SciPost Physics

A new integrable structure associated to
the Camassa—Holm peakons

J. Avan® | L. Frappat®, E. Ragoucy(b)*

(a) Laboratoire de Physique Théorique et Modélisation,
CY Cergy Paris Université, CNRS, F-95302 Cergy-Pontoise, France
(b) Laboratoire d’Annecy-le-Vieux de Physique Théorique LAPTh,
CNRS, Université Savoie Mont Blanc, F-74940 Annecy

October 31, 2023

Abstract

We provide a closed Poisson algebra involving the Ragnisco—Bruschi gener-
alization of peakon dynamics in the Camassa—Holm shallow-water equation.
This algebra is generated by three independent matrices. From this presenta-
tion, we propose a one-parameter integrable extension of their structure. It
leads to a new N-body peakon solution to the Camassa—Holm shallow-water
equation depending on two parameters.

We present two explicit constructions of a (non-dynamical) r-matrix formu-
lation for this new Poisson algebra. The first one relies on a tensorization of
the N-dimensional auxiliary space by a 4-dimensional space. We identify a
family of Poisson commuting quantities in this framework, including the orig-
inal ones. This leads us to constructing a second formulation identified as a
spectral parameter representation.
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1 Introduction

Many non-linear two-dimensional (z,t) integrable fluid equations exhibit so-called peakon
solutions which take the generic form

N
u(z,t) = pi(t)e T (1.1)
=1

Their dynamics for (p;, ¢;) is deduced from a reduction of the 1+1 fluid equations for u(x, t)
and may have integrability properties. The best known example of such integrability
feature for peakon equations is given by the Camassa—Holm shallow-water equation [5]6]

Ut — Uggt + SUUy = 2Uglpy + Ulggy - (1.2)

Integrability of the peakons themselves was studied in particular in [7]. A one-parameter
extension was proposed by Ragnisco and Bruschi [8], who proved integrability from an
implicit construction of a dynamical r-matrix. An explicit construction of this dynamical r-
matrix is still lacking. In this paper, we propose an alternative construction of the Poisson
structure relevant for integrability. It relies on a non-dynamical r-matrix formulation
and uses three dynamical Lax-type matrices, instead of the two matrices introduced by
Ragnisco and Bruschi. A direct consequence is that the new integrable peakon model
depends on two coupling constants. It provides a more general peakon dynamics which in
turns yields a new peakon-type solution of the Camassa—Holm equation .

We present two representations of the non-dynamical r-matrix formulation. The first
one requires the use of a larger auxiliary space obtained by tensoring the initial V-
dimensional space by a 4-dimensional space. One advantage of this representation is that
the Yang—Baxter equation for the r-matrix structure takes a remarkably simple and com-
pact form. The second representation involves the introduction of a spectral parameter in
the N-dimensional auxiliary space. Both formulations provide an algebraic framework to
construct the same hierarchy of conserved quantities.

The plan of the paper runs as follows.

Section [2|describes the complete Poisson algebra of the three relevant matrix generators
involved in our formulation of the integrability properties. It allows the construction of a
family of Poisson commuting quantities, including a two-parameter generalization of the
peakon Hamiltonian. From the N-body dynamics triggered by this new Hamiltonian we
deduce a new peakon solution of the Camassa—Holm equation.



Section [3|is devoted to the construction of the r-matrix in the extended auxiliary space
picture. The explicit computation of the classical Yang—Baxter equation is performed. It
is in fact a modified classical Yang—Baxter equation, where the r.h.s. is built from the
three-fold tensored Casimir operator of the algebra.

Finally, Section {4 displays the construction of Poisson commuting quantities. It is
first done in the framework of the extended auxiliary space. The existence of families of
Poisson commuting quantities naturally induces the existence of an alternative, spectral
parameter presentation.

