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Abstract

We consider a system of N spinless fermions, interacting with each other via
a power-law interaction ¢/r", and trapped in an external harmonic potential
V(r) =7r%/2,ind = 1,2,3 dimensions. For any 0 < n < d+2, we obtain the ground-
state energy Ey of the system perturbatively in ¢, Exy = E](\g) +6E](\}) +0 (62). We
calculate E](\}) exactly, assuming that N is such that the “outer shell” is filled.
For the case of a Coulomb interaction n = 1, we extract the N > 1 behavior
of E](\}), focusing on the corrections to the exchange term with respect to the
leading-order term that is predicted from the local density approximation
applied to the Thomas-Fermi approximate density distribution. The leading
correction contains a logarithmic divergence, and is of particular importance
in the context of density functional theory. We also study the effect of the
interactions on the fermions’ spatial density. Finally, we find that our result

for E](\P significantly simplifies in the case where n is even.
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1 Introduction

1.1 Fermions in traps

The spectacular experimental developments in manipulating cold atoms (bosons or fermions)
[1,2], allow to probe in great detail the quantum many-body physics, both for interacting
and noninteracting systems. Cold gases display nontrivial behavior even in the zero-
temperature limit, due to the quantum nature of the particles [3-5]. These properties are
experimentally accessible, for instance using Fermi quantum microscopes [6-8]. The ex-
periments often involve inhomogeneous environments, such as optical traps, and this has
led to a renewed theoretical interest in the problem of fermions and bosons in confining
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external potentials. In these systems, not only a large variety of confining potentials can
be realized [1,6-10], but the nature and the strength of the interactions between the par-
ticles can also be tuned [1,9]. In particular, there is a lot of interest recently in long-range
interactions, including experimental realizations [11]. Moreover, the non-interacting limit
can be reached. The idealized model of noninteracting fermions in a trap has thus been
reexamined. In a confining potential, the Fermi gas is supported over a finite domain and
its mean density is not spatially uniform. Due to the Pauli principle and the inhomoge-
neous setting, it exhibits non trivial spatio-temporal quantum correlations. The simplest
approximation based on free fermions with a slowly varying density fails near the edge of
the gas, where the density vanishes. More elaborate methods have been developed to han-
dle non-interacting fermions in inhomogeneous environments, such as the inhomogeneous
bosonisation [12], mostly to describe the bulk of the gas, or exact methods which can also
describe the edge [13-15], based on the theory of determinantal point processes, much
developed in random matrix theory [16-18]. In fact, in some favorable cases in one space
dimension, d = 1, or in some particular situations in d = 2, exact mappings to random
matrices exist [19-23], which lead to exact solutions.

By contrast, the case of interacting fermions in a confining potential is far more difficult
to tackle. A fundamental question, which will be our main focus here, is to determine the
many-body ground-state energy: In the noninteracting case, it is simply obtained as the
sum of single-body energy levels associated to the external potential. In the interacting
case even addressing that basic question is quite difficult, and studying other properties
such as the density of the gas is even more challenging. For a large number N > 1 of
fermions, both the ground-state energy and the density of the gas can be obtained, in
the leading-order, using the celebrated Thomas-Fermi approximation. In some extremely
special cases, the many-body Schrodinger problem in presence of an external trap remains
integrable in presence of interactions, and all eigenenergies can be found exactly. This
is the case for instance for the Calogero model, which describes N spinless fermions in a
harmonic trap in dimension d = 1 with inverse-square interactions [24,25]. Remarkably,
this is also a case where a mapping to random matrices exists in presence of interactions,
i.e. the joint distribution of the positions of the fermions coincides, up to scaling factors,
with that of the eigenvalues of an N x N random matrix sampled from the Gaussian
B ensemble [26]. However, there is a considerable gap in the literature regarding the
extension of these results, obtained in special cases, to more general settings (i.e., general
trapping potentials, interactions and space dimensions).

1.2 An example: the atom

One important example of fermions in an external potential is the case of the electrons
in an atom. In the early eighties [27,28], Schwinger applied semiclassical methods to the
ground-state energy of neutral atoms, disregarding relativistic effects, and found that [29]

E~—0.768745 273 + 1 7% — 0.269900 Z°/3 | (1)

where Z is the atomic number (Hartree atomic units are used; see [30] for a mathematical
proof). The leading term here results from the Thomas-Fermi approximation, which
balances the effects of the nuclear attraction, the kinetic energy of the electrons (to leading
order), and their mutual repulsion, treated at the Hartree level. The next term, the Scott
correction [27], arises from the quantization of the deepest energy levels. The Z%/ term
is where the exchange energy begins to contribute [28] (in fact, 9/11 of this term is due to
the exchange energy, Fy, with the remaining 2/11 due to corrections to the kinetic energy;
correlations only contribute to the Z1lnZ and higher order terms not shown in (1), see
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below). Schwinger noted the “unreasonable utility” of such asymptotic expansions [27]:
the expression above, despite being derived for Z — oo, is accurate to better than 1% for
all Z > 5, and better than 10% for all Z, down to Z = 1. Indeed, the coefficients of the
next term in the series, which is much more involved as it describes oscillations in Z, are
more than an order of magnitude smaller than the leading coefficient above [29].

A significantly higher accuracy is achieved with the density functional theory (DFT),
even when applied using its most basic version, the so-called local density approximation
(LDA) [31]. However, typical applications, such as the binding energy of a molecule — the
difference between its ground-state energy and that of the separate atoms — require still
higher accuracy, and the LDA has been supplemented by various additional approximate
terms, achieving considerable improvements. Understanding and gauging the accuracy
of the different approximations can be difficult, as they often involve uncontrolled ap-
proximations. Only fairly recently, in 2009 [32], the use of an asymptotic expansion for
the inaccuracy of the LDA was suggested. This inaccuracy is dominated by its exchange
part [33], AF, = B, — EXPA_ At first, an expansion in powers of Z 1/3 was sought, but
this expansion in fact begins with a logarithmic term [34, 35],

AE,~—-BZInZ—-CZ (2)

(this expression too is accurate to better than 10% for all Z). The values of the coefficients
are B = 1/(47?) and C ~ 0.056. A comparison of this with Schwinger’s expression above
provides a very clear specification of the accuracy of the LDA for total energies, identifying
a major challenge for improved DFT approximations.

Despite the fact that B is known precisely, it remains enigmatic. It was originally
expected that corrections to the LDA would follow from an expansion in weak gradients
[31], and the leading coefficient of the gradient expansion approximation, u&F = 10/81,
was carefully derived by applying perturbation theory to the homogeneous electron gas [36]
(here the perturbation is an inhomogeneous external potential, not the interaction). This
gives the correct qualitative result, but is quantitatively wrong. The actual value of B is
known only from numerical studies [34]. One such study was performed for the Bohr atom
— a system of noninteracting electrons moving in the Coulomb potential of a nucleus, and
thus having analytically known hydrogenic wavefunctions. Considering the interaction
between electrons perturbatively to leading order, accurate values of the exchange energy
could be obtained analytically for “atoms” with very large numbers of electrons. Fitting
these to an asymptotic expansion yielded coefficients with several-digit accuracy, allowing
one to guess at the exact values of the coefficient B of the Z1ln Z term. Confirmation
of these values was obtained by fixing the value of B and observing how much easier it
became to fit the remaining higher-order coefficients in the expansion. For the Bohr atom,
the overall result is B, = 1/(372).

The gradient expansion indicates that there are two logarithmic contributions for the
Bohr atom: one from a [ dr/r integration over the region Z' < r < Z'/3 and an-
other from a [dr/(r. — r) integration over the region Z7°/9 <« r, —r < Z7'/3 where
re = (18/Z)Y/? is the radius at the edge of the electron distribution, where the chemical
potential is equal to the nuclear potential (both the very inner and the very outer limits
are determined by the wavelength of the electrons at the Fermi level; Z~1/3 is the scale of
the overall density distribution). The second contribution is three times smaller than the
first, and is absent from real atoms, for which screening drastically reduces the electric
field at the edge of the electron distribution, explaining the difference between B and B,.
Note that the homogeneous electron gas, and any distribution obtainable from it by the
weak perturbations considered in Ref. [36], possess neither a divergent potential, which
leads to the inner logarithmic integration, nor a sharp edge, which leads to the outer one.
Thus, a quantitative explanation of the values of B and B, is still lacking.
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As DFT is the method of choice for treating many-electron systems (see, e.g., [37]), and
is in very wide use (scores of thousands of publications per year), the above gives ample
motivation to study additional systems and to focus on the leading corrections to the
exchange energy, seeking logarithmic contributions in particular. A specific example will be
provided below, and the implications for DFT will be studied and reported separately [38].

1.3 Aim of the present work, and outline

In this paper we provide a significant step in the direction of understanding the general
quantitative behavior of the ground state energy of fermions in external potentials. To
obtain analytical results we consider here only the case of the harmonic trap, but we
are able to treat general power-law interactions in arbitrary space dimensions. We focus
here on the expression for the ground state energy which is predicted to first order in
perturbation theory in the interactions, i.e. we assume that these are weak (~ €). However,
for this first order prediction, we obtain the full exact result, valid for any number of
fermions N, corresponding to a filled highest energy shell. This is achieved using methods
of determinantal point processes. We then study the large- N behavior, and from the exact
result we obtain the corresponding series expansions in powers of /N to a high order. These
series turn out to be numerically very accurate, and they contain interesting logarithmic
terms. There is much to learn from finding interpretation for these terms. Here we only
discuss the leading term; the identification of the semiclassical expression for the leading
logarithmic correction will be studied in a separate publication [38].

