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Abstract

We calculate the equilibrium Josephson current through a disordered interacting quan-
tum dot described by a Sachdev-Ye-Kitaev model contacted by two BCS superconduc-
tors. We show that, at zero temperature and at the conformal limit, i.e. in the strong
interacting limit, the Josephson current is strongly suppressed by U, the strength of the
interaction, as In(U)/U and becomes universal, namely it gets independent on the su-
perconducting pairing. At finite temperature T, instead, it depends on the ratio between
the gap and the temperature and vanishes as 1/T? upon increasing the temperature. A
proximity effect exists but the self-energy corrections induced by the coupling with the
superconducting leads seem subleading as compared to the self-energy due to interac-
tion for large number of particles.
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1 Introduction

The Sachdev-Ye-Kitaev (SYK) model, a non-Fermi liquid describing fermions with infinite-range
interactions, has attracted a lot of scientific interest in recent years [1,[2]. Compared to ordi-
nary Fermi liquids, it displays highly unusual properties; for example, its resistivity is linear in
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temperature [3-5]. Moreover, it has been shown that the SYK model is dual to an anti-de Sit-
ter space in two-dimensions [2,/6H8]], opening an alternative way for investigating black holes.
Regarding its experimental implementation, several proposals have already been formulated in
solid state physics based on quantum dots coupled to topological superconducting wires [9],
graphene flakes with irregular boundary [10L|11]], by applying optical lattices [[12], and in the
field of cavity quantum electrodynamics [[13]].

A lot of theoretical studies have been devoted to study many peculiar properties of the SYK
model, either at equilibrium and out-of equilibrium. Different investigations about many aspects
of this model have been carried out, ranging from the dynamics triggered by a quantum quench
[14], to realizing traversable wormholes [[15], or about the Bekenstein-Hawking entropy [16]
17]] and the existence of anomalous power laws in the temperature dependent conductance [18|
19]]. Several studies have been also conducted investigating the mesoscopic physics by the SYK
model, considering a lattice of SYK dots [20]], analyzing the thermoelectric transport [21] and
the charge transport by coupling with metallic leads [22}[23]], characterizing the current and
supercurrent driven by double contact setups [24], looking at the dynamics by coupling with
Markovian reservoirs [25]], and thermal baths, detecting some peculiar thermalization properties
[26-238].

Despite this intense scientific activity done on the transport properties of the SYK model, one
of the most interesting and yet-little studied topic is about the currents driven by superconduct-
ing leads. Non-equilibrium currents triggered by a voltage applied either through normal and
superconducting leads have been investigated [24]], however a study of the equilibrium Josephson
current is still laking. The Josephson effect provides a fundamental signature of phase-coherent
transport through mesoscopic sample [29]. We calculate the direct Josephson current obtained
by contacting a SYK dot by two conventional Bardeen-Cooper-Schrieffer (BCS) superconductors.
We show that a proximity effect is induced in the dot, which causes the tunneling current orig-
inated by a phase-difference without applying any voltage, however the self-energy of the dot
is weakly affected by the coupling with the superconducting leads in the so-called conformal
limit, namely for large interaction and in the limit of large number of particles. We found that, in
this limit, the Josephson current is strongly suppressed by U, the strength of the interaction, as
In(U)/U and becomes universal, namely the current gets independent on the superconducting
pairing. This means that the Josephson current, at zero temperature, and in the conformal limit,
is the same for all BCS-like superconductors. At finite temperature T, instead, the dependence
on the superconducting gap appears again. The current turns out to be dependent on the ratio
between the gap and the temperature and vanishes as 1/T? upon increasing the temperature.

