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ABSTRACT: We study the spindle compactification of families of AdSs consistent
truncations corresponding to M5 branes wrapped on complex curves in Calabi-Yau
three-folds. From the AdS/CFT correspondence these models are dual to N' = 1
SCF'Ts obtained by gluing of Ty blocks. The truncations considered here have both
vector and hyper multiplets and the analysis of the BPS equations on the spindle
allows to extract the central charges. Such analysis gives also consistency conditions
for the existence of the solutions. The solutions are then found both analytically and
numerically for opportune choices of the charges for some sub-families of truncations.
We then compare our results with the one expected from the field theory side, by
integrating the anomaly polynomial.
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1 Introduction

A prediction of the AdS/CFT correspondence is the matching of exact quantities of
a CF'T with their gravitational counterparts. An ancestor result in this direction was
obtained in [1], where the central charges of a 2d CFT was computed in terms of an
AdS; gravitational background. Furthermore in absence of a Lagrangian description
of an interacting fixed point the correspondence represents a definition of the desired
CFT. Another way to produce superconformal field theories consists of compactifying
higher dimensional theories on curved manifolds, preserving some supersymmetry by
turning on quantized magnetic background fluxes for the global symmetries. Such
mechanism, commonly referred to as (partial) topological twist [2-4], has been vastly
studied in many stringy and holographic setups.

The prototypical example was discussed in [5] in terms of branes wrapped on
Riemann surfaces. From the gravitational side the mechanism is usually referred as
a (gravitational) flow across dimensions. Then in [6] such flows have been generalized
and related to the c-extremization principle of [7|. The c-extremization principle in
this case is related to a gravitational attractor mechanism (see [8-12] for related
works in this direction).

Recently it has been observed that one can extend the notion of the topological
twist on manifolds with orbifold singularities [13|. The explicit orbifold considered
in [14] is the spindle, topologically a two sphere with deficit angles at the poles.
Supersymmetry in this case is preserved such that the Killing spinors are neither
constant nor chiral on the orbifold. Furthermore, there are two ways to preserve
supersymmetry, denoted as the twist and the anti-twist. Many field theoretical and
gravitational constructions have been proposed in the recent years by considering
compactifications on orbifolds [14-39].

In this paper we will focus on the case of M5 branes wrapped on a complex curve
C, in a Calabi-Yau three-fold X [40, 41]. These models are a generalization of the
ones obtained in [5] where M5 branes wrapped on a Riemann surface were considered.
The construction of [40, 41] generates an infinite family of 4d SCFTs obtained by
gluing Ty theories [42]. The setup is specified by two integers that depend on the
local geometry of X, corresponding to a decomposable C* bundle over C,. The (non-
negative) integers, denoted as p and ¢, are the Chern numbers of the line bundles
L, 2 that specify £, & Ly — C4. For p = ¢ the N’ = 1 case studied in [5] is recovered,
while p = 0 (or ¢ = 0) corresponds to the N' = 2 case of [5] . For other choices of p
and ¢ the 4d SCFT corresponds to a different N'=1 SCFT.

While M5 branes and the theories of [5] have been already studied on the spindle
in various setups [17, 18, 26, 28] a general analysis for the models introduced in
[40, 41] has not been pursued so far. Here we are interested in generic choices of p
and ¢ from the supergravity perspective. Our starting point are the 5d consistent
truncations obtained in full generality by [43] (see also [44-47] for earlier results in



this direction). Such truncations have the advantage to hold for any choice of p and
¢, but the price to pay in this case is the presence of hypermultiplets. Anyway, by
exploiting the general recipe of [48], we can analyze the reduction on the spindle of
the consistent truncations of [43] even in presence of hypermultiplets. The reason
is that in this case one hyperscalar triggers an Higgs mechanism that gives a mass
to one of the vector multiplets. The Higgsing simplifies the analysis of the BPS
equations and of the fluxes at the poles of the spindle, allowing to find the boundary
conditions that most of the scalars have to satisfy at the poles in order to compute
the central charges in the twist and in the anti-twist class. While this analysis makes
the calculation of the central charges possible, it does not guarantee the existence of
a solution. Furthermore, it does not fix the boundary condition for the hyperscalar.

However, by restricting to the graviton sector, the universal analytic solution of
the type discussed in 13, 15] is found. In this case the scalars are fixed to their AdSs
value. Observe that the universal twist is consistent only if the 4d superconformal
R-charge is rational, and this limits the amount of accessible truncations. For more
general twists, beyond the universal one, we solved numerically the BPS equations
for various values of the hyperscalar at one of the poles of the spindle. When the
(unique) value of the hyperscalar that solves the BPS equation, at such pole of the
spindle, is found, the existence of the solution is guaranteed. The procedure fixes also
the boundary condition for the hyperscalar at the other pole and the finite distance
between the poles.

In the following we will exploit such procedure for the consistent truncations of
[43] and we will compare our results with the one found on the field theory side by
integrating the anomaly polynomial.

The paper is organized as follows. In section 2 we study the spindle compacti-
fication of the 4d non lagrangian theories obtained in [41]. First, in sub-section 2.1,
we review the relevant aspects of the construction of [41] focusing on the 't Hooft
anomalies and on the distinction between the trial R-symmetry emerging from the
higher dimensional picture and the exact one due to a-maximization. This distinc-
tion indeed plays a crucial role in the analysis. Then in sub-section 2.2 we study the
compactification on the spindle and we compute the central charge of the emerging
two-dimensional theory. In the computation of the exact 2d R-symmetry we observe
that the result can be formulated (when the conditions of integerness on the fluxes is
satisfied) in terms of the 4d trial R-symmetry or in terms of the 4d exact one. As a
bonus we also study in subsection 2.3 the case of the spindle compactification of 4d
models associated to negative degree bundles, corresponding to the models obtained
in [49]. The in section 3 we review the supergravity truncation of [43] in order to fix
the notations and the conventions that we use in subsequents sections of the paper.
In section 4 we study the compactification of the spindle of these 5d N = 2 gauged
supergravities, obtaining the relevant BPS and Maxwell equations. In section 5 we
focus on the calculation of the conserved charges and of the integer fluxes. In this



way we can fix most of the scalars at their boundary values on the spindle and from
these results we extract the exact central charges form the gravitational perspective.
We eventually observe that these results agree with the ones obtained from the field
theoretical analysis. In section 6 we complete our analysis by studying the gravita-
tional solution. First, in sub-section 6.1 we look for an analytical solution, finding
that it exists for the universal twist, for choices of p and ¢ that correspond to a ratio-
nal 4d R-symmetry. Then in sub-section 6.2 we look for numerical solutions for more
generic values of p and ¢, by turning on also the magnetic charge associated to the
flavor symmetry. We find numerical solutions only in the case of the anti-twist class
for Riemann surfaces of positive curvature. In section 7 we conclude by discussing
the relation of our results with the literature and by listing a set of open problems
not addressed in this paper.

