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Abstract

We develop a split representation for celestial amplitudes in celestial holography,
by cutting internal lines of Feynman diagrams in Minkowski space. More explicitly,
the bulk-to-bulk propagators associated with the internal lines are expressed as a prod-
uct of two boundary-to-bulk propagators with a coinciding boundary point integrated
over the celestial sphere. Applying this split representation, we compute the conformal
partial wave and conformal block expansions of celestial four-point functions of mass-
less scalars and photons on the Euclidean celestial sphere. In the t-channel massless
scalar amplitude, we observe novel intermediate exchanges of staggered modules in the
conformal block expansion.
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1 Introduction

Celestial holography is a duality between a d + 2-dimensional quantum field theory or quan-
tum gravity in an asymptotic Minkowski space and a hypothetical d-dimensional celestial
conformal field theory (CCFT) on the celestial sphere at null infinity [1-3]. More concretely,
scattering amplitudes in the “bulk” theory when expanding in the conformal primary basis,
that manifests the d-dimensional conformal symmetry (d+2-dimensional Lorentz symmetry),
are conjectured to correspond to correlation functions in the “boundary” theory [1].

Besides conformal symmetry, perhaps the most important property that a CCFT should
obey is locality. On the level of correlation functions, locality means that singularities arise
exclusively when operators coincide and are captured by the operator product expansions
(OPEs). Indeed, the analysis of the celestial OPEs of gluons and gravitons shows that the
coinciding point singularities on the celestial sphere correspond to the colinear singularities
of the scattering amplitudes [4]. However, it is unknown whether all the singularities of the
celestial amplitudes are of this type, and it is well-known that generally singularities can
occur at configurations where no pair of incoming or outgoing particles are colinear [5].

To examine the singularity structure of celestial amplitudes, it is convenient to fully
utilize the conformal symmetry by expanding them in terms of conformal partial waves or
conformal blocks. The conformal partial wave and conformal block expansions of the celestial
four-point massless scalar amplitudes were studied in [6-9] using the completeness relation
of the conformal partial waves. However, such a method is difficult to generalize to higher
points due to the complicated integrals over the space of conformal cross ratios. To address
this problem, we draw lessons from the anti-de Sitter (AdS) holography, where a powerful
technique of computing AdS Witten diagrams and their conformal block expansions is the
split representation of the AdS bulk-to-bulk propagators [10, 11]. In this paper, we develop
a novel split representation for computing celestial amplitudes.

In perturbation theory, celestial amplitudes can be computed in a way similar to the
computation of Witten diagrams in AdS using a set of Feynman rules conveniently formulated
in position space (see a review in Section 3.1). In a Feynman diagram computing a celestial
amplitude, an external line attaching a “boundary point” from the celestial sphere at the
null infinity to a “bulk point” in Minkowski space is a bulk-to-boundary propagator that
is identical to the conformal primary wave function. An internal line connecting two bulk
points is a bulk-to-bulk propagator, which is the Fourier transform of the usual Feynman
propagator from momentum space to position space. The internal and external lines are
joined at bulk vertices, which are given by the interaction terms in the bulk action, and
integrated over the entire Minkowski space.

To derive a split representation for the bulk-to-bulk propagator, we divide the Fourier



integral in momentum space into integrals over the regions inside and outside the light cone
of an observer at the origin (p = 0) as shown in Figure 1. The regions inside the past or
future light cones are foliated by d + 1-dimensional Euclidean anti-de Sitter (EAdS) slices,
and the region outside the light cones is foliated by d + 1-dimensional de Sitter (dS) slices.
We then separately apply the EAdS and dS split representations (see Section 2) for the part
of the bulk-to-bulk propagator on the EAdS and dS slices. After putting things together,
the final result is a split representation for the bulk-to-bulk propagator into a product of two
bulk-to-boundary propagators with a common boundary point integrated over the celestial
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Figure 1: Hyperbolic slicing of momentum space RV, Each blue curve is a EAdSgy, and

sphere (see (4.9) in Section 4).

each left-right pair of red curves is a dSg;1.

Applying our split representation to the internal propagators of a celestial amplitude
reduces it into an integral of products of lower point amplitudes. Repeating the above step,
we could reduce a higher point celestial amplitude to three-point amplitudes and obtain
a conformal partial wave or conformal block expansion. We demonstrate this in various
examples of four-point amplitudes (see Section 5), including the s-channel massless scalar
amplitude, the s-channel Compton amplitude, the t-channel massless scalar amplitude, and
the contact scalar amplitude. It is important to note that our split representation naturally
produces expansions in terms of conformal blocks on the Euclidean celestial sphere. In
particular, for d = 2, we achieve an expansion of the t-channel massless scalar amplitude in
terms of the SL(2,C) blocks. This is in contrast to the expansion of the same amplitude in



terms of SL(2,R) x SL(2,R) blocks [7], which are the conformal blocks on the Lorentzian
celestial torus. In both cases, there are extra contributions to the expansion beyond the
conformal blocks of unitary Verma modules. Notably, In the SL(2,C) block expansion, we
find chiral staggered modules, contrasting with the light-ray states identified in the SL(2, R) x
SL(2,R) block expansion [7].

The rest of this paper is organized as follows. Section 2 and Appendix D derive the
split representations in EAdS and dS spaces. Section 3 reviews the computation of celestial
amplitudes in perturbation theory using Feynman diagrams and Feynman rules involving
the bulk-to-boundary and bulk-to-bulk propagators. Section 4 presents our main result, the
split representation for the scalar bulk-to-bulk propagator. Section 5 applies the split rep-
resentation to various celestial four-point amplitudes. Section 6 ends with some concluding
remarks.

2 Split representations in EAdS and dS spaces

For the EAdS spacetime, the (scalar) bulk-to-bulk propagator Ga(X, X’) is related to the
product of two bulk-to-boundary propagators Ka (X, P)Kx(X’, P) with the common point
P integrated over the boundary [10, 12-14]. This is called the split representation of the
scalar propagator, and is a special case of the split representation of the Dirac delta function,
i.e. the resolution of identity on the space of normalizable functions on EAdS,, 1,

1 2t gA
X, X)) =— — PKAX,P)Kx (X', P 2.1
6( ) ) 27]_2-/; N(A> /d A( ) ) A( ) )7 ( )

where X, X’ are bulk points, P is a boundary point parametrized by P = (1*'2“;2 , T, 1_2”2) ,T €

R?, A is the shadow weight A =d — A, K A(X, P) is the bulk-to-boundary propagator,
KaA(X,P)=(-2X-P)™4, (2.2)

and p~1(A) is called the Plancherel measure,

(A - é)rﬁﬁ - g). 23)
[(A)T(A)

The idea behinds the split representation is as follows.

By the spectrum theorem, for a manifold M and a self-adjoint differential operator D on
M, given an orthnormal basis {e;(z) : i € I} of D: De; = \;e;, the resolution of identity

é(x,x') = Z e (2')e;(x), (2.4)

el
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is equivalent to the completeness of the basis. The propagator G is the operator inverse of
D: DG =6, and

1

G(x,2') = Z )\—ie;‘(x')ei(x). (2.5)
i€l

If further M admits a transitive symmetry G, i.e. M = G/H, then different eigenspaces of

D carry inequivalent representations of GG labeled by ¢ with the same ;.

For EAdS4. 4, choosing the differential operator as the Laplacian, the eigenspaces are
unitary principal series representations Ex of the isometry group SO(d + 1,1). For any
boundary point P, the bulk-to-boundary propagator Ka(X, P) is an eigenfunction of the
Laplacian, and the integration over P resolves the degeneracy of the eigenspaces.

The appearance of the bulk-to-boundary propagator K (X, P) in the split representation
(2.1) is quite natural from the perspective of harmonic analysis, see Appendix D. For a
normalizable function f(X) on EAdS, the Fourier transform Fjx is

FAFCOIP) = [ dX Ka(X.P)F(X), 26)
and for a normalizable function f(P) on the boundary, the Poisson transform .7-1 is
FPIE0 = [ aP ;X P)F(P). 2.)

Then the composition maps Pa = ]—”2]—} are projectors that decompose f(X) according to
the unitary principal series representations Ea,

PALFCXNC0) = [ X 64X, X)F0X), (2.9

where the integral kernel ¢a (X, X’) is called the spherical function on EAdS,
Oa(X, X') = / dP KA(X, P)Kx(X, P). (2.9)

The inversion formula ensures the decomposition is complete,
d ., -
1 [27°° dA

X)=— — X 2.10
0=55 [, iy PAUOO) (2.10)

and is equivalent to the resolution of identity (2.1). The physical interpretations are as
follows: the spherical function is the Wightman function of the free scalar; the Poisson
transform is the Euclidean counterpart of the HKLL reconstruction of the free scalar [15,
16]; the Fourier transform is the Dobrev intertwining relation [17], which motivates the split
representation on EAdS [12].



The preceding discussions inspire the question: is there a similar relation to (2.1) on
the dS spacetime? The answer is affirmative with two new features: the quantity X - P is
indefinite for X € dS;41 and Ka(X, P) in (2.2) is ill-defined; the spectrum of the Laplacian
contains both continuous and discrete parts. The split representation in dS is
%—H’oo dA
(X, X)) = — ——— [ dP Ka (X,P)Kx (X', P
( ) ) Zl/;; 2[1,(A) / A,( ) ) A,e( ) )

1
/dPKAye(X, P)Kx (X', P).
Gdepys 2HMA) ’
€ ds

(2.11)

where ag = 1 for odd d and oy = % for even d, the analog of the bulk-to-boundary propagator
is

Kn(X,P)=]—-2X P =|—-2X-P|?sgn(-2X - P), (2.12)

and the discrete spectrum is
d
Dys ={(A € Z,e) : A>§ and € =14+ d+ A modZs,}. (2.13)

The derivation requires the harmonic analysis on the symmetric spaces, and we leave it to
the appendices. In Appendix C we review the spherical function method in the harmonic
analysis. In Appendix D we derive the split representations on EAdS/dS from the spherical
function method. The result (2.11) is not new, but appears in different forms in the old
literature [18-22].

3 A brief review of celestial amplitudes

3.1 Feynman rules for celestial amplitudes

In a d-dimensional celestial CF'T, celestial amplitudes are scattering amplitudes expanded
on the basis of conformal primary wavefunctions [1, 23] instead of the usual plane-waves. For
instance, given an amputated amplitude M(X;) of massless scalars in the position space,
we obtain a celestial scalar amplitude A(z;) by changing the basis as the integral

Alz;) = (ﬁ/dd+2Xj> <ﬁl¢f£j (xj;Xj)> ( ~ﬁ1¢5j (fj;Xj)>M(Xz‘) : (3.1)

where ¢ (z; X) are the incoming (+) and outgoing (—) massless scalar conformal primary
wave functions with the conformal dimension A. Since the conformal primary basis connects
a bulk point X in the (d + 2)-dimensional Minkowski space and a boundary point x on the
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d-dimensional celestial sphere, we will also call it a bulk-to-boundary propagator. We
will review the explicit forms of the bulk-to-boundary propagators in the next subsection.

In perturbation theory, the amplitude M(X;) can be computed by Feynman rules. The
propagators and interaction vertices are simply given by Fourier transforms of those in the
momentum space. For instance, a scalar propagator in the position space, connecting two
bulk points X; and X5, is given by!

dd+2p i i (X1 —Xa)
K (X1, Xo) = (2m) 2 p2 4 m? — iee ) (32)

which satisfies the Green’s function equation
(0% +m?)Kn(X,Y) =02 (X —Y) . (3.3)

We will call it a bulk-to-bulk propagator.

We will focus on tree-level amplitudes with scalars and photons. For example, the 2 — 2
contact celestial scalar amplitude is given by

A1A81+28—>38+48(93i) = /dd+2X OA, (@1, X)04, (w2, X)dx, (w5, X) 5, (w4, X) . (34)

We have introduced the notation
-S

i for i-th, mass m, helicity /spin s particle. (3.5)

Another example is the s-channel tree-level celestial amplitude with two incoming and two
outgoing massless scalars and a massive scalar exchange. Using the bulk-to-bulk and bulk-
to-boundary propagators, this amplitude can be computed by

2 4
SA1A8i+28ﬁ\38+48 (,S(,’z) = / dd+2X1dd+2X2 < H ¢JAFZ (Ii, X1>> ICm(Xl, XQ) ( H ¢£z (ZL’i, XQ)) . (36)
i=1 =3
Similarly, the t-channel tree-level 2 — 2 celestial scalar amplitude is

< 0%, (0 X0)03, (02 X o (X2, X003, (0, X1)03, (01, Xa)

Finally, we consider the s-channel Compton amplitude. In the plane-wave basis, the ampli-

(3.7)

tude in four-dimensional Minkowski space is

1
Mp,y = (2(]1# + Qm)m@qu + Q4y) . (38)

'We use the most positive metric in this paper, i.e. g = diag(—1,+1,+1,--- ,+1).
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The corresponding celestial amplitude is
A, ‘
5A18+20— —33+44 (xl)

1
- T / d'X,d" X, [23;@21(951,Xl)qbzw_(m,Xl)+gzszl(xl,xl)a;lqsgw_(xg,Xl)} (3.9)

X Km=o(X1, X2) {25§2¢13($37X2)¢£4;V(fB4,X2) + ¢Z3($37X2)a§<2¢£4;y(f’%Xz)] ;

where (bi; ua 18 the bulk-to-boundary photon propagator.

3.2 Bulk-to-boundary propagators

The bulk-to-boundary propagators (conformal primary wave functions) ¢i’m(x; X) and ¢ (z; X)
for massive and massless scalars with mass m are given by

dd—l—l/\! 1 o,
¢X7m(l‘; X) - / ﬁop (_a ﬁ)Ae:tzmp X :
(bi ij :/ dw wAfleiiwa-Xfew _ Ni _ : 7
A=, A X T
where Ni is a constant factor given by
Ni = (F)°T[4]. (3.11)
¢" and ¢ are massless and massive on-shell momenta with the parameterizations?
" (w,z) = wi'(z) = w(l + 2%,27,1 — 2°) = 2wP"
.m (3.12)

p(m,y,x) = mp'(y, x) (14 y* +2%,27,1 — y* — 2?).

2y
There is another set of bulk-to-boundary propagators given by the shadow transform of

the wave functions in (3.10). As shown in [23], the shadow transform of gzﬁim(x; X) is simply
of Am(7; X). The shadow transformation of ok (v; X) is

~ Ild— A = A@3X) Ni _d
e = B [l - S et ) 6
2

As we will see later in Section 4, in the split representation, the bulk-to-bulk propagator
would also factorize into bulk-to-boundary propagators with imaginary mass, im. Hence, we

2We note that the coordinates P defined in Section 2 is related to g by § = 2P.



introduce the bulk-to-boundary propagators for tachyonic scalar as®

X)) — dd-&-l//{\;/ 1 €/~ 7{\/ —imbx 314
Onime(r; X) = |7€\/+| |21\-/15’|Asgn (7-K)e (3.14)

with k2 = m? and € = 0, 1. Note that there is no distinction between incoming and outgoing
for tachyons. The bulk-to-boundary propagators ¢a im (x; X) are conformally covariant and
satisfy the tachyonic Klein-Gordon equation (9% + m?)@a im.(z; X) = 0.

The bulk-to-boundary propagator (conformal primary wavefunctions) for massless spin-
one particles is [23, 24]

AE(G: X) = 0uq, 70,0 - X
e (G- X Fie)® (=7 X Fie)tH (3.15)
= Vlﬁ’i(x,X) + W;ﬁ;i(a:, X) .

The shadow transform of ¢ﬁdi is related to itself and we have

At _ (—XHA10,q"  (=X2)A1q0.q- X
Ha (—q- X Fie)A (—q- X Fie)rt!

¢A,:I: — (_XQ)A—1¢

na

(3.16)

Up to a pure gauge, qﬁﬁf (¢; X) can be written as a Mellin transform of a plane-wave as

A-1 o .
stﬁ{i(a; X) — AN:E aaz]\li/ dw wA—lezl:ZLUQ‘X—GUJ + auaaAd: ) (317)
A 0

4 Split representation in CCFT

We are now ready to derive the split representation for the bulk-to-bulk propagator C,, (X1, X5)
in (3.2) in celestial holography, by combining the split representations in EAdS and dS de-
veloped in Section 2 (with more details in Appendix D). As discussed in the introduction,
we divide the Fourier integral of the bulk-to-bulk propagator (3.2) into integrals over the
regions p? > 0 and p? < 0 as

’Cm(Xlu X2) = ’Cjn(X17X2> + ICT;L(XhXQ) ) (41>
where I (X7, X5) and K (X7, X,) are given by
dd+2p 7 )
(X, X, = —ip-(X1—X2) 4.9
lCm( 1, 2) /p?>0 (27T)d+2 p2 +m2€ ) ( )
dd+2p i )
(X1, X)) = —p(0=Xa) 4,
,Cm( 1 2) /p'2<0 (27T)d+2p2+m2€ ( 3)

30ne may also define the tachyonic basis using etimF X instead of e~ k"X in (3.14). It is easy to check
that this definition gives (—1)Pa im,e(z; X).