2 Model

We study a system composed by a dot, modeled by a complex SYK Hamiltonian Hy, and two-
superconducting leads described by Hy. The hybridization of the dot and the superconducting
reservoirs takes place by the tunneling term Hy. The full Hamiltonian is, therefore,

H=H,+Hr+Hy (1)
where the first term
Hy = Z(ek - llp)C;Ukagk + Z Ape"‘ﬁf’cj;ch;l_k +h.c. (2)
p=L,R \k,o k

describes the two BCS-Hamiltonians, contacted to the left side (p = L) and to the right side

(p = R) of the dot, ¢y sk, crok the annihilation and cza o Cjza , Creation fermionic operators, € is
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the single particle spectrum, yy and pg the chemical potentials, A; and Ag the gaps with phases
¢r. and ¢, respectively.
The second term is the tunneling Hamiltonian

Z Z ton Cpokd), + h.c. (3)

p L,Rk,o,n

where f7, and fg, are the probability amplitudes for a fermion to jump into or out of the dot.
The fermionic operators d,, and dT are defined in the dot. The last term of Eq is the following
complex SYK Hamiltonian of the dot

Z Uikt d}d]didy - uZ djd; 4

J.k,1=1

H,
47 (2N)3/2

where N fermions have a disordered all-to-all four-body interaction Ujjx;, Gaussian distributed.

2.1 Tunneling term

Let us first consider the tunneling term and the lead We introduce the following Nambu-Jona-
Lasinio spinors

Cprk P
‘Ilpk = ( CTl . )7 \Ppk = (C;Tk Cpi—k) (5)
pl-

for the fermions in of the leads, and

d _
Dy, = ( d"; )9 D, = (d,t dn) (6)
for the fermions of the dot. The Hamiltonian of the leads, Hy, in this representation, becomes
Hy = Z ¥k [(ek — Hp)T3 + Ay cos(gp)Ti — A, sin(gbp)rg] Yok (7)
p.k

and the tunneling Hamiltonian Hr reads

Hy = \/_ Z Re(tpn) (¥pk 3D + D5 ¥pk) = i Im(typn) (Zpi D — Dn¥pi) | (8)
p.k.n

where 7, 75, 73 are Pauli matrices. Let us take t,, real, and yg = pp = p, ie. at equilibrium.
Defining

G];; = iw + &3+ Ay cos(Pp) 1 — Ap sin(¢y) 7 9)

where & = €x — y, and integrating over ¥,

_SC

e

_ o 1 _ _
f DID¥expl— > [FpkGotWpic + —= . tpn(¥pk 3Dy + Du7s¥pi) (10)
p.kow VN 5

we get the contribution to the action of the dot due to the coupling with the leads

Z Dy ()T (@) Dy () (11)

n,m,w

where

1 —iw + &3 — Ay cos(Pp) 11 + Ay sin(gy ) 7
Z pnlpm

Tom(w) =
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we can integrate over &, and introducing v, the density of states at the Fermi energy, equal for
both sides, we get

JTV()tpnl’pm .
=—-— za) + A, cos(py)t1 — Ay sin(¢gy,) o (13)

Z Vo7 19t A cos(Bp)n = by sin(gp))
Defining, in the symmetric case, I, nm = 7Volpntpm = Tum/2, ¢ = —pr = ¢/2and A = A = Ap,
summing over p = R, L, namely summing the right and left terms, we get

N Vw? + A2 Vo? + A?
Let us now make the reasonable assumption that t,, = t,,, for any n and m, then I;,;, =T Jum
where J is a N X N unit matrix, a matrix consisting of all 1s

1
1
J=| .
1 1 1
We can write, therefore,
1 T 1TA 2
T (0) = io— o+ cos@/2) (15)
N Vw2 + A2 N Vw? + A?

such that 7, (0) = T (@) Jum.

3 SYK Dot

The Hamiltonian of the dot is given by Eq. , where Ujji; are complex, independent Gaussian
random couplings with zero mean obeying U;jx; = —Ujix1 = Usjik, Uijkr = Ukl and mean value
Ul.?}.k ) = U2. Introducing n replicas, a = 1,...,n, labeling the field as d,,,, we can average over

disorder so that the action of the uncoupled dot can be written as follows
T
Sq = Z f drdl (1) (0; — p) dna(r 4N3 Z f drdr’ (Z di (0)dnp(r") ) S.  (16)

3.1 Effective action

We can decouple the interaction, in different channels, introducing a number of auxiliary fields,
getting

