ] 6@ el ) el )
i#),)'
1 (A) o (R () o () (n-1) (n-1)
+;(a21Ek+z Ejpt+annk ;@ Ek+2)®(Ek )Z;—I(El )Z?,—l
—1 —1 —1
x l_[ﬁll?,l(ul(” D@ ) '@l )))] (90)
i#),)'
(n—2 1..n—2 -1, )
x G2 (g (1-m2) (L ()
where
-1 -1 ~ -1 -1 -1
ayy = (™Y =) — a0 — @Y —u @)/l =),
— ~ -1 -1 ~ — —
agy =l =@ — (@Y =)l - 1) + 1)/ =),
Ao = f+(u§~n_l); u(7—1)) (u(?_l) - u(nn)) > (91)

gy = fH (Y -l —a) + 1),

yi= (™ - <"3)(u§.”‘”—a$,fj)(u§.7‘” a0 —a).

We will consider the terms (87-90) individually.

First, onsider the term (87). Acting with (i(") i (ugr’fg)%(”)(u(”)\ug?z) gives the i = n case
of the first term on the right hand side of (67).

Next, consider the term (88). The operator d'(ug."_l)) acts on W2 (g (1-n=2) | u(”_l’”)\ug’l‘:)

via multiplication by f +(u§.n_1), u(")\ufr’;j) ,un(ug.n_l)) giving

-1 1
ZF”(”S'H NG U < g ey,
D __ D E e B e (B,
u —u J

j j m, k<n

% ‘p(n—2)(u(1,..n—1)\u§_n—1) |u§n—1)’ u(n)\ug:)) . (92)

Using (60), we expand w2 (y (-~ 1)\u(" 1)Iu(" D u(”)\u(")) in the space V(n b,

Fk(u(k D, u(l...n))

> 2 11 (1;1 @ ESTD @ w0 ju ™) (93)
i<n 0=y i<k<n Upp T Uy
i<r<n—1
where ufﬁ_l) = u&”_l) and ul(”) = u(”)\ugf). Substituting (93) into (92) yields
(k—=1), .. (1...n)
Delug, 5ur ™) oy (7) -
B (n—1)¢,,(1..n=1) | (n)
Z Z l_[ ) Ei 1 ®E ¥ (uy lu; ™). (94)
l<n| (r)| 1i<k<n Uy — Uy
i<r<n
Acting with f}c(.l") i (ug))%(”)(u(”)\ufg)) gives the i < n cases of the first term on the right

hand side of (67).
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We are now ready to consider the term (89). Let n' denote the restriction of n™ to the
space L'. Set 771 = (E(n))al -n'. Using the explicit form of ¢ (u(" 1)) we find

—1
[Tewr £V, u™)

-1 -1
™y ' =) (1) __ () a ") ) ©5)
l<m, j —UY
giving
—(,,(n—1) _ (n—1)\,,(n—1)
[ L u ey ) 1
J J () () () () (n—=1)yx
Z (n=1) _ ~(n) Z( (n 1) (n) Ek+2 ®E +E ®Ek+2) ® (Ek )ar}—l
J U; — Um, k<n umn i
[T 70,0
j (n—1)y g, (n—2) . (1..n=1)\ ,,(n=1) | (n=1) _ (n)\,,(n)
x ZZ o YT TNGT 1 u O 06)
<m,
Acting with %(”)(u(”)\u%‘p and applying Lemma 4.6 to the second line of (96) gives

2. [Tea £ V0 T, u@m\@, ul))
iz, Ticam, £ 6™ @ =P + D@ —ul)

x (") @D @ \@D y ™ uy [ty (97)

Using the identity
£ NG, u) 5 [T f ¥, 0) 1
1 - ' -1
u{" — i<, [lickam, £ uf™) @ —u + 1)@ —uf)
which follows by a descending induction on i, expression (97) becomes

f+(u(n 1) (n)\(u(n)’ (n)))

Mn (n) _ (1. (n)
Z -1 __ () T (g™, u "\ (™, E,?)))
i<m, uj Y
x Un(ug'n_l)) \Ij(n—z)(u(l...n—l)\ugn—l) |u§n—1)’ ugn)’ 51111)) ) (98)

Therefore, acting with %(”)(u(")\ug’;)) on (96) gives

(fl 1), u(l n)\(u(n 1) u(n) u(n)))l—- (u(n) u(l n)\(u(n) u(n)))

