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Abstract

We consider the probability distributions of the subsystem (staggered) magnetization
in ordered and disordered models of quantum magnets in D dimensions. We focus on
Heisenberg antiferromagnets and long-range transverse-field Ising models as particular
examples. By employing a range of self-consistent time-dependent mean-field approx-
imations in conjunction with Holstein-Primakoff, Dyson-Maleev, Schwinger boson and
modified spin-wave theory representations we obtain results in thermal equilibrium as
well as during non-equilibrium evolution after quantum quenches. To extract probabil-
ity distributions we derive a simple formula for the characteristic function of generic
quadratic observables in any Gaussian theory of bosons.

1 Introduction

A fundamental tenet of quantum theory is that measuring an observable O in a given state
|Ψ〉 generally leads to different measurement outcomes that are described by a probability dis-
tribution P(O, |Ψ〉). In the context of many-particle systems quantum mechanical probability
distribution functions (PDFs) known as “Full Counting Statistics” (FCS) have had important
applications in mesoscopic devices [1, 2], where shot noise experiments can determine the
charge and statistics of the quasiparticles relevant for transport. More recently they became
accessible in ultra-cold atomic gases [3–9], where it is possible to measure the PDFs of various
observables defined on subsystems. These experiments in turn motivated theoretical efforts to
compute PDFs both in [10–23] and out of [7,24–31] equilibrium, as well as in non-equilibrium
steady states, see e.g. [32–34] and references therein. From a theoretical point of view calcu-
lating the FCS for a given subsystem observable in an interacting many-particle system poses
a formidable problem. Consequently there are relatively few known results, in particular in
two and three spatial dimensions. Here we consider PDFs of subsystem observables in models
of quantum magnets, focusing mainly on the case D > 1. We employ a range of representa-
tions of quantum spins in terms of canonical boson operators and focus on physical regimes
dominated by Gaussian fluctuations of these bosons. This allows us to obtain efficient deter-
minant representations for the characteristic functions of the PDFs of interest, both in and out
of equilibrium.

The paper is organized as follows. In Section 1.1 we introduce probability distribution
functions (PDFs) of quantum observables and their characteristic functions in many-body
quantum systems. In Section 1.2 we report a simple formula for the characteristic function
of any observable expressible as at most a quadratic polynomial in bosonic variables, in any
Gaussian state of said bosons. A derivation of the formula is presented in Appendix C.

We then turn to applications of this formula to extract PDFs in models of quantum mag-
nets both in and out of equilibrium. In Section 2 we focus on systems possessing long-range
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magnetic order and employ spin-wave theory to reduce the problem to the study of Gaussian
theories of bosons. In Section 2.1 we discuss the 2D and 3D Heisenberg antiferromagnet and
derive the PDF of the subsystem staggered magnetization in thermal equilibrium and during
time evolutions after quantum quenches. In Section 2.2 we study the out-of-equilibrium dy-
namics of the long-range transverse field Ising chain (LRTFIC) in cases where the direction of
magnetic order doesn’t significantly change over time. To overcome this limitation, we review
and extend in Section 2.3 a recently proposed method to implement spin-wave theory around
a time-dependent direction, in a large class of models. This allows us to consider a more gen-
eral class of quantum quenches in the LRTFIC, for which we derive the out-of-equilibrium PDF
of the subsystem magnetization.

In Section 3 we consider disordered phases of magnets by studying the 2D Heisenberg
antiferromagnet at low but finite temperatures and its dynamics after quantum quenches. In
Section 3.1 we employ a Schwinger boson mean-field theory, which however turns out to be
a poor approximation. We improve on this in Section 3.2 by means of a modified spin-wave
theory originally proposed by Takahashi, which we genaralize to the out-of-equilibrium case.

Section 4 contains a summary of the results and our conclusions. Four appendices follow
discussing details of the approximations employed and some mathematical derivations.