2 The 4d SCFT on the spindle

In sub-section 2.1 we are going to review the M-theory construction of N' =1 SCFTs
in 4d of [41], which is going to be the starting point for our effective 2d theories
compactified on the spindle. These models turn out to be dual to N' = 1 SCFT
built by opportunely gluing T blocks [42|. Then in sub-section 2.2 we construct the
theory compactified on the spindle |, closely following [13, 48] mutatis mutandis.
Eventually in sub-section 2.3 we study the case of negative degree bundles, obtained
in [49], on the spindle.

2.1 The 4d model

The worldvolume theory of stack of N M5-branes is well known to be a 6d N = (2,0)
SCFT. One can construct effective 4d theories by wrapping the branes on some
specific geometry. In this particular case, we are interested in effective 4d theories
obtained by wrapping the M5-branes on a complex Riemann curve of genus g C; in
a Calabi-Yau three-fold. This geometric construction gives rise to an infinite family
of 4d effective theories which are parametrized by two integers depending on the
local geometry of the Calabi-Yau three-fold X which in the case of interest is just a
holomorphic C? bundle over C,

C*— X 5 C,. (2.1)

Crucially, when X is decomposable it will take the simpler form X = £; @& £,. This
structure has a manifest U(1)? isometry, one factor for each fiber in the line bundle.
The two isometries give rise to two abelian symmetries, one being the R-symmetry
U(1)g and the other being an additional flavor symmetry U(1)g.



The integers describing the families of IR NV = 1 SCFTs are just the Chern
numbers labelling the possible bundle decomposition

ci(Ly) = p, c1(L2) = q, (2.2)

subject to the Calabi-Yau condition p + ¢ = 2(g — 1). Depending on the choices of
these two integers, the fields in the Mb5-brane theory transform in different represen-
tation of the U(1)r symmetry, leading to different IR fixed points. A solution to the
constraint of the Chern numbers is given by the following parametrization

p=01+z)(g-1), q¢=(1-2z)(g-1) (2.3)

where z(g — 1) € Z.
From the class-S point of view, these theories can be built from opportune gluing of
2(g — 1) Ty building blocks to create a Riemann surface with no punctures.

In this setup the key observables are the central charges ¢ and a, determined by
the following combinations of R-symmetry anomalies

1
c=33 (9TrR* —5Tr R)

a 3TrR*—TrR) . (2.4)

=3 (
Note that in the large N limit, for holographic SCF'Ts a = ¢. The central charges can
be recovered from the known anomaly polynomial of the M5-brane theory integrated
over Cy, assuming that no accidental symmetries are generated along the flow. Since
the abelian symmetries U(1)g and U(1)r mix together, the exact superconformal
R-symmetry is found by a-maximization [50].

One finds that the 't Hooft anomalies of the trial R-charge, for theories of type
G = Ay, Dy, Ey, are given by
Tr R3 = (g — 1)[(7“0 + dghg)(l + Z€3) — dghg(€2 + ZG)] s
TrR=(g— 1)re(l + ze) (2.5)
where 1, dg and hg are the rank, dimension and Coxeter number of G respectively,

while € is the mixing parameter.

We are interested in the Ax_; case. The mixed 't Hooft anomalies between the
trial R-symmetry R and the flavor symmetry F' can be computed from (2.5) and



they read

1
kRRR = (g - 1)N3> k = __(g - 1)ZN37

RRF 3

1
kRFF = _g(g - 1)N3> kFFF - (g - 1)ZN3' (26)

On the other hand, by considering R* = R + €*F', a-maximization yields

. 1+kV1+3z?
B 3z ’

€

(2.7)

where k is the curvature of C;. Choosing k = —1 for later purposes, the 't Hooft
anomalies for the superconformal R-symmetry R* read

2(g—1
(8= 1) 922 — 1+ (32° + 1)*?] N3, kppep =

(g—1)
2722 2l

9 Y

-1
krepp = . 3 )\/322 + 1N?, krrr = (g —1)zN>.  (2.8)

2.2 BBBW on the spindle

Consider the 4d SCFT reviewed above, whose anomaly polynomial in the large N
limit reads

1
ls=5 > K ci(F)a(Fyei(Fy)
1,5,k=R,F (29)

where the coefficients k;j;; are given by the mixed 't Hooft anomalies (2.6) and the
¢1(Fr ) are the first Chern-classes for the U(1)-bundles over the total space X, with

gauge curvature R and F'.

We proceed to compactify further the 4d theory over the spindle = W(CP[lnNms},

where ny,ng label the deficit angles at the north and south pole of the orbifold
respectively, with background magnetic fluxes for the two abelian U(1)z and U(1)g
symmetries of the 4d theory. In order to do that, we need to take into account the
azimuthal U(1); isometry of the spindle which is generated by rotations about the
axis passing through the poles. Geometrically, this is given by considering the total
space X4 as a X5 orbibundle fibered over . In the field theory, this can be achieved
by turning on a connection Aj; for the U(1), isometry, so that we can write the
following gauge connections

AD = pi(y)(dz+Ay) I=R,F (2.10)



where p;(y) are the background fluxes for the abelian symmetries, and (y, z) are
respectively the longitundal and azimuthal coordinates over , with y € [yy, ys] and
z ~ z + 2m. The curvatures for the fields (2.10) are given by

FO = ph(y)dy A (dz+ Aj) + pi(y)F;  I=RF (2.11)

where F'; = dA;. These fields are consistent with the flux condition

1

2

Pr
nsny '

F = [prlys =

us (2.12)
The curvature forms F() define a U(1)-line bundle £; over X4, and the associated
first Chern classes are!

F)

ci(Ly) = {%] € H*(X4,R), ci(J) = E—;} € H*(X,, R). (2.13)

To obtain the 2d anomaly polynomial, we make the following substitution

e1(R) = e1(R) + %cl(ﬁR), &1 (F) = e1(F) + e1(Lr) (2.14)
where ¢, (R) and ¢;(F') are the pull-back of the U(1)g and U(1)r bundles over X,
respectively. The choice of normalization is such that the R-symmetry generators give
charge 1 to the supercharges. Thus, we shift the curvatures in Eq. (2.11) accordingly,
compute the anomaly polynomial in Eq. (2.9) and integrate it over . The result is
a combination of the four non-zero mixed 't Hooft anomalies given in sec. 2.1. In
the following, as a working example we show only the computation for the terms
proportional to krgrgr

1 ’ 3 3 1
/ (Cl(R) + 501(53)) = / (ECI(R)QCI(ER) + ch(R)Cl(LR)Q + gcl(»CR)?’) 7
(2.15)
where the product of forms is understood. Notice that the ¢;(R) does not depend

on the spindle, so they can be factorized out of the integral. Let us consider the first
term in (2.15)

(R)
[ semiaten = ja@®? [ = Sa®@Phly. (210)

!'Note that the gauge curvature of J is only defined on X,. It’s Chern class will not contribute
in the integral.