10



Let us first compute K. We define p* = Mp* with p?> = —1 and p° > 0. This leads to

B +o00 dM i|M|d+1 dd+1/\ dd+ D> R Z
Ko X0, o) :/_ (2m)#2 M2 + m? / / PRI Py — pa)e MR- X2)

o0

(4.4)

where we inserted a delta function. Using the resolution of identity (2.1) in EAdS;,; we can
rewrite K, as

L[t dM ML [ETe A
vy L dA 4.
Ko (X1, Xo) 2m~/0 (2rr)d+2 —M2+m2/ H(A) )

X /ddx [QSE,M@; X1)¢$—A,M(‘T; Xa) + ¢Z,M(I§ Xl)ﬁb;—A,M(x; Xz)

Next, let us consider K. We can define k = Rk with R > 0, k% = 1. The invariant

measure becomes
+oo dd+1/k?
/ dip = / dR R* [ —— | (4.6)
p2>0 0 ‘kJrl

where we introduced the notation d*'k = dk*dk, - --dky and k* = k° + k4! As a result,
ICH (X4, X2) can be written as

+oo d+1 d+17, d+17, R
+_ 1R A ky / d /{32 s T iR (X1 X2)
K, /0 (27T )d+2 R2 4 m? / |/k\f| |k:+| k3| ks )0\ (ky — ko)e .

(4.7)

Using the resolution identity (2.11) in dS;;; we can re-write ! as

1 [~ dR iR 1 g0 (_1)edA
T = — E A Sy , X ) bo A D¢
Km 9 /0 (27T>d+2 R? i m2 <27TZ 620’1/; M(A) / X QSA,ZR,E(‘r) 1)¢d A,ZR,E(x7 2)

Z Res%/d% ngA,iR,e(l’;X1)¢d_A,iR,e($§X2)> ) (4.8)
(A,e)eD,

where ¢ ;g are the tachyon wave functions introduced in (3.14).

Putting everything together, we thus conclude that the bulk-to-bulk propagator C,, (X7, X5)

11



has the following split representation?

ICm<X17 X2)

1 [ daM Mt st g e .
= o (2n)a+2 —M2+m2/; M/d x(¢A,M¢d7A,M+¢A,M¢d7A,M)

L[ T o (1) (4.9)
2 i dd iM,ePd—AiM,e
-+ 2 /0 (27T)d+2 M2 + m2 (271.@ Ezzo:l/g M(A) / I¢A’ M, ¢d AiM,

_1)e
+ ay Z Res%/ddﬂﬂm,m,ed)d&m,e) :
ds

From the above formula, we see that the bulk-to-bulk propagator in Minkowski space can
be thought of as a superposition of a product of two massive (tachyonic) bulk-to-boundary
propagators over a range of real (imaginary) mass (i)M. Specifically, the first line in (4.9)
is the contribution from propagating a massive scalar with mass M, while the last two lines
are the contribution from propagating a tachyonic scalar with imaginary mass i M.

5 Examples

Let us apply the split representation (4.9) to the various celestial amplitudes introduced in
Section 3.1, and find the conformal partial wave expansions for these celestial amplitudes.

5.1 s-channel massless scalar four-point amplitude

Let us consider the amplitude (3.6), which is a s-channel tree-level 2 — 2 celestial scalar
amplitude with a massive scalar exchange. We note that in this case, the internal momentum
p = q1 + qo satisfies p> < 0. Thus only the first line in (4.9) contributes. Using the split
representation, we find that

o) : 2400
AAi o 1 / dM 1Md+1 /2+ dA /ddxo AAl,A%A Ad*A,A37A4
0 ( g

15+20—-30+45 274 27)4+2 — M2 + m? 1(A) 1942009, %709, —33+49
(5.1)
A1,A2,A d—A,A3,Ay . . . .
where "418 1295500, and "409\4 l30 149 A€ three-point celestial amplitudes, given by
A A9 A d+2 + + _
A1g+23—>0?w - /d X ¢A1($17X1)¢A2($27X1)¢A,M($07X1) ) (5.2)

4A similar split representation of the bulk-to-bulk propagator was also studied previously in [25]. However,
the contributions from the discrete part in (2.11) were missing.
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—A,A3,A4 _ .
Ag?\da383+48 = /dd+2X2 ¢$_A7M(x0,X2)¢A3(x3,X2)¢A4(x4,X2) . (53)

After performing the X; integrals, they take the standard form of scalar three-point correla-
tion functions in CFTs; i.e.

CA17A27A3
AAhAQy 19+25—3%, (5 4)
01.90_,00 .
10+2 —>0 ’212’A1+A27A3’213|A17A2+A3‘223‘A2+A37A1 ?
CA37A17A2
Az A1 A 30 510420
A3 AR M770T%0 (5.5)

3(1)\4_>18+28 _|Zl2’A1+A2—A3’213|A1—A2+A3‘223‘A2+A3—A1 '

A1,A2,A3 and CAS,ALA2

Here, the three-point coefficients C’18 La97030 0 1g9 ATC

A1+As—d—27[A12+A3 —A12+A3
C«A1,A27A3 0A37A1,A2 :M F[ 2 ]P[ 2 ]
19420—39, = 39,—-15+28 281+82T[Ay] ’

(5.6)

where we defined A;; = A; — A;. Substituting (5.4) into (5.1) then leads to following the

conformal partial wave expansion of "410 9030440 (x;)
00 A rd+1 4 tico
.A _ 1 dM M 2 dA Cﬁl,AzA Cd AAS,A4\I,A12,A34
0 0 0 0o — A5 - 0 0 (0] 0 0 =
10+20-35+4 274 (2m)d+2 — M2 + m? p(A) T L6+2-0) 09,—33+43 ~A,J=0 >

(5.7)
which agrees with the results in [6] for d = 1 and in [26] for d = 2.

5.2 s-channel Compton amplitude

Let us apply the split representation to the s-channel celestial Compton amplitude (3.9).

For simplicity, we will focus on two-dimensional CCFT, i.e. we choose d = 2. We
stress here that the helicity 4+ or — in this paper indicates the helicity in four-dimensional
Minkowski space. For conformal primary basis, the helicity in two-dimensional CCFT coin-
cides with the helicity [spin?] in four-dimensional Minkowski space. On the other hand, for
shadow conformal primary basis, the helicity in two-dimensional CCFT gets flipped com-
pared with the helicity in four-dimensional Minkowski space. This is because the shadow
transformation flips the helicity.

Applying integration by parts on the integral in (3.9) and using the Lorentz gauge con-
dition d% @3, ,,(z, X) = 0, we find
4
A
A1°+2 —30+45 :(277)8 /d4X1d4X26§(1¢Z1(I1’ X1)PA, (w2, X3)

X Kin=0(X1, X2)0%, Oa, (23, Xo)bp,., (T4, X2) .

(5.8)
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. . . A; .
With the help of split representation (4.9), S'A18+25—>38 N 45(@-) can be written as

sA

A R Sy G B U
_ (m) =— — .
19+20 =35+49 2mi Jo  (2m)12 —M? + e

X/1+ioo dAM/d%oAALAQ’A AZAAs A
1

2 18425 =09, 0%, —+33+4

: : . A1A2A 2-A,A3,A
where the three-point celestial amplitudes A" 27 | and A7 7727 are
15+25 =03, 03, —39+4g

Afgiﬁ?ﬁo% = /d4Xla§(1¢Zl(xlvX1)¢ZQ;N—(x27X1)¢Z7M(xD7Xl) )

and

“AA3A Lo -
At — [ 4405, 05, (00, Xa)0 (00, Xa)OE i a0, Xa).

A1,A2,A
To compute A18+20_—>0%4’ we use (3.15) to reach
ANS
Al,AQ,A _ 1 Al 4 -+ —
'A18+25_>0(1)M - NX /d X1¢A1+1(m17X1)¢A7M($07X1)
1+1

€00 | Vi (0 X0) + Wi (220

The term involves V., (22, X1) is given by

N
%/d4X1¢X1+1(21>X1)§¥VA+2W(227X1)¢A,M(207X1)
Aj+1
2ANT
T NZ N,
2NN
NR 41 V5,

212/d4X1¢Z1+1(2‘1aX1)¢X2(Z2aX1)¢Z,M(Zo,X1)

A141,A2,A
212A13+2g—>09v, :

Moreover we note that the term involves WXQ; Mf(zg, X1) can be computed from

A{NT _
= /d4X1¢Z1+1(217X1)§?WKW(Z2,X1)¢A,M(Z’07X1)
NA1+1
—2A N _
= +—A1+|212|2322/d4X1¢Z1+1(2hX1)¢Z2(22aX1)¢A,M(ZOaX1)
_ _2A1NX1 ‘Z ‘2& AA1+1,A27A
A2NX1+1NX2 . = 18+28_)0(])\/[ )
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(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



With the help of (5.4) and (5.6), we get

A1,A2,A3
AA1,A2,A3 _ 19+20 =3l (515)
18-{-25 —>39\4 Zh1+h27h32h17h2+h3 Zh2+h3*h1zﬁl+ﬁ2fﬁ3zﬁl *Ez+53552+53fﬁ1 ’
12 13 23 12 13 23
ALA2A; -
where C';V7273 s
15+25 =3},
4 + AfA1+A2—Az—11T[A12+ A3+ 11 [=A12+Az+1
0425 —30 A1+Ax—2 N+ + ) )
Lot+2p =3y 281142 NA1+1NA2A2F[A3]

and the conformal weights are (hy, hi) = (A1/2,2A1/2), (he, hy) = (Ay —1)/2, (Ay +1)/2),
and (hs, hs) = (A3/2,As5/2). As a result, the celestial amplitude ;A% (zi) takes

19425 —38+4,
the form as

A
SA

19425 =30+4y 274

—4 /+OO dM iM?3
o (2m)12 —M?2 + e

14100
1

5.17

o Gt
CA1,A2,A3 OQ*A,AS,A4\I,h12,h34;h12,h34

2 19425 =39, 09, —30+4, ~ AJ=0 ’

5.3 t-channel massless scalar four-point amplitude

Let us apply the split representation (4.9) to the t-channel celestial scalar amplitude (3.7).
We note that in this case, the internal momentum p = ¢; — ¢, satisfies p> > 0. Thus only
the last two lines in (4.9) contribute. We find

tAAi (i)

19429 —39+49

. 2 4ico
1AM Mttt T 3 2110 dA dhye B3 d—A,A0,A
2Jo @m™2M24m?|2mi &= Ja p(A) O G800 T 00 42548 (5.18)
e=0,1" 2

1
d A1,A3,A d—AAg, Ay
+ « E es dz 3 =2 .
d R (u(z&) 0A18 ’38"‘01'1\4,6"40?1%,{"28 ’48

(A,e)€Dqs

A1,A3,A d—AAg,A : . . ) .
Here, .Alol’ 3"3’ o and .AOO ’ ;5 440 are three-point celestial amplitudes involving two mass-
07301 Vins e iM,e 20740

less scalars and one tachyonic scalar with imaginary mass iM:

Ay, = [ X068 (o, X0 (o0 X)osaanefen, K1), (519)

and
AdTAB2b (e [ g2 X ot (1) X Xo)ox (24, X 5.20
00, +20—49 — \ 7 2¢A2($2, 2)¢d—A,z‘M,e($0, 2)¢A4($4, 2)7 ( )
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where the integrals are evaluated in Appendix E. Using the results from Appendix E, we

A ‘ :
find that t’A18+28%38+48 (x;) can be written as

A, A
t‘A13+2g—>33+43(x1)

00 . d4ino
1 dM Mt 1 Z 20 A CA1B3A  ~d-BA0As 1A A
2 Jo (2m)dt2 M2 4 m?2 | 27i e 1(A) 1030400, 0%, +20—4) © A,J=0 (5.21)

I PNW
1,43,A d—AA2,Ay \,A13,A24
+aq § : ReS<M(A)O1g—>38+00 Coo +23->48‘11A,J:0 ’

iM,e 1M ,e
(A,)€Dags
where ClAgl_’éé’fOQM and C’g@ A’fﬁgi‘zg are three-point coefficients appearing in Afgl_’g?gﬁ)oM and
d—A,Ag,A . * iM,c
Aop,, +2fag BIven by
d- A—A A+A
CALAS,A _MA1+A3 d 2P[1 - A]F[ 2 13]F[ +2 13]
10=30+08y, . A1 +A3—1 1
A A € A A 1—e (522)
. 13 . 13
X | cos|=m|sin|—x sin|—m| cos|—
(coslg st G2 (sinfalcosi i)
and
- d—A—A d—A+A
(1,800 _MA2+A4 I720[1 — d + AD[&=E72u|[4=A 0|
O?M,e"'28_>48 o QA2+Aa—17
d—A A\ d— A Ap \'7° (5.23)
X | cos | sin m sin | cos|—m .
((cosl "5 rlsin G2 ) (sinf5 = rleos{ 521
Extracting the M-dependence in the three-point coefficients, we can compute the M-integral,
giving
. ﬁ—d i_;'_z‘oo
; rm m 1 ? AA AL ASA  d—DAsAs g Ars A
AAz _ esel=(d — — CA1As, C A2,80 813,804
1719429539+49 4(27T)d+2 [2( 5)] o eg();l , #(A> 19—30+07 . 09 +20—4f © A,J=0
L ALASA  d-A A AL AA
taw Y Res(—Aclozgs;oo Co s Yasss )| (5.24)
(A7E)€Dds /"L( ) 0 0 1,€ i,€ 0 0

where we defined § =37 A; — 4.

A
19+29—33+49
factorize into two three-point celestial amplitudes involving one tachyon. As a result, we

find that apart from the Plancherel measure p~'(A) the coefficient in the conformal partial

We can see that the t-channel four-point celestial amplitudes ;.4 (x;) directly

wave expansion (5.24) is factorized into a product of two three-point coefficients. To further

get the conformal block expansion, we use the following expression of the conformal partial

A13,A24,
wave W'y

VR (o) = o) KERIGRT S 00) + KAPGERS ) . (525)
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where I13_94(z;) is the kinematic factor that encodes the scaling behaviour and G’ﬁ}j’AQ“ (u,v)

are the t-channel conformal blocks, which are functions of conformal cross-ratios

_ 11375 _ 11475, 596
— T2 2 > — T2 2 > (5.26)
L1234 L1234
and the coefficients Kﬁi}A? are given by
geonon _ (1) TITIA = §ITIA 4 7 - rsipusdirpiacpusd)
AT 2 T[A = 1]0[d — A + JJD[84824] P [A=S12t]] '

To get the conformal block expansion, we should first learn the pole structures of co-
efficients appearing in the partial wave expansion (5.24). The existence of trigonometric
functions in the three-point coefficients makes the pole structures different for even and odd
d. When d is odd, i.e., d =2s 4+ 1 with s =0,1,2,..., we get

1 CA1AA  (d-A 82 Mg 12,
M(A) 18—>38+0?,€ og’€+zg—>4g d—A,0

_ (C1)TRs + 1 — AJNA — 26| P[Apat|Patpu A [Ape)
= 28 "B TAIT[A — 5 — 1] (5.28)

2

X (sin[%ﬂ sm[%wo e ( cos[ﬁw] COS[%WO B ;

2 2 2

and

1 A1,A3,A d—A,Ao, A A1,A
M(A) 13—>3§+09760036+28—>4§KA0 ’
_ (—1)SF[A o 2S]F[25+1—2A—A13]P[25+1—2A+A13]F[25+1—2A—A42]F[25+1—2A+A42]
204375  Ts — A + 1] (5:29)

x (sin[%w] sin[%ﬂ]Y(cos[ﬂﬂ cos[%ﬂ]) -

2 2 2
Thus for odd d, enclosing the contour in the first line of (5.24) into right-hand A-plane only
pick up simple poles at A = 2s+ 1+ n with n = 0,1,2,---. Also, it can be checked that

only simple poles contribute to the discrete series in the second line of (5.24) for odd d since
conformal blocks only have simple poles in odd d.

On the other hand, when d is even, i.e., d = 2s with s = 1,2,..., we get

M(A) 13—30+09 709 +25—4) “d—=A0

—1)5* 1D (25 — AT[1 — AJT[1 — 25 + AJT[A=21 | [[A+Au]P[A=An [ Atde] (5.30)

LA asa (D828 B0

26+275H2T[A — 4

€ 1—e
X (cos[%w]%in[%ﬂ] sin[%ﬂ]) (sin[%w]%os[%ﬂ] COS[%W]) )
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and
() 18-86+00, 00 2845
(_1)s+1—eF[A]F[1 o A]F[l — 95 + A]F[QS—A2—A13]F[QS—A2+A13]F[QS—AQ—A42]F[QS—A2+A42]
25+27Ts+2r[8 _ A]

A A Ap N[ . A A Ap \'7°
X (cos[;w]%in[%w] sin[%w]) (sin[;w]%os[%w] COS[%W]) .

1 A1,A3,A d—A,A2,A
1,A3, —A,A2,Ay 7-A1,A3
C C K

(5.31)

Thus for even d, enclosing the contour in the first line of (5.24) into right-hand A-plane pick
up both simple poles at A = 1,2,---,2s — 1 and double poles at A = 2s +n with n =
0,1,2,---. Moreover, it can be checked that both simple poles and double poles contribute
to the discrete series in the second line of (5.24) for even d since conformal blocks have
double poles in even d.

In the next two subsections, we will focus on d = 1 and d = 2 and derive the conformal

. A; .
block expansions of tA18+28—>38+48 (x;).