1.1 Characteristic function and probability distribution

Consider a generic system defined on a discrete lattice of dimension d and focus on a subsystem
A with total number of sites |A| = ℓ. Given any Hermitian operator RA with support only in
A, we want to determine the probability distribution function (PDF) PA(r) of RA in a state of
the system characterized by the reduced density matrix (RDM) ρA

PA(r) = TrA [ρAδ(r − RA)] ρA = TrA [ρ] , (1)

where A is the complement of A. PA(r) can be rewritten in terms of the characteristic function
χA(λ) [16,27]

χA(λ)≡ TrA [ρA exp (iλRA)] PA(r) =

∫ ∞

−∞

dλ
2π

e−iλrχA(λ) , (2)

for which the properties χA(−λ) = χ∗A(λ) and |χA(λ)| ≤ 1 hold. The latter follows by resolving
the trace in (2) over the eigenvectors of ρA and applying Schwarz inequality to bound the
contribution of the unitary operator exp (iλRA).

We note that for the very specific class of operators RA having discrete spectrum composed
only of equispaced eigenvalues

RA|m〉= rm|m〉 rm = r0 +mR r0, R ∈ R, m ∈ Z , (3)

the second formula in Eq. (2) is greatly simplified thanks to the periodicity

χA(λ+ 2πn/R) = ei2πn r0/RχA(λ) n ∈ Z . (4)

Indeed, using (4), we can rewrite PA(r) as

PA(r) =
∑

n∈Z

∫ π/R

−π/R

dλ
2π

e−i(λ+2πn/R)rχA(λ) e
i2πn r0/R = P̃A(r)

∑

m∈Z
δ(r − r0 −mR) (5)

where

P̃A(r)≡
R

2π

∫ π/R

−π/R
dλ e−iλ rχA(λ) =

R
π

Re

�

∫ π/R

0

dλ e−iλ rχA(λ)

�

, (6)

is normalized to sum to 1 when viewed as a discrete PDF over the eigenvalues (3). The finite
interval of integration in λ is the main advantage of (6) over the original (2) when numerical
integrations are required.
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1.2 Full-counting statistics in Gaussian theories of bosons

We now present our key result for computing the characteristic function of a quantum observ-
able expressed as at most a quadratic polynomial in bosonic variables, when the system state
can be expressed as a Gaussian function of said variables. Concretely, let {ai}i=ℓi=1 be canoni-
cal annihilation operators for ℓ bosonic harmonic oscillators. These can be assembled into a
2ℓ-component vector with commutation relations given by

a† = {a†
1, . . . , a†

ℓ
, a1, . . . , aℓ} ,

�

ai , a†
j

�

= Σz
i j . (7)

Here we have defined

Σx =

�

0 Iℓ×ℓ
Iℓ×ℓ 0

�

, Σy = i

�

0 −Iℓ×ℓ
Iℓ×ℓ 0

�

, Σz =

�

Iℓ×ℓ 0
0 −Iℓ×ℓ

�

. (8)

Let ρ denote the bosonic Gaussian state

ρ =
1
Z

exp
�

1
2

a†W a+ w † · a
�

, (9)

where W is an Hermitian 2ℓ× 2ℓ negative-definite matrix and w a vector of length 2ℓ such
that w † = w TΣx . As a consequence of Wick’s theorem the state ρ is fully characterised by the
one and two-point functions of bosons

ω= Tr [ρa] , ∆= Tr
�

ρ
�

a−ω
� �

a† −ω†
��

−
1
2
Σz . (10)

Our main result can be stated as follows.
Result: Consider a Hermitian operator of the form

R=
1
2

a†Ga+ g † · a Det(G) ̸= 0 Σx GΣx = GT . (11)

The last relation can always be imposed, without loss of generality, given the definition of a in
(7). The characteristic function of the associated quantum mechanical probability distribution
for the operator R in the stateρ can be represented in terms of the one- and two-point functions
as

χ(λ) = Tr
�

ρeiλR
�

= ZG

exp
�

−1
2

�

ω† −ω†
G

� �

∆+∆G

�−1�
ω−ωG

�

�

p

Det (∆+∆G)
, (12)

where

ωG = −G−1g , ∆G(λ) = −
1
2

coth
�

iλ
1
2
Σz G
�

Σz ,

ZG(λ) = exp
�

−iλ
1
2

g †G−1g
�

Det
�

2Σz sinh
�

−iλ
1
2
ΣzG
��−1/2

. (13)

A derivation of (12) based on coherent states methods is presented in Appendix C. There we
also discuss how the formula is modified in presence of a singular G. In Appendix D we briefly
mention how the formula can be obtained by purely algebraic methods.
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2 Magnetically ordered systems

2.1 2D and 3D Heisenberg antiferromagnet

The d-dimensional antiferromagnetic Heisenberg model is described by the SU(2) invariant
Hamiltonian

