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Abstract

We find classes of driven conformal field theories (CFT) in d+1 dimensions with
d > 1, whose quench and floquet dynamics can be computed exactly. The setup
is suitable for studying periodic drives, consisting of square pulse protocols
for which Hamiltonian evolution takes place with different deformations of the
original CFT Hamiltonian in successive time intervals. These deformations are
realized by specific combinations of conformal generators with a deformation
parameter ; the § < 1 (8 > 1) Hamiltonians can be unitarily related to the
standard (Liischer-Mack) CFT Hamiltonians. The resulting time evolution can
be then calculated by performing appropriate conformal transformations. For
d < 3 we show that the transformations can be easily obtained in a quaternion
formalism; we use this formalism to obtain exact expressions for the fidelity,
unequal-time correlator, and the energy density for the driven system for d = 3.
Our results for a single square pulse drive cycle reveal qualitatively different
behaviors depending on the value of 5, with exponential decays characteristic
of heating for 5 > 1, oscillations for § < 1 and power law decays for 5 = 1. When
the Hamiltonians in one cycle involve generators of a single SL(2, R) subalgebra
we find fixed points or fixed surfaces of the corresponding transformations.
Successive cycles lead to either convergence to one of the fixed points, or
oscillations, depending on the conjugacy class. This indicates that the system
can be in different dynamical phases as we vary the parameters of the drive
protocol. Our methods can be generalized to other discrete and continuous
protocols. We also point out that our results are expected to hold for a broader
class of QFTs that possesses an SL(2,C) symmetry with fields that transform
as quasi-primaries under this. As an example, we briefly comment on celestial
CFTs in this context.
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1 Introduction

The study of time evolution of a driven quantum system with a time dependent Hamil-
tonian is a valuable tool for gaining insight into its non-equlibrium properties. Useful
drive protocols include quantum quench, ramp, and periodic or quasi-periodic drive proto-
cols . Recently, properties of quantum systems driven via periodic protocols have been
most intensely studied; such systems undergo evolution governed by Hamiltonian periodic
in time with a time period T'. Interestingly, at strobosocopic times ¢ = nT', where n is an in-
teger, the evolution operators of such systems can be written as U(nT,0) = exp[—iHpnT];
the corresponding dynamics is then completely controlled by the Floquet Hamiltonian H .

However, most of these studies require numerical work: analytically tractable models
are limited to free field theories or two dimensional conformal field theories. For the
latter class of theories, the underlying infinite dimensional symmetry algebra provides a
powerful tool to calculate physical quantities of interest. One example involves a sudden
quench from a massive theory to a two dimensional CFT whose IR properties can be well
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approximated by a Cardy-Calabrese state [5], and the time evolution can be calculated by
using conformal mapping. A more recent example involves quench and Floquet dynamics
in a two dimensional CFT [6-17]: once again the time evolution can be obtained by
conformal maps. No such analytical results are known in higher dimensions, and one has
to typically resort to numerical calculations which are often limited by finite size effects m

In this paper we demonstrate that a class of time dependent problems can be ex-
actly studied in conformal field theories in arbitrary number of dimensions and lead to
interesting non-trivial dynamics. Our work is inspired by the work of [6] who studied
a 1 4+ 1 dimensional CFT on a strip which starts from the usual CFT Hamiltonian and
is quenched by a sine squared deformed (SSD) one. The SSD-CFT3 has been studied
previously in [18-21]. Both these Hamiltonians belong to the global part of the Virasoro
algebra. The time evolution then becomes a Mobius transformation. The global part of
the Virasoro algebra is (in Euclidean signature) SO(3,1) (generated by Lo, L+; and their
hermitian conjugates). Floquet generalizations to periodically driven CFTs by a sequence
of the usual CFT Hamiltonian and SSD Hamiltonian for successive time durations 7; were
studied in [12,/14,/17]. Generalizations of the SSD to other SLy subgroups of Virasoro
were studied in [15]. Holographic interpretations were investigated in [7-9,|11] and from a
different perspective in [22].

In higher dimensions (d+ 1), the conformal algebra is SO(d+2,1). This suggests that
a natural generalization to higher dimensional systems can be obtained by considering
different generators of the conformal algebra as Hamiltonians and considering sequences of
non-commuting Hamiltonians in successive time intervals. Similar to the two dimensional
case, the dynamics is expected to be equivalent to conformal transformations.

In this work we consider conformal field theories on S% x time. The class of Hamilto-
nians are combinations of generators which belong to SL(2, R) ~ SU(1,1) subrgoups of
the conformal group. More specifically we consider

H(B,TI) = 2iD + iB(K,, + P,)TI* | (1)

where the operators D, K,,, P, (u,v = 0, - - - d) are generators of conformal transformations
and II# is a projector along X#-direction. Note that there are (d+1) such different SL(2, R)
subalgebras corresponding to (d + 1)-inequivalent choices of II*. This provides a wider
class of drive protocols where one can use different members of the class of Hamiltonians
H(3,10), for different time intervals.

In terms of the energy momentum tensor, the Hamiltonian may be written as
1
HE) =2 [0y (14 56% 1 ¢
where Y denote coordinates on a R%!, where the sphere S is the surface Yry, =1,
dQ4_1 denotes the volume element on S and w denotes the Euclidean time.

As will be shown below, when S < 1 a Hamiltonian of the form can be trans-
formed to the standard CFT Hamiltonian (2¢D) (on the plane), while for § > 1 it can be
transformed to the Liischer-Mack type Hamiltonian P, + K,.

As is standard in CFT’s, it is convenient to first work in Euclidean signature and
perform a Weyl transformation to a plane R *!

1
ds? = dw? +dQ% = 5 Opwda’da”] (3)

LA different class of problems involving fast smooth quenches in conformal field theories in arbitrary
dimension can be addressed using conformal properties |23}24].
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where z# are cartesian coordinates on R¥t! and

r? = uata =ev. (4)
The operator (2iD) becomes the dilatation operator on the plane, while P, generates
translations on the plane. Acting on functions on R**! the conformal generators are
represented by the following differential operators

D = —iz,0,, P,=-id,, K,=—i(2z,(2,0,)—1r%9,),
L, = —i(z,0, —x,0,) . (5)

For a fixed p the generators D, P,, K, form an SU(1,1) subalgebra of the Euclidean
conformal algebra SO(d+2,1). There are d + 1 such subgroups corresponding to different
choice of p. The SU(1,1) nature of these subgroups can be understood by noting that the
commutation of these generators satisfy

[DvKM] = _iKlM [Dvpli] :iPMJ [KMJPM] = 2D . (6)

Our strategy for calculating the response is analogous to the earlier works in 1 + 1
dimensions. We will perform a Weyl transformation to R%t!, where the expressions for
the generators and the resulting conformal transformation become simple, calculate the
time evolution by evaluating the corresponding conformal transformation, transform back
to S% x time and finally continue to real time. While this is straightforward in principle,
this becomes quickly cumbersome in practice for d > 1.

The key technical tool which facilitates our calculations is the fact that when d < 3,
a point on R*! can be represented by a quaternion and the action of finite conformal
transformations take a simple form, generalizing Mobius transformations on the complex
plane to Md&bius transformations on the field of quaternions, SL(2, H). In general, the
parameters of these transformations are themselves quaternions. However, when the trans-
formation belongs to an SL(2, R) subgroup of the conformal group one can judiciously
choose the quaternion representation such that these parameters become real numbers.
While this simplifies our calculations considerably, this necessitates switching quaternionic
representations whenever we switch from one SL(2, R) subgroup to another. In this work,
we provide explicit results for 3 + 1 dimensions, though it should be emphasized that the
framework is completely general for any d < 3.

