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Abstract

We study Olshanski twisted Yangian based models, known as one-dimensional “soliton
non-preserving” open spin chains, by means of algebraic Bethe ansatz. The even case,
when the bulk symmetry is gl,, and the boundary symmetry is sp,, or so,,, was studied
in [GMR19]. In the present work, we focus on the odd case, when the bulk symmetry
is gl,,,1 and the boundary symmetry is so,,,;. We explicitly construct Bethe vectors
and present a more symmetric form of the trace formula. We use the composite model
approach and Y (gl,,)-type recurrence relations to obtain recurrence relations for twisted
Yangian based Bethe vectors, for both even and odd cases.

Contents

1 Introduction 2

2 Definitions and preliminaries 3
2.1 Lie algebras 4
2.2 Matrix operators 4
2.3 Twisted Yangian Y *(gly) 5
2.4 Block decomposition 5

3 Bethe ansatz 6
3.1 Quantum space 6
3.2 Nested quantum spaces 7
3.3 Monodromy matrices 9
3.4 Creation operators 10
3.5 Bethe vectors 13
3.6 Transfer matrix and Bethe equations 14
3.7 Trace formula 16

4 Recurrence relations 17
4.1 Notation 17
4.2 Recurrence relations 18
4.3 Proof of Lemma 3.8 30

5 Conclusions 34



a1

42

43

a4

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

SciPost Physics Submission

A Appendix 35
A.1 Weight grading of Y*(gly) 35
A.2 Commutativity of transfer matrices 36
A.3 A recurrence relation for Y (gl,)-based models 37

References 37

1 Introduction

Twisted Yangian based models, known as one-dimensional “soliton non-preserving” open spin
chains, were first investigated by means of analytic Bethe ansatz techniques [Doi00, AAT05,
ACT06a, AC*06b] and more recently in [ADK15]. Such models are known to play a role in
Yang-Mills theories, where twisted Yangians emerge in the context of integrable boundary
overlaps [dL"19, Gom24] and open fishchains [GJP21].

A crucial step in understanding twisted Yangian based models is finding explicit expres-
sions of Bethe vectors. In the case when the bulk symmetry is gl,,, and the boundary symmetry
is sp,, Or 504, this was achieved in [GMR19] using algebraic Bethe anstaz techniques put for-
ward in [Rsh85,DVK87]. These techniques apply to the cases, when the R-matrix intertwining
monodromy matrices of the model can be written in a six-vertex block-form. The monodromy
matrix is then also written in a block-form, in terms of matrix operators A, B, C, and D, that are
matrix analogues of the conventional creation, annihilation and diagonal operators. Exchange
relations between these matrix operators turn out to be reminiscent of those of the standard
six-vertex model. Such techniques have been used to study so,,- and sp,,-symmetric spin
chains in [Rsh91,GP16,GR20a, GR20b,Reg22]. A more general framework of such techniques
has recently been proposed in [Ger24].

In the present paper we extend the results of [GMR19] to the odd case, when the bulk
symmetry is gl,,,; and the boundary symmetry is so0,,,,. This extension is based on a simple
observation that the generating matrix of the odd twisted Yangian Y *(gly,,) can be decom-
posed into four overlapping (n+1) x (n+1)-dimensional matrix operators satisfying the same
exchange relations as those of Y (gly,,,) thus allowing us to employ the same algebraic Bethe
ansatz approach. However, the overlapping introduces a new challenge since the middle entry
of the generating matrix is now included in both A and B matrix operators leading to an uncer-
tainty in the AB exchange relation. This issue is resolved in the technical Lemma 3.8 stating
action of the middle entry on Bethe vectors. Computing this action requires knowledge of
recurrence relations for Bethe vectors. We use the composite model techniques together with
the Y (gl,,)-type recurrence relations found in [HL*17b] to obtain the Y *(gl,,,)- and Y " (gly,,41)-
type recurrence relations. The main results of this paper are presented in Theorem 3.9 and
Propositions 4.4 and 4.6.

The first main result, Theorem 3.9, states that Bethe vectors, defined by formula (3.42),
are eigenvectors of the transfer matrix, defined by formula (3.44), provided Bethe equations
(3.53) and (3.54) hold. This Theorem is an extension of Theorems 4.3 and 4.4 in [GMR19]
to the odd case. Commutativity of transfer matrices is shown in Appendix A.2. We also found
a more symmetric form of the trace formula for Bethe vectors derived in [GMR19]. The new
formula is presented in Proposition 3.12. Its main ingredient is the so-called “master” creation
operator, defined by formula (3.55). Low rank examples of the “master” creation operator are
presented in Example 3.11.
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The second main result, Propositions 4.4 and 4.6, present recurrence relation for Y *(gl,,)-
and Y *(gly,,1)-based Bethe vectors, respectively. Schematically, they are of the form

1<i<n
+ 2 (Si,Zn—j+1 +Sj’2n_i+1)\I}(ml,...,mi,l,mi—l,...,mj,l—l,mj—Z,...,mn,l—Z, m,—1)

1<i<j<n

1.1
in the even case and

lp(ml,...,mn) — Z Si’n+1‘1}(m1,...,mi_l,mi—l,...,mn_l—l,mn—l)
1<i<n
+ Z (si a2+ Sn n+i+2) \If(ml""’ m;_1,m;—1,....m,_1—1,m,—2)
1<i<n ’ ,
+ Z S on—it2 \I/(ml’ ey M1, =2, e My —2,m,—2)
1<i<n ’
+ Z (Si,Zn—j+2 +sj,zn_Hz)\Ij(ml,...,ml-,l,ml-—l,...,mj,l—l,mj—Z,...,mn,l—Z,mn—z)

1<i<j<n

(1.2)

in the odd case. Here m;’s indicate excitation numbers associated with the i-th simple root of
the boundary symmetry algebra, s;;’s represent generating series of the twisted Yangian, and
all scalar factors and spectral parameter dependencies are omitted. These relations are com-
patible with the weight grading of twisted Yangian (see Appendix A.1). Repeated application
of relations (1.1) and (1.2) allows us to express Bethe vectors WM —-m) in terms of those with
no level-n excitations, i.e. with m, = 0. The latter Bethe vectors obey Y (gl,,)-type recurrence
relations of the form [HL"17b]

\Ij(ml ..... mn,l,O): Z s; n\p(ml ..... m;_q,m;—1,...,m,_1—1,0) (13)

the explicit form of which is recalled in Appendix A.3. This feature is explained in Remark 3.3.
Recurrence relations (1.1) and (1.2) are rather complex, especially in the odd case. However,
low rank cases, explicitly stated in Examples 4.5 and 4.7, are manageable for practical compu-
tations. Moreover, the known results of Y (gl,,)-based models [HL."17a,HL"17b,HL"18a,HL"20]
can be employed after the first step of nesting.

The paper is organised as follows. In Section 2 we introduce notation used throughout
the paper and recall the necessary algebraic properties of twisted Yangians. In Section 3 we
present the algebraic Bethe anstaz: Bethe vectors, their eigenvalues and the corresponding
Bethe equations. We consider both even and odd cases simultaneously giving a coherent frame-
work needed for obtaining recurrence relations. In Section 4 we obtain recurrence relations
and present a proof of the technical Lemma 3.8. In Appendix A we recall weight grading of
Y*(gly), a recurrence relation for Y (gl,,)-based Bethe vectors, and provide a proof of commu-
tativity of transfer matrices.

2 Definitions and preliminaries
Throughout the manuscript the middle alphabet letters i, j, k, ... will be used to denote inte-

ger numbers, letters u, v, w, ... will denote either complex numbers or formal parameters, and
letters a and b (often decorated with additional indices) will be used to label vector spaces.
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2.1 Lie algebras

Choose N = 2. Let gly denote the general linear Lie algebra and let e;; with 1 <i,j < N be
the standard basis elements of gly satisfying

Leij, exr] = Ojxeir — Giex;- (2.1)

The orthogonal Lie algebra soy and the symplectic Lie algebra spy can be regarded as subal-
gebras of gly as follows. For any 1 <1i,j < N set 0;; := 6;0; with 6; := 1 in the orthogonal
case and 6; := 8;5n/2 — O;j<n/2 in the symplectic case. Introduce elements f;; := e;; — 6;e5;
with1:=N —i+1andJj:=N —j+ 1. These elements satisfy the relations

Ufijs fud = 6 fu— Sufij + 6:5(6ifia — 6:xf51), (2.2)
fij + Ql)fji = O, (23)
which in fact are the defining relations of so, and spy. It will be convenient to denote both

algebras by gy . Write N = 2n or N = 2n+ 1. In this work we will focus on the following chain
of Lie algebras

gly Doy D gl D gl O+ Dgly,
where gl,,, gl,—1, ..., gly are subalgebras of gy generated by f;; with 1 < i,j < k and
k=n,n—1,...,2, respectively.

2.2 Matrix operators

For any k € N let El.(]lf) € End(CK) with 1 < i,j < k denote the standard matrix units with
entries in C and let El.(k) € Ck with 1 < i < k denote the standard basis vectors of CX so that

E .(]I.‘)E(k) =0 ﬂEfk). We will frequently use the barred index notation

(k) (k) (k) . (k)
5] Ek i+1,k—j+1° 1 _Ek i+1°

2.4)

Introduce matrix operators

&0 = ZE(”@EJ(;‘), pkk) .= ZE(k)ean(f‘), QWM := ZE(k)®E_(]f), (2.5)

where the tensor product is defined over C. We will always assume that the summation is over

all admissible values, if not stated otherwise. Note that the operator QX is an idempotent

operator, (Q¥%R)? = kQK obtained by partially transforming the permutation operator

Pk with the transposition w : Efk) — ESlf), that is, Q%) = (id ®w)(P*KR)) = (w ®id)(P*R),
Next, we introduce a matrix-valued ratlonal function

RER () ;= [6R) =1 pllok) (2.6)
called the Yang’s R-matrix. It is a solution of the quantum Yang-Baxter equation in Ck®@ Ck@Ck:
(k k)( v)R(k k)(u z)R(k k)(v z) = R(k k)( z)R(k k)(u z)R(k k)(u—v). 2.7

Here the subscript notation indicates the tensor spaces the matrix operators act on. We will
use such a subscript notation throughout the manuscript. We will also make use the partially
w-transposed R-matrix

RED W) := (id®w)(R*F(w)) = 1R — 1okl (2.8)
satisfying a transposed version of (2.7):

REPw—RED© —2)REP @ —2) = REP (- ) REP (v — ) REP w—). (2.9)

4
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2.3 Twisted Yangian Y*(gl)

We briefly recall the necessary details of the “p-shifted” twisted Yangian Y*(gly) adhering
closely to [ACT06a, GMR19] (see also [Ols92] and Chapters 2 and 4 in [Mol07]); here the
upper (resp. lower) sign in %+ corresponds to the orthogonal (resp. symplectic) case. The
parameter p € C is introduced to accommodate applications to Yang-Mills theories and con-
densed matter systems, where p plays a role of a boundary parameter, and integrable overlaps,
where p appears as an integer parameter in the nesting procedure.

Twisted Yangian Y*(gly) is a unital associative C-algebra with generators sij[r] where
1 <1i,j £ N and r € N. The defining relations, written in terms of the generating series
sij(u) := 06, + D1 sijlr]u™", where u is a formal variable, are

[sij(u0)5100)] = = (sk,(u)slz(v) S (V) s(w))
1
= — (Bsa@sn(v) — 6505 w)
1
+ = =79 9ij(5ki(u)571(V) _SkI(V)Sjl(U)) (2.10)
e (1) = s,()
s;i(u) —s;;(a
0r55571(@) = s;j(u) & ————"—. (2.11)
u—1i
Herei=N—i+1,7=N—j+1,etc,and i := —u—p, V := —v — p. These relations can be
cast in a matrix form as follows. Combine the series s;;(u) into the generating matrix
SM(y) = Z EN @s;5(u) (2.12)

The defining relations (2.10) and (2.11) are then equivalent to the twisted reflection equation
RN w—)sMw RGN —w)siM)
= SMMREM @ —uw) SM @) RYM (w—v) (2.13)

and the symmetry relation

SM(w) —sM(@)

w(S™M (@) =sM(w) + .
u—u

(2.14)

2.4 Block decomposition

Setfi:=nwhen N =2nand fi :=n+ 1 when N = 2n+ 1. Then define fi x 1 dimensional
matrix operators

AD(y) = Z ED ®s;5(u), B (u) = Z ED @5 (w),
(2.15)
C(u) = Z ED @spypjw),  DW(u)= Z ED @Syt (10).

