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Abstract

We consider continuous time-crystalline phases in dissipative many-body sys-
tems of atoms in cavities, focusing on the role of short-range interatomic in-
teractions. First, we show that the latter can alter the nature of the time
crystal by changing the type of the underlying critical bifurcation. Second, we
characterize the heating mechanism and dynamics resulting from the short-
range interactions and demonstrate that they make the time crystal inherently
metastable. We argue this is generic for the broader class of dissipative time
crystals in atom-cavity systems whenever the cavity loss rate is comparable
to the atomic recoil energy. We observe that such a scenario for heating
has several similarities to the one proposed for preheating in the early uni-
verse, where the oscillating coherent inflation field decays into a cascade of
exponentially growing fluctuations. By extending approaches for dissipative
dynamical systems to our many-body problem, we obtain analytical predic-
tions for the parameters describing the phase transition and the heating rate
inside the time-crystalline phase. We underpin and extend the analytical pre-
dictions of the heating rates with numerical simulations, which also show that
the metastable regime exists when the inherent stochastic nature is taken into
account.
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1 Introduction

Following the first conceptualization of time-crystalline phases of matter [1,2], it was
quickly proven that such phases cannot appear in thermal equilibrium [3-5]. However, it
is possible to realize such phases in periodically driven systems, both closed [6H11] and
dissipative [124|13].

Among the latter, systems of atoms in optical cavities have emerged as an ideal
platform to realize continuous time-crystalline phases [14-16], where an effectively time-
independent drive of the atomic system is counterbalanced by the loss of photons out of the
cavity mirrors. In these phases, continuous time-translation invariance is spontaneously
broken, and oscillations persist even though the system possesses a macroscopic number
of degrees of freedom, among which energy can be redistributed via interactions.

Since the phase space of scattering by cavity-mediated interactions between atoms
is limited due to their long range, redistribution of energy through these processes is
inefficient [17-19]. However, the intrinsic atomic short-range interactions allow for efficient
redistribution of energy among the atoms. Indeed, experiments show strong indications
that these interactions are one of the main fundamental limiting factors to the measured
lifetime of the time crystal [12].

Despite their crucial role, short-range atomic interactions have not been theoretically
investigated so far in a systematic way for continuous time crystals in atom-cavity setups.
In this work, we undertake this task. We not only provide a complete picture of the
possible destabilization processes but also show that short-range interactions can alter the
nature of the time crystal itself.

In Section [2] we describe the model under consideration, which has a simple and ex-
perimentally realizable mechanism for the appearance of time-crystalline phases for an
interacting BEC coupled to two cavity modes [20]. In Section [3[ approaches for classical
non-linear dissipative systems is extended to our many-body problem and we obtain an
analytic description of the time crystal in terms of cavity-induced critical bifurcations and
show how inter-atomic interactions can modify the nature of the latter. These results are
used in Section [d] where we identify the dominating scattering processes responsible for
energy redistribution among the atoms. Using these scattering processes we compute the
dependence of the energy-redistribution rates on external parameters identify the corre-
sponding time scales. Lastly, in Section [5 we show numerically that for realistic noise
levels, the metastability of the time crystal is fully determined by the redistribution rates
due to inter-atomic interactions.

The analytic understanding of the results, underpinned with numerical analysis, allows
for a deep insight into the generic features of the phenomenology beyond the specific
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model considered and provides orientation for future investigations both in theory and
experiment.

2 Model

The system considered is an ultracold gas of bosonic atoms in a BEC state, dispersively
coupled with equal strength to two modes of an optical cavity. In this regime, a photon
imparts a recoil momentum of ) = 27/ to an atom, with A being the wavelength of
the photon in a given mode. In the thermodynamic limit, the atomic BEC at momentum
k is described by a complex field 9 satisfying the Gross-Pitaevski mean-field equations.
Furthermore, in the limit of a small transverse extend of the BEC compared to the cavity
waist we can simplify the model to one spatial dimension |19}20]

Ok =Kk + U Y gtbgibarg i+ \7/75 > Re () (Vriq +¥e—q) » (1)

4,9’ Jj=12

where the bar denotes complex conjugation. This equation has been written in units of the
recoil energy Er = h2Q?/2m and in the rotating frame of the laser. The time-dependence
of the fields is kept implicit and the atom field has been normalized to 1. The cavity-mode
wavelengths have been chosen to be equal, as we assume the modes differ in the transverse
direction |20]. The coupling strength 77 can experimentally be tuned by the strength of
the transverse pump while the atoms are interacting with each other through a contact
interaction of strength U. The complex field ¢; corresponds to the coherent cavity-field
amplitude which satisfies the equation

i0hd; = (Aj — ik) ¢ + 2—% k;oo Dr (Yrso + Ur_0), 2)

where the cavity field has been normalized by the square root of the atom number. The
cavity linewidths, , have been assumed to be identical for both modes. In the following we
will consider x on an energy scale similar to the recoil energy, as realized for instance in [21].
In the actual implementation of the dispersive atom-cavity coupling, the characteristic
frequency of each cavity mode A; corresponds to the detuning of the mode frequency
with respect to laser-driven two-photon transitions [20]. The steady state of this model
can break time-translation invariance when the two detunings have opposite signs. With
this in mind the detunings are parametrized as A; = — (A — g) and Ay = A + %. By
choosing 0 < § < 2A the negative detuning has the smallest amplitude |A1] < |Aa.