The second term reads
/ Sel(R)er(Lr)? = 2er(R) / L pw \ p
16 1(LRr 1 12

A(R) [ 3pn)oil) dy A (d= + A0) A

3
4
3
4
§C(R)/id?A(dzAF + Ay AFY) (2.17)
14 A2 PR J J J

3 1 Qo2 A d

—ch(R)Cl(J)/% pR/\ z

— 3 2 1ys

= ch(R)Cl(J)[pR]yN

where we used the fact that A; A Fj is just a total derivative and that F; does not
depend on the spindle as stated in (2.13). In the second to last step we went back
from forms to cohomology classes. The last term in (2.15) evaluates to

1 3 1 1 1
- S F(R) FE) A pR) — 27,3 19s 21

The complete anomaly 4-form of the 2d theory reads

h{%mﬂMmm)wuﬁmw+mwm)w

1
+ ( gkrrnl PRIy + krer(op)ys + kRRF[pFIOR]yS + kRFF[PRP%]ZZ) c1(J)?

+ (kRRF[PR]yS +2 kRFF[pF]Zi) c1(F)ei(R)

+

3
ZkRRR PR1Ys + krrelprorlls + krrelpr]ls ) 1(J)er(R)

1
+ (3 krerlpp)ys + 4kRRF[PR]yN + kRFF[pRpF]yN) ci(J)e(F)
(2.19)

To compute the exact central charge we allow a mixing between the various U(1)
factors ¢1(J) = ec1(R) and ¢, (F') = xzci(R), extremizing the function

614

2d _
Ctrial(e’x) - Cl(R)Z' (2'20)
The background magnetic fluxes are fixed to be
F(R) FE)
—Pr R (2.21)
2 nsny 2m nsny



where pr,pr € Z. For the R-symmetry, we have two possible choices of fluxes
consistent with supersymmetry

—1)t~ (_1)ts+1

o) = & = emlus) = — (2.22)

where ty = 0,1, while tg is fixed by the twisting procedure, namely tg5 = t) for the
twist, while tg =ty + 1 for the anti-twist. For the flavor symmetry, the flux can be

fixed to
PFr

nsny

pr(yn) =20,  pr(ys) = + 7 (2.23)

where z, is an arbitrary constant.
Let us consider the following parametrization of the on-shell central charge

f(ns,ny,pr;2)
g(”S)”NapF; Z)

Cod = 44 (2.24)

where aqq = (g — 1)N3. In the case of the twist we have

f(ns,nn, pr;2z) = (4p% — (nx +ns)?) (22pr + (=1) (ny + ng))
X ((—1)tN (ny +ns) (16zpr + (2> + 3) (=1)™ (ny + ns))
+4 (322 +1) pg),
g(ns,nn,pr;z) = 2nyng (817% (—QTLNTLS + 3Z2”% + 3Z2”?v) - 32Zp?fv(—1)tN (ny +ng)
+ 8zpp(—1)" (ny + ns) (3n3 — 2nyns + 3n%)
— 482°p}t + (ny + ng)” (=2 (2" +2) nyns + (2° +4) ng
+ (22 +4)nd)).
(2.25)

The central charge is extremized by the mixing €*, x* for which we give the exact,
albeit quite cumbersome, result

o e(ns,nn, pr; z) = X(ns,nx,pr;z) Zoe” (2.26)

d(ng,nn,pr;z)’ d(ng,nn,pr; z)




where

e(ns,nn,pr;z) = dnyns(=1)™ (ny — ns)(2ny(=1)"™ (8zpr + (2° + 3)ns(—1)"~)
+ 16zprng(—1)"™ +4(32° + 1)p + (2° + 3)nz + (2> + 3)ny)

X(ns,ny,pr;z) = —2n% (2 (2° = 3) ppy (1) — 202pF + 3zn3)

—4And (=)™ (zny(—1)" — 2pp)
— dzng(—1)"™ (n% — 4p}) (2zpr + ny(—1)")
— 16 (z° + 1) pinn(—1)"™ — 4 (2* + 1) ppn (—1)™
— 24zpiny — 16zp} — zns — zny
d(ng,ny,pr;z) = 24zzp%n?g + 4n3 (—1) (6zpp + (—1)th5)
+ 2zn3, (4ppng(—1)tN + 12zp3 — zn%)
+dny(=1)"™ (ng — 4pF) (2zpr + ns(—1)™)
+ 24zpFn?g(—1)tN — 322p£}n5(—1)m
— 48z2pj‘,1J + (z2 + 4) né + (z2 + 4) n}l\,
(2.27)

Notice that there is no explicit z; dependence in the central charge.

We can check the validity of the result, by considering the S? limiting case,
where ng = ny = 1 and comparing with the result of [6]. As expected the two
results match?.

Instead, for the anti-twist case the on-shell central charge is given by
f(ns,nn,priz) = ((ns — ny)* — 4p%) (2zpp + (=1)" (ny — ns))
x ((_w (ny —ng) (162pp + (2% + 3) (=)' (ny — ng))
+4(322 + 1) p})
g(ng,ny,pr;z) = 2nyng (Sp% (2nNn5 + 3zn% + 3z2n?v> + 32zp3 (= 1) (ng — ny)

— 8zpp(—1)" (ng — ny) (3n3 + 2nyng + 3n%)
—482°ph 4 (ng — ny)? (2 (2° +2) nyns + (2° +4) nf

+ (22 +4)nd) )
(2.28)

where the extremum, using the same parametrization as in (2.26), is reached for the

2From the result of [6], one fixes 71 = 2(g — 1),72 = 2,51 = —1, k2 = 1,21 = 20 = 2z to find the
matching.

— 10 —



following mixing

e(ng,nn,pr;z) = —4nyng(—1)™ (ny + ng) (2nN(—l)tN (8ZpF — (=)™ (22 + 3) ng)
— 16zppns(—1)" +4 (32" + 1) ph + (2 + 3) (nk + n%))

x(ng,ny,pr;z) = —2n% (2(_1)tN (ZQ - 3) prny — 20zpF + 3Z”?v)
+4(=1)"ng ((-1)"zny — 2pr)
+4(=1)"Vzng (n?\, — 4p%) (2zpF + (—1)thN)
—16(—1)~ (z2 + 1) p%nN —4(=1)~ (z2 + 1) ppni’v

— 24zpEny, — 162zpy — z(ng +ny)

d(ns,ny. pr; ) = 242°ppng + 4(=1)""n} (6zpr — (—1)"ns)
+ 2zn3, (—4(—1)""ppng + 12zp}, — zn3)
+4(=1)"ny (ng — 4p3) (2zpr — (—=1)"ng)
— 24(=1)"Vzppnd + 32(—1)"Vzping
— 482°py + (2° + 4) (ng + ny)
(2.29)

Once again, the on-shell central charge does not depend on zy as expected.

