x—y DUALITY IN TOPOLOGICAL RECURSION FOR EXPONENTIAL
VARIABLES VIA QUANTUM DILOGARITHM
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ABSTRACT. For a given spectral curve, the theory of topological recursion generates two

different families wg,n and wy ,, of multi-differentials, which are for algebraic spectral

curves related via the universal x — y duality formula. We propose a formalism to
extend the validity of the z — y duality formula of topological recursion from algebraic
curves to spectral curves with exponential variables of the form e* = F(e¥) or e® =
F(y)e*¥ with F rational and a some complex number, which was in principle already
observed in [DBPSS19, [BDBKS20]. From topological recursion perspective the family
w;’n would be trivial for these curves. However, we propose changing the n = 1 sector of
w;/,n via a version of the Faddeev’s quantum dilogarithm which will lead to the correct

two families wg,n and w;/’n related by the same x — y duality formula as for algebraic

curves. As a consequence, the z — y symplectic transformation formula extends further
to important examples governed by topological recursion including, for instance, the
topological vertex curve which computes Gromov-Witten invariants of C3, equivalently
triple Hodge integrals on the moduli space of complex curves, orbifold Hurwitz numbers,
or stationary Gromov-Witten invariants of P!. The proposed formalism is related to the
issue topological recursion encounters for specific choices of framings for the topological
vertex curve.

1. INTRODUCTION

This article mainly deals with the theory of topological recursion (TR) [EO07a] which,
roughly speaking, can be seen as an algorithm that associates to the a complex curve (vanish-
ing locus of a polynomial in two variables P(z,y) = 0) a family of multi-differentials wy ,, in-
dexed by g € Z>¢ and n € Z~q. Depending on the curve these multi-differential can carry in-
formation which are of interest in enumerative geometry [BMO0S, [EOQ7b, [DLN16, BCEGF21],
random matrix theory [CEOOQ6, [EO07a, BCGF21al BDBKS21], topological string theory
[BKMPQ9, [Che9, [EOTH], knot theory [GS12, BETH], free probability [BCGET21bl [Hoc23al,
quantum field theory [GHWTI9, BHW20, BGHW22| [BH23], etc. Therefore, TR provides a
huge range of applications which goes back to a common algorithm starting from some alge-
braic curve. The theory of TR was developed around 2007 but it is still a current research
topic by itself.

The connection of TR to all these different areas of mathematics and mathematical physics
is mostly of a structural nature. It is cumbersome to apply the algorithm of TR to per-
form explicit computations due to its algorithmic structure, which is recursive in the Euler
characteristic —xy = 2g + n — 2. This property prevents direct computations using TR since
other techniques are more efficient. For instance, explicit formulas for intersection numbers
on the moduli space of complex curves ﬂg,n for small n are well-known and can be derived
from Virasoro constraints or localization theory in algebraic geometry. However, TR would
require 2g + n — 2 computational steps.

Changing the roles of z and y in the polynomial, a second family of multi-differentials
can be generated by TR, denoted by w;/,n, which clearly distinguishes it from the first family
wgn- In almost all cases where simple explicit formulas are known for wg , for small n,
the corresponding dual family w;/,n is actually trivial, i.e. w;n =0 for 2g +n—2 > 0.
Therefore, being able to express one family explicitly depends somehow on the other family.
Very recently, completely new insights concerning the relation between w,, and wgv)n for
any curve for the form P(z,y) = 0 were understood; see Fig. Recent works in the
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context of this duality include [BDBKS20, BDBKS21, BDBKS22h, IABDBT22, IABDB™23|
BCGF™21b), [Hoc22| [Hoc23al, [Hoc23c]. Understanding this relation was already considered,
for instance, in [EOI3]. The duality between wy, and w;/’n has resolved, in an extended
way, an open problem in the theory of free probability [BCGET21b), providing the functional
relation between the generating series of higher-order free cumulants and moments.

P(l}y) =0

A
Y

w
o x — y duality

FIGURE 1. The two families wg , and w, ,, which are generated from a curve
P(z,y) = 0 via TR are related through the universal x — y duality formula

Applying this universal duality formula between w, ,, and w;/’n to a curve, which generates
a trivial family w;/’n, produces an explicit formula for wg,. In other words, for a trivial
family w;’,n, we overcome the algorithmic procedure of TR, which is recursive in the Euler
characteristic. Consequently, this explains the existence of such explicit formulas, which
were generally derived in the past using problem-specific techniques.

It is known and observed, for instance, in [Hoc23c|, for the Lambert curve that the
x — y duality formula does not hold in general for curves of the form P(e*,e¥) = 0 which
have exponential variables. However, very important examples are exactly of this form,
such as Gromov-Witten invariants of toric Calabi-Yau 3-folds [BKMPQ9] and conjectured
applications in knot theory [BEI5].

This article makes progress in understanding the x — y duality formula for curves of the
form P(e*,e¥) = e* — F(e¥) = 0 (or e — F(y)e®” = 0) with exponential variables, where
F is rational and a some complex number. This family of spectral curves is already a very
important subclass with different applications, such as simple Hurwitz numbers (equivalently
to linear Hodge integrals) and framed Gromov-Witten invariants of C* (equivalently to triple
Hodge integrals on M, ,,).

For curves of this form, the theory of TR would predict a trivial family w;n =0 for 2g +

B Wy
V)= 2(-3(571)/! 2 (929 7.+ ) dy through wy 1 and keep wy/,, =0

forn > 1 and 2g4+n—2 > 0, see Fig. [2 The coeflicient B,,(x) is the Bernoulli polynomial and
appears exactly in this form in Faddeev’s quantum dilogarithm. This proposed redefinition

of w;n makes the x — y duality formula work again, which is tested on several examples.

The idea of using the form of wgvyl comes from the quantum spectral curve ]5(:%, ) observed
by Gukov and Sulkowski [GS12], which will be explained along the way in this article.
The paper is organised in the following way:

In Sec. [2] we review facts and definitions about TR, starting in Sec. with TR itself. In
Sec. [2| we will use a notation with a "tilde” (&g, and of);/n) which are the multi-differentials
defined by TR directly to distinguish them from the later redefined wgvyn related to curves
of the form e* — F(e¥) = 0 or e — F(y)e® = 0. In Sec. we review some background
on the quantum spectral curve ]5(:%, ¢) and how to construct the wave function from TR,
which is annihilated by the quantum spectral curve. We also discuss the interplay of the
x — y duality with the wave function, which is heuristically the Fourier/Laplace transform

n—2. However, we will redefine w

L After this article was published, I was informed that for transalgebraic spectral curves the same extension
is conjectured [BKW23| Conj. 4.15], where the spectral curve has the form z(z) = My(z) exp(M1(2)),y(z) =
M>(z)/x(z) and M;(z) meromorphic
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FIGURE 2. For a curve of the form e — F(e¥) = 0 (or * — F(y)e™ = 0)
the family w;/’n has to be redefined, then the family wg , generated by TR
is related to the redefined family ng,n, via the universal x —y duality formula

of the wave function. Then, we recall how the multi-differentials can be reconstructed from
the wave function through the kernel K (z;, ;) in Sec. This reconstruction formula is
known as the determinantal formula, which will be later compared with a special case of
the x — y duality formula. Then, we review the x — y duality formula in general in Sec.
which gives the duality between @, , and L:J;/’n for an algebraic curve P(z,y) = 0. The
special case where y is unramified is discussed separately in Sec. We prove, in this case,
a new version of the formula which highly resembles the determinantal formula, represented
via a summation over permutations o € S,, consisting just of n-cycles.

Sec. [3]considers the curve e” — F(e¥) = 0 (or e® — F(y)e® = 0), where we use the ordinary
notation without ”tilde”. We start with a motivating example in Sec. which has, as
a wave function, the Euler T" function. In Sec. we explain and motivate the general
construction of the two families wy, and w,/,, for these specific curves. The family w,,

will be defined by w,, = 01 32(5’2(91)/! 2) 929wy 1, and the family wy , through the z — y duality
formula. We propose that for this definition, &g, generated by TR and wy, generated by
the x — y formula coincide. In Sec. we discuss the example of Faddeev’s quantum
dilogarithm as the wave function. Based on the work of Garoufalidis and Kashaev, we
discuss some general constructions for performing Borel resummation for the wave function
for curves of the form e* — F(e¥) = 0 in Sec. An explicit formula is given for the Borel
transform.

In Sec. we apply our proposed construction to curves with important enumerative
meaning. We start with the Lambert curve in Sec. providing (to our knowledge) new
formulas for simple Hurwitz numbers or equivalently by the ELSV formula for linear Hodge
integrals. In Sec. the framed topological vertex curve is discussed, providing Gromov-
Witten invariants of C3 or equivalently triple Hodge integrals. The last example discusses
stationary Gromov-Witten invariants of P! where explicit formulas of Pandharipande are
reproduced as examples. We also discuss, for this specific curve, that taking limits for the
x — y formula is much more convenient than taking limits for TR. This comes from the fact
that TR is much more sensitive, where, for instance, ramification points can collide or run
to infinity. Therefore, the x — y duality formula seems to be a much more universal duality
than just the x — y symplectic transformation in TR.
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2. BACKGROUND ON TOPOLOGICAL RECURSION

This section will provide the necessary background on the theory of topological recursion
including the quantum spectral curve, determinantal formula and = — y symplectic duality.
We will set the notation used throughout the article focusing on x —y duality in conjunction
with the spectral curve and the quantum spectral curve. The explicit result for the x — y
duality in case of an algebraic spectral curve will be cited and explained in details to be
able to understand the extension to spectral curves of the for e* = F'(e¥) (or e* = F(y)e®,
respectively) in Sec. [3] We will define the corresponding objects in this section with ”tilde”

(e.g. Qgns @y 1y Wy, @y n, etc) through the algorithmic definition of topological recursion.