These operators are matrix analogues of the conventional a, b, ¢ and d operators of the six-
vertex type algebraic Bethe ansatz. The exchange relations that we will need are [GMR19]:

AP B W) =RV w—v) BR @) REM (5 — ) AP (v)
N PUDB® () RN (5 — u)A(bﬁ)(u) BP () QUMM (w)

u—vy u—v

R (2.16)

R —v) BD ) RAD (5 — ) B (1)
=B RGP — ) B ) R (u—v), (2.17)
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RAD (1 —v) AD (W) AP (v) - AP (1) AP (W) RED (1w — v)
__RGPw=)BP@RG"Y ;") - B Q" P @ RG (w—v)
=7 = , (2.18)
u—vy
cD)AP (v) = AP W) R (5 —w) D () RAP (u—v)
, P AP@RGPG—w P0) 0P Qg e )

u—v u—v

(2.19)

and

(1) —AD (i M)~ B
AD(y) én (u), :l:g(ﬁ)(ﬁ)= B(ﬁ)(u) n BW(uw) ? n (U)
u—u U

D®(@) = AM () £

(2.20)

Here indices a and b label two distinct copies of End(C"), and D™ (i), B™(i1) are w-transposed
matrices. Taking matrix coefficients of (2.16)—(2.20) one obtains relations among generating
series that coincide with those given by the defining relations (2.10) and (2.11).

Remark 2.1. In the 1 = n+1 case all four operators in (2.15) are “overlapping”. For example,
when N = 3, we have i =n+ 1 = 2 giving

AD(y) = (511(11) S1z(u)) . B®) = (Slz(u) 513(11)) ’

591(1)  spp(u) Sga(u)  sp3(u)

CD () = (521(U) Szz(u)) . DMy = (522(11) 523(“)).

s31(u)  s3a(u) s3a(u)  s33(u)

We will mostly be interested in the A and B operators. The A operator will be used to construct a
transfer matrix of the spin chain and the B operator will be used to construct creation operators.
Both A and B operators include generating series s;;(u) with 1 < i < n associated with the short
root of s0,,,,1. These series will be used to construct level-n creation operator and should only
be considered as elements of the B operator. Likewise, the “middle” generating series s;;(u)
is also included in both A and B operators (and C and D), but should only be considered as
an element of the A operator. These issues will be resolved by restricting to the upper-left
(n—1) x (n—1)-dimensional submatrix of the A operator (such a restriction is compatible with
the AB exchange relation, see Lemma 3.5) and by explicitly computing the action of s;;(u) on
level-n Bethe vectors (see Lemma 3.8).

3 Bethe ansatz

3.1 Quantum space

We study spin chains with the full quantum space given by
LW .=1AM) -9 L(AY) e M(w) (3.1)

where ¢ € Nis the length of the chain, each L(A®)) and M () are finite-dimensional irreducible
highest-weight representations of gly and gy, respectively, and the N-tuples A and w are
their highest weights. We will say that L™ is a level-n quantum space.

The space L™ can be equipped with a structure of a left Y*(gy)-module as follows. Intro-
duce Lax operators

[,(N)(U) :ZZEI.(JI.\I)®(5ij—u_1eﬁ), (32)
L,j
i,j
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Choose an ¢-tuple ¢ = (cy,...,c;) of distinct complex parameters. Then for any & € L™ the
action of Y*(gly) is given by

sMw - g =] [P u-c) ME @+ [ [2P@-c)-¢ 34

where the subscript a labels the matrix space of S") and the subscripts i = 1,...,¢ and £ + 1

label the individual tensorands of the space L™, which we call bulk and boundary quantum

spaces. The bulk spaces are evaluation representations of Y (gly) and the boundary space is

an evaluation representation of Y*(gly). Moreover, since L™ is finite-dimensional, the formal

variable u can be evaluated to any complex number, not equal to any c;, ¢;, and —(p £1)/2.
Let 1, and 1, denote highest-weight vectors of L(A®D) and M(u), respectively. Set

7= 11(1)®'”®1}ﬂ)®1u' (3.5)

Then s;;(u) - n =0if i > j and s;;(u) - n = w;(u) n where

(3.6)

ut(pE1)/2—p == A d—¢=a)
i) = 1 : .

u+(p+1)/2 u—c; i—c;

j<t
Note that puy_;+; = —4; and uz =0 wheni=n+1.

An important property of L™ is that the subspace (L()° c L™, annihilated by sij(u)
withi > n, j < and i > j, is isomorphic to an (£ + 1)-fold tensor product of irreducible gl,,
representations. Its subspace (L) ¢ (LM)°) annihilated by spi(u) with i < n, is isomorphic
to an (£ + 1)-fold tensor product of irreducible gl,_; representations. This can be continued
to give the following chain of (sub)spaces

LW > LM 5 Myl 5.5 M)t (3.7)

where (L0)°, (LMY (L)1 are isomorphic to (£+1)-fold tensor products of irreducible
finite-dimensional gl,,, gl,_1, - .., gl representations, respectively. This property ensures that
nested algebraic Bethe ansatz techniques can be applied.

3.2 Nested quantum spaces

Choose an n-tuple m := (my, ..., m,) of non-negative integers, the excitation (magnon) num-
bers. For each m; assign an my-tuple u® := (u(lk), e ugfz) of complex parameters (off-shell
Bethe roots) and an my-tuple a* := (a’f, e afnk) of labels, except that for m, we assign two
m,-tuples of labels, a := (a;,...,ay,, ) and @ := (dy, .. .,dy, ). We will often use the following
shorthand notation:

D= (u(k), uk+D) u(l)). (3.8)

We will assume that u*%) = u* and that u®-D is an empty tuple if k > I so that, for instance,
f(u(l"‘k), u(k...l)) — f(u(l...k))

for any function or operator f when k > [. For any tuples u and v of complex parameters we
set

u;—v; =1 1 1
frupv) = ————,  fruv)=] [, =[] (3.9)
u; — Vj ij u—v ij u; — Vj

where the products are over all admissible indices i and j.
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Let Va(f ) denote a copy of CK labelled by “af.‘” and let ng) be defined by

k k k) ~
W = V;§)®"'®Va(k) > (Ckyem, (3.10)

mg
Labels af will be used to trace the action of matrix operators. We illustrate this property with
an example. Let £ = & < ® e ® Eak € Wi,’f) and let Mg,f) S End(Va(,f{ )) be a matrix operator

J J
acting in the space labelled a;‘. Then

() _ . (k) ..
ME =800, (Ma? Eat) @& ® Oy .
Let V;_ﬁ), Vd(lﬁ) ~C" and Wéﬁ), Wéﬁ) > (C™")®™n be defined analogously to (3.10). We define
a level-(n—1) quantum space by
(n-1) . y® () (n)y0
L =W, "W, ®(L")". (3.11)
When fi = n + 1, we additionally introduce “reduced” vector spaces
w7 (A () w7 7
W)=V eV, W :=Ve oV (3.12)
where

Vi i=spanc{E\Y :2<j<fyc v, ViV i=spanc{E{"} c v (3.13)

Specifically, Wéﬁ) is isomorphic to (C")®™ and W{En) a 1-dimensional vector space. We then
define a reduced level-(n—1) quantum space by

LD .=WP WM @(1M) c LD, (3.14)

The spaces L™ and ("D will serve as the full (nested) quantum spaces of the Y (gl,,)-
based models obtained after the first step of nesting in the even and odd cases, respectively;
see Remark 3.3.

Then, for each k =n—2,n—3,...,1 we define a level-k quantum space by

L = wlh @ (10D (3.15)
where (L*+1)0 is a level-(k+1) vacuum subspace given by

(L(k+1))0 = (W(k+2))0 Q- ® (Wé;lzl))o ® (Wéﬁ))o ® (Wéﬁ))o ® (L(n))n—k—l c L(k+1) (3.16)

ak+2
where
(k+2)30 (k+2) (n—1)40 (n—1) (A)y0 () ()10 @
Won )Y ewWans o W)Y ew Do, W) ew,™, (W)’ cw,”

are 1-dimensional subspaces spanned by vectors
e @k Ve, EVg...0FW, Meg..gpM
i i
respectively. When A = n + 1, note that (L(""1)° ¢ Z(*=1, Moreover, (L*+1)0 2 (L (M)n—k-1

for 1 < k < n—2. The spaces L) will serve as the full (nested) quantum spaces of the
Y (gl )-based models obtained after n — k steps of nesting.
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3.3 Monodromy matrices

We will say that the matrix S™)(u), acting in the space L™ via (3.4), is a level-n monodromy
matrix. In this setting, we will treat u as a non-zero complex number not equal to any c;, ¢; and
—(p £ 1)/2. We define a level-(n—1) nested monodromy matrix, acting in the space L1, by

Téﬁ)(v; u(”)) = l_[ ﬁi’?;ﬁ)(ugn) —v) l_[ ﬁgj&ﬁ)(ﬂgn) — v)AElﬁ)(v). (3.17)
i<m, i<m,

When fi = n + 1, we introduce a reduced level-(n—1) nested monodromy matrix, acting in the
space L™V by

TP su®) = [ [REP @™ —v) [AD )™ (3.18)
i<m,

where IA{?&") is the restriction of IA{E:;I") to ng) e v c Vd(_ﬁ) ® VI (recall (2.8) and (3.13)),

1
and the notation [ ] means the restriction to the upper-left (n x n)-dimensional submatrix;
this notation will be used throughout the manuscript.

Lemma 3.1. When fi = n+ 1, in the space L") we have the equality of operators

[T (v;u®)]® = 700 (p; u ™), (3.19)

Moreover, the space L™V is stable under the action of TCE")(V sut),

Proof. From (2.8) observe that

[RGB = 810 VY —v 8541 B3 (3.20)

ﬁ("’”) in the a-space; this notation will be

(n)

where [ ];; selects the (k,)-th matrix element of

used throughout the manuscript. Therefore, for any 1 < k,Il <n and any 1 € W(”) lew,
£ e (LM)°, viz. (3.14), we have

[TPw;u™)] necel

—Z[ﬂ#mdmﬂ]n®“1WWW)ﬂ]KMAWE
pr

p,;r Li<m, i<m,
= Z |: l_[ R(" ”)(u(n) v):| NO®L®s,(v)-& (3.21)
p<n Li<m, kp

since s, (v) - £ = 0 by definition of (L()°, and, by (3.20),

[ [ [R @ —v)] {=8,¢
pr

i<m,

when r < 7 because ( is a scalar multiple of Egﬁ) ® - ® E&ﬁ). But

[ [ R @ —v)] W
kp

i<m,
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when k, p < n only if the product includes [ﬁgj&ﬁ)(ug") —v)]ﬁr with r < n, but then it must also

include [ﬁg’iﬁ)(ugn) — v)]rﬁ which acts by zero on 7 since the spaces Vgl) have no E%ﬁ)’s. Thus

[ [TREP - V)] n= [ [ TRP ™ - V)] new™ (3.22)
kp

i<m, i<m,

implying (3.19). To prove the second part of the claim, notice that (L(™)? is stable under the
action of s, (u) with 1 < p,[ < n. Indeed, by definition, it is the subspace of L™ annihilated by
s;j(w)withi>n, j <fiandi> j. Assuming 1 <1i,j,k,l <n, (2.10) gives s;;(u) s;;(v) = O in the

space (L()° thus proving its stability. The stability of L*™1 under the action of Té") (v;u)
then follows immediately from (3.21) and (3.22). O

Next, foreach k =n—1,n—2,...,2, we define a level-(k—1) nested monodromy matrix,
acting in the space L&D, by
T(Ek)(v; ykn)y .= l_[ ﬁi’i’f)(uﬁk) —v) [ Ték-rl)(v; u(k+1...n))](k) (3.23)

i<my

where T should be T when A=n+1 and k = n.

Lemma 3.2. For each 2 < k < n, the space L™V is stable under the action of Ték)(v; uk-1) and

(k k)(v w) T(k)(v u k- n))T(k)(W ulk- n))
= Tlgk)(w; u(k“'")) Ték)(v; u(k“‘”))Rflkbk)(v —w) (3.24)

in this space, except, when i =n+1 and k = n, L&V should be L*V and T™® should be T®).