In the study of Floquet dynamics in d = 1 a key step was to determine the fixed
points of Mobius transformations on the complex plane and express the transformation
in “normal form”. In this form it is possible to determine the behavior of a point on the
plane after arbitary number n of Floquet cycles. The behavior for large n depends on the
conjugacy class of the Mobius group, with points converging to one of the fixed points
for a hyperbolic class, oscillating for elliptic class and displaying maginal behavior for the
parabolic class. The conjugacy class of the transformation depends on the parameters of
the period drive protocol and the different behavior of points on the plane result in different
dynamical phases, which are heating (for hyperbolic) and non-heating (for elliptic).

In higher dimensions d = 2,3 one needs to look for fixed points or surfaces of quater-
nionic Mo6bius transformations. However, as mentioned above, if the transformation in-
volves a definite SL(2, R) subgroup, the parameters of these Mébius transformations can
be chosen to be real numbers. We show that in this case there are fixed points for hyper-
bolic transformations and fixed surfaces for elliptic transformations. We then express the
corresponding quaternionic Mobius transformations in a “normal form” and show that, as
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in d = 1, points converge to one of the fixed points for the hyperbolic class and oscillate for
the elliptic class. This would lead to heating or non-heating phases in Floquet dynamics.
We defer the discussion of behavior of physical quantities for large number of cycles to a
future publication.

In the following, we calculate fidelities, unequal-time correlation functions and expec-
tation values of the energy momentum tensor and primary operators in primary states
at the end of a single drive cycle. Each cycle involves Hamiltonians of the form with
various II*, = 0,1, ---3 for successive time intervals of equal value. The value of 3 is
either zero, or some fixed value, i.e. we do not consider different non-zero values of 5 for
different time intervals. These restrictions are for simplicity. All these diagonistics show
that for 8 < 1 one has a non-heating phase with oscillatory behavior of these quantities as
a function of time, while for 5 > 1 one has a heating phase characterized by exponential
decays. B = 1 is a critical value, where the quantities have power law behavior. These
three phases mirror the known dynamical phase structure in 1 4+ 1 dimensions and reflect
the three conjugacy classes of SL(2, R). Since the driving Hamiltonians break rotation in-
variance on the S? the system develops inhomogenities. The nature of the inhomogeneties
is richer in these higher dimensional cases, since we have the ability to break different sets
of symmetries by choosing different sequences of Hj --- Hyy1. Likewise, the structure of
dynamical phases which can result from Floquet drives will be richer. It can be easily
seen that if we use different nonzero values of 8 the behavior is oscillatory when all the 3
values are less than 1, power law when all the 8 are equal to one. If any of the 8 exceed
1, the behavior will be exponential.

The plan of the rest of this work is as follows. In Sec. [2] we study the properties of
Hamiltonians of the form . This is followed by Sec. |3| which deals with our strategy
for calculating the response to the dynamics for general d and the formulation in terms
of quaternions for d = 3. Next, in Sec. 4] we provide results for three quantities under
the dynamics. The first corresponds to the fidelity of an evolving primary state at the
end of a drive cycle; this is discussed in subsection . The second constitutes behavior
of unequal-time correlation functions of the CFT under such evolution; this is discussed
subsection. The evolution of the stress tensor, starting from a primary CFT state, is
discussed in subsection . In section we find the fixed points and fixed surfaces for
the special class of quaternionic Mobius transformations mentioned above and determine
the trajectories of points under successive cycles of a periodic drive. Finally, we discuss
our main results and conclude in Sec. Some details of the calculation are provided in
the appendix.

2 The deformed CFTs

In this section we will discuss some properties of deformed CFT’s with a Hamiltonian of

the form .

2.1 [ <1 and Mobius quantization

When § < 1, for the choice II* = (1,0,0,0), the Hamiltonian H (defined in ) can be
thought of a different quantization of the theory with the undeformed hamitonian (8 = 0)
upto a scaling of the new time. For d = 1 this has been called “Mdbius quantization”.
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Consider the Hamiltonian

1
H' = ————H = cosh 02iD + isinh (K + P) g = tanh6 . (7)

Ny

This Hamiltonian is related to the dilatation operator by a similarity transformation
U'H'U = (2iD), U =exp [;0(1{0 - Po)] : (8)

This can be verified by explicit calculation. However since the left hand side of (8]) depends
only on the commutators of the generators of the SU(1,1) group, the equation must be
independent of the specific representation.

To verify it is convenient to use a representation of the SU(1,1) using Pauli ma-
trices,

1
D = i0,/2, Ky=0_, Py=oy4 Uizi(Uxiin)- 9)

The transformed special conformal and translation generators can be now deduced using
the identities

Uloc,U = 7,=0,coshf+io,sinhb

Ulo,U = 7, =0,coshf —io,sinhb, Ty =0y . (10)

Using the representation @ this leads to
1
D' = Dcoshf+ §(K0 + Pp) sinh 6
1 1
K\[P) = 5(1 + cosh 0) Ko [ Py] — 5(1 — cosh §) Py[Ko] — Dsinh 6 . (11)

To calculate the transformation of the other generators of the conformal algebra, it is
useful to consider the combinations

1

AME§(K;L_P#) By =S(Ky+F) . (12)

N |

The conformal algebra then leads to a closed SL(2, R) subalgebra for the generators
(Ao, Aj, Loj) for each value of j =1,2,3

Now consider the transformed A; or Ly; (these angular momentum generators are defined

in ),

A; — eiaAo Ajef’ier L{)j — eiaAo Lojefier (14)

Once again, the result is determined entirely in terms of commutators. We can therefore
use any representation of the algebra ((13)) to perform the calculation, e.g. the representa-
tion in terms of Pauli matrices

1 1 1
Loj — =0 Aj — —10, Ao — —*iO’y (15)
2 2 2
to obtain
A;- = Ajcoshf — Lg;sinh @
Lf)j = Lpjcoshf — A;sinh6 . (16)
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Furthermore the conformal algebra implies
[Ao, K + Pj] = [Ao, Li] = 0. (17)
This leads to final form of the deformed generators:

1
D' = Dcoshf — §(K0 + Py)sinh 0

K, = %(1 + cosh §) Ky — %(1 — cosh @) Py — Dsinh 6
Py = %(1 + cosh 6)Py — %(1 — cosh #) Ky — Dsinh 6
K, = %(1+COSh9)Kj+%(1 — cosh§)Pj — Lo sinh 0
Pl = é(l + cosh ) P; + %(1 —cosh 0) K + Lo; sinh 6
0; = coshf Lo;+ %sinh 0(P; — Kj), Li;=Lij . (18)

These relations can be alternatively derived by first looking at the coordinate transfor-
mations resulting from the action of U with infinitesimal 8, and exponentiating them and
requiring that the correct commutation relations are satisfied by the deformed generators.
This is detailed in the appendix.

The results of this subsection imply that for 8 < 1 the deformed Hamiltonian is
proportional to a standard CFT Hamiltonian (dilatation operator) which is quantized
with a different notion of time. Consequently aspects of the physics of the deformed
Hamiltonian are expected to be qualitatively similar to the undeformed Hamiltonian.

2.2 > 1 and Liischer-Mack Hamiltonians

The unitary transformation which relates the deformed theory to the undeformed theory

for f < 1 does not work when 8 > 1. We will now demonstrate that for 8 > 1 the

Hamiltonian can be instead deformed to the generator Kq+ Py. Consider the Hamiltonian
1

H' = ?H: 2iDsinh ¢ + i(Ko + Py)cosh¢ = coth¢ . (19)

Using manipulations entirely similar to the previous subsection it is easy to show that
U'H'"'U = i(K() + P()), U =exp |:—;¢(K0 — Po)] . (20)

The transformations of the other generators can be worked out following a procedure
entirely analogous to the previous subsection. This shows that the physics of the deformed
theory for 5 > 1 is similar to a theory with a Liischer-Mack Hamiltonian (Ko + Py) rather
than the dilatation operator.