The remainder of the paper is organized as follows. In Section 2 we precisely define the
model under study and give a summary of our main findings. In Section 3 we perform the
exact calculation of the ground-state energy, to leading order in perturbation theory with
respect to the interaction strength. We then study the N > 1 asymptotic behavior. In
Section 4 we obtain the leading-order effect of the interactions at V >> 1 using semiclassics.
In Section 5, for the sake of completeness, we calculate the leading-order effect of the
interactions on the gas density at N > 1 using the Thomas-Fermi approximation. In
Section 6 we obtain explicit exact results for some special cases of the interaction, where
certain simplifications occur: these recover, and extend (to first order in the interaction)
the result for the Calogero model. In Section 7 we summarize and discuss our results.
Some of the more technical calculations are given in the appendices.

2 Model, definitions and summary of main results

The system that we study consists of N identical, trapped interacting spinless fermions
of unit mass in d dimensions (the effects of spin degeneracy gy are straightforward to
incorporate if necessary). The Hamiltonian of the system is

ﬁf—é(’f+wwi))+e > W(wi,x) (3)

1<i<j<N

where V' (x) is the trapping potential and W (x,y) is the interaction term. Our goal is to
perturbatively study the effect of the interaction on the system. In most of what follows,
we consider the case of the harmonic trapping potential for which analytical results can
be obtained. Although we derive an intermediate formula valid for general interaction
W (x,y), our explicit results are obtained for the case where the interaction is a decaying
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power law, i.e., we focus on

V(w):?7 W($,y):’$—y‘_n ) (4>
where we have chosen units such that & and the stiffness of the potential are both equal
to unity. Our main goal is to calculate the ground-state energy of this many-body system,
which we achieve in the weakly-interacting (i.e., small-¢) limit. We begin by analyzing the
system in the absence of interactions, ¢ = 0 and then apply first order perturbation theory
to calculate the leading-order correction in €.

2.1 Noninteracting case

In the noninteracting case, € = 0, the single-body energy levels of the harmonic potential
are given by &, gk, =k1+ -+ kg + g, where k; = 0,1,2,.... The many-body ground
state is obtained by filling up the N lowest single energy levels, so that the ground-state
energy E](\(,)) is straightforward to compute. We denote the Fermi energy p as the energy
of the highest occupied level,

d

where M = 1,2,.... In this paper we only consider the case where the highest occupied
level is fully occupied so that the many-body ground state of the non-interacting problem
is non-degenerate (filled shell). This restricts the allowed values for N. By counting
single-body energy levels one finds that

=y
| |

M,

N Z<k+d 2>:<M+dd—1): Mo

M(MA+1)(M+2 -
MOLPOER - d =3,

)

.
| |

(6)

On the other hand, the many-body ground state energy is the sum of the individual energy

levels so
M
o _ g k+d—2
EY = ;(19 1+2>< g1

M2 d=1

2 ’

_ MEM+d-1) (M+d=1\ _ ) mu+nemy
2(d+1) d—1 6

M(M+1)*(M+2) .
ﬁ d —_— 3.

Egs. (6) and (7) give E](\(])) as a function of N.

The ground state wave function ¥y (1, -+ ,xy) is also straightforward to find. It is
given by the NV x N Slater determinant constructed from the N lowest single-body energy
wave functions,

P (1, - Vi () (8)

= —— det
) VN 105N
The latter (after relabeling the indices, i — k1, ..., kq) are given by

1/2
Vi, () = —f"’ﬂﬂ( ) @) Q
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with 0 < ky + -+ kg < M — 1, where H; is the ith Hermite polynomial and we denote
x=(T1,...,24).

Much is known about the spatial properties of trapped noninteracting fermions, see
e.g. [15] for details and derivations. We now recall some of these properties which will
prove useful to us later when we treat the interacting case. One can write the joint PDF
of the fermions’ positions as a single N x N determinant

1
2 det Ky (zi,x;) (10)

7 -
| U(mla ,$N)| N 1<ij<N

of a matrix whose entries are given by the so-called kernel

N

Ky (@,y) =Y ¥ (@) i (y) - (11)

i=1

This, together with the “reproducing” property of the kernel
[ ) K (9.2) dy = K (@2 (12)

makes the joint PDF of x1,--- ,xy a determinantal point process [15,39,40]. Here and
below [ dy denotes the d-dimensional integral over R?. As a result, one can express the
k—point correlation function

N!

R (@1, @p) = (N_k)!/dmkﬂ---dwjvl% (@1, 2N (13)

as a k x k determinant

Rk(xl?' e 7wk) = 1<di“i.t<kKN(wiamj) : (14)

This property enables one to calculate spatial properties of the fermions directly from the
kernel. Consider, for instance, fermions’ number density

N
Ry (x) = Npy (x) = <Z 5 (x — wi)> : (15)

0

where (- --), denotes the expectation value with respect to the ground state ¥y. Note that
the density is normalized such that [ Npy () dx = N. Then the density is given, due to
(14) with k =1, by

Npn () = Ky (z, @) . (16)

Similarly, for k = 2, (14) gives the two-point function

Ry (z,y) = < Y. @ —m)i(y - mj)> =Ky (z,2) Ky (y,y) - Ky (z,y) Kn (y, 2) .
1<iAj<N 0
(17)

2.2 Interacting case and summary of main results

For nonzero interaction € > 0, the problem becomes significantly harder to solve. However,
in the limit ¢ — 0, one can apply regular perturbation theory to obtain the expansion
Ey = E](\?) + EE](\}) +0 (62) of the many-body ground state energy. E](\}) is given by the
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expectation value of the interaction term in the Hamiltonian in the unperturbed ground

state:
E§;>:< 3 W(:ci,mj)> : (18)

1<i<j<N 0

Now, rewriting this in the form!

1
E](\P = Q/dwdsz (z,y) W (z,y) (19)

and then using Eq. (17), we reach

E](\}) = ;/dmdyW (z,y) [Kn (z,x) KN (y,y) — Ky (z,y) Ky (y,2)] - (20)

One can separate this expression into two terms

EY) = (Fx - Gy) /2 (21)
where
Fy = / dadyKy (z,2) Kx (y,9) W (2, 9) (22)
and
Gy = / dwdyKy (x,y) Ky (y,2) W (2,9) (23)

are the direct and exchange terms, respectively, provided that each of the two integrals (22)
and (23) converges. As we will show below, in the case of the pure power law interaction
W(x,y) = |x—y| ™ the integral (20) converges for n < d+ 2, while the integrals (22) and
(23) converge separately provided the stronger condition n < d holds. These divergences
signal a breakdown of perturbation theory and can be cured by adding a small scale cut-
off to the interaction, an extension not studied here. Below we restrict to the case n < d+2.

Our main results are as follows. We calculate E](\}) exactly for any N for which the
energy shells are all full (see above), and for power law interaction W(z,y) = | —y|™"
for any 0 < n < d+ 2 (note that n can be a real number). The explicit formula are given
in Egs. (52) and (53) below, as well as in Egs. (55) and (56), where M is related to N by

Eq. (6), and B\ = L(Far — G).

For the Coulomb interaction n = 1, we analyze the asymptotic behavior of EJ(\}) at
N> 1. Ind =1, we find that

_8V2N3¥2(3InN 43y —14+18In2)

E 24
where v = 0.577... is the Euler constant. For d > 1 we can analyze the direct and
exchange terms separately (because they do not diverge). In d = 2, we obtain

1024 x 2VANT/4 25/4 N3/4
FN ~ —+ , (25)
3156w 45T
1 |64 x21/4 3In (2N) + 6cy — 8
Gy = NO/4 N4 26
N ™2 15 12 x 23/4 (26)

!The factor 1/2 in Eq. (19) is there because in Eq. (17) the sum is over i # j, whereas in Eq. (18) it is
over ¢ < j.
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and in d = 3 we find

131072 x 21/3N1L/6 198 % 22/3N7/6 67V N

F - + : 27
N 17325 x 31/672 945 x 35/672  2100+/372 (27)
2 | 64 x 22/331/6 5In (6N) 4 15¢3 — 176
G = | === 2 NT/6 N 28
N 2 [ 35 + 303 VN (28)
where 13 A7
02:61n2—|—'y—€, C3:61n2+'7+€. (29)

Notable in Egs. (24), (26) and (28) are the terms with In N in the expansions, on which
we will comment in further detail below. The above formula are valid up to corrections
which decay at large N, and the above series are displayed (as a function of N and of M)
with higher accuracy in Section 3 below.

We also obtained explicit exact results for other integer values n > 1, as well as their
corresponding large-N behaviors to high accuracy. The case n = d is technically delicate,
and is treated in Appendix B, with explicit results for the cases n = d = 1,2, 3. For even
n, certain simplifications arise; We obtain explicit results for the cases (d = 1,n = 2),
(d=3,n=2),(d=3,n=4)and (d = 2,n = 3) in section 6. Finally, we have obtained an
intermediate formula (41) valid for a larger class of interactions, which allows in principle
to analyze also these cases (not performed here).