5.3.1 d=1

We first focus on the amplitude in three-dimensional Minkowski spacetime, with a one-
dimensional celestial circle. Setting s = 0 in (5.28) and (5.29) and enclosing the contour into
the right-hand A-plane, the continuous part can be written as the form of conformal block
expansion. The exchange operators are scalars and have conformal dimension A = 1+ n

with n =0,1,2,---. The corresponding coefficients are
immP1 B (—1)”F[1+”;A13]F[1+”;—A13]F[Hn;AM]F[Hn;—A%] Az — Ay
sec[—] - cos| 7wl . (5.32)
4(271')3 2 25+3ﬂ-§nlr[n + %] 2

Expanding the conformal partial wave in the discrete part as a sum of conformal block and
shadow conformal block, we find that the conformal block part contributes to the conformal
block expansions with the same exchange operators. The corresponding coefficients are
i?Tmﬂ_l 67'(' . Alg +n . A42 +n
sec[—] sin| 7| sin| 7|
4(2m)3 2 2 2
(_1)n+lr[1+n;A13]F[1+n-2i-A13]F[1+n;A24]F[1+n-24-A24 (5-33)

X 3
26+3mw2nlln + 5]

Moreover, using the fact that
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I'[1+n— ATl +n — Ay Bz, A
R nGA13 VACY RN GA1A2 5.34
eSA=1+ A oT[2n 4 2]0[n + 1]T[—n — AT [—n — Ay] " (5.34)
24n+1F[1+n;A13]F[2+n;A13]F[1+n5A4z]F[2+n;A42] i

 T[2n+ 1020 + JU[=A0] = fn (= fe = e T

we find that the shadow conformal block part contributes to the conformal block expansions
with the same exchange operators. The corresponding coefficients are

immP1 B Az +n A +n
sec[—
4(2m)3

5 5 7] cos| 5 7]

(_ 1)nr[1+n5A13 ]I‘[ 1+n;A13]F[1+n5A42 ]F[ 1+n;A42 ] (535)

26+372nIT[n + 3]

] cos|

X

Y

where we used the identity

1 \
§] =2172*2[[22] . (5.36)

Adding all three contributions together, we get the following conformal block expansions

[[z]T[z +

tA10+20H30+40 [13 24 ch-i-nGlA—i}?lAM ) ) (537)

where the conformal cross-ratio y = 2;2;‘ and C1 'y, is given by

cAi :—mmﬁ_l SGC[ﬁ—ﬂ- (_1)nz2”1“[1+”5A13]F[1+”;A42] (5.38)
P8 (2)3 T 2 °T 20 + 1T [Inp A iyt '
In the Appendix F, we compute the conformal block expansion of tAlo 29439440 in one
0

dimensional CCF'T by using the alpha-space approach and find the results agree Wlth (5.38).

5.3.2 d=2

Now, we consider the amplitude in four-dimensional Minkowski spacetime, with a two-

dimensional celestial sphere. When d = 2, after defining f2+ as
fAi,A B (_1)6F[A72A13]F[A+2A13]F[A*2A24]F[A+2A24]
€ o 264+273 (5.39)
A A A N\ A Ay Ap N7
X | cos[—=n]* sin[—=] sin[—7] sin[—7|* cos[—=m] cos[——7] )
2 2 2 2 2 2
we have
1 )
A O, Cop S B8 = T2 = AL — A2, (5.40)
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and

1 ) .
M%lﬁﬁgﬁéﬁé@ﬁé‘ =TAT[A - 1] f522 . (5.41)

Enclosing the contour into the right-hand A-plane leads to °

tA10+20—>30+40 ()
immP—2 TO | pAit ~As.A AsA N
= 12y csc[— ]{fo G f 4 ZRGSA 2+n( — A1 = Alf 3 od2 G%?’% >
12
- 5 Z ReSA:—n <F[2 - A]F[l - A]anﬁlemon G%11A24>:| ) (542)

where we used the fact that

+oo
> Resaiin (F[A]F[A — 1] fRi2 8 G?li%”z)

2

(5.43)

vl

+oo
=~ 2 Resa— (F{z =~ AT = Al oa G%B’Aml) .

We note that the conformal block G%”’AAQ“ itself has double poles located at A = —n. Near
these poles, the conformal block GA”’ Bz can be expanded as (G.31). This leads to

202

1 . ,
— 5 Y Resam P2 = AT = Al G315 (5.41)
=0

1R f A4:’1%2c12 hy | Tk Ars,A 0GLE™
— 2N [ Inttmod2 (phi B 4oy (2 GRiya + —22—
> {n!<n+1>!(( R R T M)

, Az A Az A
+T'n+ 1](—§ - hls)n+1(—— + Bt n1 fo 2 (Gsti?nggﬂ + Gst;?gfig)} ,

where we used the fact that

n n Ai,—n Ai,n
(_§ - h13)i+1<_§ + h24)i+1fn+1mod2 = fn+1r:1_3d2 : (5-45)

The constant Ef’n is

Y(F = hag) +P(F + haz) +0(F — hoa) +Y(F + hos) (5.46)

B -
n !

5We use the notation GS%S’A“ to denote the two dimensional ¢-channel conformal block with external

conformal dimension A; and spin J = 0 and internal weight (h, h).
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where 9(x) is the digamma function. On the other hand, we have

1 o= .
-5 Z Resa—sn {rp — AT[L = AJfNE 1 GA“’A“ (5.47)
+o00 Az,ln+2d2 o aGA13,A24
_ - n+1mo 13,824 22
N an n+1)! < 2+n+¢<1+n> +w(2+n>>Gn+27n;2 A A:n+2) .
As a result, we finally get that
tA10+20_)30+40 (xl) (548)
immP?  wB o, 11,800 1R [ foiioes (Bl 4+ Bl — (13,801
42! CSC[T]{J[ s 2 Z {n' (n+1)! N B3i) Rt

n n o
+ Tl 4 1(—5 = hi)nsr (=5 + hauir friimoas (G“ + Gﬁé??ﬁi;‘)] } ,

Alg,A24 A137A24
G G

where the conformal blocks sta, B 41,

are defined in (A.3) and (A. 6)

o and n associated with the staggered module

We note that in the conformal block expansion of WA o there are scalar exchanges

18+23—38+49

with conformal dimension A =n forn=1,2,3,- . These scalar exchanges have also been

observed in the conformal block expansion of t.Alo 20430149 in Klein space [7]. Besides the
0

scalar exchanges, the staggered modules, which are absent in the Klein space, appear in

the conformal block expansion of t.A 40 10 Minkowski space. As we have shown in

10+20—>30+

Appendix A, the staggered modules are generatgd by two operators O and O2. The operator
O!, which has conformal dimension one and integer spin, is primary, while the operator 02,
which has conformal dimension n + 2 and spin-zero, is neither primary nor descendant. The
physical correspondence of operators O and O? in Minkowski space is obscure. One possible
interpretation is that O! and O% may correspond to soft particles and their Goldstone bosons

in the Minkowski space. We will leave this in the future work [27].

5.4 Contact scalar four-point amplitude

The split representation can also be used to compute the conformal partial wave expansion
of four-point contact amplitude. We take massless scalar four-point contact amplitude as an

example. The corresponding celestial amplitude Alo 129-539+42 is

A18+20_>30+40 = /d4X¢X1(1‘17X)¢X2($2:X)¢ZI (xg,X)gb£4(x1,X) . (549)
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Using the fact that
O3 om0 (X, Y) = i6W(X —-Y), (5.50)

A, .
we find that C'A18+28—>38+48 can be re-written as

cAﬁ?i+28—>38+48 - _i/d4X1d4X2¢JAr1<x1’X1)¢Xg(x2’Xl)

(5.51)
X 8§(1/Cm=o(X17X2)¢£3 (23, X2)Pp, (24, X2) -
Integrating by parts and using the equation of motion 0% ¢% (z, X) = 0 leads to
cAlA(gi+28%38+48 = — 27, / d4X1d4X28X1,u¢Zl (I‘l, X1)8§1¢X2 (IQ, Xl)
X Kn=o(X1, X2) 04, (23, X2) Py, (24, X2) (5.52)
QiAlAgNLNXQ 9

I~ AA1+1,A2+17A3,A4
Nt Nt 12 Y10 420 30449
A14+1-"Ag+1

m=0

(5.52) relates the four-point contact diagrams to the s-channel amplitude. Using (5.7), we

get
A
R (5.53)
. T T 4 tico
e _QZAIAQNAlNAQ 5<5 . d _|_ 2) 2+ dA CA1+1,A2+1,Acd—A,A37A4 \IJA12’A34
NLHNXQH(QW)‘HQ d w(A) 15+28—09 00—30+49  TAJ=0 -
2

We can also relate the four-point contact diagrams to the t-channel amplitude by noting that

CAﬁSi+28a38+48 - i/d4X1d4X2¢z1<x17X1)¢Z3(x3=Xl)

(5.54)
X agfllcm:O(X17X2)¢Z2(x2aX2)¢Z4(x4;X2) :
Integrating by parts and using the equation of motion 9% ¢% (z, X) = 0 leads to
xPa
. + -
AAi — 22A1A3NA1NA3 IQ tAA1+1,A2,A3+1,A4 ) (555>
€ 10420—30+49 NZ1+1N£3+1 13 210428 —+30+49 -
With the help of (5.21), we get
A;
AL 903940 (5.56)
+ — 4400
= —A1A3NL Ny, 5(8 —d+2) [L Z /2+ dA CAO1+1O,A3SL1,AC¢10—A,%2,A61\Ijﬁlj,Aou
NE 1 Va0 (271 2mi 2 Ju (@) s, ot Vas
L A1, A4 1LA ~d—AAg, A 7 Arg,A
T Qg Z RGS(M(A) 018;38+8‘3,6 CO?,5+28:484\11A’13:024 )
(A,e)EDdS
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6 Conclusion

In this paper, we derived the split representation (4.9) of the Feynman propagator in
Minkowski space. Roughly, the Feynman propagator in Minkowski space can be written
as a product of a pair of (tachyonic) massive conformal primary bases with conformal di-
mensions A and d — A, and with the common boundary point, the parameter A and the
(imaginary) mass integrated.

Using the split representation, we computed the conformal partial wave expansion of
various celestial amplitudes, including the s-channel massless scalar celestial amplitude (5.7),
the s-channel celestial Compton amplitude (5.17), the t-channel massless scalar celestial
amplitude (5.24), and the contact four-point amplitude (5.53) and (5.56). We found that
the split representation leads to the conformal partial wave expansions of these amplitudes.
For the four-point tree-level celestial amplitudes, apart from the Plancherel measure the
coefficient in the conformal partial wave expansion is factorized into a product of two three-
point coefficients involving massive or/and tachyonic scalars. Without much effort, one
can verify that similar factorizations also occur in the conformal partial wave expansion of
higher-point tree-level celestial amplitudes.

With the conformal partial wave expansion in hand, we obtained the conformal block
expansion (5.48) of the t-channel massless scalar celestial amplitude in two-dimensional Eu-
clidean celestial CF'T. Interestingly, we found that a new class of modules — the chiral stag-
gered modules — appear in the spectrum of the conformal block expansion. The staggered
modules are extensions of Verma modules and contain operators that are neither primary
nor descendent. It is noteworthy that staggered modules also appear in Carrollian CFTs
[28], and one can explore if there are possible relations of the staggered modules in celestial
and Carrollian CFTs.

Although we used the conformal primary basis given by a Mellin transform on the plane
waves for massless particles in this paper, the split representation does not depend on the
choice of the conformal primary basis for external operators. Recently, the celestial ampli-
tudes of massless particles have been studied using shadow conformal primary basis, see e.g.
26, 29, 30] and the references therein. Our computations can be easily generalized to these
cases.

Our work leads to many directions for future research. Firstly, the split representation
(4.9) can be used to compute the conformal block expansion of more general celestial ampli-
tudes such as those of higher points and/or with loops.® As mentioned in the introduction,
studying the pole structures of general celestial amplitudes is significantly important for un-

6Recent progress on the computation of two-dimensional M-point global conformal blocks can be found
in [31-33] and references therein.
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derstanding locality in celestial holography. In addition, by taking the three-colinear limit
in the higher-point scattering amplitudes followed by a Mellin transform, the authors of [34]
showed that the celestial OPE between two particles contains a term with a branch cut
which is conjectured to describe multi-particle states. Armed with the split representation,
it would be interesting to study this branch cut by taking the OPE limit directly in the
conformal block expansion of higher-point celestial amplitudes.

Secondly, it would be of great interest to study the bulk correspondence of the staggered
module we have found. Since the conformal dimensions of the two operators in the stag-
gered module are integers, one possibility is that the two operators may correspond to soft
particles and their Goldstone modes in the Minkowski space. Another observation is that
the conformal primary basis may not be suitable for transforming the neither primary nor
descendant operator in the staggered module to certain bulk operator, and it is necessary to
find a new basis to resolve this obstacle.

Another avenue is to generalize the split representation in our paper to spinning Feynman
propagators. In this paper we only derived the split representation for the spinless Feynman
propagator. In order to compute the celestial amplitudes involving spinning propagators, it
would be important to derive the split representations for spinning Feynman propagators.
Based on the split representations for spinning Feynman propagators, one can study the
conformal block expansion of celestial amplitudes with exchanged photons and gravitons,
and possibly find a new spectrum in the celestial holography.

Finally, one may generalize the split representation in our paper to Klein space. The
Klein space can be foliated by AdS3 /Z, and similar to the dS spacetime, the resolution
of identity on AdS;3 /Z contains both continuous and discrete parts [22]. Conformal block
expansion of celestial massless ¢-channel amplitude in Klein space has been obtained in [7]
by using the alpha-space approach. We expect that the split representation can provide a
more efficient way to get the conformal block expansions for celestial amplitudes in Klein
space.
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A Staggered modules of 2d global conformal algebra

The staggered modules appear in the study of logarithmic CFTs with Virasoro conformal
symmetry [35-38] and Carrollian CFTs [28, 39-41]. Unlike the Verma modules, they are
generically non-unitary and contain neither primary nor descendant operators. In this ap-
pendix we discuss the staggered modules for the 1d/2d global conformal symmetry.

In one dimensional CFTs, for A = —%, n € N, we find the following staggered module
generated by two operators O and 0%, which satisfy
L0|Ol> = A|Ol>a L1|Ol> =0, (A1)
Lo|0%) = (1 - A)|0%), L;|0%) = aLZ32|0Y).
The actions on the descendants |n, 1) := L™,|OY), |n,2) := L",|O?) are
Loin, 1) = (A +n)|n, 1), (A.2)

Lin,1) =n(2A+n —1)jn—1,1),
Lo‘nﬂ 2) = (1 —A _'_n)'nv 2>7
Lin,2) =n(—2A +n+1)|n —1,2) + aln — 2A,1).

It is easy to check that there is a gauge redundancy of |O?): the actions (A.1) and (A.2) are
invariant under the redefinition |0?) — |O?) + bL'724|0").

The primary state |O') generates the submodule, while |O?) is neither a primary state
nor a descendant of any other state. The action of Lj is diagonal and the operator mixing
only happens for Li|n,2). As a result, the action of the Casimir element is not diagonal:
Cln,1) = 0 and C|n,2) + ajn — 2A 4+ 1,1) = 0, or equivalently C?|n,2) = 0.

Aq3,A24
sta,— 5

changed staggered module can be computed by either solving the Casimir equations or using

The four-point conformal block G (x) with external scalar primaries and the ex-

the operator product expansion [27]. The results are given by

G L1302 (X) _ i <_1)k(_% - A13)k(_g + A24)k(n — k)! fon

sta,— 5 n'F[k n 1] %
s : . (A3)
+ (D" (=5 = A)rinti (=5 + Dod)egntr ppnge
2 2 o+ 2T+ (kT 1+ 5) -

In two dimensional CFTs, by the factorization s0(2,2) ~ s0(2,1) x s0(2,1), we define
two chiral staggered modules with two operators O! and O2?. In the first chiral staggered
module, the operator O' is a primary operator with (h, h) = (-5, "T“) for n € N,

n — n+2
Lo|O") = —5101> . Lo|OY) = T|Ol>

L1|Ol> — Z1|Ol> — O,

(A4)
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and the operator O? is neither primary nor descendant,

n -+ 2 — n—+ 2
Lo|O%) = 0%, Ly|0* = 0?
10 =520 Tajo) = " 20 s
Li|O?) =aLl™,|O") , L,|0% =0.
Then the operator O! has conformal dimension A = 1 and spin J = —n, while O? has

conformal dimension A = 1+ n and spin J = 0.

In a similar way, one can define the second chiral staggered module by switching L,, and
L, in (A.4) and (A.5), and the operator O! has conformal dimension A = 1 and spin J = n,

while ©? has conformal dimension A = 1+ n and spin J = 0.
Armed with (A.3), the conformal blocks Gi;S’_A;“LH (x,x) and GSAt;S;li%‘*_E(X,X) with ex-
[ R ) 2 2

ternal scalar primaries and exchanged chiral staggered module are

A13,A — hi3,h h13,ho4 (—
G (6 X) = Gt (0 GEH™ ()

Gl 5 06X) = GEE™ (0GR ()

n n n
sta, 5 +1,— 5 5+1 sta,— 5

(A.6)

where h; = h; = % for external scalars.