As we will see, this difference manifests in dynamical processes like quantum quench
by the appearance of a heating phase for 8 > 1 and an oscillating phase for g < 1.
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3 Dynamics as a Conformal Transformation

As mentioned above, it is convenient to think of the time evolution by Hamiltonians like
by first performing a Weyl transformation to R4+! using Eqs. [3|and 4l Euclidean time
evolution with the Hamiltonian H(3,1I) is equivalent to a conformal transformation. This
transformation can be obtained by using the Baker-Campbell-Hausdorff formula [25]

UM = U(T) = o~ (2iwD+iwp(Pu+Ku)I) _ AL Kull# In AgiD/2 A P, 11
Ay = (cosh wry — (wrp) ™t sinhwyo) _2, vg =+/1— 32,
Ay = —A_ =iBuy sinh(wrg)Ay? (21)

To write down the explicit transformations, we separate out the components. For example,
using the above relations, one obtains:

e—alzD — eal Ty, €Za2P“$V€_la2P” =1,

i T
rx e toskn = : 2 2 (22)
1—2a3x, +r°a3

ealle,V

1oz K

e

where K, and z, denote the yu-th component of the corresponding Vectorsﬂ Identifying

a1 = (1/2)In Ay, ag = —iA_, and a3 = —iA,, we find, after a few lines of algebra and for
vF#
/ Lv
Ty = 57 (23)
Dy

where the denominator, D, = [ (cosh wyy — (wyo)_l sinh ’U)I/())2 + 2:(}#,31/0_1 sinh wig
X (cosh wyy — (wyo)_l sinh wl/o) + ﬁ2r2(w1/0)_2 sinh? TV()} .

A similar, but more complicated expression can be obtained for v = p in a similar manner.
One obtains

x; = [ac#(2(cosh2 wip — (wrg) "2 sinh? wig) — 1) — By * sinh wug(cosh wig(1 — r2)

—(wrp) ™t sinh wig(1 + r2))] /Dy . (24)

These finite conformal transformations can be then used to express time evolved quantities
in terms of the quantities at initial time for any d.

3.1 d= 3 and quaternions

In d < 3 dimensions in general an efficient way to compute the transformed coordinates
under the SU(1,1) subgroup of conformal transformations is to use the quaternion for-
mulation. In what follows, we provide details this formulation for d = 3+ 1. In Euclidean
signature the coordinates are denoted by X* with zo = 7, 1 = x and so on. We shall also
define the 2 x 2 matrices 79 = I and 7; = —i0; where o; are the standard Pauli matrices
and I denotes the identity matrix. The first step of using the quaternion formulation is

2To present these formulae in a completely covariant form, one needs to implement an appropriate
projection operator, which we do not use here. Our notation therefore breaks covariance. Nonetheless, we
hope it is clear from the context whether we are referring to a vector or a particular component of it.
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then to write the coordinates x,, using a 2 x 2 matrix by associating each component of
the coordinate to one of the 7, where 7 = (I, —io;), for j = 1,2, 3:

3
Q, = Ix, —Z'Zo*jyj . (25)
j=1

The y; which appears here are the components of z# with ;1 # v. The choice of v and p is
arbitrary at this stage. As an example, we may choose v = 1. The three other coordinates
) which appear are y; = x¢9 = 7,y2 = T2 =y, y3 = r3 = 2, leading to

o= (it ) 2

Clearly @, is not unique even after we fix v and associate x, with the identity matrix
since there is freedom of associating the rest of the coordinates with other Pauli matrices in

different ways. As we shall see, all such choices lead to identical results for final coordinates
under the class of conformal transformations that we discuss.

The action of the SU(1,1) transformations is then obtained by representing the gen-
erators by Pauli matrices. The operator U(IT#) in is then represented by the 2 x 2
matrix,

v = ew<az+waz>:<a1 a2)

a3 G4
ar = (Cosh wyy + Val sinh wuo) , a4 = (Cosh wyy — 1/51 sinh wyo)
ay = a3 = —iﬁual sinh wig (27)

with ajaq — agaz = 1. To find the transformed coordinates, we note that the quaternion
matrix @, transforms, upon action of U(II*) to @), given by [2629)

Q; = Ia::L — iZajxg = (a1Qy —iazl).(ia3Q, + a4I)_1

JFw
zu(2a1a4—1)—i(azas—ar a3r2)—iwy1 —i(Tyy =Ty )
_ ai+2iazaszy,—a3r? a3+2iazasz,—a3r? (28)
—i(Tyy 4Ty zyu(2a1a4—1)—i(azas—arazr?)+iz,,
ai+2ia3a4ru—a§r2 ai+2ia3a4xu—a§r2

where i # 11, 19, and v3. The transformed coordinates are then obtained from the relation
), = Tr[7;'Q},]/2 and yields

;o zu(2a1aq — 1) —i(azaq — arazr?) ;o Ty
T = 2 - 2.2 v Ty = 5 - 2.2 (29)
ajy + 2iazaqx, — azr ay + 2iazaqx, — azr
Substituting Eq. 27]in Eq. one recovers Eqgs. 23] and This shows that the quater-
nionic approach provides a vastly simpler way to obtain the transformed coordinates.

In the rest of the paper we will deal with d = 3. The transformation from R x S3 to
R* is given by

T = eYcosl ,x=eYsinfcos¢d ,y =e“sinfsinpcosy ,z=e"sinfsin¢sine) ,(30)

where w, = (w,0, ¢,1) are the coordinates on the cylinder R x 53, and w denotes time
on the cylinder.

While we have illustrated this formalism for d = 3 the same formalism can be used for
d = 1,2 by setting some of the coordinates in Eq. to zero.
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Figure 1: Schematic representation of the protocol for computing fidelity F'(t).
See text for details.

4 Floquet Dynamics

In this section, we shall study Floquet dynamics of 3+ 1 dimensional CFTs, using a square
pulse protocol, described below. We will compute various physical properties at the end
of each cycle. The strategy can be generalized to arbitrary number of cycles. We defer the
analysis for multiple cycles to future work. In what follows, we shall choose the amplitude
of the pulses within a drive period (denoted by 5 below) to be same for simplicity.

The strategy will be to perform the computations on R*, (coordinates z*) Weyl trans-
forming to R x S3 (coordinates w*) and finally analytically continuing to real time t = jw.
Under the Weyl transformation, a primary operator with conformal dimension A trans-
forms as

Oa(wy) = ewAOA(xu)- (31)

We shall use these relations to transform between the physical coordinates w, on the
cylinder and those on the plane (z,).

As discussed above, unitary time evolution governed by a Hamiltonian of the form
is equivalent to a conformal transformation z, — a::L given by 1) The transformation of
the primary operators of the CFT having conformal dimension A due to such dynamics
is given by [30] :

/

Ox
O(z,) — UO(2,)U = O(a),)J3 ", JF‘%"

14

= |Det[iazQ + asI]|™*  (32)

where the last expression holds if the coordinates x’ and x are related by the transformation
given by Eqgs. [27] and

10
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4.1 Fidelity

In this section, we shall compute the fidelity F'(T") of a primary state |A) of the CFT at

the end of a drive cycle. This is defined, in Euclidean time, as

<A|U(T0a O)|A> _ limxzﬂﬁoo,xluﬁo <O‘¢(X2)U(T0, O)¢(Xl)|0>
<h‘h> limmguﬁoo,zluﬂ()<0|¢(X2)¢(X1)|0>

F(To) (33)

where ¢(x) = ¢(7,x,y, z) denotes a primary CFT field of dimension h, T = —iTy is the
drive period in real time and |0) denotes the CFT vacuum. Throughout this section, we
shall work in Euclidean time and analytically continue to real time whenever necessary.

The protocol we choose for computing F(T') is schematically shown in Fig. The
evolution operator U(IT#) in each cycle is chosen to be

U(M#;7,0) = e BT g(I#) = i(2D + B(K,, + P,)TT* . (34)
The total evolution operator at the end of one cycle is given by

U = UT(IT4; 0, Tp/2)U (I1%; Tp /2, T /4) U (I1°; Ty /4, 0) (35)
! =(0,1,0,0), I*=(0,0,0,1), T1°=(1,0,0,0). (36)

Note that we use the different deformed CFT Hamiltonians with same deformation pa-
rameter 5 to generate the evolution operator U. The fidelity is computed at the end of
the cycle.