B P N
5d=;f0 dr d}4(7) (6f—u)dna(r)+zb:fo drdr’[4COU2[ng(r,r/)] - U2|Qab(T _t

N3
+—_
4C2U2

100, (r. ) Y i e P ) - AR )2 eI )

(2 (r. T + 5 Q% (e )RS (2,2 = Oy (&, )P () PILALA

——Qabf‘[ Zd T)P (r,7")dpp (") + Qb(rr)ZIA b (z, 1) (17)

——Qabrr Zd )AL (z,7)d] (')——Qabrr dea DAL (7, 1) dp ()| + S
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where the weights ¢y, c1, ¢, are arbitrary positive real numbers such that ¢y + ¢; + ¢; = 1. The
auxiliary fields are such that QA (,7’)isreal, A% (z,7") is complex and A% (7,7") = A% (7,17),
while Q , (7, 7") is complex and Q b(r ') = Q. (r',7) and P (r,1') = P% (7, 7’) can be taken
real (it can be complex but only the real part matters), while Qg LT, 7) = an(r’, 1) is real and

Pgb (r,7) = P('f %*(t’, ) complex. Using the representation in Eq. @ with replica indices, namely

dm
= (dj,a dna) and Dﬁl = ( dT b ) we can write

Z f deT Da(T)[ r7/0abOnm (1007 — T31) — _Qab(T T ) nm (Pa (r,7 )(73 +170)

nmab

+Pgb*(f, ') (13 — 1'0)) — % (ng(f, r')PZﬁl(r, ') (13 + 19) + Qfa(r', T)P,szn(f', 7)(13 — To))

—%ng(r,r') (A ab (r,1')(1y + irp) +AL* (1, 17")(1y — sz)) ]Dfn(r')}
2

p ’ N 1 , NZ ) N ,
' ;fo et [W(E[ng(r’ O+ Z'be(f’f )2+ E[be(r, r )]2) (18)

N ’ ’ 1 !’ 7
+?Q2b(r,r )IPO“b(T,T )2+ Zng(T,T )Z(P,‘f,’;(f,f ))? + Qab T, 7’ Z IA“b (z,7 )|2] + S,

nm

Let us now calculate the main contributions to the partition function, deriving the saddle point
equations.
3.2 Saddle point equations

Imposing §S; = 0 under varying the auxiliary fields we derive the following saddle point equa-
tions

P (z.7) ——ZTr (CACORHONCERD) (19)
PY(r',7) = -ﬁ D Te ((Dh () DE(0)) (s + 10)) (20)
P (r,7") = —%Tr (<D, () DE(0))(z3 + 1)) (21)
Pl (e, ) = —%Tr (<DL, (=)D (7)) (x5 = 0)) (22)
A% (z,7') = —%Tr (¢Db, (")D& (2)) (71 - iz) ) (23)
A (r,7") = —%Tr (¢Db,(r)DE()) (11 + irz) ) (24)

Q% (z,7) = —cOU2{|Pg’a(T', ) + % ZTr[<Dg(T')Dg(r)>((T3 +10)P& (z,7')
+ (5= P (7)) |} = R (e o) (25)

C]Uv2
N3

Qan(T, ') =- {Z(Pb“ (/,7)% + Z Tr (Db "\DE(r))(13 — To)) pba (¢, T)}

Pb“ (', 1) (26)
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2
0f, (& )=—‘j§§ {Z(P“” (70 4 DT (DD + ) Pi (e, 1)
Z(P“b (r,7") (27)
08, .ty = -2 D or ZTr[w" (D) (1 + i) AL (2. 7)
+('[1—i'[2)Afll,’,f(T,T }— ceU? ZIAba (r', 1) (28)

We restrict our attention to replica diagonal solutions, Pgb (t,7) = 84pGo(t, "), P (1,7") =
8avGnm (7, 7") and A% (7,7") = 84y Fum(7,7") = SapFli,, (1" — 7). We define