H = J
∑

〈i, j〉

Si · S j J > 0 , (14)

where Sγi are spin-s operators respecting the SU(2) algebra
�

Sγi , Sρj
�

= iδi jεγρωSωi on a d-

dimensional hypercubic lattice with N = Ld sites, the interactions are limited to neighbouring
sites and periodic boundary conditions (PBC) are assumed. The ground-state of this model is a
non-degenerate SU(2) singlet [35,36] with a gap to the first excited states that vanishes in the
thermodynamic limit [37, 38]. This leads to the spontaneous breaking of the spin rotational
SU(2) symmetry in 2D at T = 0 [39]. The order parameter is the staggered magnetization

Σ=
∑

i∈A

Sz
i −
∑

j∈B

Sz
j , (15)

where A and B are the “even” and “odd” sublattices respectively. In 3D the antiferromagnetic
order persists also at 0 ≤ T < Tc with Tc/J ≃ 1 [40–44]. We are interested in calculating the
PDF of the staggered magnetization in the presence of long-range order for a local subsystem
A with total number of sites |A| = ℓ. We will focus both on the system at equilibrium for
a given temperature T < Tc and on the non-equilibrium time evolution following a global
quantum quench. For the latter, we will start both from the classical Néel state or the ground
state of the XXZ model, and time-evolve according to (14).

To analytically study the model specified by (14), in the presence of long-range order,
we employ the Holstein-Primakoff (HP) representation [45, 46] of the spin operators Sγi , by
introducing two families of bosons a and b respectively associated with sublattices A and B

Sz
i = s− a†

i ai S+i =
p

2 s
�

1−
1
2 s

a†
i ai

�1/2

ai

Sz
j = −s+ b†

j b j S−j =
p

2 s
�

1−
1
2 s

b†
j b j

�1/2

b j ,

(16)

where we have S2 = s(s + 1) with s ≥ 1/2, S± ≡ S x ± iS y . Taylor expanding the square-
root and using the obtained representation in the Hamiltonian (14) results in an expansion in
inverse powers of s, and spin-wave theory is based on truncating this series [39, 46–51]. In
the following we will truncate the Hamiltonian at O(s−2) and consider

H = J
∑

〈i, j〉

�

− s2 + s
�

a†
i ai + b†

j b j + ai b j + a†
i b†

j

�

− a†
i ai b

†
j b j −

1
4

�

a†
i a2

i b j + ai b
†
j b2

j + h.c.
�

�

.

(17)

Given the presence of quartic interactions we will refer to this truncation as HP4, while the
truncation at O(s−1) is the standard linear spin-wave theory (LSW). Alternative approaches,
based on normal ordering the string of bosonic operators arising after the Taylor expansion of
the square-root in (16), can generate exact truncation schemes [46,52]. However, as pointed
out already by Kubo in [46], these representations lead to unphysical results when combined
with mean-field approximations of the interacting terms, so that we do not consider them here.
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2.1.1 Self-consistent mean-field approximation in thermal equilibrium

Decoupling the quartic terms in (17) in a mean-field approximation gives

ABC D→
�

〈AB〉C D+ AB〈C D〉 − 〈AB〉〈C D〉
�

+ (B↔ C) + (B↔ D) , (18)

where 〈.〉 denotes a thermal average. The resulting theory is Gaussian, and self-consistency is
imposed by determining the thermal average within the mean-field theory

〈AB〉 ≡
Tr [exp (−βHMF)AB]

Tr [exp (−βHMF)]
, (19)

where β is the inverse temperature and HMF is the Hamiltonian after decoupling according
to (18). The thermal Gaussian state obtained in this way is the one that minimizes the free
energy associated with the interacting Hamiltonian in the subspace of all Gaussian states. We
pass to Fourier space in the bosons by

ãk ≡

√

√ 2
N

∑

i∈A

e−ik·x i ai b̃k ≡

√

√ 2
N

∑

j∈B

e−ik·x j b j , (20)

from which we get the self-consistently decoupled Hamiltonian

HMF = 2 dJ
∑

k

�

Re(P) (ã†
k ãk + b̃†

k b̃k) + γ(k)(P
∗ ãk b̃−k + P ã†

k b̃†
−k)
�

+ C , (21)

where C is a constant, P ≡ s− f − g and

f ≡ 〈a†
i ai〉= 〈b

†
j b j〉 ∈ R g ≡ 〈ai b j〉 i, j nearest-neighbours ,

γ(k)≡
1

2 d

∑

δ⃗i

eik·δ⃗i |γ(k)| ≤ 1, γ(k) ∈ R . (22)