The mean-field description of this system becomes exact in the thermodynamic limit
[22]. Tt, however, does not give rise to a unique steady state of the atomic system. To
determine the latter, one needs to include quantum fluctuations [23]. The time scale
needed to reach this steady state does grow inversely with the system size. For the large
atomic clouds considered here, the relaxation to this steady state is thus irrelevant on the
experimental time scale. Additionally, for a system with a finite number of atoms, the
openness of the cavity gives rise to an additional stochastic term in the cavity equation.
The strength of the stochastic term scales with x/ V/N, with N being the number of atoms.
We will initially consider the limit of N — oo and in Sec. [5| show that the conclusions
remain valid also for finite system sizes.
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3 Nature of the time crystal

Below a critical coupling strength 7., all atoms are in the homogeneous state 1)y, and the
coherent part of the cavity fields is empty. This configuration is denoted as the normal
phase (NP) and it is always a fixed point of the equations of motion Egs. and .
As 7 is increased beyond 7. the NP fixed point becomes unstable and the system enters
a state where a fraction of the atom population is transferred to ¢+ and the coherent
fields of the cavity becomes finite. This symmetry-broken state is often referred to as
the superradiant (SR) or self-organized state [24,125]. The frequency w,. of the excitation
becoming undamped above 7., can be derived through a linear expansion around the NP
fixed point [26] (see [27] for an alternative approach). This is done by considering a small
perturbation to the state NP state and only keeping the terms linear in the perturbation.
One can then derive an equation for when the perturbation becomes unstable, indicated
by a zero real part of the eigenvalue of the resulting Jacobian of the linear system.

The frequency of the unstable perturbation is determined by the imaginary part of the
eigenvalue. It is found that an unstable mode can appear for three different frequencies
of the critical mode. The determination of which the three possible modes that ends up
manifesting in the system is set identifying which of the three modes require the smallest
corresponding values of 7.. The first of the three potential instabilities is a static solution
with w. = w5 = 0. The second frequency at which the system can become critical is a
resonance at the energy of the Bogoliubov excitation of the BEC at the recoil momentum
with frequency w. = w, = \/FRr (Er + 2U) and lastly, there is a possibility of an instability
at a frequency given by

we = \/‘f +/(AAZ — §2) (A2 + £2) — A2 — 2, (3)

which is solely determined by cavity parameters, that is, it does not depend on U and Eg.
This feature, which can be attributed to the fact that the cavity is the only dissipation
channel, implies a robustness of this self-sustained periodic signal to perturbations of the
nonlinear medium that causes this signal to appear in the first place. To determine which
mode that becomes unstable one identifies which mode leads to the smallest real critical
coupling given by

w2 + K2 —w?
Aj(A?-H{Q—wg) ’
w§+2wg(ﬁ27A?)+(A?+n2)2

(4)

Ne = lim
Ka—0

Er Zj:l,Q

where kK, is the atom lifetime which we, for simplicity consider infinitely long. always
depends on both cavity and atom parameters [26]. The phase diagram will therefore
depend on all parameters of the model.

In Fig.[I|(a) the frequency of the critical mode at 7. is plotted as a function of x and A
and is a good order parameter for distinguishing the three different phases of the system.
For A < 6/2 both cavity modes have a positive detuning and the system always exhibits
static superradiance (SSR), characterized by a critical mode with zero frequency. SSR
requires a finite critical atom-cavity coupling such that the critical mode is a polariton.
For A > §/2 one of the modes acquires a negative detuning. Differently from a positively-
detuned mode, a negatively-detuned one disfavors a superradiant density modulation.
The competition between the two cavity modes induces an oscillating superradiant phase
(OSR) [20,28], which also requires a finite coupling strength such that the critical mode is
again a polariton. Instead, when the solution with w. = w, has a real critical coupling, 7.
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Figure 1: The critical frequency of the instability is shown in the lower plot
of a) as a function of A and k. By tuning A the critical mode change from
exhibiting static to oscillating superradiance and a purely atomic instability over
a large range of cavity loss rates. The upper plot shows the critical frequency
and coupling along the dashed line in the lower plot. In b) the sign of the cubic
interaction as a function of A and U is plotted for kK = 0.4Fg. This determines
the stability of the symmetry-broken state beyond the linear analysis. For for
the entire figure 6 = 0.2ER.

in Eq. vanishes, making the critical mode purely atomic. We refer to this instability
as the atomic instability (AI).

Both the OSR and Al critical modes break continuous time-translation invariance and
can thus potentially signal a continuous time-crystal phase. However, whether the latter
is stable is determined by non-linear effects not included so far. In order to capture
these in the present interacting many-body system, we perform a systematic perturbative
expansion in the relative distance from the critical point n = (7 — 1) /n.. The resulting
effective non-linear equation is of the Stuart-Landau form (see e.g. ), and is an equation
of motion for the collective degrees of freedom which are excited in the SR phases. These
degrees of freedom constitute the so-called center manifold and are defined by the critical
mode, which is composed of both cavity modes as well as of the zero and recoil momentum
components of the BEC, ¥ and 1+g. Within the center manifold and to leading order in
71 the recoil momentum component is given by

¢iQ (t) = \/ﬁR (C+eith + Cie_iwct) ’ (5)

with c4 being the atomic components of the critical-mode eigenvector obtained from the
linear analysis . The cavity fields have the same form with cy replaced by the cavity
components of the critical mode. Finally, since to leading order the only occupied atom
components are ¢y and 1)+q, these are linked by normalization such that

Yo = /1= [0ql® — [9-qf" ~ by + by 4 By, (6)
with by = 1 —nR? (|c+]2 + ]c_\2) and by = —nR%c,é_. The perturbative approach yields
an equation of motion for the amplitude, R, in the symmetry-broken phase:

R = 7R - gTR37 (7)

where v is the exponential growth rate of the critical mode obtained from the linear
analysis, which in this case can be shown to be positive. The non-linearity of the center
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manifold or in other words, the strength of the self-interaction of the excitations present
in the critical mode, is quantified by g" (see Appendix for closed expressions for these
quantities and the proof of the sign of «). For stable time-crystalline and static solutions,
R must be time-independent, real, and positive:

R:\/jr>0. (8)

As v > 0, our analytic solutions can only be stable if ¢" > 0. This is physically clear since
otherwise the attractive self-interaction would lead to a first order transition into a phase
that requires higher-order non-linearities for stabilization.