Proof. When k = n and #i = n, this was shown in Proposition 3.13 in [GMR19]. When k = n
and 71 = n+1, the first part of the claim follows from Lemma 3.1; the second part follows from
the observation that

RO —v) [AD () ] [AP (v) ™ = [AD (v) | [AD @) | W RE™ (u —v) (3.25)

in the space L™V and application of the transposed quantum Yang-Baxter equation (2.9).
The (3.25) follows from (2.18) or directly from (2.10) upon restricting to 1 < i,j,k,l < n.
The k < n cases then follow by the standard arguments. O

Remark 3.3. Lemma 3.2 together with (3.17), (3.18) say that Y*(gl,,)- and Y " (gl,,,,1)-based
models, after the first step of nesting, are equivalent to Y (gl,)-based models with off-shell
Bethe roots given by v~ = y(1-n=2) apnd vy .= (@™ 7™) in the even case, and
v(® := 4™ in the odd case. This property will be explored in Section 4.

3.4 Creation operators

We define a level-n creation operator by

(n n)(~(n) (n))

B (™) = l_[ (ﬁ(n)( () l_[ fa . ) (3.26)
1<i<m, i<j<m, (F @, ul™))om
where
ﬁg’l?;i(ul?")) = > EMye(EV) e [BO W™, E(V(”))*®(V(”))*®End(L(")) (3.27)
k,l<h

10
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and Bgﬁ)(ugn)) is the B-block of the operator in the right hand side of (3.4). The R-matrices
in (3.26) are necessary for the wanted order of the R-matrices in (3.17), which in turn is
necessary for Lemma 3.2 to hold. The denominator is an overall normalisation factor.

From (3.26) it is clear that %(”)(u(”)) satisfies the recurrence relation

B () = 4O

a namn

@) B @\ AP u\u§?) (3.28)

where %(”)(u(")\ugf)) is defined via (3.26) except the ranges of products are 1 < i < m,, and
i<j<m,,and
P (Tl ) (u(n) (n))
FOWD;uM\uy:= [ R iy (3.29)
" " igiam, (FT (u('“ )P
We will later meet operators %(”)(u(”)\ugn)) and %(”)(ugn); u(”)\u(")) for any [ that are defined
analogously except ul(.”) (resp. ﬂg”)) should be replaced with u (resp ~( ) pforalll <i<m,

Next, for each k =n—1,n—2,...,1 we define a level-k creatlon operator by

gg(k)(u(k)’ u(k+1...n)) = l_[ ﬁ((ﬁ)(ufk), u(k+1...n)) (330)
1<i<mg |
where
k), (k k k k
6ik)(u§ Julkrteny = Z (E]( ))Zk ® [T+ Dl );u(k“""”‘)):|7,,ur1 € (V;k))* ® End(L").

1<j<k
(3.31)

Note that Té”)(ugn_l) :u™) should be replaced with T\ (ugn_l) ;u)whenA=n+1.

Parameters of creation operators may be permuted using the following standard result,
which follows from (2.17); see Lemma 3.6 in [GMR19].

Lemma 3.4. The level-n creation operator satisfies

%(n)(u(n)) _ %(n)(u(n) ) (Tl fi) (u(n) (n) ) (n ft) (u(n) _ul(_n))‘ (3.32)

ie—i+177 " a; 104 l+1 dijp1d; i+l

For each 1 < k < n—1 the level-k creation operator satisfies

g?)(k)(u(k) (k+1.. n))_%(k)(ul(fil_'_l, (k+1.. n))R(kk) ( (k) E.]T.)l (3.33)

Here the “check” R-matrices are defined by

JAG k)( )= (k k) gk, k)( ) (3.34)
and ul((_))l +1 denotes the tuple u® with parameters ug ) and u mterchanged
Recall the notation # = —v — p and introduce the following notation for a symmetrised
combination of functions or operators
O} =fM+r{) (3.35)
and a rational function
p(v)=1%— (3.36)
—7

representing the right hand side of the symmetry relatlon (2.14). The Lemma below rephrases
the results obtained in [GMR19] in a compact form.

11
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Lemma 3.5. The AB exchange relation for the level-n creation operator (3.26) is

{p(MAD )} B (™)
=B W™ {p(v) T®(v; u™)}

v

1 A

N p(v) 60, 00 AP\ AOWD; uP\u)
) | o™ o
i p(y ") —v
X Res {p(w) T (w; u(”))} l_[vgna") (u(n) (n))Rgna")l(u(") (.")) (3.37)
J=

j>i

mh,,(m) . _ n) ._
where u' )\ui = (U, Ui1, Ujgq, - -5 Uy ) and u((jl_) = (U, e U1, Ui 1, e o5 Uy, U

Proof. From [GMR19], relations (2.16) and (2.20) and properties of the Q(ﬁ’ﬁ) matrix operator
(viz. (2.5)) lead to the following exchange relation with a single creation operator

{pMAD} 60 @™) =67 @) {p() TP (v;ul™)}’ (3.38)
1 p(v) _m ’ D (W

where T(V(v; uE")) = }Aldia(ugn)—v)ﬁdia(ﬁl@")—v)A(aﬁ)(v). We extend this to the creation operator
for m,, excitations by the standard argument. Indeed, the right hand side of the equation

consists of terms with A(")(u) as the rightmost operator, for u equal to each of v, u( ) cee, ugf)

and the corresponding tilded elements. Due to the w — W symmetry of {p(w)AEI”)(w)}W in

(3.38), it is sufficient to find those terms corresponding to v, u(") .. u(”)

First, we find the term corresponding to v to be %(”)(u(”)) {p(v) T(")(v u™)}”. The re-
quired order of R-matrices inside Té”)(v, u™) is a result of Yang-Baxter moves through the

R-matrices inside %M (u(). Using factorisation (3.28) we find the term corresponding to
(n)
Up,. 1O be

v

L1 20) g () gy
(n) (n) Ay, Amy, m,

pum,) \ tm, =V

X %(”)(ug;n); u(")\ug;:) Res {pw) T®(w;u™)}".

W—Um,

This is because, after applying (3.38) to ﬁg’: i (uggg), there can be no further contributions
from the parameter-swapped term in the subnsecfuent applications of (3.38).

To find the remaining terms, we note that Lemma 3.4 allows us to apply any permutation to
the spectral parameters of the level-n creation operator before applying the above argument.
By applying the permutation o; : (1,...,i—1,i,i+1,...,m,)— (1...,i—1,i+1,...,m,,1),

we obtain the term corresponding to u(n). O

The Lemma below states Y (gl;,)-based column-nested AB and DB exchange relations.
They follow from Lemma 3.2 using standard arguments, see e.g. [BRO8].

12
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316 Lemma 3.6. The exchange relation for the level-k creation operator (3.30) is

[Ték+1)(v; u(k+1...n))](k) %(k)(u(k); u(k+1...n))

_ %(k)(u(k). (ke 1em)y POy (k)
a J

k k
+Z (k) vﬁ( )(v ki n)%(k)(u(k)\u() (k+1.. n))

x Res T{O(w; (), u®*- “)))l_[R(kk) @® —ul). (3.39)

woul i 9

317 Moreover,

[Ték“)(v; u(k+1...n))]

— %(k)(u(k), u(kH'“"))f_(v; u(k)) [T£k+1)(v; u(k+1...n)):|

(K) (7, (k). o, (k+1...n)
k+1,k+1% (W™ u )

k+1,k+1
1 .
2w G ()(v k1) G (1 (0 0,y (i1
- (k,k k k
x Res f~(wiu®)[1EDwsu® -] TR y J)l( ) —u). (3.40)
v j>i

318 Here we used the notation

k K, (k K, (k
gg(k)(u(k)\u() (k+1.. n))_ l_[ ﬁ( )(u() (k+1...n)) l_[ ﬁﬁk)(UEﬁl;u(k+1“‘”))-

1<j<i % i<j<my

s1o 3.5 Bethe vectors

320 Recall (3.5) and define a nested vacuum vector by
m.=(EN)PM g... @ (E" V) @ (Eg‘))wn ® (EV)em @ 1. (3.41)

;21 Note that E(") E(HH) when A = n+ 1. For each 1 < k < n we define a level-k (off-shell)

322 Bethe vector with (off-shell) Bethe roots u*%) and free parameters y kel by

\P(u(l...k) | u(k+l...n)) = l_[ %(i)(ll(i); u(i+1...n)) X ,nm. (3.42)

i<k

323 We will say that vector n™ is the reference vector of this Bethe vector. Note that, by construction,
a0 W(u(-0) | yk+1-m)y e () except when Ai=n+1and k =n—1, ¥(u-"D|uM™) e LD,

325 The Lemma below follows by a repeated application of Lemma 3.4.

s26 Lemma 3.7. Bethe vector W(u0 | u**1-mY is invariant under interchange of any two of its

O] ®

327 Bethe roots, u; * and u; , for all admissible i, j, and .

328 The last technical result that we will need is the action of s;;(v) = [S((IN )(V)]ﬁﬁ, viz. (3.4),
320 on a level-n Bethe vector, when 7 = n + 1. It is motivated by the following relation in
330 Y (glypy) (@ L,v 1) for1 <k <n:

p(v)

$2a () 5k () = F(v,0) F (v, @) s () (V) — { skn(v)} San(w).

331 We postpone the proof of the Lemma below to Section 4.3.
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Lemma 3.8. Whenn=n+1,

sﬁﬁ(V)\IJ(u(l"'”)) =1 (v, u(n))f+(v, a(n))‘uﬁ(v) ‘I/(u(l"'n))

+ 1 { p(v) & (v)} %(”)(u(”)\u(.")) %(ﬁ)(u(n), u(”)\u(.n))
(n) (n) a i i i
i P(u ) -
x Res f~(w,ul™) f (o, @) g (w) (" [ulD). (3.43)
w—u n !

i

3.6 Transfer matrix and Bethe equations

We define the transfer matrix by
T(v) :==tr, (M(SN)SC(IN)(V)) =tr, (agﬁ) [M(EN)](ﬁ){p(v)A(aﬁ)(v)}v) (3.44)

where M) = Dk El(lN) with g; € C* satisfying ey_;;1 = €; is a twist matrix, a solution to the
dual twisted reflection equation
o) R M =1 (MM @) RGP v —w)

3.45
= RN —u) (M @)« RG ™ (w— ) (v () 24

ensuring commutativity of transfer matrices, see Appendix A.2. Here t denotes the usual
matrix transposition. The right hand side of (3.44) follows from the symmetry relation (2.20);
the a™® is a diagonal matrix with entries a; = 1 for all k except a; = 1/2 when fi = n + 1,
which resolves the double-counting of s;4(v).

Theorem 3.9. The Bethe vector ¥(ul™) is an eigenvector of (v) with the eigenvalue

A(v; u(l"'”)) = Z aksk{p(v) L (v; u(l"'”))}v (3.46)

k<nh

where p(v) is given by (3.36) and

L(v;um) = F~(v,u® D) Fr v, u®) p (v) fork < (3.47)
and
e u™ D) Frv,u™) Fr v, ™) p,(v)  when i=n,
Ly(v;ut-m) = (3.48)
Fru™) Fr @, a™) g (v) when fi=n+1

provided Re(sk) A(;u™M) = 0 for all admissible k and j; these equations are called Bethe

vVou.
)

equations.

Proof. When i = n, this is a restatement of Theorems 4.3 and 4.4 in [GMR19]. We will briefly
recall the main steps of the proofs therein. They will provide a backbone of the proof of the
more complex i =n+ 1 case.

The i1 = n case. We start by noticing that

—

l_[ (n ft) (u(n) (n))Rgﬁ;ﬁ) 1(ugn) _ ugn)) \I/(u(l'“”_l) | u(n)) — ‘Il(u(l'““_l) | u((r#)) (3.49)
J7I— i

a4
i<j<m,
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n) . o
where ugi) = (uy,---,Uj_1,Uj41,---,Um ,Uu;). This identity is a consequence of Yang-Baxter
moves and the identities

RAR) (u(n) (ﬁ)) g™ =™, RA:") (u(n) @n)) g™ =nm (3.50)

djaj_q aJaJ 1

which are computed using (3.20) and (3.41).
Next, using (3.42) and (3.44), we write

T(V)\I’(u(l"'n)) =tr, ([M((IN)](n) {p(v)A(an)(v)}V%(n)(u(n))) \D(u(l...n—l) | u(n))‘

Lemma 3.5 allows us to exchange {p(v)AEl”)(v)}V and B (u™). Applying (3.49) to the result
gives

T(v)\IJ(u(l"'”)) — %(n)(u(n)) T(V; u(n))lll(u(l"'n_l) | u(n))
v
p(v) @)
+2, (n) { ) B, () BN
i p(u ) -V
X SR(")(ul(.”); u(”)\ul(.n)) Re§ ) T(w; ugf)) g(ul-n1)| ugf)) (3.51)
W—>un ! !

i

where
T(v;u®) = tr, ([ME ] {p(r) T (v; u)} ")

is a nested transfer matrix. It remains to compute the action of 7(v;u™) on the nested Bethe
vector (u(-" D |uM) e (™D By Lemma 3.19, this can be achieved using Y (gl,)-type
nested Bethe ansatz techniques assisted by Lemmas 3.6 and 3.7 leading to the eigenvalue
(3.46) and the corresponding Bethe equations.

