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Abstract

We study Olshanski twisted Yangian based models, known as one-dimensional “soliton
non-preserving” open spin chains, by means of algebraic Bethe ansatz. The even case,
when the bulk symmetry is gl,, and the boundary symmetry is sp,, or so,,, was studied
in [GMR19]. In the present work, we focus on the odd case, when the bulk symmetry
is gl,,,; and the boundary symmetry is so,,,;. We explicitly construct Bethe vectors
and present a more symmetric form of the trace formula. We use the composite model
approach and Y (gl,,)-type recurrence relations to obtain recurrence relations for twisted
Yangian based Bethe vectors, for both even and odd cases.
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1 Introduction

Twisted Yangian based models, known as one-dimensional “soliton non-preserving” open spin
chains, were first investigated by means of analytic Bethe ansatz techniques [Doi00, AAT05,
ACT06a, AC*06b] and more recently in [ADK15]. Such models are known to play a role in
Yang-Mills theories, where twisted Yangians emerge in the context of integrable boundary
overlaps [dL"19, Gom23] and open fishchains [GJP21].

A crucial step in understanding twisted Yangian based models is finding explicit expres-
sions of Bethe vectors. In the case when the bulk symmetry is gl,,, and the boundary symmetry
is sp,, Or 504, this was achieved in [GMR19] using algebraic Bethe anstaz techniques put for-
ward in [Rsh85,DVK87]. These techniques apply to the cases, when the R-matrix intertwining
monodromy matrices of the model can be written in a six-vertex block-form. The monodromy
matrix is then also written in a block-form, in terms of matrix operators A, B, C, and D, that are
matrix analogues of the conventional creation, annihilation and diagonal operators. Exchange
relations between these matrix operators turn out to be reminiscent of those of the standard
six-vertex model. Such techniques have been used to study so,,- and sp,,-symmetric spin
chains in [Rsh91,GP16,GR20a, GR20b,Reg22]. A more general framework of such techniques
has recently been proposed in [Ger24].

In the present paper we extend the results of [GMR19] to the odd case, when the bulk
symmetry is gl,,,; and the boundary symmetry is so0,,,,. This extension is based on a simple
observation that the generating matrix of the odd twisted Yangian Y *(gly,,) can be decom-
posed into four overlapping (n+1) x (n+1)-dimensional matrix operators satisfying the same
exchange relations as those of Y (gly,,,) thus allowing us to employ the same algebraic Bethe
ansatz approach. However, the overlapping introduces a new challenge since the middle entry
of the generating matrix is now included in both A and B matrix operators leading to an uncer-
tainty in the AB exchange relation. This issue is resolved in the technical Lemma 3.8 stating
action of the middle entry on Bethe vectors. Computing this action requires knowledge of
recurrence relations for Bethe vectors. We use the composite model techniques together with
the Y (gl,,)-type recurrence relations found in [HL*17b] to obtain the Y *(gl,,,)- and Y " (gly,,41)-
type recurrence relations. The main results of this paper are presented in Theorem 3.9 and
Propositions 4.4 and 4.6.

The first main result, Theorem 3.9, states that Bethe vectors, defined by formula (3.41),
are eigenvectors of the transfer matrix, defined by formula (3.43), provided Bethe equations
(3.52) and (3.53) hold. This Theorem is an extension of Theorems 4.3 and 4.4 in [GMR19]
to the odd case. Commutativity of transfer matrices is shown in Appendix A.2. We also found
a more symmetric form of the trace formula for Bethe vectors derived in [GMR19]. The new
formula is presented in Proposition 3.12. Its main ingredient is the so-called “master” creation
operator, defined by formula (3.54). Low rank examples of the “master” creation operator are
presented in Example 3.11.
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The second main result, Propositions 4.4 and 4.6, present recurrence relation for Y *(gl,,)-
and Y *(gly,,1)-based Bethe vectors, respectively. Schematically, they are of the form

1<i<n
+ 2 (Si,Zn—j+1 +Sj’2n_i+1)\I}(ml,...,mi,l,mi—l,...,mj,l—l,mj—Z,...,mn,l—Z, m,—1)

1<i<j<n

1.1
in the even case and

lp(ml,...,mn) — Z Si’n+1‘1}(m1,...,mi_l,mi—l,...,mn_l—l,mn—l)
1<i<n
+ Z (si a2+ Sn n+i+2) \If(ml""’ m;_1,m;—1,....m,_1—1,m,—2)
1<i<n ’ ,
+ Z S on—it2 \I/(ml’ ey M1, =2, e My —2,m,—2)
1<i<n ’
+ Z (Si,Zn—j+2 +sj,zn_Hz)\Ij(ml,...,ml-,l,ml-—l,...,mj,l—l,mj—Z,...,mn,l—Z,mn—z)

1<i<j<n

(1.2)

in the odd case. Here m;’s indicate excitation numbers associated with the i-th simple root of
the boundary symmetry algebra, s;;’s represent generating series of the twisted Yangian, and
all scalar factors and spectral parameter dependencies are omitted. These relations are com-
patible with the weight grading of twisted Yangian (see Appendix A.1). Repeated application
of relations (1.1) and (1.2) allows us to express Bethe vectors WM —-m) in terms of those with
no level-n excitations, i.e. with m, = 0. The latter Bethe vectors obey Y (gl,,)-type recurrence
relations of the form [HL"17b]

\Ij(ml ..... mn,l,O): Z s; n\p(ml ..... m;_q,m;—1,...,m,_1—1,0) (13)

the explicit form of which is recalled in Appendix A.3. This feature is explained in Remark 3.3.
Recurrence relations (1.1) and (1.2) are rather complex, especially in the odd case. However,
low rank cases, explicitly stated in Examples 4.5 and 4.7, are manageable for practical compu-
tations. Moreover, the known results of Y (gl,,)-based models [HL."17a,HL"17b,HL"18a,HL"20]
can be employed after the first step of nesting.

The paper is organised as follows. In Section 2 we introduce notation used throughout
the paper and recall the necessary algebraic properties of twisted Yangians. In Section 3 we
present the algebraic Bethe anstaz: Bethe vectors, their eigenvalues and the corresponding
Bethe equations. We consider both even and odd cases simultaneously giving a coherent frame-
work needed for obtaining recurrence relations. In Section 4 we obtain recurrence relations
and present a proof of the technical Lemma 3.8. In Appendix A we recall weight grading of
Y*(gly), a recurrence relation for Y (gl,,)-based Bethe vectors, and provide a proof of commu-
tativity of transfer matrices.

2 Definitions and preliminaries
Throughout the manuscript the middle alphabet letters i, j, k, ... will be used to denote inte-

ger numbers, letters u, v, w, ... will denote either complex numbers or formal parameters, and
letters a and b (often decorated with additional indices) will be used to label vector spaces.
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2.1 Lie algebras

Choose N = 2. Let gly denote the general linear Lie algebra and let e;; with 1 <i,j < N be
the standard basis elements of gly satisfying

Leij, exr] = Ojxeir — Giex;- (2.1)

The orthogonal Lie algebra soy and the symplectic Lie algebra spy can be regarded as subal-
gebras of gly as follows. For any 1 <1i,j < N set 0;; := 6;0; with 6; := 1 in the orthogonal
case and 6; := 8;5n/2 — O;j<n/2 in the symplectic case. Introduce elements f;; := e;; — 6;e5;
with1:=N —i+1andJj:=N —j+ 1. These elements satisfy the relations

Ufijs fud = 6 fu— Sufij + 6:5(6ifia — 6:xf51), (2.2)
fij + Ql)fji = O, (23)
which in fact are the defining relations of so, and spy. It will be convenient to denote both

algebras by gy . Write N = 2n or N = 2n+ 1. In this work we will focus on the following chain
of Lie algebras

gly Doy D gl D gl O+ Dgly,
where gl,,, gl,—1, ..., gly are subalgebras of gy generated by f;; with 1 < i,j < k and
k=n,n—1,...,2, respectively.

2.2 Matrix operators

For any k € N let El.(]lf) € End(CK) with 1 < i,j < k denote the standard matrix units with
entries in C and let El.(k) € Ck with 1 < i < k denote the standard basis vectors of CX so that

E .(]I.‘)E(k) =0 ﬂEfk). We will frequently use the barred index notation

(k) (k) (k) . (k)
5] Ek i+1,k—j+1° 1 _Ek i+1°

2.4)

Introduce matrix operators

&0 = ZE(”@EJ(;‘), pkk) .= ZE(k)ean(f‘), QWM := ZE(k)®E_(]f), (2.5)

where the tensor product is defined over C. We will always assume that the summation is over

all admissible values, if not stated otherwise. Note that the operator QX is an idempotent

operator, (Q¥%R)? = kQK obtained by partially transforming the permutation operator

P®6) with the transposition w : El.(k) — Eflf), that is, QX = (id ew)(P¥R) = (w ® id)(P0).
Next, we introduce a matrix-valued ratlonal function

REA () ;= [6R) =1 pliok) (2.6)
called the Yang’s R-matrix. It is a solution of the quantum Yang-Baxter equation in CK®@ Cke@Ck:
(k k)( v)R(k k)(u z)R(k k)(v z) = R(k k)( z)R(k k)(u z)R(k k)(u—v). 2.7

Here the subscript notation indicates the tensor spaces the matrix operators act on. We will
use such a subscript notation throughout the manuscript. We will also make use the partially
w-transposed R-matrix

REB (@) := (id ew)(R*F(w)) = 1K) — 1 glkk) (2.8)
satisfying a transposed version of (2.7):

REPw—RED @ —2)REP @ —2) = REP (- ) REP (v — ) REP @ —). (2.9)

4
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2.3 Twisted Yangian Y*(gl)

We briefly recall the necessary details of the “p-shifted” twisted Yangian Y*(gly) adhering
closely to [ACT06a, GMR19] (see also [Ols92] and Chapters 2 and 4 in [Mol07]); here the
upper (resp. lower) sign in %+ corresponds to the orthogonal (resp. symplectic) case. The
parameter p € C is introduced to accommodate applications to Yang-Mills theories and con-
densed matter systems, where p plays a role of a boundary parameter, and integrable overlaps,
where p appears as an integer parameter in the nesting procedure.

Twisted Yangian Y*(gly) is a unital associative C-algebra with generators sij[r] where
1 <1i,j £ N and r € N. The defining relations, written in terms of the generating series
sij(u) := 06, + D1 sijlr]u™", where u is a formal variable, are

[sij(u0)5100)] = = (sk,(u)slz(v) S (V) s(w))
1
= — (Bsa@sn(v) — 6505 w)
1
+ = =79 9ij(5ki(u)571(V) _SkI(V)Sjl(U)) (2.10)
e (1) = s,()
s;i(u) —s;;(a
0r55571(@) = s;j(u) & ————"—. (2.11)
u—1i
Herei=N—i+1,7=N—j+1,etc,and i := —u—p, V := —v — p. These relations can be
cast in a matrix form as follows. Combine the series s;;(u) into the generating matrix
SM(y) = Z EN @s;5(u) (2.12)

The defining relations (2.10) and (2.11) are then equivalent to the twisted reflection equation
RN w—)sMw RGN —w)siM)
= SMMREM @ —uw) SM @) RYM (w—v) (2.13)

and the symmetry relation

SM(w) —sM™(ir)

w(sM(@) = sM(u) £ -
u—u

(2.14)

2.4 Block decomposition

Setfi:=nwhen N =2nand fi :=n+ 1 when N = 2n+ 1. Then define fi x 1 dimensional
matrix operators

AD(y) = Z ED ®s;5(u), B (u) = Z ED @5 (w),
(2.15)
C(u) = Z ED @spypjw),  DW(u)= Z ED @Syt (10).