The central charge calculated from the R*, F' anomalies (2.8) instead of R, can
be computed in the same manner as just described. The two exact central charges
will then match as follows

C;d <€>{7 IT’ R7 F) nS<_1)tN + nN(_]'>tS)pF>
(2.30)

ng(—1)"™ + nN(—l)tS>

= C§d<5§7x§; R*vF’ nS(_l)tN + nN(_l)tSapF + € 5

where €* is the 4d mixing parameter found in (2.7) with k = —1, and we specified
which symmetries we are considering as well as their fluxes. Namely, the former is
obtained from the anomaly polynomial considering the 't Hooft anomalies (2.6) and
their fluxes, while the latter is obtained considering the anomalies (2.8) and their
fluxes are related with the other by a shift.

Observe that the universal twist is consistent only if the exact 4d R-symmetry
is rational. From the second line in (2.30) it follows that this choice requires to set

the combination pp + €* "S(fl)tN;r"N(*l)ts

to zero. The integerness conditions on pp,
ns and ny then restrict the allowed values of p and ¢ admitting the universal twist.

2.3 Negative degree bundles

Here we further generalize the construction of [40, 41] by gluing 2(g — 1) together
copies of T’ ](Vm) theories [51]. This construction reproduces the model of [40, 41] when

- 11 -



m = 0 [49] and generalizes it for generic m. The construction of [40, 41| in fact
allows only for positive p, ¢ > 0, while in the construction of [49], one can allow also
for negative degree bundles. Although these theories have no known supergravity
description at this time, we give the field theory calculation for completeness.
The cubic anomalies of the model of [40, 41| can be recovered from the ones of the
T ](Vm) blocks by linear combination of the U(1); isometries of the line bundles. Namely,
R=(Jy+J.)/2 and F = (J_ — J;)/2, following the naming convention of [49].
Therefore, in the large-N limit
3
krrr = ﬂ, krrr = —1(1 +2m)N?,
2 0 (2.31)

NB

1
kRFF = —? kFFF = 2(1 +2m)N3

where the integer m parametrizes the degree of the line bundles p = m + 1 and
q=-m

Following the same arguments as before, we can compactify these theories on the
spindle and find the central charge of a family of theories parametrized by m. By
taking the anomaly polynomial constructed from the anomalies (2.31), we find the
following central charge in the case of the twist

f(ns,ny,ppim) =2 ((ny + ns)* — 4p3) (2(2m + D)pp + (=1)" (ns + n))
X ((—1)” (ny + ns) (4@2m + Dpr + (m* + m+ 1) (=1)™ (ny + ng))

+4(3m(m 4+ 1) + 1)p§>
(2.32)

gng,ny,pr;m) = nNnS((—l) (471?’9 (6(2m + )pr + (—l)thN)
+2(—1) (2m + 1
— (=1)"™ny ((=1)
+ 4dng (nN dp
+ nN( (
+ 24(2m + 1 2

)ng(12(2m + 1)py,
NE2m+ 1)ny — 4pp) )
7) (22m + L)pp + (=1)"ny)
(— )
%) 22m +1) pF) (=)™ (4m(m +1) + 5)ns)
—48(2m + 1) ‘;,)

(2.33)

- 12 —

1 thN (24(2m + D)pp + (=1)"™ (4m(m + 1) + 5)ny)



where we used the parametrization (2.24). The mixing is given by

e(ng,ny,pr;m) = 16nyng(—1)™ (4(—1)tN(2m + Dpp (nF —ng)
+4@Bm(m+ 1) + )i (ny = ns)
+ (m2 +m + 1) (TLN — ns) (TLN + ns)2>
xX(ns, ny, pr;m) = —4ni(—1) (2 (2m2 +2m + 1) pr+ (=)™ (2m + 1)ns)
— dnn(=1)" (2 (2m? + 2m = 1) ppnd + 8 (2m? + 2m + 1) p}
— 4(=1) @m + Dpfing + (~1)" (2m + 1)n})
—2(2m + 1)n%, (4(=1)" (2m + 1)ppns + 12p3 + 3n3)
+32(=1)"(2m + 1)*ping + 40(2m + 1)prng
—16(2m + 1)ph + 8(=1)¥ppnd — (2m + D)ng — (2m + 1)n’
d(ng,ny,pr;m) = —32(=1)™ (2m + 1)p3 (ny + ng)
+ 8py (3(2m + 1)*ny + 3(2m + 1)*n% — 2nyns)
+8(=1)"(2m + 1)pr (ny + ns) (—2nyns + 3ny + 3nz)
— 48(2m + 1)2ph + (ny + ns)? ( — 2(4m(m + 1) + 3)nyns
+ (4m(m + 1) +5)(n2 + n§)>
(2.34)

For the anti-twist case we get

f(ns,ny,ppim) =2 ((ny — ns)* — 4pF) (2(2m + Dpr + (—1) (ns + ny))
X ((—1)tN (TLN — ns) (4(2m + 1)]9]:‘ + (m2 +m + 1) (—1)tN (TZN — TLS))

+4(3m(m 4+ 1) + 1)p§>
(2.35)
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g(ns,ny,prim) = —nNnS< W (—and (62m + 1)pr + (—1)"ny)
+2(=1)"(2m + 1)n%(12(2m + 1)p},
— (=1)"ny (=)™ (2m + 1)ny — 4pr) )
)

—4ng (ni — 4p7) (2@2m + )pr + (=1)""ny)

+nN(( ) N(

)
(—1 thN (24(2m + 1)pr + (=1)™ (4m(m + 1) + 5)ny)
+24(2m + 1)*p}) — 32(2m + 1)p}) + (—

P D™ (4m(m + 1) + 5)ng)
— 48(2m + 1)%p}
(2.36)

where we used the parametrization (2.24). The mixing is given by

e(ns,ny, pr;m) = —16nyng(—1)"™ (4( )™ (2m 4+ 1)pp (nk — ng)
+4@3m(m +1) + 1)pp (ny + 1)
+ (m* +m+1) (ny +ng) (ny — n3)2>

X(ns,nn, prym) = —4ny (=1)™ (2 (2m® + 2m + 1) pr — (=1)" (2m + 1)ng)
— dn(=1)™ (2 (2m? + 2m — 1) ppn + 8 (2m® + 2m + 1) pj
FA(—1) (2m + 1)ptng — (—1)™ (2m + mg)
—2(2m + D)ny, (—4(=1)" (2m + 1)ppng + 12p} + 3n)
—32(=1)"(2m + 1)*ping + 40(2m + 1)pin
—16(2m + D)p} — 8(=1)"Vppni — (2m + 1)ng — (2m + 1)ny
d(ns,ny, pr;m) = =32(=1)" (2m + pf (ny — ns)
+8p7 (3(2m + 1)*n + 3(2m + 1)*ng + 2nyns)
+8(=1)"(2m + 1)pr (ny — ng) (2nyns + 3n3 + 3nd)

— 48(2m + 1)%ph + (ny — ng)” (2(4m(m +1) + 3)nyng

+ (4m(m + 1) +5)(n3 + n§)>
(2.37)

In in the limit of m — 0 one recovers the same result of the compactified model of
[40, 41|, as expected.