3 Ground-state energy in the weakly interacting case: Ex-
act results and large-N asymptotic behavior

3.1 General exact formula for E](\})

To compute the correction E](\}) to the ground state energy in (20) for harmonic con-
finement, we will use an exact formula for a generating function of the kernel, denoted
K. (x,y) below, which allows to conveniently perform the spatial integration in any di-
mension, for any n. The formula is a generalization of Mehler’s formula and is given in
Eq. (2) in [41]. It reads (in our notation)

[ee]

K. (z,y) = Z MK (2, y)
M=1

Ao - — (1 + 22) (22 + o2
2 1 exp 2@y — (1+2%) (22 + o) (0)
1 — 2z 7d/2 (1_z2)d/2 2(1—22)

where we are now using M for the label of the kernel, i.e. we denote from now on
Ku (z,y) = Ky (2, y) (31)

where N and M are related by Eq. (6).
Let us consider a translationally invariant interaction W (z,y) = W (xz —y), and
define the spatial integrals, for M, My > 1

Qutany = / dadyW (z — y) [Kar, (@ 2)Kan (3. 9) — Kon, (@, 9)Kon(w.2)] (32)

9
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as well as its generating function

My M
Qlz1,22) = Y. Quwmpz'z”

My,M2>1

- / dadyW (@ — y) (K, (@, 2)Koy (9,9) — Koy (@, 9)Ke (g,2)]  (33)

that we will compute explicitly below. The quantity we are interested in can be retrieved
from the coefficient 2 2} of the power series expansion of the generating function,

Fyu = Gy = Qum = Q (21, 22) Ly (34)
where for simplicity here and below we use the same letter so that
GN =Guwy v = Fyny- (35)

where the relation between N and M was given above in (6). Note that while the Fas, Gpr
are obtained here for any M > 1, the Fy,Gpn are obtained only for the specific values
of N corresponding to filled shells (the full dependence in N > 1 may be much more
complex [29,42] and is out of reach at present).

Note that Q(z1, z2) contains the information both about the direct term and the ex-
change term, hence we will obtain Fj; and G from a single calculation of Q(z1, z2). The
manipulations performed below on ) will be such that the terms corresponding to Fjy
and to G will remain separate.

Let us introduce the center of mass and relative coordinate

r+y

a=— , b=x—vy (36)

Inserting the expression (30) into (33) we obtain

21 1 29 1
1 — 2y w#/2(1 — 22)4/2 1 — 2 7/2(1 — 22)4/2

x / dadb W (b) exp (—2 q jzz)ﬁzi 22)a2>

(1 —2’12’2) b2 2(2’1 —22)a-b (1 —2’12’2) b2
g [‘”‘p (‘2<1+zl><1 T T +21)(1+22)> - (‘2(1 — —a)ﬂ (37)

Q(z1,22) =

Integrating over the position of the center of mass a we obtain a relatively simple and
symmetric expression

Qer, 29) = 122 .
DT 0m) A2 (1= 2129) 2 (1= 21)(1 = 29)) 792

o o (LR (o8] o

where we used fdae_Aa2+Ba'b = (%)d/erQBQ/(‘lA). Note that the coefficient of the term
2122 in the expansion of Q(z1, 22) vanishes since it corresponds to N = M = M; = My =1,
i.e. to a single fermion with no interactions, F; — G1 = 0.

Until now formula (38) is exact for any interaction potential W (b) such that the integral
converges. In (38) the first term corresponds to the direct term (leading to Fjs) and the
second to the exchange term (leading to Gar).

10
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There are a number of interaction potentials for which (38) can be evaluated exactly.
The simplest one is a Gaussian interaction, W (b) = exp(—4b?), for which the integral is
a simple Gaussian integral. Let us first write a formula for any potential of the form

W“w—:éﬁmﬁf@ﬁmp<—;w>. (39)

This contains the case of the power law potential W (b) = |b|™" on which we will focus
below. Indeed one has for n > 0,

-n +oo dt _£b2
M_A T3 (40)

Note that the case of long range potentials with n < 0 can also be studied (e.g. for
L p2 L2

—1 < n < 0replacing e”2”" — e 27" — 1 and so on), but will not be considered here. One
obtains
+00
Q) = [ dtf@I22) (11)
0
1
I(t,21,2) = 1% (42)

(1 — lez)d/Z ((1 B 2’1)(1 . 22))1+d/2
(1—z)(1—2)\ " |z Y2
[<t+ 1—2z12 > _<t—|—(1_21>(1_22)> .

Let us now specify to the power law potential W (b) = |b|™" which corresponds to
ft) = 2572/72;(;) and which leads to further simplification. For d > n we can use the
2

X

identity for u > 0

1 +o00 dt B (L)
F<>/o B2t )i r(;l)idzn ' (43)

It can be extended for d 4+ 2 > n by analytic continuation, since we only need

1 oo dt 1 1 (%) onea
F(g)/o t1-n/2 <(t+u)d/2 - (t+1/u)d/2> = F(é) <u T —qy 2 ) (44)

with

w = (1—21)(1 —2’2) ' (45>
1-— 2129

The Lh.s of (44) is a convergent integral for d + 2 > n and the r.h.s. is analytic in the
same domain, its value for d = n being simply —2(Inw)/I"'(n/2). Using these identities we
obtain the generating function for the power law interactions as

Qla.z) = z,lf;(j)zm(m )1 ) — 2z
2
- [(1—zl><1—zm31(1—zm>’5d) (46)

valid jointly for d 4+ 2 > n, and where the first term is the direct term and the second
the exchange term, each being valid only for d > n. The simplicity of the result (46),
consisting only of powers of z1z92, (1 —21)(1 — 22) and (1 — z122), allows one to extract the
coeflicients and their asymptotics, see below.

11
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Now we will extract the exact expressions for Fi; and Gjs from the relation (34), i.e
from the coefficient of (z122)™ in the power-series expansion of Q(z1,22). Consider the
first term in (46). It can be decomposed into two factors from which we first separately
extract the coefficient of (z129)M. For the first factor we use the identity

A(1—2) =Y (~1)HH <k ¢ 1>zk, (47)

E>1
where Flat)
a a
<k>:F(k+1)F(a—k+1) (48)
is the generalized binomial coefficient. Applying it with a = —n/2 and z = z1z implies
that

2’12:2<1 — 2122)_ 2

o =0 () (1)

which gives the decomposition of the first factor. To deal with the second factor we use
the identities

(-2 = (), (50)

p=>0

2
(1—2z)(1—-2)" = Z <b> (z122)" = oF1 (=b, —b,1, 2120) (51)

p=0 WP

diag

where the second line follows from the first (here O|4iag means that we retain only the
terms of the form (z122)? in O), and 2Fj(---) denotes the hypergeometric function. For
b="2—1—d it gives the coefficient of (z122)" in the second factor. Putting now the two
factors together we obtain, for d > n

d M n 2
P 2n/2rg Z < 1>< M~k (52)

)
)M

and
L z k 1 d\ (-2 -1\?
G 2 + 2 . 5
M= 2n/2rg kz ( —1><M—k> (53)
If considering the combination Fj; — Gj; the formula can be extended to d + 2 > n as

discussed above.
We can also use the identity

M a bo\2 bo\2
—1)k+1 = Fy(—a,1—M,1—M:b—M+2b—M+2:1
Z( ) <k—1> <M—]€> <M—1> 3 2( a, ) ) + ) + 3 )

k=1

(54)
where 3F5(--+) denotes the (generalized) hypergeometric function, to obtain closed ex-
pressions

d 2
Fy, = LG5 (mdig-l
2n/2r(g) M-—-1
n n n
X 3F2(1—M,l—M,i;—d—M—F§+1,—d—M+§+1;1), (55)
7) _n_ 1
Gy = — 272
M7 Gappd)\ M -1
x 3F2(I—M,I—M,d—g;—M—g+1,—M—g+1;1>. (56)

12
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An alternative representation of the result can be obtained by calculating the gener-
ating function

Q)= 3 (Far — Gap) (57)

M>1

which can be obtained directly from (46) and (51) since by definition, for any a(y) =
S e ary® and b(y) = >, bry® one has Y, [a(y)b(y)HyMzM = a(z)b(z). One obtains

Q) = ﬁ 2Fl<d+1—E d+1—ﬁ1z>(1—z)*"/2
r(§zr” 2’ 27
LR 1+g,1+%,1,z) (1,2)”/2_‘1} (58)

where the first term gives the direct term and the second gives the exchange term.

3.2 d=2,1/|z| interaction (n = 1)
For d = 2 and for n =1 (the 1/|z| interaction), Egs. (52), (53) (55),(56) read

m= i () ()

- [(M__21>23F2< — M, 1-— M;;—M—;,—M—;ﬂ), (59)
e = iz () ()

= ﬁ(M__QJQ?,FQ( — M, 1~ M;;—M+;,—M+;;1>. (60)

In order to analyze their behavior at N > 1 (or equivalently, M > 1), it is convenient to
consider the generating function (58), which reads Q(z) = Qr(z) — Q¢ (z) with

Qr(z)= Y Fyz" = \/§2F1 <Z g 1,z> (1_’2)1/2 (61)
Qoz) = Y Guz" = \/§2F1 (2 ;’ z) (1_2)3/2 (62)

We will now study their (divergent) behavior near z = 1 and extract from it the large M
expansion of Fj; and G)y.
Let us start with G to illustrate the method. We will use that

SoMM=Li(2) , Y M In(M)zM =09,Li_(z) (63)

M>1 M>1

together with the expansion of the polylogarithm function Li_s(z) near z = 1. The
structure of this expansion is recalled in Appendix A. For s > —1 the leading behavior of
the polylogarithm at z = 1 is divergent with

Li_g(2) ~ I'(s + 1)(1 — z)~ 6D, (64)

13
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Let us denote 7 = 1 — z. The generating function (62) has the expansion for small
n>0

2\[ 5 +—21n(n)+11+1n(256)_—21nn—5+81n2+0<f)
N2 2w np/? 16+/27 13/2 64v/2m /1 -

(65)

Note that there is no constant, i.e. O(n°) term, and more generally there are only 77p+1/ 2
terms with integer p in the series (with logarithmic components beginning at the third
term) . If these expansion coefficients can be reproduced from the expansion near n = 0
of the “trial” linear combination

QE™(z) = as/oli_s/9(2) + az/oli_z/2(2) + (a1/2 + by20s)Li_y j2(2)
+ (a,l/g + b,l/Qas)Lil/Q(Z) + O(\/ﬁ) (66)

where the a;, b; are to be determined, then one can conclude that

Gap =052 M P+ ag s MP 4 (a1 3 + by jo In M) MY+ (a_y o+ b_y jo In M) M %40 <M_1/2) .