In the previous equation δ⃗i runs over the vectors connecting a site to its nearest neighbours.
In mean-field decoupling the interaction we have used the symmetries of the original Hamilto-
nian (17), i.e. we have set 〈a† b〉, 〈aa〉 and 〈bb〉 to zero because of the global U(1) symmetry
a→ eiφa, b→ e−iφ b. Furthermore, 〈a†a〉= 〈b† b〉 because of the exchange symmetry a→ b.
Note that setting the mean-fields f and g to zero brings us from the mean-field HP4 to LSW. We
will assume that in equilibrium g ∈ R and check it self-consistently at the end. With this addi-
tional assumption we can diagonalize (21) by a simple canonical Bogoliubov transformation
to a new set of bosons α̃k, β̃k

ãk ≡ coshθk α̃k − sinhθk β̃
†
−k b̃k ≡ coshθk β̃k − sinhθk α̃

†
−k , (23)

with the angle θk defined by tanh 2θk = γ(k). We arrive in this way to the diagonal form

HMF =
∑

k

ϵk(α̃
†
kα̃k + β̃

†
k β̃k) + E ϵk = 2 dJ P

Æ

1− γ(k)2 , (24)

where E is a constant equal to the ground-state energy. Given that ϵk→ 0 for k→ 0, the spec-
trum is gapless, as required by the presence of Goldstone modes associated with the sponta-
neous symmetry breaking of the SU(2) symmetry. It can be easily checked that below the tran-
sition temperature, solutions to the self-consistent equations f = 1/Z Tr

�

exp (−βHMF) a
†
i ai

�

and g = 1/Z Tr
�

exp (−βHMF) ai b j

�

exist and that g is indeed real. The thermal Gaussian state
can be fully characterized by the set of all non-zero 2-point functions, i.e. ∆aa

k ≡ 〈ã
†
k ãk〉 and
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∆ab
k ≡ 〈ãk b̃−k〉. Given the simplicity of (24), the expectation values of the ∆k functions in the

Gibbs ensemble, with inverse temperature β , are easily found to be

∆aa
k (β) =

1
2
(2nk(β) + 1)
p

1− γ(k)2
−

1
2

∆ab
k (β) = −γ(k)
�

∆aa
k (β) +

1
2

�

, (25)

where nk(β) = [exp (βϵk)− 1]−1 is the Bose occupation for the mode of momentum k.

2.1.2 Self-consistent mean-field approximation out of equilibrium I

The formalism in terms of HP bosons just introduced can be easily extended to the out-of-
equilibrium scenario. If we start from an initial state that breaks the SU(2) symmetry along
the z direction, i.e. 〈S x

i 〉 = 〈S
y
i 〉 = 0, 〈Sz

i 〉 ̸= 0 ∀ i, and time evolve according to (14), we find
〈S x

i 〉= 〈S
y
i 〉= 0 during the whole time evolution. Thus the HP representation (16) is suitable

also out-of-equilibrium, as long as order doesn’t melt. The more general case in which during
a time evolution the vectorial order parameter 〈Si〉 changes both in direction and magnitude
will be discussed in Section 2.3.

To study quench dynamics using the HP representation we apply the self-consistent time-
dependent mean-field theory (SCTDMFT) [30, 53–65], reviewed in Appendix A, to the HP4
Hamiltonian (17). The initial states are by construction Gaussian and include the classical Néel
state or the ground state of the XXZ Hamiltonian as determined by self-consistent mean-field
theory in equilibrium. The time-dependent mean-field Hamiltonian HMF(t) obtained apply-
ing the normal-ordering procedure of Appendix A is formally identical to (21), with the only
difference in that the mean-field P acquires an explicit time dependence following the gener-
alization of (18),(19) to

〈AB〉(t)≡ 〈ψ|U†
MF(t) (AB) UMF(t)|ψ〉 UMF(t)≡ T

�

exp

�

−i

∫ t

0

d t ′HMF(t
′)

��

. (26)