B Tempered distributions

In this appendix we summarize the different basis of homogeneous (tempered) distributions,
see e.g. [42]. There are two independent distributional solutions of the functional equation

f(Az) = A*f(x), A > 0 on the real line R:
= 0(z)[z]*, 22 =0(-x)[x|, (B.1)
and we can also recombine them as

2|*0 = |z]* = 2% + 2%, |z = |z|"sgn(z) = 2} — 27, (B2)

where (z) is the Heaviside step function and sgn(z) is the sign function. The redundant
a0 a,l
Y to |x|t.

superscript 0 is to stress the companion of |z

The above distributions are actually meromorphic functions of a € C, and there can be
simple poles at @ = —1,—2,... with residues proportional to the delta distributions 6™ (x).
To cancel the poles we can either multiply them by Gamma functions, or choose suitable
linear combinations. The first approach leads to the regularization of distributions [42],
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see also the appendices of [43, 44]. The following normalized distributions are holomorphic
functions of a € C,

1 1 1
a a |x|a,0’

Pa+1)"™ T+ T

1

L(%5)

|| 1. (B.3)

and the values at the removable poles are listed in table 2.

The second approach is related to boundary values of meromorphic functions, i.e. ie-
prescription. The basis is (x 4 i€)* and the relations to other bases are

. 1 . 1 .
(. +i€)* = 2% + ez = 5(1 + ™) || 40 + 5(1 — )|zt (B.4)
. 1 . 1 ,
(x —ie)" =2 +e """ = 5(1 + e | |0 + 5(1 — 7 || %t (B.5)
The poles at a = —1,—2, ... get canceled due to the factor €™ = (—1), hence (z +1i€)® are

holomorphic functions with respect to a, see table 2. The inverse relations are

2] = (x +1i€)* + e”'r“(x = ie)“) jo = (x +i€)® — e“.“‘(:r; — z’e)“‘ (B.6)
1 + ema 1 — eima
For higher dimensions, the spherical-symmetric solution of f(Axr) = Af(z) on R? is

|2|®. In the spherical coordinates x = 7, Z € S*™*, the action of |z|* on a test function is
(|7, f(z)) = [ga-1 dT [ drr®t9=1 f(rZ), hence the possible poles are at a = —d —n, n € N.

scaling a=—2 —2<a< -1 a=-1
parity-even L |z|* §(x) = e|x| 1T
parity-odd §(x) = —elz|72T2L |g|o! 1

half-line / z%, % /
ie-prescription m (x +ie)® —

Table 1: Three bases of homogeneous distributions on R.
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distributions values (n € N) removed poles
mxﬂ‘r 5™ (z) a=-1-—n
ﬁm‘i (=)™ (z) a=-1-—n
e [l Lo (x) a=—1-2n
e ol SRR @) a=—2-2n
(x4 1€)® z - iﬂ(j!)n §M(z) | a=—-1-n
(v —ie)® e iS5 (1) | a=—1—n
@M“ on R? %D"é( x) a=—d—2n

Table 2: Regularized distributions holomorphic to a.
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C Harmonic analysis on semisimple symmetric spaces

This appendix serves as the mathematical background of the Appendix D. We provide a
comprehensive review of the harmonic analysis on the semisimple symmetric spaces, see e.g.
[45-47]. We first introduce the semisimple symmetric spaces and their quasi-regular repre-
sentations, then sketch the spherical function method of decomposing quasi-regular represen-
tations, along with the Fourier transforms and the inversion formulas. To get intuitions, the
reader can consider the semisimple symmetric space G/H as the sphere S* = SO(3)/SO(2).

The notations and conventions in this appendix are listed below:

e ( - a semisimple Lie group with finite center’;

e K - the maximally compact subgroup of G;

H - a closed subgroup of G;

G/H - the homogeneous space of the pair (G, H);

e 7 - a unitary irreducible representation (abbr. irrep) of G on a Hilbert space H.

p - the quasi-regular representation on the Hilbert space L*(G/H);
e G- the unitary dual - the set of inequivalent unitary irreps of G;

GO - the tempered unitary dual - the set of inequivalent unitary irreps in L*(G);

GH - the set of inequivalent unitary irreps in L%(G/H).

The inner product (z|y) or (x,y) is anti-linear with respect to the first argument. The
distributions are tempered in the sense of Schwartz. Besides, it is nontrivial to generalize
various concepts and tools from finite-dimensional representations to infinite-dimensional,
and we shall ignore the technical details of functional analysis and apply the final results
directly.

C.1 Basic ingredients

In this appendix we recall the necessary concepts of the harmonic analysis on the semisimple
symmetric spaces.

"This finiteness condition excludes the Lorentzian conformal group SA(/)(d7 2). As the universal covering
of SO(d, 2), SO(d, 2) is nonlinear, i.e. not a subgroup of any GL(N).
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Motivation. Back to the discussion of Euclidean inversion formula [48-51], the cor-
relation function f(x;) := (O(z;)...) lives on the homogeneous space S* = G/P, where
G = SO(d+1,1) is the Euclidean conformal group and P is the one-point stabilizer subgroup
including dilatation, rotations and special conformal transformations. Then for sufficiently
nice f(z;) we can lift it to a function f(z) € L*(G) invariant under the right action of P,
and decompose f(x) by the Plancherel theorem of G,

LA(G) :/~ dnH,, = f(x) —;/%I(A,J)\I/A,J(x)+discrete part. (C.1)

G
Here G° C G is the tempered unitary dual, N~'(A, J) is the Plancherel measure on GO ensur-
ing that the isomorphism is an isometry, Wa ;(x) is the conformal partial wave and I(A, J) =
(Wa,s(z), f(x)) is the inversion function. According to the dimension, the Plancherel mea-
sure of the conformal group may contain both continuous and discrete parts, corresponding
to the principal and discrete series representations.

Actually, the lifting procedure is quite technical and can fail for homogeneous spaces,
e.g. the dS spacetimes. To overcome this difficulty, the harmonic analysis of Lie groups
is generalized to that of homogeneous spaces, and the aim is to decompose quasi-regular
representations on homogeneous spaces as direct integrals of unitary irreps. Without further
conditions this is still an open problem. One of the best-understood cases is the reduc-
tive symmetric spaces of Harish-Chandra class, for which the harmonic analysis has been
systematically established in [52-54].

Semisimple symmetric space. For a closed subgroup H C G, the homogeneous space
G/ H is identified as the left coset space G/H = {gH : g € G}/ ~. The origin e of G/H is the
coset of identity eH, and H is the stabilizer subgroup (i.e. little group) around this origin.
When there is an involutive diffeomorphism of G fixing H invariant, there exists a unique
G-invariant pseudo-Riemannian metric on G/H with constant sectional curvature, and G/H
is called a symmetric space. At this step there is no need to require the semisimpleness of
G, and if G is semisimple indeed, G/H is called a semisimple symmetric space.

For simplicity, we only consider the semisimple symmetric spaces satisfying one of the
following conditions:

1. compact case: G and H are compact, e.g. the spheres;

2. Riemannian case: G is non-compact and H = K is maximally compact in G, e.g. the
Euclidean AdS spaces;

3. non-Riemannian rank-one case: G and H are non-compact and the rank of G/H is
one, e.g. the dS spacetimes;

30



4. group case: G is of the form G’ x G’ and H is the diagonal subgroup H ~ G, e.g.
AdS; /Z = SL(2,R).

These cases belong to the reductive symmetric spaces of Harish-Chandra class mentioned
above, and are broad enough to include the spheres and the real hyperbolic spaces.

We explain the third and fourth cases further. For the third case, the rank-one condition
is a technical condition to simplify the later discussion. This is equivalent to the uniqueness
of G-left-invariant differential operators on GG/H, i.e. the Laplacian operator, which helps
the decomposition of L?*(G/H). Tt also has an equivalent geometric explanation: for any two
pairs of points (x1, x2) and (y1, y2) on G/H with equal geodesic distances d(x1, x2) = d(y1, y2),
there exists an isometry ¢ sending one pair to the other, ¢(x1) = y1, t(x2) = yo.

For the fourth case, the group G itself can be considered as the homogeneous space
G x G/Gq, where Gq = {(g,9) : g € G} is the diagonal normal subgroup. For the quotient
map d : (g1,92) € G x G+ g1g, " € G, the kernel is kerd = G4 and the image imd = G is
identified with the quotient space G X G/Gq. Then the map d induces an action of G x G
on G as (g1,92) - g = 9199, - The quasi-regular representation of G x G//G4 captures the
left and right regular representations of GG simultaneously, and its decomposition recovers
the Plancherel formula of G. And in this case, the spherical functions introduced later,
correspond to the characters of G. The physical relevant example is

Ad83 /Z ~ SL(Q, R) ~ SL(Q, R)left X SL(Z, R)right/ SL(Z, R)diag (CQ)

Quasi-regular representation. The quasi-regular representation of a homogeneous
space G/H is a generalization of the regular representation of G. Choosing a G-invariant
measure du on G/H, the Hilbert space H, = L?*(G/H) equipped with the inner product
(f,9) = fG/H du f*(x)g(z) is a unitary representation of GG, and the action of G is given by
g-f(z)=f(g7'z) for g € G, f(x) € H,.® This is called a quasi-regular representation p of
G associated with (G/H,du). For a semisimple symmetric space G/H there exists a unique

G-invariant measure, and p is referred as “the” (quasi-)regular representation associated
with G/H.

Another useful viewpoint of p is the induced representation Ind% 1 from the trivial one
of H to G. For a representation 7 of H on H,, the induced representation Indg T contains
H-right-covariant functions from G to H,,

IndG 7 ={f:G— H., flgh™") ==n(h)f(g), Vh € H}, (C.3)

and the action of G is given by (g - f)(z) = f(¢ 'x). Then choosing 7 as the trivial one,
Ind 7 contains H-right-invariant functions on G, equivalently, functions on G JH. The
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normalizable condition of f(z) € L*(G/H) is achieved by refining (C.3) to the L*-induction.

Direct integral. For noncompact noncommutative Lie groups, the unitary irreps are all
infinite-dimensional Hilbert spaces, and it is necessary to extend the direct sum €,_; on an
index set I to the direct integral [ ;3 dp on a measure space (M, du). The idea of the direct
integral is as follows.

In the Fourier analysis of the abelian group R, the regular representation p on L*(R) is
given by p(c)f(z) = f(x — ¢) for ¢ € R. The unitary irrep m, on a one-dimensional space
H, is given by m,(c)v = v for v € H, and ¢ € R. Then p is decomposed into the direct
integral L*(R) = fg g—ﬁﬂp, where {7, : p € R ~ R} is the set of one-dimensional unitary
irreps. At the level of functions, for any f(x) € L*(R) we have the pair of Fourier transforms

Fa) = [ 32 Forer, and Fo) = [ da flae . (1)
The Fourier component f,(z) := f(p)e™ associated with T, is not square-integrable, f,(x) ¢
L*(R). Hence for any p, m, is not a subrepresentation of p. Instead of direct sum, {m,}
behave like densities of subrepresentations and should be integrated together. Roughly, a
direct integral of Hilbert spaces {#,, : p € M} with measure du contains square-integrable
series of vectors v = {v,}, [, du |vu|I> < oo, and the inner product is

(Ul,UQ)Z/MdM(Ul,mUz,M)M- (C.5)

Similar to the scattering and bound states of self-adjoint operators, the measure dy may
contain both continuous part and discrete part, and only the Hilbert spaces in the discrete
part are genuine subspaces of the direct integral. The direct sum €, , can be regarded as
a direct integral on I equipped with the counting measure.

Positive-definite distributions. To discuss the positive-definiteness of inner products
on Hilbert spaces, positive-definite matrices v; K;jv; > 0,Vv € V are extended to positive-
definite distributions. For simplicity we consider distributions on the real line. If for any
test function f(x), the integral is positive,

(f.f) = / drdy [*(2)K (z — ) f(y) > 0, (C.6)

then the distributional kernel K is called positive-definite. Bochner-Schwartz theorem asserts
that the Fourier transform of a positive-definite distribution is a positive distribution, and
vice versa.

8If there is no G-invariant measure on G/H, the alternative is quasi-invariant measure that transforms
covariantly under G, dug, = A(g, x)dpu,. Then the action of G is modified by g- f(z) = /A(g, 9 1z) f(g7'z)
to compensate the Jacobian factor.
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The motivation of Bochner-Schwartz theorem is as follows. If K is a function, the defi-
nition (C.6) is equivalent to the discretized one:

Zv K(z; — x;)v; >0 (C.7)

for any number of sample points x; and v;. By the Fourier transform of K, the left side of
(C.7) can be rewritten as

d
lhs—Zvvj/ 9GP ivlwi—a) [ (p):/R§

Then the Fourier transform K is positive by the arbitraryness of x; and v;.

K(p) > 0. (C.8)

2
E e PPy,
i

C.2 Method of spherical functions for compact H

In this appendix we consider the compact and Riemannian cases of semisimple symmetric
spaces, and the stabilizer group H is compact. We first introduce the H-fixed vector and
H-spherical function, then the Poisson and Fourier transforms, and finally the completeness
relation and the inversion formula.

H-fixed vector. When H is compact, we can define the averaging operator by the right
action of H, Py - f(x) = [, dh f(zh). It is a projector from L*(G) to L*(G/H). Hence
the set GH of unitary irreps in L*(G/H) is a proper subset of the tempered unitary dual
G of L*(G). To determine G we formally apply the Frobenius reciprocity theorem to the
quasi-regular representation p = Indg 1: for any unitary irrep 7 of G on H,,

Homg(Ind$ 1, 7) = Homg (1, Res$; 7)), (C.9)

where Homg (7, ) denotes the vector space of intertwining operators of G from m; to 7.
The right side of (C.9) can be rephrased as the vector space of H-fixed vectors

HE = {veH,:m(h)w=v,Vhe H}. (C.10)

Hence the necessary and sufficient condition of an irrep 7 being in GH is the existence of
non-vanishing H-fixed vectors, and the multiplicity is equal to the dimension of H:

H—freG:dimH! > 1} (C.11)
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H-spherical function. Another object closely related to the H-fixed vector is the
H-spherical function®. The H-left-invariant functions on G/H are defined by the condi-
tion f(h™'z) = f(x) for x € G/H, h € H. Equivalently, they are H-bi-invariant on G,
f(h{tghs) = f(g) for g € G, hy, hy € H. For each H-fixed vector v, due to 7(h)v = v there
is naturally a H-bi-invariant function ¢,(g) defined by

ou(g) = (w(g)v,v), for g € G, (C.12)

and it reduces to a H-left-invariant function ¢,(z) on G/H for g = xh. These functions
arising from H-fixed vectors are called H-spherical functions on G/H.

The expression (C.12) can be written in a more symmetric form by introducing the
two-variable version of ¢, (),

0o(91,92) = (m(g1)v, 7(g2)v) = (m(g; 'g1)v,0) = du(gy ‘1), for g1,92€G.  (C.13)

Due to w(h)v = v and g; = x;h;, ¢(g1,92) is a function ¢, (z1,22) on G/H x G/H. Further-
more, ¢,(x1,x2) is G-left-invariant, ¢, (z1,x2) = ¢,(gx1, gz2) for g € G.

The relation between ¢,(z1,22) and ¢,(z) from (C.13) is ¢, (21, 72) = ¢, (x5 2;). This
is inconvenient for calculations since the group multiplication x; 'z, is nonlinear. A more
practical relation is by the geodesic distance. The H-left-invariant functions on G/H depend
only on the geodesic distance d(z, e) between x and the origin e, and the two-variable version
is a function of d(xy, z2). They are related by left translations of G sending the pair (1, z2)
to (z,e). The physical analog is that under the Poincare symmetry, the two-point functions

(¢(z1)p(22)) depend only on (z1 — xo)2.

For convenience, we list the useful properties of the spherical functions without further
explanations:

1. they are the images of H-fixed vectors under the Poisson transform introduced later;
2. they are eigenfunctions of G-left-invariant differential operators on G/H;

3. they are positive-definite and provide a canonical basis of all the H-left-invariant func-
tions on G/H,

4. they satisfy the following integral equation

b(©) /H dh 6,(g1hga) = 6u(91)6u(g2), for g1,g2 € G. (C.14)

9In the literature, for compact H, ¢, () is called the H-/elementary/zonal spherical function, or spherical
function for short. According to the context, the terminology “spherical function” may refer to different

generalizations of the H-spherical functions.
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Poisson and Fourier transforms. For each H-fixed vector v in the irrep H, with
inner product (-, -), we can construct an intertwining operator F, from H, to L*(G/H):

FliweH, = (n(x)v,w), for x € G/H. (C.15)

v

The image of H, in L?(G/H) should be understood as a component of the direct integral. By
the Schur lemma and the irreducibility of 7, F; is an embedding from H, into L?(G/H), also
called the Poisson transform. By the definition (F[w], f(x)) = (w, F,[f(x)]), the adjoint F,
of the Poisson transform F is the smearing operator

Fo: f(x) € L*(G/H) — dx f(x)m(z)v, (C.16)

G/H

which is also called the Fourier transform of f(x). Then the projector P, := FI|F, extracts
the H.-part of f(z) € L*(G/H):

Py: fla) o @ﬂww@nm@wwiém@f@@@*m. (C17)

G/H

In the last equality, we have used the fact that if f; € L?(G/H) and f, is spherical, the
convolution on G/H is well-defined,

(hwﬂ@:/ dy Fu(y) foly™'x), for fu, fo € L*(G/H). (.18

G/H

The Poisson transform maps the H-fixed vector v to the H-spherical function ¢,(z), and
the integral kernel of (C.17) is the two-variable version ¢,(x,y). The decomposition (C.17)
yearns a completeness relation of the set of projectors {P,}.