2 Poisson structure

2.1 Description of the original model and its first generalisation

The n-peakon solutions (1.1f) of the Camassa—Holm equation yield a dynamical system for
bi, qi:

N N
qu — ij e_|Qi_Qj| , pZ = szpj 545 e_“h_qﬂ , (21)
j=1 7=1

where s;; = sgn(¢; — ¢;j). This discrete dynamical system is described by a Hamiltonian

N
1 s
HCH = 5 Z pzpje |QZ QJ‘ (22)
7,0=1

such that .
f = {f: HCH}: (23)

with the canonical Poisson structure:
{ri,pj} ={a,4;} =0,  {a,pj}=0di. (2.4)

The dynamics is encoded in the Lax formulation [4, 5]

% = [L, M] (2.5)

with
N
L= Z Li;E;j Lij = \/pipje 20U, (2.6)
3,j=1

where E;; is the N x N elementary matrix with 1 at position (7,j) and 0 elsewhere. The
Hamiltonian (2:2)) is recast as Hoy = $TrL?.

A generalisation of this original integrable model was proposed by Ragnisco—Bruschi
[8], with a Lax matrixﬂ L(p) =T + pS, p € R, where

14
T = Z \/pipj cosh 5((]1 — q]') Eij s (27)

,J
v
S = Z \/Pip;j sinh 5\(], —qj| Eij . (2.8)
Z)-]

20One may suppose p € C, but the corresponding Hamiltonians are not real anymore.



The proof of integrability relies on the construction of a dynamical r-matrix [§]. The
Hamiltonian takes the form

Hap(p) = 5 THL(p)

3 2.9)
1 241 ‘ - (
=5 ijZZIPin<p 5 cosh (y\qi — qj‘) + p sinh (V|Qi _ Qj|) P ; )
One recovers the original Hamiltonian Hco g for the values p = -1, v =1orp=1,v = —1.

2.2 General non dynamical Poisson Structure

The description of the full algebraic structure associated to the Poisson brackets (2.4]) and
the Lax matrix L(p) requires the introduction of a third matrix

v
A = Z \/Pipj sinh §(ql —qj) Eij (2.10)

.3

which allows to close the Poisson structure of (7, 5). It reads

{1, T} = £ [+ 1T A4 - A (2.11)
{A1, A2} = 2 [T Ay - A (2.12)
{S1:82} = =7 [T12, 8] + 7 [T, 8] — g [T+ 10, Ay — A (2.13)
{1, 42} = 5 ([0-1,7] - [+ 10, 7)) (2.14)
{An ) =2 ([H+10,1] - (-1, 1)) (2.15)
{S1, Ty} = Z [T, T3] (T, 8} = _Z [T12,T1] (2.16)
{S1,As} = % [T1, As) {A1, 8} = —Z [T1s, A4 (2.17)
with

M=> E;®E; ; =Y E;®E;,

" " (2.18)

[g = Z (Eij QEj; —Ej; @ Ejj+ Eijj @ Ejj — Ej ® Eji) :
i>j

In (2.11)—(2.17), we have used the auxiliary space description: for any N x N matrix
M, we define M7 = M ® Iy and My = Iy ® M = II M7 1I. Similarly, for any matrix
Mjis € End(CV) ® End(CY), we define Moy = IT M5 11.

Remark that, following [2], I';2 can be identified with a classical r-matrix for the
classical open Toda chain.

2.3 Generalized peakons

From the above Poisson structure, it is natural to introduce the most general Lax matrix

L(p,\) =T + pS + M\, (2.19)



hereafter denoted L. The Poisson structure of this Lax matrix reads

{L1, L2} == % (p[Tua, La] = p[Ta, Lo] = A[M =T, Ly = Lo] + Ap[TL, S1 - 5] .
2.20
— NI - T, Ag] = (1= p?) [+, 44] ).

We ask the traces 7, = Tr(L") to be Poisson commuting for all values of n € Z, . A direct
calculation leads to

n—1m-—1
{7} =YY Tria(L1)" (L) { Ly, Lo} (Ly)" 7 (Lo)™ 1
= = (2.21)
=nm Trlg([_q)n_l(l_q)m_l{[_q, I/Q} .
We first notice that for any matrix M we have
Trlg(il)nil(I_Q)mil [H, Ml] = Trlg(il)nil(ig)mil (HM1 — M1H)
= TI'12 ((El)n—ll—[(il)m—lMl — (El)n_lMlﬂ(I:l)m_1>

(2.22)