We remark that even if there is no small parameter in front of the quartic interaction in (17)
to justify the applicability of the SCTDMFT approximation, as long as the number of bosons
per site is small interactions among them are effectively suppressed, and the approximation
is expected to be good on short and intermediate time scales. The Heisenberg equations of
motions (EOMs) for the Heisenberg picture operators O(t) = U†

MF(t)OUMF(t) are

d
d t

ãk(t) = −i 2 dJ
�

Re(P(t)) ãk(t) + P(t)γ(k)b̃†
−k(t)
�

,

d
d t

b̃k(t) = −i 2 dJ
�

Re(P(t)) b̃k(t) + P(t)γ(k)ã†
−k(t)
�

.
(27)

From these we find

d
d t
∆aa

k = −4 dJγ(k) Im(P∗∆ab
k )

d
d t
∆ab

k = −i 4 dJ
�

Re(P)∆ab
k + P γ(k)
�

∆aa
k +

1
2

��

.

(28)
Given that HP4 doesn’t possess local conservation law other than the energy, it is expected to
locally relax towards a Gibbs ensemble [66–68], whose effective temperature 1/β is fixed by
the post-quench energy E0 by requiring E0 = 〈HHP4〉β . In the spirit of assessing the SCTDMFT
of HP4 as an approximation to the time evolution of the non-integrable interacting Heisenberg
Hamiltonian (14), we will compare its late time behaviour with the mean-field HP4 Gibbs
ensemble at the appropriate effective temperatures. Even if the SCTDMFT is by construction
not expected to yield good results at late times [59, 60], in models where local observables
relax quickly, i.e. over short time scales where the SCTDMFT is expected to work well, it is
possible to describe approximate thermalization by this simple mean-field approach [64,65].
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2.1.3 PDF of the staggered magnetization in thermal equilibrium

Thanks to (25) and (28) we have complete knowledge of the Gaussian state |ψ〉 describing the
system both in equilibrium and during a non-equilibrium time evolution. Given the restriction
to the local subset A of ℓ total sites, the knowledge of the full state ρ = |ψ〉〈ψ| is redundant
and we therefore work with the RDM ρA. As the partial trace of a Gaussian state is another
Gaussian state [69], ρA has the form of (9) but without linear terms

ρA =
1
ZA

exp
�

1
2

a†W a
�

, (29)

where a defined as in (7) is a 2ℓ vector that accommodates all ai , a†
i , b j , b†

j operators. To
compute the PDF of the staggered magnetization ΣA in A, which we denote simply as PA, we
start by expressing ΣA in terms of the HP bosons

ΣA = ℓs−
∑

i∈A∩A
a†

i ai −
∑

j∈B∩A
b†

j b j . (30)

It is evident that aside for the constant we can cast the previous quadratic observable in the
general form (11). The PDF PA is thus obtained by direct application of (6) and (12).

From now on we focus on the specific case s = 1/2, for which the effect of quantum fluctu-
ations is the strongest in differentiating the quantum ground state from the classical (s→∞)
Néel state. All the subsequent results are expected to become more accurate for higher val-
ues of s. As noted in Ref. [27], as a consequence of the cluster decomposition principle and
the central limit theorem, in states with a finite correlation length ξ and for large values of
ℓ1/d ≫ ξ, PA approaches a Gaussian PDF with standard deviation that scales as the square root
of the subsystem volume ℓ. In states with power-law correlations the asymptotic PDF can be
non-Gaussian if the decay is slow enough, see e.g. Refs [11,17,25].

-0.1 0 0.1 0.2 0.3 0.4 0.5
0

2

4

6

Figure 1: PDF of the staggered magnetization at T/J = 0 for the s = 1/2 2D Heisen-
berg antiferromagnet in a square local subsystem A with ℓ total sites, for ℓ= 36, 144.
Extreme value statistics (EVS) Gumbel fits are also shown. The vertical dashed line
indicates the physical threshold of 1/2 for the staggered magnetization per site.