The sign of g" is shown in Fig. (b) If w, is pushed to wy, g» = 0i.e. the self-interaction
vanishes as the critical mode is purely atomic, which corresponds to the white region in
Fig. [[[b). As the fraction v/g" goes to zero as w. approaches w, (see Eq. (33))), the AI
phase has no stable time-crystaline solution.

Short-range interactions between the atoms qualitatively modify ¢" and lead to two
separatrices in Fig. [[b). The expression for the separatrix Ug(A), drawn with a solid line
is given in Eq. (29), while the separatrix U (A) between the white and the blue region,
is defined by the condition that the energy cost of a Bogoliubov excitation, w,, equals A.
When U > U, the self-interactions of the critical mode become finite and repulsive as
we < Wq, leading to a finite cavity component of the critical mode.

It is further remarkable that the sign of the self-interactions can be changed via U.
Indeed, within the blue region in Fig. (b)7 that is, for U,y < U < Ugs, the self-interactions
of the critical mode are attractive: g, < 0. This is due to the fact the short-range
repulsion U, which penalizes density modulations and in particular excitation of the recoil
component 1+, is not sufficient to counteract the decrease of energy due to coupling to the
negatively detuned cavity mode. The resulting instability of the OSR solution corresponds
to a subcritical Hopf bifurcation [30] of Eq. (6). On the other hand, when U > Ucy (green
region in the figure), the short-range repulsion penalizes density-modulations enough to
change the sign of the self-interaction of the critical mode and thus stabilize the OSR, phase.
This corresponds to a transition from a subcritical to a supercritical Hopf bifurcation.

4 Energy redistribution

Up to this point, the OSR time crystal is found to exist in a stable fashion as a supercritical
Hopf bifurcation. Its infinite lifetime is a consequence of the coherent scattering between
the atomic modes with momentum ¢ = 0 and ¢ = +n@, with n being a positive integer.
Only the n = 1 modes belong to the CM but the higher-order integer modes only lead to
a small renormalization of the amplitude of the OSR phase. This happens because the
n@) modes all scatter effectively with the cavity such that a steady state is found with an
occupation of the n > 1 modes that is exponentially decreasing with n. For this reason we
refer to the manifold with all the n() modes as the extended center manifold. However, the
atomic interactions allow for scattering of occupation into modes where q # n@Q. We will
refer to those as the not-center-manifold (NCM) modes. As these modes are not coupled
effectively to the CM modes by the cavity they can exhaust the occupation in the n@
modes and thereby destroy the coherent nature of the OSR phase. To fully assess the
stability of the OSR phase, one has to allow for the redistribution of energy including the
NCM modes. Hence, one needs to treat the many-body problem of scattering between
quasi-particles and a time-dependent coherent field.

Let us first predict which NCM modes initially participate in the scattering process,
assuming we are only slightly into the OSR phase. If one also considers the regime of small
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Figure 2: a) The dynamic nature of the OSR phases combined with finite atom-
interaction leads to occupation of atom modes out of the center manifold, through
the symmetric and asymmetric process illustrated here. b) The scaling of the
growth rates, computed from the Floquet quasi-energies of the linearized equa-
tions, for the asymmetric channel marked with orange stars, with a square-root
fit (orange line) and the scaling of symmetric channel marked with red stars, with

a linear fit (red line). The same parameters as in Fig. |3 have been used.

U, which is the experimentally relevant one [21], then the occupation of an NCM mode is
described by a collision that is first order in U. If all NCM modes are initially unoccupied,
then the incoming modes must belong to the center manifold. From Egs. and @ it
is seen that there are essentially five occupied components in the stable OSR phase. The
dominant component is a zero frequency and zero momentum component with weight bg.
Then there are components carrying momentum =+@ at the frequency w. with weight c.
and finally the smallest contribution comes from the zero momentum modes with frequency
2w, which are weighted by b,. As the scattering is momentum and energy conserving the
fastest-growing NCM mode results from scattering between the atomic components by and
c+ of the center manifold, as illustrated in Fig. (a). For this process, the outgoing NCM
modes with energies €4, ¢, have to satisfy ¢ + ¢’ = Q, €, + ¢y = w,. Since here ¢ # —¢/,
we call this the asymmetric channel. Near the critical point, we can approximate €; with
the Bogoliubov dispersion of the BEC excitations in the absence of the cavity field, which
for small U reads wp(k) ~ Erk® + U. This yields ¢ = Q/2 + \/w. — Eg/2 — 2U/+/2 and
¢ = @Q —q. From the approximation of the CM components in Eqs. and @, we predict
an exponential growth of these two Bogoliubov modes with a rate I' = gy oc U,/n. This
asymmetric channel can be closed off if w. < Er/2 + 2U, which leaves us with a different
channel where the component by scatters with by, or c; with c_. Both these processes
produce a symmetric NCM pair with ¢ = —¢' = v/w. — U. One representative process of
this symmetric channel is shown in Fig. (a). In contrast to the asymmetric counterpart,
we predict I' = I'sy,,, oc Un for the symmetric scattering processes.