3 The 5d supergravity truncation

The five-dimensional supergravity model we are working with is a consistent trun-
cation from eleven-dimensional supergravity studied in [43]. It contains two vector
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multiplets and one hypermultiplet and it has gauge group U(1) x R.

As we mentioned before, this truncation generalizes the structure associated with the
solutions of [40, 41] and it completes the consistent truncation of seven-dimensional
N = 4 SO(5) gauged supergravity reduced on a Riemann surface C, analyzed in
[44]. There, the 5d model was obtained truncating the 7d supergravity to the U(1)?
sector, corresponding to the Cartan of SO(5). Besides enclosing the two U(1) gauge
fields and the two scalars belonging to the vector multiplets, the bosonic sector of the
construction made in [43] also includes all the scalar fields in the hypermultiplet, and
furthermore it gives a direct derivation of the gauging. In the following we outline
the construction made in [43]. The eleven-dimensional metric is

ds}) = e*2dsiyg, + dsg, (3.1)

which corresponds to a warped product AdSs x, M with warp factor e?2¢? =
e2fo A3 where ¢ is the AdS radius and A and f, are constants. Mg is a six-
dimensional manifold given by a fibration of a squashed-sphere M, over the Riemann

surface Cy and has metric
_ 1-
dsg = A1/362g°ds(2jg + ZA_2/3dsZ, (3.2)

where gq is a constant. The Riemann surface has Ricci scalar curvature k as discussed
after formula (2.7) and the metric on My is

dst = Xo 'dpug + Y X7 (dpi? + i3 (dgpi + AD)?), (3.3)
i=1,2
with 9 9
1o = cos (, (1 = sin ( cos 2 {2 = sin ( sin 3" (3.4)

The angles ¢4, @, are in [0, 27], while ¢, are in [0, 7]. A and A® gauge two U(1)
isometries of the squashed S*. Furthermore,

2

- 1

A= § X2, o =X5t, e = —gleXQ (1-2)X:+ (14+2)X5], (3.5)
I1=0

where z, that can be read from (2.3) as

z=L"1 (3.6)
p+q
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is a discrete parameter related to the Chern numbers p and ¢ and

Xo = (X1X2) 72,
1+ =z
2z — kv/1 + 322 (3.7)
14 7z + 72% 4 332° + k(1 + 4z + 192%)/1 + 322
47(1 — z)? '

X X, =

X7 =

There is also a four-form flux, but we address the interested reader to [43] for its
explicit form.

Notice that the A/ =1 and N = 2 twistings studied in [5] can be recovered as
special cases from this model: the first one arises from setting p = ¢ (corresponding
to z = 0), while the second one from p=0or ¢ =0 (z = +1 ).

3.1 N =2 supergravity structure

The reduction described above gives rise to an infinite family of N' = 2 gauged
supergravity theories in five dimensions. Here we summarize the most salient features
of the model and we refer the reader to appendix A of [37] for a short review of 5d
N = 2 gauged supergravity?.

Focusing on the vector multiplet sector, the two real scalars 3 and ¢ parametrize
the Very Special Real Manifold

My =R, x SO(1,1) (3.9)

20
Yoy = (20 1) : (3.10)

The homogeneous coordinates h! (3, ¢) (from now on we will omit the explicit de-

that has metric

pendence of the sections from the two real scalars ¥ and ¢) are given by

1
RO — S ht=-SH!, h? = - H?, (3.11)

where

H' = sinh ¢, H? = cosh ¢ (3.12)

3The Lagrangian in (B.10) of [43] that we are using here can be obtained from the one used in
[37] by rescaling the gauge fields and the coupling constant as

3 2
A{hcrc = _\/gAflcrca GJthere = _\/;ghere' (38)
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parametrize the unit hyperboloid SO(1,1), while 3 parametrizes RT. The non-zero
components of the totally symmetric tensor C;x are

Cory = Croj = Cijo = zniy,  for I, J=1,2, (3.13)
with n = diag(—1,1).
Moving to the hypermultiplet sector, the quaternionic manifold

SU(2,1)

M = SU(2) x U(1)

(3.14)

is spanned by the scalars ¢ = {¢, =, 01,05} with line element?

1 1
gxydg*dq” = —dp* — 5&%@@9% + db3) — Ze‘*@(dz — 01d0y + 0,d0y)*.  (3.15)

Only the hypermultiplet sector is gauged and the corresponding Killing vectors k; =
kX0x read

kO = aEa
kl = ZkaE, (316)
kz - —kag —|— 2(628@1 — 618@2),

with associated Killing prepotentials

1

Py =1{0,0, ~e*},

4
k
Pl = {0,0,262“’}, (3.17)
1

Py = {V2e90,,v/2e%0,, —1 + Z62@(293 +262 —k)}.

3.2 The model

In the remainder of this paper we will work with a further truncation of the 5d
supergravity model introduced above, which is obtained by setting

0, = 6, = 0, (3.18)

consistently with the AdS; vacuum of the model we started from. In this truncation,
the Killing vectors (3.16) simplify to

]{0 = 85, k’l = zk@;, kz = —kag. (319)

1We are using a different normalization w.r.t. [43]. This allows us to obtain a simplified version
of the hyperino variation, as it was pointed out in [37].
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Notice that from (3.19) we can see that the field = gets charged under the vector
AELO) + zkAS) — kAf?), that becomes massive. Furthermore, only the third SU(2)-
components of the Killing prepotentials (3.17) survive and they reduce to
1 zk k
fﬁ:zéﬂ l?zwzéﬂ f§=—1—189 (3.20)
We can thus introduce a superpotential as

33 ((ke?? + 4) cosh ¢ — zke?? sinh ¢) + €2¢

=hpP?=
w I 452

(3.21)

Furthermore, the following AdS; vacuum is also a vev for the scalars ¥, ¢, ¢ in this
truncation:

1 4
=—lo ,
L g(\/i’>z2—1-1—2k)
1+ kv1+ 3z2
¢ = arctanh ,

3z (3.22)

:%:¢2@ﬁ—1—kv1+&%‘

)
z (V1 + 322 — 2k)

4 The 5d truncation on the spindle

In this section we briefly review the geometric construction used to split the five-
dimensional background as the warped product AdS3; x , where the space is a
compact spindle with azimuthal symmetry and conical singularities at the poles.
Once introduced the ansatz on the geometry and on the gauge fields, we present the
corresponding BPS equations and Maxwell equations of motion.

We refer the reader to [48] for the original derivation and to [37] for a more detailed
analysis made using our conventions.

4.1 The ansatz and Maxwell equations
We begin by considering the AdS; x  ansatz made in [48]>:

ds* = >V Wds3 s, + f(y)*dy® + h(y)*d2?,

1.1
AW = a(y)dz, b

where ds3,g, is the metric on unitary AdSs, while (y, z) are the coordinates on
which is a compact spindle with an azimuthal symmetry generated by 0,. A spindle
is a weighted projective space WC]P[InNmS] with conical deficit angles at the north

SWe are using the mostly plus signature, as in [37].