In Fig. 1 we report PA for a square subsystem A in the ground-state of the s = 1/2 2D
Heisenberg antiferromagnet, where LSW and mean-field HP4 give the same result, given that
the different scaling of ϵk is irrelevant at T/J = 0. Both the probabilities shown yield an
average of the staggered magnetization that exactly matches the value of 〈ΣA〉/ℓ ≃ 0.303
reported in literature. As shown in Fig. 1, for intermediate values of ℓ PA is well described by
the extreme value statistics (EVS) Gumbel distribution

G(x |a, b) =
1
b

exp
h x − a

b
− exp
� x − a

b

�i

. (31)
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We note that Gumbel distributions have previously appeared in the description of PDFs of
fringe visibilities in interference experiments with 1D Bose liquids [25]. In the current context
it is a phenomenological fit. The fact that our PA is exactly zero beyond the physical threshold
ΣA/ℓ= 1/2 is a direct consequence of the HP representation for the operator Sz , which doesn’t
allow eigenvalues larger than 1/2. In contrast, the lower bound of ΣA/ℓ = −1/2 is violated
as the constraint of the boson occupancy being at most one is not strictly enforced. However,
in ordered systems this effect is greatly reduced by the condition of having a small number of
bosons per site and indeed both curves in Fig. 1 are appreciable only within the physical region.
Finally, an even/odd effect in the values of ΣA is evident, in particular for ℓ = 36, where the
even and odd eigenvalues of the staggered magnetization follow two different smooth curves.
Note that such an effect, already reported in PDFs of magnetic models in [17,27], would have
been difficult to infer from the sole knowledge of the first few moments of the distributions.
As we will see below, the even/odd effect is usually associated with small temperatures and is
suppressed by going to large values of ℓ.

0.25 0.3 0.35 0.4 0.45 0.5
0

5

10

15

0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

2

4

6

8

10

12

Figure 2: a) LSW PDFs of the staggered magnetization at T/J = 0 and T/J = 0.5 for
the s = 1/2 3D Heisenberg antiferromagnet in a cubic A with ℓ = 64,216, together
with extreme value statistics (EVS) Gumbel fits. Being at T = 0, these are also the
curves for mean-field HP4. b) Differences between LSW and HP4 for T/J = 0.5.
The vertical dashed lines indicates the physical threshold of 1/2 for the staggered
magnetization per site.

0.25 0.3 0.35 0.4 0.45 0.5
0

2

4

6

8

Figure 3: Probability distribution at T/J = 0 for the 3D s = 1/2 case with different
shapes of the subsystem A having a total of ℓ= 36 sites.

In Fig. 2 we show the s = 1/2 3D Heisenberg antiferromagnet PA in a cubic subsystem A
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both in the ground-state and for T/J = 0.5, as calculated using LSW and the mean-field
HP4 for ℓ = 64, 216. The probabilities associated with the ground-state give an average
〈ΣA〉/ℓ ≃ 0.422, exactly matching the known value reported in literature. We see how for
T/J = 0.5 the temperature fluctuations reduce the order possessed by the ground-state. Fur-
thermore, the fact that for the mean-field of HP4 at T/J = 0.5 the term P that rescales the
dispersion ϵk (with respect to LSW) takes a value slightly larger than 1/2 is translated in a
lower presence of excitations, which then results in the little right-shift of the mean-field HP4
curves with respect to the LSW ones in Fig. 2b. By comparing the two curves at T/J = 0 in
Fig. 2a, it is evident the beginning of the transition from a Gumbel-like shape towards a Gaus-
sian one, given that for ℓ = 216 the fit is not as good as for ℓ = 64. The plot for ℓ = 64 and
T/J = 0.5 also proves that the even/odd effect is not only suppressed by increasing ℓ, but
also from increasing the temperature. In Fig. 3 we compare PA in four different shapes of a
subsystem A with ℓ= 36 sites. In low-dimensional shapes longer distances, i.e. less correlated
regions, are involved within the subsystem. This causes a shift towards Gaussianity similar to
the one obtained by increasing the total number of sites in a fixed shape, like in Fig. 2a. We
observe that also the even/odd effect is greatly reduced by this reduction of dimensionality of
the subsystem. The results for 0 < T < 0.5 are very similar to Fig. 3 so that we do not report
them explicitly.

2.1.4 PDF of the staggered magnetization after quantum quenches

0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

5

10

15

20

Figure 4: Early instants of the out-of-equilibrium evolution of PA in a 3D cubic sub-
system A with ℓ = 64 total site and s = 1/2, following a quench from the classical
Néel state according to LSW theory and the SCTDMFT of HP4.