These operators are matrix analogues of the conventional a, b, ¢ and d operators of the six-
vertex type algebraic Bethe ansatz. The exchange relations that we will need are [GMR19]:

AP B W) =RV w—v) BR @) REM (5 — ) AP (v)
N PUDB® () RN (5 — u)A(bﬁ)(u) BP () QUMM (w)

u—vy u—v

R (2.16)

R —v) BD ) RAD (5 — ) B (1)
=B RGP — ) B ) R (u—v), (2.17)
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RAD (1 —v) AD (W) AP (v) - AP (1) AP (W) RED (1w — v)
RSP (w—v)BP@) QY ¢V (1) - B () Q" ¢ ) RGP w—v)
== , (2.18)
u—v
DA ©) = AP R (5 —w) cD (W) RAP (u—v)
+p§’g ”)A;")(u)Rg’;”)(v—u)cg”)(v) DM (w) QMM (v)

u—v u—v

(2.19)

and

A,y A7 ) ) (1 R (g
AT (W) A (”), iB‘(”)(ﬁ)=B(")(u)iB () B (@ (2.20)
u—u u—u

D®(@) = AM () £

Here indices a and b label two distinct copies of End(C"), and D™(i), B™(it) are w-transposed
matrices. Taking matrix coefficients of (2.16)—(2.20) one obtains relations among generating
series that coincide with those given by the defining relations (2.10) and (2.11).

Remark 2.1. In the i = n+1 case operators (2.15) are “overlapping”. Specifically, both Aand B
operators have generating series s;;(u) with 1 < i < n associated with the short root of s04,,,.
These series will be used to construct level-n creation operator and should only be considered
as elements of the B operator. Moreover, the “middle” generating series s;;(u) is also included
in both A and B operators, but should only be considered as an element of the A operator. These
issues will be resolved by restricting to the upper-left (n—1) x (n—1)-dimensional submatrix of
the A operator (such a restriction is compatible with the AB exchange relation, see Lemma 3.5)
and by explicitly computing the action of s;;(u) on level-n Bethe vectors (see Lemma 3.8).

3 Bethe ansatz

3.1 Quantum space

We study spin chains with the full quantum space given by
L1W.=1(AM) e -0 L(AY) e M(w) (3.1)

where ¢ € N is the length of the chain, each L(A(®)) and M () are finite-dimensional irreducible
highest-weight representations of gly and gy, respectively, and the N-tuples A" and w are
their highest weights. We will say that L™ is a level-n quantum space.

The space L™ can be equipped with a structure of a left Y*(gy)-module as follows. Intro-
duce Lax operators

LM (w) = ZE(N) ® (5 —ule;), (3.2)
MM () = ZE(N) ® (5, —u"lf};). (3.3)
i,j

Choose an {-tuple ¢ = (cy,...,¢;) of distinct complex parameters. Then for any & € L(V the
action of Y*(gly) is given by

SMw)- & = ]_[c‘N)(u c)MSZl(uﬂpil)/Z)]_[“N)(u—c) £ 34

where the subscript a labels the matrix space of S™) and the subscripts i and £ + 1 label the
individual tensorands of the space L™, which we call bulk and boundary quantum spaces. The

6
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bulk spaces are evaluation representations of Y (gly) and the boundary space is an evaluation
representation of Y*(gly ). Moreover, since L™ is finite-dimensional, the formal variable u can
be evaluated to any complex number, not equal to any c;, ¢;, and —(p £1)/2.

Let 1, and 1, denote highest-weight vectors of L(A®D) and M(w), respectively. Set

n=1Ln® --®Lnel,. (3.5

Then s;;(u) - n =0if i > j and s;;(u) - n = w;(u) n where

O ()
u+(Pi1)/2_Uil_[u_cj_li] e e (3.6)

i) = —

i<t u—c¢; u—c¢;

Note that uy_;+1 =—u; and us =0 whenfi=n+1.

An important property of L(™ is that the subspace (L(™)° c L™, annihilated by sij(u)
withi > n, j < fiand i > j, is isomorphic to an (£ + 1)-fold tensor product of irreducible gl,,
representations. Its subspace (L)' ¢ (L()°, annihilated by spi(u) with i < n, is isomorphic
to an (£ + 1)-fold tensor product of irreducible gl,_; representations. This can be continued
to give the following chain of (sub)spaces

L 5 (L(n))O S (L(ﬂ))l 5...D (L(n))n—l (3.7)

where (L)°, (LM ... (L)1 are isomorphic to (£ +1)-fold tensor products of irreducible
finite-dimensional gl,,, gl,,_1, ..., gl, representations, respectively. This property ensures that
nested algebraic Bethe ansatz techniques can be applied.

3.2 Nested quantum spaces

Choose an n-tuple m := (my, ..., m,) of non-negative integers, the excitation (magnon) num-
bers. For each m; assign an my-tuple u® := (u(lk), cees ufsz) of complex parameters (off-shell
Bethe roots) and an my-tuple a* := (a'l‘, e ar’;k) of labels, except that for m, we assign two
m,-tuples of labels, a := (a;,...,ad,, ) and @ := (dy, .. .,dy ). We will often use the following
shorthand notation:

ulk-D .= (u(k), uk+) u(l)). (3.8)

We will assume that u®%) = u* and that u®-D is an empty tuple if k > [ so that, for instance,
f(u(l'"k), u(k...l)) — f(u(l...k))

for any function or operator f when k > [. For any tuples u and v of complex parameters we
set
u;—v;£1
+ iV
f (ui) V]) =
u; — Vj

1 1
+ R + o—
S Py, o=l i 69
1,j L]
where the products are over all admissible indices i and j.
Let Va(,f ) denote a copy of C¥ labelled by “al’.‘” and let W‘Ef) be defined by

k p— k k) ~ k
w = V(fﬁ)@---@va(k) > (cky®m, (3.10)

my

The labels all.‘ will be used to trace the action of matrix operators. We illustrate this property

with an example. Let £ =& <@ ® Ege € Wé,’f) and let Mil,f) S End(V(f )) be a matrix operator

a:
J )

acting in the space labelled a;.‘. Then

Kg — e (k) e
MPE=E 08, 8 (Maf Eat)®Eq ® Oy .

7
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Let V(n) V(n) C" and W(") W(n) & (C")®™ be defined analogously to (3.10). We define
a level- (n 1) quantum space by

(n-1) . (M () (n)\0
L =W "W, ®(L")". (3.11)
When 71 = n + 1, we additionally introduce “reduced” vector spaces
W . 77(A) 7 w . ) o 7
W=V, e eV, W=V, e eV, (3.12)
where
ij) = spanc{E\" :2< j <A} C Vd(f), Vfl”) .= spanc{EM} c Vd(fl). (3.13)

Specifically, Wéﬁ) is isomorphic to (C")®™ and Wéﬁ) a 1-dimensional vector space. We then
define a reduced level-(n—1) quantum space by

L0 D= WP WM @ (1M)0 c LD, (3.14)

The spaces L") and LD will serve as the full (nested) quantum spaces of the Y (gl,)-
based models obtained after the first step of nesting in the even and odd cases, respectively;
see Remark 3.3.

Then, for each k =n—2,n—3,...,1 we define a level-k quantum space by

L® = wD @ (LKD) (3.15)
where (L&+1)0 is a level-(k+1) vacuum subspace given by

(L(k+1))0 — ( k+2))0 .® (W(Tl 1))0 ® (Wéﬁ))o ® (W&(ﬁ))o ® (L(n))n—k—l c L(k+1) (3.16)

ak+2 an—1

where

(W(k+2))o c Wéﬁf); s (W(" 1))0 cw® D (Wéﬁ))o c Wéﬁ), (Wéﬁ))o c Wéﬁ)

k+2 an—1 an—-1
are 1-dimensional subspaces spanned by vectors

E*D g... g gk, E"Ve..." Y, EMe...0", FMe...0F"
i 1

“ey 5

respectively. When 1 = n + 1, note that (L= c 7= Moreover, (LK+1)0 2= (,(Wyn—k-1
for 1 < k < n—2. The spaces L™ will serve as the full (nested) quantum spaces of the
Y (gli,1)-based models obtained after n — k steps of nesting.

3.3 Monodromy matrices

We will say that the matrix S?™)(u), acting in the space L™ via (3.4), is a level-n monodromy
matrix. In this setting, we will treat u as a non-zero complex number not equal to any ¢;, ¢; and
—(p £1)/2. We define a level-(n—1) nested monodromy matrix, acting in the space JALDR by

T (y;u®) = ]_[ RO —v) ]_[ RV —v) AD(v). (3.17)
i<m, i<m,
When fi = n + 1, we introduce a reduced level-(n—1) nested monodromy matrix, acting in the
space L™V by

T (v;u™) = l_[R("")( M _ ) [AD ()] (3.18)

i<m,

where }Atgl;l") is the restriction of }Algl;l") to Vg’) ® Va(”) c Vd(lﬁ) ® Va(ﬁ) (recall (2.8) and (3.13)),

and the notation [ ] means the restriction to the upper-left (n x n)-dimensional submatrix;
this notation will be used throughout the manuscript.
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Lemma 3.1. When A =n + 1, in the space L") we have the equality of operators

[T (y; @)™ = Ty, ™), (3.19)

Moreover, the space L™V is stable under the action of T(E")(v sut).

Proof. From (2.8) observe that

(RO B = 61 B —v7 85111 By

s . (3.20

where [ ]i; selects the (k,[)-th matrix element of ﬁ(ﬁ’ﬁ) in the a-space; this notation will be

used throughout the manuscript. Therefore, for any 1 < k,l <n and any n € W(n) e W(n)

£ e (LM)°, viz. (3.14), we have

(100 u™] necee

=2 [ Hﬁé’?;ﬁ)(uS")—v)] -n@[ l—[ﬁé’?;ﬁ)<a£“>—v>] L ®5()
kp pr

p,r Li<m, i<m,
p<n Li<m, kp

since sz, (v) - £ = 0 by definition of (L)°, and, by (3.20),
[ l_[ R(n n)(~(n) v)] (=6,
i<m, pr
when r < fi because ( is a scalar multiple of Egﬁ) ® - ® Egﬁ). But
[ [ R —v)] 0 E W
i<m, kp

when k, p < n only if the product includes [ﬁgj&ﬁ)(ug") —v)]ﬁr with r < n, but then it must also

include [}A{ﬁﬁ)(ugn) — v)]rﬁ which acts by zero on 7 since the spaces Véﬁ) have no E%ﬁ)’s. Thus

kp

i<m,

i<m,

implying (3.19). To prove the second part of the claim, notice that (L) is stable under the
action of s, (u) with 1 < p,[ < n. Indeed, by definition, it is the subspace of L™ annihilated by
s;j(w)withi>n, j <fiandi> j. Assuming 1 <1i,j,k,l <n, (2.10) gives s;;(u) s;(v) = O in the

space (L()° thus proving its stability. The stability of L*™V) under the action of Tén)(v; u™)
then follows immediately from (3.21) and (3.22). O

Next, for each k =n—1,n—2,...,2, we define a level-(k—1) nested monodromy matrix,
acting in the space L&D, by

Ték)(v; y(kmy .= l_[ R(k k)(u(k) V) [ Ték+1)(v; u(k+1...n))](k) (3.23)

i<my

where T should be T, when fi=n+1 and k = n.
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Lemma 3.2. For each 2 < k < n, the space L™ is stable under the action of Ték)(v; uk-1Yy and

ngb’k)(" _ W) Ték)(v; u(k...n)) T[Ek)(w; u(k...n))
= Tlgk)(w; u (k) Ték)(v; u(k"'”))RElkb’k)(v —w) (3.24)

in this space, except, when i =n+1 and k = n, L&V should be L&~ and T™® should be T®).

Proof. When k = n and #i = n, this was shown in Proposition 3.13 in [GMR19]. When k = n
and 71 = n+1, the first part of the claim follows from Lemma 3.1; the second part follows from
the observation that

R (u—v) [AD ()] [AD (1) ]® = [AP () ™ [AD () | R (@ —v) (3.25)

in the space L™V and application of the transposed quantum Yang-Baxter equation (2.9).
The (3.25) follows from (2.18) or directly from (2.10) upon restricting to 1 < i,j,k,l < n.
The k < n cases then follow by the standard arguments. O

Remark 3.3. Lemma 3.2 together with (3.17), (3.18) say that Y*(gl,,)- and Y " (gl,,,,1)-based
models, after the first step of nesting, are equivalent to Y (gl,)-based models with off-shell
Bethe roots given by v~ = y(1-n=2) apd v = (@™ @) in the even case, and
v® :=u® in the odd case. This property will be explored in Section 4.