2.1. Topological Recursion. We understand by the term topological recursion an algo-
rithm which associates to a given initial data, the so-called spectral curve, a family of multi-
differentials. To be more precise, the spectral curve is a tuple (X, z,y, B), where ¥ is a not
necessarily compact Riemann surface with z,y : ¥ — C are complex functions such that dz
and dy are meromorphic, i.e. x,y can have logarithms. Both functions z,y should have at
most simple algebraic ramification points on ¥ which are distinct (higher order ramifications
are excluded due to technical reasons, see [BE13| for the definition with higher order rami-
fication points). Then, topological recursion associates to the spectral curve (X, z,y, B) the
multi-differentials &g, living on X" with &gy = ydx and &g 2 = B, where B is symmetric
with double pole on the diagonal and no residue, bi-residue 1 and normalised such that the
A-periods vanish.

For negative Euler characteristic x = —2g —n+2 <0, all &, ,, are defined recursively via
[EOQ7a]
Wgn+1(1,2) = qufg Ki(z,q) (%Lmz(ﬁ q,0i(q)) (2.1)
Bi ‘

+ > ('Dgl,|11|+1(jlaq>°~)gz7Iz|+1(I270i(Q))>'

g1+g2=g
ILwWix=I
(girli)7£(oa®)
The following notation is used:

o [ ={z,...,2,} is a collection of n local coordinates z; on ¥, and I;,I, C I any
subset of T

e the ramification points 3; of x are defined by dz(5;) =0

e the local Galois involution o; # id with x(¢) = z(0;(¢)) is defined in the vicinity of
(B; with fixed point 3;

e the recursion kernel K;(z, q) is also locally defined in the vicinity of 8; by

%fgqi(q) B(z,e)
@0,1(q) — @o,1(0i(q))

Properties which follow (more or less directly) from the definition are

Ki(z?q) =

o All &4, are symmetric

e For 2g +n —2 > 0, @4, has just poles located at the ramification points of x

® 0, is homogeneous of degree 2 — 2g —n, i.e. changing y — Ay or x — Az by some
scalar A transforms @, , — A\27297"@, ,

e For 2g +n —2 > 0, all @y, are invariant under symplectic transformations of the
symplectic form dx A dy which leaves the ramification points f3; invariant. These

transformations are generated by
azx cx+d)? a b
(z,y) — (22t (2t ) where <C d> € PSLy(C)

(z,y) = (=,y + R(z)), where R(z) is any rational function.

There are several further properties which will not play any role in this article. We refer a
curious reader for instance to [EO07al [Eyn16].
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Now, we want to fix further notation and definitions for functions used throughout the
article. We define

Wq,n(x(zl), oy @(2n))dx(21)...dx(2) 1= Dgn (21, - Zn) (2.2)
Wi(x(21), .oy (2)) = ZFLQ"JF"_ZWg,n(x(zl), vy @(2n)) (2.3)

g=0
&y (2(21)s s (2)) = / / Dy (214 s 20) (2.4)

D, (x(21), ..., x(20)) = Z R29TN 20, (2(21), s (20)), (2.5)
g=0

where the h-series is understood as a formal power series and the integration constants for
® will not play any role.

The invariance property of the &y, under specific symplectic transformations plays an
important role in the theory of TR and also in the theories where TR finds its applications.
A third symplectic transformation which transforms the @4 ,’s and does not leave them
invariant is the x — y symplectic transformation

(z,y) = (y,2)- (2.6)

Strictly speaking, this is a symplectic transformation up to a sign —1 which can be restored
by the homogeneity property. To clearly distinguish between @, ,, generated by the spectral
curve (X,xz,y, B) or by the curve (X,y,z, B), we will use the notation V as superscript.
Therefore, we define the d);/’n to be generated by the spectral curve (3, y, 2, B) by the same
TR algorithm but z and y interchanged. For instance, we have of)(\){ 1 = zdy and
@y o =B = Qo2

The families @, , and @, of multi-differentials are dual to each over. If the family
Wg,n can be reconstructed from the family d;;/m through a specific formula, then the family
(Z);/,n can also be reconstructed from the family @, , via the same formula but = and y
interchanged.

Similar to the previous definitions, we will use throughout the article the following func-

tions

Wy (y(z1), s y(20))dy(21) o ody (20) = @), (21, ey 20) (2.7)
Wy (y(z1), ., y(2n)) = Z R 2W (y(21), s y(20) (2.8)
g=0

BY (1), o y(zn) 1= / / DY (21, 2n) (2.9)
O (y(21), o y(zn)) = 3 BPITT2RY (y(21), sy (2m))- (2.10)
g=0

The relation between all Wgyn and W; » Will be presented in Sec. for spectral curves
with meromorphic z,y : ¥ — C, i.e. there exists an irreducible polynomial P(z(z),y(z)) =0
for z € 3. However, the relation for the first few examples can be read off by the definitions.
For (g,n) = (0,1), we have

Wou(z(2) =y(2),  Woi(y(2) = z(2).
It implies that Wy, is the formal inverse of Wo\fl, ie. V~V071(Wov)1(y(z))) = y(z) and
W1 (Wo,1(2(2))) = z(z). For (g,n) = (0,2), we have
_ B(Zl,ZQ)
dx(z1)dz(z2)’

B(z1, 22)

Wo,z(l"(zl)»x(@)) - m

Wafz(y(zl)» y(22))
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from which one concludes

Woo(z(21),2(22)) = W()V’Q(y(zl)’ y(22)) dy(z1) dy(z2)

dx(z1) dz(ze)

Just as a side remark, the functional relation for VNVOQ is the second order moment-cumulant
functional relation in the theory of free probability, see [CMSS07, BCGF™21bl, [Hoc23a] for
more information about the relation to the theory of free probability.

The relation between W,] n and W;/ » can thus be interpreted as a generalization of an
inversion formula graded by the Euler characteristic 2g + n — 2 of the two integers g and
n. In the case of ¢ = 0 and n = 1, this simply corresponds to the classical inversion of a
function Wo\fl (y) = x(y) and Wy 1(z) = y(x), respectively.

2.2. Quantum Spectral Curve. The quantum spectral curve is an important application
of TR to ordinary differential equations and its solutions, suggested by Gukov and Sulkowski
[GST2]. For an accessible review on quantum spectral curve see [Norlh]. The WKB solution
is reconstructed from TR as explained later, this is proved for genus zero curves in [BEIG].
For higher genus algebraic curves, new insight was gained in [Iwa20] and extended to hyper-
elliptic curves in [MO22, [EGF21] and further generalised in [EGFMOZ21]. The perturbative
WKB solution has to be extended to a non-perturbative wave function. However, we will
just review some facts about the WKB solution via TR, and refer the reader to the literature
mentioned above for higher genus spectral curves.

A spectral curve (X, z,y, B) with meromorphic x,y : ¥ — C can also be represented as
the vanishing locus of a polynomial P(z,y) = 0 as mentioned before. Being more precise,
we have a complex curve defined by

{P(2(2),y(z)) = 0|Vz € £} C P2

Now, we are interested in an operator-valued quantisation of the polynomial in a quantum
mechanical sense. The polynomial P is quantised with ¢ — & =z and y — ¢ = h% to
}5(:7:,@), together with the semi-classical limit limy_,q P(I,y) = P(z,y). The quantisation
of P to P is obviously not unique due to ambiguities by ordering the operators £ and § and
additional A terms which vanish in the semi-classical limit. Nevertheless, having such an
differential operator P one might ask for the wave function ¥(z) which is annihilated by it,
ie.

P, §)¥(z) = 0. (2.11)

The algorithm of TR provides a way to compute a wave function W(z). Let (X, z,y, B) be a
given spectral curve of genus zero represented as P(x,y) = 0, then there ezists a quantisation
P(&,7) which annihilates the (perturbative) wave function

h2g+n—2 B

U(z) = exp< > n!@g,n(x,...,x)), (2.12)

9>0,n>1

where i)g,n is defined in (2.4]), and the special case &)0,2 is regularised by f f&)o’g (21,22) —

%. Here, the integration constants of ® actually play some role, but we do not

go into the details. The explicit form of the quantum spectral curve can be construct from
the structure of the singularities (see [BE16, [EGFMO21]).

In the special case, where the polynomial is not algebraic but takes the form e® = F(e¥)
(or €* = F(y)e™, respectively), where F is rational, a quantum spectral curve was con-
jectured in [GS12, eq. (3.20)] which annihilates the wave function constructed by TR via
to be of the form

P(e® eY) = ety F(e@_%). (2.13)

However, it was already observed in [BS12] [GS12] that there are some issues if the spectral
curve e = F'(e¥) does not have ramification points in z, which includes the framed topo-
logical vertex curve with framing f = 0. These observations and comments in the literature
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seem not to be resolved in the meantime, but they are highly related to the construction in
Sec. [3|in conjunction with the x — y duality.

The quantum spectral curve and the wave function can of course also be studied from the
x — y duality perspective This means there is a second quantum spectral curve of the form
PV( ,9) with operators & = - d and § = y and the semi-classical limit limp_,q PV (z,y) =

P(z,y). The dual wave functlon UV (y) is construction again via TR but with interchanged
roles of x and y, i.e.

h29+n72 ~

\ifv(y) = exp ( Z T@g’"(y’ ...,y)), (2.14)

920,n2>1

where (I>Vn is defined in (2.9), and the special case é(\{g is regularised by [ [ @g5(21,22) —

M
(y(z1)—y(22))%"

So what is now the relation between the two wave function ¥(z) and ¥V (y)? The naive
suggestion would be of course that both wave function are related via Fourier/Laplace trans-
formation, which from an other perspective implies that the x —y symplectic transformation
in TR is deeply related to a Fourier/Laplace transformation.