The i = n+ 1 case. In this case we can not apply Lemma 3.5 directly since this would lead to
the following nested transfer matrix

r(v;u™) =tr, ( W[ MWD p(v) Téﬁ)(v;u(”))}v)

=ty (MO {0 1005w} ) + S eafp [T 03]}

However, the space L™ is not stable under the action of [T(")(v u(”))] This is because

[TCE”)(V, u("))]ﬁf1 has operators [Rgzan)(ugn) )] with j < n that map E,Sn)]ﬂ VZi to Egn).
Therefore, the right hand side of (3.37) would no longer represent a splitting into “wanted”
and “unwanted” terms. A resolution of this issue is to single-out the operator s;;(v) from the
very beginning. From (2.11) we know that s;4(i1) = spa(uw) giving {p(v)sza(v)} = 2554(v).
This allows us to rewrite the transfer matrix as

() = tr, ([M® ] {p () [AD W)W} ) + £ 534 (v)- (3.52)

We can now use Lemma 3.5 to exchange {p(v) [Agﬁ)(v)](”)}v and 8™ (u™), and Lemma 3.8
to compute the action of s;4(v) on ¥(u™). This gives an expressions equivalent to (3.51)
except the nested transfer matrix is now given by

(;u®) = tr, ([MO ] {p ) T u™)} ) + 65 (0, u™) £ (v, 8 p(v)

Here we invoked Lemma 3.1 to replace [Té”)(v; u(”))](”) with T(En)(v; u™). The remaining
steps are the same as in the 1 = n case. O

15
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372 Remark 3.10. Let (q; )“ , denote Cartan matrix of type A,,. Let (b; denote a zero matrix
ij typ ij l] 1
35 when A =n+1 and let bnn =2, by_1n = by n1 =—1, and b;; = 0 otherwise, when f = n. Set
aze Mg :=0 and z(k) (.k) - %(k — p). Then Bethe equations can be written as, for each k < n,
ﬁ ﬁ Z(k) 2V + 1ay (k) +20+n+ by £t Mk+1(u( )
=— , (3.53)
k 1 k 1 k
—1i=1% ]() () %akl ()+Z()+n—lbkz Ek .Uk(u( ))
(n) (n) _ (l) ) D (n)
z]. 2(n+1) Hﬁz ﬁﬁz +z; +n+3 b _ & ,un(u )
1 A
](n) z(n_l)l n—1 i=1 (n) 1() % anl 1=A—1 i=1 Z(n) n_%bnl €n YUn (u(n))
(3.54)

sz 3.7 Trace formula

s7s  Define the “master” creation operator

By =[] ] !

k k k) ~(k .
ken i £, ul) (£ @, a0y

s k l k k l
xtr[ [T RYVa®- “)]_[(S(N)(u( ) [T "9 §)—u§)))

(eD>=(Lj) (k,1) (k,1)>~(L,j) G

n+1,n

(E(N) )®mn Q- ® (Egl[))®m1:| (3.55)

379 where (k,i) > (I,j) means that k > [ or k = [ and i > j, and the products over tuples are
380 defined in terms of the following rule

[1=1111
(k,i)  k<n i<my

381 In other words, these products are ordered in the reversed lexicographical order. The trace is
3s2 taken over all al{‘ spaces, including a, which are associated with level-n excitations. Note that
ss3  (k,1) is fixed in the third product inside the trace. Diagrammatically, the operator inside the

384 trace is of the form

385 Where X = Rakal_(ugk) — ug.l)), xX = ﬁal_(al_(ﬂl(k) — ugl)), and v = S« (ugk)).
tJ tJ i

386 Example 3.11. The “master” creation operators of low rank:

313(11(21))322(1151))

By ) =510 Bl w5 = 510 510D+ T
Ll —ll

2 1 1 2 2 1
524t 555 l) . @) —a® +1)515 @) 55w)
1) ~(2) (1) )y, (D) ~(2) ?
Uy "~y (uy " —uy )y =)

By),u?) = 555?51, wP) +

313(U52)) Szz(ugl)) 525(“52)) 532(u(11))

+
u(ll) _ u(12) u(ll) . ﬁ(lz)

Bs(u (11), 2)) =523(U(12))512(U(11)) +

514(u(12))532(u(11))
1 2 1 ~25
=P =)
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Proposition 3.12. The level-n Bethe vector (3.42) can be written as

\Il(u(l"n)) — %N(u(l-n")) ‘n. (3.56)

Proof. First, notice that R-matrices R(N N)(u(k) (k)) in (3.55) evaluate to f +(u§.k) —ul(.k)) un-

der the trace. This cancels the first overall factor in (3.55). The second overall factor is the
choice of normalisation in (3.26). Next, let Va(N ) and Vb(N) denote copies of CV. Then, for any

¢ e (L™ and Ei(N) ® EJ(.N) S Va(N) ® Vb(N) with 1 <i,j < n, we have
QM EM o EM =0
and
QUMsMw)-EMN e EM e = > QUM EM e EM @ 5,(1){ =0.
(NN) GINON . . . .
Thus R (ui u; ) with 1 < k,I < n act as identity operators in (3.56). This gives an

expresswn analogous (up to Yang-Baxter moves) to that in Proposition 4.7 of [GMR19]. The
N = 2n case then follows from that proposition. The N = 2n+1 case is proven analogously. [

4 Recurrence relations

4.1 Notation

Given any tuple u of complex parameters, let (u;, uy;) - u be a partition of this tuple and let
up g :=uyUuy = u. Assume that 1 <k < [u] and set

Dfw)= >0 f\ gty uy))
luy|=k i <ip<--<ip

for any function or operator f. We will use a natural generalisation of this notation for any
partition of u. For inStance, for (uI, uyp, um) F u we have uLH = Uj U uy, uH’IH = Uy U Uy, €te.,

and e.g.
D fug) =2 > Fluy.u;,)) g\ (uy,u;,,up)).
[uy|=1 Juy|=2 o u<i
L#), b#]

We extend the notation above to partitions of tuples u(’™ by allowing empty partitions.
The empty partitions will be the ones that are missing from the expressions. For instance, an

expression of the form
D5 Fa)glu")

() _
[uy’|=k
i<r<n

will mean that ul(ll) = ul(ll) ¢ so that u(1 = (D) ..,u(i),ul(iﬂ), .. (n)) We will
also use the notation |u1(11
The notation |uII III| = (k,1) will mean that |uH)| = k and IuIH)l = | and the notation

1ul| = (k,1) will mean that [u] = k and [u{| =1 so that

2, =2 2 md D =D ),

i l=0D)  lul 1=l |u =k L= ud=t L=k

— (r) _
| = 0 meaning u; = 0.

(r’s)

L1 will not be used.

A notation of the form u

17
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a1 4.2 Recurrence relations

412 We will combine the composite model method and the known Y (gl,,)-type recurrence relations
s13  to obtain recurrence relations for Y*(gy )-based Bethe vectors. The composite model method
a14  was introduced in [IK84]. For a pedagogical review, see [Sla20]. Recurrence relations for
a5 Y(gl,)-based Bethe vectors were obtained in [HL*17b]. We will need the following statement
a16  which follows directly from those in [HL"17b] recalled in Appendix A.3. Recall the notation
417 (3.9) of rational functions.

218 Proposition 4.1. Consider a Y (gl,,)-based Bethe vector &(v@-m=1 |y (M) in the quantum space

Ve o Ve L(d) (4.1)

410 With Va(.”) & C", a finite-dimensional irreducible Y (gl,)-module L(A), Bethe roots v(1"~1 and

s20 inhomogeneities v(™ associated with spaces VCI(TI). Set
1

N B R VA CRILI PO 4.2)

21 An expansion of (v | v(M)Y in the space Va(”) is given by

Ak(v(k .y 1 n)) _
By LD | () = E: E: | | . (k) (n)®q>( (1..n— )|v1(n)) 4.3)
—V

1<i<n |vI(Ir)|:1 i<k<n Vi I

i<r<n

(n)

a2 where vy~ = vr(fn) and vl(lr) =@ forall1 <r <iso that vl(l"'n) =M, ..,v(i_l),vl(i), . ..,vl(n)).

423 Corollary 4.2. An expansion of Bethe vector ®(v(1+"=1 | v(M) in the space Va(”) ®Va(”)_1 is given by

Z Z l_[ K(V(k 1) I(IkI)II)Ak(v(k 1), (1. n))E(n) E(n)®<I>(v(1 n— 1)|v(”))

<i<
1<i nle(Ir,I)Hl (2,0)1<k<n

i<r<n

(k-1), (1. ..n—l))

+ Z Z Z l_[ Ak("l(lll< 1), - I C)

1<i<jsn (0|21 Oy i<k<j Vi Vin

i<r<n j<s<n

(k—=1), _ (1..n—1) (k=1), (1 .n—1)

Alvp 5 YA(v s )
x l_[ - 11) )y (k 11[; I)II
j<k<n (v =y vy vIII )
(-1 ,,0G)
(ug, vy) 1 _
g (f = (IJI) EVoE" + o —m EVe RV Jeev "V vY) (4.4
Vm  ~Vm Vm Vi
424 where vl(g) = v(”), vI(In) = v(n)_ and vI(IrI) vI(Ir) =@ forall 1 < r < i in the first sum and
425 V1(1r1) = (s) =@forall1<r<iand1<s < jin the second sum, and
Ky = 0G0 ( , ) (4.5)
ulv):= et .
l_[1<1( —u)(vi—v;) i \(u;—v)(y;—vj+1)

426 is the domain wall boundary partition function.
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w27 Proof. Applying (4.3) to ®(v(1-""D | y(M) twice gives

A (D, () ACD; )

; ) :
Z Z Z l_[ (llil) I(Illc) l_[ (-1 _ I(Z) &i7 (4.6)

1<ijsn Oy @)=y i<ksn Y -7V j<isn Vi Vi
i<r<n j<s<n

28 where v\ = V(S) (foralll1<r<iand1<s<j,and d;; = =MW g g™ ®<I>(v(1"'n_1) v(n)).
11 J i i I I

420 Cases i = j. Notice that

(k=1), (1 .n) —r., (k—1) (k 1) (k—1) (k) (k=1), (1 .n)
Aev Vin )=f"(vy vy )T v v AV vy )

430 and

— (D) =Dy e (=1) () pD Dy e (D) 60

k—1 k—1 k 1 k—1
(VI(II )_vIII))(V( ) vII)) (V( )_vIII))(vI(II ) ~ Vi ))

k=1), ., (k)
K( Vi lv Vi /-

431 These identities allow us to rewrite the i = j cases of (4.6) as

(k=1) | . (k) (k-1). ,,(1...n)
Z Z l_[ K(v ViLm |v11111)Ak( i > V1 )P

<i<
1<i<n |VI(Ir’I)H|:(1,1) i<k<n

i<r<n

432 giving the first sum in (4.4).