To obtain F(T'), we first note that the two point correlation function of a primary
operator with dimension A can be written in the quaternion formalism as [28]

1
(Det[Q(x2) — Q(x1)])2
In the above equation we have not specified a subscript for the quaternions since this

particular result is independent of which @(,) we use. For the unequal-time correlation
function under a transformation by U,(T’,0), this leads to

Co = (0p(x2)p(x1)[0) =

(37)

Cr = (OJUNT, 0)T1"$(x2)Upu(T, 0)T1" $(x1)|0)

- : et[(ia %) + a, )" HA
B Det[QL(x’Q)_QM(Xl)]AD t[(ia3Qu(x2) + asl) "]
1

= - - . 38

Detl(a1Qu(x2) — iaal) — Q1) (ia3Qy(x2) + as IS (38)

Note that the second term in the denominator vanishes when z7, — 0. Further when

z9, — 00, we find C; — 1/Det[a;1Q,, (x2)]*. Furthermore similar analysis shows for
multiple subsequent transformations given by

UMHM = < Zl ZZ > y aidi - biCz‘ =1 (39)

C1 — 1/Det[([]; @i)Qp, (x2)]2. This allows us to write the final expression for F(T)

1
FO) =y oyas(To)ar (To) > (40)

11
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Figure 2: Plot of |F(T)| as a function of f and T" with A = 1. For § < 1,
|F'(T)| oscillates with T' characterizing the non-heating phase and reaches ~ 1
for v = 4nm where n is an integer. For 5 > 1, |F(T)| decays exponentially with
T which is a signature of the heating phase.

To compute the ag, a1 and ag, we use the 2 x 2 matrix representation of the operators
D, K, and P, given in Eq.[9] Using this one can write

U#(T)HM — e—T\/1_52(—nzaz-i-nQCO'm)7 n, = 1 Ny = ZB (41)

/1 — 62’ /1 — 62
Defining v = /1 — 82T/4, we find, after analytically continuing to real time T' = —iTp,

ao(T) = a3(T) = (cosv +iT(4v) Lsinv), a1(T) = (cos2v — iT(2v) L sin 2v)

1
F(T) = [(cos v + 4T (4v) L sin v)2(cos 2v — T (20) L sin 20)] A for B # 1
1 A
- ((1 +iT/4)2(1 — z'T/Q)) for f=1 (42)

The behavior of each of the a; and hence F(T) depends crucially on the value of the
parameter 5. For 8 < 1 these are oscillatory functions of the time T', while for 5 > 1 they
decay exponentially for large 1. These two behaviors are higher dimensional versions of
the non-heating and heating phases. In between these phases there is a critical point g = 1
where we have a power law decay in time, |F(T)| ~ 1/[(1 + T2/16)?(1 + T2/4)]*/2. This
behavior is charted out in Fig [2{ which shows the behavior |F(T')| for A = 1. In between,
at =1, we find a line which represents a critical line separating the two phases.

Our analysis of F'(T) indicates special frequencies at which |F(T)| = 1 indicating
perfect overlap of the driven state with the initial states. These frequencies, which exist
only in the non-heating phase can be read off from Eq. [42| and are given by T' = T,5(55)
where

T,(8) = 4nm/\/1-p? (43)
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Figure 3: Plot of |C1(T")/C1(0)] as a function of 85 and T for = 0.2 (left panel)
and 81 = 1.2 (right panel) corresponding to a square pulse protocol. See text for
details.

and n is an integer. The existence of these frequencies can also be seen in Fig.

Thus we find that under a drive schematically represented by Fig. [, ' exhibits perfect
revival at special frequencies in the non-heating phase and an exponential (power-law)
decay with T in the heating phase (on the critical line).

The different behaviors for different values of 5 reflect the properties of the Hamilto-
nians used for time evolutions which have been discussed in the previous section. Each of
these Hamiltonians represent a different SU(1,1) subgroup of the conformal group. We
chose the same [ for each of the three Hamiltonians, so the conjugacy classes of each of
these SU(1,1) are the same. The results can be trivially extended to the cases where the
three 8’s are different.

4.2 Unequal-time Correlators

In this section, we compute the unequal-time two-point correlation function of the primary
fields with conformal dimension A in the presence of a drive. We consider the fields on a
cylinder and map them onto the plane using Eq. 31} The initial coordinates on the plane
corresponds to

X2 = (72,%2,Y2,22) = (cos by, sin Oy cos @2, sin O sin ¢a cos P, sin O3 sin Py sin 1a),
X1 = (m,1y12) = (1,0,0,0) (44)

where we have taken initial time on the cylinder w = 0 without loss of generality. We
have also chosen the coordinates #; = 0 for simplicity. In what follows we shall consider
the correlation function

Jo/

(Det[Q(x5) — Q(x1)])A

where x/, represents the transformed coordinate and J; denotes the Jacobian of the coor-
dinate transformation.

Ci(T) = (0|U(T,0)0(x2)U(T,0)0(x1)[0) = (45)

13
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To study the dynamics, we first consider a square pulse protocol given by
H = H(_) =2D fOl” tﬁT/2
H = H(+) = 21D + Zﬁ (K(] + Po) for t > T/2. (46)
We will calculate the correlator at time 7.

The evolution operator for this is

_ _ ~To(2iD+iB(Ko+Po))/2,—iDTy _ (@ b
U(T,0) =Uy(T,0)=e e (c d>

a=d" = <cosh nT'/2 + ;sinh 77T/2) T2 h=c = eiT/Qg sinhnT'/2, (47)
Qo(x3) = (aQo(x2) — ibI).(icQo(x2) +dI) ™", Jo = |(Det[icQo(xz) +dI])>|™*  (48)

where 7 = /32 — 1 and I is the 2 x 2 identity matrix. Here we have used Eqs. 27| and
and performed a Wick rotation T' = —iTy. Substituting Egs. in Eq. we find after
transforming back to cylinder coordinates E|

2(1 — cos 6y) ]A
(a —ic)? — (b—id)? — 2i(a — ic)(b—id) cosfs |
1

C1(0) = ST ey’ (49)

Ci(T) = 01(0)[

The dependence of C1(T') on both T and § can be obtained by substituting the expressions
of a, b, c and d from Eq. We note that for § > 1, the system is in the heating phase and
the correlation decays exponentially; in contrast, for 3 < 1, the dynamics is oscillatory.
Also, we find that C'(T") depends only on 3 and is independent of other coordinates. This
is a consequence of the choice of the drive protocol which involves only Ky and Fy. These
features of the correlation function are shown in Fig. |3| where |C1(T")/C1(0)| is plotted for
A =1 as a function of 63 and T for 8 = 0.2 (left panel) and = 1.2 (right panel).

We next consider a drive protocol involving two different sets of generators given by

. atr b
U(Tp,0) = U (To, To/2)U((To/2,0),  Upay(7,0) = e H<i>/h=<cj§ di) (50)

To obtain the correlator corresponding to this protocol, we consider the action of U_ on
Q(x2) = Q2 which is given by

1 . 4 1 7 —i2 —i(z' — )
@Ry’ = (a-Q2—ib_I).(ic-Q2+d-I)" = ( —i(2 + iy) s

oo T(2a_d5 - 1)‘— i(a_c_ ; b_d_r2)7 A ‘ xj ! (51)
d* +2ic_d_T —c*r? Tod? 4+ 2ic_d_T —c*r?
where z; = (z,y,2) for j = (1,2,3). Next, we rewrite le) as Q/z(l) =21 — —io, 7 —

iozx’ —ioyy’ and perform the second transformation

2 . NIt _ 2 —ar”" —i(a" —iy")
QY = (a:Q" —ibid).(ie: Q" +di D) = ( —i(a" +iy") 2 +ir”
S — Z(2a1dy —1) —iaycq —bydyr”™) 2 = 33; (52)
d2 + 2icydy 2 — A r? &+ 2icqdy 2 — A

3The Weyl factors cancel in the following expressions
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where 27 = (7",2",y") for j = (1,2,3).