We perform out-of-equilibrium time evolution following a global quantum quench starting
from ground-states |GS,η〉 of the XXZ model with anisotropy parameter 0≤ η < 1

HXXZ(η) =
∑

〈i, j〉

�

η
�

S x
i S x

j + S y
i S y

j

�

+ Sz
i Sz

j

�

. (32)

In Fig. 4 we plot the early instants of the time-evolution starting from the classical Néel state
|GS, 0〉 for the 3D case with cubic subsystem A of ℓ = 64 total sites and s = 1/2. The full
order present at t = 0 is quickly destroyed by the energy injected in the system by the quench,
whose associated effective temperature is of the order of 0.9J both for 1/βLSW and 1/βHP4, i.e.
very close to the transition temperature. Given that states too close to the transition, and more
generally any state where the order is greatly reduced, lie beyond the limit of validity of our

9
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approximation, there is no reason to believe our theory to be any good at later times in this
specific case. We note that already at the short times considered small differences between
LSW and the SCTDMFT of HP4 arise. Furthermore, the very strong even/odd effect that is
present for times t < 0.20/J dies out at times t > 0.35/J .

Figure 5: Intensity plots for the time evolution of PA in the cubic subsystem A with
ℓ = 64 and s = 1/2, for the quenches from η = 1/2: a) LSW and b) SCTDMFT of
HP4; η= 3/4: c) LSW and d) SCTDMFT of HP4.

In order to reduce the energy injected in the system by the quench, in the hope to obtain a
time-evolution that is accessible to our approximation up to later times, we reduce the param-
eter jump, i.e. we start from |GS,η〉 with η= 1/2, 3/4 and 9/10, η= 1 being the Heisenberg
model. These quenches have, respectively, effective temperatures 1/(JβLSW)≃ 0.64,0.50, 0.37
in LSW theory and 1/(JβHP4)≃ 0.69, 0.54,0.40 in mean-field HP4. Note that in order to com-
pare LSW and the SCTDMFT of HP4 we need to start from exactly the same Gaussian state at
initial time, which we take to be the ground-state of the XXZ model according to LSW theory.
In Fig. 5 we show the intensity plots for the time evolution of PA for the quenches from η= 1/2
and 3/4, both in LSW theory and the SCTDMFT of HP4 for the 3D cubic subsystem A with
ℓ = 64 and s = 1/2. In all cases the system starts out at t = 0 being strongly ordered, with
PA having a strong peak very close to ΣA/ℓ ∼ 1/2, while already at time scales of tJ ∼ 1 the
order is partially suppressed. Given that the effective temperature of the quench for η = 1/2
is larger than the one for η = 3/4, as expected we find that stationary state reached at late

10
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times to be less ordered in the former. Fig. 5 also shows how LSW requires more time to re-
lax than the SCTDMFT of HP4, with (slowly decaying) oscillations in PA going on up to times
J t = 8. This is a consequence of the fact that LSW out-of-equilibrium represents a free time
evolution, while the SCTDMFT of HP4 takes approximately into account interactions, which
favour relaxation.

In Fig. 6 we plot PA from the SCTDMFT of HP4 with again s = 1/2 and 3D cubic A with
ℓ= 64 sites, at initial, intermediate and late times of the quench dynamics from η= 1/2,3/4,
9/10, and compare it with the thermal state at the appropriate effective temperature. The
η = 3/4 quench is also produced for ℓ = 216. The deep quench η = 1/2, characterized as
seen by an effective temperature which is beyond half of the transition one, presents a strong
difference between the initial PDF and the late-time stationary one. It is thus surprising that
even for such a high energy injected through the quench the agreement between the late-
time PA and the thermal one is reasonable. In the case η = 9/10 the match between late
time behaviour and Gibbs ensemble is essentially exact on the scale of Fig. 6c, which includes
the initial probability. The even/odd effect present in every initial state of Fig. 6 is seen to
disappear in the late time dynamics, except for the shallow quench η= 9/10, where a slightly
suppressed even/odd effect is still visible at times J t ∼ 5. Finally, by comparing the two
quenches for η= 3/4 of size ℓ= 64 in Fig. 6b and ℓ= 216 in 6d, we note that the agreement
thermal state/stationary state in the latter is slightly worse. Given that in producing the PDFs
all that matters are the 2-point functions in real space within the subsystem A, this effect is
consequence of the fact that the match in the 2-point functions between thermal and stationary
state is slightly better for shorter distances, like the ones involved in the ℓ= 64 plot.