— TI‘1 ((El)nfl(il)mflMl o (El)nflMl(El)mfl)
= ()7

where we have used that for any matrices U, V, Uy Vi = Vi Uy and U II = TIU; (to
get the second line), the property Troll = I (third line) and the cyclicity of the trace
(fourth line). Similarly, we have Tri2(Lq)" *(L2)™ *[II, Ma] = 0, so that when computing
{Tn, Tm }, the terms corresponding to II in can be dropped. Thanks to this property,

we get
nmuy

4

nmrv

4

Tr12(l_-/1)n71(z/2)m71<[7“127 Li] = [ra1, I_zﬂ)
Trlg(il)nil(ig)mfl (1 — p2 + )\2) [Ht , Al] ,

(T} = (2.23)
+

where 719 = pT'1o + M IE

Now, for any matrix M we have [II, M| = [II!, M{] and since A is an antisymmetric
matrix, we get

nmu o= = .
{Tn,Tm} =— 1 Trio(L1)" 1 (Lo)™ 1([7“12, L] = [ra1, Lo] — (1 — p* + A [IT", A1D .
(2.24)
Furthermore, starting from the relations
N _ 1 o _
Trio(L1)" H(Lo)™ 'Rz, L1] = ;rﬁ?((Lz)m 'Try [Ryo, L{‘]) =0, (2.25)
Trio(L1)" H(La)™ ' [Ro1, Lo] =0,
valid for any matrix Rjs, we get when Rqp = II' = Ry
Trlg([_q)nfl(ig)mil [Ht , El — EQ] =0, (2.26)
where we used again that [IT, M| = [IT*, M{].
Finally, using that
[Ht , My — MQ} =0 for any symmetric matrix M, (2.97)
[Ht , U — Ug] = Z[Ht , Ul] for any anti-symmetric matrix U, '



we deduce that [II*, Ly — Ly] = 2 [II*, A;], so that from (2.26) we get

Trio(Ly)" 1 (Lo)™ HIT', 4] = 0. (2.28)
Then, rewrites as
{Tn,Tm} = — nTVTrlg(El)nfl(Eg)mil([7‘12, El] — [7’21, I_/Q]) =0. (2.29)

Thus, the model associated to L defines an integrable double deformation of the original
peakon model.

The Hamiltonian corresponding to these new peakons reads

N
L 1 . v
Huew(p,2) = ETrLQ = Hrp(p) + 5)\2 ijz_lpipj sinh” (S la: = ajl)
=3 Uz_:lpz‘pj (f cosh (v|g; — gj|) + p sinh (v|g; — ¢;) — #>
N 2 \2 s Y,
= Z pipj (M e 1ai—ajl + M e—I/|qi—q]-|> B ,0—7)\—1132 7
(2.30)

where we introduced N
p=> pi (2.31)
i=1

We obtain Hopg for A =10, p = —1 and v = 1, while Hgp(p) is recovered when A = 0.

Note also that for (p 4+ 1) = A% and v = 1, we get a shifted version of the original
peakon model:

+1
Hnew(ﬂv i(p+ 1)) ‘Vil =-—pHcny — pr2 .

A similar result holds for (p —1)? = A? and v = —1.

(2.32)

Remark that a generic value for v can be obtained from the cases v = £1, see section
below. Hence the above conditions correspond to a condition on p and A, rather than
two conditions on p, A and v.

2.4 N-body solutions of the fluid equation

We establish here a general result on the consistency conditions for peakon-type N-body
solutions to (a deformation of) the Camassa—Holm equation, including the Hamiltonian
evolution of the N-body variables. We first consider the case v? = 1, and then show how
a generic value for v can be obtained from the cases v = +1.

A deformed version of the Camassa—Holm equation

We first restrict ourself to the case
v =1. (2.33)



The Hamiltonian Hye(p, A) given in (2.30)), can be rewritten as

N
1
=5 > piriF (g — g5l). (2.34)
ij=1
with

2 2 2 2
pr—A+1 pr—A—1
F(Q)I# 5

Note that the function F in ([2.35)) obey the following differential equation with the initial
value conditions

cosh (vq) + p sinh (vq) — (2.35)

p?— A2 —1

F(a) - Fla) = 22—,

F(O)=1, F0)=vp, (2.36)

where we have used the property v? = 1.