Let us give two examples for the quantum spectral curve, the = — y duality and its
interrelation, where the first one is almost too simple:

le d22
? (21—22)
by the polynomial P(xz,y) = x—y = 0. For this example, x and y have no ramification points
which implies that all @y, and & wg n vanish for 2g+mn —2 > 0. However, &p1 and (Z)(\)/,l are
not trivial. Just applying the previous definitions, we find

i)oyl(m):%Q - @()exp@;)

Example 2.1. Take the trivial spectral curve (C,x = z,y = 2 5 ) which is represented

- 2 - e
=% > e —eo (%),

<

Both wave functions are the Gaussian function, where it is very well known that it Fourier
transform is again a Gaussian function. The wave functions are annihilated by the quantum
spectral curves P(&,9) =z — hk and PV (Y, gY) = hs- d — 1y, respectively.

Example 2.2. Take the simplest nontrivial example, the Airy spectral curve (C,x = 2%,y =
dz1 dZ2

z, (21722)2) which is represented by the polynomial P(x,y) = v —y? = 0. In this example, y

has no ramification points implying the all @;n =0 with 2g4+n—2 > 0. From the previous
definitions, we find

=y y3 ~ y3
=% > ¥ =eo (L)

satisfying the differential equation
d .
h— —y* )| Y (y) = 0.
(g ) ¥ )

On the other hand, all &g, do not vanish since x has a ramification point at z = 0. It is
very well-known that @, , computes the -class intersection numbers on My, the moduli
space of complex curves with n marked points [EOQ7al, which was essentially observed by
Kontsevich [Kon92| in proving Witten’s conjecture [Wit91]. Furthermore, the wave function
generated by these Wqr’s gives actually the asymptotic expansion of the Airy function (or
Bairy function respectively) [BET6, [EGFG™23]

§ L eFme? & (6k)! ho\"
+(@) = V2ral/4 kz:% 1296 (2k)!(3k)! tor) o
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where W, () corresponds to the Airy function and W_(z) to the Bairy function. The wave

functions satisfy
d\? -
<(hd:p> - 95) Uy (x)=0.

The Airy (or Bairy function, respectively) can be obtained by a Fourier/Laplace transform
of the dual wave function UV (y), where the contour depends on the complex argument of h

~ 1

\I]:I:(x) = \/ﬁ o

2.3. Reconstruction of &,, from the wave function. The reconstruction of &g, or
equivalently W, , is given by the determinantal formula [BEQ9] through the kernel K (z1, x2),
which by itself is constructed from all wave functions (this means from all linearly indepen-
dent solutions of the differential equation (2.11))

exp (ZOO f;zl f;zl Wn(a,ll,,z/n)dlllda,;)

n=1 n!

K(zy,22) = pra—— (2.15)

™M (y)dy.

where one has to be very careful since the pullback to the z-space form the z-space chooses a
specific branch, or equivalently a specific solution of the of the quantum spectral curve. The
determinantal formula is therefore an other way of representing the formal power series W,, =
> g h29+"_2ng by an explicit formula if the kernel is known. The determinantal formula
was recently used in combination with resurgence to derive the large genus asympotitcs for
intersection numbers on M, ,, at subleading order[EGFG™23].

Example 2.3. The Airy kernel K g;, is constructed by the Airy function \ibr(x) and the
B-Airy function \Il,(iv) of Ezample which are the two independent solutions of the dif-
ferential equation h?¥" (x) — ¥ = 0:

10y (20) WL (29) — W (1) W (22)

K piry(x1,22) = 5 P

An other way is to construct the kernel from its differential system (see [BEQ9| for details),
but this is beyond the scope of the article.

We want to emphasise the structure of the determinantal formula, and compare the
different structures of the determinantal formula and the x — y duality formula . Let
K(x1,z2) be the kernel (also used in [ABDB'23| eq. (3.8)]), then it was conjectured
in [BEO9] that the correlators

~ 6n,2

W@y, zn) =(-1)""" > K(zi,20,) - ———— (2.16)
se3, (@1 = 22)?
o=n-cycle
~ . 1
Wi(x1) = atl’lglz (K(m, z') — o x’) (2.17)

are equal to W, generated by TR (2.1)). The sum over all permutations o € S,, is restricted
to permutations with one cycle of length n.

2.4. x — y Duality for Algebraic Curves. Now, we want to recall the relation between
Wq,n generated by the spectral curve (X, x,y, B) and (:);/JL generated by the spectral curve
(X, y,z, B) with interchanged = and y. We assume x,y to be meromorphic and have simple
distinct ramification points. It turns out that it is much more convenient to represent this
functional relation in terms of W,, and W,Y defined in and (2.8)).

We use in this article the # — y formula as it appeared in [Hoc23al IABDB™22| or in
[Hoc22)] for the special case of genus g = 0. For this, we will need first to define the the
following graphs:
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Definition 2.4. Let G,, be the set of connected bicoloured graphs T with ()-vertices and e-
vertices, where the number of ()-vertices is n. A graph I' satisfies the following conditions:
- the O-vertices are labelled from 1,....n
- edges are only connecting e-vertices with ()-vertices
- e-vertices have valence > 2.
For a graph T € G,,, let r;(T) be the valence of the it" O-vertex.
Let I C {1,...,n} be the set associated to a e-vertex, where I is the set of labels of O-
vertices connected to this e-vertex. Let Z(T") be the set of all sets I for a given graph T € G, .

We will abuse the notation x; = z;(2;) = z;(y:) = x(2;) and y; = yi(2;) = vi(w:) = y(2;)
for convenience. Then, the functional relation between the two families W,, and W, is the
following sum over graphs (see[Hoc23a, IABDBT22] for more details and examples):
Theorem 2.5. Let (3, x,y,B) be an algebraic spectral curve, and let W,\l/(yl,...,yn) =
Z;io R2EN=2W Y (Y1, . yn) be generated by TR with the spectral curve (3,y,z,B). Let

further be S(u) = M and for I = {i1,...,in}

& (ur, yr) (Hhu (hu;d, )(Wn(yf)),

el

and for I = {4j,j} the special case

& ur, 1) = (huay S (s, ) (husy S sy ,)) (v”v;@j,y) - (yly))

y=y;
Define the following differential operator acting from the left

0 () = 3 (= 00)" ( ) Zii)W] exp (huiS(huiayi(m;i):/T/lv(yi(xi)) . xu) |

m>0

Then, all ng generated by TR by the spectral curve (X, x,y, B) are related to the Wg\fm,
via formal power series in h of

Wi (21, .oy ) = Z |Aut HOV x;) H ¢Y(ur,yr), (2.18)

regn IeZ(I)
where the graphs G,, are defined in Definition [2.)

This theorem is proved in [ABDB™22] and provides a solution for an open problem in
the theory of TR. Actually, the theorem gives a duality between two families of correlators
W n and W , since the same formula holds by interchanging = and y as well as W .n With

WgV7 »- The functlonal relation of the theorem has solved simultaneously an open problem in
the theory of free probability [CMSS07] related higher order free cumulants and moments
IBCGF™21b|. In the same vein, it relates from a combinatorial perspective ordinary maps
and fully simple maps [BCGF2la BDBKS21].

Remember that the family Wg n glves rise to the wave function \I'( ) and the dual family
Wé;f ,, to the wave function ¥V (y) via and (2.14), respectively. Since both wave function

W(z) and ¥V (y) are related via Fourier/ Laplace transformation, we can conclude that the
functional relation of Theorem is the corresponding duality formula for each g and
n. Therefore, the z — y duality formula is, casually speaking, a way to generated
asymptotically a Fourier/Laplace transformation which is graded by the Euler characteristic.
At each grading the functions VVv are functions in several variables. The Fig. (3 shows the
interplay between the different duahtleb the Fourier/Laplace transformation between the
wave function U and UV as well as the z — y duality between Wg n and WV The dashed
lines show the reconstructions mentioned before. The remaining duality between the two
kernels K and KV was recently considered in [ABDB™23| for KP integrable systems.



10 ALEXANDER HOCK

x — y duality .y
W e S Wq n
o g
¥y X
K(xy,x2) Kv(yl,yQ)
Y Fourier/ Lapl.ace 7
transformation
— —V
U (x) <~ ()

FI1GURE 3. Duality Interplay

2.5.  — y Duality for Algebraic Curves with unramified y. The formula becomes
particularly nice and applicable if one of the families, for instance W;’ o, 1s trivial. An
important subclass of genus zero spectral curves are curves of the form z = F(y), where F’
is rational which implies that y is unramified. Therefore, the family W;/ ,, vanishes identically.

In this case Theorem [2.5] breaks down to:

Corollary 2.6. Consider the situation where y is unramified, i.e. dy(z) # 0 for all z € X.
In particular, we can set y(z) = z or y(z) = % Then, all W;/n =0 for2g+n—2>0, and
therefore all ¢¥(uy,yr) = 0 for |I| > 2. In this specific case, the x —y formula reduces to
(see [ABDB™ 22| [Hoc23c] for further details)

Wi (), () = [J OV =) X2 ] ity . (219)

h2
regs ijyezary Wi = ¥i)? = T (ui + uy)?

where G2 C G, is the set of graphs defined in Definition with only 2-valent e-vertices
just connecting two different ()-vertices and at most one e-vertex connects the same pair
of O-vertices, or equivalently (and much simpler) G is the set of connected labeled graphs
with n vertices (A001187).

With the formula of Corollary one can compute all Wg,n for any ¢ directly.
It is not necessary any more to follow the algorithmic procedure of TR recursively in the
Euler characteristic. Examples which are included in the class of spectral curves considered
in Corollary are the enumeration of -class intersection numbers [Wit91l [Kon92], r-spin
intersection numbers [BHO7, BCEGF21], ©-class intersection numbers and r-spin ©-class
intersection numbers on M, ,, [Nor23, [CGFG22] or the enumeration of genus permutations
[Hoc23b].