The rest of the calculation is cumbersome but straightforward. A somewhat lengthy
algebra yields

2(1 — cos 03) A
T) = .
Co(T) = C1(0) (a + 1 cos by + Pasin bz + 3 cos 26 + y(62) sin b2 sin ¢9 sin 7/)2> (53)

Here a, §; (i = 1,2,3), and « are functions of the drive parameters through functions a,
b, ¢ and d given by
a = d'= (coshnT/2 + %sinhnT/2> , b=c= %sinhnT/Q, (54)
v(0y) = —dib(a — d)(b* — d* — 2ibd cosb), [ =b> — a’
By = % [8a3d(1 — ad) + a®(~1 + 8(b + 2id)d?) — Siabd(d + b(2bd — 7))
521 + 8d(ib — d(b? — dz)))]
B = 4i [2a4bd — 31+ 2d?) + a(®® + ib?d(1 + 4b%) + 263> — id?) — b3d(1 + 4d?)
+a?d(b — 2b® — 4ib*cd + 2id®) + b(2b*d + ibd* + 2d° — ib>(1 + 2d?))

where we have analytically continued to real time T' = —iTj. The function « is cumbersome
but can be expressed in terms of a, b, ¢ and d.

Eq. p3indicates a clear rotational symmetry breaking in the correlation function. This
is a consequence of application of two different sets of generators (Ko, Py) and (K3, Ps) for
constructing U(T,0). This dependence is shown for a fixed T'= 1, #3 = 7/4 and § = 0.2
in Fig. [l where |C5(T')/C2(0)| is plotted as a function of ¢o and s.

27T
— 0.180
= 0.175
é\'_ T 0.170
0.165
0.160
O H ] 0.155

o
o
p |

¢2

Figure 4: Plot of |C2(T")/C2(0)| as a function of ¢ and 1) for § = 0.2, T =5
and 0 = /4. See text for details.
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4.3 Local probes of the driven state

In this section we will probe the time-evolving state with local operators, i.e., we are
interested in computing :

(A|UL(T, 0)TT* A(w™) U, (T, 0)TI#| A). (55)

We will find here as in the d = 1 case [31] that there is localization in the local observables.

Energy density

Consider first the energy density, i.e. when the operator A(w®) is chosen to be Ty, (w®).
Therefore we will need the transformation of the stress tensor. For d = 3, the conformal
dimension of the energy-momentum tensor is 4, so that the Weyl factor is simply e*™.
Along with the factors coming from the transformation of a spin-2 tensor, the energy
density translates to

oxP 0x° 3a

Tww Py = et o DY
(wh) = ow Ow p(x)+87r2’

(56)
where the last term comes from the Weyl anomaly. Conjugation of the R**! stress tensor
T)o () gets with the deformed evolution operators U, (T, 0)II* leads to a conformal trans-
formation. In D flat spacetime for a spin-2 conformal primary like the stress-tensor the
transformation rule is:

p—2 0x'P 0x'°
UM, (2)U = T,,(x)=J D wapg(x’), (57)

where J denotes the Jacobian of the conformal transformation. Finally we shall be left to
compute a plane three point function involving a stress-tensor and two primaries. This is
given by [32]:

4A H“V(le,xg,l’g)

O(x1)0O(x2)TH* (23)) = —— ,
< ( 1) ( 2) ( 3)> 672 ‘.%'12‘2A—2|$13|2‘$23‘2

(58)
v v 1 2 cuv : x!fS ‘Tg?)
VVhe]:'e7 H/L = V“V 4 (5“ s Wlth, V'u =5 — —5 -
4 T3 a3
Putting everything together, the time-dependent piece (i.e. modulo the anomalous piece)
in the energy density of the driven state is:
A e4wJ2_1/2 Oz 9z 9z’ 0"
32 |2/ (wh)|?2 dw dw dxP dx°

o xl — 2§
where, H,,(z') = pa(x—,)fpg

(AU Ty (W)U |A)r = — Hopg(a'(w")),  (59)

We consider a square pulse drive given by:

H = H(_):QiD for tST/Q
H = Hyy=2iD+if(Kqy+Pyy)  for t>T/2. (60)
b

d
in Eq. Below in Fig. [f] and Fig. [6] we plot the absolute value of the normalized energy

For this protocol the evolution operator is parametrized as : with a,b, c,d as
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B
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Figure 5: Density plots of normalized density |E(6,¢,T)| in the ¢, T plane for

0 = w/2. Left Panel: In the heating phase with 8 = 1.2 we find progressive local-
ization. Right panel: In the non-heating phase with 5 = 0.09 we find oscillations.

S vis-

density

(AU Ty (w)U|A)p
(AU o (W)U A)r=0

E(97¢7¢5T) = (61)
in various regimes. Note that 5 denotes the amplitude of the deformation and can be used
to enter and leave the heating regime. When 8 > 1 and we are in the heating regime we find
clear signatures of localization of the energy density in the angular directions, whereas the
non-heating regime is characterized by oscillations. Furthermore the localization occurs
in both the angular directions 6 and ¢ as is clear from the density plot of Fig. [7] and is
independent of the v direction. Due to the latter feature we omit ¢ from E (6, ¢,1,T).

104; ]
1000; ]
Z; 100; ]
SN
2 10¢ E
i f
0.10- ;
0.01% ;
0.0 05 10 15 2.0 25 3.0

¢

Figure 6: Plots of normalized density |E(6,¢,T)| as a function of ¢ for § = 7/2
in the heating phase, = 1.2, and for several representative values of 7' : 1.5
(Green), 2 (Orange), 7 (Blue), 9 (Brown) and 12 (Black).
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6
[SIE|

Figure 7: Density plots of normalized density |E(6,$,T)| in the ¢, 6 plane for
T = 6, in the heating phase, 5 = 1.1.

The explicit formula for the energy density as obtained from the analytic expression Eq.
turns out to be too complicated. Thus we turn our attention to a simpler observable,
namely, that of a local primary probe in the driven state, which allows for an explanation
of the angular localization.

Primaries

Here we choose the probe to be another primary operator in place of A(w®) in Eq.
The transformation rule of a primary is already given as in Eq. using which along with
the Weyl factor, Eq. and the universal formula for three point primary correlator, we
obtain:

A1 /4Cann,

(AIULIT(T, 0)0s, (U (T, 0)T¥8) = e 1 Z50 0 (62

where Caaa, is the operator product expansion coefficient which is part of the CFT data.
The above expression in the cylindrical coordinates, with initial time w = 0, for a generic
SU(1,1) drive in the = direction, takes the form :

(14 agaz)? — ada?)? + 4a3a3(1 + agaz)? cos® psin? §] 2174
aflAl [aj(a% — a2)? + 4a3a$ sin? 6 cos? ¢]381/4

= Caan, 00,0, T)A. (63)

(A[Oa, (T)]A) = Cana,

Once again there is independence in 1. Notice that when either § = 0 or ¢ = 7/2 the above
becomes space independent. Once again, we consider the square-pulse protocol involving
deformation in the = direction, as in Eq. The parameter § denotes the amplitude of
the drive and can be used to enter and leave the heating regime. In Fig[§lon the 8, T plane
we obtain a density plot very similar to Figl2] In particular we notice, that oscillations
die into exponential fall-offs as the 8 = 1 line is crossed from below.
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Figure 8: Plot of |O(0 = 0,¢,T)|a as a function of § and T with A; = 1. For
B < 1, we find oscillations with T' characterizing the non-heating phase and for
B > 1, the one-point function decays exponentially with 7" which is a signature
of the heating phase.