Z Z (ugn 1)_ul(n))(u§_n ”—a&,’;j)

joi<m,

1 ) o () | ) o o(R) (n-1)
XZ(WEk+2®E TE O F L, |®E )

k<n my

><\I,(n 2)(u(1 .n— 1)\(u(n 1)’u(_n) (n))lu(" 1)) (99)

Finally, we expand w2 (g (1= 1)\u(n D) u(n 1), (), (”)) in the space V ~1 analogously to
(93) yielding

22 11 e
= (k) (uI(In—l)_uH))(u(n D

i<n IuI(Ir)|:1 i<k<n U Uy

i<r<n

1

x| —t  EPeE® 1+ W o M | @ w(u ). (100)

LD T
11 I
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302 Combining (100) with (85) and acting with ﬁ‘(.ln)

ndmn
303 hand side of (67).
304 It remains to consider the term (90). Using the same arguments as above, and renaming
305 j—p,j — p’, we obtain

D D (@, uG )\ @, w7, u)) Ty ™ u -\ @, ul))

(ug’f)) gives the second term on the right

i<m, p<p
) o () A o () (n—1) (n—1)
Z (ﬁl Ek+2 El+2 + B2 El+2 Ek+2) ® (Ek )ngl (El )Zﬂjl
k, l<n p
x 2 (0 L\ @D, 10, ™, a0y [, WD) (101
396 Where )
FradDu™y Y u)
bi=—m Mt oy w
up, ul. up ui

(n=1) _ (n) (n=1) _ ~(n)
_ Y W g 11 S T lmy
u§,7_1) (n) T uD )

U p i
. (102)
Fruf ™y
Pri= Gy %2t D

p’ i
1 -1 (n-1) _ -~
(n ) (n3 (uén ) u(”j)(up, — u(nn)) +1

_ 40, (n— 1) (n)
= ) ol T

Up
307 Note that

v - -1 - 1)~
/31 + /52 = W(K(ug D,U;T,l ) IuEn),ugr’lln))—K(ul(J" D,u;',l ”u@,u@)) . (103)

i my,
398 We can now use (61) to expand vector

(n—2)r,,(1...n—1) (n—1) ,,(n—1) _(n) . (n) (n—1) ,,(n—1)
P (u N, ™y, u g ) u ™ w, )

399 in the space V(" Dy,

(1” 1
p/

Z Z l_[ T (D w8y k(™ 1)|ul(1’fI)H EM Ve e Vew@™) (104)

1<i<n |uHer| (2,0) i<k<n

i<r<n—1 (k=1).  (1..n)
-1), .
N Z Z Z l_[ De(uy 5y )-1“~(u(j_1)'u(1"'"))
(k—1) (k) JyYTIL 0TI
1i<j<n 021 u©)=p i<k<j  Um Uy

i<r<n—1j<s<n—1

k— 1... k—1 1.
Fk(u( 1) ( n))l—‘( (k—-1), uI(II n))

Uy
(k=1) (k=1)

(k) (k)
—uy )uy —uyy)

<11

j<k<n (u

f+(u(]—1) ])) 1
x( oo B OB+ g B VOB 1))“'(“1(1'"“)) (105)
U Uy Uy~ Uy

(=) = (1) (D= (D) g ul(") = u(”)\(ugn),ug’})).

a0 where uy u,) . p

23



401

402

403

404

405

406

407

408

409

410

411

412

SciPost Physics Submission

Substituting the term (104) into (101) and applying (103) gives

Z Z Z l_[ F(u(k V.4 1 ) l—[ K(ul(k 1)|u(k))

1<l<n|uHr)| 2|u1(1n)| 1l<k<n i<k<n
i<r<n
L5 w™™) ey (1)) 50 1)) ) g ) (1..n)
> n— n n— ~ (N n n n ...
T (K{ ™ 1ul) — K@iV 1al, ui)) EP e BV @ a(u™).  (106)
II III

Upon combining (106) with (84) and acting with ﬁc(.ln) i

hand side of (67). Finally, substituting the term (105) into (101) and exploiting symmetry of
Bethe vectors gives

(ug’)) gives the third term on the right

(k—1), . (1..n)
Z Z Z l—[ Fk(uHI :uI ) F( (- 1) (1n))
NGO N0 fe
I<i<j<n |y, (r)l 1|u (S)| pi<k<j U T U

i<r<n j<s<n

k 1 1...11 k— 1 1..n
x l_[

k—1 k—1 ILII ° m >
j<k<n (u( )_“11))(“1(11 ) um))
1 B f+(u1(1]1 1)7uII])) iy 1 E(n) g
20 G- _ () L G- 0) J
Uy 11 Uy uy;
1) (j)
fr(u IJ uy) 1 ) o o(h) (1..n)
+(/51 0 TP g B ek | e a0
I I Uy I
Combining (107) with (86) and acting with ﬁén) a (ufg)) gives the last term on the right hand
side of (67). O

4.3 Proof of Lemma 3.7

The idea of the proof is to construct a certain Bethe vector and evaluate this vector in two
different ways. Equating the resulting expressions will yield the claim of the Lemma.