(67)
Using Mathematica one finds that there is a unique set of coefficients which reproduces
(65) up to and including the term 1/,/7, which leads to (for d = 2 and n = 1)

Gur = — 3202y Bpsre i(lnM+cz)M1/2+116(1nM+c’2)M—1/2]+0(M—3/2)

7'(\/> 15 3

(68)

with ¢ —6ln2+’y— 2 and —6ln2+7— =
Remark. One can push the procedure to hlgher order, e.g. introducing a_3z/, and
b_3/2 terms. The next order correction is then found to be %ﬁﬁ(ln M + )M —3/? with
dy =6In2+~vy+ 281 Note that the series for Qg“ﬂ(z), when pushed to higher orders,
also contain terms np with positive integer powers, p > (0. Since there appear to be no
such terms in the series for Qg (z), it implies that in addition to the correction terms of
the form M~?/2(In M + ¢), p > 1, there are corrections to (68) which cancel such terms.

These corrections, since they lead to analytic terms n” with positive integer, must decay
faster than any power law in 1/M.

Let us now write G as a function of N. For the 2D HO, one has N =
M — —lHVIF8N
= 2

M(M+1)
2

. Plugging this into (68), one obtains, as a function of the number of

fermions IV,

1/4 1/4 —-3/4
oo 1 [64><2/N5/4 NN +35) | NN +45) | )

T V2 15 + 4 x 23/4 4096 x 23/4
with 74 = 6371n2 4 98 — M It is interesting to note that in this expansion, terms of
order N3/* and N—1/4 are absent (they cancel out).

Similarly, let us now analyze the N > 1 behavior of the direct term. The expansion
of Qp(z) near z = 1 has a very similar form

16\[ 28\[ 17 13 -36In(y) —53+72In4
392 3n7/2 2\/%75/2 24+/27n3/2 1536v/27/1

+0 (V).
(70)

14
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Figure 1: (a) Gy vs. N for the HO in d = 2. Markers are exact results (60) (where N (M)
is given by Eq. (6)). Solid line is the asymptotic behavior (26). (b) Markers are the exact
result (60) minus the leading-order term (o< N°/4) in (26), rescaled by N'/4, and solid line
is the factor that multiplies N'/4 in the remaining term in (26). Note the semi-log scaling
in (b).

Hence, we can use a similar trial form as in (66), except that we need to include a nonzero
ar/p term. Applying the same method and using Mathematica we find

1 [512M7/2 128M5/2+10M3/2 M1/2

Fry —
M o R G 9 18
3
+ m(1nM+dg)M—1/2+0(z\4—3/21nj\4) (71)

with do =6In2 4 v — %. Expressed in terms of the number of fermions N this leads to

. 1024 x 2V/ANT/A  95/4N3/4 3
N 3157 T Br T 256n23/

(InN + &)N~Y4 L ON=3%  (72)

with §o = 13In2 + 2y — %. The first few terms in these expansions are those which
are reported in Egs. (25) and (26) of the introduction. We compare the leading and
subleading terms of G to the exact result (60) in Fig. 1, showing excellent agreement.
Indeed, the large-IN approximation works surprisingly well even for small N. For the case
of a single (spinless) fermion, N = 1, the exact result (60) is \/m = 1.2533..., while the
approximation (26) yields 1.2479..., i.e., it is accurate to within less than 0.5%. In fact,
even just the leading order term in (26) gives a reasonable approximation, 32x2%4/(157) =
1.1420. .., which is within 10% of the exact result. We also checked the next-order term
in the expansion of G [the last term in Eq. (69)], and performed analogous comparisons

of Fy with the asymptotic behaviors, also finding excellent agreement (not shown).
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3.3 d =3, 1/|z| interaction (n =1)

Similarly, for d = 3 and for n = 1 the direct and exchange terms are given by
12\ / - \°
F — k+1 2
v e (G
I\’ 1 3 3
= 4/= 2 F(1-M1-M,~;—-M—-=-,—M— ;1
\/><M—1> s 2( ) 2’ 2’ > (1)
5
— k+1 T2 o
v =2 () ()
—3 1\’ 5 1 1
= — 2 1 — 1 sy — a0 =5 1 . 4
ﬁ(M_J 3F2< MMM M+2,> (74)
respectively, while the generating function (58) reads Q(z) = Qr(2) — Qa(z) with

7T z
:ZFMZM:\/>2F]_(2 2,1,Z>1_z, (75)

M>1

=Y G = \[Zpl <;’ Z 1;2) ﬁ (76)

M>1

The same method as in the previous section leads to

V2 [64M7/2 32M°/2 M3/ (In M + c3)
Gu = — + +
s 105 15 6
1 1/2 / 125 —1/2 % -3/2
with
47 13 6851
03:61n2+’y+€ ) cg:61n2+’y—€ , C¢3=6In2+~ ~ 2500 (78)

One also obtains

1 [65536M11/2 N 32768 M9/2 N 20864M7/2 N 448 M°/?
72v2| 155925 14175 4725 135

1903M3/2 307 5
_ MY/? In M +d3)M Y2 £ O(M3/21n M 79
2700 5400 +51p (I M+ ds) M7+ O nMj|(79)

Fy =

with ds = 61n2-+ - 355

Let us now express these results as a function of N. In d = 3 one has N = w

1/3
which leads to M = %z + —Lz — 1 with v = (27N +/3(243N2 — 1)) . Substituting
in the above expressions one finds

64 x 22/331/6NT/6 N1/2(In N + 43)
2 35 + 6v/3
7 x 35/6
1024 x 22/3

Gy =

(InN +~44)N~Y6 L O(N~21n N)] (80)
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Figure 2: (a) Gy vs. N for the HO in d = 3. Markers are exact results (74) (where
N(M) is given by Eq. (6)). Solid line is the asymptotic behavior (28). (b) Markers are
the exact result (74) minus the leading-order term (oc N7/6) in (28), rescaled by N1/2,
and solid line is the factor that multiplies N*/2 in the remaining term in (28). Note the
semi-log scaling.

with 3 = In(3) + 191n(2) + 3y — L and 74 = In(3) + 19In2 + 3y — 1549 anq

1 [131072 x 21/3N1/6 198 x 22/3N7/6 g7 N1/2

22| 17325 %316 odp <36 2100v/3
5

+1536 x 22/3 x 31/6

Fy =

(InN + 83)N~V6  O(N~/2In N) (81)

with 3 =In(3) +19In2+ 3~ — 976635440560903. The first few terms in these expansions are those
which are reported in Egs. (27) and (28) of the introduction. We compare the leading and
subleading terms of G to the exact result (74) in Fig. 2, showing excellent agreement.
Again we find that the large-IV approximations work very well even for small N: For

N =1, the exact result (74) is \/2/m = 0.79788.... In comparison, the leading-order

term in (28) yields 128%# = 0.70639... and the full expression (28) evaluates to
0.79024 ..., i.e., within 13% and 1% of the exact result, respectively. We also checked
the next-order term in the expansion of Gy, including the O(N~1/%) term in (80), and
performed analogous comparisons of Fy with the asymptotic behaviors, e.g. checking the

first five terms in (79), with excellent agreement found here as well (not shown).

34 d=n=1

The general case n = d is a little delicate from a technical point of view (the limit n — d
in the general results for n < d + 2 must be taken carefully), and is treated in Appendix
B. For n = d = 1, we obtain

2V2L (k=) I (~k+ N+ 3)* (2H_gyyyy — Hyog —4+1nd)

N
(1)
B\ —
N ; m2I(k) (—k 4+ N +1)?

(82)

where the ,’s denote harmonic numbers, i.e., Hi = t (k + 1)+~ where ¢)(z) = £ In I'(2)

is the digamma function. Extracting the large-N behavior from Eq. (82) (see Appendix
B for the details) we obtain Eq. (24) reported above. In the next section, we rederive the
asymptotic behavior (24) using approximate methods.
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4 Calculating E](\}) for n = 1 and N > 1 via leading-order
semiclassics

We would now like to gain some understanding of the physical origin of the terms in
the large-IN behaviors reported above. Of particular interest is the exchange energy Gy
for n = 1 and d = 2,3. The Dirac extension of the Thomas-Fermi model [43,44], gives
the leading-order term in G from the semiclassical approximation (for completeness, we
reproduce this result below; See also Ref. [45] for a proof that this is accurate for finite
interactions). The first logarithmic correction to this result is not easily obtained from
known corrections to the semiclassical approximation, and will be studied separately [38].
We also consider the case n = d = 1. Here, one cannot write E](\}) = (Fy —Gn) /2 as
the difference between direct and exchange energies (because they each diverge), so the
analysis is quite different. The approximations used in this section do not rely on the
exact solvability of the model, and therefore may be useful for studying other models too
(e.g., with anharmonic trapping potentials).

41 d=2and d=3

It is easy to reproduce the leading-order large-N behaviors of our results. In general d, in
the absence of interactions, the semiclassical large- N formula for the density is (e.g. [4,5])

(n—V ()2

Now (@) = @n2r(1+9)

(83)

Here and below we denote (r), = max {z,0}. The spatial domain defined by V' (x) < p is
referred to as the bulk of the Fermi gas, while its boundary, given by V (x) = p, is called
the edge. At microscopic | — y| in the bulk, the kernel (11) takes the scaling form

1 [z —y|
K, (x,y) ~ Jchulk ( ) ) 84
I ( y) l€<$)d d E(ﬂ» ( )
where
~1/d Sd a2 (@
{(x) = [Npy (x)ya] /", Vo= =T r s t1)- (85)
The scaling function is
Jaj2 (27)
leulk r) = / 86
R (86)

where J;/5 is the Bessel function. At the origin, the scaling function takes the value
K5 (0) = 1/7a.