At 8 = 1 the functional dependence of the absolute value squared of the one point
function in the driven state is :

008, ¢, T)|A = ((8 +4T? + T + T*(T? — 4) cos 2T + 4T3 sin 2T)% — 4T? cos® (T2 (4 + T?)?

—Aq
+ (8 +4T% + TY((T? — 4) cos 2T + 4T sin 27")) sin? 0 4 4T (4 + T?)? cos* ¢ sin* 9)
(64)
At large T, dropping the rapidly oscillatory pieces, we find:
1
08,6, T)[4 ~ +O(T710%). (65)

T881(1 — 2 cos? ¢psin? §)2A1
It turns out that the higher order terms in the 1/T series (with rapidly oscillating terms
dropped) contains higher order singularities of 1 — 2 cos? ¢sin? @ :

o

0(0,¢,T)|2 = o, (cos? ¢ sin® 9)

n=1 TA1(6+2n)(1 — 2 cos? ¢sin? )2 3@nt1=(-1MAL

(66)

These singularities give rise to localization in the angular directions, and as we numerically
investigate next, also persists in the heating, 5 > 1 regime.

Below in Figf9|we plot the normalized one point function amplitude in various regimes.
We find clear signatures of localization of the amplitude in the angular directions, where
as the non-heating regime is characterized by oscillations.
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Figure 9: Density plots of normalized |O(0,¢,T)|a in the 6, T plane for ¢ = 0.
Left Panel: In the heating phase with 8 = 1.1 we find progressive localization.
Right panel: In the non-heating phase with § = 0.1 we find oscillations. The
conformal dimension is taken to be Ay = 0.4.

0.985

9 vk

Localization occurs in both the ¢ as well as 6 directions as is clear from the left
panel of Fig[I0} In the right panel of Fig[I0] we have plotted the contours of the function
cos? ¢psin? @ since at least in the B = 1 line we expect from Eq. localization along
the % contour. The plots are indicative of the fact that similar singularities extend into
the heating regime as well. It is very natural that a similar effect is responsible for the
localization in the energy density when the primary gets replaced by the stress-tensor.

JTF 7tk

e
[SIE

Figure 10: Left Panel : Localization from the density plots of normalized
00,6, T)|an in the ¢, 6 plane for T = 3.3, in the heating phase, § = 1.1.
The conformal dimension is set to A; = 0.4. Right Panel : Contour lines of
cos? ¢sin? f. See text for details.
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4.4 Multiple cycles and dynamical phases

In the sections above we have presented the results for a single cycle of a periodic protocol.
However the formalism developed above can be recursively applied to multiple cycles, and
Floquet dynamics as a function of the stroboscopic time can be studied. By varying the
time intervals we expect to observe dynamical phases and transitions between them.

When a cycle contains Hamiltonians belonging to one SL(2, R) algebra, we can judi-
ciously choose quaternionic representation of the coordinates on R*, such that the param-
eters of the quaternionic Mobius transformation SL(2, H) are real, and the discussion of
multiple cycles becomes simple.

Consider a general conformal transformation (we omit the index p for the quaternion
Qu below)

Q' = (aQ +b) - (cQ+d)~ (67)

where a, b, ¢, d are themselves quaternions, satisfying
Detlac ™ de — be|? =1 (68)

For transformations which involve the subalgebra formed by D, Ky, Py, one can choose

3
Q = 370[ - ZZ 0;%; (69)
i=1
Then for such transformations a, b, ¢, d are real numbers satisfying
ad —bc =1 (70)
A fixed point Q satisfies o B
QcQ+d)=aQ +b (71)

Using and standard properties of the Pauli matrices it is then easy to see that there
are three kinds of fixed points or surfaces.

1. Q* =751, ie. Z; = 0. Here
1
=+ _ o 2
Ty = 5 [(a d) £+/(a+d) 4} (72)

In deriving we have used . These are two fixed points and requires

(a+d)? >4 (73)

3

The corresponding matrix

is in the hyperbolic conjugacy class.

2. When (a + d)? < 4 there is a fixed two dimensional hypersurface defined by

a—d 3 1
To = — Z(J_«"z’)z ) (4—(a+d)?) (75)

and now the matrix in is in the elliptic conjugacy class.
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3. The case (a + d)? = 4 is marginal and corresponds to the parabolic conjugacy class.

It is now straightforward to see that the transformation (@ can be re-expressed in
the following form for hyperbolic and elliptic transformations:

@ -QNQ-Q) ' =(Q +d)(Q-QNQ-Q) Q" +d)! (76)
For the elliptic conjugacy class, the Q% in this equation refer to two antipodal points on
the fixed 2-surface defined in .
To prove we substitute in the left hand side of this equation so that the left
hand side becomes
= = ~_ =_\71-1
[(a—cQT)Q+ (b—dQ")] [(a—cQ7)Q+ (b—dQ™)] (77)
while the right hand side of becomes

~_ ~_ = = = ~_1—1
[(cQ™ +d)Q = (cQ™ +d)Q] [(cQT +d)Q — (cQ" + d)Q"]
For the hyperbolic case, Q* are both proportional to the identity matrix. For the elliptic
case, we we can take the antipodal points on the fixed 2-surface to be along the 3 axis
without any loss of generality. For both these cases one can then explicitly check that

(78)

a—d

Qr+Q =

1 Qe =QQ=-" (79)

Using these relations and the relation it may be checked that and are equal
term by term.

The relationship can be iterated to yield

-1
@ = (1 (cQ +ras@(cQ + ) (= (Q- +d"ax@(cQs + ") Q- ).
(30)

where
a:(Q) = [(Q - Q)(Q - Q).

which can be used to determine the trajectory of a point under successive transformations.

The Euclidean distance between two points represented by quaternions @)1 and @2 are
given by /|Det(Q; — Q2)|. Equation implies

Det(Q = Q%) _ poDet(@ - Q)

Det(Q' — Q-)  Det(Q — Q) (81)
where
2
5 Det(cQ™+d) [a+d—\/la+td)?—4 '
= Det(cQt +d) B <a+d+ m) (Hyperbolic)
R = 1 (Elliptic) (82)

The equation can be recursively applied to yield

Det(Q™ —QF) ., Det(Q — Q)
Det(Q Q") 1 Det(@ — @) (83)
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where Q™ denotes the transformed point after n such transformations. The expressions
for R? then immediately implies that for hyperbolic transformations a point converges to
one of the fixed points for large n, whereas for ellipic transformations, the point keeps
moving on a circle of fixed radius around a point on the fixed surface.

Using the relation we can calculate various physical quantities under a Floquet
drive of this type, after n cycles. The result depends on the conjugacy class of the trans-
formation at the end of a cycle. However the general features will be similar to the d =1
case, i.e. hyperbolic classes lead to a heating phase while elliptic classes lead to oscillatory
phase [12,/14.|17].

When a cycle involves two different SL(2, R) subgroups of the conformal group, e.g.
two different II,’s, one can no longer represent the net transformation by a SL(2, H)
transformation with parameters proportional to the identity. The analysis of fixed points
(surfaces) etc. needs to be re-done, and the result of such Floquet drives will be quite
different.

Explicit results for physical quantities under Floquet dynamics will appear in a future
publication.

5 Discussions

In this paper we initiated a program of studying periodic quantum dynamics of driven
deformed conformal field theories in arbitrary number of dimensions, inspired by recent
work in 1 + 1 dimensions. More concretely, we studied the properties of driven 3 +
1 dimensional CFTs using square protocols which involve evolution by non-commuting
Hamiltonians in successive time intervals after a single drive cycle.