We begin by rewriting the wanted relation in a more convenient way. From (17) and (35)
we find that

(n) v
{ (TL) an ( ) nnamn( ) (n) + (n) 3 a:nnamn ) (108)
ul. -V ui -V

-V
Repeating the steps used in deriving (83) and applymg (108) we rewrite (50) as
saa(v) \Ij(u(l...n)) =T(v, u(l...n)) ‘I/(u(l"'n))

™
S0 fr ™, 9) 1
- ﬁdmn éimn (V)( + (Tl) -~ Pdmndmn
- ul. — u;" =

v

< Fﬁ(ugn)) u(l...n)\ul(n)) %(n)(u(n)\ugn)) \i,gll—l)(u(l...n—l) | llg:))

+ (n) 5
_ ﬁ(n) ) f (u v) + 1 (Tl i)
a Gy —1 ul(n) . ugn) _ 5 Cl 18,1

e mp—1 amn
i#i/

—,,(m (n) + (n) ~(n)
[y )T (y )
i }
(n)_~(n)

U;

X T ((u(n) (Il));u(l...n)\(ul(n) (Tl)))

>

X%(n)(u(n)\(u(n), (n)))\IJ(n 1)(u(1 n— 1)|u(n)\u(n)) (109)
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413 Let \I/mnﬂ(u(l"'") U v) denote a Bethe vector with m,+1 level-n excitations and the reference

14 vector n (E("))am ,M™; here v denotes the (m,+1)-st level-n Bethe root. Applying
415 (71) and (83) to this Bethe Vector we obtain

\.Ilmn+1(u(1...n) U V) — Fﬁ(V, u(l...n)) \I!(u(l"'”))
fL ( (n)
i (n) -V

% ﬁc(in) . (V) %(n)(u(n)\ugn)) \i,énl—l)(u(l...n—l) | u(n)\ul(n) U V)

(1...n)\u(n))
i

= @, ) N @, uG) K@, ulP v, 9) £ @, 1)
i/ i
Xﬁ(r:n) .. (V) %(H)(u(n)\(u(n) (n)))

Ay —1%9mp—1

B D@ N\@, u?yuv). (110)

a16  Next, recall (78) and note that Péi’iﬁ) Ny = Péﬁ’ﬁd) n;* giving

[Tickam, £ @700
A . _ n n (A,1)
gz(n)(ug’?r?’ u(n)\ug;r?) ’ nmn - nmn + Z (Tl) ~(Tl) dmndmn

i<m, i umn

nm. (111)

a17  This yields the analogue of (83) for \I/mnﬂ(u(l"'") uv):

\pmn+1(u(1...n) uv) = ﬁ(n) ) %(n)(u(n))\ilgnl—l)(u(lmn_l) | O v)

mp+1Gmp+1
Fﬁ (ul(_n); u(l...n) \ul(_n))

i ugn) -9

% ﬁ(n) ) (V) %(n)(u(n)\ugn))\ij](-nz—l)(u(lTl—].) | u(n)\ufn) U V) . (112)

amnamn

ss  The next step is to evaluate products of creation operators B and the dotted Bethe vectors
so (D This is done applying the same techniques used in the proof of Proposition 4.4. Hence,
220  we will skip the technical details and state the final expressions only.

421 Evaluating the named products in (110) and (112) gives

%(”)(u(”)\ul(.“)) \ijgll—l)(uu...n—u | u(n)\ulgn) uv)
— Egn) ® Egn) ® ‘I!(u(l'“”)\ul(.n))
(n=1). . (1... (n=1) _(n)
L@ w0\ @D, ™))

n j 3
T Z (n—1)
j u

j
—1 —1 —1
% Z E(n) ®E(n) (EIEH ))er_l—l \Ij(u(l...n)\(ugn ),ul(n)|u§n ))

k+2
1<k<n

-V

(n 1) (1 n)\(u(n 1)’ (n)’ (n)))l—‘ (u(n) (1...n)\(ul(_n), (n)))

+ ZZ (ugn 1)