[ Go(r,7")onm + Gum(z, T') F, . (7,7")
G (7.7) = ( Fum(7,7") =Go(t",7)0nm — Gmn (7', 7) ) @9
and the self-energies
A QO(T’ T’)GO(T’ 7'-/) 0
Z(Ta T ) - ( 0 —QO(T’, T)Go(T,, T) ) (30)
n_ [ Q¥ T)Gum(z, 7)) 0
Lunt) = 0 R ey
" 0 Q*(7,7")Fam(7,7’)
e (i 0 ) 2
We can define
G , ’
Go(r.7') = ( o) G ) (33)
Gnm > !
Gnm(1,7) = ( g[ v) —Gmno(l" 7) )9 (34)
N 0 Fr(t,7")
7:nm(r’ T ) - ( an(T, 7.'/) 0 ) (35)
At the saddle point, from Eqgs. (19)-(24), we have
Gum(7,7") = Go(7,T)0nm + Gum (7, 7) + Fum (7, 77) = _<Dm(7,)Dn(7)> (36)

which depends on the time difference 7 = 7/ — 7 € [-f, ], namely G, (7,7") = Gpm(T).
In Fourier space the full matrix G(7) in spinorial and in the multimodal spaces, including the
tunneling contribution 7 (w) = 7 (w)], reads

(o) = [(i0m + it — £(0)) T+ T (0) - (L) + A@)) ] (37)

where, from Egs. —, the self-energies 3(w), L(w) and A(w) are the Fourier transforms of

(38)

2(7) = U Go(7)*Go(~7) = —coU? ( Go(T)* Go(~7) X )

0 —Go(—7)% Go(T)
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and of L(7) and A(7), whose elements are

Lym(%) = —

) ¢ U? Gri(7)? Gum (=7) 0
(—7) = =& Z( ki ) .

3
N kl

CzU CZU2 0 |Fkl(f)|2an(f)
Ann(®) = =75 ) T Foam(®) =~ %( b, o)

One has to solve self-consistently Egs. —, fixing then ¢y, ¢1, ¢z, with constraint ¢y +c¢; +c; =
1, by minimizing the action at the saddle point. However what we found is that, if G,,, and
Fpn ~ 1/N® with § > 0, the self-energies L and A can be neglected in the large N limit. As we
will see in the last section, this seems to be the case.

4 Josephson current

As shown in the previous section, the self energies induced by he coupling can be neglected in
the large N limit. In such approximation the Green’s function of the dot can be written as

_rln = go_l(snm +T Jnm (41)
where G, is the Green’s function of the uncoupled dot, solution of the equations

G; | (0) = iwTy + pr3 — 3(w) (42)
(1) = =U*Go(1)*Go(-T) (43)

Let us write the self-energy in the following form
3(w) = Zo(@) 70 + 23(0) 73 (44)

so that we can write

Gy (©) = Gy ()10 + G5 ()13 = (i = Z0(0) )70 + (1 = Z3()) 73 (45)
Actually, from Eq. (33), defining

:% f dr e’ (Go(r) = Go(-7)),  Gs(w) = f dr e'7 (Go(r) + Go(-7))  (46)

we have that

. Go(w) 5 Gs(w)
Gy (w) = , = 47
O G -Gy T G- Gwr 4
The Josephson current can be obtain from the phase derivative of the free energy
1
I=--0 In (det[G ' (w)] (48)
105 31057 0)

where B = 1/T is the inverse of the temperature and the determinant of G!(w), from Eq. ,
is given by

(49)

det[G71] = (det[go-l])N (1 + NTt[T Go] + NZM)

det[G; ]



SciPost Physics
from which, using det[G; '] = (G(; D (é; 12, we get the following expression

2
(égl(w)+m L )—FZAZCOSZWZ)—(égl(w))zl (50)

det[g_l] = (det[go_l])N_l m w2 + A?
w

From Eq. we finally obtain the Josephson current

p= A sin(¢) Z ! (51)
p o T2A2cos?(4/2) — (G~51(w)‘\/w2 + A2+ ia)l“)2 + (G;l(w)‘\/a)z + Az)z

By numerically solving of Eqs. (42), (43), using Eqs. (44), (45), one gets the Josephson current for
the SYK dot from Eq. (51).