3.4 Creation operators

We define a level-n creation operator by

%(n)(u(n)) = l_[ ( c(ln(l( (n)) 12[

1<i<m, i<j<m, (f (~(n) (n)))5””

RED( )

) (3.26)

where

600 @)= > () o (BV) @ [BI ™) ] € (v{") @ (v{")* @ End(1™)  (3.27)

kl<n

and Bgﬁ)(ugn)) is the B-block of the operator in the right hand side of (3.4). The R-matrices
in (3.26) are necessary for the wanted order of the R-matrices in (3.17), which in turn is
necessary for Lemma 3.2 to hold. The denominator is an overall normalisation factor.
From (3.26) it is clear that %(")(u(")) satisfies the recurrence relation
My, (M) = ™
B (u)==6 i

i
n -~ Mp

() B (A L) R ) ;P\ ) (3.28)

where %(”)(u(”)\ug’f)) is defined via (3.26) except the ranges of products are 1 < i < m,, and
i<j<m,,and
() (1) g (M ) l:[ RO (@ —u)
RV (W uN\uV) = T (3.29)
" " i, @ g

We will later meet operators %(")(u(”)\u(")) and Qi(ﬁ)(u(") (”)\u(")) for any [ that are defined
analogously except u( " (resp. N(")) should be replaced with u(n) (resp. il ”(”) D foralll <i<m,,.

Next, for each k =n—1,n—2,...,1 we define a level-k creation operator by

%(k)(u(k); u(k+1...n)) = l_[ ﬁiﬁ)(ugk); u(k+1...n)) (3.30)

1<i<my

10
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27s  where
K)o (k k k k
( )(u( ), (k+1.. n)) — Z (E( ))* [Ték+l)(u5 );u(k+l...n))]j’k+1 c (Va(l;))* ®End(L(k)).
1<j<k '
(3.31)
279 Note that Té”)(ul(.n_l); u™) should be replaced with Té")(ugn_l); u™)when Ai=n+1.
280 Parameters of creation operators may be permuted using the following standard result,
281 which follows from (2.17); see Lemma 3.6 in [GMR19].
282 Lemma 3.4. The level-n creation operator satisfies
_ (n) R, ) )y p() o (1) (n)
%(n)(u(n)) %(n)(uu—n+1 144 ( H—l aH_la ( 1+1 _ui ) (332)
283 Foreach 1 < k < n—1 the level-k creation operator satisfies
k k,k k k
BI (g () g (ke 1n)y — (k)(ul((_)”+ w1 n))R( ) ( () _ §+)1 (3.33)
284 Here the “check” R-matrices are defined by
(k k) _u (k k) (k k)
= 3.34
() = == PSR W) (3:34)
285 and uf{_)n 4+ denotes the tuple u® with parameters ug ) and u lnterchanged
286 Recall the notation # = —v — p and introduce the following notation for a symmetrised
287 combination of functions or operators
MY =fM+f)
288 and a rational function 1
p(v):=1+£ - (3.35)
v—9

280 representing the right hand side of the symmetry relation (2.14). The Lemma below rephrases
200 the results obtained in [GMR19] in a compact form.

201 Lemma 3.5. The AB exchange relation for the level-n creation operator (3.26) is
{P(MAD W)} B (™)
= BD ™) {p(v) TP (v; u™)}”

v
+> p(v) b 5 0 BO@O\G) RO u\)
: p(u(”)) (n) —v

x Res {p(w) T(")(W u(”))} l_[R(nn) (u(”) (n))R(nn) (u(n) (ﬁ)) (3.36)

ajaj_q djdj_q
j>i

)\ ,, () . _ n) ._
202 where u' )\ui = (U, Ui g, Uigg, - -5 Uy ) and ugl_) = (U, e U1, Uiy 15 e o5 Uy, U

203 Proof. From [GMR19], relations (2.16) and (2.20) and properties of the Q(ﬁ’ﬁ) matrix operator
204 (viz. (2.5)) lead to the following exchange relation with a single creation operator

{pAPM} 6 @) =67 @) {p() TOv;u)} (3.37)
1 p(v) _m ’ B (aw
p(u(")){ (">—vﬁ"“"“(v)} WEi?n){P(W)Té Jw; ™)}

11
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where T(V(v; ugn)) = ﬁdia(ufn)—v)}A{dia(ﬁgn)—v)AEIﬁ)(v). We extend this to the creation operator
for m,, excitations by the standard argument. Indeed, the right hand side of the equation
consists of terms with A(”)(u) as the rightmost operator, for u equal to each of v, u( n) ...,ug})

and the corresponding tilded elements. Due to the w — W symmetry of {p(w)AEI”)(w)}W in
(3.37), it is sufficient to find those terms corresponding to v, u( ) .. u(")

First, we find the term corresponding to v to be %(”)(u(”)) {p(v) T(”)(v u™)}V. The re-
quired order of R-matrices inside T(E")(v, u™) is a result of Yang-Baxter moves through the

R-matrices inside % (u). Using factorisation (3.28) we find the term corresponding to
(n)
Uy to be

1
p(V) ﬁc(ln) : (V) g&(n)(u(n)\ugll))
p(u(n)) u(n) —v mp “mp n

in(”)(u(") (n)\u(n)) Res {p(w) T(”)(w u(”))}

w—»umn

ﬁ(n)

This is because, after applying (3.37) to (u(”)) there can be no further contributions

from the parameter-swapped term in the subsequent applications of (3.37).

To find the remaining terms, we note that Lemma 3.4 allows us to apply any permutation to
the spectral parameters of the level-n creation operator before applying the above argument.
By applying the permutation o; : (1,...,i—1,i,i+1,....m,) — (1...,i—1,i+1,...,m,,i),
we obtain the term corresponding to u("). O

The Lemma below states Y (gl;,1)-based column-nested AB and DB exchange relations.
They follow from Lemma 3.2 using standard arguments, see e.g. [BRO8].

Lemma 3.6. The exchange relation for the level-k creation operator (3.30) is
[Ték+1)(v; u(k+1,..n))](k) %(k)(u(k); u(k+1...n))

— %(k)(u(k). u(k+1...n)) T(k)(v. u(k...n))
a >

p k
+Z (k) vf;( )(v uk+L- n)%(k)(u(k)\u() (k+1.. n))

X Res T(k)(w (u(k) (k+1. “)))l_[R(kk) (u; (k) _ (.k)). (3.38)

w-—-ou ]>l J J
Moreover,
I:Tcgk+1)(v; u(k+1mn))]k+1,k+1 %(k)(u(k); u(k+1...n))

= BBy 1)y £~y u W) [TED (s g *H -y ]

1 k k
+ Z ® ﬁ((lﬁl)k (V; uk+1...n) %(k)(u(k)\uf ), u(k+1...n))

-V
x Res Frwsu®)[TED @ u -y l—[v(k ) (u(k) u¥). (3.39)
W j>i 4 J

Here we used the notation

k k k k k
%(k)(u(k)\ug );u(k+1...n)) l_[ ﬁ( )(u( ). (k+1 n)) l_[ ﬁ( )(ug_k)l;u(k+1...n)).

1<j<i i<j<my

12
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3.5 Bethe vectors

Recall (3.5) and define a nested vacuum vector by
™= (B @ - @ (B D) o (B @ (E{)*™ @ . (3.40)

Note that E%ﬁ) = E;"H) when 1 = n+ 1. For each 1 < k < n we define a level-k (off-shell)

Bethe vector with (off-shell) Bethe roots u(}-K) and free parameters y k) by

\P(u(l..,k) | u(k+1...n)) — l_[gs(i)(u(i); u(i+1...n)) ™, (3.41)

i<k

We will say that vector n™ is the reference vector of this Bethe vector. Note that, by construction,
Y(u-0) |y k+1-m) e 1) except when A=n+1and k =n—1, ¥(u-"D |uM™) e LD,

The Lemma below follows by a repeated application of Lemma 3.4.

Lemma 3.7. Bethe vector U(u(®) |u(+1-1) is inyariant under interchange of any two of its

O and u(.l), for all admissible i, j, and L.

Bethe roots, u ; ;

The last technical result that we will need is the action of s;5(v) = [S((IN )()an, viz. (3.4),
on a level-n Bethe vector, when 7 = n + 1. It is motivated by the following relation in
Y (gly )@, v ) for 1 <k < n:

51t (M)55a(10) = § 0 0 D55 @)~ { B 5440} s

u
We postpone the proof of the Lemma below to Section 4.3.

Lemma 3.8. Whenfi=n+1,

sﬁﬁ(v)qj(u(l...n)) =f (v, u(n))f+(v, ﬂ(n)),uﬁ(v) \I,(u(ll..n))

%
1 p(v) ;
+>. (n)){u(n) ﬁt('zr;)ndmn(v)} B0 \y”) RO, u\uf)
) _

i p(ui
x Res f7(mu™) f @) pyw) BVl (3.42)
wou;

1

3.6 Transfer matrix and Bethe equations

We define the transfer matrix by
T(v) i=tr, (MC(lN)S((IN)(v)) =tr, (agﬁ) [MéN)](ﬁ){p(v)A(f)(v)}v) (3.43)

where M) = > Ei(iN) with ¢; € C* satisfying ey_; 1 = ¢; is a twist matrix, a solution to the
dual twisted reflection equation

MM RN w—9) (MM @)« R (v —u)

- (3.44)
=R —w (MM @) Ry w9 ()"

ensuring commutativity of transfer matrices, see Appendix A.2. Here t denotes the usual
matrix transposition. The right had side of (3.43) follows from the symmetry relation (2.20);
the a® is a diagonal matrix with entries a; = 1 for all k except a; = 1/2 when fi = n+ 1,
which resolves the double-counting of s;4(v).

13
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Theorem 3.9. The Bethe vector U(ul™) is an eigenvector of T(v) with the eigenvalue

A(v; u(l"'")) = Z aksk{p(v) L (v; u(l"'"))}v (3.45)

k<nh

where p(v) is given by (3.35) and

L(v;u®™) = f~(v, u®™ D) F (v, u®) pu (v) fork <a (3.46)
and
Fou ) Fre,u™) v, a™) u,(v) when A=n,
T (v;ul-m) = (3.47)
£ u™) F 0, 60y (v) when fi=n+1
provided Re.'(sk) A(v;u™™) = 0 for all admissible k and j; these equations are called Bethe
VU
J
equations.

Proof. When #i = n, this is a restatement of Theorems 4.3 and 4.4 in [GMR19]. We will briefly
recall the main steps of the proofs therein. They will provide a backbone of the proof of the
more complex 1 =n + 1 case.

The 1 = n case. We start by noticing that

| | R(n 1) 1(u(n) (n))REInan) 1(u(n) (n)) \ll(u(l"'”_l) | u(n)) - \Il(u(l"'n_l) | ug@)) (3.48)
] J i
i<j<m,

where u(”) = (u1,--+>Uj—1,Uj41,-- -, Uy, U;). This identity is a consequence of Yang-Baxter
moves and the identities

R (u(n) (n)) ™ =nm, ) (u(n) (n)) g™ =nm (3.49)

ajdj a;dj—
which are easy to compute using (3.20) and (3.40).
Next, using (3.41) and (3.43), we write
T(V)\Ij(uu...n)) =tr, ([MéN)](n) {p(v)AEIn)(v)}V%(n)(u(n))) \P(u(1...n—1) | u(n)).