The Hamiltonian H,e(p, A) describes a time evolution for p;, g;, given by:

{q“ new p, } ij |Qz - )

(2.37)
pi = {pi, Hnew(p, N)} = Zpipj sij F'(lgi — g51) 5
j=1
where s;; = sgn(g; — ¢;) as above, and
, d P —N+1
F'(q) = qu( q) = (f sinh (vq) + p cosh (Vq)) . (2.38)

To recover the time evolutions (2.37)) from a fluid equation, we define u(z,t) as

§jm (~le - a(®)]) (2.39)

which is a direct generalisation of ([1.1]). Plugging the form (2.39) into the Lh.s. of the
differential relation (2.36]) and using ([2.31]), one finds

Ut — Uggt + FUUL — 2UgUpy — Ullggy =

= Z {Mpz + sgn(z — ¢;)p; <Qz (F! — E") + 2up F’)

N
+ 2F'(O) 5(.7: - qi) (pZ — Zsijpiiji/j) + 2F’(O) (5'(1‘ — q,-) ( —q; + ijFij)pi} ,
— —
! (2.40)

with ) )
|
L . (2.41)

We have introduced the notation

Fi=F(=|r —ql) and Fj = F(=lg; — q;). (2.42)



From the differential equations (2.36)) and the equations of motion (2.37)), we get

N
Ut — Ugpt + SUUL — 2UplUgy — Ulgpy = 2UP Z sgn(x — q;)p; Fi’. (2.43)
i=1

To obtain this relation, we have used the property (deduced from the equations of motion
(2.37)) that p defined in (2.31)) is a free constant parameter of the model, i.e. p = 0.

Now remarking that Zfi 1 sgn(z—q;)piF} = uy, we find a modification of the Camassa—
Holm shallow-water equation

Ut — Uppt + 3UUL — 2 UpUpy — Ulggy = 204 P Uy - (2.44)

For p = 0 we recover the undeformed Camassa—Holm shallow-water equation. For p # 0,
we find the deformed fluid equation (2.44)). It exhibits peakon-type solutions ([2.39) with

the integrable dynamics ([2.30)).

Deformed versus undeformed Camassa—Holm equation

We now show that this deformed equation is in fact equivalent to the original one. We
perform the following change of variables and function:

y=x—pupt, t'=t, v=u—pp. (2.45)
Starting from the equation ([2.44)), we get back to the undeformed Camassa—Holm equation:
Vg — Uyyt + 30Uy — 20y Vyy — VVyyy = 0. (2.46)

As a consequence, the expression ([2.35) for F' provides a new N-body solution of the
Camassa—Holm equation:

N
u(x,t) = —up+Zpi(t)F(—|m+upt—qi<t)|)- (2.47)
i=1
In fact, since p is a free constant of motion, we get a one-parameter family of solutions.

Rescaling by v

We wish to show that the case v > 0 can be obtained from the case v = 1. We start with
the model defined with the value v = 1, with

N
up=1 (2,8) = —pp + > pilt) Fumi (= o+ ppt — (1)),
=1

_pr)\Qqu
N 2

P2 =N —-1

: , (2.48)

F,—1(q) cosh (q) + p sinh (q)

N
1
H,_, = 2i]Z::1p¢ijV1(|qi —q) -

We perform the symplectic transformation ¢q; = %q,-, p; = vp;, and at the same time a

dilation z = %x It is easy to see that the Hamiltonian H,—; get a V% factor, indicating



that we need to define t = % t. Then

wﬂ——ulﬁsz —v|T+ppt—g(t)) (2.49)

obeys
In (2.49)), ¢; and p; are canonical variables whose time evolution is triggered by the Hamil-
tonian H = 712 H,—.

Note that to obtain (2.49), we have used the property |v| = v, hence the condition
v > 0. To get the other values of v, one needs to start from the model with v = —1 and
perform the same transformations.