JovA

— A —ug?)
1 ) o o) | ) o (R (n-1)
x Z (—(n 5 B ® B + B ® B, @ (B
1<k<n u] v J

X \Ij(u(ln)\(ugn—l), ul(n), uE/Tl)) | ugn—l))
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+ZZF ((u(n 1)’ (H 1)) u(l n)\(u(n 1)’ (n 1) (n) (n)))l—- (u(n) (1.. n)\(u(n) (n)))

J<j i'#i

Lrp@D () o o) | pCDR(R) o (R (n-1) (n-1)

x Z ;(ﬁ Ein®E 5+ By E,® Ek+2) ® (B D (Bl e
1<k,l<n J Jj

% \Ij(u(l.“n)\(ugn—l),ugil—l),ul(n), (n))lu(n 1)’ (n 1)) (113)

422 and

%(”)(u(”)\ul(.")) \i,glz—l)(u(l...n—n | u(n)\ul(n) uv)
— Egn) ® Eén) ® \P(u(l...n)\ugn))

T (u(.n—l). u(l...n)\(ugn—l)’ ul(n)))

+Z — : (n—1) ~

j uj -V

1 ) o (A | () o (A (n—1)\x
x Z (—u(" 5 ka+2®E +EVeE" | ® (B! )a;},1

1<k<n j

x WO\ @, 0l (")

(Tl 1) (1 n)\(u(" 1) (n) (n)))r (u(") (1..,n)\(u(n) (n)))
5 i b
P

ez @D =) — )
-1 —1 1
% Z El(crj-)z ® E(n) ® (EI((" ))Z]rkl \I/(u(l"’”)\(uﬁ.” ), ugn), (n)) | u(n ))
1<k<n

+ Z Z Fn((ug'n_l): ug:l—l)); u(l...n)\(ugﬂ—l), ugtl—l), ugn), (n))) T (u(“) (1...n)\(ugn)’ (H)))
J<J VA

1,020 () (12) (7)) () (n—1) (n—1)
< 2 (BPEL e B+ AL R 0B ) O BT BT
1sk,l<nY J

WD\, u™, a1, G0 a1
423 and

gg(n)(u(n))\i,gnl—l)(uu...n—n | MO V)

(_Tl 1), u(l n)\(u(n 1) (n)))l—‘ (u(n) u(l n)\u(n))
+ZZ (-1 _ ()
uj —ui

A CaR)) 1
j () () (") () (n—1)
X Z ( (n—1) Ek+2 El + (n—1) ~E1 Ek+2)®(Ek )Z,;—l
1<k<n N U; -V j -V
1..n)\ ¢, (n=1) _ (n)y ., (n—1)
X W\ ) ug )
+ZZF ((u(n 1), (n 1)) u(l n)\(u(n 1)’ (tl 1) (Tl) (Tl)))
Jj<jli<i’
><Fﬁ((ul(."),ug,"));u(l"'”)\(ul(.n),ul(.,n)))K(u(.n_l) 5" 1)|u(n) (n))f+(u(n) ~(n))

(11) (A) (7) (11) (A) (7) (n—1) (n—1)
x Z (/51 Ek+2 El+2+ﬂ2 El+2 Ek+2)®(Ek )Z;H(El )Zf};l
1<k,l<n

X\Il(u(l n)\(u(n 1)’ 5:1 1)’ (n) (n))lu(n 1) (n 1)) (115)
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424 and

%(n)(u(n)\(ul(_ﬂ), (n)))\IJ(n 1)( (1...n—1)|u(n)\(u§n) (n))UV)
— Eéﬁ) ® Eéﬂ) ®\I/(u(1"'”)\(ul(.n), (n)))

-1 —1
SR SRR R R RTAS)
J

(n— 1) ~
f +(u V) 1
() (n) (A) (A) (n—=1)yx
( (-1 _, B2 ® B (-1 _ 5 E; ®Ek+2) ® (Ey )a;?—l

u: u:
1<k<n j j

% \I,(u(l...n)\(ugn—l),ul(n), (Tl)) | u("l 1))

(n=1) | (n—=1)~. . 1.0\, ,(n=1) _(n—=1) _(n) _(n)
+ > L@, u Dy @, 6D, ™, i)
J<j’
11 11 —1 -1
x>, (BED, e B+ BIVED, @ B, ) o (B V), L (B
1<k,l<n i i

W\ @, uG a0 [, WY, ™) (e

(21) /5(21)

425 where f3; and y are given by (102) and (91) except ugll) should be replaced by v, and