By plugging these approximations into Eqs. (22) and (23), one can calculate the
leading-order large-N behaviors of the direct and exchange terms Fy and G, respec-
tively. One finds that the exchange term is given, in d = 2, for general trapping potential,
by (see Appendix C)

Gy ~ 0 /E(w)_3dw 16 /[TerN(a:)]3/2da:. (87)

~ 3n2 " 322
Similarly, for d = 3 it is given by
34/3 4/3
Gn 1/3:1/3 [Non (2)]"" dx (88)
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in agreement” with e.g., Eq. (4) in [34].
For the harmonic trapping potential, after plugging in the semiclassical density (83),
the integrals (87) and (88) can be calculated (see Appendix C) and one obtains

16v2 5/2 —
G eH?, d=2, (89)
N =
64\/5 7/2 .
tosrz 0 d=3,
in perfect agreement with the leading-order terms in Egs. (68) and (77), respectively, using
that y = M —1+d/2, see (5). One can similarly calculate the direct term using semiclas-
sical approximations , by plugging the density (83) into (22). This is a straightforward
but technical calculation which we perform in Appendix D. The result is

2516f 72 d=9
Fiv = 527567;\/5 (90)
11/2 _
15592572 2, d=3,

in perfect agreement with the leading-order terms in Eq. (71) and (79), respectively.

4.2 d=1

In d = 1, we cannot separate the direct and exchange terms as we did for d = 2,3. The
semiclassical density (83) reads

2(p =V (2)) (2N —a?)
NpN(x):\/ : +:\/ - (91)

m m

At x ~ y in the bulk of the fermi gas, i.e., for 2 — y ~ 1/v/N, that is of the order of the
inter-particle distance in the bulk, the kernel is well approximated by the celebrated sine

kernel
sin (kr(z)|x — yl)

Ku(may) = ﬂ_’x_y’

; (92)

where kp(x) = /2 (u — V (x)) is the local Fermi momentum.

We are now ready to evaluate the integral (20). First of all, since the integrand in
(20) is invariant under exchanging z and y, it is sufficient to integrate only over y < z
(and multiply the final result by 2). We partition the remaining integration domain into
two subdomains: (i) z ~ y, and (ii) « and y that are far from each other. Thus we write

E](\P = I1 + Is where

L = / dx/ gy ey @) pn () = Kn (@)° (93)

|z — |

I :/ dx/ oy ey @)p v (y) — Ky (z,y)° (04)

|z — |

and ¢ is an intermediate “cutoff” 1/v N < £ < VN (the result will not depend on the
precise choice of £). Next, we calculate each of I; and I using the approximations for the

2The numerical coefﬁcient 41};17/?1/3 in our Eq. (88) differs from the corresponding coefficient in Eq. (4)

in [34], which is 1 /3 , because in the present work we take the fermions to be spinless, whereas in [34] they
have spin 1/2. ThlS results in factor of 2 differences in the definitions of the density and of the exchange
energy [recall also the factor 1/2 in (21)].
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Figure 3: E](\}) vs. N for the HO in d = 1 and Coulomb interaction n = 1. Markers are
exact result (82) and solid line is the large-N asymptotic behavior (24).

density and kernel given above (in I it turns out that the term Ky (x,)? is negligible in
the leading order, see Appendix E for details):

42 N3/2 (—61In€ +3In N — 14 4 211n?2)

I ~
4y2N32 (6In€ +3In N + 6y — 14 + 151In 2)
I ~ = . (96)

Summing these two equations we obtain Eq. (24) reported above which, as we anticipated,
does not depend on the choice of £. Eq. (24) is in good agreement with the exact result
(82) at large N, see Fig. 3.

5 Perturbed density in the cases d =2,n=1and d=3,n=1

Besides altering the ground-state energy, the interaction term in the Hamiltonian also
affects other properties of the system, and in particular, the density. One approach for
finding the modified density at N > 1 is to use semiclassical approximations with an
effective potential that is given by the sum of the external potential and the effect of
the interactions (for the case d = 3,n = 1 one recovers the usual Thomas-Fermi approx-
imation). This is a fairly standard procedure. It was performed, e.g., in Refs. [46, 47|
in the context of quantum dots in d = 2 for general trapping potentials and interaction
strengths, for n = 1 [47] and for n = 0T (i.e., logarithmic interactions) [46]. Nevertheless,
for completeness we present the results of this calculation here in our (relatively simple)
setting, for the cases d =2,n=1and d =3,n = 1.

In the limit N > 1, this procedure gives an integral equation for the density (in pres-
ence of interactions) Npy and the effective potential Vg (), through the two equations

(et — Verr ()2
em¥2r1+49)’

Vig(@) = V(z)+e / Nox () W (2,) dy, (98)

Npn () (97)

where pe is found from the normalization [ Npy (z)dx = N of the density (so p also
changes due to the interaction).
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Egs. (97) and (98) are valid provided that the number of particles is large (N > 1)
but they do not rely on the assumption that the interaction term is small. However, if we
add the assumption € — 0, the integral equation simplifies considerably. In Appendix F,
we solve the Thomas-Fermi equations to first order in €. In d = 2, we obtain (in terms of

the rescaled variable X = x/\/2u)

Non <@X>:u(1_x2)+ﬁ;i3/z (& — vy (X)) 99)

with

v1(X) = 4();7:1) [(X2 -2)E (‘()(4?1)2> ~ (X +1)*K <—(X4f(1)2>] ., (100)

where F(m) and K (m) are the complete elliptic integrals of first and second kind, respec-
tively [48]. In d = 3, (and n = 1), a special simplification occurs: The integral equation
for the Coulomb potential can be transformed into the differential Poisson equation (more
generally, this simplification occurs if n = d — 2). Using this (see Appendix F), we obtain

V2 3 32768 x 21/3N5/6
Now (2) = o5 | =V (@) + Sev/u =V (o) | =2 e — V@) || (101)
where
w2 | x 1 a? 2 4 2
Vi (z) = —— arctan | ———— | + ——1\/p — = (33p% + 22* — 13 :
1) =52 [4\/275]r n(m) 10 \/ 1~ g (3367 4 207 — 13pa)

(102)
Incidentally, this calculation also enables us to obtain the leading-order behavior of E](\})
at large N, from the relation dExN/dN =~ peg which follows from the fact that peg plays
the role of an effective chemical potential. In Appendix I we calculate peg in d = 2,3 and
show that it indeed coincides with the derivatives of the leading-order terms in Egs. (25)
and (27) with respect to N.

6 Simplifications in special cases

In this section we give some explicit results for the cases in which n is even (and the space
dimension d is an integer). In these cases, the result (58) simplifies considerably, because
the hypergeometric function o F} (a,a, 1, z) simplifies for integer a into rational functions.
Taking into account the constraint n < d + 2, one finds the relevant cases in physical
spatial dimension are n = 2, d € {1,2,3}, and n =4, d = 3. The case n = d = 2 is
delicate, and treated in the Appendix B. We also point out at the end of this Section a
remarkable symmetry which allows to obtain the result for d = 2,n = 3 with no further
calculation. We now consider the various cases in detail.

6.1 Thecased=1,n=2

The case d = 1 and n = 2 corresponds to the Calogero-Sutherland model [24, 25]. In
that case the many-body ground state is known exactly, and can be obtained for instance
via an exact mapping to Gaussian random matrix ensembles. The ground-state energy

reads [26] N
EN:SN(N—l)Jr?, (103)
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where € = (8 —2) /4. The noninteracting case, ¢ = 0, corresponds to § = 2, and
expanding the exact result in small €, one finds

1
Ey =N+ gN (N=1)+0 (). (104)
The leading-order term is in agreement with Egs. (6) and (7), and the O(e) term is in
agreement with our perturbative result, as we now show. Indeed, Eq. (58) reads, for
n=24d=1,

222 >
Q(z) = c=> M(M-1)z", (105)
1=2)" 5
from which one immediately extracts
M(M -1
po - MM-1) . ), (106)

which, using N = M, coincides with the O(e) term in Eq. (104).

6.2 Thecasesd=3n=2and d=3,n=1414

Let us consider d = 3 and n = 2. In this case, the condition n < d holds, and thus one
can separate the two terms in Eq. (58), to obtain

ar =D g =EH) g = R o
which immediately leads to the polynomial forms
Fy = %M(M+1)(M+2) (3M%+6M +1), (108)
Gy = 11—2M(M+ 1)2(M +2) (109)
and
EY = %(FM—GM) _ ﬁl()(M—l)M(M+1)(M+2)(3M+4). (110)

Consider now d = 3 and n = 4. Amazingly, one again finds that Eq. (58) gives

222(2 + 2)

Q(Z) = (1 _ 2)6

(111)

which is identical to the case d = 3, n = 2 (although now it is obtained via an analytical
continuation which in that case is simple). This immediately implies that for d = 3 and

n = 4 the energy correction E](é,) is still given by the formula (110). Using the relation (6)
between N and M, we find that the large-N expansion of the result (110) is

) 35/3\5/3  31/3N4/3 N2/3 N1/3 N-1/3
N T l0x2A 258 19x68  60x 623 1620 x 613 T

(112)

Here, as we found also above for the case n = 1, it is interesting to note that it appears
that there are terms ”missing” from this expansion, namely the O(N') and O(N?) terms.