In order to further verify the above predictions, we have linearized Egs. and
around the OSR phase and extracted the rate by computing the Floquet quasi-energies.
The details of these calculations can be found in Appendix[Bland the resulting growth rates
are shown in the lower panel of Fig. |3| It is seen that the predicted momentum (orange
marks for the asymmetric channel and red mark for the symmetric channel) is only reliable
close to the phase transition as the dispersion of the NCM mode is quickly modified due
to the growing oscillating density modulation. We also find an additional momentum
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Figure 3: The lower plot shows the exponential growth rates of the atomic modes
outside of the center manifold. The parameters are equivalent to those in Fig.
with A = 0.6Eg resulting in w. = 0.586Fg, and we choose U = 0.01Egr. The
orange ticks indicate the predicted momentum based on the asymmetric channel,
while the red tick signifies the symmetric channel momentum. The green tick is
the atom mode coupled to the symmetric channel through the cavity. The upper
plot shows the resulting atom distribution after 200 periods at the dashed line in
the lower plot, both with numerical integration of Egs. and in blue and
from the linearized prediction with the dashed green line.

component that grows (marked in green), which arises from the scattering between a
negative momentum NCM mode in the symmetric channel and the recoil component of the
center manifold. The computed growth rates for the symmetric and asymmetric modes are
shown in Fig. (b), and in both cases, an excellent agreement with our simple predictions
based on Fig. [J[(a) is demonstrated. Finally, in order to fully confirm our predictions,
we performed a full numerical integration using a Runge-Kutta-4 routine, starting from
the OSR phase at n = 0.06, corresponding to the white dashed line in the lower panel of
Fig.[3] After evolving the system for 200 periods we compared the momentum distribution
with the predictions based on the Floquet quasi-energies and find excellent agreement, as
shown in the upper panel of Fig.

As long as the NCM modes with the largest occupation are still small compared to
unity, i.e. the time crystal has not melted yet, the CM modes still satisfy

Z |1hg|? ~ 1.

q=0,£Q

The rate of the fastest-growing NCM modes therefore sets the time scale on which the
cascade becomes relevant. This time scale is explicitly given by 7 = Inag/I", where ag is
the initial seed in the NCM modes. This initial seed is determined by the temperature of
the system and energy of the fastest growing NCM mode.

5 Metastable nature of time crystal
In the previous section, we have established that atom interactions lead to scattering from

the CM to NCM modes with ¢ # nQ, with n € Z*. We have identified the fastest-
growing NCM modes and that they grow exponentially. As these NCM modes are not
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coupled via the cavity to the CM modes, one expects them to evolve incoherently, such
that the coherent nature of the OSR will be destroyed once the occupation of the NCM
modes becomes non-negligible. To verify this, in this section, we will analyze the full
numerical solution of Egs. and in more detail.

Before discussing this we note that the numerical calculations require very dense mo-
mentum grids. This is because the NCM modes have to be numerically broadened such
that they can be sampled on a finite grid. The artificial linewidth corresponds to a time
scale, which has to be much smaller than the simulated time. Here we use a broaden-
ing of 2 x 107%Fpg, allowing us to reach simulation times of order 10°/Eg. As quantum
fluctuations have been neglected a small finite seed is needed for all the NCM modes
and we initialize all the NCM modes with a constant magnitude of 10~!!, corresponding
to ag discussed at the end of the previous section. Additionally, it is also necessary to
go to large momentum values to ensure the results are fully converged (we truncate at
|kmax| = 5.4Q). The resulting numerical momentum grids are thus very long O(4 x 10%).
To fully understand the stability of the OSR phase it is also necessary to include the
fact that a finite number of atoms gives a stochastic nature to the equations due to the
openness of the cavity. This limits the magnitude of the numerical time step as the noise
appears correlated on a time scale of At, with At being the numerical time step. We
therefore require that At < 1/Epax where Epax ~ /c?nax is the largest energy scale in our
simulation. The simulations therefore require a small time step (we use At = 5 x 1074
and a Runge-Kutta-2 routine for the deterministic part [31]). All parameters apart from
U will be kept the same as those used in Fig. |3 such that w. = 0.586F R leading to a
characteristic periode of T' = 27 /w, = 10.735E;21. To verify that the asymmetric channel
is closed when w. < Er/2 + 2U, while simultaneously decreasing the computation time,
we consider U = 0.1FR. As the symmetric channel grows with a rate proportional to 7,
the increase of U by a factor of 10 ultimately results in an increase of the NCM growth
rate by & 2.45. Consequently, the necessary simulation time is more than halved even
though the asymmetric scattering channel is closed.

The resulting effective cavity potential felt by atoms defined as

TS Re(6,(0), o)

V;:(t) =T
is plotted in Fig. (a). Ve(t) is good observable as it not only describes the optical potential
felt by the atoms but also, up to a constant prefactor, corresponds to measuring the x-
quadrature of the cavity field. For early times one observes perfectly coherent oscillations
expected from the stable OSR phase. After the blue shaded region, which stops at ¢t =
GOOE;bl ~ 56T the amplitude of V, starts being perturbed as the occupation of the NCM
modes becomes relevant. The exponential growth and following cascade leads to a sharp
decrease in the amplitude of optical potential and a loss of its temporal coherence.

The loss of coherence is more clearly seen in Fig. (b) where the power spectrum of
the Fourier transform of the two shaded regions in Fig. (a) is shown. For early time the
spectrum is clearly dominated by a peak at the predicted frequency (marked in red) and
a small contribution from a higher harmonic at 3w.. The finite width for early times is
a consequence of the finite interval of the Fourier transform combined with the use of a
window function to avoid aliasing. The spectrum of the long-time region clearly shows that
no coherent oscillation is present in the cavity fields. At late times, there is a competition
between synchronization via the cavity that favors the OSR phase, and decoherence caused
by scattering involving NCM modes. The amplitude of the incoherent oscillations in this
region is therefore related to the magnitude of U. To highlight the fact that the loss of
coherence is an effect of having lost occupation in the CM modes, Fig. (c) shows the
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Figure 4: a) The effective cavity potential felt by the atoms resulting from the full
numerical solution of Eqs. and for the same parameters as Fig. apart from
U = 0.1ER. The insets show a zoomed-in view of V.(t) from the early and late
time regions respectively (the arrows indicate the regions the insets are parts of).
b) The power spectrum of the Fourier transform performed on the finite interval
marked by the blue (teary € {O,GOO}EEI) and green (fjate € {3400,4000}E1§L1)
shaded regions in plot (a). The red line indicates the predicted w,. while the orange
line is at 3w.. ¢) The corresponding momentum distribution of the atomic modes
within the stable OSR region in blue (t; = 250E§1) and after its destruction
in green (t2 = 3250E"). The red lines indicate the momentum of the fastest-
growing modes predicted by symmetric channel scattering predictions.