Completeness relation. For the compact and Riemannian cases of semisimple sym-
metric spaces, the set of spherical functions ¢, (x) associated with H-fixed vectors provides a
complete orthogonal basis of H-left-invariant functions on G/H. For the Dirac delta distri-

bution §(x) on G/H, from (C.17) we have P,[0(z)] = ¢,(z), and the completeness relation
can be written as

5z = /@ L@ deou(@) + 3 W) () (C.19)

GHd

where GH¢ and GH+ are the continuous and discrete parts of GH in the decomposition of
L*(G/H). The density can be read off as

[c“(0)]0(u,v) = (v, 0) 7 (Du, G0) (C.20)
| (©0)Pdu = (0,0) 7 (Pus D) (C.21)
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where the inner product of spherical functions is that of L?(G/H). From (C.17) and (C.19)
the inversion formula of f(z) € L*(G/H) is

f@) = [ PP+ X )P @) c22

GHd

In the literature, ¢(v) and |c(v)| =2 are called the Harish-Chandra c-function and the Plancherel
measure of G/ H respectively.

C.3 Noncompact H

H-fixed distribution. When H is noncompact, the averaging projector Py is divergent,
and normalizable functions in L?(G/H) are no longer normalizable in L?(G). In result, the
irreducible decomposition of L?(G/H) is not necessarily related to that of L?(G), and there
can be additional irreps in GH that are not present in GO.

This phenomenon occurs for the real hyperbolic space. There is a discrete part in the
regular representation L?(SO(p, q)) if pq is even, corresponding to the discrete series represen-
tations. In contrast, there is a discrete part in L?*(H,,) for any ¢ > 2, and the corresponding
irreps are degenerate principal series representations or their quotients. For the dS case
p = 1, they are scalar complementary and exceptional series representations.

Nevertheless, the construction of irreps in GH from H-fixed vectors still holds, but they
are incomplete to span the whole space L?*(G/H). To describe the additional irreps in GH
but not in éo, the concept of H-fixed vectors should extend to H-fixed distributions. The
matrix element (7(z)v,w) still makes sense when w is in a dense subspace H, o C H, such
that m(g)Hr0 C Hnp, Vg € G and v is a distribution in the dual of #, . The subspace
Hro is usually chosen as the Garding space containing smooth vectors, and the H-fixed
distributions are defined thereby. For the semisimple symmetric spaces we considered, it
turns out that this generalization is sufficient: the spherical functions associated with H-
fixed distributions provide a complete orthogonal basis, and are in one-to-one correspondence
with the irreps in GH.

Rank-one condition and Completeness from Laplacian. In the preceding discus-
sion the completeness of spherical functions was not fully addressed. This problem is usually
more difficult, and one approach is the spectral decomposition of the Laplacian differential
operator.

For a Lie group G, the Casimirs correspond to bi-invariant differential operators {D;}
on G by the exponential map. They act as scalars on the irreps in the tempered unitary
dual G°, and the joint eigenspaces are identified with these irreps up to multiplicity. The
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self-adjointness of {D;} ensures the completeness of the decomposition of the regular repre-
sentation. In the same spirit, the G-left-invariant differential operators on G/H decompose
L*(G/H) into irreps up to multiplicity. For the semisimple symmetric spaces of rank one,
there is only one independent G-left-invariant differential operator - the Laplacian operator
L, and its spectral decomposition provides a complete classification of irreps in GH.

C.4 Example: S* = S0O(3)/S0(2)
In this appendix, as a motivating example we apply the formal discussions to the sphere
S? = SO(3)/SO(2).

There is another equivalent version of the Poisson and Fourier transforms with respect
to the right coset space H\G,

Fo: f(z) € L*(H\G) — o dz f(x)7r!(z)v, (C.23)
FliweH, — (r'(z)v,w), (C.24)
Po: fl@) = e FW)ou(y™"@). (C.25)

The spherical function is ¢,(x) = (v, m(x)v), i.e. the conjugate of (mw(x)v,v), and the two-
variable version is ¢,(x,y) = (7(y)v, 7(z)v) = ¢, (y ).

For the abelian group R, the Fourier transform (C.16) and the projector (C.17) are
actually the conjugate of the usual ones: F, : f(z) — [;dz f(z)e? and P, : f(z) —
Jp da’ f(2')eP@=®) c.f. (C.4). The equivalence of the two conventions is because that the
set of plane-waves is closed under conjugation. In this sub-appendix only, to match the
Fourier analysis on R (C.4), we use the convention (C.23).

The SO(2)-fixed vector of integer spin representations H; := {|j,m) : m = —j,...,j} is
|7, 0), while the half-integer spin representations contain no nonvanishing SO(2)-fixed vectors.
The matrix element (wy, 7(g)ws) is the Wigner D-function

Dy, o (0,0, 0) = (j,malm(g)],m2), (C.26)

then the Poisson transform (C.24) maps |j, m) to the spherical harmonics

47
27 +1

Fliljm) = D}, (6,0,¢0) = Y76, ). (C.27)

Particularly the SO(2)-fixed vector |7, 0) is mapped to the spherical function 2]4.113/3 0, ) =

PJ(cos ), which is independent of .
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The Fourier transform and the projector are

Am i
B 10.9) =[5 [ an F0.07500.0), (C28)

Py 1(0p) = [ 10 )Py(cos), (C.29)

where du = sin6dfdy and 6 is the angle between the two points (6, ¢) and (#',¢') on S?,
explicitly given by
cosf = cos f cos B + sin @ sin 0’ cos(¢p — ¢'). (C.30)

In (C.29) we have used the addition formula of spherical harmonics,

J
47 . , _
Y I* / /YJ —p . a1

m=—j

The left side corresponds to the two-variable spherical function and the right side is the
single-variable one.

The complete set of spherical functions is {P?(cosf) : 7 = 0,1,...} and the measure is

1c(j)]> = [q2 dp (P (cosh))? = %. Now the inversion formula (C.22) can be rewritten as

[0 =Y > Ln¥i00). where i = [ duf@.0¥7 00 (€32

j=0 m=—j S

D Split representation on EAdS/dS from the harmonic
analysis

In this appendix, we derive the split representations on the EAdS,;,; and dSy.; from the
harmonic analysis. From the formal discussions in Appendix C, the procedure of deriving
the split representation contains the following steps:

1. exhaust the unitary irreps containing H-fixed vectors/distributions;
2. determine the H-fixed vectors and the spherical functions;
3. derive the inversion formula and the split representation.
In the following, the volume of sphere is vol S" = %
referred to the dimension of CFT, and A = d — A is the shadow dimension of A.

; the symbol d = p+q— 2 is
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D.1 Embedding formalism of the real hyperbolic spaces

The real hyperbolic space'® H,, = SO(p,q)/SO(p,q — 1), p > 1 is a generalization of the
usual hyperbolic space Hy, 1 and can be embedded as the hypersurface

X-X:—Xf—---—X5+X§+1+---+X2

p+tq L, (D.1)
in the ambient space X € RP?. This includes AdS, Euclidean AdS, dS and Kleinian dS

spaces:
AdSg+1/Z =Hgo, EAdSqy1 =Hgp11/Zo, dSay1 = Higyr, KdSgr =Hay, (D.2)

where the Kleinian dS space is referred as the tachyon mass shell in Kleinian spacetime, just
like the dS space can be identified with the tachyon mass shell in Lorentzian spacetime.

The lightcone P- P = 0, P # 0, P € RP? is denoted as LC,,. Then the asymptotic
boundary of H,, , is the projective lightcone PC,, := LC,, /Rt ~ S?~! x S?"! by the quotient
P ~ AP, X > 0. For the Euclidean AdS case, Hyi11, LCgy11 and PCgyyq; contain two
connected components. We choose the upper ones x4, > 0 and denote them as Hy 1 =
EAdS4,1, LCyyq and PCyyq ~ sd respectively.

The coordinate systems are summarized in table 3 and are explained later''. The hat
notation denotes the spherical coordinates X € S ¢ R4, Similarly the check notation
denotes X € H; C R*! and the tilde notation denotes X € dS; € R%!.

name Hgq dSay1 PCyp1

global (cosh t, X sinh t) (sinh t, X cosh t) (1, ﬁ)
hyperbolic | (X cosht,sinh t) (X sinht, cosh ¢) (P, +1)
Poincare (1+z222+x2’ % l—z;z—w2) (1—i224£a;2 : _f’ 1+i22;ac2) (1+2a,~2 ., 1—;2)

Table 3: Coordinate systems.

dS. The dS spacetime dS,,; is embedded into R*¥*! as the one-sheeted hyperboloid

—(X0)2+(X1)2—|—-"+(Xd+1)2:1. (DS)

YOFor p = 0 it’s the (¢ — 1)-dimensional sphere. The term “real” is to distinguish from the complex and

quaternion hyperbolic spaces: SU(p,q)/S(U(1) x U(p,q — 1)), Sp(p,q)/(Sp(p, ¢ — 1) x Sp(1)).
HTn celestial CF'T, the common convention of the Poincare coordinates on the lightcone is (1+2, 2z, 1—22).
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The global coordinates of dS,;;; are X = (sinht, X cosh t) for t € R, X e S?, The Poincare

coordinates are (I=242% _z L2y for 5 £ () 2 € RY. The upper (lower) Poincare patch

—2z ) z) —2z

corresponds to z < 0 (z > 0), with the future (past) infinity as the limit z — 0~ (z — 07).

We also need the hyperbolic coordinates that divide dS;,; into three charts, see figure 2,

I (XVT?P=1,T), for T=X Xy < —1, (D.4)
I (XV1-T2T), for —1<T <1, (D.5)
I (XVT?2—1,T), for T > 1, (D.6)
where Xy = (0,...,1) and the “radial” coordinate 7" can be further parametrized into

T = £ cosht = cos @ in different charts. The geometric meaning is the geodesic flow starting
from Xy: the points in the third (second) chart can be connected by a single timelike
(spacelike) geodesic from X, while the points in the first chart cannot be connected by any
single geodesic starting from Xj.

Figure 2: Penrose diagram of hyperbolic and Poincare charts of dS;,;. The upper Poincare
chart corresponds to the yellow triangle. The three hyperbolic charts correspond to the
region I, IT and III. Each point in this diagram is half of 7!, and the two dashed vertical
lines should be identified, which doubles the usual dS Penrose diagram. — X is the antipodal
point of Xj.

EAdS. To relate the discussion of dS;.1, we choose the ambient spacetime of Hyy; as
RY4+1 with the most-plus signature, which is contrary to (D.1). The Euclidean AdS is
embedded as the upper component of the two-sheeted hyperboloid

—(XO?2 + (X124 (X2 = 1, X0 > 0. (D.7)

The global coordinates of Hy, 1 are X = (cosht, X sinh t) for t > 0, X € S The Poincare

1422422 o 1—22—22

coordinates are (=5, %, ==~=) for z > 0,z € R?¢. The hyperbolic coordinates are
(X cosht,sinht), for t € R, X € Hy.
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Lightcone. The lightcone LC; 411 and the projective one PC; 414 satisty
—<P0)2+(P1>2—|—-~~+(Pd+1)2 :0’ (DS)

and they contain two disconnected components, corresponding to the future and past in-
finities of the dS spacetime. The upper components are denoted as LC4y; and PCyyq. The
lower component can be accessed by the antipodal map P — — P for the point P € PCgy;.
In other words, we treat PCy 411 as the trivial double cover of PCgyy4.

We choose three charts of the projective lightcone PCypq: S¢ (P° = 1), R? (P° + P! =
1) and HyIIH, (P! = +1). The coordinates of the first chart are P = (1,P) =
(1,Zsin 0, cosf) for P e Stz e ST 0 < # < w The coordinates of the second are
P = (1+2m2,x, 1_2‘”2) for x € R? The last section coritains two charts, each of which
covers half of PCyi;, and the coordinates are P = (P,4+1) = (cosht,Zsinht, £1) for
P e H;, 7 € S™1 t > 0. The three coordinate systems are related by the conformal

compactification x = fc\tang = Ztanh™! L.

The integrals on PC,4y; can be lifted onto the LC4.; in a gauge invariant way, called the
conformal integrals in [55]:

A%Jﬁﬁgn:/dpﬁ()‘/d%ﬁ().Aﬂﬁ(m@ﬂﬂﬁmé_w>(nw

Formally d'P = W is regularized by the volume of the scaling symmetry on LC4yq, and

the integrand f(P) must be a homogeneous function with mass dimension [f] = d.

Radial part of Laplacian. In the preceding we also need the radial part of the Laplacian
operator in EAdS/dS spacetime. In the global coordinates of EAdS spacetime, the Laplacian
eigenvalue equation is

o? f of 1

—= 4+ dcotht— D =AA—-d D.10
The little group at Xo = (1,0,...) is HXO ~ SO(d + 1), and if f is a Hy,-left-invariant
function on EAdS,, 1, the radial part gives the Sturm—Liouville equation

aq, d df

inh ™ h't—| = A(A - D.11
sinh™ "¢ — o {sm dt] ( d)f, ( )

and with "= —X - X, = cosht € (1, 00), the equation is transformed to
(T2 = 1) f(T) + (d+ DT f(T) = A(A = ) f(T). (D.12)
In the hyperbolic coordinates of dS spacetime (D.4), the Laplacian eigenvalue equations

are
0? 0 1

_8_t£ —dc thta—iC + e, ——— 0O, f =A(d—A)f, in 1st/3rd chart, (D.13)
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a2f+d té’af+ ! Clas, f = A(d — A)f, in 2nd chart (D.14)
—= +dcot 0= + —— = — in 2nd chart. .
062 00 " sin?g ’

The little group at Xo = (0,...,1) is Hy, ~ SO(1,d), and interestingly, if f is a Hx,-
left-invariant function on dSgyq, the radial part is exactly the same as (D.12) with 7' =
X - Xy € R. The only difference is that the T-coordinate covers (—oo,—1),(—1,1) and

(1, 00), corresponding to the three hyperbolic charts (D.4) respectively.

D.2 Unitary irreducible representations of the Euclidean confor-
mal group

In this section we consider scalar unitary irreps of SO(d+ 1, 1), which can be cast into three
classes'?: the principal, complementary, and exceptional series, see e.g. [48, 49, 56-58]. The
decomposition of quasi-regular representation on the Euclidean AdS space Hyyy = SO(d +
1,1)/SO(d+1) includes only continuous part, and the corresponding irreps are the principal
series representations. The decomposition on the dS spacetime dSg41 = SO(1, 14+d)/ SO(1, d)
includes both continuous and discrete parts. The continuous part is still the principal series,
and the discrete part can be identified with the complementary and exceptional series.

Principal series. The scalar unitary principal series representation &, _ d4is7=00 S € R

is defined on the space of homogeneous functions f(AP) = A™2f(P), P € LC4;1, A > 0 by
the action
g-f(P)= f(¢g'P), for g €SO(d+1,1). (D.15)

Equivalently, f transforms as a fictitious primary operator O(P) with complex weight. The
homogeneous functions on the lightcone LCy, ;1 are determined by the values on the projective
lightcone PCqyq. Choosing different sections we get the representatives fg on S% and fy on
R? respectively, and they are related by the Weyl transform fg = (““2—”32)A fr. The subscripts
labeling sections will be omitted in the following.

For fi, fo € Ea, the mass dimension of f;(P)f2(P) is d, hence the inner product
(o= [ aPFPIAP (D.16)
LCg41

is invariant under the action (D.15), which justifies the unitarity of .

12The discrete series representations appear in the discrete part of the regular representation, and are not
directly related to the quasi-regular representations. For d = 1,3 they are related to the exceptional series
of symmetric traceless tensors [49], while for higher d they are much harder to construct, see e.g. the brief
note [59] and the references therein.
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When A # g + 15 leaves off the unitary principal series, the representations are called
non-unitary principal series. They are reducible for certain A, and the inner product (D.16)
is not invariant under the group action due to A + A* # d.

Shadow transform. The shadow transform is defined by
St f(P)cén s csd(A)/ JP (=P Py 3 f(P) € &5, (D.17)
LCqs1

and the double shadow transform is proportional to the identity map'?,

,_ (2m)T(A - (A - ) X

The integral kernel (—P - P’ )_5 should be understood as a tempered distribution and

has simple poles at A = % — N, N € N, see Appendix B. To ensure the shadow transform
1

ra-g)°

pal/complementary series representation £ and its shadow £x are isomorphic by S.

free from divergence, the adjustable prefactor c,q must contain Then the princi-

Complementary series. When A € R, the homogeneity degrees of f*(P) and f(P)
are equal, and the problem of inner product can be fixed by introducing a shadow transform

(f1, f2) = ccp(A)/

4P / d'P (=P - P)2f1(P)f(P). (D.19)
LCqy1 LCay1

The positive-definiteness condition requires that A € (0,d). The group action is the same
as (D.15). This type of unitary irreps is called the complementary series.

Exceptional series. For A = —N or A =d+ N, N € N, the double shadow transform
vanishes due to the factor m. This implies the shadow transform has a non-trivial kernel
and coimage, and the representation £, is reducible. The image Vg, n := E_y/kerS C Egun

is irreducible for d > 2. The inner product of V,, y turns out to be the residue of (D.19),

(f1,f2) = Resa—_n Cep(A)/

L

dP / AP (=P - P22 (P)fo P). (D.20)
Cat1 LCqs1

The group action is the same as (D.15). The resulting unitary irrep V4, y is called the scalar
exceptional series.