Lemma 3.5 allows us to exchange { p(v)Ag")(v)}V and B (™). Applying (3.48) to the result
gives

T(V)\Il(u(l'“n)) — %(n)(u(n)) T(V; u(n))qj(u(l...n—l) | u(n))
v
p(v) . )
+>. (n) { w % )0 AP
i p(y; ) -V
X Qi(”)(ul(n); u(”)\ul(n)) Re% ) T(w; ug'f)) \Il(u(l"'”_l) | u(g”,)) (3.50)
W—>un ! !

i

where
t(v;u®) = tr, ([MMO ] {p() TP (v;u™)}")

is a nested transfer matrix. It remains to compute the action of 7(v; u™) on the nested Bethe
vector (u(-"D|uM) e (™1 By Lemma 3.19, this can be achieved using Y (gl,)-type
nested Bethe ansatz techniques assisted by Lemmas 3.6 and 3.7. This allows us to compute
the eigenvalue (3.45) and find the Bethe equations.

14
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The i = n+ 1 case. In this case we can not apply Lemma 3.5 directly since this would lead to
the following nested transfer matrix

t(v;u™) = tr, (agﬁ) [MéN)](ﬁ){p(v) Téﬁ)(v; u(”))}v)

=t ([T T3} ) e o (1005,

However, the space L1 is not stable under the action of [ (")(v u(”))] This is because
[T®(v;u™)]. . has operators [Eg’?;ﬁ)(ul(.n) )] with j < n that map Erg"_)j . € VZi to Egn).
Therefore, the right hand side of (3.36) would no longer represent a splitting into “wanted”
and “unwanted” terms. A resolution of this issue is to single-out the operator s;;(v) from the
very beginning. From (2.11) we know that sz4(@1) = spa(u) giving {p(v)ssa(v)}’ = 2s52(v).
This allows us to rewrite the transfer matrix as

() = tr, ([M® ] {p () [AD W)W} ) + £ 538 (v)- (3.51)

We can now use Lemma 3.5 to exchange {p(v) [Agﬁ)(v)](”)}v and 8™ (u™), and Lemma 3.8
to compute the action of s;;(v) on W(ul™). This gives an expressions equivalent to (3.50)
except the nested transfer matrix is now given by

(;u®) = tr, ([MO ] {p ) T u™)} ) + 5 (0, u™) £ (v, 8) i (v)

Here we invoked Lemma 3.1 to replace [T (S”)(v; u(”))](”) with T(E”)(v; u™). The remaining

steps are the same as in the 1 = n case. O
Remark 3.10. Let (a; ])” denote Cartan matrix of type A,.. Let (b;;)! =1 denote a zero matrix
when i =n+1 and let bnn 2, by_1n =bp 1 =—1, and b;; = 0 otherwise, when fi = n. Set
mg := 0 and z(k) (.k) - %(k — p). Then Bethe equations can be written as, for each k < n,
k l k l
Kt ZJ( ) ()+%akz 2! )+Z()+n+lbkz ey Mk+1(u( )
l_[ l_[ ) _ O_1 (k) 0] € (k)y ’ (3.52)
I=k—1i=13;  —%  — 30k +3 +n—‘bkz AU

z(")+§(n+1) n_m z(") (l)+ 5an my z(n)+zm+n+ bnl & ,un(u("))
(n)

n
l_[ l_[ (n) _ (l) 1 l_[ l_[ (Z) 1b

(n)+ (n_l)lnlll J _nlnlllz (n))

(3.53)

En pn(u;

3.7 Trace formula

Define the “master” creation operator

%N(u(l...n)) = l_[ l_[ 1

k k k) ~(k
ken j<i £, ul) (Fr @, a))on

Xtr[ [T RPa® - “))]_[(S(N)(u(")) [T R a- (z)))

(k,1)>=(1,7) % (k,1) ' (k,1)>=(1,7) "%

x (EY) )Pme--® (E(N))®m1] (3.54)

15



375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

SciPost Physics Submission

where (k,i) > (I,j) means that k > [ or k = [ and i > j, and the products over tuples are
defined in terms of the following rule

[1=1111
(k,i)  k<n i<my

In other words, these products are ordered in the reversed lexicographical order. The trace is
taken over all af spaces, including a', which are associated with level-n excitations. Note that
(k,1) is fixed in the third product inside the trace. Diagrammatically, the operator inside the

trace is of the form

k 1 5 ~(k l k
where X :Rafaé(ug )—ug )), x =Rag<a§(ul( )—ug. )), and U = Saf(ug )).

Example 3.11. The “master” creation operators of low rank:
1 1
513(715 ))Szz(ug ))

1 1 1 1 1 1
By (i) =51, Bal?ug?) = s1p(us ) sp (W) +
U i

2 1 1 ~(2 2 1
524U 520@M) (@ =P + 1) 573w 550l

By, u?) = 555 (WP s1,wP) +

17 1) _ ~(2) (€3] @)y, (1) _ ~(2) ’
uy — iy (uy” —uy)(uy " —1;7)
(2 1) (2 (1)

1) (2 2 1 s13(uy7) S22y ") sas(uy ) s3(uy )

B (5", ut”) = 55 () s12(uy) + =5 a=p
U~ U~
2 1
514(11(1 ))532(11(1 ))

+ .
@i =l - @)
Proposition 3.12. The level-n Bethe vector (3.41) can be written as
W) = By @m).q. (3.55)

Proof. First, notice that R-matrices Rif;’f)(ul(.k) - ug.k)) in (3.54) evaluate to f +(u§.k) - ugk)) un-

J
der the trace. This cancels the first overall factor in (3.54). The second overall factor is the
choice of normalisation in (3.26). Next, let Va(N ) and Vb(N) denote copies of CN. Then, for any

{e(L™)Pand EM @ E](N) e V™ @ v with 1 <i,j < n, we have

(NN) p(V) o p(V) _
QG EN e EM =0

and

QMM EN @ EM 0 g = 50 . 6 5 a5, (1) = 0.
k

Thus ﬁg;’,\’)(ﬁgk) — ug.l)) with 1 < k,I < n act as identity operators in (3.55). This gives an
i 9

expression analogous (up to Yang-Baxter moves) to that in Proposition 4.7 of [GMR19]. The
N = 2n case then follows from that proposition. The N = 2n+1 case is proven analogously. [
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4 Recurrence relations

4.1 Notation

Given any tuple u of complex parameters, let (u;, uy;) - u be a partition of this tuple and let
up g :=uy Uuy = u. Assume that 1 <k < [ul and set

Dlf@)= > f\(w .. 1))
|uy|=k iq <ig<w<iy

for any function or operator f. We will use a natural generalisation of this notation for any
partition of u. For instance, for (uy, uy, uy;) - u we have u;;; = uyUuyy, up i = up Uuyy, ete,,

and e.g.
> > f(un)g(ul)—z D () gu\(ug, uy,,u))).
[up =1 Juy =2 o 0<ip
7], b#]

We extend the notation above to partitions of tuples u’™ by allowing empty partitions.
The empty partitions will be the ones that are missing from the expressions or explanations.
For instance, an expression of the form

Z f(uI(Ir)) g(ul(l...n))

lu|=k

i<r<n
will mean that u(l) = ul(ll) @ so that u(1 M = (@, u®, u(lH), s ul(n)). We will
also use the notation |u111)| = 0 meaning uI(H) = 0.

(r)
11,111

)| = (k, 1) will mean that |u1r)| =k and IuIS)I =1 so that
2 =2 > ad 3 =) Z
lul =0 luf =1 |u =k =k D) =t u =

(1)
11,111

The notation |uy ;| = (k,1) will mean that |uHr)| = k and |u1(1r1)| = [ and the notation

.
|u11

A notation of the form u will not be used.

4.2 Recurrence relations

We will combine the composite model method with the known Y (gl,,)-type recurrence relations
to obtain recurrence relations for Y*(gy)-based Bethe vectors. The composite model method
was introduced in [IK84]. For a pedagogical review, see [Sla20]. Recurrence relations for
Y (gl,,)-based Bethe vectors were obtained in [HL*17b]. We will need the following statement
which follows directly from those in [HL*17b], cf. Appendix A.3. Recall notation (3.9).

Proposition 4.1. Consider a Y (gl,,)-based Bethe vector ®(v 1"~ |y in the quantum space

chr:) ® - ® Va(ln) ® L(A) 4.1)
with Va(.”) = C", a finite-dimensional irreducible Y (gl,)-module L(A), Bethe roots y@-n=1) gpd
inhomogeneities v("™ associated with spaces Va(_"). An expansion of ®(v""D | v(MY in the space
Va(“) is given by

Ak(v(k 1) (1Tl)) 1 1
B(v (1D [ () = Z Z l_l (k T (n)®¢( (1..n— )| I(n)) (4.2)

1<1<n| (r)l 1i<k<n II
i<r<n

where Ap(z; v = (2, v D) F (2, vO) A (2) and vI(I") = vg?).

17
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ss  Corollary 4.2. An expansion of Bethe vector ®(v(1-"=1 | v(M) in the space Va(”) ®ch")71 is given by

k—1 k k—1 1..
Z Z l_[ K( ( ) I(I,I)II)Ak( ( ), ( n))E(n) E(n)®<1>( (1..n— 1)| I(Tl))

1<l<n| I(Ir,I)Hl (2,0) i<k<n

i<r<n
(k 1) 1...n—1))

+ Z Z Z l—[ Ak(VI(IZI{ S —rs A( I] 1)’ (1...n—1))

1<l<]<n| 1(1r1)| 1|u1(5)| 11<k<j Vi 111

i<r<n j<s<n

m > Vin

j<k<n Vi Vi Vi

n 30

FHud, ) .

(ﬁ l(n)®EJ£n) - EVeE” eV vy 43)
Vim Vi v =V
419 where vI(H) _v(n) v(n) (n) ' and
[T, G —vi-+ 1) 1
K= det( ) (4.4)
l_[l<]( —Uu; )(V Vi) 1,] (ul—v])(ul_vj+1)

220 is the domain wall boundary partition function.
21 Proof. Applying (4.2) to ®(v(1-""D | y(M) twice gives

A (v 77
Z Z Z l_[ - (zlin 1(1}1() l_[ (z 1)_v(z) P15 (4.5)

1<i,j<n |V1(Ir1)|:1 |VI(IS)|:1 i<k<n Vi — Vi j<l<n Vi I

i<r<n j<s<n
422 where &;; := El.(n) ® El.(") ® <I>(v1(1"'"_1) | vI(")).
223 Cases i = j. Notice that

(k=1), (1 .n) —r., (k=1) (k Dy 474, (k—1) (k) (k=1), (1 .n)
Aevy Vin )=y vy DTy v )Moy )

424 and
—r,,(k=1) (k 1) (k-1) (k) (k—1) (k 1) (k—1) (k)
[y vy O f v Covg)  fT g vy Df vy vy ) (v(k—l)l (k)
k—1 k=1 k 1 -1 LI i) -
(VI(II ) vm))("( ) Vi )) (V( ) vIII))(vI(II ) ~ Vi ))

425 These identities allow us to rewrite the i = j cases of (4.5) as

(k— 1) O (k-1). ,,(1...n)
Z Z l_[ Ky 1) Ay 5vr ) @
1<i<n () i<k<n
|II,HI| (1’1)

i<r<n
226 giving the first sum in (4.3).
a27 Cases i < j. Note that v(k) @ for k < j in (4.5) so that

k-1). (1. k-1). (1. :
Ak(vI(II ), vI(II “))=Ak(vI(H ), ( M) for k< j

428 and

(-1, ,,1..n)y _ G-1 _ () (-1, ,,(1..n)
AJ(VIIJI vIIIn)_f+(vIIJI ’VHJ )Aj(vIIJI > Vp ™)
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allowing us to rewrite the i < j cases as

Ak(v(k 1), (1 n))

Z Z Z l_[ (211)’ I(k) AU )

1<1<J<n|vHrI)| 1|vs)| pi<k<i  Ym T Vm

i<r<n j<s<n

(k=) (1...n) (k=1). . (1..n) i1
« 2 MO i) frow D)o
(k—1) (k) (k—1) k) (G-1) () i )
j<ksn  (vp v ) vy vIII) Vir T Vm

Cases i > j. Interchanging indices i and j in (4.5) gives

(k-1), (1...n))