(s) _

a33 Cases i < j. Since v;” =0 for s < j in (4.6) we have

k—1). (1. k—1). (1. )
Ak(vI(II ), vI(II “)) = Ak(vI(II );vI( n)) for k<
434 and

(-1, (1 .n) (-1 (J) (-1, (1 .n)
Ajvg Vin )=f" i v A (v vy )

435 allowing us to rewrite the i < j cases as

(k-1), ,(1..n)
Z Z Z l_[Ak(VIH sV ).A.(v(j—l)_v(l...n))
(k—1) (k) JYUIL 2
1<i<j<n), 0o Oy i<k<j Vi T Vi

i<r<n j<s<n
(k—1), (1 ) (k—-1), (1 ) -1
A ( svp ) A (v Vim 5VLu n) f+(VIJ ) (J))

% l_[ y 0D 09y (, 5D 0y G- _ .0
j<k<n Vi Vi Vi Vi I

By5. 4.7)

436 Cases i > j. Interchanging indices i and j in (4.6) gives

Z Z Z l_[ (k 1)_v(k) A( G- 1), (1...n))

ek

j<s<n i<r<n

( (k=1), (1 n))Ak( (k—-1), (1 n))

Vim Vi 1
x ]_[ : _ (4.8)
(k=1) _ (k) (k=1) _ (k) (G-1) G) "It
j<k<n (vy vy Vi) Vi Vi

437 Since i < j we can rename v(r) by vI(I? for i < r < j and combine the result with (4.7). This

438 gives the second sum in (4. 4) O
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130  Example 4.3. When N = 3, expansion (4.4) of ®(v(1?) [v(®3) is

2 3 2 1,2,3
¢11+ Z K(VI )le(II)II)A3( I(I ); 1( ))(I>22

v |=2
1 2 2 3 1 1,2,3 2 1,2,3

+ > KM KR v AP AP v g,

v(?I=(2,2)

+7,,(2)
@.,0.23,(f v v 1

+ Z AS(VIII’ 1 )( (2)_ 3) 4)2 + (2)_ (3)

vP|=1 Vim — Vi m — Vo

Vi

(1). (1 2,3) @) )
A2(VHI ) )A ( (2) (1 2’3)) f+(vIII >V )(I) T 1 é
2 W _ o Astursv @_,e BT oe_ e
111 111 I I I I

2) (1,23 2) (1,23
(V() ( ))A3(V1(11)r I(II ))

A
(1).,,(1.23) Y
20 20 M) @@ D)@ _,®)
|VIHZ)| Qa, 1)|v12)| 1 Vin Vi
(1) @)
% f+(vIH > U1 )¢ + ]. ¢
SO, @ TR oo B

+

v
v =(1,1)

Vi —Vm Vin i
420 Wwhere vI(H) = v(3) vI(IS) = v(g)_l, and vI(IZI) = vl(Ill) = vl(Il) @ in the first sum, VI(IZI) = V1(111) @ in

4a1 the second sum, V1(111) = vI(I2 ) = vl(ll) @ in the third sum, vl(lz) = vI(Il) @ in the fourth sum and

442 vl(ll) @ in the last sum, and &;; = Ei(g) ® E](.g) ® <I>(v1(1’2) | vl(g)).

443 We are ready to state the main results of this section, recurrence relations for twisted
414 Yangian based Bethe vectors. The even case follows almost immediately from Corollary 4.2.
ass The odd case will require additional steps which are due to the E%ﬁ) = Eénﬂ) factors in the
a6 reference vector n™

w7 Proposition 4.4. Y*(gl,,)-based Bethe vectors satisfy the recurrence relation

k—1 k k—1 1.. 1...
‘1’(“(1"'")): Z Z l_[ K( ( ) 1(11)11) Fk( ( ), ( n))szzn l+1(ul(ﬁ))\1/(u1( n))

<i<
1<i<n |uI(I':I)II|=(2’0) i<k<n
i<r<n

1 U U .n
+ Z Z Z l_[ (k— 1)_u(k) Tj(upy; )

1Si<j§n|u1(lr1)|:1 IuI(IS)lzl i<k<j U 111

i<r<n j<s<n
k—1). . (1. k1), (1.
Fk(u( ) 1( n))rk( 1(11 ) uI(II n))

(k=1) _ (k) (k—1) k)
(uy )(ugy um)

<11

j<k<n

(J'—l) (J')
£ (ugy ) n) 1 ) (L.m)
x ( (-1 (]) Si 2’1—]"‘1(uIII )+ G-1_ . () Sj,2n— 1+1(u111 ) \Il(ul )

U~ Uy 101 11
(4.9)
a8 where ul(ﬁ) = ug.n), uI(In) = ﬁg.n) and u(n) = u(“)\u(.”) forany 1 <j<m,, and uI(IrI) = (r) ={ for

as9 all 1 < r <iin the first sum, uI(IrI) = uI(IS) Qforall1 <r<iand1<s<jinthe second sum,

(k=1). 3, 1)y yhen k = n denotes £+ (™Y, (")) T,(u (n=1). 1(1 )y,

ssoand T(up supy 11 Uy
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Example 4.5. When n = 2, the recurrence relation (4.9) gives

(2 1,2 1 2 1 1,2 2 1,2
\I’(u(l’z)) = 523(11111))\11(11( )) + Z K(u1(1 ) | ul(I’I)H)FZ(u( ), llI( ))314(111(11))\1/(“1( ))

i)
g =2
L 2
. ay () o 1 @) (1,2)
+ Z Fz(um SUp )(W 13(11111 )+ Wsm(um ) ‘lf(ul )
|”1(111)|=1 m - Y m - Y

(4.10)

where u1(121) 52), uI(I2 ) = ﬂgz) and uI( = u(z)\u(z) for any 1 < j < m,, and uIII = () in the first
sum and ”1(1 = () in the second sum.

Proof of Proposition 4.4. By Lemma 3.7, it is sufficient to consider the j = m, case. Recall
(3.28), (3.42) and consider a level-(n—1) vector

RD ;M\ Wy g (g 1m0y, (4.11)

With the help of Yang-Baxter equation we can move operator Qi(”)(u(”) u(”)\u(”)) all way to
the reference vector n™. As a result of this, the level-(n—1) nested monodromy matrix (3.17)
factorises as . .

p) . (n) B ~(n) (v 1M\,

Rdmna(un'lln — v)Rdmna(un'lln V)T,V (v;u™" \un’lln). (4.12)

Since Qi(ﬁ)(ugl‘n); u(”)\ug’fﬂ)) -n™ = n™ when i = n, we may view vector (4.11) as a Y (gl,,)-
based Bethe vector with monodromy matrix (4.12) and apply expansion (4.4) in the space
V(”) ® V(”). Recall (3.27), (3.47), (3.48) and act with ﬁ(”) i (u("))%(“)(u(")\u(”)) on the
resultlng expressmn This immediately gives the wanted result O

Proposition 4.6. Y *(gly,,;)-based Bethe vectors satisfy the recurrence relation

I (D, -1y ) o
1II > I .
T(ut") = Z Z l_[ 1 __ () sialu) Wy ")
1<i<n),(O|=pi<ksn Uy 11
111
i<r<n
k-1), (... L.
NN § LR T T
(k—1) (k) (n) ~(n)
1<i<n |, (O)zpi<ksn U T Uy Uy — U
i<r<n
(n-1) (n)
u; C—up+1 L.
( D™ Siar1 () + Sp i (uf) @ (™)
II 11T

+ Z Z Z l_[ 1-.k(u(k 1) 1 n)) K( (k l)lul(llfl)[[

<i< [
1<i<n |”1(1r,%n|:(2 0) |uI(In)|:1 i<k<n
i<r<n

(n). (1 .n)
T (uH u ) 1
W i,zﬁ—i(ul(g))q;(ul( ...n))

1-.k(u(k 1); u(l...n))

+ Z Z Z l_[ (I]il 5 I(k) . rj](uI(IJI—l)’ ul(l...n))

1<i<j<n Oy Oz i<k<j U T Ui

i<r<n j<s<n

Doy Doy ™)
(w®D

k—1). . (1... 1.
) 1“n(ul(l,m ); uI( ") Fﬁ(ul(ln); “1( )

<11

j<k<n

(k) (k=1) k)
—uy )y, um)
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i .
X ﬂ +& f—+(u1(ill )’uI(I]))+&.—1 Sios _(u(n))
°F o) QG0 "oy g0 )it

m o o W
-0 0
+(ﬁ.m+(ﬁ +@) 1 ) A ,(u(n))]
G-1_ 0 0 -1 (5 )02t
2wy g 2 g —uy

x w(uY) (4.13)

464  Where
g = St Oy )
(g™ — g Yy — gy —digy)
(n—1) (n) (n—-1) _ ~()
B = %(ulﬂ”‘” — Y +1+ IET_Z‘(‘,;) (4.14)
il i i i
pam iy S 0 D i
Uy Uy Uy Uy
465 and
v = (g gy — gy )y — g Y —ugy) (4.15)
a6 and ul(ﬁ) = ug.") forany 1< j<m,, and ul(lrl) = ul(f) =Qforalll1 <r<iand1<s<ninthe

a67  first sum, uI(Ir) = uI(ISI) =@ forall1<r<iand1 <s < nin the second sum, uI(Ir) = uI(ISI) =0 for

w68 alll1<r<iand1 <s<ninthe thirdsumandul(lrl)=u1(f)=0forall 1<r<iand1<s<j
a69 In the last sum.

470 Example 4.7. When n = 1, the recurrence relation (4.13) gives

M Wy g (D) L iu™) g
Y(u')= 512(”111 )\I’(ul )+ Z Wslg(um )‘I/(HI ) (4.16)
ud|=1 Uy " — U

(1)

o= ug.l) for any 1 < j < m;. When n = 2, we have

4711 Where u

1 1,2
5 ®; u?)

2 1,2 I > 2 1,2
W) = sy e+ 7 AT ) W)
D=1 Uy — Uy
1. (1,2 2) (1,2
+ Z Fz(ul(l)ﬂll( ))Fg(ul(l);ul( ))
1O _ @
luf?=(1,1) n U
1 .2
fruy” uy”) 2) 1 2) (1,2)
X( n_ .. @ s14ugr) + &) (2)525("111) W(u; )
Uy " — Uy n U
(1), ,,(01,2) (2),,,(1,2)
Ly(uy s up ) G(uy s up ™) . (2 2 1,2
+ Z . 1(2) N(Z;I I K(ul(l)luI(I,I)II)515(uI(II))\P(uI(’))
W9 i) iy
(2)...(2)
T3(uy s uy 2 1,2
Z WSZ“'(uI(II))\IJ(uI( ? )) 4.17)

u —
uP|=1 “1 111

(2
111

= u§.2) forany 1 < j < m,, and u1(11) = uI(IZ)

473 second sum, u1(111) = { in the third sum and u1(111) = ul(Il) = {) in the last sum.

= @ in the first sum, u'" = @ in the

472 Where u 111
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The technical Lemma below will assist us in proving Proposition 4.6.

Lemma 4.8. Let \I/j(u(l“'”)) denote a Y (gly,,1)-based Bethe vector with the reference vector
= (E("))a n™. Then

T (u(n) u(1...n)\ l(ﬁ))

1
w(u-) = W(u-N\u ™). (4.18)
j
1;<J u(n) (n) +1 l_[k>] +(u(n) (n)) l
Proof. Recall (3.26) and consider level-(n—1) vector
[ 1RO )y O ). (4.19)

j>1

With the help of Yang-Baxter equation we can move the product of R-matrices all way to the
reference vector nf'. As a result of this, the level-(n—1) nested monodromy matrix (3.17)
takes the form

]—[R(” D™ - v)l_[R(" D@ - REP @ —REPDE - v)ADw).  (4.20)

i>1 i>1

In the space L™ it is equivalent to T é”)’ (v; u(”)\u(ln)). Next, recall (3.41) and note that

[ [RE2@ —uf™y-mp = £l a\a™) . 4.21)
i>1

Hence, vector (4.19) can be expanded in the space Vd(fl) ® Vd(f) as
£ aMaMy- BV @ B @ wy (u-m D [uM\u{M). (4.22)

From (3.27) note that ﬁg’:él(v) . Egﬁ) ® Eiﬁ) = s4u(v). Defining relations of Y (gly,,;) imply
that

Sﬁﬁ(ugn)) l_[ %(i)(u(i); u(i+1...n)\u(1”)) — l_[ %(i)(u(i); u(i+1...n)\u(1"))sﬁﬁ(u(ln)) +UWT
i<n i<n
where UWT denotes “unwanted” terms, all of which act by 0 on nT". We have thus shown
that

\I,l(u(l...n)) — %(n)(u(n)\ugn)) ﬁ((ifll?il(u(n))l_[R(n n)(u(n) (_n))\I,l(u(l...n—l) | u(n))

a,d;
j>1

= ) £, aM\a) w-\u). (4.23)

This gives the j = 1 case of the claim. Then, using Yang-Baxter equation, Lemma 3.4, and the
identity

+ (n) ™y pAA () (n) pAA ) ()
n]+1 f (u ]+1) aj11d; (u ]+1 R d; Ha]( )+1) T’] m nj
Ujpr — U
we find
1

Wy (@) = FHu, )y, (u(}n; " o) T W (ut-"). (4.24)
Ujr1 J

A simple induction on j together with Lemma 3.7 gives the wanted result. O
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Proof of Proposition 4.6. The main idea of the proof is similar to that of Proposition 4.4.
We start from the level-(n—1) vector (4.11) and move operator %(”)(ug’;) R u(”)\ug’;)) all way to

the reference vector n™. In the odd case E(") §n+1) giving (recall (3.29))

) -
[Tjkam, ", gll)) (A7)

RO, u\u) g™ =™ + Z R P ™. (4.25)
j<m, uj —u
Hence, in the odd case we can rewrite (4.11) as
l—[_ +(u(n) ~(n))
T 1..n=1),,(n) J<k<m, f k > "my 1..n=1),,(n)
\IIZ,I(u | u ) + Z u(n) _ ﬂ(n) 2 2; ](u | u ) (4-26)

j<my, j

where \i/k ; and \i/k 1;j denote level-(n—1) Bethe vectors based on the transfer matrix (4.12) and
reference vectors (E(”))a (E(n))a n and (E("))a (E("))a (E(n))a n™, respectively.