(n—1) _ (n-1) _ (n) (n-1) =~
ay,_ Y 7V (f+(u(n—1) U+ (wy i "))
! ui.fl_l)—ug,n) ;o ugn 1)—u(.,n) ’
um
12 j 1 1 1
0= L ) )
u U —u;
j i
s 1 117)
J NN O NN
Ty wd W )( v u(n—l)_u(n—l))’
i 7 j i
(n— 1) ~
an._ fr ) an,._ 1 ((11)+ 1 )
! (ugn U—v)(ug.?_l)—f/) 2 u§.7_1)—v ! ug.n_l)—f/

226 Adapting (113) and (116) to the relevant producs in (109) allows us to rewrite the latter as

Fﬁ(ugn), u(l.,.n)\ul(n)) Egﬁ) ® Egﬁ) ® \P(u(l...n)\ugn))

T (u(n) (1...n)\u§n)) Fn(ug'n_l); u(l...n)\(ugn—l), ugn)))
D (-1 _ ()
j L
* 2, B OB @B v\ ) )
1<k<n /

() (n) +(7, (M) ~(n)
™) g, 1)
2 T, )\ @, ) 5

i wy U

x( EN @ BV @ w(u®-m\ ™, (”)))+A) (118)
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where
A= Zl—- (u(n 1) (1 n)\(u(n 1), (n) (n)))
(n—1) ~(n)
f+(u' s Uy ) 1
J L () (n) () () (n—1)yx
x Z ( o7 Eere ® Fs N — E, ®Ek+2)®(Ek )a;_1

1<k<n Llj — Y u]-

« \I,(n—l)(u(l.,.n)\(ugn—l) u(ﬁ) (n))lu(n 1))

>

Fn((u(.n_l) uS_:l—l));u(l...n)\(u;"—l) (n—1) (n) (n)))

b b J/ b l b l/
Z
—1 -1
i< (ug.n ) _ ugn))(u(f ) _ u(.,"))
-1 A -1 -1
X 2 : (f+(”§'n ),ugn))El({'fz El(i)z QEl(i)z E’((T-:-)z) ® (El(cn ))*ﬂfl(El(n ))*H

1<k,l<n
% @\ @D, 00D, 1) [

j/ b l 2

(Tl 1))

)

and
(us."_l) — ugn))(ug.?_l) — ugﬁ)) + ug.n_l) (") +1

0:

(n—1) (n)yr,,(n=1) (n)
(uj _ui’ )(uj/ —Ui )

The final step is to substitute (113)—(116) into the difference of (112) and (110), and (118)
into (109), and equate the resulting expressions.

5 Conclusion

This paper is a continuation [GMR19], where twisted Yangian based models, known as one-
dimensional “soliton non-preserving” open spin chains, were studied by means of the algebraic
bethe ansatz. The present paper extends the results of [GMR19] to the odd case, when the un-
derlying Lie algebra is gl,,,, 1, see Theorem 3.8. Additionally, in Proposition 3.11, we presented
a more symmetric form of the trace formula for Bethe vectors. We also obtained recurrence
relations for Bethe vectors. The latter are given by Propositions 4.2 and 4.4 for the even and
odd cases, respectively.

The recurrence relations found in this paper provide elegant expressions when the rank is
small, see Examples 4.3 and 4.5. However, they become rather complex otherwise. In general,
they are much more involved than their periodic counterparts obtained in [HL"18a], especially
in the odd case. This raises a natural question, if there exists an alternative (simpler) method
of constructing Bethe vectors for open spin chains.

For closed spin chains the current (“Drinfeld New”) presentation of Yangians and quantum
loop algebras [Dri88] has played a significant role in obtaining not only recurrence relations,
but also action relations, scalar products and norms of Bethe vectors, see [HL"17a, HL"17b,
HIL*18a, HL*18b, HL"20]. Thus, it is natural to expect that a current presentation of twisted
Yangians could pave a fruitful path for open spin chains analysis.

A current presentation of twisted Yangians Y *(gly) was recently is obtained in [LWZ23].
(The rank 2 case was considered earlier in [Brw16].) However, in [LWZ23] a different, the
so-called split, realisation of twisted Yangian is considered, which is not compatible (at least
in a natural way) with the Bethe nested vacuum state. Nevertheless, we believe that the
presentation obtained in [IWZ23] may have applications in open spin chain analysis and thus
deserves to be investigated.

Overall, the approach presented in this paper does open a door to an exploration of scalar
products and norms of Bethe vectors for twisted Yangian based models. However, ultimately,
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developing Bethe ansatz techniques in the current presentation of twisted Yangians should
open a gateway to open spin chain analysis.
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