4.1 Large interaction limit

In the so-called conformal limit, namely for very large U, i.e. for |w| <« U, the analytical solution
of Egs. and , obtained for 33(0) = , implying Gs(0) = 0 and Gy = Gy, and for T — 0, is
given by [|1,/5,/16]]

Gy (w) = iCsgn(w)|w|'? (52)

with C ~ U2, The Josephson current, Eq. , for T — 0, in the continuum, becomes

[2A% * d
I= sin(¢) f @ g (53)
0 T2A%cos?(¢/2) + (Cyw(w? + A?) + T )
This equation can be well approximated by
I? A dw
I~ —si 54
T sin(¢) j; I'? cos?(¢/2) + C?w (54)
getting the following analytical result
I2 C2A
I~ ——si In{l+ =—— 55
mC? sin(¢) n( " I? cosz(¢/2)) (55)

For UA > T?, the current I drops the dependence on A, except for logarithmic corrections, so
that

rz U
I~ U sm(qﬁ) In (m) (56)

namely, we get a universal behavior since it is valid for all BCS-like superconductors.

4.2 Finite temperature

At finite temperature, the analytical solution Eq. becomes [[1L[5.(16]]

Y -y 0T (3/4+ w/2nT + i€)
Co (@) ~ eV T & T + ie) 57

where I(x) is the Gamma function, C = (U? cos(26)/)'/*, while 6 and € are linked by e?7¢ =
sin(r/4 + 0)/sin(r/4 — 0), and Go(r = 07) = 1/2 — 0/7 — sin(26)/4. Let us fix the density of
particles at half-filling, & = 0, € = 0. Defining

9o = iTGo(w) (58)
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from Eq. , in the case UT > I'?, the Josephson current becomes

(59)

7 i) Z w? + g2 A\? cosz(¢/2) + A2

The Green’s function Gy(w) is cut-offed by 1/VT at low frequency. We approximate, therefore,
Jdo ~ go in Eq. and, after summing over the Matsubara frequencies, we get

tanh (gA\/l +g2 cosz(¢/2))

1+ g2 cos?(¢/2)

I~ % sin(¢) gg (60)

which is a function of the temperature T = 1/, and of the interaction U since g = rT'/VUT,
with r a numerical coefficient, r = [(1/4)/(V27'/*r(3/4)). We find numerically that Eq. is
better approximated by the same expression where g,, is replaced by g, if we include an overall
factor a ~ 5.6. Since g2 < 1, calling ¢ = r?/(2a) the numerical coefficient, we have

I~ ci—? sin(¢) tanh (%) (61)

therefore, for large temperature, T > A, it vanishes as 1/ T?,

cT2A%
I~ ST sin(¢) (62)

On the contrary, in the intermediate regime with small enough temperatures, specifically for
A > T > T?/U, we can approximate the hyperbolic tangent by one, getting a 1/T decay

P
A1+ g5 cos?(4/2)

For UT < T'? (g > 1), instead, we have to distinguish two regions in frequency space, with
ol < Ar and |w| > Ar, where At ~ T is an energy cut-off below which g, ~ go while above
g ~ Clsgn(w)|w|™/?, as for the zero temperature limit. We have, therefore, the following
expression

2
~ 2— sin(¢) o C% sin(¢) (63)

1 . A2 I‘*2
I~ B sin(¢) Z w2 + A2 Cos2(¢/2) + gO—ZAz + Z I Cos2(¢/2) n 92)2 (64)

|lw|<AT A>|w|>AT

Since T <« 1 we can use the integrals, % D = ”21—7‘;’, getting

arctan | —24A7
V1+9gZ cos?(¢/2) 2
+

2
1+ gg cos?(4/2) nC

I'2 cos?(¢/2) + C2A
I'2 cos?(¢/2) + C?°Ar

I~ % sin(¢) go sin(¢) In ( ) (65)

4.3 Zero interaction limit

For U = 0 we have X = 0, therefore ég 1 = jw and G; 1 =y, therefore the Josephson current,
Eq. (51), becomes the same as that for a single-level dot

I2A? 1
I= (¢) (66)
p o ; I2A? cos?(¢/2) + (a)\/a)z + A% + wl")z + 12 (0? + A?)
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which for I > A has an analytical form

to tanh(gA 1-t, sin2(¢/2))

A
[ = = sin(¢) (67)
\J1 — to sin?(¢/2)
which, for T — 0, becomes simply
A t
I= 5 sin(¢) = (68)
1 —t,sin®(¢/2)
where t, is the transmission coefficient, 0 < t, < 1,
FZ
o=ty e N
For large temperature, T > A, the current in Eq. becomes
At
I~ —25sin(¢) (70)

4T

namely, it decays as 1/T. This result has to be contrasted with Eq. obtained for large inter-
action.