occupation of the atomic modes, averaged over one period T', for a time within the early
and late time regions respectively. Here the early time occupation shows all occupation
is basically in the CM modes (¢ = {0,£Q}). For late times this occupation has been
completely redistributed to a continuum of momentum modes with the most occupied
mode being the symmetric modes predicted at ¢ = ++/w. — U which are marked with red
lines. It is worth pointing out that, as predicted, the asymmetric momentum modes seen
in Fig.[3|are absent. The broad nature of the atomic distribution at late times is a result of
the exponential growth of the initial NCM modes together with the fact that the occupied
NCM modes act as sources for occupying new NCM modes, leading to an exponentially
growing cascade of modes out of CM and into the NCM.

From the perspective of the growing NCM modes, this cascade can be understood
as the unstable regime of parametric resonance with the center manifold modes acting
as parametric drive via the short-range interactions. This is analogous to preheating in
the early universe , where the weakly interacting and oscillating, coherent inflation
field decays into a cascade of exponentially growing fluctuations, leading to extreme non-
equilibrium conditions inaccessible to perturbative methods and finally to thermalization
[34]. Explicitly, the CM modes take the role of the inflaton field and the growing NCM
modes resemble the particles created by the oscillating field. The analytic discussion we
have presented corresponds to the linearized classical regime , which at later times will
be superseded by increasingly non-linear effects leading to a cascade of even more quickly
growing fluctuations that eventually thermalize . At this point, a conceptual difference
between the closed evolution considered for the early universe, and the driven open cavity
model we discuss here emerges. Our model never fully thermalizes. Instead, it reaches a
highly non-trivial state that corresponds to a compromise between thermalization due to
short-ranged interactions and the flow equilibrium imposed by drive and dissipation.
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1.0

N =10 N =10 N =10° N =10 N =10 N =10°
0.8 i

; T [

0.2

w/Eg

0.0
051.152.25 051.152.25 051.152.25 051.152.25 051.152.25 051. 152 25

[F [Ve(@)]]

Figure 5: Plot of the Fourier spectrum of V() for different atom numbers which
is inversely related to the noise level. The parameters are kept equivalent to those
in Fig. [ As the time crystalline phase is only metastable the Fourier transform
is performed on finite region with ¢ € {0,600E§1} as the early time result in
Fig. (b) The red line indicates the predicted we.

5.1 Finite size of atom clouds

Any experiment will necessarily be performed with a finite number of atoms, N, in the
cloud. As mentioned, in Section 2] the openness of the cavity then gives rise to a stochastic
term in the cavity equations such that they take the form

i019j = (A —iKk) ¢j + 2\% kz_:oo Vi (Ve + Vk—g) + \/ﬁAW(t), (10)

where AW (t) is the Wiener increment [31]. To verify that the metastable OSR phase
is not just robust towards atomic perturbation but also cavity noise we have performed
the numerical calculations with different atom numbers (effectively changing the noise
level). In principle one should compute several trajectories. Here, however, we are not
interested in the noise-averaged state at late times but merely in the characteristic lifetime
of the OSR phase. As the latter is much longer than any microscopic time scale of the
system, it is faithfully obtained already from a single trajectory. To this extent, the Fourier
spectrum for different levels of noise has been plotted in Fig. Here it is seen that the
time-crystalline order emerges once the cloud contains 10? atoms or more. It should be
pointed out that we are considering a setup with a subrecoil linewidth of kK = 0.4FEr which
is comparable to relevant experimental setups [21] in which N = 105. We thus predict
that the metastable region of the OSR phase is stable against realistic noise levels.

5.2 Cavity parameters

Of particular experimental relevance is the question regarding the dependence of the life-
time of the OSR phase on the choice of cavity parameters. So far, we have investigated
the dependence of the lifetime on the frequency of the CM components. However, the
same frequency can be generated with an infinite number of different cavity parameters.
This is because one can depart from the simple fully symmetric cases discussed here and
include different loss rates for the different cavity modes and different coupling to the
atomic cloud. Experimentally the latter can be easily controlled by changing the power
in the corresponding pump sideband. So the question then becomes, given that the CM
oscillates at a set frequency does it matter how the cavity is configured to achieve this fre-
quency? Our analysis shows that, for small U, the scattering out of the OSR phase, which
sets the lifetime, is contained in the first-order scattering processes between the atomic
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CM components of the atoms illustrated in Fig. (a). The magnitude of the atomic CM
components therefore have to depend on cavity parameters directly (and not just through
we) to impact the lifetime of the OSR phase. Using the full analytic description of the OSR
phase derived in Appendix one finds that the time-averaged magnitude of the recoil
components in CM, given in Eq. is only a function of n, U, w. and Er. In this model
the lifetime of the OSR phase is thus independent of the specific cavity configuration.
This should be contrasted with the previous results for the frequency of the OSR phase in
Eq. , which was shown to be independent of U and as such stable against interatomic
interactions. Apart from this intriguing duality, the fact that the lifetime is not explicitly
depending on the cavity configuration gives a large amount of freedom for experimental
realizations.

6 Conclusion

We have analyzed the role of short-range interactions on the nature and stability of contin-
uous time crystals in dissipative many-body systems of ultracold bosonic atoms in cavities.

First, we have shown that short-range interatomic interactions can alter the nature of
the time crystal by transforming the underlying classical bifurcation from sub- to super-
critical.