A (vy
Z Z Z l_[ k (k T (k) A( IJ 1)’ (1...n))
Vi

1<l<]<n| IS)| 1|v(r)| 11<k<j

j<s<n i<r<n

k—1 1 k—1). . (1.
[ MO OO ) 1 - .7
X
k—1 (k k—1 1 :
j<k<n (V( . Vi ))(vI(II ) vIII)) vI(I] ) vI(IJ)
Here vI(ISI) ={ fors < j and v(r) = { for r < i. Since i < j we can rename vIr) by vI(IrI) for
i <r < j and combine the result with (4.6). This gives the second sum in (4.3). O
Example 4.3. When N = 3, expansion (4.3) of ®(v(12 |v(®)) is
@),..3 2). (1,2,3
(I)ll + Z K(VI ) |v1(1 I)II)A3(VI(I ); ))(I>22
(2)| =2
1,2 2),..(3 1..(1,2,3 2). (1,2,3
+ D0 KOPIVKEP v A v AP v g
v{?1=(2,2)
+7,,(2)
), ,(123) vy ’vII )) 1
+ 25 Al v )( oo tat g gt
lu (2J| 1 111 111 111 1I
(1), 1 2,3) 2 ,,3)
Z Ao(vyy s v )A (v D, ,1:23)y fr vy vy )q) + 1 ®
) m s> Vi @_,e BT oo _ e
W=,y Vm T Vi m Vi Vi — Vi

2 1,2,3 2 1,2,3
& ( ))AB( I(II)’ I(II ))

As(v
(1), ,(1.23)y 8 Vi Vi
+ Z Z Ay(v Vi > Vi ) (v(z) (3))(v(2) (3))
II

2 2
gy 1=(1,1) 1= e Vi

(@] (2)
9 (f+("111 Vi)

1
D3y + ‘1’23)
L _ 0 L0 O

il il il i
where vl(l“? = v(?’) vl(lg) = v(s) ,and &;; = E(B) ® E(g) ® <I>(v1(1’2) | vI(B)).

We are ready to state the main results of thlS section, recurrence relations for twisted
Yangian based Bethe vectors. The even case follows almost immediately from Corollary 4.2.

The odd case will require additional steps which are due to the E(n) E(nH) factors in the
reference vector n™
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430 Proposition 4.4. Y*(gl,,)-based Bethe vectors satisfy the recurrence relation

(k—1 k k—=1). (1. L.
W(u-n) = Z Z l_[ K (uj Uy )|u1(11)11) Fk(u( ); uI ) Si,2n— 1+1(u11r;))\1'( I( )

<i<
1<i<n |u1(1r,I)II|:(2’0) i<k<n
i<r<n

> Uy (G-1).. (1..n)
+ Z Z Z l_[ w0 ® SICTIEL
1si<jsnO)—q [u©|=11<k<] I 11
i<r<n j<s<n

k=1). (1. k—1). (1.
Fk(u( ) ( ”))Fk(ul(n )uI(II n))

(1) (0, (D) 0
( )( IH III)

< |1
j<k<n
1) u?
f+(u1J uy ) (n) 1 (n) (1...n)
x ( u(J 1) (]) 5i,2n—j+1(u111 )+ (j—l) _ (]) Sj,2n—i+1(u111 ) \Ij(ul )
111 111 jiis 11
(4.8)

as0 where ul(ﬁ) = ugn), uI(I") = ﬂg") and uI(n) = u(”)\ug.") forany 1 <j <m,, and Fn(ul(ﬁ b, 1(11 )

(n—1) ,ul )) F( (n—1), (1...n))‘

aar  denotes f(uy; uy s

as2  Example 4.5. When n = 2, the recurrence relation (4.8) gives

2 (1,2 1,2 1. (1,2 2 (1,2
W) =spa(ui) W)+ > K luZ) T ) sy eu?)
u(M|=2
11
+0,,(1) (2)
@, a2 f g, ug) 1 2) (1,2)
+ Z FZ(uIH ,llI )( %) 2 13( 111 )+ %)) (2) 524(11111) \I/(lll )

D=1 Uy — Uy Uy — Uy

(4.9)

413 Proof of Proposition 4.4. By Lemma 3.7, it is sufficient to consider the j = m, case. Recall
aas  (3.28), (3.41) and consider a level-(n—1) vector

Qi(ﬁ)(ugl?; u(”)\ug‘:) P(u -1 | M)y, (4.10)

ass With the help of Yang-Baxter equation we can move operator Qi(”)(u(”) u(”)\u(”)) all way to
a6 the reference vector n™. As a result of this, the level-(n—1) nested monodromy matrix (3.17)
aa7 factorises as

R UED) (LA~ A)r. .
Ro o) = v)RG " () —v) TV (v u™\ul). (4.11)

a8 Since Qi(ﬁ)(ugr';j; u(”)\ug’fj) -n™ = n™ when i = n, we may view vector (4.10) as a Y (gl,,)-
419 based Bethe vector with monodromy matrix (4.11) and apply expansion (4.3) in the space
450 Va(:) ® Vd(nf). Recall (3.27), (3.46), (3.47) and act with ﬁc(.l';) i (u%’j)%(”)(u(”)\uggn)) on the
451 resﬁlting e&pression. This immediately gives the wanted result. O
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152 Proposition 4.6. Y *(gl,,,.1)-based Bethe vectors satisfy the recurrence relation

Fk(u(k_l)' u(ln)) ) (1..n)

111 !

v = >0 >0 [ —as—w sualun) ")
1<isn | 0 _yicksn U Uy

i<r<n

k—1). (1. 1.
Z Z l_[ Fk(u( ), (1) Fﬁ(ul(ln); (1)
+ kD_ 0
1<i<n )y (0|—yi<ksn Uy Uy Uy " — Uy
i<r<n

(n 1) _ (n)_’_1 ; .
11

x( (n-1) _ () st () + S s (g ))‘If(uI ™)
Uy U

DD D I [} Bt et D i P

1<i<n |uI(Ir,%II|=(2’0) |uI(In)|=1 i<k<n
i<r<n

(n), (1...n)

1—‘ﬁ(ull >u ) (n) N (1...n)

12n 1(”111) ( )

I (D (1) oD
m U j=1). ,(1.n
HDIEDIED I | B = e il (C TR
1<i<j<n 02y Oz i<k<j U " T Ui
i<r<n j<s<n

(k— 1) (1...n))1—.( [([I; 1), ul(h n))

T (uy (k=) () by (0, ()
n I

) Fn(un,m > Uy >

<1

j<k<n (u

G- . ()
|:((/50 ﬂz)]L + 4 P ;)Si,zﬁ—j(ul(ﬁ))

(-1 6))] 2y uI(IJI 1) uI(IJ)

(k—1)

k—
b —Up ))(um uIII))

2y Uy — U
6] 1) ()
+(/51 [ ug 7uy’) (/3 +ﬂ2) 1 ) o -(u )]
WU _ 0 0 G- _ 0 82—\t
2r U~ — U 2r Uy Uy
4.12)
453 where
(=1 1 D -~
By = f (ul(ﬁ )’uI(In ))f+(u111 )ul(lrll))
0 ~ ~
(™ =)oy e )y — )
(n—1) (n) n-1) ~®
U U (- (1) Q) Uy "~ U
b=~ u(”)(u“ il +1+—u(”‘1)— ), (4.13)
U i i
(n 1) ~(n) (n—1) _ (n) (n—1) _ ~(n)
By=f (u(n 1) (n)) n U + (uy up )y, ) +1
, =
(n 1) (n) (n—1) (n)
Uy ~— Uy up Uy
454 and
y =@V - a8 —aMyui - uD) @ —u®). (4.14)

a5 and ul(ﬁ) = u(") forany1<j<m,
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as6  Example 4.7. When n = 1, the recurrence relation (4.12) gives

1. @1
O(uy su
w(u®) =512(u1(111))\11(u1(1)) + E : ﬁsls(uf&))\p(ufl)), (4.15)

=1 Uy — U
as7 When n = 2, the recurrence relation (4.12) gives

) 1,2) Fz(u1(11)§ uI( 2 @) (1,2)
\p(u(l’Z)):SZB(u[H )\P(u[ ’ )+ Z WSIB(uH[ )“Ij(ul ’ )

u u
uiPl=1 "1 111

), 1Dy 1 (2, , (1))

FZ(uH 5 >
o WP _ @
|u1<11’2>|:(1,1) II 111

1) (2
f+(u11 > Upp ) 2 1 2 1,2
x ( (1) (2) 514(111(11)) + (2 525(“1(11)) \Ij(ul( ’ ))

Uy it 1

uI(ID —u

(2)..,(2)

Z Ly(uy s up™) @)y g (1D
(2) - (2) 324(11111) (u[ )
u;’ —1iu

uPl=1 "1 1

1. ,,01,2) (2),,,(1,2)
D(uy s up ™) Bluy s up ™) 1)..(2) ) (1,2)
+ > O K 1ul) s1swf) w(u™).

u 11,111
lul?|=(2,1) 1 111

(4.16)
458 The technical Lemma below will assist us in proving Proposition 4.6.

ss9 Lemma 4.8. Let \I/j(u(l“'”)) denote a Y (gly,1)-based Bethe vector with the reference vector
460 n;” = (Eg))djnm. Then

Fﬁ(ugn), u(l...n) \ul(_n))

1
o, (u(-m) = P(ut-m\y™). (4.17)
J
ST Ty s
a61  Proof. Recall (3.26) and consider level-(n—1) vector
TR -0 ), 15

j>1

462 With the help of Yang-Baxter equation we can move the product of R-matrices all way to the
a3 reference vector nT'. As a result of this, the level-(n—1) nested monodromy matrix (3.17)
164 takes the form

[ 1R @ -w[ [REP @ RGP WP RGP @ -naPo). @19)

i>1 i>1

ses  In the space L™ it is equivalent to T é”)’ (v; u(”)\u(ln)). Next, recall (3.40) and note that

ﬂjog(ag") —ulV) = e, a™\al) g, (4.20)
j>1

a66 Hence, vector (4.18) can be expanded in the space Va(fl) ® Va.(fl) as

£, ey B @ EM @ wy (a0 |\ (M) (4.21)
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From (3.27) note that ﬁg??il(v) . E%ﬁ) ® Egﬁ) = s;4(v). Defining relations of Y*(gl,,,;) imply
that

Sﬁﬁ(u(ln)) l_[ gg(i)(u(i); u(i+1..,n)\u(1n)) — l_[ %(i)(u(i); u(i+1...n)\u(1n))sﬁﬁ(u(ln)) +UWT
i<n i<n
where UWT denotes “unwanted” terms, all of which act by 0 on n". We have thus shown
that

\I,l(u(l...n)) _ gg(n)(u(n)\ugn)) ﬁ(n) ( (n))l_[R(n n)(u(n) (_n))qjl(u(l...n—l) | u(n))

a,d;
j>1

= ) £, a™\a) e -\u). (4.22)

This gives the j = 1 case of the claim. Then, using Yang-Baxter equation, Lemma 3.4, and the
identity

+ (W Wy g - (1) (n) g o, _ )
T’J""l f (u ’ J+1) ajy10; (uJ+1 )R +1aj( ]+1) n] n 0 nj
j+1 J
we find
1

Wy () = Fru, 5’;’1)\1/(11(}”;") o)t T W (u-"). (4.23)
U1 Y

A simple induction on j together with Lemma 3.7 gives the wanted result. O

Proof of Proposition 4.6. The main idea of the proof is similar to that of Proposition 4.4.
We start from the level-(n—1) vector (4.10) and move operator Ql(ﬁ)(ug;) ; u(”)\ug’;)) all way to

the reference vector n™. In the odd case E%ﬁ) = Egnﬂ) giving (recall (3.29))
) ~(n)
l_[j<k<m f+(u§<n s m ) PR
~ _ n n (f,h)
PO, uNGD)- " =4 3 IR g 20

j % m,

j<my j
Hence, in the odd case we can rewrite (4.10) as
l_[ ) f+(u(n) ~(n))
) _ j<k<m, k 2" m,
Py @D [u™) + g e u®) (4.25)
u

j<my j Um,

where ‘i’k,z and \i/k 1;j denote level-(n—1) Bethe vectors based on the transfer matrix (4.11) and
reference vectors (E (”))am (E ("))am n™ and (E (n))am (E ("))am (E (”))a n™, respectively.
Consider the second term in (4.25). Acting with %(”)(u(")\ug’:)) and applying Lemma 4.8
gives
Z l—[ +(u(n) ~(n)) T (u(n) u(l...n)\(ugn) (n)))
P ) W=+ 1 =)

i<j<m, j<k<m,
x B\ @, ul)) Gy 5 ("D [u™\u). (4.26)
Using the identity

1 Z 1 l_[ f+(u(n) N(n))
T e, T D L, )

(4.27)
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484 which follows by a descending induction on i, expression (4.26) becomes