For d = 1, the scalar exceptional series split into the direct sum of holomorphic and
antiholomorphic discrete series: Vyi1 = Dyi1 @ Dyyi1. For d = 2, the unitary irreps are
labeled by (h,h) with A = h+h,J = |h — h| € 1N'*. By the following isomorphisms

1
g(*N1,*N2)/€(I—N17—N2) ~ 5(1+N1,7N2) ~ 8(7N1,1+N2)7 Nl,Ng - §N, (D.Ql)

¥ Notice that the coefficient of id is different from (3.16) in [51] due to —P; - P> = 1|212]%
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the scalar exceptional series Vy.o are isomorphic to another spinning principal series with
A=1,J=N+1.

D.3 Harmonic analysis on EAdS

In this subsection we rederive the split representation on the Euclidean AdS space [10, 12—14]
from the perspective of harmonic analysis. The reader can consider in mind the following
intuitive comparison to S = SO(3)/SO(2): the analogs of the angular momentum 7, the
magnetic number m and the spherical coordinates (0, ¢) are the weight (A, J = 0), the
boundary coordinates P € LCy,1 and the bulk coordinates X € Hy,; respectively.

Spherical function. Following the discussion in Appendix C, for H = SO(d + 1)
we determine the H-fixed vectors in the principal series €A and the spherical functions in
L?(Hgy1). Choosing a reference point Xy = (1,0,...,0) as the origin of dS4,;, the stabilizer
subgroup at X is H ~ SO(d + 1). Then the only normalized H-invariant function on S% is
fa(l, ﬁ) = 1, and by the homogeneity the unique H-fixed vector is

fa(P) = (P°)™2, for P € LCq. (D.22)

To obtain the spherical functions, we need an explicit expression of the matrix element
7(X)fa(P), X € Hgy1. Due to the SO(d + 1)-invariance, we can choose a representative
of P such that X and P are in the same plane through the origin: P = (z,0,...,0,z2) and
X = (cosht,0,...,0,sinht). Then by picking a boost B = (ht sinht ) guch that X = B- X,
the matrix element is 7(X) fa(P) = fa(B~'- P) = (zcosht — zsinht)™2 = (=X - P)~2.

The matrix element 7(X)fa(P) = (—X - P)~2 is exactly the bulk-to-boundary propaga-
tor. This can be understood that 7(X)fa(P) should transform covariantly and simultane-
ously under the actions of the bulk isometric and the boundary conformal transformations.
And (—X - P)™2 is the only covariant quantity that can be built from bulk and bound-
ary points and has mass dimension A. This fixes 7(X)fa(P) to be the bulk-to-boundary
propagator uniquely.

For the principal series £a s € R, the two-point spherical functions are derived in

2—1—7237
Appendix D.6.1,

X ~d+11-T
oa(X1, X2) :/ d'P(~X, P)3(~Xy- P) ™ = vol§T, Ry (A A, S0 20 (D.23)
s 9 9
where T' = —X; - X5. The spherical functions satisfy ¢a(T) = ¢x(T), which reflects the

shadow symmetry £a ~ £5%.

14The physics notation is related to [56] by h = 1}"1 ,h= 1*%
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Completeness from Laplacian. The spherical function (D.23) satisfies the eigenequa-
tion of the radial Laplacian (D.12), even for non-unitary principal series A € C. Using the
Sturm-Liouville theory, in Appendix D.5.1 we show that the spherical functions of principal
series provide a complete basis for the radial Laplacian. The orthogonality and completeness
relations of are

2 N (A1)0(s1 — $2) = /00 dtsinh? ¢ ¢ (£)¢a, (1), (D.24)
0
sinh ™t 6(t) — ty) = /0 #;(A) Oa(t1)oa(ta), (D.25)

where A; = % +is;, s; > 0, and the density Ny(A) will be derived later.

1

The integration over s can be rewritten as 5~

Jr #@A) , where the contour is half of the

principal series from A = g to A = g + 200. Then for normalizable functions we have the
decomposition and inversion formulas

F(a) = / T dtsinh® £ (0 (1), and f(t) = —— [ —TB F(A)oa(t). (D.26)

0 27 Jr Nu(A)

They can be interpreted geometrically on the EAdS space Hyy1. The Hilbert space with
respect to the radial Laplacian contains normalizable SO(d 4 1)-invariant functions on Hyyq.
The spectral decomposition of the radial Laplacian ensures that the SO(d + 1)-invariant
functions can be decomposed and inverted by the spherical functions, which are called the
spherical transforms in the theory of Gelfand pairs.

Plancherel measure. The density Ny(A) can be read off by the following localization
technique. The integrand I (¢, Ay, Ay) of the right side of (D.24) has the asymptotic form as
t — o0,

I(t, Ay, Ag) ~ e 71752000 5 (A e(Ag) + €152 o (A1) e(As) + terms with e*is1+52)t,
(D.27)
where ¢(A) is the leading coefficient of the spherical function (D.70) and the factor ¢y = 274
is the leading coefficient of the measure sinh?¢.

Using the substitution ¢ — At and taking the limit A — oo, the terms with eFi(s1ts2)t
do not contribute due to sy, s > 0, and the first two terms combine into fR dt e~ s1=52)t —
270(s1 — s2). Hence the measure of the inversion formula (D.26) is

Nit(A) = cole(A)? = coe(A)e(A) = ZDTEA = g’gA ~8) (D.28)

N,

=
b
=

In history [60, 61], Harish-Chandra was the first to establish the connection between the
Plancherel measure and the asymptotic behaviour of the spherical functions, and for this
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reason the leading coefficient is called the Harish-Chandra c-function. In the EAdS case, the
Plancherel measure of EAdS,,; coincides with the prefactor of double shadow transform.
This fact is not accidental and holds for other semisimple groups, see [62, 63].

Fourier transform and inversion formula. The Poisson transform (C.15), the Fourier
transform (C.16) and the projector (C.17) on Hgyyq are

FL:f(P) — d'P(—X - P)"2f(P) € L2(Hyyy), (D.29)
LCqy1

Fa: f(X) = dX (=X - P) 2 f(X) € &, (D.30)
Hgt

Pa: [(X) = dX" pa(X, X') (XD, (D.31)
Hyt1

where the two-variable spherical function is
oa(X, X') = / dP(—X - P) 2 (X' - P)A, (D.32)
LCat1
From (C.22), the inversion formula reads as

1 dA

U e SO

Palf(X)], (D.33)

where the contour I' is half of the principal series.

For the Dirac delta distribution we have the resolution of identity, i.e. the split repre-
sentation on the Euclidean AdS space

5(X, X') = %/rud(—i) /Lcd+1 d'P(—2X - P)2(—2X" . P)™2, (D.34)

where for later convenience we have introduced the factor

(A — HI(A -
I(A)D(A

N

W(A) = 2Ny (A) = )

(D.35)

D.4 Harmonic analysis on dS

In this subsection we provide a derivation of the harmonic analysis on dS;y1, d > 2. The
main difference from the EAdS case is that the bulk-to-boundary covariant quantity X - P
is indefinite in the dS spacetime, and this allows the existence of two independent spherical
functions associated with the same unitary irrep Ea, A = %l +is, s € R. For d = 1, the
discussion is slightly more complicated than that of d > 2 since the exceptional series split
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into two discrete series, but the resulting Fourier transform and inversion formula share the
same forms with d > 2.

Spherical function. The derivation of spherical functions is almost the same as that
on EAdS space. We choose a reference point Xy = (0,...,0,1) € dSq41 and H ~ SO(d, 1)
is the stabilizer subgroup of Xj. In the EAdS case, the lightcone is foliated into orbits of
the SO(d + 1)-action, P° = const., and homogeneous functions are completely determined
by values on one of the orbits P® = 1. While in the dS case, the SO(d, 1)-orbits are P4+l =
const., and the homogeneous functions are determined by values on the two orbits P! = +1.
Hence there are two H-fixed homogeneous functions on LCy:

fac(P) = | P8¢ = | PT 2 sgn (P, for P € LCyy . (D.36)

where the superscript notation € = 0,1 follows from Appendix B and labels the parity of
fae(P) under P — —P. The matrix element 7w(X)fa(P), X € dSgy1 can be deduced
similarly: m(X)fa(P)=|X - P|72*.

The functions fa .(P) have singularities along the hypersurface P4t = 0, and are not H-
fixed vectors but H-fixed distributions associated with £x. For the principal series £ iy S €
R, The corresponding spherical functions are

6. (T) = ba(X1, Xa) = / d'P X, P|"2¢X, . P[5« (D.37)
LCgqt1

where T = X7 - X5, and the derivations can be found in Appendix D.6.2. They respect the
parity symmetry and the shadow symmetry,

|\

Pne(T) = (=1)Pa(=T) = ¢z (T). (D.38)
In the third hyperbolic chart T € (1, 00), the spherical functions are
60, (T) =27 T T8 [Nt 14 8) (1) G +sin T2 60(7) 4 2000r)|.
(D.39)
and in the second hyperbolic chart T € (—1, 1), they are
0,(T) = 2 5P TU-AID(= A1) [n(T) (1) - cosld = &)+ 0n(7) T2
(D.40)

where ¢y 9-s are proportional to the Legendre functions, see (D.60), (D.61), (D.62) and

Ll
(D.63), and we have set a; = 1,ay = %,

ay = 1,al, =1 therein.

As explained in Appendix B, the H-fixed distributions fa .(P) are meromorphic functions
of A with simple poles at positive integers, and the regularized ones Wf Ac(P) are
2
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holomorphic with respect to A. We introduce the regularized spherical functions pa (7'),
which are well-defined for integer A-s,

Ade+1l_ —Ate+1

onc(T) = A" A, €)pa(T), where A(A,e) =T( 5 T( 5 ). (D.41)

Completeness and Plancherel measure. Similar to the EAdS case, in Appendix
D.5.2 we show that the (regularized) spherical functions of principal, complementary and
exceptional series representations provide a complete basis for the radial Laplacian (D.13),
including the continuous part {gpg 15> 0,e=0,1} and the discrete part {vac: (A, €) €
Dy}, where

+1s,€

d
Dig={(AeZe): A< B and € =1+ A modZs}. (D.42)
By the Sturm-Liouville theory, the nonvanishing orthogonality relations are

27TN§S(A17 61)6(81 - 32)661762 = (@Ahén @A2,62)7 (D43)
27TN(?S(A1)5A17A2 = (SOAU SOAQ)’ (D44)

where the inner product in the right side is

a1,
(f9) = [ aTi® =T (@)1, (D.45)
R
And the completeness relation is
7% — 1|2 §(Ty — Tb)

1 dA . 1 L, (D.46)
= 5mi 2 | v P TR g 3 e Tea(®)

(A,e)GDgS

Similarly, the density NSg(A,€) is determined by the asymptotic behaviour of the spher-
ical functions

NEG(A, €) = 2¢(A, €)e(A, ¢), (D.47)

where ¢(A,€) is the c-function of dS spacetime (D.72), and the factor 2 is due to the two
boundary T — +o0o. We find and check numerically that the density N (A) is related to

Nis(A,e€) by
1 1

— —ayR [
N (A) — A Ne (A ey

where the constant oy = 1 for odd d and ay = % for even d.

(D.48)
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Fourier transform and inversion formula. For later convenience, we turn back to
the unregularized spherical functions @a ((T") by recovering the regularization factor A(A, e).
The Poisson transform and the Fourier transform are

Flo: f(P) d'P|X - P|72<f(P) € L*(dSat1), (D.49)
LCa+1

Fae: f(X) — dX |X - P24 f(X) € Ea, (D.50)
dSa+1

Pae: f(X) = dX" pa (X, X') f(X). (D.51)
dSg41

Similar to the spherical functions, the Fourier transform of f(X) has poles at Dg, and
the residue is proportional to the Fourier transform with respect to wa (X). The inversion
formula is

Qm :Z: / 2d+1 Al f(X)] - %ZRGS mpA,e[f(X)], (D.52)

(Ae)eDyq
where we have rewritten the density N&(A) by

T (A -~ DDA - 2

2

L(A)L(A)

H(A) = 2747 (A, V(D) = (D.53)

For the Dirac delta distribution we have the split representation on the dS spacetime
1 dA X
(X, X)) = — /—/ d'P|2X - P|72¢2X' . p| 8¢
(X, X7) = 5 Egl D) e | I |

1 ~
—ag ) Res / dP——|2X - P|72¢]2X" - P|72,
2 Res | AP P PIRRY P

(D.54)

By the shadow symmetry of the spherical functions, the discrete part of (D.54) flips sign
and with D ¢ changing to Dy,

Das = {(A € Z,e) : A>C§Z and € =1+ d+ A modZ,}. (D.55)

D.5 Sturm-Liouville problem and boundary conditions

In this appendix we analyse the Sturm-Liouville equation (D.12) with different boundary
conditions,

(22 =1) f"(2) + (d+ D)zf'(z) = A(A = d) f(2) = 0. (D.56)

This is a singular’® Sturm-Liouville problem and can be solved by the following steps:
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e find all solutions and determine the inner product;
e choose suitable boundary conditions;

e select the complete basis from the solutions.

The allowed boundary conditions are usually not unique. They lead to different set of
complete basis and correspond to inequivalent self-adjoint extensions of the same differential
operator. This phenomenon has already occurred in the discussion of CF'T inversion formulas
[43, 64-66].

The Sturm-Liouville standard form of (D.56) is

CUf)e) =~ = 17 [sanle = DI =11 L7G) | = AB - @), (5T

where we keep the weight function w(z) = [2? — 1|% positive and absorb the sign into
p(z) = sgn(z — 1)|2% — 1\#. Then the Sturm-Liouville inner product agrees with that in
the global coordinates of Hy,; and in the hyperbolic coordinates of dSy,1,

d—1 ¥
(9) = [a:122 = 17 £ (2)g(c), (D.58)
and the differential operator L is formally self-adjoint upto the boundary terms
1+d d * d * e
(f;£9) = (Lf,9) =sgn(z = DIz* =17 | —[(2)g7(2) = f(2) —97(2) . (D.59)
The region z € (—o0 —1) is related to z € (1,00) by z — —z. For z € (1, 00) using the

substitution f(z) = (22— 1)"7" g(2), g(2) satisfies the standard Legendre equation, hence the
two independent solutions of (D.56) are

- -1

61(2) = ar (22— 1) 5, s Groan) (%) (D.60)
$a(2) = as (2° — ) Ql(d oan)(2); (D.61)

where the Legendre functions P?(z), Qg(z) have a branch cut along z € (—o0,1), and in
Mathematica they are LegendreP[b,a,3,z], LegendreQ[b,a,3,z] respectively. For exam-

—Lir(d—1
e 27D then f2(2) is well-defined and real-valued for any d, A € R

ple, if choosing ay = BACESEE

and z € (1,00).

_1td
1"The term “singular” means the interval is infinite and the function (2?2 —1) ? is singular at the

boundary z = £1. In this case the spectrum may contain both continuous and discrete parts, see e.g. [67].
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For z € (—1,1) we choose the following solutions

Pi(z) =a) (1—2°) © P%Z_QA_l)(z), (D.62)
oal2) = ay (1= )T Qy7, uay(2), (D.63)

where P, () have a branch cut along z € (—o0,—1) U (1,00), and in Mathematica they are
LegendreP[b,a,2,z], LegendreQ[b,a,2,z] respectively.

D.5.1 EAJdS case

The radial direction of the EAdS space corresponds to the region z € (1, 00). For convenience
we work in the t-coordinate with z = cosht, t > 0. The Sturm—Liouville equation is

g, d df
. d, & N o
sinh™ ¢ o [smh tdt} A(A—d)f. (D.64)
Then the inner product is
() = [ dsine £ ()g(0) (D.65)
0
and the boundary terms are
t=00
: d d * d *
simh’t | (0 /() — A0~ F0)] (D.66)
dt dt =0
The spherical function is a linear combination of Legendre functions,
2m) T T(1—A) 2
t) = ht —_— ht D.67
Palt) T(d— A) ¢1(cosht) + (tan = _Z.>7r¢2(005 )| (D.67)

where we have set a; = as = 1 in (D.60) and (D.61). By the theory of ODE, the other
solution of (D.64) besides ¢a(t) is singular at t = 0, since the index equation of (D.64) at
t =01is z(z — 1) + 2d = 0 and the difference of roots x; — 9 = d — 1 is an integer.

To establish the completeness of the spherical functions, we require that the bound-
ary conditions should eliminate the boundary terms (D.66) and exclude the non-spherical
singular solutions. The correct choice is

f(0) < oo, f'(0) =0 at t =0, (D.68)
F(t) ~O(e2") as t — oo, (D.69)
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and this determines the Hilbert space H, of the Sturm-Liouville problem.

The reality condition of the eigenvalues A(A — d) implies: 1) A = ¢ +is, s > 0; 2)
A = %+s, s <0, where the redundancy from the shadow symmetry ¢ (t) = ¢x(t) has been
reduced. The asymptotic behaviour of ¢a(t) as t — oo is

_ _ drST(A — 4
dalt) ~ e Ble(A) + e Be(A), where ¢(A) = 2 1{‘((A) 2)

(D.70)

For the first case, ¢a(t) ~ e~ 2" (e*lc(A) + e~*'c(A)) saturates the boundary condition and
oscillates like plane-wave, hence the spherical functions gb% +is(t), s = 0 of unitary principal
series belong to the continuous spectrum of the Laplacian. For the second case, the term
da(t) ~ e 2le *tc(A) dominates the growth and exceeds the boundary condition unless the
coefficient vanishes ¢(A) = 0. The equation ¢(A) = 0 does not have solutions for s < 0,
hence all the eigenfunctions ¢ dy (t), s < 0 are ruled out and there is no discrete spectrum.