Second, we have studied the effect of interatomic interactions on the time crystal. Our
analysis shows that when the system can only dissipate energy through the cavity, the
interatomic interactions makes the time crystal inherently metastable. This can be un-
derstood from the fact that the time crystalline phase requires superradiance and thus
coherent scattering of cavity photons between the atomic states. The interatomic interac-
tions deplete the superradiant mode by populating atomic states that scatter incoherently.
In the absence of an ordering principle, like a low temperature in thermal equilibrium, the
depletion proceeds until the time crystalline phase ceases to exist.

We showed that near the transition, the amplitude of atomic component of the time
crystalline phase is independent of the details of the underlying critical polaritonic mode.
Instead it only depends on the frequency of the oscillations and the proper dimensionless
distance from the critical point. The cavity dissipation is therefore not able to efficiently
cool the system [37-39] (NCM modes can be de-excited only at higher order in our expan-
sion, see Appendix. This suggests that the metastable nature we identified is generic for
these cavity systems [40], as long as the cavity linewidth is comparable to the recoil energy.
We note that time-dependent Hartree-Fock approximations would miss this heating [41],
as they lack collisions, and thus redistribution [42].

While we that the time crystalline phase is only metastable, we have shown that
its lifetime increases significantly by considering w, < Egr/2 + 2U which prohibits the
asymmetric scattering processes that lead to much higher growth rates. As interatomic
interactions can be weak in dilute systems, the time-crystalline phases can appear stable
on a time scale of the order of hundreds of periods, consistent with numerical predictions
in related models [4344]. We numerically show this statement to hold true, also in the
presence of realistic noise levels.

Finally, we pointed out that cascading effect responsible for the destruction of the time
crystalline phase is analogous to preheating in the early universe. It will be interesting to
pursue this analogy deeper into the highly excited regime using appropriate atom-photon
diagrammatic approaches [45}46].
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A Center manifold coefficients

The two-cavity mode system considered is a simplification of the N cavity mode system
discussed in [26]. In this reference the standard methods of stability analysis and bifur-
cation theory (2930 is applied to understand the origin of the limit cycle, which we use
as the foundation for our exploration. We refer the interested reader to reference [26]
for a more detailed derivation of the critical frequency and coupling. In this appendix,
we instead focus on a self-contained derivation of the analytical description of the center
manifold dynamics.

The starting point is the equations of motion in Egs. and , which we use to
define the autonomous system of non-linear first order ODE’s

v=F(v), (11)

Here v is a vector containing the two complex cavity fields and all the complex atom
fields with the different discretized momenta. As both cavity modes transfer the same
longitudinal momentum (@) and the BEC is initially homogeneous, the emerging critical
mode only contains the cavity fields, the homogeneous atom state and the =@ atom modes.
These modes constitute the center manifold

Vem = (60, b1, %0, Vg, ¥—0)" - (12)

The normal phase Xy = (0,0, 1,0, O)T is a fixed point of F. When 77 < 7, this fixed point
is stable but becomes unstable for 77 > 7.
As stated in the main text, slightly past the critical point the symmetry-broken state

can be approximated as '

u = /uRvie™! 4 cc., (13)
where . = 7] — 7. is the absolute distance to the critical point and w, is the frequency of
the unstable right eigenvector v*. We will write the equations of motion in terms of the

real (zo) and imaginary part (p,) of the complex fields in which the center manifold is
spanned by vectors of the form

R R .R .R _R \T
v :(V617VCQ7VQ7V—Q) ) (14)

with vE = (xa,pa)T. The approximation in Eq. only describes the new fixed point
well if the bifurcation is of the supercritical form, which means that the self-interaction of
the critical mode is repulsive. The linear coefficient in the amplitude equation Eq. is

given by the real part of
oL
A= (G) v (15)
0.

where the latin indices run over all components in the center manifold 4, j € {zc1,pe1, Zc2
,Pe2,TQ, PQ, T—-Q, P-Q}- The Jacobian matrix L = VF|x  evaluated at the normal-phase
fixed point Xo and v (v®) is the left (right) critical eigenvector. We define the linear
coefficient as v = Re (A). The cubic coefficient of Eq. is given by the real part of

1 o OF;
Vi 9xioxFoxa

7j7 7 XO /Jl 0
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where the cubic coefficient in the main text is ¢" = Re(g). Within the center manifold
there is no contribution to quadratic contribution from 9?F because the center manifold
obeys a reflection symmetry, which originates from the fact that the coupled Egs. (1))
and ([2) posses a Zo-symmetry. This symmetry is that the equations are invariant under the
simultaneous phase shift of the atoms by 1, — €™/@¢y. and the cavity fields O; — — ;.

A.1 The critical eigenvector

To compute A and g we use that the symmetry results in the right and left eigenvector
components for each mode « € {c1,c2,Q, —Q} are related by

= +o,vE, (17)

where o, is the first Pauli spin-1/2 matrix. Furthermore, the eigenvectors are normalized
such that Eq. (17]) is realized with the upper sign. The two effective interaction parameters
can now be written solely in terms of the right eigenvectors

oL

‘7k7 <7
g=— Z ((14 ® 0y) vR)Z. (No)g qvakva.
Z'7j7k7k7q

(18)

The cavity eigenvector components are connected to the atomic eigenvector components
through the definition of the critical eigenvector

(Lo — iwe) viE =0, (19)
which leads to the relation
LQ
1 0 1 0
_\/incﬁj (I‘L-Zi;)c 0 E—Zi;ue 0> xp_QQ , (20)
pP-q@
where ) ) )
A A%+ K* — wi — 2iwek
Bi==L ! FTa— : (21)

2
2 A+ 207 (k2 = w2) + (K7 + w?)

From the critical eigenvalue condition det (Ly — Iw.) = 0 one finds

2
Z w2 — w2
= nc Reﬁ] )
j=1,2 28R (22)

Imﬁj =0.