3 Z-matrix representation

3.1 Extended auxiliary space

Up to now, we have used N-dimensional auxiliary spaces denoted by 1 and 2. These spaces
will be now labelled 0 and 0’ respectively. We introduce two additional 4-dimensional
auxiliary spaces labelled 1 and 2, and define the resulting tensored auxiliary spaces 1=(0,1)
and 1=(0",2). We introduce the following 16/N? x 16 N? diagonal r-matrix and 4N x 4N
diagonal Lax matrix

1 1
Tbrn = 5(1_[00' I%o,) Ura + 2(Hoo' +1129,) Vis — Too Wia, (3.1)
L = Al + Ty X1+ Sy Yq, (3.2)
where
X = diag(1, 1,0, 0) Y = diag(0,0,1,-1) ,
Upz = (JI 1+ = (X1 V- X3+ Y3)) (3.3)

v
Vig = Z(X1X2 - Y1Y2) , Wi = ZY2'

In the following we will also write

4 4
X = Z tgjo, eii ®ej;  and L = ZKZO €ii (3.4)
ij=1 i=1
where e;; are the 4 x 4 elementary matrices. In (3.4]), the superscripts indicate the matrix
entries in the 4 x 4 auxiliary spaces, while the subscripts show in which N x N auxiliary
space they act on. From the above expressions, we get

E(l):Ao-f—To, f%ZAo—T(), €8=A0+So, EgZAo—S(),
11 22 12 21 t
Yoor = Yoor = 1_[00/ : Yoo = toor = Ho%' ’
14

tg')(%/ t(z)g/ - Z(HOOI - Hé%/ - FOO/) 5 tg')é/ t(z)é/ = Z(HOO/ — HBOO/ + FOO’) 9 3 5
33— (Ht + Top) t34:Z(H + Toor) (3.5)
00/ 4 00’ 00’) » 00’ 4 00’ 00’) »

1%
tgg/ = Z(HOO, — POO’) tgé/ = Z( H 00’ + FOOI) s

31 32 41 _ 42 _
Toor = Yooy = Yoor = toor = 0 -



3.2 Poisson brackets and classical Yang—Baxter relation

The relation
{-7%7 fn} = ['%I,Ha Z] - [%11,17 fn] (3'6)
is equivalent to
{0, 6} = [ ) — [ 3], 1<i<j<4. (3.7)
Using the expressions (3.5)), one can check by a direct calculation that these relations are

equivalent to the Poisson brackets ([2.11[)—(2.17]).

We have also established that % obeys a modified Yang—Baxter relation

[%1,]17%1,111 ‘f‘ﬁu,m] + [%]I[,I[,%I,]I[] = O (3.8)
which reads in component
[5G+ Y00 + T ] + [¥orer To0r | = 06y - (3.9)

Using again the expressions (3.5)), we compute the r.h.s. of (3.9). To simplify its presen-

tation, we introduce the operators

900/0// = woo'g” — ((A)OQIO//)totOItON with Wooro” = Z Eap @ Epe @ Ecq - (310)

a,b,c

Then, the only non-vanishing 06]0170,, are given by

oMl — o222 _ (333 _ 44 _ () 0122 — o211 _ o344 _ (433 _ o
o112 — o221 _ (334 _ (433 _ _qptor o121 = o212 _ (343 _ 434 _ oty (3.11)
where we omitted the subscript g7 to lighten the writing.
To obtain , we have used the classical Yang-Baxter equation for I" [1]:
[Coor, Toor + Lorgr] + [Lomr , Togr] = 2 — QF° 4+ Qo + Qo (3.12)
Remark that the formulas imply the following formula for O; y
, 4
Ovum = oo on Hazs — Z Qg‘f(y’on Ad(Z.) (M) . with Hios = ]z; €jj @ €j; @ €54,
> Z =eig +ea1 + ez + eqs.
(3.13)

We have defined 75\1 = o, tAg = ty, %\3 = tgr. The notation Z stands for the matrix Z
acting in the auxiliary space s.