(). () (4, (M) (n)
(™ ™\, u)) :
2 A )@ ). (428)

i<m, i my,

sss  Thus, acting with ﬁé") o @) B (u™\uW) on (4.25) we obtain

\I,(u(l...n)) — ﬁc(_ln) ] (ugl)) (%(n)(u(n)\u%ﬂ) \ilz’l(u(l...n—l) | u(n))
(n) u(l n)\(u(n)7 (n)))

DL

i<m,

x B (u\ @™, u)) B 5 (w0 u(”)\ul(.n))) . (4.29)

ass  We will view vectors ‘i‘z,1 and \i!z’z as Y (gl,)-based Bethe vectors and apply Y (gl,,)-based re-
ag7 currence relations.
488 First, consider vector W, ,. Its reference vector is annihilated by the (j,i)-th entries of the

as9 monodromy matrix (4.11) satisfying the condition i < j. Hence, we may use (4.3) to obtain

490 an expansion in the space V(n) V(n) Taking uI(H) = u(") the second term inside the brackets

Mmn

s01  of (4.29) becomes (we have smgled outthei<j=n terms for further convenience)

Z Z Z l_[ K(ul(k 1)|uI(IkI)H) l-.k(u(k 1) I(l...n))

<i<
1<i <ny I(Ir,%lll (20)|u1(1n)| 1i<k<n

isr<n FA(u(n)‘ (1...n)) ) A
> () o () (1..n)
X = BV ®E @W(u; ") (4.30)
Uy — U

202 =& n_ (k) ¥ ~(n)H’

1<i<n | (|—yi<k<n Uy uy Up — U
i<r<n
(n—1) ~(n)
fruy i) ) o () 1 ) o (R) (1..n)
( D b @Bty 2 Ey  ®E" |@W(u; ) (4.31)
Uy Uy Lo U
(k—1), .. (1...n)
Tlug, 5y ) G-1). . (1..n)
+ Z Z Z l_[ 1) (k) Tilugg up )
1<l<]<n| (r)l 1|u(5)| 1i<k<j U — Uy

Lot
i<r<n j<s<n

k=1). . (... k—1). (1. -1, (1.. 1.
lﬂk(u( ); ( "))Fk(uI(H )uI(II ™) Fn(uI(IT,IIII);uI( n))FA(uI(In);uI( )

<] 1

(k _ (k) (k=1) _ (k) (n) _ ~()
j<k<n (Y ugy up; ) uy” — dhgy
_ 1 1 1) -~
f (uI(Ir; : uI(In ))f+(u111 : ul(ﬁ)
(n—1) _ ~(n)yr,, (n—1) (n)
(uy =gy ugy  —ugyp)
- ()
(u ) 1
X (f(]HlI)—(J) l(n) ® Ejn) m (n) ® E(n) ® \I/(U.I(ln)) . (432)
U~ Uy U~ Uy
492 Next, consider vector ‘i‘2,1- This time we can not apply expansion (4.3). Instead, we will
403 use the composite model approach to obtain the wanted expansion. Set L' := Vd(n) ® Vd(n) and
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L=w® Wé(l) ® (L™)0 5o that LD = '@ !, Recall (3.31) and set

a\ap,

athen )= D JE ) @ RO 6 —ul RPN v —ai)]

j<n

+ k
ﬁl v):= |: Tk 1)(ul(‘ ); u(")\u(ng)]l’
The cases when k = n, fi will be denoted by

. 0)=al, 0, plLo)=al 0, dM)=6lw), ) =650)

so that
6o ™) =D e (VB0 +6,, () d'0) + s () ).
k<n

This notation is reminiscent of the Bethe ansatz notation commonly used in the composite
model approach only p e is an additional creation operator specific to the case at hand.

Consider the Il-labelled operators. Their action on the reference state Eg’) ® Eiﬁ) e L' is given
by
- 1 (V) E(n) ®E(n) (E(n 1))*n . E(n) ®E:(lﬁ):
Il () (R _ (n—1) () (n)
6" (v)-ESY @ S (n) Z(E Vot By ® B}
! V—Un, j<n
) BV @ B = (n) — 5 2UE) 1(—(n) E®E) +E e Eﬁ.’?z),
' V—Un, j<n v
I I () g w(A) _ 1 gD (n—1)
P W) (V) By ® F; = 2 Y BT

W= —ul) oo

1 () () (R) (A)
x (W— (n) E]+2 ®Ek+2 + Ek+2 ® E]+2

The products ﬁ' L) (i' (), p . () 7:2 _,(u), and ﬂclzln—l(w) p M) l‘}” _,(u) act by zero on
k

Egn) ®E§"). The homogeneous (aa and bb, pp) exchange relations of the II-labelled operators

are analogous to (3.32) and (3.33), respectively. The mixed (ab, ap, bp) exchange relations

have the form

J ’al

n ,N— 1 n—1i,n
g ()6 () = 6, () oy (DR e D=+ — 6, (0) a @ PIETY.
_ ! '
Consider the I-labelled operators. The dc, cb, db exchange relations have the form

AW =Ff"uwdwd' v+ ﬁc'(v)d'(u).
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so06 The standard Bethe ansatz arguments then imply

l_[ ﬁc(;jll)(ul(_n—l); u(n)) . Egﬁ) ® Egﬁ) ® \I,(n—z)(u(l...n—z) | u(n—l,n)\ugrrll))
i i n

= [Eg“) o EM o l_[ﬁLF‘l @) (4.33)
(Tl 1) _ (n— 1)\ (n— 1))
,u Ll
(A) o () o (=D
+Z (n 1) _ (n) ZE]H'Z@E ®(Ek )a;“l
m, k<n
—1 —1
xl_[ﬁtlly,l(ul(.” @) (4.34)
i#j
(Tl 1) (n 1)\u(" 1)) 1
) o gD, @) o o)
+Z (n D _ g Z( (n D oo Eke2 ®Ey " HE, ®Ek+2)
my, k<n —Un,
® (B V), 1]—[ﬁ',, (@) @) @4.35)
Ui
—e (1) (n=1)y - (n=1)\ ¢ (n—1)  (n—1)
+ 0 £, ), u I\, W)
i<’
1 A o o) A o () (n—1) (n—1)
X Z (_(allEk+2 ®E,+ ok ,® Ek+2)®(Ek )1 (B )Zrz;l
k,l<n - ! ]
x [ ] bl @™l ) ™)
i)’
1 ) o () @) o p(A) (n—1) (n-1)
+;(0‘21Ek+2 EjpptanE @ Ek+2)®(Ek )Z;—I(El )Z;;,—l

<[] ﬁ;n_l(uﬁ”‘l))c'(u§”‘1))d'@?}‘“)ﬂ

i#j.J
(4.36)
x \Ij(u(l...n—Z) | u(n—l,n)\u(n))
mTl
s07 Where
oy = d Y =)l — a0 — @Y —u®)/@ Y =),
oy ="V =i — (@Y —uM) G = a®) + 1)/ -,
oy = £, U @Y — ), (4.37)
—1 —1 —1 -1) -
oy = D, uI(@ Y =) - ) + 1),
—1 -1 ~ -1 -1 ~
y o= @Y —u)" Y — @)Y —u)( Y —al).
s0s We will consider the terms (4.33-4.36) individually.
500 First, consider the term (4.33). Acting with ﬁ((.ln) i (u&‘))%(")(u(”)\ug})) gives the i = n
s10 case of the first term on the right hand side of (4.12).
511 Next, consider the term (4.34). The operator d'(ug.n_l)) acts on W(u1-n2) | u(”_l’”)\ugg))
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s12 via multiplication by f +(u§”_1), u(”)\ug’lf) ,un(ug.n_l)) giving

Fn(u(.n_l)' u(l.‘.n)\(u(ﬁ—l) u™y)

(n)
i’ i oTm ) o () o (=1

Z (n—1) (n) Z Ek+2 ®E;"® (Ek )ar_1—1
j uj _umn k<n J

X \I/(u(l"'”_l)\ug.n_l) | ug.n_l), uMu™).  (4.38)

s13 Using (4.2), we expand W(u-"~ 1)\u(n 1)Iu(n D u(”)\u(”)) in the space V(" b,

(k—l) (1 -n)
I (u )
I N e R U IS
i<n |, ()21 i<k<n upy; I

i<r<n—1

514 where u"™ := 4" and ul(”) = u(”)\ug’;). Substituting (4.39) into (4.38) yields

111 i
(k—1). . (1..n)
I (u ‘u ) . B
Z Z l_[ (11?—1) I(k) ED @BV @ w(u " | uM). (4.40)
i<n IuI(Ir)|:1 i<k<n U T Upg

i<r<n

515 Acting with ﬁc(.lz) i (ug’;n))%(")(u(”)\ugz) gives the i < n cases of the first term on the right
s16 hand side of (4&2)n.

517 We are now ready to consider the term (4.35). Let ' denote the restriction of n™ to the
s1s space L', Set 771 = (E(n))al -m'. Using the explicit form of ¢ (u(" ) we find

l_[k<l f+(u§."_1), u(n))

PR GES S N (n=1)y _I
@y ' = Y e ) (4.41)
l<m, uj -
519 giving
—r,(n=1) _ (n—1)\,,(n—1)
[ L um A\ ) 1
J J (" M, () o p(H) (n-1)
Z (n—1) _ ~(n) Z (n—1) ()Ek+2®E +E, ®Ek+2 ®(Ek )Z(H
; u —1 u —u j
J j m, k<n j m,
+(,,(n=1) ()
[lea f7 0707 (n-1) (1..n=1)\ (n=1) | (n=1) _ (n)y, (n)
le o ) G u ). @42)
<m, ] 1

520 Acting with %(”)(u(”)\uggz) and applying Lemma 4.8 to the second line of (4.42) gives

)3 [Teat @20y G, ul-m\@”,u®))
iz, Tickem, £ @ u™) @ =l + D™ —u™)

x (") W\ @, u™, u®) ). (4.43)
521 Using the identity
FRa D\ uy) Z [Tear £ @S0, 0y ]
"V —u? i, Micem, @) @ —ul® + 1)@ —u)
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522 which follows by a descending induction on i, expression (4.43) becomes

(n-1) (n)
Fr P u M\, ul))

n (Tl) 1... (n)
2. (-1 __ () g u N\ )
i<m, uj —lli
@) W\, Uy W) @4

523 Therefore, action of %(”)(u(”)\ug})) on (4.42) gives

(Tl 1) (1...n)\(u(n—1), u(n) u(n))) T (u("). u(l...n)\(ul(_n), ug:)))

I IO
(ugn—l) _ ugn))(ugn—l) ~(n))

j i<m,

1 ) o g® 4 M) g g (n-1)
XZ( (n ) u()Ek+2 Ey +E, " ®E,, |®(E; )Z;}—l

k<n m

n

X \I/(u(l“'“)\(ugn_l), ul(n), u,(;n)) | ugn_l)) . (4.45)

s2« Finally, we expand W(u (!~ ”)\(u(" 1), g"), ug’;)) | ug.”_l)) in the space Va(,?__ll) analogously to (4.39).
! i
525 This gives

(k=1) (1...n)) l-.(u(n—l)_ (1...n))l-.(u(n)_ (1...n))

ZZ l_[ (k]. k ' ll]. AllH,'vll

i<n |y )=y i<k<n U il iy )

i<r<n
1
(— EP oM+ EM @ E(")) @ w(ull"). (4.46)
(n—1) (n) I
up Uy
s26 Combining (4.46) with (4.31) and acting with ﬁ‘(.ln)

i,
527 hand side of (4.12).
528 It remains to consider the term (4.36). Using the same arguments as above, and renaming
s20 j—p,j — p’, we obtain

Z Zl—- ((u(n 1)’ (n 1)) u(l n)\(u(n 1) (Tl 1) (Tl) (n)))l—- (u(n)’ (1. n)\(u(n), (n)))

(ug’:)) gives the second term on the right

l<mnp<p
<> (B @B+ paE o B e (B
ki<n |
><\I/(u(l“'”)\(u;“_l),ug,l_l) u(n) (n))|u(n 1)’ (n 1)) (4.47)
530 Wwhere
D™ )
B1:= ug,l_l) —ugn) a;;t+ u;”_l) o Q21
e G
_W( "+1+m)’ (4.48)
Fra@ D™y ™) '
By = OV apt+ u(”_l) o 3%

p/
1 -1 (n-1) _ ~
(” ) — () (ufun ) — u,(g"))(up, — ug:n)) +1

mn

— £t+(y,(n— 1) (n)
= ) D _m CEVIN

Up U; P i
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531 Note that
Y - -1 — —1) | ~
Pitb= (@2, 0™V ™, ul) — K@D, ul D 1a®,u®)). (449

i my

532 We can now use (4.3) to expand vector

W\ @D, 0, u™, u @) D, W)

V(n 1) V(n 1).