Linearizing around the normal phase means that the short-range interaction only couples
the modes @ and —(@) in a symmetric manner. As the cavity also couples identically to
these two modes, the components of the critical eigenvector obeys xg = r_g = x4, and
PQ = P—Q = Pa- Using this symmetry z, and p, can be connected through Eq. and
one finds ]
We

Er

Do = Ty = 1W0Tq, (23)
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where the dimensionless frequency @ = w./ERr has been introduced for later convenience.
Now v can be fully expressed through the parameters of our theory and z,. A closed-form
expression for x, can be found through the normalization condition

—-1/2

1 K+ 1w 1w
vav?zl—)a:a:§ 47732[]2 A c}—i—E}: . (24)
7 J

This form of x, guarantees the upper sign in Eq. .

A.2 Computing ¢" and ~
By substituting the critical eigenvector into Eq. one finds the expression

8 223
A= —agnf = Tel_
e ne (4n2 3, [ B3hiee | + s
J R
) ) (25)
| Wg — W 1
Er o, (4773 > [5]2-7’“‘2";’6} + ﬁ;)
The expression for g is
g:zg%FERO?@+zﬁ+ﬁwﬂ+4u—w%(3+@%>
(26)

= 22|2a|* ErW, (U,d})

where the dimensionless interaction is defined as U = U/Ep.
It is clear that the only part that makes both A and g complex is in z2. As the
coefficients for our theory are related to the real part of A and g, it is relevant to extract

the real part of 2
B2
2 a

(2, [+ )]

J

2
2k (Ag R wg) + duw? (Ag - wg)

B 2‘(47722]- [/3]2"27’?} +%;>‘2 j j(A;UrzAJZ (52—w§)+(n2+w3)2>

-

(27)
This directly shows that the only dependence on U in z, is through 7. in Eq. . Due
to the complexity of the full closed form expression of g it is insightful to consider the
behavior of Re (333) and W, separately.

First considering W,

Wo (0,2) =0 (3425 +35%) +4(1-&2) (3+5%). (28)

The interesting feature of W, is the fact that it has a sign change through a zero-crossing

at a critical frequency &g such that W, (U , LDO> = 0. The closed form expression for @y is

i \/U—4+2\/§\/8—4U—U2 e

= . 1+ — +O0?). 29
@0 YR 5 (U?) (29)
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This exactly defines the separatrix Uz shown as a black line in Fig. b). Fig. (b) is
plotted as a function of A and not w, because of the atom instability. In the regime where
k < Epg, the equations simplify because near A ~ Eg one has that w. =~ A. This means
that one can replace wy with A/Ep instead of substituting in the full expression in Eq. .
The relevant quantity that one should compare @y to is the dimensionless frequency of the
bare atomic instability, which happens at

Qo = V1420, (30)

and which sets the dashed separatrix U,; in Fig. (b) For U = 0 the frequencies @y and
@, coincide, which means that there will be no cubic interactions for the atomic instability
without short-range interactions. As U is made finite we see from the expansion in Eq.
that @, > @p for small U < 1. By keeping the full expression for &g, one finds that the
critical UC where @, = Qg is

U. =2, (31)

which is the intersection point of the separatrices at finite U with A = /1 + 2v/2Fxg.
Below this interaction strength, &g is smaller than @,. The effect is that Wa(f],d)a) <0
for all U < (76.

To determine the nature of the interactions one has to determine the sign of Re (azz)
This sign is fixed by the numerator of Eq. and using the parametrization discussed
in the main text one finds

) (62 1 4r2)°
> oA ((A? + K2 —wl)” 4 4wl (A - w§)> 5| A? (302 + 4k%) +8A* ) .
j=1,2
(32)

So for any values of x, A and |8|, the sign of Re (22) is set by the sign of 4. This means that
for a chosen sign of § the sign of W, determines whether the non-linear self-interactions
are repulsive or attractive. Additionally this also means that v > 0. If § > 0 then w, < w,
and both 723 in Eq. and Re (22) are greater than zero. If § < 0 then w. > w, and
both 723 and Re (1:2) are negative such that v is again positive.

Next consider the fraction y/¢" which determines the magnitude of the stable time-
crystalline phase. By using the above derived relations one can show that it scales with
V€ in the limit where w? — w3 — € with e < {ER, Ay )9, k}

. vy ) 8 w2 — w? Re (azg)
lim —= lm — 5
wi—wi—e g" wZ—w2—e Me 2ER Re (IL‘%) |:L‘a| ERWa (U/ER, w/ER)

32 w2 — w? K+ w w
= lim 2= a_ e 4n? 2 4+ =
wcfi)a Ne QEJQ%WQ (U/ER,Q)/ER) nc; |:6] Aj + ER
. 32 wy — w;
= lim 2
w2—w2—¢ w2—w? 2ERWa (U/ER7 W/ER)
s a;(a2+r2-032) (33)

j=1,2 w§+2w%(ﬁ2—A§>+(A?+’€2)2

X 4%2[

J
Aj (A?+/~e27w3)
\/ER i (ST
Ya 1o ( ) .
2EZW, (U/Ep,w/Er) Ep O\

BQn—i—iwc we
J Aj ER

NG
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This is important as it proves that the Al region does not possess a stable time-crystalline
solution, to leading order in u, as € — 0 for the Al

The fact that we have analytical expressions for all the important quantities also
allows us to show some intriguing features of the time-crystalline phase within the center
manifold. The first important feature was discussed in the main text, namely that the
frequency of OSR phase is independent of the atom parameters. The second important
feature we will show now is that the time-averaged occupation in the recoil field is only
indirectly depending on the cavity parameters. As stated in the conclusions, this is means
that our heating discussion is more generic, as it does not depend on the specific cavity
configuration. If we write Eq. using x, and p, the occupation in the recoil mode is
given by

Yo = 5 (ol +Ipaf?)
= %RQ <2|xa]2 + 22 exp(i2wet) + T2 exp(—i2w,t) (34)
+ 2|pa|? + P2 exp(i2wet) + D, exp(i2wct)> '
Due to the periodicity of the system the time average is given by
(wal?), = | T o Pa = LR (jea + ) = LR (147, (39

where p, have been eliminated through Eq. . Using the results from Egs. and
we find

o _Re(n)  4(@2-a%)
R* = Re(g) 5 ——. (36)
Nel|Ta|" W (U,w)
Inserting this into Eq. we find
2n (02 — @?) (14 &?
(lvol), = 6o = 0) (467 (37)
w, (0,2)

which only depends on the atom parameters, the OSR frequency, and the relative depth
into the OSR phase, . The same @ can be generated with many different cavity con-
figurations, for example by changing § and having a small x or even more generally by
departing from the fully symmetric case presented here.