Interestingly, the z — y formula of Corollary can be brought into a formula of exactly
the same shape as the determinantal formula (2.16) for algebraic curves with unramified
y. The sum over all connected labeled graphs can indeed by turned into a sum
over permutations o € S,, where o is an n-cycle. As a consequence we get an other explicit
formula with significantly less terms. The number of terms is reduced since the number
of n-cycle permutations in S, is (n — 1)!, whereas the number of connected graphs with
n labeled vertices grow much faster. Actually, the asymptotic growth of connected graphs
with n labeled vertices is 2(3) = 2“7 since almost all graphs with n labeled vertices are
connected (see [FS09, p. 138]).

Proposition 2.7. Consider the situation where y is unramified, i.e. dy(z) # 0 for all z € X.
In particular, we can set y(z) = z or y(z) = % Then, all Wy, generated by TR from this
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spectral curve are

Won(21(22), s 0 (2n)) (2.20)

n n
1
=[n*e "] H O (i (2:))hu Z H hu huo iy
i=1 ces, i=1 Zz + 21 _ya(l)(zo(z)) + 2
o=n-cycle

and in the special case n = 1, the sum over all n-cycles is defined to be ﬁ.

Proof. The aim is to transform the rhs of (2.19)) into the rhs of (2.20). The first step is to
rewrite
h2uu, (i) = B — wy)?
- =
(v — )2 = B (s +wy)? (g —y)% = B (w4 uy)?
where the subtraction of 1 corresponds to just taking connected correlators which was in
principle already used to derive Corollary (see JABDB™22| [Hoc23d]).

Then, we go from connected correlators Wg,n(:ch .oy Ty ) to disconnected Wg,n(xl, ey Tp)
defined as sum over all partitions

1(\)
zr) =Y [ Wini(@a)- (2.21)
AT 1=1

We achieve an equation for the disconnected V~Vg7n, where the sum over all connected graphs
turns into the product

o n PV Fﬁ U; — Uy 2
W@ (1), o 21(z0) = [[OVwitz) ][ Ez - 5732 - ;Eu . u-iz' (2.22)
i=1 1<i<j<1 \J J 4\ J

Combining the factor - from OV (yi(2;)) and the product [Ti<icj<n, we can write it in
the form of the determinant of the Cauchy matrix o
- 1 (ai —bj)(aj —bi) 1

= det —_— 2.23
Haz—kb H(az+b )(a; —b;) ¢ az—|—b Z sign(o Hai—kbo(i) (223)

oES,

hu,

with a; = —y; + h“’ and b; = y; + . Restricting to the connected part, which is nothing
than the Mobius functlon for the partlally ordered set of partitions of {1,...,n}, all terms
coming from permutations o € .5,, with more than one cycle vanish. The remaining n-cycle
permutations o € S,, have parity n — 1 which gives an overall factor of sign(c) = (—1)"~%.
This proves the the assertion.

Applying this formula to some known interesting example like the Airy curve, r-spin Airy
curve and Lambert curve will be provided:

Example 2.8. For the Airy curve (C,x = 22,y = z, /221922 Proposition yields the

~ bl (21—22)2
following representation for Wy ,, which are the same as computed by TR
ngn(xl(zl), ey T (20)) (2.24)
h2u3
n a m; e 121 n 1
_ 2g+n—2 _ m;
[ 11 Z( 3(21.)2) [u7"] 22 > I R Pt (i) ©

=1 mg ocesS, i=1 Zi + 2 ZU(i) + 2
o=n-cycle

The v-class intersection numbers are extracted from Wy, via

. n (2K + 1)
Won(z1(21); s Tn(2n)) = Z ( Ilclmdjkn gnH 222k +3 (2.25)

ki,....,kn=3g94+n—3 i=1
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An explicit formula for the intersection numbers can be extracted by taking the Laplace
ki+1/2

g2
transformation of (2.25) with \/% fix;o dz(z) GZ?:;; — (‘;2#1)” for the rhs, which can further

be represented as a geometric series. For the zhs, we insert (2.24) and perform integration
by parts m; times (see a detailed discussion for this in [Hoc23d]) to finally get

<II u#a>gn

TL;L

n 5t n 1
h2g+n 2 H e dZie_Hizz Z H
R h/"a(l)
S\ Vv 21 Porel l i=1 % T =5 — Zo(s) +
o=n-cycle

where the contours are on the real line with a small semi circle above the origin. This
formula coincides with the formula which can be found in [BG16, [AHIS21].

Example 2.9. The r-spin Ariy spectral curve is a generalisation of the form (C,x = 2",y =
,%). This spectral curve has for positive integer r greater than 2 higher order ram-
ification. The corresponding version of TR which keeps track of higher order ramifica-

tion was formulated in [BE13]. A new cohomological class cw (ai,...,a,) € H* (Mg, Q)
of degree s = (r=2)(g= 1)+Z (ai— (whzch has to be a positive integer s € N) was de-
fined by Wztten m [W1t93] for the moduli space complex curves associated with an r-spin
structure. A conjecture of Witten concerning the intersection number (Ti, ay Tk, .an)gn =
(ew (@1, -y an)NE L pER) 0 of this class cw (a1, ..., an) with -classes relates to the r-KdV
hierarchy, which was proved [FSZI10]. We use the notation of [EGFGT23|, where the rela-
tion of these intersection numbers to TR and the determinantal formula was discussed. The
correlators Wy, computed by higher order TR are related to the intersection numbers via

Wy n(x1(21), ..oy Tn(2n)) (2.26)
n (7"]{}1 + az)' r
= Z H (] 1— ‘k" Tkl,ﬂl ...Tkn’an>g’n H Tl)‘i’ii)7 (227)
0<k1,...,kn i=1 T%;

1<ai,...,an<r— 1

where m!(,y is the r-factorial defined recursively for m > r by m!,)y = m(m —r)!,) and
m!(r) =m for0<m<r.

On the other hand, Proposition yields the following representation for VNVg’n (note that
applying the higher order generalisation of TR from [BE13] is quite tedious to use)

Wg,n(xl(zl)7 vy T (2n)) (2.28)
n 6 ms (Zi+%)7‘+17(2i7¥)7‘+1 .
g A(r+1) 2 Wi
— th-‘rTL—Q ( _ ) uml e
e TS (- )
D D | 229)
oceS, i=1%i 7T 5~ Z(i) T —5

o=n-cycle
Again, taking the Laplace transformation of (2.26) with = _al) fo dxl%;ﬂ =
g TRt
(D™ trentsy
under the Laplace transformation as described in [Hoc23c] such that we conclude

for each i, we extract the intersection number. The lhs behaves nicely

mOD(1 — )%
> <cw(a1, wan) [T (l—u):;> (=r)9! (2.30)
i=1 v g:n

1<ay,...,an<r—1
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(2; +h“

n o0 3 iyr+l_ (2i— ﬁui)r+1 n 1
h29+n 2 H de'e R(r+1) E H p Fin
. N ) ZPe(@)
i=1 \/0 o€S, = Zit T T Ee() T T
o=n-cycle

(2.31)

This formula recovers the formula of Brezin and Hikami [BHOT, BH16], which was can be
used in the n =1 to derive more explicit formulas [LNX17, [DYZ23].

Note that the formula depends on the rhs continuously on r, whereas using higher
order TR [BEI13] to derive explicit values for these intersection numbers needs a fized integer
r corresponding to the order of ramification. Whenn > 1, the integration contours are shifted
slightly relative to each other.

Example 2.10. The Lambert spectral curve [BMO8,[EMS09] computes simple Hurwitz num-
bers which due to the ELSV formula to linear Hodge integrals on ﬂg n- The spectral curve
takes the form (C,x = z —logz,y = log z, (lel ‘izﬁz, where y was shifted by x to make the
x — y formula applicable, see [Hoc23c] for details. Let c(E) be the kth Chern class of the
Hodge bundle E and A(a) =1+ Y 9_ (—=1)*a~%c,(E). Then, the correlators generated by

TR compute the intersection numbers of the Hodge classes in the following way

- kk+1 Al
Wynlor(o)oac)) = Y T Hpatey) e e
k1, kn>04i=1 =1 vl ogm

Since y = log z, we can not use the formula from Corollary [2.¢] and Proposition [2.7. How-
ever, analogous computations provide the formula (Cauchy determinant has to be used with
ai = zie"™i/? and b; = —z;e k2

Wg,n(xl(zl)’ i) xn(zn)) (2.33)
n o mi eui(S(hui)fl)zi n 1
=[rr [ (Z ( ) wil———— ] > 11 v T
i=1 \'m, Owi(z) 1=z €S, il zie T — zyme 50

o=n-cycle

Taking now the Laplace transformation of (2.32)) with contour around the origin by
Res;, 6(“i7“i)xi(zi)dxi(zi) = 0y, u; extracts the intersection number. On the other hand,
applying this Laplace transformation to (2.33) as described in [Hoc23d] yields finally

kit A(1) >
H k;! <H?_1(1—ki¢i) g

i=1
i S(hk;) n 1

n
dz.ekizz
= el 2 I
Reszizo[h ] ki Rk; fkg(iy °

=1 &2 €S, i=12,€2 — Zs;)e 2

o=n-cycle

The difference to the formula already appearing in [Hoc23c| is that the sum is over n-cycle
permutations rather than over connected labelled graphs.

3. z —y DUALITY FOR CURVES OF THE FORM e” = F(e¥) OR e” = F(y)e™

It was already observed in [BS12] [GS12] that TR possess some issues with curves of the
form e¥ = F(e®) which are for instance the framed topological vertex curve with framing
f = 0. To understand on a very simple example that the x — y symplectic transformation
formula is directly related to this observation, we will present an almost trivial example
related to the Euler I'-function as wave function of the quantum spectral curve. This example
carries already all information needed to understand the general formalism which makes the
x — y formula applicable to the curves under consideration.