There are several points worth emphasizing regarding this approach. First, the method
of exactly computing the dynamics works in arbitrary number of dimensions. We per-
formed explicit calculations in 3 4+ 1 dimensions in this work. But our use of quaternion
formalism provides a simple way to perform these calculations all d < 3. Secondly, our
method can be straightforwardly generalized to other drive protocols including continuous
ones; we leave this as a subject of future work. For a class of drive protocols which uses
same p but different 8 for each pulse within a drive cycle, we have shown how to obtain
the necessary transformations for arbitrary number of cycles. This is similar to d = 1,
and we can have dynamic control over the transition from the heating to the non-heating
phase similar to that found in d = 1 driven CFTs [12,/14,/17]. Explicit results for multiple
cycles of this type will appear in a future paper. For pulses with different p, the situation
is less clear and this issue is left as a subject of future study.

While the power of conformal symmetry allows us to calculate observables and the de-
tails associated with the phase structure, perhaps it is useful to ponder over a simpler phys-
ical intuition of the underlying physics. In this regard, it is useful to consider e.g. free theo-
ries in (141)-dimensions. For free Bosons, the stress-tensor T'(w) = (—1/2) : d¢(w)0d(w) :
and for free Fermions it is given by T'(w) = (1/2) : ¢ (w)0y(w) : and subsequently the
Virasoro modes are extracted from the stress-tensor: L, = (1/(27mi)) § w" ' dwT (w). The
standard radial quantization in CFT chooses a Hamiltonian H ~ Lg, which corresponds
to a Hamiltonian-density of the form: wd¢(w)0d¢(w) for Bosons and wip(w)dy(w) for
Fermions. The w-factor in front of the kinetic terms can be interpreted to be yielding a
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red-shift physics for the system. Now, choosing a different quantization basically entails
distinct choices for the Hamiltonian, involving {L,,, L_., }-modes. Such choices will gen-
erate a non-trivial red-shift compared to the standard quantization and a thermal-phase
may appear as a result of thisE] Note, however, that this is too crude to pass as an ar-
gument since we have not factored in the inequivalent conjugacy classes and we have also
been imprecise about where the “red-shift” matters, i.e. near the origin of the complex
plane or near infinity. Nonetheless, it raises an an intriguing possibility of a more precise
physical picture along these lines and we hope to address this in future.

For holographic CFT’s, it would be insightful to get a dual gravitational description of
the dynamics. This can be done from two different perspectives: One that is based on the
explicit time-dependent Hamiltonian and the other that is based on the Floquet Hamil-
tonian. While the former yields a dynamical geometry, the latter is capable of describing
static “patches” of the geometry which correspond to the different phases (heating and
non-heating) and the phase boundary. For the 1 + 1 dimensional case, the dynamical
scenario has been explored in [7H9], while the Floquet-Hamiltonian based approach is
discussed in [22]. In [7], a non-trivial dynamical horizon structure has been observed,
whereas the different geometric patches of [22] were obtained by solving integral curves
that are generated by the (appropriate combination of) bulk Killing vector that is dual to
the CFT Floquet Hamiltonian. Interestingly, the integral curve approach is also explored
in a completely different context of “bulk reconstruction” in which a local bulk observer
in an AdS-geometry is described in terms of the CF'T Hamiltonian, see e.g. [3334]. In [35]
the authors considered SL(2, R) drives starting from thermal states in 2D holographic
CF'Ts, which corresponds in the bulk to BTZ geometry with evolving horizons. The ana-
log in higher dimensions using our set-up would correspond to driving AdS-Schwarzchild
black holes. As a black hole is expected to be chaotic, it will also be interesting to study
how semiclassical chaos as captured by out-of-time-ordered-correlators behave in higher
dimensional driven CFTs. In the context of 2D CFTs these explorations have already
been carried out in [36].

The higher dimensional generalization of the bulk geometric description is potentially
very interesting. First, it is rather non-trivial to obtain horizons with structures in higher
dimensional black holes. Secondly, it is also technically involved to obtain dynamical hori-
zons, outside Vaidya-type geometries. Moreover, from the integral curve perspective, a
local bulk observer seems readily describable in terms of the CFT Floquet Hamiltonian
using the bulk Killing vectors that describe the SL(2, C') sub-algebra of the conformal al-
gebra, see for example appendix[B]for explicit expressions of the corresponding generators.
We are currently exploring this aspect in detail.

Let us now offer some comments that are not necessarily limited to CFTs. It is evident
that the crucial ingredients of our results are the following: (i) The existence of an SL(2, C)
algebra as a sub-algebra of the symmetry group of the system and (ii) a “quasi-primary”
representation of the fields under this SL(2, C)E] Interestingly, scattering matrix elements
in (3+1) and (2+ 1)-dimensions can be recast into correlation functions of quasi-primary
operators at null infinity known as the celestial sphere, see e.g. [38-40] for explicit details
on this. These quasi-primaries form the continuous principal series, A = %—l—is, in (d+1)-
dimensions and s is real-valued; we have collected some relevant and explicit formulae in
appendix [C|for a more direct comparison. Even though the “CFT-spectrum” is continuous
and complex-valued, the corresponding correlators are real-valued since it involves both

4Qualitatively, this is similar to the Rindler-physics, although it appears more subtle and layered.
A similar statement holds for an SL(2, R) algebra as well.
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A and A. Thus, the presence of a heating and a non-heating phase along with a phase
boundary is expected in this case as well. Note, however, that this entails a rather non-
trivial quantization of the system: the Minkowski coordinates, X*, are first mapped to
a stereographic coordinates on the null sphere, w; subsequently, the w-plane is mapped
to the cylinder by ¢ = exp(2rw/L). Identifying ( = T + iz and analytically continuing
T — Ty, yields the Lorentzian system (with Lorentzian time 77) for which the phases are
expected to exist for different conjugacy classes of the SL(2, C')-transformations. It will
be very interesting to explore this aspect as well as its connection with scattering matrix
physics in detail, which we leave for future.
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A Transformation of the generators

In this section, we use infinitesimal coordinate transformations to obtain expressions of the
generators in the deformed frame as eluded to in the main text. To this end, we recollect
from the main text that the transformation of the generators D, Ky and Py can be easily
obtained as follows

U lo,U = 7, =coshfo, + sinhbio,

U lo,U = 7, =coshfo, —ic,sinh6, Ty = Oy (84)

where U = exp[—if(Ko — Fy)/2] as defined in the main text and the last relation follows
from the fact that U commutes with o,. Eq. therefore species the relations between
the generators D, K; and P, and their deformed versions D', K, and P;. These are given
by

D' = Decoshf — %(Ko + Pp) sinh 0
1 1
K{[P)] = 5(1 + cosh 0) Ko[Py] — 5(1 — cosh ) Py[Ky| — D sinh 0 (85)

where we have used Eq. [9) to obtain the generators from the Pauli matrices.

To construct rest of the transformed generators, we need to use their coordinate rep-
resentation. For this, it is convenient to first consider an infinitesimal transformation
Uint = 1 — i0(Ko — P)/2. The transformation of coordinates (7,z,y,2) = (7,2;) under
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the action of Ujns can be computed and yields
T = UT:T—g(1+T2—2T2), ac;-:ij:xj(l—N—HT) (86)

The reverse transformation expressing (7, ;) in terms of (7, 27;) can be obtained from Eq.

'L
and yields

r = 17+ g(l + (7"/)2 - 27',2)v Tj = x;(l —07') (87)

We now use the transformed coordinates to write the expressions of the generators.
For example, one finds

Py = —i0n =—i0; +i0(70, + Y _x;0;) = Py — 0D (88)
J
where we have used Eq. [87] Note that this coincides with the infinitesimal version of Eq.

as expected; this can also be explicitly checked for D and K.

Next we find the other generators where the use of the transformed coordinates provides
us the infinitesimal version of the generators in the deformed frame. For example, one
finds

P = —i0y = —i(0z; + 0(x;0r —70y;)) = Pj + 0Lo; (89)
K], _ —Z(.%'; (7',87' + Z :(:382;) — (7«/)2813)
J

= —i(a;(T0r + Y x0s)) — r°0n;) — i0(70x, — ;0,) = K; — 0Lo;  (90)
J

where L, = i(2,0;, — 2,0;,) are the angular momentum generators. A simlar analysis
yields

4
2
It can be easily checked that the generators obtained in Eqs. and [01] together with

the infinitesimal version of D, Kj and Py obtained from Eq. [85 satisfy the conformal
algebra to O(0).