B Including fluctuations outside the center manifold

While our theory within the center manifold predicts that the time crystal is stable also
with finite interactions U, it does not capture atom modes outside of the center manifold.
The contact interaction allows occupation in the center manifold to scatter to the other
atom modes with momenta different from +£¢) and 0. Inside the OSR phase the NCM
modes can be occupied due to the presence of the OSR. This leads to heating and poten-
tially also the destruction of the time crystal in the long time limit. One way to describe
this is to linearize around the OSR solution v (£)

V(t) = Vose (t) + 0v(2). (38)
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This leads to an equation for the fluctuations

V = Vo + 0V = F(Vosr + 0V) = F(Vos) + VF|,_, v+ O (6v?)

. (39)

—ov=VF|,_, év+0O (6V?) & Jost(t)0V,
where Jog(t) is a time-dependent matrix-valued function. Using the approximate fixed
point from the analytical OSR solution we can derive an approximate form of Jug(¢). Due
to the periodicity of the OSR, solution Jus(t) can be expanded in a discrete Fourier series
of the form

4
Josr(t) = Z M emet, (40)

n=—4

The coupling to the cavity in Eq. is proportional to a product of a NCM mode and
a cavity field. To first order in fluctuations there is therefore no coupling between cavity
fluctuations and the NCM modes. For the leading-order heating mechanism v only
includes the atom modes with momentum k ¢ {0, @, —Q} and is therefore solely described
by Eq. with the cavity fields replaced by the OSR solution. It is for this reason that
we are able to use the simple scattering description, discussed in the main text, to predict
the momentum of the growing modes.

Because the cavity loss has already been used to stabilize the OSR phase within the
center manifold this means that the cavity is not able to cool down the NCM modes
at the linear level. As one includes higher orders in fluctuations the cavity fluctuations
can potentially start cooling down the NCM but as this is a higher-order effect, fine
tuning would be needed to make it overcome the first-order heating before the system has
thermalized and the OSR phase is destroyed.

To verify our simple scattering predictions we derive Jog (t) from Eq. . The linearized
equation for the NCM mode with momentum £ is

i = (—Q +R = Ul 20 (\z&of +[da| + \1&-@\2» b+ U (U8 +20-qvq) ¥s

+ \% EJ: Re <1ﬂj> (Vrrq@ +Vr—q)»

(41)
where the hat has been used to identify the OSR components that are appgoximated as
unchanged within the linearization. The overall phase of the atoms is set by {2 and chosen
such that Im{¢p} = 0 within the center manifold [26]. Within the linearization the value
is

_— (Y +g + g +¥q
Q—ﬂ;Rew 20,

(42)
U <2 — 2+ % (Yo +4q) (V- +¥-q) + (Yo —vq) (V-q — 1/}@)]) :

From Eq. we see that the finite occupation of the cavity field leads to coupling of
the ¥ NCM mode with the NCM mode at k + Q). As the occupation of the NCM fields
are small and we consider w. < Epg, one can truncate after one recoil kick such that
|k| < Q. This is confirmed by the full numerical solution of Egs. and shown in
the main text. With this truncation each NCM, ), couples to the seven other fields

{rs Oty Y, Vr-Q ,(Z)k—Qa Y_k+Q, V—kt+q}. For each value of k we therefore find a
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Jose(t) given by

—my 0 0 -9k —mQ —90 0 0
0 mg gk 0 9Q mQ 0 0
0 —gr — Mg 0 0 0 —mq —9Q
. gk 0 0 mg 0 0 9qQ mQ
Josr(t) = i -mg —gg 0 0 —mi_q 0 0 —gc |’ (43)
Jdo mQ 0 0 0 ME—Q Gk 0
0 0 —-mg —g9 0 —gk  —Mi—Q 0
0 0 9qQ mQ Ok 0 0 MEg—Q

with the vector 6vI = (¢, ¥r, Vi, Vg, V—q; @Zk—Qa Vk+Q, 1/;—k+Q)T and the five
different entries being

mi = k2 + U =20 (9 +43) - ZR wcﬁw@

o

Mg—Q = Mk—k—Q»

ma = 5 SIRe(éy) + 2 (o + o). (1)

ge = U (203 +93)
9q = 2U3qio.

Inserting the OSR solutions into Eq. one finds an analytical expression for Jog (%)
which is periodic such that Jog(t) = Josr(t + 1) with T = 27/w.. We then employ
standard Floquet theory by numerically time-evolving the eight equations over one period
T. This allows us to find the fundamental matrix ®(¢) which is defined as the solution to

8tq)(t) = Josr(t)q)(t)7 (45)

with the initial condition ®(0) = 1g. The eigenvalues \; of the monodromy matrix M =
®(T') determines the growth rates of the NCM modes I'; = Re(log(\;) /7). To understand
the initial heating effects we only need to investigate the eigenmode with the largest growth
rate I' = max(I';). By Computing I" as a function of k£ we are able to compute the growth
rates of the different channels as plotted in Fig.
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