Hence the spherical functions ¢ a 4is(t), s = 0 associated with the unitary principal series
representations provide a orthogonal complete basis of the radial Laplacian (D.64).

D.5.2 dS case

For the dS case, there are several differences from the EAdS case: 1) the region is z € R and
the joint points z = +1 are singular; 2) the well-defined eigenfunctions are the regularized
spherical functions pa (z) and they exhaust all the solutions of the Sturm-Liouville equation.

Since the dS spherical functions are even/odd functions of z, we can restrict to z > 0 and
the boundary terms at z = 0 get canceled by the parity symmetry. As z — 1 the asymptotic
behaviours of ¢a () take the same form, the boundary terms at z = 1 cancel with each
other due to the factor sgn(z — 1). Similar to the EAdS case, to cancel the boundary term
at z = oo we choose the following boundary condition

d

f(z2) ~O(z72) as z = o0, (D.71)

and this determines the Hilbert space H .

The reality condition of eigenvalues is the same as before: 1) A = g +is,8 = 0; 2)

A= % + s, s < 0. The asymptotic behaviours of the spherical functions as z — oo are

Oa(z) ~ 272(A €) + 272¢(A, ¢), (D.72)
where the c-function is

2T T(A — 9 cosZ(d— A +e)
(A €) = T AT
F(%)F(%)

(D.73)
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For the first case, all the spherical functions associated with the principal series saturate
the boundary condition, hence they are in the continuum spectrum of the Laplacian. For
the second case, the dominate term is Z*Ac(ﬁ, ¢). But unlike the EAdS case, for s < 0 the
c-function (A, €) ~ cos Z(A +¢) = 0 has solutions at the set

d
Di={(Ae€Ze): A< ) and € =14 A modZ,}. (D.74)

Namely, A is an integer at the left of the principal series and the parity € is determined by A.
For (A, €) € D, the spherical functions ¢a (2) are square integrable due to the estimate,

/ (2% — 1)d;21dz |pac(t)]? ~ / dz 271 < 00, for s <0. (D.75)
A A

Hence the corresponding representations are in the discrete part of L?(dSg;1). By comparing
the Casimir eigenvalues, they are the exceptional series representations for A > d and the
complementary series representations for g <A <d.

D.6 EAdS/dS spherical functions

In this section we derive the H-spherical functions on the EAdS and dS spacetimes. We
need the following conformal integrals: for timelike X, —X? > 0,

d
2

/ dP (=X -P)%=volS%(—X?)"2, (D.76)
LCg41

and for spacelike X, X2 > 0,

1 1—d 1
/ dP|X - Pl =277 T(——)(X?)"2 = —— vol S%(X?) 2. (D.77)
LCut1 2 cos 57
They can be computed in the global coordinates, and the remaining integrals are
vol Sd_l/ df sin®™' 9 = vol 8%, (D.78)
0
a1 " cd—1 —d a1 1—d
vol S df sin®"" 0| cos™ 0| = 27 2 F(T) (D.79)
0

The prefactor I'(154) in (D.77) is exactly the regularization factor of the distribution | X-P|~.
By the relations (B.4), the conformal integral (D.77) is equivalent to

/ dP(X-P+ie)?=eFemvol S4X?) 2. (D.80)
LCgqq1
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The Feynman-Schwinger parameterization is

H AN = d)(al / H ds; s“l (A + z”: siAi)_d (D.81)

’1

2 1

H 1?\(% / Hduiu?i*15(1—Zui)(ZUiAi)—d’ (D.82)

where R(a;) >0and d =), a,.

The Gegenbauer integral is related to the hypergeometric function by

d oo
2 = AL(1 4 6% 4 252) 78 D.
(z) =C24 Z)simrz /0 dss™ 7 (14 s° 4 2s2) (D.83)
_ D(A)I(d—A) d+1 1-=z
N N (D.84)

d
where C'2 , (2) is the Gegenbauer function, see section 3.15.2 of [68].

D.6.1 EAJdS spherical functions

In the global coordinates X = (cosht, X sinh t), P=(1, ﬁ) and cosf = X - ]3, the spherical
function (D.23) is

oalt) = /S AP (-x . P) (D.85)
= vol 8% /07r df sin® ' f(cosht — sinh t cos 9)’5 (D.86)
= vol 8% 1247 1At /01 dz 22~ 1 - z)’_l(l — (1 —e?M2)” A (D.87)
— vol §¢ ¢4t 2F1(C§l, A,d1— e, (D.88)

where in the third line the #-integral is substituted by z = %(1 + cosf). As a crosscheck, we
re-derive the spherical function (D.23) by the Feynman-Schwinger parameterization: with
T = —X; - X5 > 1 the two-point spherical function is

Pa (X1, Xz) = /LC dP(—X, Py 3(-X,-P)™2 (D.89)
B I'(d) > ggA—1 D s py—d
- ANE /0 d /L AP (X4 oXy) - P) (D.90)
— vo d& = priee 52 s —4
oIS F(A)F@/O dss® (14 5 + 26T) (D.91)
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~d+11-T
— volSLF (A, A, % —), (D.92)
where in the third line, the P-integral is done by (D.76), and in the last line the s-integral
is done by (D.83). The two results (D.88) and (D.92) are related by the quadratic transfor-

mations of hypergeometric functions.

We show that the spherical functions of complementary series are analytic continuation
of A from that of principal series, although they do not enter into the complete basis. In
this case A is real and the inner product follows from (D.19). The spherical function is

ccp/d’Pld’Pg (=X1-P)2(=P - P) (=X, - Py)™2 (D.93)
= ccpi>~/cz’131cz’zﬂ2 /oo daa® N (—(X; +aPy) - P) (=X, P)™™  (D.94)
C(AT(A) 0
d 00 ~
= ccpM/d’Pg / dao® (1 = 20X, - Py) 2 (= Xy - Py) ™2 (D.95)
C(AT(A) 0
QAW%F(A B %l) ! -A —-A
~ @) /Lc IR R R ) (D.96)
~ (bA,principal(Xh X2) <D97>

In the second line the Feynman-Schwinger parameterization is used to merge the factors,
and in the third line the integral over P is done by (D.76).

D.6.2 dS spherical functions

The dS two-point spherical funcions (D.37) take different forms in the three hyperbolic charts
T=2X,-X5€ (—o0,—1), (—1,1) and (1, 00),

(bA,e(T) = / dP ’Xl . P’ig’eyXQ . P’iA’e7 (D98)
LCgqt1
and the result of T € (—oo, —1) is related to that of T' € (1,00) by the parity symmetry
Pae(T) = (1) ba(=T). (D.99)

As a crosscheck, we also evaluate the spherical functions by two different methods.

First method. We fix X, to the reference point Xy = (0,...,1) and parametrize X;
and P by the hyperbolic coordinates (D.4),

Pae(T) = /LC d'P|X; - P|’5’€]PC“F1\*A76 (D.100)
d+1
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:/ dP|X, - (P, 1) 72 +/ AP |X, - (P, 1) 2¢(=1)". (D.101)
Hd Hd

In the third chart of the hyperbolic coordinates, with X; = ()v( sinht,cosht), T =
cosht, t >0, P=(P,£1) and coshs = —X - P, s > 0, we have

¢A,e(t) = QSX,e(t) + ¢Z,e(t)> (D'102)

where + labels the contributions from the two terms in (D.101). For the minus term, the
factor cosht + sinht cosh s > 0 is positive, and

P (t) = vol Sdl(—l)e/ ds sinh®™! s | — cosht — sinh t cosh s|*~%¢ (D.103)
0
= vol %! / ds sinh®" s (cosh ¢ + sinh ¢ cosh s)2 (D.104)
0
1
= 2dle(dA)t/ dz zgfl(l — 2) A (M — )~ (D.105)
0

24727 (1 — A) d d
_ Bt Pz, d—A = —A+1,e % D.106
F(g_A_i_l)e 21(2, ,2 + , € )’ ( )

where in the third line s is substituted by z = tanh? 5. The plus term can be separated into
two parts at cosh s = cotht according to the sign of X; - P, denoted as I?/",

¢L.(t) = vol 8! / ds sinh®' s | cosht —sinh t cosh s|*~%¢ = IP(t) 4+ (=1)°I"(t). (D.107)
0

cosh s—1
cotht—1"

For the positive part I”(t) with cosh s € (1,cotht), we use the substitution z =

d—2 d—2

1
IP(t) = vol S4 el =t (coth t — 1)471 / dz (¥ +2—-1)72 272 (1 —2)21 (D.108)

0
_ 2nPT(—d+ A+ 1)e<d*A>t

€2t_1fd/2F 1 —
D(—4+A+1) ( )RR

| QL

d d 1
S S AL ),
Ty tAT LTS

cotht—1
cosh s—17

And for the negative part 1™(t) with cosh s € (cotht, 00), we use the substitution z =

a—2

1
I"(t) = vol S~ teld=A (coth t — l)d_l/ dz (e —1)z+1) 2 272z —1)2 (D.109)

0
24P (1 = A)D(—d+ A+ Ue(d*A)t

L(4HT(2 - d)

d
(e* — 1) R (1 — 1= A2-d1- e?h).

Then the total contributions to the spherical functions are

d+1 dﬂ' (d — 2A)7T

da(T) =27 75 T(1-A) {F(—d +1+A4) ((—1)€sm ~ T sin ) o1 (T) + 2¢2(T)} ,

(D.110)
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e—%iw(d—l) .
Ta—a) !

For the second chart T’ € (—1,1), with X; = (X sin6, cos6), P = (P, +1) and T = cos 0,
the integral also contains two terms from (D.101),

Pa.c(0) = 4 (0) + dx (), (D.111)

and each term is of the form gbie(ﬁ) = fHd dP f*(X - P, f). For the plus term ¢ (6), using
the symmetry SO(d,1) of Hy and dS,, we can fix X = (0,...,1) and parametrize P as

where we have set a; = 1,ay =

n (D.60) and (D.61).

P= (coshs, ..., sinh scos ), then

dA.(0) = vol gi—2 / dy / ds sin?~? g sinh®™! 5| cos § + sin @ sinh s cos |2~ (D.112)

= vol %~ 2/ dy dx | cos 6 4 2 sin ]2~ (D.113)
\/1—|—x2+y

— 3 F(l—g)/d:v(l—i—x) ! cos O + x sin |24 (D.114)

= JP(0) + (=1)°J"(0), (D.115)

where we have substituted x = sinh s cos ¢,y = sinh ssin ¢ and separated the integral into
two parts according to the sign of cos ¢ +zsin . The minus term ¢, () is equal to the plus
term by

$a.c(0) = (1) (J7(r = 0) + (1) " (7 = 0)) = (1) (J"(0) + (1) J"(0)) = X .(0).
(D.116)
For the postive part JP(f) with z € (—cotd, 00), by the substitution z = cosf + xsinf €
(0,00), we have

d
JP(6) :Wg’lf(l 2)81111 dQ/ dz 2271 4 22 22(:089)%’ (D.117)
21 S (1 — A (—d + A + 1 —d 1
_ w7 I( 3 )d( d+ A+ >Sin1_d6’2F1(1—A,1—d+A,3 d7 +cos€>7
rE -9 2 2
(D.118)
and for the minus part J"(f) with € (—o0, —cot ), by the substitution z = —cosf —
zsind € (0,00), we have
d
J(6) = 4 1r(1— ©)sin'~ de/ dz A1 4 22 4 2z cos )3~ (D.119)
2d L' D(1 — AT (— A+1 —d 1—
( . )d( d+a+ )sinl_dQQFl(l—A,l—d+A,3 d 1-cosby
re-—9) 2 2
(D.120)
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Then the spherical functions are

D A A) [ 62(T) (1) — cosn(d - &) + 6o(1) 2T D))

(5.121)

¢A,6(T> =2

where we have set @] = 1,a5, =1 in (D.62) and (D.63).

Second method. We evaluate the two-point spherical functions by the Feynman-
Schwinger parameterization. By the relations (B.6), the integrand | X, - P|72¢| X, - P|75¢
can be rewritten as linear combinations of

hay = (X; Pie) (X, PEie) ™ (D.122)
Explicitly, they are
e2imAp n h+ _
T)> . — . . — D.123
¢a0(T) (1 + eimd) (eind 4 ¢inA) T (1+ emd) (1 + ein(A-d)) ( )
eiﬂAhf — h+ 4
. — . 4 ; . D.124
+ (1 + e’Lﬂ'A) (617rd + em—A) + (1 + e—zwA) (1 + 617r(A—d)>7 ( )
€2mAh, N h+ _
T)> 4 — . . : . D.125
¢A71( ) (_1 + emA) (emA _ ewrd) + (_1 + ezﬂ'A) (_1 + elﬂ'(Afd)) ( )
”Ah, B h
+ ¢ -, ot (D.126)

(_1 + eiTrA) (eiﬂ'd _ eiTrA) + (_1 + e*’L’ﬂ'A) (_1 + e’L’ﬂ'(A*d)) ’

Then similar to (D.92) we combine the two factor (X; - P £ z'e)*Z and (X, - P £ie)™2 by
the Feynman-Schwinger parameterization and do the P-integral by the conformal integral
(D.80).

For T € (—1,1), s > 0, the factor 1 + s* 4 2sT > 0 is positive, and the s-integrand can
be done by (D.83). The four terms contribute to
hyy — e 2™ vol S5 (T), ( )
ho_ — e 2™ vol S o(T), ( )
hy_ — eAme 5T yol S o(—T), (D.129)
( )

h_, — eld-B)mio =57 o] ST o(—T),
where we have relabeled I to Ig,

F<A)F(£)2F1(A,d BN Sy (D.131)

Igo(T) = T 5 5

Then the spherical functions are

a 4,1 A —d+A+1 d—A A
6a0(T) = 281G - DI RR (5= 5,

T D.132

1
9’
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4o AL —d+A+2 d—A+1 A+13
¢A71(T) =47 TF(l 5 )F(—Q )QFl( B s B s 2,
and they match with (D.121).

For T € (1,00),s > 0, the factor 1 + s? 4= 2sT is not definite and the integrals should be

divided into three parts according to the signs. The four terms contribute to

T2, (D.133)

hyy — € 2™ vol $%Tgo(T), ( )
ho_ — e~ yol S o(T), (D.135)
he_ — ATivol 8¢ (e*%’"'IGJ(T) b8 o (T) + JGQ(T)) , (D.136)
he . — eld=8)mi o1 4 (e—%mlg,l(T) + e (T) + Jg,Q(T)> , (D.137)

where 17" = cosh t and

I'(1—Hra) d d

Ic1(T) = 2 AL, A, —= 4+ A+ 1,e7H), D.138

a1(T) F(—g—i—A—l—l)e 2 1(2 2+ +1,e™) ( )
(1 —9)2 d

Igo(T) = ﬁ(e% — 1) e A B (1 — l—A2-d1- e, (D.139)
r1—9Hrd - A4) ., d d—2A+2

Ios(T) = F(j,mﬂ) Hd A)2F1(§> d— A, —y e?). (D.140)

2

Then by the relations between hypergeometric functions and Legendre functions, the spher-
ical functions match with (D.110).

E Massless scalar-massless scalar-tachyonic scalar

In this appendix, we compute the three-point celestial amplitude Aﬁf_)20 430 which involves
077402 M,e
one incoming massless scalar, one outgoing massless scalar and one outgoing tachyonic scalar

with imaginary mass ¢M. In terms of the conformal primary basis, A% takes the

1
0 0 0
10—=25+35 0
form as

A% = Oodw dwaw 12! k1 sgn(g: ‘E)5(d+2)(q — g2 — k)
15-26+80 .~ 1821 2 k| |Gy - K| ’ e ’

(E.1)

where k% = M?. The region with k2 = M? can be divided into two regions corresponding to
expanding and contracting patches of the dS hypersurfaces

Dt RR=M?, ET=k04+klso0,

- 2 2 T+ — 70 | Td+l (E.2)
D k= M*, kT=k"+k <0,
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respectively. We can thus define the celestial coordinates in D as

~ M
k= ME = 5o (1— g+ i, 21+ 5 — i) (E3)

and the celestial coordinates in D~ as

~ M
k:Mk:_2_(1_y2+|w|272w71+y2_‘w2)7 (E4)
Y
with y € [0, 00) in both regions. As a result, A10 Lagyar,, . Can be written as
A10—>20+3?M€ A10—>20+3§M . + A10—>20+3?M ) (E5)
where A10_>20 0480, are obtained by integral ¥ over region D*. We first focus on ./410 CTITU
Using the fact that
dd—l-l/];. 1 < 4 As
[ B Y P I
O Ll e " |23 —wl* —y
we find that
. > A1 A 1 A Y (d+2)
«410_>20+3?M6 = /0 dwidwow™ ™ wy 2 / e / m 5 (1 —q2— k).
(E.7)
The support of the momentum-conserving delta-function is
M2 2M‘$12‘2w1 - M2£i"2 —4.21?1‘%12‘200%
= y= 2L e : (E8)
4]x1]2w1 4|21 Pwi — M? M? — 4|z19Pw?
with the Jacobian
M (2 — |z — w]?)
] = ‘ a2 (E.9)
We note that w; > M/(2|x12]) since y > 0. The integrand in (E.7) then becomes
A1 1 AQ 1 AS
Wy Y d+2
(g — gy — k
yd“ |23 — w]* — y? @ ~a-F)
1-2A9+A3 | f280+A3—d—2, A1—Ax+Az—1 As
2 2 3M 2 3 wl 1 (Elo)
|1p[?A2 728 —M2|293]? + d|z12]? |15 0]

% 5(y . 2M|LE12|2W1 >5(w2 _ M2 )5(d) (117— szg — 4:?1|x12|2w%) .