533 in the space e

>, Z [ ] neSul) k@ 1uf)) BV 0 BV @ w(u")  (4.50)

<
1<i<n |uI(Ir,2H| (2’0) i<k<n

i<r<n—1 (-1). (L)
L(uy, 5y ) (G-1), ,(1n)
+ Z Z Z l_[ Y (k) Giluy Sy )
1<i<j<n lu (r)l 1 |u(5)| 1 i<k<j U — U

i<r<n—1j<s<n—1

k— k—
w5 Koy s ™)

|1

k—1 k—1
j<k<n (u( )_uII))(uI(II ) uIII))
+(u(1—1) J)) 1
x(f—o “11) UI) EY E(" Dy e E(” Ve g 1))®\If( (1-my  (4.51)
U~ — U Uy Uy
53 where uI(I n-l) ué” 1 ul(ﬁ D= ™D and ul(n) = u(")\(ugn),ugﬂ?). Substituting the term

535 (4.50) into (4. 47) and applymg (4 49) gives

Z Z Z l_[ T (u(k 1)’ (1. n)) l—[ K( (k 1) (k))

1<1<n|u r)l 2|u(")| 1l<k<n i<k<n
i<r<n
(n). . (1..n)
I(u ,u ) 1 D 1
A (K@{ ™ 1u) — k@i 1al, ui)) EP o EW @ a(u™). (4.52)
Up " — Uy

s3s  Upon combining (4.52) with (4.30) and acting with ﬁ((.ln) i
537 right hand side of (4.12).

538 Finally, substituting the term (4.51) into (4.47) and exploiting symmetry of Bethe vectors
53  gives

(ugr’f)) gives the third term on the

k—1 1.
T (5 ") G-1). . (1.n)
DI i)
(k 1) (k) Jyveiar oMl
1<1<]<n|u(r)| 1|u(5)| 1l<k<] IH IH

111
i<r<n j<s<n

l"k(u(k D, (1...n))1-.k(u(k 1), ul(h n))

111 (n-1),. (1..n) (n),. (1..n)
X l_[ (—1) _ (k) (—1) 0 (U s up ) Ty 5wy )
j<k<n Uy )y uIII)
G-1 _ ()
B [ (ugy 7 uy )+ﬁ 1 E(n) g
2 00 _ 0 TP Gy O 7
i1 i1 i i
(1—1) (J)
fr(uy, ) 1 ) o o) (1..n)
+(/31 S B B e B e w(u(). (4.53)
m M m -t

sa0 Combining (4.53) with (4.32) and acting with ﬁén) 4 (u,(;)) gives the last term on the right
sa1  hand side of (4.12). O
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sa2 4.3 Proof of Lemma 3.8

523 The idea of the proof is to construct a certain Bethe vector and evaluate this vector in two
s44  different ways. Equating the resulting expressions will yield the claim of the Lemma.

545 We begin by rewriting the wanted relation in a more convenient way. From (2.20) and
s46  (3.27) we find that
_p(v) nos 5™ £, 9) 1 (,7)
(n) (l n( ) mnd n(V) (n) + (n) -~ P[lmnﬁmn ) (4.54)
u; —v u; —v u =79

sa7  Repeating the steps used in deriving (4.29) and applying (4.54) we rewrite (3.42) as

Sﬁfl(V) \I/(u(ln)) — Fﬁ(V, u(l...n)) \IJ(u(ln))

+ (n)
) W, v) 1 ()
Z ﬁamnamn( ) ( (n) + (n) ~ pdmndmn
u; -V u;—v

i

% Fﬁ(ugn), u(l...n)\ugn)) %(n)(u(ft)\ul('n)) \ijz’l(u(l...n—l) | u((;))

(n) =
=D b a0V )(f+(u A BCE) )
mn_lamn (n) ~ dmn—ldmn—l
i#l u; " —v

£, u™) e, ag)
™ _

1’ i

x B\, u?)) By o (D [ul\fY). (4.55)

x L™, u™); -\ @™, 1Y)

L’l’

sas  Let \I/mnH(u(l"'") U v) denote a Bethe vector with m,+1 level-n excitations and the reference

sa0 vector mp | (E("))am ,M™; here v denotes the (m,+1)-st level-n Bethe root. Applying
s50 (4.17) and (4.29) to this Bethe vector we obtain

\pmnﬂ(uu...n) uv) =Ty(v, u(l...n)) \p(u(l...n))

£, 9)
i l(-n) -V

x 6 (v) BO O\ (D [\ U y)

.. 1.0\ ,,0n)
A(ui su n\ui )

_ZF ((u(n) (n)) ul- n)\(u(n) (n)))K(u(n) (ﬂ)|v v)f+(u(n) (n))

i'#i
% ﬁ(n) R 1(v) %(n)(u(n)\(ugn),ugln)))
x By o ("D O\@™, uPyuv).  (4.56)
ss1 Next, recall (4.24) and note that P(Enaz N = é: "a) ni giving
+ (n) ~(n)
A i<k<mnf (u )
RO M\ = pm 1> o P g (4.57)
T} n-Mp

i<m,
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552 This yields an analogue of (4.29) for \Ilmn+1(u(1"'") uv):

Uy @ Uv) =6 (1) BO@®) (@D [u® )

mp+1Gmpy +1

Fﬁ(ugn); u (1...n)\ul(_n))
+2

i u(n) -V

x 60 (1) BN\ @D u O\ Uy, (4.58)

ss3  The next step is to evaluate products of creation operators B(™ and the dotted Bethe vectors

W. This is done by applying the same techniques used in the proof of Proposition 4.6. Hence
555 'we will skip the technical details and state the final expressions only.

556 Evaluating the named products in (4.56) and (4.58) gives

554

%(n)(u(n)\ugn)) ‘ijz,l(u(l...n—l) | u(n)\ugn) U V)
— Egﬁ) ® Egﬁ) ® \Il(u(l"'”)\ul(.n))

T ("5 -\ @, ™)
+ Z (n—1)
J j
—1 -1 _
< 3 B o H L YN )

1<k<n

-V

(Tl 1), u(1 n)\(u(n 1) En),uglfl)))rﬁ(u(n).u(l...n)\(ugn) (n)))
PR

1 ~ —
J il (ugn )—V)(ug.n 1) _ (n))
1 (1) o g® | g®) g g (n—1)
X Z ( oy B2 ®Ey TE®E L, | (E )Zm
1<k<n u] -V

X\P(u(l n)\(u(n 1) u(n) (n))lu(n 1))

+ 3 3 (@, ul D) B @, ulP)) Tl u @, uf)
j<il it

3

1<ki<n |

L p@np®) (") (21) (7) (") (n-1) (n-1)
_(ﬁ Ek+2 ® El+2 ﬁ El+2 ® Ek+2) ® (Ek )Z'}—l(El )Z"—l

% \Il(u(l"'”)\(ug.n_l) u(n—l) (n)’ul(lrl))lu(n—l)

(n—1)
Wy U w, )

(4.59)

)

ss7  and
%(n)(u(n)\ugn)) lijl’z(u(l...n—l) | u(n)\ugn) U V)
— Egn) ® Eén) ® \P(u(l...n)\ugn))
T (u(.n—l). u(l...n)\(u§n—1)’ ul(n)))

+Z — : (n—1) ~

j uj -V

1 ) o o(A) | ) o (A (n-1)
X Z (W Ek+2®E +E ®Ek+2 ®(Ek )Z,},l
1<k<n u] v

% \P(u(l...n)\(ugn—l), ul(_n)) | ugn—l))
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(n—l) u- n)\(u(n—l) u(n) (n)))r (u(n) u@- n)\(u(n) (n)))

PR

1 _
jov# (u§” )—V)(ug-n RE (n))
x Z Eirfz@E(n)@(El(cn_l))Z{l—l \P(u(l...n)\(ugn 1),ul(ﬁ) (n))lu(n 1))
1<k<n J
+ZZF"((HS'H_1) (n 1)) u(l- n)\(u(n 1)’ En 1) (n)’ (n)))l_. (u(n) (1. n)\(u(n) (n)))
J<jrir#
(12) (A) (R (12) (A) (R (n-1) (n-1)
% ; },(/3 Eyia®Epyp + By El+2®Ek+2)®(Ek )Z?,l(El )2771
1<k,l<n

xq,(u(l n)\(u(n 1), (n— 1),u(n) (n))lu(n 1)’ (n 1)) (4.60)

J/
558 and
%(n)(u(n)) \ijl 1(u(l...n—l) | u(n) U V)

(n 1), u(l n)\(u(n 1) (Tl)))r (u(n) u(l n)\u(n))

+ZZ u(n 1) _u(n)

j i
(n—1) ~
fru; ") 1
-1
x > (—(n B ®E + o E} E(”)®E,(<1)2)®(E,(<n D).
u; -V u. % J
1<k<n j j

% \P(u(l"'n)\(ugn_l), ugn)) | u(n—l))
IR (AT A (R T A RTELRTI)
j<jli<i’
x (G )N, D RS, g, ) £ g, 1)
(A1) (A) () (11) (A) () (n—1) (n—1)
X Z (/31 Ek+2 El+2+ﬁ2 El+2 Ek+2)®(Ek )Z;}—l(El )2771

1<k,l<n
X\D(u(l n)\(u(n 1), 57 1),u(") (n))|u(n 1)’ (Tl 1)) (4.61)
sso  and
() (4, M\ (;,() (n) (1..n—1),,(n) (n) (n)
B W\ @V, 1))y 5 ("D [u W\ (1 Juv)
— E(ﬁ) ®E(n) ®\Il(u(1'“”)\(u(.n) (n)))

+ZF (u(n 1) (1 n)\(u(n 1)’ (Tl) (n)))
j

£ ™,9) 1
J_ (?) ) (7) (7) (n=1)
X Z ( (n—1) Ek+2 Ey"+ (n-1) ~ E,”® Ek+2) ® (Ek )Z'}*l
1<k<n u]. -V uj -V j

1.\ r,,(n—1) () (n) (n-1)
x WO\ @S, ™, i) [ )
+ D L@, W0y u -\ @, WG, )
j<j’
(A1) () () (A1) () (") (n—1) (n—1)
x Z (/31 Ek+2 El+2+ﬂ2 El+2 Ek+2)®(Ek )Z;lfl(El )2'771