In this section we switch to a notation without ”tilde”, and will explain in Sec. how
these objects are defined in detail. Assume wy,, and w,, are given (the explicit definition
how these objects are defined will be given in Sec. )7 then the relation to Wy ,,, Wy,
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Wy Wy, @g o, @, @Y, W(z) and WY (y) is given as before (2.2)-(2.5)), (2.7)-(2.10), (2.12)
and ([2.14) by just removing ”tilde”.

3.1. The I'-wave function. Just for this subsection (due to pedagogical reasons), we con-
sider the spectral curve (P!, x,y, B) of the form e¥ = ... (rather than e* = ....) with

ey =2z (3.1)
with the parametrisation
T =z, y = log z.

Quantising naively this spectral curve via x — & =z and y — ¢ = ha% leads to the
. . o . ol s .
formal differential operator e"a= — 2 which annihilates formally the Euler I" function

("% — x)F(E) — 0,

where we have used the action e/'3r f(z) = f(x+h) and T'(1 + ) = 2T'(x). Note this is just
a formal observation and all functions are understood in terms of formal expansions in h.
The asymptoti(ﬁ (not convergent) expansion of the logarithm of the I" function at infinity
is very well-known in terms of Bernoulli numbers

T T z x 1 z 1 > Bk 1
logT(Z) ~ ZlogZ — 2 _ 1 log £+ L1og2 _ O
°8 (h) 8n TR 28R T8 “+kzz2k(k—1)xk—l

Comparing this to the construction of the wave function ¥(z) via @, , as defined in Sec.
we find heuristic arguments that the @4 ,, should actually not vanish for 2g +n—2 > 0 if the
wave function is constructed as suggested in Sec[2.2]. However, applying TR to the curve
defined in has vanishing @y, = 0 for all 2g +n — 2 > 0, since z(z) = z is unramified,
i.e. dz(z) # 0 for all z € PL.

Having the x — y symplectic transformation in mind, we apply TR for the same curve we
exchanged = and y. In this situation, we find also vanishing (Izgvm =0forall 2¢g4+n—-2>0
since y(z) = logz has no algebraic ramification point. After having swapped z and y,
consider heuristically the quantum spectral curve with the quantisation x — & = ha% and
y — g = y. Direct computation shows ‘

where the logarithms of the wave function has no contributions at order ™ and n > 0, which
aligns with the observation that all ©;,, = 0 for 29 +n —2 > 0.

We conclude an obvious mismatch by naively trying to construct the wave function from
the correlators @y, generated by TR from the curve . However, we show that the
x — y symplectic transformation formula resolves this problem in the following way.

Now we change the notation to wg, without "tilde”. Consider the spectral curve (3.1
with w;n = 0 for 29 +n — 2 > 0, then we define all wg , through the z — y symplectic

transformation formula (2.18)) by replacing @Y, by wY,, which means replacing Wg\f n Dy

g.n g,n
WgV7 .- The first examples already shows that Wy ,, = ——22— does not vanish for 2g+n—2 >

dzrq...dx,
0 with n = 1. It turns out that the corresponding wave function constructed as in Sec. [2:2]

from this wy ,, is the I'-function. More precisely, we have
1 z
L(j +3) A

U(z) = Ton

3Note an asymptotic expansion at « = 0 for the form f(z) ~ >, anax™ satisfies | f(x) — 27]:]:0 anz™| €
O(zN*1) where a,, can have factorial growth
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which is annihilated by the operator

P(x,hd,) = e —z — g (3.2)

which is in accordance with the conjecture by Gukov and Sulkowski (2.13)).
To see this, take z = z and y = log z. We assume that all ngn =0for2g+n—-2>0

since y is unramified. Consider the cases (g,n) = (g,1). Apply the = — y duality formula of
Corollary [2.6] for W 1

Woa(z) = [P ) (=0)" [u"]

k

exp(zu(S(hu) — 1)) (=1)
huS(hu) x

z/2_e—a:

where S(z) = & P o1y % + .... Integrating once wrt z gives @, 1(z) = [ W, 1(x)dx
which changes just a factor of u. We have as a formal power series

- exp(zu(S(hu) — 1)) (1)
Poale) = D0 T ey

Note expanding the exponential in & has a higher power of u than of x. This means that
after acting with (—d,)¥[u*] on it, this term vanishes. In summary, the exponential does
only contribute as a 1. We find

By () =[] (-0, ]y D)

- hu2S(hu) =«
2g—1 1
=0 300 o g o~ 1o
el/292 g,

=[h?9~ x — zlogx)

l]m(

1 > B T
_[p29—17,7/20, _ _t A k Zlogh
79~ e (x/hloga:/h z/h 5 logz/ +k§:2 R = 1)(x/h)k—1) + 7, 108

—[p29-1 z 1 z — 1
[h ]logI‘<h+2>+hlogh 2log27r
which coincides with the I' function. Next, we argue that all W, ,, with n > 2 and 2g+n—2 >
0 vanish. The poles at the diagonal vanish due to the argument in [ABDB™ 22 Proposition
4.6] (nothing changes by including logarithms). The only possible pole would be at x; = 0

which is generated by the term gg , however the expansion of the exponential yields factors
2+n

of x; together with factors of u;™". These generate higher derivatives wrt ;. So, we use
the same argument as before which means we have terms of the form 9727, where k > 0.
An explicit computation is very cumbersome and there is no new insight.

In conclusion, the wave function is constructed by just Wy 1 (z)

X

1
W logh — 5 log 27r.

= _ z 1
log ¥(z) = Zoﬁzg 1o, ,(z) = logF<h + 2> +
o

Via the functional equation of the I' function, the quantum spectral curve (3.2) is also
derived.
Remark 3.1. The dual wave function is

thJran ey 1
VN v _
U (y) = exp (E T 2o y)) = exp < = 21/) ,

g,n

since O 5(y,y) = —y. It is annihilated by PY(hd,,y) = e¥ — hd, — & Its formal
Fourier/Laplace transform with an appropriate contour and h chosen in an appropriate
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region in the complex plane is equal to the wave function ¥(x)

— [E ey - o [t g

Vh2m ‘Tp/(—)“ Vh2m V2r '
=TV (y —_——
=U(x)
where we have substituted % = —t.

We summarise the previous observation in the following way. TR implies that both
families @, , and @, vanish for the spectral curve (3.1)). However, constructing the wave

gn
functions from these trivial families &g, and (Ingn gives wrong results. Now, assuming that
)

the family wy, = @y, is trivial and letting wg, be defined by the x — y duality formula
produces a non-vanishing family w, , which generates the correct wave function. Therefore,

one of the families should actually not be trivial even though TR implies it.

3.2. General Construction. We propose the following extension of the x — y formula for
spectral curves of the form e* = F(e¥) (or e* = F(y)e®¥) with exponential variables having,
a priori from TR perspective, one trivial family of correlators cbgvm = 0. The formalism
extends the trivial family @, to w;, by a version of the asymptotic series of Faddeev’s
quantum dilogarithm [FK94]. The connection to Faddeev’s quantum dilogarithm will be
explained in the next subsection.

We define for the spectral curve e = F(e¥) (or e* = F(y)e®) the correlators

L Bay(1/2
WY (y) = (2(9)/,)

where Wy 1(y) = x(y) = log F'(¢¥). The coeflicient By, (z) is the nth Bernoulli polynomial,
and more precisely the coefficient appearing (3.3)) is the 2g coefficient of the function <7

957 (Wo1 (), (3-3)

S(=) —
s e [3529]61/2_271/2 = G Note that this coefficient already appeared in
expansion of the I' function before.

Now we define all W, through the x — y symplectic transformation formula
which are in general nontrivial with poles at the ramification points of « for 2g+n —2 > 0.

Now, we have the following proposal:

If we have a spectral curve of the form e* = F(e¥) (or e* = F(y)e®) with F rational and
simple algebraic ramification points for x, then the correlators @, , computed by TR via
(2.1) coincide with the correlators wy ,, from the x —y formula (2.18) where W/ is defined

by (B3). i.e.

Wg,n = Wg,n-

Remark 3.2. When this paper was finished, I was informed by Alezander Alexandrov, Boris
Bychkov, Petr Dunin-Barkowski, Mazim Kazarian, and Sergey Shadrin that this proposal is
in some sense a special case of the results in [DBPSS19, BDBKS20]. Howewver, it was not
formulated in this way directly in the past. An equivalent version of the explicit formulas
or were instead directly derived and proved to satisfy TR, and not taken as a
consequence of the proposed extension of the x — y duality formula. Therefore, this paper
still provides a mew perspective on the topic revolving around the x —y duality in general.

Considering (3.3, we find as a consequence of the z — y duality formula, Corollary and
Proposition [2.7] the explicit form

Wi (21, .oy Tn) (3.4)
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= 0 i\ ¢ m, <
= H <_ 8£C> <_ ai) [ui Z] exp <Z ﬁ2!] 1((1);]/71(yi + fmz/2) — @;,1(% — ﬁuz/Q)) — xu; + yz>
. o i i =

. 1
X Z H | hk; hkg (i)
l 2

= — eYo(i)

o=n-cycle

for curves of the form e®i = F'(e¥:).

In case of curves of the form e* = F(y;)e®, we have the minor change

W (21, .oy Tn) (3.5)
- 9 i . =

- B B [ui"] ex < h9 1((1);,1( i + hu; /2) — ‘PZ, (y; — hu;/2)) — xlul>
1'1:[17,%0< 8172)( 33«”i> P g;o Yy 1y

- 1
x 11
hik; hko
c€S, i=1Yi =+ 5 — Yo(i) =+ 2
C,

where @Y, (y) = [z dy = [log F(y)dy and &y, (y) = 22402020y, (1))).

Note that the argument of the exponential in both expressions has the following equivalent
representation:

>0+ uf2) =8y~ /)~ = (S —1) uat)
x/2

e —e_

where we remind S(z) = - 2 The form is very similar to the original formulation of
the z — y duality formula appearing in [BDBKS20, BDBKS22a].