Consider the second term in (4.26). Acting w1th %(”)(u(”)\ufg)) and applying Lemma 4.8
gives

f+(u(n) ﬁgzn)) Fﬁ(ul(n),u(l...n)\(ul(_n) u(n)))
l;mml;[m £ ) @ a4 1) —al)
x B M\ @™, 1)) By 5 (u @D [\ (4.27)
Using the identity

f +(u(n) ~(n))

: 2 : [1
—_— —_— (4.28)
= o P+ =) b, £ )
which follows by a descending induction on i, expression (4.27) becomes
M., () ,,(0) u®™
Loy 75wt ™\ (g, uy ) .
> e e G w40 By ™). (4.29)

i<m, i Um,

Thus, acting with ﬁfi") 4 (ug’f)) %(")(u(”)\ufg)) on (4.26) we obtain

\I,(u(l...n)) — ﬁ,('ln) i (UE:)) (%(n)(u(n)\u(n)) ‘ifz’l(ll(l“'n_l) | u(n))

(n) (1 n)\(u(n) (n)))

IR

l<m

x B @M\ ™, 1)) Gy 5 (u - u<n)\ugn>)) . (4.30)

We will view vectors ‘i‘2,1 and \i!z’z as Y (gl,)-based Bethe vectors and apply Y (gl,,)-based re-
currence relations.

First, consider vector @272. Its reference vector is annihilated by the (j, i)-th entries of the
monodromy matrix (4.12) satisfying the condition i < j. Hence, we may use (4.4) to obtain
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506 an expansion in the space Vd(ﬁ) ® Vd(ﬁ). Taking ul(ﬁ)

s07  of (4.30) becomes (we have singled out the i < j = n terms for further convenience)

Z Z Z l_[ K 1u) Tl u)

1<l<n| I(Ir,%lll (ZO)IuIl")I 1i<k=<n

= ug’;), the second term inside the brackets

i<r<n T (u(n)’ (1--~71)) i i
! E® @ EM @ w(u+M) (4.31)
n) _ -~ i 1 I
Uy " — U

Fk(u(k 1) (1 n)) F( (n 1)’ (111))1—1A( (Tl)_ul(l...n))

+ 20 20 1 e 1), e I(n) ~(n)H,

1<i<n |y (D|—y i<k<n Uy Up — U
i<r<n
(n— 1) ~(n)
[ (uy i) (a) () 1 ) o (R) (1..n)
x( o= ”—u(”) - ®F, —u( p— ~(H)Ez ®E |@¥(u; ) (4.32)
1 11 1 Uy
(k=1). . (1..n)
Te(uy, 5y ) =1, ()
+ 20 20 2 I —5—" e ot ™)
1<i<j<n 02y |y Oz i<k<j U " T Ui

i<r<n j<s<n

k—1). . (1... k—1) . (1. 1. (1. 1..
I‘k(u( ) ( n))rk(ul(n )uIII n)) F(uI(InIII)’uI n))r(ul(ln)’ ( n))

<11

k—1 k k—1 k N
e Gl ) 7 —afy
(n 1) (n 1 (n— 1) alm
f (upy ) f ()
(n—1) (n) (n-1) __ (n)
(g =iy )y — )
+(u(J 1) J)) 1
* (f (J II11) () l(n) ® EJ(n) (G-1) () (”) ®E(n)) ®\p(u1(1...n))' (4.33)
U Uy U~ — Uy
508 Next, consider vector \ilz 1- This time we can not apply expansion (4.4). Instead, we will
so0 use the composite model approach to obtain the wanted expansion. Set L' := V(") ® Va(") nd
s L W(E’\?l Wd('\l) ® (LM)0 so that LD = [V @ L'. Recall (3.31) and set

1 ~
athn )= D JE ) @ RO 0 —ufO RPN v —ai]

j<n

k
6,(v) = [Tékﬂ)(”l(' ) u(")\ugﬁf)]k,n
s11 The cases when k = n, fi will be denoted by
ﬁLIF—l(V) = 'a’(lll;'l—l’n(v)) p(llll{l—l (V) = O’llllin—l’ﬁ(v)ﬁ dl(v) = ﬁ:l(v)) CI(V) = ﬁrlcl(v)
512 so that

6 vu) = el (M) +60, () d'0) +pl () €(V).

k<n

513 This notation is reminiscent of the Bethe ansatz notation commonly used in the composite
s14 model approach only 72:1'"_1 is an additional creation operator specific to the case at hand.
i

515 Consider the |l-labelled operators. Their action on the reference state Egﬁ) ® Eiﬁ) e L' is given
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516 by
. . . . .
@LIF—l,]-(V) . Egn) ® Egn) _ (Er(:ij ))anl _Egn) ® Egn),

Il () () _ g1 (") ()

ﬁan—l (V) : Ez ® E] (n) Z( )*n 1 E]+2 El >
! V= umn j<n
I () (") _ g1 () () () ()

ﬂa(lfl(v) 'E2 ®E1 ~(n) Z( )*n 1( (n) EJ+2 E2 +E2 E]+2)’
! —Um, j<n V=

I I () o () _ 1 (-Dye =Dy
P W64, (V) By ® F = 2 BT

w—aH v —ul) S

1 (A) () () ()
X ( (n) E]+2 ® Ek+2 + Ek+2 ® E]+2
W— Uy,
si7 - The products ﬁtlllnfl (v) ﬁtlllnfl (W), ﬂ:lln—l () ﬂllln—l (u), and ﬁ:lln—l (w) ﬂclllnfl () ﬁyn—l (u) act by zero on
j i j i k j i

518 Egﬁ) ® Egﬁ). The homogeneous (aa and bb, pp) exchange relations of the |l-labelled operators
519 are analogous to (3.32) and (3.33), respectively. The mixed (ab, ap, bp) exchange relations
520 have the form

1,n-1 1 1,n—1
M6 @ =6" )« nl(v)R(’Ll”n Da—v)+ — nl(v)a“(u)P(;‘l’,il).
J L L l

J

521 Consider the |-labelled operators. The dc, cb, db exchange relations have the form
d'(v)e'(w) = F~(v,u)c'(w) o' (v) +o— '(V)d (.

522 The standard Bethe ansatz arguments then imply

l_[ﬁ(n 1)(u(n 1) (n)) E(n) E(n) = 2)(u(1 n— 2)|u(n 1n)\u(n))

i

=[E%E;ﬁ)®Hﬂzn_lcu5“-”> (439
(Tl D (n— 1)\ (n— 1))
,u u
(1) () (n—1)
+Z (n D ZEk+2®E1 ®(E, )
m, k<n J
]_[ﬁ'n @) '@l (4.35)
i#j
(n 1) (n 1)\u(n 1))
1 ) o g 4 p) g @
+Z (n—l) e Z( (n—l) o Bk ®Ey  HE;"®E
my k<n —Um,
® (B V), ﬂﬁ'nl(u(” D@y (4.36)
E i#j
—rr..(n—1) _ (n—1) (n—1) (n—-1) _ (n—1)
SN A (CraRR R R Cran V)
i<y’

523
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1 ) o g (A) o p(R) (n-1) (n-1)
X Z (_(allEk+2 QE 5+ ank,,® Ek+2) ® (B )Z;l—l (£, )Z;,—l
k,l<n
| ¢ =Dy e (=1 ¢, (1)
[ ] 6@ el ) el )
i#i.J
1 ) o p(A) () o @A) (1) (n-1)
+ ;(a21Ek+2 ®F 5 toank ,® Ek+2) ® (Ey )Z;fl(Ez )Z;};l
| ¢ =Dy e (=1 ¢, (1)
<[] U R A R ))] (4.37)
i#),J’
x \Ij(u(l...n—Z) | u(n—l,n)\ug}))

s24 where

oy o= @ =)@l — 2l — @8 — w0 @Y =),

oy =" =@ — (@Y —u)@l Y — a0y + 1)/ a7,

ay = R u ) @Y - ), (4.38)
-1 -1 -1 -1 ~

oy = D, u (@Y =) - ) + 1),

—1 -1 ~ -1 -1 ~
y o= @Y —u)" Y - @)l —u)( Y —al),

525 We will consider the terms (4.34-4.37) individually.

526 First, consider the term (4.34). Acting with ﬁ‘(.ln) i (u&‘))%(")(u(”)\ug’;)) gives the i = n
527 case of the first term on the right hand side of (4.13).
528 Next, consider the term (4.35). The operator d'(ugn_l)) acts on W(u1-n2) | u(”_l’”)\ugg))

s20 via multiplication by f +(u§n_1), u(”)\ug’l?) ,un(ug.n_l)) giving

(n-1), (1. (n—1)
(™5 M\ @0, )

Z u(_n—l) _ u(n)

J j my k<n

(A) (A) (n—1)
Z E,®E " ®(E )Z;f—l

x WD\ Dy (M) (4.39)

s30  Using (4.3), we expand \I/(u(l“'”_l)\ug.n_l) | ug.n_l), u\uM) in the space y D,

a; 1
(k—1). (1..n)
Dlug, 5w ™) oy (L.n=1) |, (1)
Z Z l_[ D i ©V(y lup™) (4.40)
i<n | ()_q i<k<n Upp T U
lupy =1
i<r<n—1
531 where ul(ﬁ_l) = ug."_l) and ul(n) = u(”)\ug’;). Substituting (4.40) into (4.39) yields
(k=1). . (1..n)
Delupg, 5ur ™) oy () (Ln-1) | . (n)
oo I == el e evy lu™). (4.41)
i<n =y i<ksn - U " Uy

i<r<n

532 Acting with ﬁg") i (ug))%(")(u(”)\ug)) gives the i < n cases of the first term on the right
533 hand side of (4.13).
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We are now ready to consider the term (4.36). Let n' denote the restriction of n™ to the
space L'. Set 771 = (E(n))al -m'. Using the explicit form of ¢ (u(" ) we find

534

535

[T S0, u?)

(n—1)y I _ <l i Tk (n=1)y _I

( i ) "7 - Z (n—1) n) nun(uj ) nl (442)
l<m, uj —UY

53 giving

—, (=1  (n-1)y, (n=1)
[ ut A\ ) 1
j j W) g g, 5 g 5@ (n=1)yx
> = Z( = u()Ek+2®E +E§ ®Ek+2)®(Ek Vot

k<n m,

J
I Ik lf+(u(n_1),u(n))
= pa @) G @\ D My (4.43)

X
Z u(n—l) _ ugn)

l<m, j

Acting with %(”)(u(”)\u%‘p and applying Lemma 4.8 to the second line of (4.43) gives

537

5 [ea £ @™ GG, u®\ @, ul)
l_[1<k<mn f+(u("), ugn)) (ugn) _ ul(n) + 1)(u§n—l) _ ugn))

i<l<m,

x () @\ @, ul™, a0 [, (4.44)

538 Using the identity

£ NG, u) 5 [T f ¥, 0) 1
[ickam, £ G760 @ = + D™ ™)

i<l<m,

(n-1) _ ()
u; —u;

539 which follows by a descending induction on i, expression (4.44) becomes

(n—1) _ (n) n ()
™ u™\(™, ul™))
2. : D) (rll) T T ™, w -\ @, u)

i<m, j

x (") NG, u @) ). (4.45)

Therefore, action of %(")(u(”)\u%ﬂ) on (4.43) gives
(Tl 1), u(l n)\(u(n 1),u(n) u(n)))l—- (u(n) u(l n)\(u(n) u(n)))

Z Z (ugn 1)_ul§n))(u§n 1)_ﬂ£gn))

j oi<m,

540

1 @) o (), () o o(R) (n-1)
x Z (—(n oy ®Ey ) +Ey  ® B, | @ (B )Z;—l
k<n my

X \D(u(l"'”)\(ugn_l), ul(.n), um)| ugn_l)) . (4.46)

sa1  Finally, we expand lI/(u(l“'")\(ug.n_l), ugn), um)| ug.n_l)) in the space Va(,f:l) analogously to (4.40).
" j

sa2 This gives
(k— 1) (1...n)) l-.(u(n—l)_ (1...n))l-.A(u(n)_ (1...n))
>

e '
k—1 K 1 D -
i< (D=1 i<k<n uff ™ — g (g™ =)™ — i)
i<r<n
1
x| ——=EP@EM +E’ 9 EM | @ w(u"). (4.47)
(n—-1) _ _(n)
Lo Uy
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s43  Combining (4.47) with (4.32) and acting with l‘ig") i
544 hand side of (4.13).