1<k,l<n
><‘I/(u(l"'”)\(u;n_l),u§7_1) u(n) (n))|u(n 1)’ En 1) (n)) (4.62)
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seo Where /5121) /3(21) and y are given by (4.48) and (4.37) except ug’;) should be replaced by v,

s61  and
(n-1) _ (n 1) _ (n) (n—-1)
P B RV CO O LW Ny ")
1 u(n—l) (n) j s 1)_ () ’
(n 1) —7
(12) _ Y (n— 1) (n) (n—1) (n 1)
2 T u(,n_l) (n) f (u )f (u ,u )
J Ui
LD g . (4.63)
J’ + (n—l) (n) (n=1) _
+ LD _ (n)f (@ )( VT e (n—l))’
j’ Uy J J’
+0, (n— 1) ~
an._ LG9 ap.__ 1 ( ap, 1 )
1 (ugn 1)_v)(u§£1—1)_17)’ 2 u§7—1)_v 1 u§n 1)

5

(<))

2 Adapting (4.59) and (4.62) to the relevant producs in (4.55) allows us to rewrite the latter as

Fﬁ(ugn), u(l'“”)\ul(.n)) Egﬁ) ® Egﬁ) ® \I/(u(l“'")\ugn))

T (u(n) (1...n)\u§n)) Fn(ug'n_l); u(l...n)\(ugn—l), ul(n)))
+ Z D __
j up Y
x > ED 0B @ (V) wu O\, ul) )
1<k<n J

@™, 0 £ (@™, 5
S uy ) Q)
+ DL, 1) w O\ @, w7y

i';éi ’ l/ uf,n) - ﬂ(n)

( EP @ B @ w(u -\, (")))+A) (4.64)
563 where

—1 -1
A= Z Fn(ug'n ); u(l,..n)\(ug_" ), ul(_n), (n)))
j

(n—1) ~(n)

f+(u' Ju'/ ) A 1

J t () (A) (A) () (n—1)yx

X Z ( (n—1) (n) Ek+2 Ez + (n—1) n) Ez Ek+2) ®(Ek )ar_l—l
1<k<n N U; —Uu; u; —uy,

% \P(n—l)(u(l...n)\(ugn—l)’ ugn) (n)) | u(n 1))

-1 -1 -1 1
B (DY N ) 00 ) 00
J

j<j’ - U(n))(u(-tl_l) - u(-/n))

—1 -1 -1
< 2, (@ uED, 0 B + 0B O B ) o (B (BT
1<k,l<n

X (N @D, G, (n))lu(n D

j/ ) l >

(Tl 1))

s64 and
(ug.n_l) — ugn))(u(.”_l) — u(”)) + u(.n_l) — ug,n) +1
0:=

(ugn—l) (n))(u(n 1) (n))

ses The final step is to substitute (4.59)-(4.62) into the difference of (4.58) and (4.56), and (4.64)
ses  into (4.55), and equate the resulting expressions.
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5 Conclusions

This paper is a continuation of [GMR19], where twisted Yangian based models, known as one-
dimensional “soliton non-preserving” open spin chains, were studied by means of algebraic
Bethe ansatz. The present paper extends the results of [GMR19] to the odd case, when the
bulk symmetry is gl,,,; and the boundary symmetry is so,,,;. Theorem 3.9 states that Bethe
vectors, defined by formula (3.41), are eigenvectors of the transfer matrix, defined by formula
(3.43), provided Bethe equations (3.52) and (3.53) hold. It is important to note that Bethe
equations for Y*(gly)-based models were first considered in [Doi00, AA*05]. However, the
completeness of solutions of such Bethe equations is still an open question. Investigation of
higher-order transfer matrices and Q-operators might help to shed more light on this problem.

In Proposition 3.12 we presented a more symmetric form of the trace formula for Bethe
vectors than the one found in [GMR19]. This formula can be used to obtain Bethe vectors when
the number of excitations is not large since the complexity of the “master” creation operator
grows rapidly when the total excitation number increases. This is a well-known issue of trace
formulas for both closed and open spin chains. Low rank examples of the “master” creation
operator are given in Example 3.11.

We also obtained recurrence relations for twisted Yangian based Bethe vectors. They are
given in Propositions 4.4 and 4.6 for even and odd cases, respectively. Repeated application
of these relations allow us to express Y *(gly)-based Bethe vectors in terms of Y (gl,)-based
Bethe vectors obeying recurrence relations found in [HL"17b] and recalled in Appendix A.3.
The recurrence relations found in this paper provide elegant expressions when the rank is
small, see Examples 4.5 and 4.7. The n = 2 even case in Example 4.5 may help investigating
the open fishchain studied in [GJP21]. However, recurrence relations become rather complex
when the rank is not small, especially in the odd case. This raises a natural question, if there
exists an alternative (simpler) method of constructing Bethe vectors for open spin chains. For
closed spin chains the current (“Drinfeld New”) presentation of Yangians and quantum loop
algebras [Dri88] has played a significant role in obtaining not only recurrence relations, but
also action relations, scalar products and norms of Bethe vectors, see [HL.*17a,HL"17b,HL"18a,
HL*18b, HL*20]. Thus, it is natural to expect that a current presentation of twisted Yangians
could pave a fruitful path for open spin chains analysis.

A current presentation of twisted Yangian Y *(gly) was recently obtained in [IWZ23].
(The rank 2 case was considered earlier in [Brw16].) However, in [LWZ23] a different, the
so-called non-split, presentation of twisted Yangian is considered (see Chapter 2 in [Mol07]),
which is based on the Chevalley involution of gl and is not compatible (at least in a natural
way) with the Bethe vacuum state. Nonetheless, we believe that the presentation obtained
in [IWZ23] may have applications in open spin chain analysis and deserves attention. For
example, integrable overlaps for twisted boundary states are constructed using the non-split
presentation of twisted Yangians [Gom23].

Overall, the approach presented in this paper does open a door to an exploration of scalar
products and norms of Bethe vectors for twisted Yangian based models. However, developing
Bethe ansatz techniques in the current presentation of twisted Yangians might open a broader
path to open spin chain analysis. An alternative path could be a development of separation of
variable techniques along the lines of e.g. [GLMS17,RV21].
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A Appendix

A.1 Weight grading of Y*(gly)

Define an n-tuple w; € Z" by (w;); := 6;; and recall the notation 7 = N — j + 1. Then define
weights of the elements s;;[r] using the following rule

wt(s;;[r]) == Z wi + Z w, when i<j, i+j<N+1 (A1)
i<k<j J<k<fi
and require
wt(syi[r]) =wt(s;[r]),  wtlsj[r]) =—wt(s;[r]) (A.2)

forall1 <1i,j < N. Note thatwt(s;;[r]) =(0,...,0) € Z". Extending linearly on all monomials
this defines a weight grading on Y*(gly).

The recurrence relations (4.8) and (4.12) are compatible with this grading. The master
creation operator (3.54) has the weight

my,...,M,_1,m when n=n,
@ :=wt (By (")) = iy w12 Mn) ) (A.3)
(mq,...,m,_q,2m,) when A=n+1

which we assign to the corresponding Bethe vector. Then (4.8) and (4.12) can be schematically
written as

P = > s, vem (A4)
w'eW
where W is the set of weights of s; ,,,;[r]with 1 <i <nand 1< j <, thes,, is a generating
series of Y*(gly) of weight w’, and all scalar factors and spectral parameter dependencies are
omitted, as in (1.1) and (1.2).

A.2 Commutativity of transfer matrices

Lemma A.1. Transfer matrices T(u) defined by (3.43) form a commuting family of operators.

Proof. We follow arguments in the Proof of Theorem 2.4 in [V115]. In this proof, we will write
S,(u) instead of SC(IN)(u) and R, (u) instead of REIIZ’N)(u). Then

T(W) T(v) = try Mga (W) S2(w) try My(v) Sy (v) = trgp Mge (W) Mp(v) S (W) Sp(v)  (A5)

where t, denotes the usual matrix transposition in the space labelled a. Upon inserting a
resolution of identity in terms of R-matrices and using properties of matrix transposition and
the trace (see Appendix A in [VI15]) we rewrite the right hand side of (A.5) as

trgp Mo (W) Mp(v) (RY, (5 — ) RY, (5 — ) S (w) Sp(v)
= trg, (M () (R, (7 —u)) ™) M, (1)) (So(u) Rap (7 — 1) Sp (1))
= trg, (M) (R (5 —w)) )P My* (1)) Sy () Ry (7 —u) S (v). (A.6)

We insert a resolution identity in terms of R-matrices and use properties of matrix transposition
and the trace once again. This gives

trgp (Mfe () (R, (5 —uw) ™) M (1) "
% (Rap(u —v)) " Ryp(u—v) So(u) Ry (7 — 1) Sp(v)

= trgp (Rap(u—v)) ™ M () (RS (5 —w)) D M (v))
X Rgp(u—v) Sq(u) Ry (7 — ) Sp(v). (A.7)
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The R-matrix (2.6) satisfies

(Rep()) ™) = r(@Rep(—w), (R @) ™)™ = r(w)Ryp(—u) (A.8)
where r(u) := u?/(u? — 1). Relations (A.8) and the dual twisted reflection equation (3.44)
imply

tptg

(Rapu—v)) ™Mt Mle(u) (R (F—uw)) ™)' M, (v))
=r(u—v)r( —u) (Rep(v —w) Mls(w) Ryp(u— ¥) M,* (v))
=r(u—v)r(¥—u) (M;”(v)ﬁab(u — V)M Ryp(v — u))
= (M () (R, (7 —w)) ™) M () (Ryp (u—v))™H)kate) ', (A.9)

tptq

tptq

Applying (A.9) to the right hand side of (A.7) gives

trap (M, (V) (R, (F — 1)) ™) Ml () (Ryp(u— )y )'ate)
x Sp (V) Rap (¥ — ) S (W) Ry (u —v). (A.10)

It remains to repeat similar steps as above in reversed order and use cyclicity of the trace.
The (A.10) then becomes

trap(Rap(w—v)) " (M," () (R (7 —w)) ™) M (w)

x Sp(V)Rgp(F — 1) Sq (W) Rgp(u—v)

= trgp (My* (V) (RS, (5 —w) ™) M () " S (v) Rap (F — 1) S, (1)

= trgp (My* (V) (R, (5 —w) ™) Mle ()" (Sp(v) Ry (7 — 1) Sy (w))

= trp (R (F — 1)) " M,* (v) M2 () Sp(v) S (u)'« RS, (F — )

= tr, M," () Sp(v) try Mo (1) S, ()"« R4 (§ —w) = 7(v) T(w) (A.11)

tptq

as required. O

A.3 A recurrence relation for Y (gl,)-based models

The Proposition below is a restatement of Proposition 4.2 in [HL"17b] in terms of notation
introduced in Section 4.1 and Proposition 4.1.

Proposition A.2. Y(gl,)-based Bethe vectors satisfy the recurrence relation

(k=1). . (1..n—1)

_ /\k:(1) v _ _
(I)(v(l...n 1)): Z Z l_[ I(Ik_l) _I 0 ti”(vI(In 1))¢(v1(1...n 1)) (A.12)

1<i<n |v1(1r)|:1 i<k<n I it
i<r<n—1
where
Ar(z; v 1) = £ (2, v &) £ (2, v ) 1 (2) (A.13)
and vl(ln_l) = v}n_l)for any 1 <j<m,_; and vI(Ir) =@ for1<r<iforeach1l<i<nsothat
vl(l"'”_l) =W, ., v, vl(i), v (A.14)

and t;,(z) are generating series of Y (gl,).
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Example A.3. When n = 4, the recurrence relation (A.12) gives

o(v(H23) = t34("1(13))‘1’((v(1)’ v®, vl(g)))

—4,2) (2 £+,,(2) (3) (2)
3 2 @S v v v ) As(vy)
+ > e, v, v e

vy —vV
|v1(12)|:1 11 I

—r (D) )y ptp, (D) (2 (1)
3 D@ @S Vv ) vy Lv) (v )
+ Z t14(V1(1 ))<I>((v1( )>vI( Lv) vy _,@

=1 n Vi
r=1,2
SO v o i) A )

(2) (3)
n Vo

v
(A.15)
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