Let us justify the choice of (3.3)) with a prediction for the quantum spectral curve of the
form e* = F(e¥) by Gukov and Sulkowski [GS12] (3.20)], which conjectures

PY(3,9) =" F — F(eVH),

where the operators are & = hd, and § = y. The corresponding wave function ¥V (y) will
therefore satisfy the functional relation

Y (y+ h)e F — F(evt3)0V(y) =0,

or equivalently (after shifting y — y — g and renormalising the wave function ¥V:"¢"(y) =
UV (y)e~¥/2, which is essentially subtracting the contribution of Do)

\Ij\/,ren (y + Z’) _ F(ey)qj\/,ren (y _ Z) = 0.

Now, it becomes obvious that the logarithm of the renormalised wave function together with

0, 0

the action of the formal derivative e2% — ¢39 satisfies

, h . h
(egay — e_%dy) log U™ () = log W¥""" (y + 2) — log WV-ren (y — 2) = log F'(eY).

Inverting formally the operator (e%av — egay) and adding on the rhs 1 = 9,0, ! yields

1 1,

log 177 (y) = i [T F(e)dy = o), (3.

%W. Expanding both sides in a formal power series in A, we identify at

order 7?9~ at the Ihs ®, (y) with 82(92(;)/!2) 929(®y 1 (y)) from the rhs under the assumption

that all @/, (y) with n > 1 vanish (except @ 5(y) which contributed to the renormalisation).

where S(t) = ef—e
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3.3. Faddeev’s Quantum Dilogarithm and =z — y duality. The quantum dilogarithm
[FK94] (see also [Zag07, [KM16, [GK20] and references therein for further information) is a
special function which plays an important role in quantum Teichmiiller theory and complex
Chern-Simons theory. The quantum dilogarithm is defined by

_ (x) . / 672iwt @
L) = AP [ Tsinh(tb)sinh(t/b) ¢ )

The Fourier transform is given by (see for instance [AP16], eq. (A.16)])

oo s o= T B+ b)) —my(b+b71)
| e -

. (3.7)
— 00 @b —y—;(b—i-b_l))

For our purpose, it is convenient to use the following representation after variable transfor-
mation

eiwt _ efiﬂ‘t) ht2

et dt
= D — 2 ) = .
or(x) =@ = (x/V—h2mi) = exp (/ SR ) (3.8)
which satisfies oy (z) = ﬁ(w) and the functional relation

%(I— Z) = (1+6””)<pn(a:+ Z) (3.9)

and has the asymptotic expansion

o0

_1B2y(1/2) . 1 .
1 ~ R 2L 929T g (—e®) = ————Lig(—e€” 3.10
0og @ﬁ(x) g;o (29)' x 12( e ) hS(h@w) 12( e ) ( )
which is exactly of the same form as the new defined family of W', with Wy, (y) = log(—1—
ev).
Thus to make the connection to TR, we want to study the spectral curve
e"+ey+1=0 (3.11)

which is symmetric between x and y. This curve is very special, since the curve can be
written as e” = F(e¥) and e¥ = F(e®). The general construction from Sec. [3.2] tells us that
both, W, 1 and W', should not vanish and actually be

Bo.1(x) = / yda = wmi — Lis(—e"), (3.12)
®,1(2) :W@iﬂ(%l(x)), (3.13)
Y (y) = / 2dy = yir — Lis(eY), (3.14)
B4 (0) =29 o @ ) (3.15)

Now, we want to check if this aligns with the proposed x — y duality formula. Therefore,
take (3.4) for n = 1 which is

Woalo) <) 3 (~2)" (-5 (316)

m>0

exp (307 B H@Y y (y + hu/2) — DY,y (y — u/2)) — au)
x [ TS (ha) ’
where @/, is given by (3.15). Comparing now the lhs with Wy 1(x) of (3.14)), we are

expecting that the rhs computes to %8%9 (Wo,1(x)). This is already generated if we
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set the exponential to be 1, since

_ oN" ([ 0 my 1 Bag(1/2) 9, _ Byy(1/2) .,

Next, we multiply (3.16) by %#29~! and sum over g. Acting with ¢"%/2 — ¢="9/2 on both
sides generates for the lhs (if W, 1(x) = 0;P4.1(x) of (3.13))

0 - haz/Q _e—ham/2 ay
gzz:ohq (W (1’+h/2) gl(x_h/2)): IWWOJ(IE):%

Whereas on the rhs the action of ¢0=/2 — ¢=h0z/2

nator and we conclude the following statement:

cancels against the S(%u) in the denomi-

9y
 Ox
1Y (<) (29@ﬂm%§yﬁl@h@+mﬂ)¢h@MM)x0,
m>0 k=0

with e* +e¥ +1 =0 and <I>V1 given by - This means that every order k%9 with g > 1
vanish identically. This was tested with computer algebra system up to genus g = 5, and it
seems to be completely non trivial.

One can summarise the previous computation in the following statement:
The © — y duality formula sends coefficients of the quantum dilogarithm to coefficients of
the quantum dilogarithm in a nontrivial way.

Next, we discussion the compatibility with the quantum spectral curve. Both wave func-
tions W(z) and ¥V (y) can directly be constructed from @, ,(x) and ®/ ,(y) since all other

<I>§,Y,2 = 0 for n > 2 except for @6\’/2) . We deduce

IOg\IJ(l') :1x+ij+l'7m+ OO( h)?g IMBQQ( ( ea:))

2772 T T & (29)!
log W¥(y) =5 +2+ygz+g 0( h)?9~ 132(922)/2)829(&2( ")),

where the first two terms for each wave function come from @ég. Due to the functional

relation of the quantum dilogarithm ¢(z) (3.9) and ¥(z) = p_p(z)e2 T %, we find that
U(x) satisfies

(14 e*2) 0 (z) + U(z + h)e 2 =0
implying that the quantum spectral curve of (3.11) reads
P(i,9) =1+ e¥Hh/2 4 ei=1/2, (3.17)
This obviously aligns with prediction of Gukov and Sulkowski (2.13). It is straightforward
to check that the dual wave function UV (y) = pn(y)e3 T % satisfies
(14?20 (y) + UV (y — h)e"? =0,

where the quantisation is £ = —h0,.
Last but not least, we might check if ¥(z) and ¥V (y) are related via Fourier/Laplace
transformation. Using the previously mentioned identities, we compute

Jr@etan= [o@erFeFar
:/‘ﬁm(x/\/% eh( +7i=Y) dp
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:\/hQﬂi/Qﬁ(x)e%\/mm(%er‘fy)dx
67%(37 Zii 2;{ 7" 2;%1!(\/ _EJF\/ 2:}:
=V h2mi

~ +mi— y / 7}‘1 2mi
¥ 2:2 Vh2mi 27"1 —h
. 1y ym

zc.m C-e? T pp(y) = C-VY(y),

where C'is a constant independent of y and not important for us, since it would be related to
the integration constant of ®V (y) which we have not fixed. In the first step we have inserted
U(z) = ¢_p(z)e3 T, in the second step we have replaced ¢ through @ via (3-8), in the
third step we did the variable transformation x — xvhA2wi, in the fourth step we applied
the Fourier transform of the quantum dilogarithm, in the fifth step we have used the
identity @p(z) = ﬁ(z) which gave finally in the last step the wave function ¥V (y) up to
an normalisation constant depending on A.

Yy7Ti

3.4. Resurgence for Curves of the form e = F'(e?). Computing the wave function \Il( )
or UV(y) (or more precisely the log of the wave function) from the correlator wy , or w,,,
give an asymptotic expansion in A which is in general not convergent. The spectral curves
considered in this paper of the form e* = F(e¥) possess a particular form, for which the
Borel transform of the log of the wave function ¥V (y) can be computed. We will essentially
just apply the result [GK20, Prop. 2.2]. The proposition states that for a given asympotitic
series of the form

op(T,y) = Z B2<92(;)/!2>f(29)(y)(2m7)2g—1

with f analytic on y for |Im(y)| < 7, the Borel transfroam takes the form
. oo
¢ (_l)g " f " E
Blos(rlie) = 5 3 (7 (s+£)+ 1 (s-2)).
Applying this to the previous construction of the wave function ¥V (y), we set i = 2miT and

fy) = @y 1(y) = [log F(e¥)dy and derive the Borel transform
i ¢ P & (—1)9 F’(ey+m)ey+m F'(ev™ zfm)ey T
[¢<I>01( )}(7):72 2 & + __£ :
2mi’ 21 21 p g F(evtzem) F(eY~7=m)

We conclude that the wave function WV (y) takes the form (by the Laplace transform of the
Borel transform, which is not an aymptotic expression in A any more)
y ! 0 T h
log¥V(y) = = + — — dée™ " Blpgpy (=—
og W' () = §+ 5+ P o [ e Bl ()

If we want to analyse the precise analytic properties, for instance poles in the Borel plane,
the function F' of the spectral curve e” = F(e¥) should be specified.