4 Conserved quantities

4.1 Conserved quantities from the £ operator

Now that we have established a Lax presentation of the Poisson brackets, we can consider
the traces

th = Trtr(K £™)

= k' Te[(A+ )" + K Te[(A = T)") + k> Te[(A + 8)"] + k' Tr[(A — )" (1)



where K = Y, k'e;; ® Iy is a diagonal 4N x 4N matrix, acting as identity in the spaces
0 and 0. We have denoted "Tr” the trace in the N-dimensional space and ”tr” the trace
in the 4-dimensional space. Since all matrices commute in the 4-dimensional space, it is
easy to show that

(5 5y =0, Vn,m. (4.2)

m o m

As a consequence we have a commuting family of operators generated by
Te[(A+T)"], Tr[(A-T)"], Tr[(A+S)"], Tr[(4A-S)"]. (4.3)
Since A is antisymmetric while 7 and S are symmetric, we get using TrM = Tr(M7T):

Tr[(A+T)"] = Te[(T — A)"] and Tr[(A+ S)"] = Tr[(S— A)"]. (4.4)

To get more insight on the two remaining generators, we consider the first chamber
1<j & ¢ <g;. (4.5)

Then, looking at the form of A and S, one sees that A 4+ S is a triangular matrix with
zeros on the diagonal, so that
Tr[(A+S5)"]=0. (4.6)

Similarly, a simple recursion shows that
A + T Z Dig - \DiiDiyiq 65(%1 —Qin+1) €i1ing1 - (47)
Zl’ ’7’714‘1’1

We then get
Tr{(A+T)") = p". (4.8)

where p is given in (2.31)).

Since we obtain the other chambers through permutation of rows and columns, the
properties (4.6) and (4.8)) are valid everywhere. In conclusion, the quantities t& provide
only one conserved quantity p and its corresponding polynomial algebra.

4.2 Adding more conserved quantities

It is easy to show that since 27" = ¢1 — (2, 25 = (3 — ¢4, and 24 = (' + 02 = 3 + %, we
have

L= %((1+5)€1+(—1+6)€2+(p+)\—5)€3+(—p+)\—5)€4>

4.9)
1 (
=tr(D%) with D= 5diag(1+5, §—1,A+p—0,A—p—90),
which is valid for any § € C. Then, one recovers the conserved quantities 7,, as
= Tr((rD2)"). (4.10)

Note that to prove this property, we need to consider (trD.Z )n instead of £, which
explains why the "natural” approach using the elements t does not lead to the full set
of conserved quantities.



Remark that when D is replaced by a general diagonal matrix K, the set
Sk ={rF%, n=0,1,2..} with 75 = Tr((trK,,?f)n) (4.11)

is still commutative: {75, 7K} = 0.

We now consider two diagonal matrices K and K’ and look for the vanishing of the

K

Poisson brackets {75, 75}, Using a formal computation software, we are led to propose

a family of matrices

. p—A—=1p61(x) p—A+1p6(z) pBi(z)b(x)
K(x) = dzag( B 4p x+1’ B 4p  x+17 8p(x+1) "’ 0) (4.12)
Biz)=(p+A—1)z+3p—A+1 and Ba(z)=(p+A+1)z+3p—A—1
depending on a parameter x, such that :
{m(z), Tm(y)} =0, Va,y with 7,(x) = Tr((trK(:L‘) .,2”)”) . (4.13)

Note that there are other choices of K matrices leading to the same hierarchy of conserved
quantities 7,,(z). The analytical proof of this property is given at the end of section
We first provide a spectral parameter formulation of the Poisson brackets.

4.3 A spectral parameter representation of the Poisson structure

For fixed A and p, we introduce a family extending the L operator ([2.19)

_ 2_—2_1 )\2_ 2_1
L(aa)=T+aS+aA with L4 -2 7P 72 (4.14)
a p

Indeed one can check from (4.12) that we have

ax) = Bi(z)B2(x)
rK(x = a(x a(x)A = L(z) wi Spr+1) -
trK(z) ¢ = T+a(x) S+a(x)A = L(z) with a(x):(x+1)<)\+p)2_1—(A_p)Q_l
8p 20(zx+1)
(4.15)

The relation in (4.14) follows from the explicit form of 51(z) and S2(z). Some specific

values for x provide interesting sub-cases:

20 =1 = L(zo) =T+ XA+ pS,
_ (A—p)2 -1 FooN _

T4 = —1+2 m = L(xj:) - T+p:|:S7 P+ = a(xi)’ (4_16)
_ 3p= (=1

= = L(x)=T+NA, )\= i), J=12.