545 It remains to consider the term (4.37). Using the same arguments as above, and renaming
sa6 j — p, j — p’, we obtain

Z Zl—-n((u;n—l) (n 1)) u(l n)\(u(n 1) (Tl 1) (_Tl) (n)))l—- (u(n) (1. n)\(u(n) (n,?))

(ug’:)) gives the second term on the right

. p/
i<m, p<p’
1 M) o () ) o o(A) (n—1) (n-1)
x Z » (ﬁl By ®E BB, ® Ek+2) ® (Ey )Z;—l (E, )Z;,—l
k,l<n

% \Il(u(l...n)\(ul()n—l), ul()r/l—l), ul(n), u’(;j) | ul()n—l)’ ul()l;l—l)) (4.48)

547 Where
- -1
R A R
hr=—n _w Wt ay w %
up/ _ui up _ui
u(n_l) (n) u(n—l) u(n)
i Y S 1™ o m
u(n—l) (n)( my, +1+ ul(Jn—l) _u(n))’
P’ i
(4.49)
— -1
R A R
Po= =y w %2t Dy
p’ i '
WD g @l — ) — gl
_ D), (n) Uy, (up umn)(up, umn)+1
= f7 () )= +
LD _ @ LD
p i P i

s4¢  Note that

Y - -1 - —1) |~
Prtba= ﬁ(n)(K(u;“ Dl [, u®) — k@ 0,uG Va0, u()). (4.50)
i~ Ym

540 We can now use (4.4) to expand vector

W\ @D, 0, u™, u @) D, W)

(n— 1) ® V(n 1).

s50 in the space Vo e

p/

k—1 1.. k—1 k —1 —1 1...
> >0 T o Ye™ ™) k@i 1w B e B P e w(u™ ™) 4.51)

<
1<i<n |u1(1r,311| (2,0) i<k<n

i<r<n—1

(k—1). .. (1...n)
Te(uy, 5y ) (G-1). . (1..n)
+ Z Z Z l_[ 0 _H Giug, up ™)

1<i<j<n |u1(ﬂ)|:1 |u1(f)|=1 i<k<j m U

i<r<n—1j<s<n—1

k=1). (1. k1) (1.
Fk(u( ) ( n))rk(ul(n )uI(II n))

<11

k—1 K k—1 k
j<k<n (uI(I ) ())( 1(11 )— 1(11))
X(£Tf%——$—ﬂ"”®iﬁ” B e E Jevul ) s
U Uy Uy Uy
551 where uI(In_l) = g" 1) ul(ﬁ o (r/l Y and ul(n) = u(”)\(ugn),uggj).
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Substituting the term (4.51) into (4.48) and applying (4.50) gives

Z Z Z l—[ Fk(uflk_l), (L..n)y l—[ K(u(k of (k))

lsi<n|uI(Ir)|=2|uI(ln)|=1i<kSn i<k<n
i<r<n
(s ™) ) (=1) | £ () () g) o o(A) (1.n)
> n— n n— ~ N n n .
MO (K(I |y ) — K (uyy |u111’u111 ))E ®E - ®d(u; ).
-t

Upon combining (4.53) with (4.31) and acting with (ign) i
right hand side of (4.13).

(4.53)

(ugr’:)) gives the third term on the

Finally, substituting (4.52) into (4.48) and exploiting symmetry of Bethe vectors gives

(=), @)

Fk( Uy U ) (-1). .. (1..n)
DD P SRR
1<i<j<n (21 |y Oz i<k<j  Ymr Tl

i<r<n j<s<n

< |1

(k— 1) (1 -n) (k-1),  (L..n)
Tie(uy V(w5 upy™)

—1 —1 LI > n s
j<k<n (u( ) uII))(uI(II ) uIII)
1) J)
1 " ) 1
Xz_[((ﬁzf g b g | e B
1 Upgp  — Uy U~ — Uy
(-1 (J)
frug 7 ug”) 1 (A) o o(R) (1..n)
+(/51 0 TPoon g | Ok |
I I I 1

(4.54)

Combining (4.54) with (4.33) and acting with ﬁgl) 4 (u,(;)) gives the last term on the right

hand side of (4.13).

4.3 Proof of Lemma 3.8

O

The idea of the proof is to construct a certain Bethe vector and evaluate this vector in two

different ways. Equating the resulting expressions will yield the claim of the Lemma.

We begin by rewriting the wanted relation in a more convenient way. From (2.20) and

(3.27) we find that

+ (n) ~
p(v) o) (n) [T, ) 1 )
{ u(n) —v amnam ( ) o ﬁ‘dmndmn (V) u(n) + u(n) _ "‘/’ Pdmndmn )
i i i

-V

Repeating the steps used in deriving (4.30) and applying (4.55) we rewrite (3.43) as
san(v) \p(u(l...n)) =T(v, u(l...n)) \I’(u(l"'”))
+(u(n) ) 1

(n) (A,7)
B Z ﬁdmn dmn (V) ( (n) + (n) O Pdmn dmn )
7 u = u; =V

% Fﬁ(ugn): u(l...n)\ugn)) g(;)(n)(u(fz)\ul('n)) \ijz’l(u(l...n—l) | ug:))

+ (n) =
ST ) f (” LU ST
my— 1amn (n) o dmnfldmn—l
i#i’ u, " —v

—/ (n) (n) (n) N(n)
Fag™,ug?) £ (g™, i)
xF((u(n) (”)) ul- ”)\(ufn), fln))) : (n) 7

1’ 1

x%(n)(u(n)\(ugn) (n)))\p (u(l n— 1)|u(n)\u(n))

30
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se4 Let \I/mnﬂ(u(l"'") U v) denote a Bethe vector with m,+1 level-n excitations and the reference

ses vector ) (E("))am ,M™; here v denotes the (m,+1)-st level-n Bethe root. Applying
se6  (4.18) and (4.30) to this Bethe vector we obtain

\Ijmn_H(u(l.“n) uv) = Fﬁ(V, u(1...n)) ‘If(ll(l'“n))
+r. () ~
M A(u(n)'
(n) n i
i ui —V

x 6 (v) BO O\ (w7 [\ U y)

u(l...n)\ugn))

_ZF ((u(n)’ (Tl)) u(l n)\(u(n)’ (n)))K(u(n) (n)|v v)f+(u(") (Tl))
i/
x 6 (v) B\, u))

amnflamnfl

x By (@D u O\ @™ Py uv). (4.57)

se7  Next, recall (4.25) and note that P(n ) pm = pii) n™ giving

AiAm, "My Am, am
> +(u(n) ~(n))
” 1<k<mp
Qi(")(uf,’fn); u(“)\uf,’}n)) : nﬁn = nﬂn + Z O é:nngmnn;n ’ (4.58)
i<m, i

ses This yields an analogue of (4.30) for \I/mnﬂ(u(l'"”) uv):

q;mn+1(u(1...n) uv) = ﬁén) ) %(n)(u(n))\i,l’l(u(l...n—l) | MO V)

mn+1dmn+1
Fﬁ(ugn); u(l...n)\ul(n))
i UEH) -V

x 65 () BO@O\U)E D [\ Uy, (4.59)

seo The next step is to evaluate products of creation operators B and the dotted Bethe vectors
s70 . This is done by applying the same techniques used in the proof of Proposition 4.6. Hence,
571 'we will skip the technical details and state the final expressions only.

572 Evaluating the named products in (4.57) and (4.59) gives

%(n)(u(n)\ul(.n)) lijz’l(u(l...n—l) | u(n)\ugn) uv)
— Egn) ® Egn) ® ‘I!(u(l“‘”)\ul(.n))
(n-1), (1. (n-1) _ (n)
B ;-\, )

n j 3
T Z (n—1)
j u

j
—1 —1 —1
% Z E(n) ®E(n) (EIEH ))er_l—l \Ij(u(l...n)\(ugn ),ul(n)|u§n ))

k+2
1<k<n

-V

(n 1) (1 n)\(u(n 1)’ (n)’ (n)))l—‘ (u(n) (1...n)\(ul(_n), (n)))

+ ZZ (ugn 1)

JovA

— A —ug?)
1 ) o o) | ) o (R (n-1)
x Z (—(n 5 B ® B + B ® B, @ (B
1<k<n u] v J

X \Ij(u(ln)\(ugn—l)’ ul(n)’ uf/fl)) | ugn—l))
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+ZZF ((u(n 1)’ (H 1)) u(l n)\(u(n 1)’ (n 1) (n) (n)))l—- (u(n) (1.. n)\(u(n) (n)))
J<ji'#i

< 2, (B O B L+ BVEL OB ) o BT (BT
1<k,l<n

X‘I/(u(l n)\(u(n 1)’ 57 1),u(n), (n))lu(n 1 (n 1))

(4.60)

J

573 and
%(n)(u(n)\ugn)) lijl’z(u(l...n—l) | u(n)\ugn) uv)
— Egn) ® Eén) ® \P(u(l...n)\ugn))

T (u(.n—l). u(l...n)\(ugn—l)’ ul(n)))

+Z — : (n—1)

j uj -V
1 (1) o p() | p() o p(R) (n—1)
X Z (WE’("'Z@E +E ®Ek+2 ®(E )Zn,l
1<k<n u] v
% \P(u(l...n)\(u(_n—l), u(_n)) | u(”—l))
(Tl 1) (1 n)\(u(" 1) (n) (n))) T (u(") (1..,n)\(u(ﬁ) (n)))
P :
1 1
Rz @D =) — )
x Z El(crj-)z ® E(n) ® (El(cn_l))zrkl \I/(u(l'"n)\(uﬁ.n_l), ugn), (n)) | u(n 1))
1<k<n !

+ Z Z Fn((ug'n_l): ug:l—l)); u(l...n)\(ugﬂ—l), ugtl—l), ugn), (n))) T (u(“) (1...n)\(u(n)’ (H)))
J<J VA

1,020 () (12) (7)) () (n—1) (n—1)
< 2 (BPEL e B+ AL R 0B ) O BT BT
1<k,l<n

><\I!(u(l"'”)\(ug.n_l),ugfl_l),ul(.n),ul(.,n))|u§n_1) (n 1))

(4.61)
s74 and

%(n)(u(n)) \ijl 1(u(l...n—l) | u(n) uv)

_ g® g g® 1.
=E"” ®E" e ¥(ul-")

(ﬂ 1), u(l n)\(u(n 1) (n)))r (u(n) u(l n)\u(n))
+ Z Z (n—1) (n)
u]- —ui
(n—-1) ~
fr@™,9) . 1
J () (") () ()
x z:( = EM @ EM + EV®E

(n—1)yx
k+2 1 (n-1) =~ 1 k+2) ® (Ek )a@—1
1<k<n uj uj -V !

x \P(u(l...n)\(uEH—l), ugn)) | u(.n_l))
+ Z Z rn((ugn—l)’ ug-fl_l)); u(l...n)\(ugn—l), u(n—l) (n) (n)))

]'/
j<ji<i’
x Ty (™, ;-\ @, w0y R, T, uf?) £ ™, 100

(A1) (A) () (11) () () (n—1) (n—1)
X Z (/31 Ek+2 El+2+/32 El+2 Ek+2)®(Ek )anl(El )*nfl
1<k,l<n

x\p(u(l n)\(u(n 1), 57 1), (n) (n))lu(n 1)

)

(” Dy (4.62)
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s75  and

%(n)(u(n)\(ul('n) (n)))\IJ (u(l n—1) | u(n)\(u(n) (n)) uv)
— Egﬁ) ® Egn) ® \I/(u(l"'”)\(ul(.n) (n)))

+ 2 L u I\, i)
J

A, 9) 1
J ’ (n) (n) (1) (A) (n—1)
x > (—(n_l) Bl ®Ey + ®Ek+2)®(Ek )
1<k<n u; -V u; % j

><\I/(u(l"'“)\(u(”_l),u(”), (Tl))|u(ﬂ 1))
+Zrn((u§'n_1) (n 1)) u(l n)\(u(n 1)
j<j’
11 11 fi —1 —1
x >, (8RS, o B + BV @ BL )@ (BT (B,