— 18 —



(ny) and at the south (ng) pole, whose geometry is determined by the two co-prime
integers ny # ng that are associated to the deficit angles 2#(1 — ﬁ) at the poles.
The azimuthal coordinate z has periodicity Az = 27. The longitudinal coordinate y
is compact, bounded by yx and ys (with yy < yg), implying that the function h(y)
vanishes at the poles of the spindle.

We assume that the scalars X, ¢, ¢ depend on the y coordinate only, while the
hyperscalar = is linear in z, i.e. Z = Zz (with = a constant).
Following [48], we will use an orthonormal frame to simplify the analysis of the Killing
spinor equations and of the equations of motion of the gauge fields:

et =e'el, e3 = fdy, et = hdz, (4.2)

where €% is an orthonormal frame for AdS;. In this basis, the field strengths read

FRED = 0,00 (4.3)

Given that X, ¢, ¢ are functions of y only and Z = Zz, two out of the three gauge
equations of motion specified to our ansatz can be easily integrated, and they can be

written in the orthonormal frame as

3V

352 [<COSh 2¢ — zsinh Zgb)Féi) + (z cosh 2¢ — sinh Zgb)Fﬁ)] =&, (4.4)

2 3V

3622 [ZkEGFri(g) —(cosh 2¢+z sinh 2¢)F§i) +(z cosh 2¢+sinh 2¢)F3(i)} =&, (4.5)
1 1

9, <§€3V§}4F§2)> — Z€4z/z+3vg FhD.E, (46)

where & and &, are constants, and we defined D,= = = + g(a(o) + zka® — ka(z)).

4.2 The BPS equations

To derive the BPS equations for the geometry introduced above, we need to factorize
the Killing spinor [48]:

e=1RX, (4.7)
where Y is a two-component spinor on the spindle and ¢ is a two-component spinor
on AdSs such that B
with k£ = 1 depending on the N = (2,0) or N’ = (0, 2) supersymmetry chirality of
the dual 2d SCFT.
We then decompose the 5d gamma matrices as

A =T"® o, V=1, ®0d, =1, ® % (4.9)
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with '™ = (—io?, o3, al).
The analysis of the BPS equations is similar to the one in appendix C of [37] (or to
the original of [48]). Here again the spinor y can be written as

in &
. sin 3

COS§

with s a constant. Notice that, as expected, the spinor is not constant on the spindle.
In the following we summarize the differential relations coming from the BPS equa-
tions

& —2f(gWcosé +re V) =0
2
V' — gfgWsinf =0

2
Y+ gng2sin§82W =0

¢ +2fgsing O,W =0 (4.11)
¢ + ‘,f—gapW =0
sin
/ th 2 -V
_ 142 -
h Bsinf(gVV( +2cos” &) + 3ke” " cot &) =0,

where W is the superpotential defined in (3.21). Besides the first-order equations,
there are also two algebraic constraints that can be derived from the supersymmetry
variations

siné(s — Q,) = —h(gW cos & + ke™")

(4.12)
ghd,W cos§ = 0,Q). sin,

where @), can be read from the supercovariant derivative D,e = Ve —iQ e that
appears in the gravitino variation and for our model takes the form

e%?
Q.= TDZE — ga?. (4.13)

We can also reduce the differential system by observing that

h = ke" sin(€) (4.14)

where £ is an arbitrary constant that needs to be determined. Finally, we can take
advantage of the BPS equations to express the field strengths in terms of the scalar
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fields as

6re™Y + 4gW cos & — 49X OsW cos €
332 ’

Fg(i) = —% [sinh gzﬁ(g 0055(2W+2 (92W) + BHG_V) + 390,W cos & cosh gzﬁ} , (4.15)

0
F?E4):

Fﬁ) = —% [cosh gb(g cos{(2W+ OsW) + 3ke™") + 3g0,W cos € sinh gb} :

5 Analysis at the poles

In this section we study the solutions of the BPS equations derived above and we
show how to obtain the 2d central charge from the pole analysis. The procedure
follows the one originally described in [48] and then applied in [36, 37] for the case
of the conifold. We start by summarizing the BPS equations, the constraints and
the Maxwell equations. Then we derive the explicit expressions of the conserved
charges and the magnetic fluxes. The charge conservation imposes the constraints
that allow us to fix the boundary conditions at the poles for the scalars that enter
the calculation of the central charge. We then compute the central charge from the
Brown-Henneaux formula and discuss its relation with the calculation done on the
field theory side.

Before starting our analysis let us stress that, differently from the discussion in
[36, 37, 48] we have not found from the pole analysis immediate reasons to exclude
the possibility of having solutions in the twist class. We will further comment on
this issue in the next section where we provide numeric and analytical solutions of
the BPS equations.

5.1 Conserved charges and restriction to the poles

From the expressions of the fields strengths in (4.15) we can study the Maxwell
equations using the two conserved charges & o in (4.4) and (4.5). In order to keep
the hyperscalar ¢(y) finite we require that 0, |n,s = 0. This constraint gives rise
to

1
kX3 =0. 5.1
|N’S + cosh ¢|N,S’ — zsinh ¢‘N,S ( )

Using (5.1) and the fact that & and & are conserved we found simpler expressions
by working with the following linear combinations

k(sinh(¢|n,s) — zcosh(d|n,s))
YIns

(2sinh(¢|y,s) — zkZ]3 ) - (5.2)

4
Qilns = Eilns = §€2V|N’S ( — zge"Ivs COS(§|N,S)> ;

4re?VIn.s

Q2lns = Eilns — Ens = —=—
2|N 1|N 2|N 32|N’S
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At the north and at the south poles we have ksiné — 0. For non-vanishing &
this gives coséy g = (—1)"Vs with ty g = 0 or {55 = 1. Denoting the poles as yn s
we can work with yy <y < yg. Furthermore,

) 1
W |n,s = |ksin’§|ns = —. (5.3)
nn.s

This relation is due to the metric and to the deficit angles at the poles 27 (1 - >

nN,s

where ny g > 1. From the Z; symmetry of the BPS equations acting on £, ah s, Q,
and k we can restrict to h > 0 and ksiné > 0. We have then ksiné > 0 and this
quantity is vanishing at the poles, with a positive derivative at yy and a negative
one at yg. Formally we introduce two constants, [y = 0 and lg = 1 such that

(1)

5.4
s (5:4)

k sin’ £‘N,S =
Then the cases (ty,ts) = (0,0) and (1,1) correspond to the twist while (ty,ts) =
(1,0) and (0,1) correspond to the anti-twist. The quantity (s — @) at the poles

becomes 1

2nNS(_1)751\r,3+11\/,s+1_ (5_5>

S — QZ|N,S =

Furthermore, the relation 0,W|ys = 0 imposes from the second relation in (4.12)
that 0,Q.|ns = 0. Another assumption (justified a posteriori by the numerical
results) is that 1|y ¢ # 0. Such assumption implies also that D,Z|y ¢ = 0.