Ly pEAT (—1) () +Aj j = a(z;), j

L(xg) corresponds to the original L matrix, while L(r4) leads to the Ragnisco-Bruschi
Lax matrix L(p). The last case corresponds to a deformation of the original Peakon Lax
matrix in a direction orthogonal to the one chosen by Ragnisco—Bruschi.



We now establish the Poisson bracket structure between any two matrices of this family.
From the Poisson brackets ([2.11))—(2.17]), we obtain

_ _ _ v _ _ v - _
{Li(a,a), La(b,b)} = 1 [aTa1 — a(IT—1I"), La(b,b)] — 1 [bl12 — b(IT —11"), L1(a,a)]
+ % I, (ab + ab)Ss + (ab+ ab — 1) As]
+ % [TT*, —(ab — ab)Ss + (ab — ab — 1) As] .
(4.17)
Since L(a,a) and L(b,b) are in the same family, “2_22_1 = bQ_%Q_l. Then one identifies
consistently
_ _ _ o ab + ab
(ab + ab)S + (ab+ ab—1)A = ¢(L(a,a) — L(b, b)) c=3
B B B - where 0
—(ab— ab)S + (ab— ab—1)A = ¢ (L(a,a)’ — L(b,b)) S _ob—ab
a—b
(4.18)
It leads to
{L1(a,a), Lo(b,b)} = % [l — a(TT —T1Y) , Ly(b,b)] — % [BT'y5 — b(IT = T1) | Ly (a,a)]
+ ZC[H, Lo(a,a) — Lo(b,B)] + %c/ (1", Lo(a,a)’ — La(b,b)] -

(4.19)

Finally, using once more the relations [H, MQ] = —[H,Ml] and [Ht,Mﬂ = [Ht,Mﬂ (for
any matrix M), we can rewrite the above relation in a r-matrix form:

{Li(a,a), Lo )} [r12(a,@;b,b), Li(a,a)] — [r21(b,b;a,a), La(b,b)]
r12( l_) ( - bFlZ +b H Ht) cll + c Ht) ’ (420)

14
4
ro1 (b, b; a, @) = %(—ale+a (IT— IT) + eIl + ¢ Ht>

Using the values of ¢ and ¢/, one can consistently check that c‘(a ey — € and

= ¢, justifying the notation ro1 (b, b; a,a) and ri2(a,a;b,b) in ([#.20).

A
o

/
V0 aro0s
Let us stress that despite r apparently depends on four spectral parameters, there are
= 2 2
only two independent ones on the complex variety “2_22_1 =2 _g =L as it should be for

an r-matrix. Indeed, one can parametrize the variety as

_ 1 a cosh(z) cC
a=————= ; a=———", 2
a sinh(z) — % ’ o sinh(z) — 37
5 o (4.21)
. 7 A —p -1
with o?=1- 1+ ; y=—
4 p
Then, after a rescaling L(a,a) — %E( a), we get an r-matrix of the form
h h
r12(21; 22) = — Flg — C(.)S (Zl) + C.OS (22) (Oé COSh(ZQ) — l) 11
sinh(z1) — sinh(z2) 2 (4.22)

cosh(z1) — cosh(z2)

1) IT" + o cosh(zs) (IT — 1),

(ccosh(zz) — 5

sinh(z1) — sinh(z2)



Note also that the existence of a non-dynamical, spectral parameter dependent r-matrix
is not inconsistent with the fact that the initial Lax matrix L(),p) in does not
possess a r-matrix. Indeed, in this case we have a = b = X and a = b = p. Then, since
r(a,a;b,b) is singular when @ = b, the corresponding Poisson bracket has to be extracted
by a non-trivial limiting procedure, breaking the r-matrix form.

Conserved quantities without extended auxiliary space. Now that we have ex-
pressed the Poisson brackets of Li(a,a) and La(b,b) in the r-matrix form (4.20)), standard
arguments of r-matrix presentation show that the invariant quantities

n(a,a) = Tr(L(a,a))" (4.23)
PB-commute: B

{mn(a,a@), Tm(b,b)} = 0. (4.24)
Since 7, (a(m), Ez(w)) = 7,(z), this ends the proof of property (4.13]).
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