L),
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4. EXAMPLES AND CONSEQUENCES

4.1. Lambert Curve. The Lambert curve is a simple example which shows already how
the z — y should be adjusted according to Sec. The Lambert curve is an important
example since it enumerates simple Hurwitz numbers [BMOS§] or equivalently by the ELSV
formula simple Hodge integrals over ﬂgyn. It was show and discussed in [Hoc23c] that the
spectral curve of the form

z(z) = z — log z, g(z)=logz — xz=¢%—7j (4.1)

can be applied to the ordinary x — y duality formula and generates the same Wg,n as TR,
see also Example for this.
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However, this curve differs from the curve of Bouchard and Marino by the symplectic
transformation § — y = ¢ + = which leaves the correlators Wg n (except for W0,1) invariant
(see Sec-. Note that for the curve - ) the logarithmic singularity of z at z = 0,00 is
cancelled by the logarithmic singularity of y at z = 0,00, and vice versa. Therefore, the
construction of Sec. is not needed, and the ordinary x—y formula of [Hoc23a, I ABDB™22]
can be applied, see also Example

Now, we change the curve via symplectic transformation § — y =g + x to

Yy
x(z) =z —logz, ylz) =2 — €= s (4.2)

Y

as it was originally formulated. The construction of Sec. applies for this curve. This

means that the W;{ 1’s have to be corrected as suggested in Sec. by equation ({3.3)), that

is

Bay(1/2) Bay(1/2)
(29)! 29(29 — 1)y?
=[h?1] y_ o logT L 1) llogh—l— 1log27r
h Y h 2 h 2 ’
where the I" function is understood as asymptotic series, see Sec[3.1} This implies that the
wave function and the quantum spectral curve is of the form

esn \/ 2T

W, (y) = 929(y — logy) = 0g.0y —

T (y) =,
F<§¥L + ;)hy/h

y+h/2

PY(hdy, y) =" — .

are

06 =3 (- 505) (-2 L s

m>0
e (wuyy) _q (4.4)

o8 (u w2 (o) w(22)) — (21 — huy /2 — 29 + hug/2) (21 + huy /2 — 20 — hug /2)
(21 + hu1 /2 — 20 + hug/2) (21 — huy /2 — 20 — hug/2)”

Showing that either (2.33)) of Example or (4.3), (4.4) and (4.5) give the same Wgyn =

Wy » after inserting in (2.18) is a non trivial task, but follows after long computations which
were performed in [Hoc23a] in a slightly more general setting. We explicitly write down

qu(xl (Zl)a ey xn(zn))

M(Z (o) (2 )

(4.5)

i=1 “m;>0
1
<2 H
hud(i) ’
0€S, i=1% T 3 T Ze() t 3

o=n- cyclc

where we have used that the sum over all graphs G2 can be represented as sum over n-cycles

(see Proposition 2.7)).
Taking the Laplace transform of this equation (as explained in [Hoc23c]), the following
formula for the linear Hodge integrals is deduced

ﬁ ki; <H?:1é\1(1) kiti) >g,n

=1
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L dzekizi F( + 1 ) L 1
Bk T (7 + k) Z H hk F”ko()

o€S, i=17%i
o=n-cycle

=Res,,—o[h?9T" 2]

& | rfe

Sl

i=1

1 _ 1
h’“() = hu

where for n = 1 we define > seg,
o=1-cycle zi

Remark 4.1. A generalisation of these linear Hodge integrals to integrals of the form

<"?1(Li)k¢)> was for instance considered in [JPT11] and proved to satisfy TR with the
i=1 Wi gn

curve e*® = 4 in [DLN16|. From the Hurwitz point of view, this count of ramified coverings
is called orbifold Hurwitz numbers (the ramification profile over infinity is p = (1, .-y fin)
and over 0 of the form (a,....,a), see [DLN16] for details). The corresponding spectral curve
fits perfectly in the class of curves under consideration. It is straightforward to derive a
formula for <l_I"[21((i)7€lﬁ)> from the x — y duality formula for any a.
i=1 iYi
g.n
4.2. The framed Topological Vertex Curve. The framed Topological Vertex curve en-

codes the Gromov-Witten invariants of C3, more precisely the framed mirror curve of C? is
the curve

eyf
S (1=e)

with framing f. This curve is important in topological string theory. It was conjectured in
[IBKMPO09] more generally that if one takes the mirror curve of a toric Calabi-Yau 3-fold to
be the spectral curve, the @, , generated by TR computes the B-model correlators. In the
specific case of C2, the conjecture was proved for instance in [Che09, [Eyn11] and in general
in [EOT5].

However note that for the special framing f = 0, TR does not give the expected results
neither for the @, , nor for the free energies, which was observed for instance in [BS12].

We take the following parametrisation of the curve

z(z) = —flogz —log(1 — z), y(z) = —log z.

The correlators computed by TR, (2.1) from this curve yield triple Hodge integrals on ﬂg,n
[Eynll] Theorem 4.1]

o s (1 (s 1+f e~ Miwi(2:i) sd; 7<A(1)A(f)A(1f)>
Wy, ,(Zla ) % ) (f +f Hl;ﬂ 11_[1 pac (Z) H?:l(]-—’_,u‘lqzbl) (]n’

where ); is the ith 1-class and A(a) =1+ >, (—1)*a~*cx(E) with ¢ the kth Chern class
of the Hodge bundle E.

Taking the Laplace transform of this with contour in the z-plane around the origin yields
(since Res,,—q e® G Rimnidy, (2;) = 6, 1, f)

zi(z)ki o1 i(L+ ) ki (DA(S)A(=1—f)
Reszi:o e (2i)k w_qvn(Zh vy 2 ) 1 + f H < k;! fk ) ) < Hi:l(l + kﬂ/}i) >g,n

(4.6)

9,

Now, we want to apply the construction of Sec[3.2] which is also valid for the case of
f=0,—-1. We find
_ Byy(1/2)
(29)!
By construction and the argumentation of Sec. the wave function ¥V (y) and the
quantum spectral curve PV are as expected from eq. (2.13]).

Woa(y) = fy—log(l—e™),  Wji(y) = 9% log(1 —e¥). (4.7)
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The ingredients for the x — y formula (2.18) considering (4.7) for W/, are

=Y (- 5 )m(_dy(z))[um]exp[(m_1)%(4

= 0z(z) dx(z) hu
(4.8)
&V 1
est’ (wuyy) _ St (4.9)
—huy/2 —huz /2 huy /2 huz/2
o (o) ey _ (1€ M2 2pe P2 (et 2 gl l?) (4.10)

(Zlehul/Q _ 22€—hu2/2) (Zle—hu1/2 _ Zthug/Q)

Showing that (4.8]), (4.9) and (4.10]) give the same Wgyn = W, after inserting in (2.18) is

again a non trivial task, but tested with computer algebra system for several examples. We
explicitly write down the formula following from the x — y transformation formula

g (T1(21), s Zn(2n))
= - (" ziexp || oz — 1) wizi(z)
i=1 n; ax’ ’)> ( dai(z:) S(hayi(zi))
I | et
UGS,LI i= 1
o=n-cycle

where we have used that the sum over all graphs G2 can be represented as sum over n-cycles
(see Proposition and the Cauchy matrix in the proof Proposition has to be chosen
with a; = z;e™i/2 and bj = fzje*"“‘j/Q.

Taking the Laplace transform of this equation (as explained in [Hoc23¢]), the following
formula for the triple Hodge integrals is deduced

£+ )0 1H< 1+f))'fk>< (1)A(f)/\(—1—f)> )

ki!(fki)! [Tim, (1 + ki)
2g94m—21 T S;F(L:laaimzf’c zi(2:)
— gTn— . z ‘
=Res.,—[h ]Hdzze vl Z H ziehki/2 — 5 e=hko(i/2”
i=1 c€eS, i= 1 o (1)
o=n-cycle
where we remind S(t) = et/z_%t/z, z(z) = —flogz—log(l—z) and y(z) = —log z, and f is
the framing. This formula seems to be of a very similar nature as the original Marino-Vafa
formula [MV02]. In the case n = 1, we have to take > ,cg, — L =
o=1-cycle %€ iz wye o9

1
zihuis(hul) :
One might further simplify the expression in the following way

S(hk;iOy, - ks
exp <(y’(’)k1x1(22)> = exp <Z eh(n+ 2i)z;0s, i(—flogz —logl — Zz))

(hayb(zb ) n=0
_ 1
AR (1 = 20
where the formal action % f(z) = f(a ) was used. For instance for n = 1, we find
_ 1+f 'fk>< 1—f)>
1+ )¢ 1(

dz

a—o[R*9 7 .
esz=o] }(ehk/Q_e B/2) R TTEZD (1 — zehnt 555))




24 ALEXANDER HOCK

Remark 4.2. For more general triple Hodge integrals of Calabi-Yau condition of the form

<A(p)7f\(q)/\(—p - q) > 7 (4.11)
Lo L+ ki) /[,

it is also known that they can be computed by TR, see [Ale21al[Ale21D]. The spectral curve for

these integrals is also of the form e® = F(e¥) such that a formula for the more general triple

Hodge integrals of the form can also be written down. However, formulas are getting

pretty ugly and there is no new insight for A(p)A(q¢)A(—p—q) since A(L)A(f)A(—1— f) has

the same enumerative geometric content.

Remark 4.3. Adding additional ©-classes as they are introduced by Norbury |[Nor23] to
triple Hodge integrals can be performed as well, where the spectral curve is known [Ale21Db]
and again of the form e® = F(e¥). These are called triple ©-Hodge integrals. More simple
intersections numbers where miztures of a ©-class just with V-classes have a spectral curve
of the form P(z,y) = zy” — 1 = 0 [CGFG22]. Results of Sec. [2.5 from the x — y duality
with unramified y are applicable here, a particular example is the Bessel curve of the form
(P!, 22, L, dzdze [Nor23).

[P (21722)2

4.3. Descendent Gromov-Witten invariants of P'. The stationary Gromov-Witten
invariants on P! with their relation to integrable systems were considered by Pandharipande
in [Pan00] and Okounkov and Pandharipande in [OP06]. Later, it was conjectured that
these invariants are computable by TR in [NSI4], which was proved in [DBOSSI4]. The
stationary Gromov-Witten invariants are defined by (see for instance [OP06] and references
therein)
n d n
(Mmen) = [ Tleeit). (1.12)
=1 g Mg, (P, d)]vir ;1
where d satisfies the dimension condition Y, b; = 29 — 2+ 2d, v € H*(P') be the dual class
of a point and ﬂg,n(l}”l, d) is the moduli space of degree d maps from a Riemann surface of
genus g with n marked points to P'. The corresponding spectral curve computing stationary
Gromov-Witten invariants is

x=eY+e Y (4.13)
which is typically parametrised by

1
x(z) =2+ -, y(z) = log 2.
z

The precise statement in the notation of the article, where @y (21, ..., 2,) is derived by TR,
is the following [DBOSS14]:
d n

Qg (21, .oy 2n) = Z <H7—bi(,7)> Hmdx(zz)

b1,yeeibn 9i=1

The equality holds as a Laurent expansion at x; — 0o.
The curve does not fit into the class of curves considered in Sec. (also not after
interchanging « and y). However if we add a parameter ¢ by
2
xe(z) =2+ por
we get a new curve which coincides with the spectral curve of Sec. for t — 0 and
with the curve for t = 1.