5.2 Fluxes

Here we introduce the magnetic fluxes for the reduction of this truncation on the
spindle. This will be necessary in order to find the constant k introduced in (4.14)
in terms of the data of the spindle. First we observe that

F;i) = (a(f))’ — (I(I))’ with ZU = —ke" cos€ bl | (5.6)

At this point we need to define the fluxes starting from (5.6). Let’s start by defining
the integer fluxes p; from the relations
Pr 1

— — [ gFD = oz 5.7
nyns 2 ) g |N ( )

The magnetic charge associated to the R-symmetry is

—gnansI@ |y = = (ns(=1)" +nn(—1)'%). (5.8)

N | —
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This expression is quantized if ng(—1)" 4+ ny(—1)" is even. Observe also that
7O 4 z2k7® —kZ® =0 (5.9)

that implies also that the combination py+zkp; —kps does not give rise to a conserved
magnetic flux. The last flux that we need to discuss is the one associated to the flavor
symmetry. The integer flavor flux is given by

pPr = gnNnSI(l)]JSV ) (5.10)

It is important to observe that the relation py = k(zpr + pa) € Z requires that for
z € Q\ Z we have the further constraint zpp € Z.
Furthermore we also found useful to use the substitution

1—90

VA

tanh(¢) = (5.11)

such that the charges evaluated at the poles simplify to
kon s((—1)™s — 2kkny g(—1)tns)?
6zg°k3n} g
x (2kknns(0ns — 1)ng — (1) (6 5 — 1)* — 2%)),  (5.12)

QlN,S -

ki((—1)™s — 2kkny g(—1)ivs)?
3zg%k*n%, g

Q2N7S = (22—14-(5]\/,5(4—3(5]\/,5)).

(5.13)

It follows that we have three equations: the first one is (5.10), that after the substi-
tution (5.11) becomes

(51\[ — 1)715(—1)_tN + nN(—l)_tS(ch - 1) - ZIianns((SN — (55)

Pr = 27
(5.14)
while the other two equations correspond to Q1|y = Q1]s, i.e.
(14 2kkng(—1)')*  bdgnd  2kkng(—1)'(6s — 1)ds + (05 — 1) — 2> (—1)tstt
(1 — 2kknyn(=1)%)2  dynd 2kkny (1) (6y — 1)6y — (6 — 1)2 +22
(5.15)

and Q2|n = Q2ls, i.e.

@ Z2 — 1 + (55(4 - 355) (1 + 2mkn5(—1)ts)2 -1 (516)

nZ 22 —1+40y5(4—30y) (1 —2kkny(—1)in)2
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for the three variables, k, ds and dy. By solving these three equations we obtain
then the boundary conditions to impose for the scalars V. h, ¢, > in terms of the
integers ng, ny and pg of the spindle for generic values of the parameters z € Q
and k = £1 in both the twist and the anti-twist class. The requirement of reality
for these fields imposes further constraints on the allowed values of the integers ng y
and pg. The only field that is not involved in this analysis is the hyperscalar ¢, that
we are assuming as non-vanishing at the poles.

5.3 Central charge from the pole data

Once the boundary data for dy ¢ and the constant k are specified we can read the
central charge of the putative 2d CFT from the pole analysis. The central charge is
obtained from the formula

B 3RAdS3 _ 3 /ZJS Vi)
U= oG, Tag ), ¢ Wkl (5.17)
The relation .
"W fy)h(y) = —ﬁ(ew(y) cosé(y)) (5.18)

implies that the central charge can be computed from the value of the fields at the
poles that we have computed above, without specifying the value of the hyperscalar.
The consistency of this analysis represents just a necessary condition for the existence
of a solution. Nevertheless, when a solution exists, the central charge computed here
is the correct one.

In the conformal gauge the integrand in (5.17) is € |h(y)|, where we remove
the absolute value here and consider h(y) > 0 thanks to the symmetries of the BPS
equations as discussed above. The central charge becomes cyy = ¢g — ¢y where

37Tk(5N’S (—1)ZN*S_tN*S
CN.S = 5 5 301 12 T o
222¢3Gskk

> ((Ons —1)* —2%). (5.19)

2n N,S
The central charge in the case of the anti-twist is given by

AT 3rkr((4ph—(ns—nn)?)(2zpp (=1)'N —ny+ns)) (ns—nn) (162pp (—1)'N +(2°+3) (ns—ny))+4(32°+1)p}.
2d 4g°Gsnnns(8zpr (—1)'N (ng—nn)(3nd +2nyng+3nk —4p)+16ptnyns+4(ns—ny) (nd—n} ) +22(24p% (n +n%)—48ph+(nf —n%)?)) ©

(5.20)

while the central charge in the case of the twist is given by

o Sk (45— (5= )2) 2z (=)' =y ) () (62pp (1) +(224+3) (ny+n)) +4(32+ 1))
2d T 4¢g3Gsnnns(8zpp(—1)IN (nN+nS)(3n?\,—2nNn5+3n§—4p%‘)—1Gp%nNng+4(nN+ns)(n§v+ng)+z2(24;7%(n§,+n§)—48p}+(n§—n?\,)2)) *

(5.21)

The five dimensional Newton constant can be read from the holographic dictionary.

3
TRAgs,
8G's

Indeed from the general relation asy = and from the explicit values of the
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central charge and of the AdS; radius, given by

3/2
C(9-D) ((1 — 922)k + (322 + 1) ) b (192Kt 32 )"
Qa4d = 48kzZ2 ) AdSs — 472
(5.22)
we can extract Gs = 28}’2‘1). Substituting this expression in the 2d central charge

computed above we can then recover the result obtained from the field theory calcu-
lation in Section 2.2.

Some comments are in order. First we have checked in many cases if the various
constraints, imposed by the quantization of the fluxes, by the reality condition on
the scalars and by the positivity of the central charge, are enough to exclude the
existence of some solutions. While in many cases the answer is affirmative, we have
not been able to exclude whole families of solutions. In general there are four main
families of possible solutions, identified by the value of k = +1 and by the fact that
they can be in the twist or in the anti-twist class. Anyway, anticipating the results
of next section, we have found solutions only in the anti-twist class for k = —1.

6 The solution

In this section we obtain the AdS; x ¥ solution for the model discussed above. We
separate the analysis in two parts. In the first part we discuss the analytic solution
for the universal truncation. This corresponds to a further truncation of the model
to the graviton sector. In this case we found the explicit solution corresponding to
the general one found in [13, 15]. Similarly to the cases discussed in [36, 37, 48] in
presence of hypermultiplets, here we found an analytic solution only in the anti-twist
class. Furthermore, we have found such solution only for k = —1. We have also
checked that the 2d central charge matches the general expectation

a4d(nS - nN)3
nyns(ni + nyns +n%)

4
Coqg = g (61)
In the second part of this section we study the solution turning on a generic flux pg.
In this case we have obtained the solution numerically. Again we found solutions
only in the anti-twist class for k = —1 and for generic values of z.