In fact, more generally there is a similar surprising relation between the cases (d,n1)
and (d,n9) if d = (n1 + n2) /2. Indeed, when evaluating Eq. (58) in these two cases one
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finds that the terms in the square brackets are simply exchanged, so one finds that the
functions @Q(z) differ only by a multiplicative constant:

d—ny
m B Q(ngnlwigdjmg : (113)

As a result, the corresponding E](\}) ’s for the two cases differ by the exact same multiplica-

tive constant. In the particular case d = 3,11 = 2, no = 4 considered above, this constant
is unity.

6.3 The case d=2,n=3

Using Eq. (113) together with our results for d = 2,n = 1, we can immediately obtain
the solution to the case d = 2 and n = 3. The constant of proportionality in Eq. (113)
(for d = 2,1 = 1,n2 = 3) again turns out to equal unity, and thus we obtain the rather
remarkable result

Ela—2n=3 = B laz2n—1 (114)

where, to remind the reader, E](\})|d:2,n:1 was calculated in subsection 3.2.

7 Discussion

To summarize, we studied a system of N fermions trapped in a harmonic potential in
general spatial dimension d, with power-law interactions which we assumed are weak
(ox €). Assuming that N is such that the highest energy shell is full, we calculated the

exact first-order correction eE](\}) to the many-body ground state energy of the system.

Wherever possible, we wrote E](\}) as the difference between a direct and an exchange
term, and calculated each of the two terms separately.
Focusing on the particular case of the Coulomb interaction < 1/r, we analyzed the N >

1 behavior of E](\}), and found that, as expected, in d > 1 the leading order of the exchange
term coincides with the result of the LDA — the Dirac expression for exchange — applied
to the simple semiclassical-limit result for the density distribution. Interestingly, we found
that the subleading correction to this term embodies a logarithmic divergence, as is known
to be the case for electrons in atoms [34] (both neutral atoms and the Bohr atom). It
would be useful to better understand the physical origin of each of the terms in the large-IN
expansion of E](\}) that we obtained here. In particular, the leading logarithmic correction
to exchange is of direct relevance to DFT, and a separate study of it is forthcoming [38].

In this context of DFT, the efficiency of the large-N expansion for exchange is note-
worthy. Even for the smallest value of N considered, a single full shell (N = 1), the
leading term captures the exchange energy to within 13% for d = 3 using a single large-INV
coefficient, and to within 1% using two additional large-N coefficients, those of the first
logarithmic correction and the corresponding power-of-N term. (the corresponding results
for d = 2 are 10% and 0.5%, respectively.

We also studied the leading-order effect of the interaction on the gas density at N > 1.
It would be interesting to continue and extend our analysis by investigating the effect
of the interactions on other properties of the interacting gas, such as the correlation
energy, correlations of the density in real space and/or in momentum space, extreme-
value statistics, counting statistics and entanglement entropy [14,26,49-52].
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Several additional directions for future research remain. For instance, it would be
interesting to extend our results to the case in which N is such that the highest energy
shell is only partly occupied, and degenerate perturbation theory becomes relevant. In this
case, it is reasonable to expect additional correction terms with oscillations as a function
of N in analogy with atomic physics [29,42].

It would be very interesting to extend our results to other trapping potentials, e.g., to
atoms. While the exact method that we introduced may only be applied to special, exactly
solvable cases, the approximate methods used here (especially in one spatial dimension)
are expected to be more broadly applicable. Indeed, they may very well prove useful to
extend our results to other cases (e.g., other trapping potentials and/or interactions) that
do not have some underlying exactly solvable mathematical structure.

We gave explicit results for the case of power-law interactions W (z,y) = | — y|™ ".

However, since E](\}) is linear with respect to the interaction term W (x, y), our results may
be immediately extended to any interaction that can be written as the sum of such power
laws. It would be interesting to extend our results even further, to more general types of
interactions. The intermediate formula (41) that we obtained, which is valid for a large
class of interactions, should provide a path in that direction, e.g. it allows to introduce a
small scale cutoff.

One could try to extend our analysis to higher orders in the interaction strength ¢, or
even try to go beyond the weakly-interacting regime. However, this appears to represent
a significant challenge.

Finally, it is worth noting that, for d = 1, the noninteracting case can be exactly
mapped to GUE random matrices (or equivalently, to a gas of classical particles at thermal
equilibrium trapped by an external harmonic potential and interacting logarithmically)

[19]. As a result, E](\}) can be interpreted as the expectation value of the observable
W = Zl§i<j§N W (Ai, Aj) where Ay, ..., An are the eigenvalues of a random GUE matrix.

Such observables represent a natural extension to the “linear statistics” Zf\i 1 U (N\;) that
are often studied in random matrix theory and/or in the study of interacting classical
gases [53,54]. In these contexts, as well as in the context of trapped fermions, it could be
interesting to extend our results by studying the higher moments, and full distribution, of
such observables W.

Acknowledgements

We thank G. Schehr for discussions related to Ref. [41]. NRS acknowledges support from
the Israel Science Foundation (ISF) through Grant No. 2651/23. PLD thanks the Ben
Gurion university in the Negev for hospitality. PLD also thanks KITP for hospitality,
supported in part by the National Science Foundation Grant No. NSF PHY-1748958 and
PHY-2309135.

A Series expansion of polylogarithms

Let us recall here the structure of the expansions of the polylogarithm functions Li_s(z)
and their derivative with respect to s near z = 1, as needed in the text.
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With z = 1 — z one has for s > 0 and non-integer, and = > 0 [55]

D 02" =Li_o(2) = As(x) + Ba(w), (115)
n>1
Ay(z) =T(s+Da 14 epea” | (116)
n>1
1 1 1
Cls = 5(—8 —1),co5 = 24(5 +1)(3s—2), 35 = —@(s —2)(s—=1)(s+ 1)(117)
Bu(a) = (=) + 3 (o) 3 SUIC(—s — m) (118)
n>1 m=1

where S,(Zm) are Stirling’s number of the first kind. Taking a derivative w.r.t. s one finds
Y n*ln(n)z" = 9Li_4(2) = As(x) + By(x), (119)
n>1

Ag(x) = I'(s+ 1)z~ <w(0)(s +1)—Inx + %(3 + 1)z {lnx — O (s + 2)]

—2—14902(5 +1) [(35 — DIz — 3500 (s +2) + 20O (s + 2) — 3} +0 (2% ) ,(120)

By(z) = —('(=s) = > _(=2)" > 87 (=s —m). (121)
m=1

n>1

B General case n = d

B.1 Exact result

In this Appendix we perform the analytical continuation to obtain the result for n = d.
We give explicit formulae for n =d =1, 2, 3.

Let us return to the formula (52) and (53) valid for d > n. Let us write the difference,
expressing the binomial coeflicients in terms of I" functions. One obtains

r&t) & B Ag,m(d,n)

Fu=Cu = ooy kzﬁ D s a1 "
W - Pa-3)r(s—d
Apar(din) = [(~k=5+2) T (~d+k-M+3)*
. M=) (—d+2+1) . (123)

F(~d—k+2+2)0 (k—M-12)°
However this form is not suited to perform the limit n = d. Instead we transform all the
I' functions using I'(z) = «/(sin(wz) (1 — z)), and simplify all the sine functions using
explicitly that k£ and M are integers. This leads to
Fd+k=2-1)T(—k+M+2+1)°
r(3+1)°r(d-3)

Apm(d,n) = (1)k<

_F(k+g—1)F(d—k+M2—g+1)2>' (124)
r(z)r(d-35+1)
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Plugging Eq. (124) into (122), one can now take the limit n = d and one finds

M
Fy -Gy = —Z
k=1

x (0 (2Hg s + Hgpa + ) +4) (125)

272 (44 k—1)T (% —k+M+1)
r(2+1)" T(k)I(=k + M +1)2

where H, = ¥(a + 1) + v is the Harmonic number and ¢(z) = 4 InI'(z) the digamma

function.
For n = d =1 one finds

M 4V (k=) T (<k+ M+ )" (2H_parp2 — Hyos — 4+ In4)
Far =Gy =) m2 (k) (—k + M + 1)2 ’

k=1
(126)
coinciding with Eq. (82) of the main text. For n = d = 2 one finds
M
Fy =Gy =Y (=k+M+1)* (QH _ppne1 — Ha1 - 2) (127)
k=1

and for n = d = 3 one finds
M 3272 (k+ 3) T (~k+ M+ 3)° (6H_y 03 — 3H, 1 — 10+ In64)
Fy — Gy = .
= Gar=) 27m2 L (k) (—k + M + 1)2

k=1
(128)
B.2 Large-N asymptotic behaviors
We start with Eq. (58), which we write here again for convenience:
(5 n n
—=—zoF (d+1——d+1——,1 1— z)~ /2
QC) = fgypa PP (A1 Gar1-5s)0-2)
- (1+g,1+g,1,z) (1—z)”/2_d}. (129)

Let us begin by analyzing the case n = d = 1. We first set n = 1. Then we write the
expansion of Q(z) in powers of n = 1 — z. It has the form

Q(z) = n ¥ (ao(d) +nar(d) +...) +n 2 (bo(d) + nbr(d) + ...
+ 2 eo(d)+er(d)n+...) Feo+en+ ... (130)

Each coefficient has poles at d = 1, however the first two series degenerate into each others,
up to logarithms, in the limit d — 1. Adding all terms of a given order in the 1 expansion
in that limit we find that all poles in d — 1 cancel and one obtains a finite limit, which
reads

4v/2(—Inn —2+4In2) V2(-5Inn—8+201In2) 1

Q2) = 3/2,5/2 B 3/2,3/2 +tO(—)- (131)

e / 7 / T / n / \/fﬁ
Surprisingly we find that the first two terms can be reproduced by the series expansion of

: . 1
Q(2) = b3/20sLi—s(1 — n)|s=3/2 + azj2li_3/2(1 —n) + O <\/ﬁ> ; (132)

16v2 (- +~ +1n64 1612

ag/y = ( 33772 ) ;b3 = 3.2 (133)
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which implies that for d = n = 1 one has

Far — Gag = (asys + by o In M) M*2 + 0 (M_1/2,M_1/2 lnM> : (134)

i.e. the term O(M'/2 M'/?In(M)) vanishes. Note that the leading-order terms coincide
with the result (24) reported above.