The limit ¢ — 0 is a singular limit, since the two ramification points at S+ = =+t merge
and cancel out, and on the other hand the ramification points merge with the logarithmic
singularity of y(z). This geometry of the limit is not included in the recent work |[BBCT23|
where several different cases of a t — 0 limit are discussed.

However, taking the « — y duality formula into account and the construction of Sec.
the limit ¢ — 0 from the curve and from the construction of Sec. (after changing

y(z) =logz, — 1z =¢e¥+t%eY, (4.14)
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the role of « and y) coincide. To see this, we observe first that the curve does not fit
into the class considered Sec. [3.2] for ¢ # 0. However, in both cases t = 0 and ¢ # 0 we have
for wg = 0 for 2g +n — 2 > 0 since y(z) has no ramification points. Following the = — y
formula , we have the ingredients

OVyz) =3 (_ 3))’”( _ dy(z) >[um] exp [u (S(hu) = 1) (= + £)]

= Oz (z dzi(z) hu
(4.15)
14V 1
e3¢ (uuy.y) :S(hu) (4.16)
—hu —hu hu hu
eév(ul,uz,y(zl),y(@)) _ (zle 1/2 _ Z9€ 2/2) (216 1/2 _ Z9€e 2/2) (417)
(Zlehul/Q _ Z2€—hug/2) (Zle—hul/Q _ Zthu2/2) .

We conclude from the x — y duality formula (2.18)) (or more precisely a version of the special
case (2.19) where y = log z instead of y = z) together with the Proposition

g (@e(21), -, 21 (2n)) (4.18)
n m; ” . 9
=119 > < - agcf)w) ( jf(( ))) "]z exp [u (S(hus) —1) (z+ =)| b (4.19)
i=1 | m;>0 4 t\Zi Zi
x ; 1_[1 ehul/Q 2 oli )6 —hug () /27 (420)

o=n-cycle

which was tested with computer algebra systems for small g and n. Note that the rhs behaves
smoothly in ¢, which converges for t — 0 to the case considered in Sec. However, the
derivation of Wy, (z(#1), ..., x¢(zn)) from TR is not smooth in ¢ since ramification points
collide and merge with the singularity of the logarithm. This underpins again that TR needs
some adaption if the curve is of the form e¥ = F(e*) or e¥ = F(x)e®*, respectively.

Since we can extract from the correlators @, , the stationary Gromov-Witten invariants
via Laplace transform

(=1)" Res.,—o dx(21)...dx(z, ) e =E) Tzl g

:zb:<ﬁln > H'ub 41

= o M || 7=
/[Mg,nopl,d)w z 1;[1 L= pinhi

K2

we derive the following formula for the stationary Gromov-Witten invariants (4.12)) from the
Laplace transform of the z — y duality formula (4.18) with ¢ =1

- evi(N )| — -
/[M o (P1,d)]vir £[1 L — pithi

n
2g4n— 2 . S (i) (zit27)
=[h HRebzqzo dze Z H ziehni/2 — 4 ()€ —hpoy/2°

=1 oc€eSsS, i= 1
o=n-cycle

Example 4.4. Let us consider the n =1 example of the above formula:
S(hp)(z+71)
x iz 29—1 dzet =

ev; (v =[h Res;—0 ———7—~—

/[Mg,n(lP’l,d)]viv- U pp [ | 2hypS ()

v (uS(h)(z + 1)m
=[n?"""] Res.— dz Z:: Mn'zguSUw)




26 ALEXANDER HOCK

(5] Z 1 *1715 hﬁt

2

Taking on the lhs due to dimensional restriction the coefficient p?972d=1

of Pandharipande [Pan00, Theorem 1] with n = 2d.

yields the formula

Example 4.5. The degree d = 1 case is also an important explicit special case (considered in
by Pandharipande [Pan00, Theorem 2]) which can easily be derived from the above formula.
Due to dimensional restriction, we have after expanding the geometric series ﬁ =
>, pliplt that 3, b; = 2g. Taking the [Tl t1] coefficient, we have on the lhs

ev; (v) [ wi.
/[Mg,n<P171>]““' 1:[

Since we have to take on the rhs the coefficient [h29+"=2] and [ ...l t1] with 37, (b; +
1) = 2g+n, we can redefine all p; — 5= on the rhs. The remaining coefficient in h is [h~ 7,
which can just be generated by expanding at most two exponentials

A=20bL ont TT Res, g dzge ™ S0 it2) '
(2= Hn ]H €S,,=0 AZ;€ Z H zienil2 — 4 ()67#(,(“/2

=1 oesS, i=1
o=n-cycle

Now, it is important that the order of the contour integrals is fixed, since swapping or-
der of the contour integrals gives nontrivial contributions of the form Res.,—oRes,,—o =
Res.,;—o Res.,—o + Res,—o Res.,—.,. Therefore, we fix for all permutations o € S,, the order
of the integrals in the consecutive order, i.e. first z1, then zo etc. It is easy to see that

S(p1)(z1++5)

L
the residue for z1 already vanishes except if the exponential e o s expanded.

Furthermore, since the last contour integral is z,, we have to expand also e S (i) (ant 20
otherwise the expression vanishes. This means that fixing the order of integration and taking
the [A™2] coefficient yields just nontrivial contribution of the form

by+1 bn+1]

1 1
[y Res., o dzn... Res., —o dz1p1 S (p1) (21 + )an(ﬂn)(zn +—=)

n
X Z Hzleﬂz/sz (@€ —Bo(i)/2"

ceS, i=1
o=n-cycle

Now, computing the residues for all (n — 1)! permutations o € S,, with o an n-cycle, a lot of
permutations have vanishing contributions except of 2"~ 2 permutations ¢ € S,,. This 2"~
permutations can be characterised nicely in the cycle notation as follows. Put 1 on the first
place, than we have to put 2 either at the first or last empty space

(1,2,....) or (1,...,2)
otherwise the integral vanishes. Adding 3 again either at the first or last empty space:
(1,2,3....) or (1,2,....,3) or (1,3,....,2) or (1,....,3,2)
etc. Constructing the subset of 2"~2 permutations o € S, in this way, these are the
only permutations which do not vanish if we take the order of integration to be the con-

secutive order. Performz'ng the integration, each permutation gives a term of the form
(d)e2tten—1ge2 M2 pes 3 e,y Mnl

, where ¢, = £ depends on if we have put i at the
first or last empty space by constructing the permutation. Therefore, we find

/[Mg n (P, 1)]ver Hw

1 1
=[ph bt Res,, — dzy... Res., —o dz1pn S (1) (21 + Z—l),unS(un)(zn + Z—)

n
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X Z Hzeﬂl/Q—z ()€ — o (i) /2

o€S, =1
o=n-cycle

n—1

=l T S () o S () > [ (=1yciechmr?

(€2,-sen—1)E{+1,~1}n~1 i=2

n

_ b+1 b+1 hp; /2 —hpi/2

b gl T2 e
=1

n

1
= H 2b; (0. 1
P 22b:(2b; + 1)!
where Y, b; = 2g. This result obviously coincides with [Pan00, Theorem 2| as claimed before.

5. OUTLOOK

This article presents new ideas on how the universal x —y duality of the theory of TR can
be applied to a simple class of spectral curves of the form e* = F(e¥) (or e = F(y)e®) with
exponential variables. These types of curves find applications in topological string theory,
where the spectral curve corresponds to the mirror of the toric Calabi-Yau 3-fold, and the

generated correlators are the B-model correlators. The main idea was to define the (a priori

B2,y(1/2) 629
. (29)’ . . .

expansion of the quantum dllogarlthm7 prov1d1ng a primary example. Further examples

discussed in this article include the framed topological vertex and stationary Gromov-Witten
invariants on P!. Additionally, in the context of polynomial spectral curves P(z,y) = 0, we
provide further examples of the z — y duality formula in Section 2:5] relating it structurally
to the determinantal formula in the case where y is unramified.

From here, several further directions can be pursued:

trivial family) w;’,n = 0n1 . The same coefficients appear in the asymptotic

e We have seen in Sec. that the x —y duality formula can be brought into the same
form as the determinantal formula if y is unramified via the Cauchy determinant.
However, bringing the general x —y formula into such a form, where the sum over all
graphs G, is turned into a sum over n-cycle permutations, is absolutely nontrivial
but might be possible. The advantage is that the sum over graphs G,, includes many
more terms since the number of these graphs grows much faster than the number of
permutations. Furthermore, having such an z —y duality formula will provide a new
way to express the kernel K (z;, ;) through the family &;/7” rather than through the
family wg p.

e The h series of the family @, , is factorially growing. The determinantal formula
can be used to compute the Borel transform. It is worth investigating whether the
x — y duality formula can also be used to derive the Borel transform or make some
other asymptotic predictions.

e The two wave functions, \il(x) and \ilv(y), related by = — y duality, are heuristically
Fourier/Laplace transformations of each other. The x — y duality between the two
families, wg,, and wg n» should recover this Fourier/Laplace transformation at each
order in a formal A expansion. Making this observation more rigorous will interplay
with the resurgence since the Fourier/Laplace transformation is in principle defined
for a non-vanishing parameter 7.

e Extending the z — y duality formula to general spectral curves with exponential
variables of the form P(e*,e¥) = 0, especially with higher genus.
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