Ly, = Lo+ (P —Kj), Lj= L. (91)

Next, we look for the transformed generators for finite conformal transformation. In-
stead of a direct calculation via coordinate transformations which is cumbersome, we use
the results obtained for infinitesimal transformations and the criteria that these genera-
tors must satisfy the conformal algebra. It turns out that these two criteria can uniquely
specify the deformed generators. To see this, we first consider P;. Eq. dictates the
infinitesimal version of P; taking cue from this and Eq. we write

1 1
Pl = 5(1 + cosh 0)P; + 5(1 —cosh)K; + Lojsinh 6 (92)

The first check to ensure that this is the correct form is to verify the commutator [D’, P;| =
iPJ{ . Written explicitly, using standard commutation relation of conformal generators, this
yields

,(cosh 6(1 + cosh 9) cosh 0(1 — cosh 0)
= 1 P‘7 —
2 2
+sinh0Loj) — P, (93)

1.
[D', P]] Kj—3 sinh? 0(P; + K)
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Next, we need to check the commutation relation between P]{ and KJ’-. For this one needs
to know K ; Using Eq. [90| and taking cue from the form of Pj' , We write

1 1
K, = 5(1 + cosh0)K; + 5(1 — cosh 0)P; — Lo; sinh § (94)

This form ensures [D', K] = —iK and this can be checked in a similar manner. The
commutation of K} and P/ can be computed to be

K5, Pj]

o <(1 + cosh6)? — (1 — cosh #)?
4

D — sinh 6(K, + Po)) —2iD"  (95)

The commutation of Py and K can also be checked and yields

/ / _

= 2i(cosh® Loj + sinh 0(P; — K;)/2) = 2iLy; (96)

1 h6)2 — (1 — cosh #)2 1
21(( + cos 0) ( COS 9) L0]+251nh9D(PJ_KJ)>

Note that the form of Ly; = cosh 6 Lo; + sinh 0(P; — Kj;)/2 so obtained is consistent with
Eq. Further it can be checked that [D’, Lj,] = 0. The other commutation relations
involving L;; and Lg; also holds provided we set Lj; = L;;. Thus the final expressions of
the deformed generators, used in the main text, are given by

1
D' = Dcoshf — E(KO + Py) sinh 6

K, = %(1 + cosh ) Ky — %(1 —cosh0)Py — D sinh ¢
P, = %(1 + cosh 6)Py — %(1 — cosh #) Ky — Dsinh 6
K, = %(1+COSh0)Kj+%(1 — cosh§)Pj — Ly sinh @
P, = %(1 + cosh ) P; + %(1 —cosh 0) K + Lo; sinh 6
0; = cosh Lo;+ %sinh 0(P; — Kj), Li; = Lij (97)

Thus Eq. provides a complete description of the deformed CFT in terms of the new
generators.

B Conformal Algebra in d-dimensions

In this appendix, for completeness, we briefly collect the well-known conformal algebra and
the corresponding generators. We will closely follow the notations of [37]. The conformal
algebra in R? is given by the SO(d+1, 1) algebra, with the following commutation relations:

[D,Pu] =P, , [D,KH] = —iK, , [KH,P,,] =2 (5/WD — MMV) , (98)
My, Po] = i(0paPy — 0paPy) 5 [Muy, Ko) = i(6va Ky — 6uaKy) (99)
[Malg, MHV] = i(éauMﬁy + 56yMau — 6ﬁpMo¢u — 6OHJMﬂ,u) . (100)

The differential operator representation of this algebra is given by

P, =—i0, ,D = —iz"0, ,M,, = —i(x,0, — ,0,) , (101)
K, = —2iz,2"0, +ix*0, . (102)
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The corresponding Euclidean AdS spacetime can be described by the hyperboloid in
Rd+1,1:

—(XO? + (X124 (X2 = L2 (103)
In the global patch, the AdS metric is given by
ds® = L? (cosh® p dr* + dp® +sinh’pdY} |) , Y Y =1. (104)

The SO(d+1, 1) algebra is generated by the following Killing vectors in global coordinate:

D= —i0;, M, = —¢<YM§V — Y,,8$N>,
. 1 9 P
PN = —1€ |:Yu(ap + tanhp 87-) + 1mhpvu:|’ VH = oYE YHYVW,

K, = —ie” {YM(—@, + tanhp 0;) — VM] . (105)

tanh p

One can check that on the boundary p = oo these Killing vectors generate via Eq. the
Liischer-Mack term K, + P,.

C SL(2,C), Quasi-primaries, Lorentz symmetry

In this appendix we collect some relevant formulae and basic statements regarding the
SL(2, C) action of the Lorentz group in (3 + 1)-dimensions. We will closely follow [38-41].
It is well-known that given a four-vector X*, we can associate a hermitian matrix:

X0— X3 X!4iX?
— — _YH
X_[X1—¢X2 XOJFXg} L det(X) = —X"X,, . (106)

Now, an SL(2, C') matrix © acts on the hermitian matrix X as:

a b

X' =0exef, @:[C d], with ad—be=1, (107)

such that det(X’) = det(X)[]

A more detailed action can be obtained by noting that the Lorentz group in (3 4 1)-
dimensions acts as the global conformal group on the celestial sphere at infinity. More
explicitly, given the Minkowski coordinates X*, u = 0, ... 3, the celestial sphere is defined
by 7, X*X* = 0, on which we can define: w = (X! +iX?)/(X"+iX?). Under a Lorentz
transformation: X* = AUX", we get: w' = (aw + b)/(cw + d), where ad — bc = 1 and
a, b, ¢, d are complex-valued. Subsequently, the (3 + 1)-dimensional scattering amplitudes
can be expressed as celestial CFT correlators.

In (2 + 1)-dimensions a similar description holds for a real-symmetric matrix [41):

X0 - x? Xt

X Xl XO + X2 ’

X'=AXA", AeSL@2,R). (108)
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For an explicit realization, |38-40] has defined quasi-primary fields under this SL(2, C)
in the principal series, with a conformal dimension A = 1 + is, where s is real—valued[]
Moreover, there is a precise state-operator correspondence as well. The states are described
by }h, B,w,w> where {w,w} are the stereographic coordinates of the celestial sphere.
Lorentz transformation, denoted by U(A) acts on these states as follows:

_ 1 1 —aw+b aw+b
UA h7h7 77 = A g 1oy ™1 7 ) 109
(4) ww> (cw+d)h(éw+ )h cw+d cw+d> (109)
1+is— - 141
AeSL2,0), h:—i%—ﬁ, h:—i%iﬁ, (110)
where o denotes the helicity of the massless particle.
The corresponding basis quasi-primary states are given by
1 & ;
s,oc,w=0=w :/ dEE* |E,0,0,E,0) , 111
| ) N | ) (111)
such that the states are normalized as follows:
<817 017 'U)l, w1|527 027 'lUQ, 'lI)2> - 5 (81 - 82) 5(2) (wl - w2) 50’10’2 Y (112)
where
1 1+is
o) = () U@ 5000 (113)

in which U (R(w,w)) are the unitary rotation operators. The action of the Lorentz group
on these states then yields equation , which essentially is comprised of SL(2,C)
matrix multiplications. The corresponding operators, denoted by O, ; will evolve in the
Heisenberg picture according to:

3
U(A)Oy,j; (w, ) U(A)T = < ) Oy 5 (Aw, Aw) (114)

oAw\" (9A®D
ow ow
A very similar description exists in (2 + 1)-dimensions as well, we refer the interested
Reader to e.g. |[41] for more details on this.
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