For n = d = 2 we first set n = 2. The we perform the expansion in n = 1 — z for
general d. Since it is a bit tricky to obtain we reproduce it here. One finds

2

2
—Qc(z) = mﬁﬁid (1 - 377 + 2) ) (135)

724 cse(2md) <1 _d+1

Qr(z) = - (d—2)I(2 — 2d)I(d)? 2

n

(d—1)(d*=2)n* (d—2)(d—1) (d?—3)n?
sd_12 72— 43d +0 () >
+ m csc(2nd) +ecot+an+.... (136)

(d—2)nl'(1—d)*I'(2d)
Taking the limit d — 2, all poles cancel and this simplifies into

2lnp—1) 3lnmn—4 2—Inp
— ot + 7 + 2 +0(1). (137)

Note that the term O(1/n) cancels and that there is no O(Inn) term (the O(n*) term in
the third line of (135) vanishes for d = 2). Using our standard method we finally obtain

5\ M3 1\ /(M? M 1 InM 1
Fu—Gu=(lnM+y-2) g (mMAy— ) (ot )+ o=
MM <n + 6> 3 +<n + 2)( 3 " 6>+24 900N <M>

Q(z) =

(138)
see Fig. 4. In terms of N we obtain for n =d = 2
V2 N1/2 1 79 InN 1
Fn —Gn=2SN32(IN+X)+——(InN+XN) +—— ———— 4 <>
N = Gy = N 2+ 555 ( )+ % mva vy T O\UE
(139)
with Ao :ln2+27—% and Ay =In2+ 2y —7.
Applying the same procedure for n = d = 3 we find
2v/2 (16(=3Inn —5+61In4) 4(—21lnn —29 +42In4
Q) = ( ) _ 4 ) (140)
3/2 gnl1/2 9n9/2
+ —17lnn—14+34In4  13lnn —20—261n4
4777/2 48775/2
22Inn —127—-441ln4  —6901nn — 1951 + 13801n4
O .
* 6144772 * 122880, /7 - Wﬁ))
This leads to
2v2 (512M°2 (In M + v — 3851 4 1n 64)
Py — Gy = 315 141
=G = =5 < 2835 (141)
256 527 158 5594
M2 (M4 y— 2 464 ) + —M? (InM +v— —— +1n64
315 (n YT s T T s A T
353V M (In M+ + 2% + In 64)

5 64
M3 (In M+~ — — +1n64
™9 (n LT >+ 69120

821 (InM +v — FF +1n64)
46080V M

+O(M™321n M)) ,
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Figure 4: (a) Fayy — Gy vs. M for n = d = 2. Markers represent the exact result
(127), rescaled by M?3. Solid line is the corresponding leading-order asymptotic behavior
$(InM+~—2) in Eq. (138). (b) Markers are the exact result (127) minus the three
leading-order terms [up to and including the O(M)] in Eq. (138), and solid line is the
next-order term, 1/24 = 0.4166. ...

Figure 5: (a) Fiyy — G vs.
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four leading-order terms [up to and including the O(M?3/2)] in Eq. (141), rescaled by v/ M,
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and solid line is the corresponding next-order term,

see Fig. 5. In terms of N we obtain for n =d =3

with A3 = In 3419 In 243y — 1651

Fy -Gy =

T 945

437N1/6

— (1nN+>\g)] +O<

11520 x 65/6

105>

28

T2

24211024 |2
‘2[[ y \/;N3/2(1nN+A3)+

Ay = In3+191n2+3— 312

In N

N1/2

35

2 % 25/6]\]’5/6
105 x 31/6

> (142)

69120 :
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C Semiclassical calculation of the exchange term in d = 2
and d =3

C.1 General trapping potential

Plugging the bulk approximation (84) for the kernel into the definition (23) of the exchange
term Gy, we obtain

KN(ZE,?J)Q // 1 blk<‘w_y’>2 1
G:/ 2N Y Gxdy ~ jcbu dady =
N @y Y (@ @) ) oy

_ 1 o (lm—yl\* 1 f(x) ol (o) Y _
‘//um)%’cd ( () ) (@™ @ i@ =

u=TG)
1 Jcbulk (‘UDQ
= dx / ! du. 143
/ 0 (x)?! |u (143
For d = 2, Eq. (143) becomes
Gn ~ /E(:c)_g d:c/ K5 (u)? 27 du (144)
0
The u integral can be calculated exactly,
> = [ (2u)]? 1
/ 15 (u)? 27 du = 27r/ [‘]1 ( “)} du = 0 (145)
0 0 ™Y 3T
So we get
16 _3
GN:STFQ/Z(QU) dz . (146)
We can recast this in terms of the density, using
=702 =7 = ((x) = [Npy ()] "/* = [rNpy ()] (147)
so we get the general formula for d = 2
Gy ~ 37r2/€(m) dxr = W/[?TN,ON (x)]”* de, (148)
coinciding with Eq. (87) of the main text.
In d = 3 Eq. (143) becomes
Gy = / 0 (z) " da / KR ()2 A, (149)
0
The integral over u can be calculated exactly:
o0 0 Jas (2u)? 4
/ KU (u)? drrudu = 4/ Mdu =—. (150)
0 0 (mu) ™
So we have the semiclassical result
Gy =~ 4/£(x)‘4dx (151)
N=3 .
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which we can recast in terms of the density, using v3 = 7%/2 [I" (3/2 + 1)] = 7T3/2¥ = %,
and

(x) = [Npy (z) 73] /* (152)
as 43
Gy =~ % / [Npy () y3]** dz = 41?37T1/3 /[NPN ()]*? dar (153)

which is Eq. (88) of the main text.

C.2 Explicit results for the harmonic trapping potential

In d = 2, for the harmonic oscillator V (r) = r2/2, the semiclassical density (83) reads
1
Non () = o (u =V (@))4 (154)
where 41 is found from the normalization. The edge is at 7egge = /21 SO
2

YA L oy
N ~ 2nrNpy (r) dr = 5 = M= (2N)/=. (155)
0

And now, using the general formula (87) for d = 2, we obtain

vem
Gy =~ 3162/[7TNpN (z))*/? da ~ 3162/ [*Npy (r)]*/? 2rrdr
™ 0

T
16 [V 1 r2\1%/2 161/2
ooy e ()] e B (156)

12

which is the first line of (89) of the main text.

In d = 3, for the harmonic oscillator V (1) = r2/2, the semiclassical density (83) reads

r2 3/2
Now () = 22 (- 2)+ (157)

where (1 is again found from the normalization. The edge is at 7eqge = /24 S0

3

V2 H 1/3
N:/ 47T7“2NpN(7‘)dr:€ — pu~ (6N)/3, (158)
0

And now, using the general formula (88) for d = 3, we obtain

p 4/3
34/3 43 34/3 V20 [ v2 2\ 3/2

64\/§M7/2
10572

which is the second line of (89) of the main text.

D Semiclassical calculation of the direct term in d = 2 and
d=3

Here we calculate the direct term Fly, in the large-N limit by using semiclassical approx-
imations , for d = 2 and d = 3 and a Coulomb interaction n = 1.
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D1 d=2

Plugging (for d = 2) the semiclassical density (83) Npy (z) ~ 5= (u — V (z)) into Eq. (22),
we get

Npy (z) Npy (y) “ - %2> (“ - %
/ PN (@) NONY) g o L / dady . (160)
\w—y| .|y <v/Zh |z -yl

Changing the integration variables, x = \/2uX, y = +/2uY, this becomes

F p // =X =Y xay
Mo Ve ixyvi< | X -Y|

w2 (1-Xx2)(1-Y?)
= // dXdY (161)
IX]|Y|<1 \/X2+Y2 2XY cos ¢

where ¢ is the angle between X and Y, X - Y = XYcos¢. Using polar coordinates, this
integral becomes:

/1’7/2 2m 1 _ X2) (1 _ Y2)
Fy ~ / QWXdX/ YdY/ do (162)
V2?2 \/X2—|—Y2—2XYCOS¢

where the factor of 27 comes from the integration over the polar angle of X. Changing
the order of integration, we now perform the integrals over X and Y to obtain

/
Fy =~ \/§:72/ d(ﬁ%O [30 cos(2¢) + (34 — 20 cos ¢ — 30 cos(2¢)) /2 — 2cos ¢
0
_ 1 —cos¢ _
+ (15co0s(3¢) — 47 cos ¢) In (\@—I- m) 42} . (163)

Integrating now over ¢, we obtain Fy ~ %/ﬂ/ 2 which is the first line of (90) of the
main text.