G I OINO)
w, LU uy))

k+2
1<k,l<n j j

x (O, a1, G, u ™) (4.63)

s76  where /3121) ﬂ(Zl) and y are given by (4.49) and (4.38) except ug’;) should be replaced by v,
577 and
(n—1) _ (n-1) _ (n) (n-1) =~
a2, TV [ea om0y () Ny =)
1 (1) _ () A (n— 1) (n) ’
u;, p u U —u;
(n 1) —
a2 ._ Y (n— 1) (n) (n-1) (n 1
5 = mf (u;, ) )
J Uy
LD g ) (4.64)
+, (n— 1) (n) (n=1) _
+u(n D/ W )( - u(n—l)_u(n—l))’
'/ l/ j j/
(n 1) 7
' (ug." 1)—v)(u§.7_1)—17) 2 ug.fl_l)—v ! ug."_l)—N

s Adapting (4.60) and (4.63) to the relevant products in (4.56) allows us to rewrite the latter
579 aSs

Fﬁ(ugn), u(l...n)\ugn)) Eéﬁ) ® E&ﬁ) ® \P(u(l...n)\ugn))

T (u(n) u(l...n)\ugn)) Fn(ug_n—l); u(l...n)\(ugn—l), ul(n)))
+ Z (n—1) (n)
j uj — ul.
% Z E]({rj—)2 Eiﬁ) ® (E]((n_l))zn—l \P(u(l...n)\(ug_n—l)’ ugn)) I uﬁn—l))
1<k<n J

—r. () (ﬂ) +,, () ~(n)
7w, ) (w7, a, )
+§ :Fﬁ((ut('n) (n)) ull- n)\(ugn)) f’n))) l (n) ~(n)

i1 uy,” — 1

(E(") ® ES) @ w(u-M\(u, (”)))+A) (4.65)
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where
A= Zl—- (u(n 1) (1 n)\(u(n 1), (n) (n)))
(n—1) ~(n)
f+(u' s Uy ) 1
J L () (n) () () (n—1)yx
x Z ( o7 Eere ® Fs N — E, ®Ek+2)®(Ek )a;_1

1<k<n Llj — Y u]-

« \I,(n—l)(u(l.,.n)\(ugn—l) u(ﬁ) (n))lu(n 1))

>

Fn((u(.n_l) uS_:l—l));u(l...n)\(u;"—l) (n—1) (n) (n)))

b b J/ b l b l/
Z
—1 -1
i< (ug.n ) _ ugn))(u(f ) _ u(.,"))
-1 A -1 -1
X 2 : (f+(”§'n ),ugn))El({'fz El(i)z QEl(i)z E’((T-:-)z) ® (El(cn ))*ﬂfl(El(n ))*H

1<k,l<n
% @\ @D, 00D, 1) [

j/ b l 2

(Tl 1))

)

and
(us."_l) — ugn))(ug.?_l) — ugﬁ)) + ug.n_l) (") +1

0:

(n—1) (n)yr,,(n=1) (n)
(uj _ui’ )(uj/ —Ui )

The final step is to substitute (4.60)—(4.63) into the difference of (4.59) and (4.57), and (4.65)
into (4.56), and equate the resulting expressions.

5 Conclusions

This paper is a continuation of [GMR19], where twisted Yangian based models, known as one-
dimensional “soliton non-preserving” open spin chains, were studied by means of algebraic
Bethe ansatz. The present paper extends the results of [GMR19] to the odd case, when the
bulk symmetry is gl,,,; and the boundary symmetry is so,,,;. Theorem 3.9 states that Bethe
vectors, defined by formula (3.42), are eigenvectors of the transfer matrix, defined by formula
(3.44), provided Bethe equations (3.53) and (3.54) hold. It is important to note that Bethe
equations for Y*(gly)-based models were first considered in [Doi00, AA*05]. However, the
completeness of solutions of such Bethe equations is still an open question. Investigation of
higher-order transfer matrices and Q-operators might help to shed more light on this problem.

In Proposition 3.12 we presented a more symmetric form of the trace formula for Bethe
vectors than the one found in [GMR19]. This formula can be used to obtain Bethe vectors when
the number of excitations is not large since the complexity of the “master” creation operator
grows rapidly when the total excitation number increases. This is a well-known issue of trace
formulas for both closed and open spin chains. Low rank examples of the “master” creation
operator are given in Example 3.11.

We also obtained recurrence relations for twisted Yangian based Bethe vectors. They are
given in Propositions 4.4 and 4.6 for even and odd cases, respectively. Repeated application
of these relations allow us to express Y*(gly)-based Bethe vectors in terms of Y (gl,)-based
Bethe vectors obeying recurrence relations found in [HL*17b] and recalled in Appendix A.3.
The recurrence relations found in this paper provide elegant expressions when the rank is
small, see Examples 4.5 and 4.7. The n = 2 even case in Example 4.5 may help investigating
the open fishchain studied in [GJP21]. However, recurrence relations become rather complex
when the rank is not small, especially in the odd case. This raises a natural question, if there
exists an alternative (simpler) method of constructing Bethe vectors for open spin chains. For
closed spin chains the current (“Drinfeld New”) presentation of Yangians and quantum loop
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algebras [Dri88] has played a significant role in obtaining not only recurrence relations, but
also action relations, scalar products and norms of Bethe vectors, see [HL*17a,HL."17b,HL"18a,
HL*18b, HL*20]. Thus, it is natural to expect that a current presentation of twisted Yangians
could pave a fruitful path for open spin chains analysis.

A current presentation of twisted Yangian Y *(gly) was recently obtained in [IWZ23].
(The rank 2 case was considered earlier in [Brwl6].) However, in [IWZ23] a different, the
so-called non-split, presentation of twisted Yangian is considered (see Chapter 2 in [Mol07]),
which is based on the Chevalley involution of gl and is not compatible (at least in a natural
way) with the Bethe vacuum state. Nonetheless, we believe that the presentation obtained
in [IWZ23] may have applications in open spin chain analysis and deserves attention. For
example, integrable overlaps for twisted boundary states are constructed using the non-split
presentation of twisted Yangians [Gom24].

Overall, the approach presented in this paper does open a door to an exploration of scalar
products and norms of Bethe vectors for twisted Yangian based models. However, developing
Bethe ansatz techniques in the current presentation of twisted Yangians might open a broader
path to open spin chain analysis. An alternative path could be a development of separation of
variable techniques along the lines of e.g. [GLMS17,RV21].
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A Appendix

A.1 Weight grading of Y*(gl,)

Define an n-tuple w; € Z" by (w;); := §;; and recall the notation 7 = N —j + 1. Then define
weights of the elements s;;[ ] using the following rule

wt(s;;[r]) := Z Wi + Z w; when i<j, i+j<N+1 (A1)
i<k<j J<k<n
and require
wi(sylr]) = welsy[rD),  wels;{r]) = —wi(s,;[r]) (A.2)

forall1 <1i,j < N. Note thatwt(s;;[r]) = (0,...,0) € Z". Extending linearly on all monomials
this defines a weight grading on Y*(gly).
The recurrence relations (4.9) and (4.13) are compatible with this grading. The master
creation operator (3.55) has the weight
w =Wt (%N(u(l...n))) — {(mlﬁ ceesMp_q, mn) when rAl =n, (A.3)
(mq,...,my,_1,2m,) when fA=n+1
which we assign to the corresponding Bethe vector. Then (4.9) and (4.13) can be schematically
written as
W= s, ve (A.4)
w'eEW
where W is the set of weights of s; ,,,j[r]with1 <i<nand 1< j <, thes, is a generating
series of Y*(gly) of weight w’, and all scalar factors and spectral parameter dependencies are
omitted, as in (1.1) and (1.2).
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A.2 Commutativity of transfer matrices

Lemma A.1. Transfer matrices 7(u) defined by (3.44) form a commuting family of operators.

Proof. We follow arguments in the Proof of Theorem 2.4 in [V115]. In this proof, we will write
S,(u) instead of SC(IN)(u) and R, (u) instead of RSZ’N)(u). Then

T(W) T(v) = trg Mo (W) Se (u) try My(v) Sp(v) = trgy Mype (W) My (V) S22 (W) Sp(v) - (A5)

where t, denotes the usual matrix transposition in the space labelled a. Upon inserting a
resolution of identity in terms of R-matrices and using properties of matrix transposition and
the trace (see Appendix A in [V115]) we rewrite the right hand side of (A.5) as

trqp M (1) My(v) (R, (7 — ) RE (5 — ) St () Sy (v)
= trop (Ml () (RS (7 — u))_l)“’M;b(V))t” (Sa@Rp(F—u) Sb("))ta
= trgp (Mo (W) (RS (5 —w)) ™) M (V)" S (1) Rap (F — 1) Sp(v). (A.6)

We insert a resolution identity in terms of R-matrices and use properties of matrix transposition
and the trace once again. This gives

trop (Mo (w) (R (F —u)) ™)' M, (v)
X (Rab(u - V))_l Rab(u - V) Sa(u)ﬁab(f/ - u) Sb(v)

= trgp ((Rap(u—v)) ™D M (w) (RS (5 —w)) DM (v))
X Ry (U —v) S, () Ry (¥ — 1) Sp(v). (A.7)

tplq

The R-matrix (2.6) satisfies
(Rap)) e’ = r@)Rep(—u), (RS @) ™) = r(u)Ryp(—u) (A.8)
where r(u) := u?/(u® — 1). Relations (A.8) and the dual twisted reflection equation (3.45)
imply
((Rap(u—v)) ™)t Mo (u) (R, (7 —w)) ™) o M, (v)
=r(u—v)r(¥—u) (Rab(v —u) Méa(u)ﬁab(u — ﬁ)M;b(v))
=r(u—v)r(v—u) (Méb(v)ﬁab(u — ﬁ)Méﬂ(u)Rab(v — u))
= (M (W) (R (T —w)) ™) e Mle(u) (Rgp(u—v)) ™)t ). (A9)
Applying (A.9) to the right hand side of (A.7) gives
trap (My> (V) (R, (7 — ) ™) 0 Mo (u) (R — v)) 1) fate) "
x Sy (V)R (¥ — 1) Sy (W) Ry (u—v). (A.10)

tptq

tptq

It remains to repeat similar steps as above in reversed order and use cyclicity of the trace.
The (A.10) then becomes

trpRap(u—v)) 7 (M, ) (RS, (F—w)) ™) Me ()
x Sp(V)Rop(F — 1) Sq(W) Rgp(u—v)

= trg, (M (V) (R (5 —w)) ™)@ Mo ()™ S (V) Ry (7 — 1) S (w)

= trg, (M () (R, (5 —w) ™) M (1)) (S5 (V) Rap (7 —w) Su(w))

= trgp (R (F —w)) "M, (v) Mo (1) Sy (v) Sq(w)'e R (¥ —u)

= tr, M," () Sp(v) try Mo (1) S, ()"« R4 (§ —w) = 7(v) T(w) (A.11)

tptq

as required. O
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A.3 A recurrence relation for Y (gl,)-based models

The Proposition below is a restatement of Proposition 4.2 in [HL"17b] in terms of notation
introduced in Section 4.1 and Proposition 4.1. Recall (4.2):

Az vE-D) = (2, v D) £, v ) A4 (2).
Let t;;(z) denote the standard generating series of Y (gl,).

Proposition A.2. Y(gl,)-based Bethe vectors satisfy the recurrence relation

(I)(v(l e 1))_ Z Z l_[ (k 1) I (k) tlTl IIn ))q)( e )) (A-]-z)

1<i<n 1,012 i<k<n Vi i
i<r<n—1
where v"1 = ("1 forany 1 <j<m,_; and v = @ forall 1 <s < so that
II j y 1SS M I =
v(1 D = (@) D vl(l),. vy,

Example A.3. When n = 4, the recurrence relation (A.12) gives

q>(v(1,2,3)) — t34(VI(13)) CI)((V(U, v(z)’ v1(3)))

2) 2N p+7.,2) . (3) 2 )
> 3) D @ @wS v )Ty Ay )

+ t24(v11 )CI)((V ;VI ,V )) (2) (3)

vil=1 Vi —Vn

—r.,(1) (1) +¢,,(1) (2) (1)
v, vy, Ao (v,
+ E t14(v(3))<1>(( (1), (2),v(3)))f O v ) O v ) A0y )

(1) (2)
vl=1 Vi —Vn
r=1,2
g (@) (2 2) .3 2
Lo v o i) A )
(2) (3)
Vi — Vi
(A.13)
where vI(IB) = v(g) for any 1 < j < mg, and
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