4‘1’12‘2(,()% — M2 4|IE12|2(,<J1 M2 — 4|x12]2wf
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Performing the integral over y, wo, and w leads to

A 21—2A2+A3M2A2+A3—d—2 [e%s) dwl wlAl*A2+A3flsgnE(_M2|I23|2 —+ 4|x12|2|x13)
O 0 (] - .
(E.11)

Now, we turn to the computation of AR In the region D™, we have

]'O 20+3?]\J €
d™k 1 R e I (E.12)
D |k+| |q3 k|A3 d+1 ) .

s —w]? —y?

leading to

N 00 - oo dy —y As
A _ Ar—1, Ag—1 d,— ¢
(E.13)
The support of the momentum-conserving delta-function is
]\42 2M T12 2(.4.)1 - MQ.fQ — 4(Z1 T12 2002
4|x10|%wy M? — 4|z19)?w? M? — 4|x15|?wi
with the Jacobian
Md+1(y2 _ |x2 _ w,Q)
|J| = ’ i) (E.15)
Yy
We note that in the region D~, y > 0 demands that 0 < wy < M/(2|z12]). The integrand in
(E.13) then becomes
A
et Ty e g, )
Yt |23 — w|? — 2 17492
- —d—2, A1—Agt+Ag— A
21 2A2+A3M2A2+A3 d 2w1 1 2+A3z3—1 1 3 (E16)
|1p[?R2 728 —M?|293]? + 4|z12[? |15 0]
2M |21 %w M? M?%y — A% | 219 *w?
X(s(y_ : |12 : 2)5(0@— i )5((1)(@_ : 1| 122|2 1> .
M —4‘1’12‘ w1 4’3312’ w1 M —4’$12’ w1
Performing the integral over y, wo, and w leads to
N 21—2A2+A3M2A2+A3—d—2 /2%2 ; wlAl_A2+A3_1sgnE(—M2‘:1:23|2 + 4|x12|2’x13|2)
0_.501 20 = — w1
ERGACTE |15[?227253 0 | — M2|ays)? + 4\x12\2’$13|%1|

(E.17)
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Thus we have

AAi _2172A2+A3M2A2+A37d72 /oo " wlAlngqLAgfngng(_MQ|x23|2 + 4|ZL’12|2|(L‘13)
0 0490 - 1
10720+ 3 e |12[202728s 0 | — M2|z3)% + 4|$12|2|1‘13|2W%|A3
91285+ ) 200 +A5—d—2 /Ml‘ﬂm WAImAe AL ye
— w
|19 22272488 0 (M2]223 2 — A|w 1221 Pw?) 2
[ele) wAl—AQ-i-Ag—l
dw1 ! 3
Mzo3| (—M2|l’23|2 +4|9312|2|x13|2w1)A3
PIESPYIESEY
Ay
- Crgmagean,,.
_|x12|A1+A2—A3|x13’A1—A2+A3’x23’A2+A3—A1 ’
(E.18)
where C1Agi_>23 a0, is given by
, MA1+A2—CZ—2F 1—A r Az—A14+A- T Az+A1 Ao
O3 g, = E Y (R s e MY A e ) R
0720 T35 M,e 2A1+A, F[%] F[%]
Using the identity
s
Izl — z] = E.20
eIl — ) = (E.20)
we get
CAZ- _MA1+A2—d—2F[1 o AS]F[AQ,—AQH-AQ]F[A3+A21—A2]
10-20+30 9A1+Az
A. A —A ‘ A A —A e
x [ 2 cos[=2n] sin[Mw] 2 sin[—2>7] COS[MW] :
2 2 2 2
(E.21)
Moreover, using the symmetric property 6 (z) = §®(—x), we find that A2A8i+3?M,€—>18 =
AR o0

0,90 .
Lo—=20+3nr,c

F t-channel conformal block expansion from alpha space
approach

In this section we derive the t-channel conformal block expansion of the 1d four-point massless
scalar t-channel celestial amplitudes by the alpha space approach. The four-point massless
scalar t-channel celestial amplitudes in one dimensional CCFT is

A amP=1 w5

tA18i+28a38+48 T Topt4 sec[7]113,24f(x) ) (F.1)
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where f(x) = x(1 — x)21+213-220) Tp the following, we will first consider the conformal
block expansion of G(x) = x“(1 — x)® and then take the special value a = 1,b = $(—1 +
Az — Agy).

Due to the different boundary condition of the conformal Casimir equation, in the alpha
space approach the integral region is z € (0,1) and there are no contributions from the
discrete series representations, in contrast to the Euclidean inversion formula [64, 65], see
also the application in celestial CFT [7].

In the alpha space approach, the stripped conformal blocks and partial waves are

Gﬁlg’Am(X) = XAzFl(A — A3, A+ Aoy, 2A X), (F.2)
1 5. Ao
Ualn) = 5QIAIGR () + QU1 — AL (x) (F.3)
1
— XA132F1(A — A137 1-— A — Alg, 1— Alg + A24, 1-— ;), (F4)

with the boundary condition 1A (1) = 1. The inversion function and formula are

1(A) = / dy v 2(1 — ) BG () (1), (F.5)
000 = 51 [ a7 1AW (F.6)

where I' is the principal series, and

AT (1 — 2A)T(1 — Agz + Aygy) 1

Q) = TR A AT ALy ™ N8 = 3M)Q-4)  (F)

For the four-point function G(x) = x*(1 — x)° using the Mellin-Barnes integral and
changing the order of integration, we have

1(A) = / Ay X3 (1 — ) Bae () (F.8)

oo ds (A — Alg) (1 A A13> !
_ as s ST(—s) - d a+A13—5—2 1 — b+s—A13+Azy
/_wo 271 (1 — Az + Aoy)s (=) /0 o (1-2)
_ /—HOO dS (A Al?;) (1 _A_Al?))s F(b+3—A13+A24+1>
Cico 2T (1= Agz+ Agy)s ['(a+b+ Az)

I'(=s)I'(a+ A3 —s—1).

There are two series of poles in the right half-plane, s =n and s = a+ A;3+n—1forn € N,
and their contributions are

(F.9)

I(A) = —a, BFQ(—A—A13+1,A—A13,5_A13+A24+1;1>

2—CL—A13,—A13+A24+1
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a—A,a+A—1,a+b+Ag4 )
— F: i1 F.10
a2 3 2( a4 Ags, 0 + Aoy ( )
where the minus sign is due to the orientation of contour, and the coefficients are
r As—1TbH-A A 1
4y = (a+ Ays )T ( 13 + Agg + )’ (F.11)
T (a + b + A24)
r'(—A A DHI(a— A A—-—DI'(—a—A3+1
a4y = (=Au + A + D T(a = A)l(a + JP(-a—-Ap+1) (F.12)

F(—A — A13—|— 1)F(A - Alg)F(a+A24)

As a first check, for four identical external operators A3 = Agy = 0, this result matches
with (2.58) in [64] with the conventions (A, a,b) = (3 + o, p, —q).

Now we can derive the conformal block expansion by deforming the A-contour to the
right infinity. The first term is analytic in A, and the second term contains simple poles
A, =a+n,n €N at the right side of principal series. Hence the four-point function can
be expanded as

Res
00 =" (1 =" = T eR, GRS () = 2 3 et ek, ()

where the orientation of contour contributes to factor —1, and the shadow term contributes
to factor 2. The block coefficients are

(G+A13)n (a+A24)n —n, 2a+n— 1,a+b+Az4
3F3 ;1
n!(2a +n—1), a+ A, a+ Ay

e, = (F.14)

and we can match the block expansion with the four-point function order by order.

Back to the original four-point function (F.1), taking @ = 1,b = $(—1 + A3 — Agy) we
have

amPB1 o ﬂ] (_1)n22nr (n—A213+1) I (n+A224+1)
2B8+4 2 F(Zn + 1)F (fnf§13+1) r (*n+§24+1) )

which agrees with (5.38) computed by using the split representation.

Ciin = (F.15)

G Expansion of conformal block around its poles

In this appendix, we will derive the expansion of 1D and 2D conformal block around its
poles. We start with the 1D conformal block G’ﬁ””AQ“ which takes the following form

(A — A A 4 Aol
A13,A24 A 13 24 A13 Asy
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A13,A24
HA

where we defined as
(A - A k(A 4 Agy)g
HA13,A24 A 13 ko .
A *522 NESINPNE (G-2)
We note that Gﬁ”’AQ‘* has simple poles at 2A = —n with n = 0,1,2,---. This admits the
following expansion of ;F’ AAi around 2A = —n
A13,A24 aAln(X) A;n 1 (G 3)
GA (x) = 2A+n+a0 (x) +O (2A+n) . :

The coefficient 2™ (x) can be computed from

i1 13,42 - 13,424
a2 (x) = ((QA +n)GRR 4(X)) _ e n') Gfg’A (x) - (G.4)
A=—2 :
Using the definition (G.2) of H{™%* (), we find that
S _n (=5 = Aw)r(—5 + Daa)i
HA#%AM _ - ( 2 13 2 ko
S0 =) x ThT T —n] X (G.5)

Shifting k£ by £k — k +n + 1 leads to

HA'}L37A24 (X) _ f: X"T"'Q (_% - A13)k+n+1(_% + A24)k+n+1 Xk
2 k:% F[i+n+2]F[k+1] (G.6)
:(_5 - A13)n+1(—§ + A24)n+1H§’AQ4(X) .

This leads to

(=1)™(—% — Atg)n1 (=% + Aoa)ns1 G132

Tln+1]T[n + 2] niz o (X) - (G.7)

Ai,n
azy"(x) =

The coefficient aj " (y) can be computed from

i, a 13 24
@00 = (28 +mGE ()
a=-3
) IANEWAL! (_1)n aHﬁl&AM (X)
n! Yo+ 1)H_% 00 + 2n! 0A A=—n
~ (=D"(=5 = Avg)nga (=5 + Aot Aipday | (Z1)" OHZHE
B Lln+ 1C[n + 2] MTHUG"T” M OA  |a_ s’

-2

(G.8)
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Aq3,A
where we used (G.6). To compute 19H 760

5 A , we note that

A=-12

1 8H§13’A24 (X)
2 9A | .

Ay,—T A;—2 A;—n Ag—2
= 151324 (X) + 2513708 (X) + 3513704 (X) + 4513724 (X) (G.9)

Ay—D
where ;515”57 (2) are defined as

1513794 (X) =3 X%H_A?AM (X) (G.10)
A=—3
and
Ap-z, 1 N (24 DAs)e O(A = A k
251372t (00 =5 kZ:OX Th+UMk—n] 08 |~
= (—5 — A13)k(—3 24 )k P(—5 — A —P(—35 —A13) 4
5 (T Bk A U = B ) (-5 = D)
2 T T e 2 v
(G.11)
and
A, o I n (5= Ak O(A+ Ay k
3513 a4 (X) =5 kZ:O X L[k + 1Tk — n] 0A A:_%X
- i =n (=5 = Ap)e(—=5 + Dog)e (=5 + Dos + k) — (=5 + Agy)
RN e 2 ©
(G.12)
and
R S SN TI VN ST I
401324 (X) =5 X L[k + 1] OAT [k + 2A] :_nX
k=0 A3 (G.13)
o —n —(% — Alg)k(—% + A24)k k '
; Tk + 1Tk — 7] (k= n)
Using (G.6), we can re-write 1ng_’;§(><) as
P 1 ,
1513 94 (X) :§IOg(X) tH_A% (x)
1 n n
=3 log(x)(—§ - AlB)n+1(_§ + A24)n+1H%7A24 (x) (G.14)
n n Ay, 2E2
:(_5 — A13)n+1<_§ + Aoa)ny11513 21 (X) -
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Moreover, after shifting the dummy index k& by & — k 4+ n + 1, we can re-write QSIA;_’;E (2)

ast
SAi,—g B > nt2 (=5 = A13)kgnr1(—5 + Aos)pgns ZU(— — Az + k‘) U(—5 — Az)
201324 = 2 X L[k 4 n+ 2Tk + 1] X
k=0
| nt2 q/;(“” Ayz) — w(—ﬂ SASE) NN
:(—5 — Alg)n+1(—§ + A24)n+1 [2513 24 =+ QF[n n 2] 2 G%:A .
(G.15)
Similarly, we get
Ai—5 n n A2 ¢(2+_n + A24) - w(_ﬂ + A24) 13,424
351324 :(—5 - A13)n+1(—§ + Ag4)ni1 {3513,24 + 2 2T[n + 2] 2 G%-!—ZA .
(G.16)

Aj,—2 : . .
To compute 4575 5/ , we split the sum over k£ > 0 into two sums, i.e.,

,f% —n (=5 — A)r(—5 + Aoy i
o (§:+§:) 2 = F%+L&k—m e — m)x* (G.17)

k=0 k=n+1

The sum with £ > n + 1 can be computed by shifting k£ to k +n + 1, giving

~ ne (=5 = Awg)kgnr (=5 + Dog)kpnta K
- 2 k+1 )
2X Tk +n+ 20k + 1] ik + Lx (G-18)
Armed with the identity
& 1
k 2)=y(k+1 —_—
Y(k+n+2) =1( +)+§0k+1+8, (G.19)

It can be written as

n+2 =5 = A13)kgns1(—5 + Dog)rgns1 A
— 1
E: Ik +n+2T'k +1] Ylk+1)

2 (=5 — A)kint1 (=5 + Dot)ktntr

n n A2 —~ nd2 2
— (_§ — A13)n+1(—§ + Aog)ni14513008 + Z Z X ® fk;

5=0 k=0
(G.20)
Using the fact that ¢(—n)/T'[—n] = (—1)"*'n!, we find that
B Z —5 = A)i(=5 + Agy)po(k —n) — o (8 = Avs)png1 (=5 + Aoa)psnt k2
[k + 1Tk — n] X £ 2 Tlk+n+ 20k + 1k + 1+ 5)

(G.21)
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GA13 A24( GA13 A24(

is equal to (—1)"n X) where X) is the conformal block associated with the

staggered module (A.3) Thus we find that

Ai7—ﬂ n n A“LJ"Q
1513798 =(—5 — A13)n+1(_§ + Aog)ny14S13 01 + (—=1)" nlG4 A224 . (G.22)

sta,

Combining (G.14), (G.15), (G.16), and (G.22), we get

LOHA™ > (y)
27 0A A

_ (_% B A13)”+1<_% + A24)n+1 bAiGA13,A24 + aGﬁl&A?A
20'[n + 2] noTeE OA

A
1\ 13,A94
An+2> +( 1> n'GStaf% ’
(G.23)

where we defined b5 as

2 + n 2 + n -n
=( —Az) — 1/1(7 — Agz) +1( + Agg) — ¢(7 + Agy) — 2¢(n +2) .
(G.24)
We conclude that
A;n
A13,A24 a 1 (X) Ain 1 G25
G ()()—2A+n+a0 (x) + O'(2A +n) | (G.25)
where a2 (x) is given by
)P (=2 — Agg)per (=2 4+ Aoy)y,
§1n<X) _ ( ) ( 2 13) +1( 2 + 24) +1tFn+2( ) (G26)

I[n+1T'[n + 2]

and ay""(y) is given by

A (EDM(=5 = Asg)pii (=5 + Doa)ntr [ A, O R vy A
Qg - QF[TL + 1]F[n T 2] B tFn+2 + IA AZHTH + ( 1) n thta n
(G.27)
with
2 —|— n 2 —|— n 2
BA =1)( — Ay3) — Qﬂ(T — Ayz) +( + Agy) — ¢(7 + Agy) — nal
(G.28)

Since the two dimensional global conformal block is a product of two one-dimensional
conformal blocks, i.e.,

Gh1§,h24;ﬁ13,ﬁ24 (X,Y) — G2137h24 (X)Gﬁlg,h%l (Y) , (G29)

hh hh
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we find that G:lg’h%ﬁ“’”ﬁz“ (x,X) admits the following expansion around the pole 2h = —n

and 2h = —mor A = (—n —n)/2 and £ = (—n +7n)/2
G o) 0T ®) (e (R) | ap
’ (2h 4+ n)(2h +7) 2h+n 2h+7

+
=
S
L
S
+
Q
w
N/

Especially, when h; = h; = A;/2 and h = h = A/2, we have

G (X X)
_ I 00d () 00ap " () + a0 (D)
(2h + n)? 20h +n
n n 9 - (GR13,024
= (_5 _ h13)n+1(_§ + h24)n+1 nTH’nTH + 1 BhiGA13,A24
Pln+1]0[n + 2] (A+n)?  Axnp\ " me
A13,A n .
+ w + <_§ _ h13>n+1(_§ =+ h24)n+1 GA13’A24 + GA13,A24 4.
A A=n+2 F[n + 2](A —+ n) sta,— 3,5 +1 sta, 2 +1,—% 5

(G.31)

where G;‘tf’ An“n a1 and Gﬁ;g Aff n are conformal blocks associated with chiral staggered
module g1ven in (A.6).
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