4.4 Proximity effect

Let us discuss, now, how the dot is affected by the presence of the superconducting leads and
check whether we can neglect the self-energy corrections in the large N limit. We will focus in
particular on the hybridization of the dot due to the superconducting pairing, considering the
following tunneling matrix, neglecting, for simplicity, the term proportional to 7,

T'A cos(¢/2)
NVw? + A2

We make the following ansatz for the anomalous contribution to the self-energy: Ar;J. The
Green’s function, then, reads

T (0) = Ti(w) 1y ] = o) (71)

r;rln = g()_lénm + (T1(®) — A) 71 Jum (72)

From Eq. (23), we have the following effective equal-time pairing between two generic modes
n#m

1
F = Fuu(r,7) = ,E Z Tr(g(w)rl)nm (73)
«w
and, therefore, from Eq. (40), we will have, consistently,
U%F3
A=— (74)
N

At low temperature the sum in Eq. becomes an integral, which reads

P fA dw Ti(w) — A 1 fA dw TA cos($/2)Vw? + A2 + U2F3(w? + A?)
N 2-G;2 N J-

A 2T N4 (Ti(w) - a2mw (FA cos(¢/2) + U2F3\/m)2 + C?|lw|(w? + A?)
(75)

10
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where we introduced a cut-off since w <« U for the expression of G to be valid, therefore we
can take A ~ U.
For large U and for large but still finite N such that U?F®> > T, we can approximate Eq.

getting
1 (Mdo U2F3 U2F3 CZA
F~— = = In[1+—— (76)
N J, 7 (U%F¢ +C%w)  nNC? U4F6

which has to be solved in terms of F. For U*F® > C2A ~ U?, we get, for F and A, the following

results
A 1/4 U2/3 A 3/4
Fx~ ( ) , A~ — (—) (77)
NrU2 N \Nr

We found that the pairing is super-extensive, meaning that a single particle in the dot is paired
with all the other particles in such a way that NF is not O(1) but O(N/%).
We expect that U?F? becomes irrelevant upon further increasing N, therefore Eq. becomes

Fo 1 f‘x’ dw TAcos(¢p/2)Vw? + A? 78)
N J_

w 27 T2A% cos?(¢/2) + C?|w|(w? + A?)

which can be approximated by

[ A A dow 1T C2A
F= Nr cos(¢/2) fo [2A? cos?(¢/2) + C?A%w = Nxc? cos(¢/2)In (1 * I2 cosz(¢/2)) (79)

where now A ~ max(A, T cos(¢/2)). Therefore we have

v'r ()’
rcos2(¢/z))’ A=——N "N (80)

F ~ %g cos(¢/2) In (

This result implies that, even if the pairing is a sparse matrix whose elements are o % the
corresponding self-energy decays much faster upon increasing N, validating the approach used
for calculating the Josephson current.

5 Conclusions

We studied the Josephson effect obtained by contacting a SYK dot by two superconducting leads.
We showed that a proximity effect is induced in the dot, however the self-energy is weakly
affected by the coupling with the leads in the so-called conformal limit, namely for large interac-
tion and large number of particles. We found that, in this limit, the Josephson current is strongly
suppressed by U, the strength of the interaction, as In(U)/U and becomes universal, since the
current turns out to be independent on the superconducting pairing. This result implies that the
Josephson current, at zero temperature, and in the conformal limit, is the same for all BCS-like
superconductors. At finite temperature T, instead, the dependence on the superconducting gap
is restored. The current becomes dependent on the ratio between the gap and the temperature
and vanishes as 1/T? upon increasing the temperature.
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