D.2 d=3

We rewrite the direct term (22) as

Npn (z) Npx (y) | im N N o) — Npy (y)
Py = [ A EEE  aty — [ daNoy @) Ty (@), Ty (@) = [at 20

(164)
Since py (z) = pn (x) is rotationally symmetric, so is Jy () = Jn (). We now use that
ind=3, V2(1/|z|) = —4m6 (x). Thus, applying the Laplace operator to Jy we obtain

deN

VI (x) = igdi (95 I ) = —47T/dyNPN (y)0° (@ —y) = —4nNpy () . (165)

We now use the semiclassical approximation for the density (83), which in d = 3 reads

Npy () ~ 3{2 (u—V (x)*? . (166)

Plugging this into Eq. (165), we obtain

1d <x2CUN> L2 <ﬂ_ x>3/2 , (167)

z2dzx dx 31 2
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The solution to this differential equation is

42 T 1 x2 5 4 5
~ t _ — - — (33 2" — 13
In () = —— L\fxarcan<m>+l20 7 2( po+ 2 prt) |
(168)
where we determined the integration constants by requiring that
Npw (y) / VA V2 P\ sy
0)= [ d — 4 -z dy = . 169
In (0) V= el Ut y 5n (169)
Plugging Eqs. (166) and (168) into the expression for Fiy in (164), we obtain
CTING 22\*"? 4./2
e [TEG)
0 us 2 3T
N . - LS T a2 4 20t 1302 | dmat
arctan | ——— — - — x* — 13ux mr dz
42z o —z2) 120 VT g a

8u°X (X2 —1)

1
= | 2pdx
/0 a 13572

[ X
x | X (8X6 —34X* +59X2% 1481 — X2 — 33) —15v/1 — X2arctan (1)(2)}

32768V2 11/

170
15592572 ¢ (170)

which is the second line of (90) of the main text.

E Semiclassical calculation of EJ(\}) ford=n=1(at N > 1)

At macroscopic x — y, one has N2py (2) pn (y) > Ky (z,y) Ky (y,2). Neglecting the
second term in the integral (93) we find that

X=¢/V2N  oN . /(1—X2)(1—-Y2
I ~V2 /dX/ dY VW2|X ¥ ) (171)

where we have used the semiclassical density (91) and changed the integration variables
x = V2N X, y = V2NY. The integrals over Y in (171) can be calculated exactly by

using

2\/(17; éf(?)_(;’— ) %ay [i\/(l “X2)(1-7Y2Y)+Xv1- X2 (Y+im>

2i <\/(1 “X(1-Y2) + XY — 1)

. _yv2 n
+i(1—X7)1 X0 —x)

(172)

The result is rather cumbersome so we will not present it here, but in the limit £ < V2N
it simplifies considerably and we obtain

L o~ \/2\2[3/2/_1@[(1—)(2) (—2In& +In(8N) + 2In (1 — X?) — 2)
+ 1—X2X(7r+2iln<X+i\/1—X2))]. (173)
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The integral over X can now be performed exactly, leading to Eq. (95) of the main text.

We now calculate 5. Inserting the semiclassical density (91) and the sine kernel (92)
into the integral (94) and approximating pn(y) ~ pn(z) (which follows from = ~ y), we
obtain

12

72 72 (z —y)? -y

Y R e

I

V2N 0 IN — 22 sin? (\/ 2N — 22 z) 1
= dx dz 5 — —

3.2 ER (174)
The integral over z can be solved exactly. Denoting A = 2N — 22, we obtain
Iy ~ ! / Ve dx [Aﬁ In (16A%¢*) — 4A€°Ci (2\/25) + 2(2y — 3) A2
4m2¢2 oW
+ 2v/A¢ sin (2\/Z§) _ cos (2\/25) + 1} (175)
where Ci (z — f cos (t)/t dt is the cosine integral. Taking the leading-order asymptotic

behavior of the 1ntegrand at € > 1/v/A ~ 1/v/N, this expression simplifies considerably,
to

dxA
VAN ! 2m2

Finally, plugging back A = 2N — 22 and performing the integral over z, we obtain Eq. (96)
of the main text.

5 /\/ﬁ 21n (5\/2) +2y—-3+1n(4) | (176)

F Perturbed density

Here we will find the leading-order correction to the density due to the interactions in
d = 2,3 for n = 1 (Coulomb interactions). The starting point is the integral equa-
tion (97) and (98) of the main text. We now solve these equations perturbatively in

€. At order 0 in ¢, one simply obtains peg = g, Veg(x) = V (x), and the density is
Npn (x) ~ m (u— V(a:))d/Q. The leading-order ¢ > 0 correction can be ob-
™ 2

tained by plugging this density into Eq. (98) which, for Coulomb interactions reads

Vir(@) =V (@) + ¢ [ T2 y| ()

From here onward, we treat the cases d = 2 and d = 3 separately.

F1 d=2
For d = 2 the equation (177) reads (for the harmonic potential)
peft — Vet () a? Npn (y)
N n Heft 7 Vet 1) Vg (@) = — 2PNAY) gy 178
v (@) = P, @) = G [Ty )

In the limit of small €, we obtain, by plugging in the unperturbed density Npy () ~

£ _2‘; (m), the following perturbative expression for the effective potential:

1-Y?2
Veg(\/luX) pX2+ V2 v (X)), v (X) /27T|X—Y\d¥ . (179)
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The integral over Y can be solved exactly in polar coordinates, where ¢ is the angle
between X and Y

1 27 1_y2
o (X) = /my/ do _
0 0 21/ X2 +Y?2 —2XY cos ¢

_ /27r 99 {\/X2 —2X cos¢ + 1 [TX? + 5X(3X cos(2¢) + 2cos(4)) — 8]
0

247
+ 3Xcos¢ [5X2cos(2¢) — X2 —4]In (\/X2 20X cosp+1— Xcosd+ 1)}
(180)
_ X (X =2) B () - (X + 1K ()| (181)
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where E(m) and K(m) are the complete elliptic integrals of first and second kind, respec-
tively [48]. The density is therefore given by

off — XQ—\/§ 3/2?} X
Npn (\/ZMX):MH o - w7 (X)) (182)

It remains to determine pog, which we do by requiring the normalization N = fooo 2rxNppy (x) dx
of the density. For this purpose, it is more convenient to use the expression (180) for vy (X).
Then we can perform the integration first over X and then over ¢ to obtain

1 B 2 d¢ ) ¢
/0 Xvy (X)dx = /0 36007 {60sm <2) [17 — 15 cos(29)]

+45 cos(3¢) [1 —5In (2 sin (2) —cos ¢+ lﬂ

~+ cos ¢ [—600 sin (;b) + 7051n (2 sin (;b) — cos ¢ + 1> — 173}

2[cospIln(l —cosg)+ 1] 32
- T } =B (183)

Using this we can now find the normalization of the density:

00 1
N = 47r,u/ XNpn («/2,uX> dX:Q,u/ X |:Meﬁ‘—/J/X2—\/§€/JJ3/2'U1 (X)|dX
0 0

22 ep®/?
gy [rer 322477 (184)
2 4 45T
which leads to NPl 3 e
N p  64vV2epn 64v2ep
o R DRVeenTE o DAV AT 185
T R T T (185)

Plugging this into Eq. (182), we obtain the density

Npn (@X) L (=X + ‘/562’“;3/2 (izz — 01 (X)) (186)

which is Eq. (99) in the main text.
As explained in the main text, this calculation also enables us to check our predictions
for the ground-state energy at leading order in large NN, via the relation dEyN/dN =~ fiqf.
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From Egs. (6) and (7) in d = 2, we have E](\[,)) ~ 2‘/§évs/2 so dE ~ /2N, while from
Eq. (25) we have

g L En 512> 2UANT/A dEY 128 x 21/4N3/4 187)
N2 T 3157 dN 457 '
E(U dE(l)

Indeed, by plugging p ~ 2N into Eq. (185) we find that peg ~ d A e
expected.

A=+ 0 () as

F.2 d=3

As noted in the main text, for n = d—2 the integral equation for the effective potential can
be transformed into a differential one. For d = 3 the Poisson equation may be obtained
by taking the Laplacian of Eq. (177), one obtains

Ve (x) = V2V (x) — 4weNpy () (188)

where we used that V2 (1/ |x|) = —47§ (z). For the harmonic oscillator, V(z) = 2/2 we
get, by plugging in the unperturbed (e = 0) semiclassical density:

1d <$zd<fo—V>> L A2 (M _ ”)3/2 . (189)

z2dzx dz 3r 2

By integrating this equation we obtain the leading-order correction to the effective poten-
tial,

2

Ver (1) = T+ (a), (190)
VO T x 1/ a? 9 4 9
i (z — arctan | ——— | + — — — (33p° + 22" — 13ux ,
(191)

where we determined the integration constants by requiring

N Nom V2 2\ 3/2 8v/2,,5/2
Ve (0) =V (0) + € p‘]?j’(y)dy ~ 6/0 dry—r <u - y2> dy = e% (192)

(which is Eq. (177) with @ = 0). From the effective potential, we obtain the density:

V2 V2
N () & Y2 (o Ve ()" = Y2 [weﬂ V@) e V@ Vi
m 3T
(193)
We can now calculate peg from the normalization of the density (193)
V20 3 9/2
e 8192v/2u
N =~ Az’ N dp o =S —e—— "1 194
/0 T Np (@) de = =% — e (194)
which we invert to get
32768 x 21/3
for =~ (6N)/3 4 ¢ X2 N/ (195)

4725 x 31/672
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Finally, plugging this back into Eq. (193), we obtain

V2

T 3w2

Npw (2) 2 4725 x 31/672

-V @)+ S/ —V (@) (WN5/6 . <x>>] (196)

which is Eq. (101) of the main text. To remind the reader, p ~ (6N)1/3 is the fermi energy
at e =0.

Let us check that the relation dExN/dN ~ peg holds. From Egs. (6) and (7) in d = 3,
we have

4/3 n74/3 dBY  31/3p71/3
0  3°N N
By = —m— = % (197)
and from Eq. (27) we have
(1) 65536 x 2VANIVOdEy) 32768 x 21PN/ (108)
N7 17325 x 31/672 AN — 4725 x 31/672

. . de® dey 9
Indeed, by comparing with Eq. (195), plegt =~ —&~ + €—a— + O (e ) as expected.
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