6.1 Analytic solution for the graviton sector

Here we study the AdS; x X solution by restricting to the graviton sector. This
requires to fix A +e*A® = 0 (with ¢* defined in (2.7)) and identifying A = —A®?),
This further fixes 2pp = €*(ng — ny). We have found a solution in this case for the
anti-twist class and k = —1 by fixing the scalars X(y), ¢(y) and ¢(y) at their AdSs
value (3.22). Observe that ¢ g = Pags, and Xy g = X ags, when pp = €*(ng—ny)/2.
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Before continuing the discussion a comment is in order. The choice of pp that
allows to study the universal twist is, for generic values of z, in contrast with the
requirement that zpp is an integer. The only cases that are allowed correspond to
the ones that give rise to a rational exact R-symmetry. In these cases a solution
exists when (the even quantity) ng — ny gives rise to an integer zpp. This analysis
restricts the possible truncations to the graviton sector that can be placed on the
spindle. This is the counterpart of the field theory argument that we made after
formula (2.30). The discussion fits with similar ones appeared in the literature of the
spindle (see for example footnote 20 of [16] for an analogous behavior in the case of
toric SE5). Having this caveat in mind, the scalar functions V' (y), f(y) and h(y) in

(4.1) are
V(y) i@ / q(y)
eV . fly 2 = ) (6.2)

while the gauge field is

AR = <%y_y) - s) dz . (6.3)

We also found that

~—

K(3y —a)
2y3/2

singly) = Y52 cosely) =

(6.4)
with

q(y) = 4y* — 9y + bay — a* | (6.5)
The constants a and ¢y are obtained from the solutions of the BPS equations at the
poles. We found

2 (n% + nyngs +n%)
STlN’I’LS (nN + ng)

(6.6)

while the constant a is

o= (nN—n5)2(2nN+ng)2(nN+2ng)2 (67)
4 (nyng +n% +n%)? ’ '

From here it follows that

B (—2n3% + nyng + n%)2 _ (nn — n5)2 (ny + 2n5)2
Yn = D) 21\2 0 Ys = 9 SV (68)
4 (n3, + nyng + ng) 4 (n3 + nyng + ng)
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The central charge becomes

97 (ng — ny)”

Coqd — 3 B N - (69)
16GsW3 nnng (n% + nyng + nZ)
. TR s, 3 . .
Using then a4y = —5G, and Rags, = T, We arrive at the expected universal result

(6.1).

6.2 Numerical solution for generic pg

Here we look for more generic solutions of the BPS equations interpolating among
the poles of the spindle. From the analysis above we have observed that the only

€

S(ng —ny)) are in the anti-twist class
with k = —1. Here we search for numerical solutions for a generic integer zpr. We

possible analytic solutions (i.e. with pp =

have scanned over large regions of parameters and again we have only found solutions
with k = —1 in the anti-twist class.

The solutions are found along the lines of the analysis of [36, 37, 48]. First we
specify the values of z, ng, ny and pr. Then we fix the initial conditions imposed by
the analysis at the poles. In this way we are left with one unknown initial condition
for the hyperscalar ¢. Finding the initial condition of ¢ corresponds to find the
solution for the BPS equations on the spindle. There is just (up to the numerical
approximation) a single value g (here we are fixing the south pole at yg = 0) that
allows to integrate the BPS equation giving rise to a finite spindle in the y direction.
Once this value is found a good sanity check consists of running the numerics until
2Ay, that corresponds to solve the BPS equations from the north to the south pole
as well. We have scanned over various values of the parameters and here we present
some of the solutions that we found.

Ng|NN|PF |Z ps YN Ay
1]131]01(2]/—0.285076|—0.274493|1.83241
1|7 [—1]{2]|—-0.172372]—0.170589|2.39707
113 1]0(3/—0.555814|—0.542721|1.82303
115 |—1]{3|—0.300428]|—0.300346|2.16012 (6.10)
11913 % 0.463989 | 0.363277 |2.57446
115]0 % 0.126802 | 0.124497 |2.16392
11712 % 0.484886 | 0.347516 | 2.3322
31710 % 0.104192 | 0.103447 |1.74866
In each case we have fixed k = —1 and chosen k = 1 (corresponding to the choice

ny > ng). The explicit solutions are plot in Figure 1. Observe that the solutions for
the cases at pp = 0 do not correspond to the universal twist (at least for z # 0).
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The cases at pr = 0 correspond to a twist along a trial R-symmetry, obtained
from a linear combination (with irrational coefficients) of the (irrational) exact R~
symmetry and the flavor symmetry.

7 Conclusions

In this paper we studied the reduction of the consistent truncations found in [43] on
the spindle. These truncations are associated to M5 branes wrapping holomorphic
curves in a CY3 and the dual field theories have been obtained in [40, 41]. Using these
results we matched the 2d central charge obtained from the field theoretical analysis
with the one predicted in gauged supergravity from the analysis at the poles of the
spindle. We have also studied the full solution, showing its existence for consistent
choices of the parameters, analytically for the universal anti-twist and numerically
after including the magnetic charge of the flavor symmetry.

There are many interesting aspects that we did not investigate. A first open
question regards the uplift of our solutions to 7d and 11d supergravity. An interesting
limit corresponds to set z = +1 and consider pp = 2z (q — %(ns — nN)) In this case
we reproduce the results obtained in [17] for the N/ = 2 Maldacena-Nuniez theory.
Observe that the matching works when pp and (ng — ny)/2 have the same parity.

Another open question regards the existence of solutions for k = 1 and |z| > 1 in
both the twist and the anti-twist class and for k = —1 in the twist class. Even if we
have not been able to exclude these possibilities (for generic values of z) we have not
found any solution of this type neither in the analytical nor in the numerical analysis
carried out in section 6. Nevertheless we observe that by choosing z = 0 we can
simplify the problem (for k = —1) and we obtain results similar to the one studied
in [36, 37, 48]. This limit corresponds to the N’ = 1 Maldacena-Nuifiez theory and in
this case the pole analysis completely excludes the existence of solutions in the twist
class. The reason is that in this case we can impose further reality constraints on
the conserved charges against the existence of such solutions.

Our analysis has been performed at leading order in N, i.e. the central charge
here is scales with N3. There is a subleading contribution of order N, proportional
to the gravitational anomaly of the SCFT, that we have computed from the field
theoretical side. It would be interesting to match this contribution from the holo-
graphic analysis. A similar calculation was carried out for the case of the topological
twist in [52].

It would also be interesting to consider M5 branes wrapping other geometries.
For example by considering a disc, an holographic dual of an N' = 2 SCFT of AD type
was proposed in [53-55] (see also [27]) As then observed in [56, 57| indeed the disc
and spindle geometries are different global completions of the same local solution.
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Finally, it would be possible to study the models discussed here from the 11d
perspective along the lines of the recent discussions of [58-61] from the theory of
equivariant localization.
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