2.2 Long-range transverse field Ising chain

So far we have considered the non-equilibrium evolution after quantum quenches from initial
states that are magnetically ordered along the same direction as the stationary state reached at
late times. We will now consider situations where the initial state is magnetically ordered along
a different direction than the stationary state. In order to make contact with previous results
in the literature we focus on the one-dimensional Ising model with long-range interactions

H = −
1
2 s

N
∑

i, j=1

Ji jS
x
i S x

j − h
N
∑

i=1

Sz
i , (33)

where h is the transverse field that contrasts the alignment along the x̂ direction and Sγi are spin
s degrees of freedom. In presence of open boundary conditions the long-range spin interaction
Ji j is given by

Ji j =
1

Q(α)
J
|i − j|α

Q(α) =
1

(N − 1)
1
2

∑

i ̸= j

1
|i − j|α

, (34)

where α is a non-negative real parameter, the self-interaction Jii is set to zero for every i and
Q(α) is a normalization factor needed to ensure intensive scaling of the energy density for
α ≤ 1 in the thermodynamic limit. Translational invariance can be recovered by modifying
the coupling to be explicitly periodic on the lattice [70]

Ji j ≡ J

�

�

�

�

N
π

sin
�

π(i − j)
N

�

�

�

�

�

−α
N→∞
−−−−→

J
|i − j|α

, (35)

but retaining the original form in the thermodynamic limit for |i − j| finite. At α =∞ the
Hamiltonian (33) possesses only nearest neighbours interactions and the model is exactly solv-
able by a Jordan-Wigner transformation [71] that maps the interacting spin model into a model

11
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Figure 6: Initial time, intermediate and late times PA, in the s-1/2 3D cubic subsystem
with ℓ = 64, for quenches from the ground-state of the XXZ model with a) η = 1/2,
b) η = 3/4, c) η = 9/10. d) Same plot with ℓ = 216 and η = 3/4. The late
time probability distributions are compared with the equilibrium ones at appropriate
effective temperature βHP4.

of free fermions [35]. At α= 0 the model reduces to the fully connected transverse field Ising
model and the Hamiltonian (33) is expressible in terms of rescaled total spin operators

sγ =
1
N

N
∑

i=1

Sγi γ= x , y, z , (36)

whose algebra, in the thermodynamic limit, reduces to the one of classical spins

[si , s j] = i
1
N
εi jksk N→∞

−−−−→ 0 . (37)

For 0< α <∞ the model is non-integrable and is therefore expected to thermalize. In equilib-
rium and for sufficiently long-ranged interactions α < 2 ferromagnetic long-range order exists
below a critical temperature T < Tc for |h| < hc [72]. Out-of-equilibrium, the long-range
model has been extensively studied in the literature and shown to exhibit a number of inter-
esting phenomena [70,73–79]. Given the existence of magnetic order at finite temperatures,
we expect quantum quench dynamics from initial states with sufficiently low energy density
above the ground state (which correspond to effective temperatures Teff < Tc) to result in
relaxation to thermal states with ferromagnetic order. The presence of magnetic order during
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the entire time evolution in such cases has been verified for α = 0 [79–81] and is observed
numerically for α > 0 [28,76].

2.2.1 Self-consistent mean-field approximation out of equilibrium II

For the sake of simplicity we now constrain our discussion to translationally invariant situa-
tions. The classical ground state of (33) is a ferromagnetic state where the spins are ordered
along the direction

n⃗=





sinθ cosφ
sinθ sinφ

cosθ



 , (38)

where

φ = 0 , θ = arccos(h/Γ ) , Γ =
1
N

∑

i, j

Ji, j . (39)

Here the spin-rotational symmetry by an angle π around the z-axis is broken spontaneously
and we have, without loss of generality, chosen the ground state with φ = 0. The dynamical
properties of this model can be analysed by spin-wave theory. In particular, we expect that
quench-dynamics is amenable to a spin-wave analysis as long as the initial state belongs to
the low-energy part of the Hilbert space of states that is described by spin-wave theory. As an
example we consider a quench from a saturated ferromagnetic state |ψ(0)〉 along the direction

n⃗0 =





sinθ0 cosφ0
sinθ0 sinφ0

cosθ0



 , |θ − θ0|, |φ −φ0| ≪ 1 . (40)

We introduce the matrix

R(θ ,φ) =





cosθ cosφ − sinφ sinθ cosφ
cosθ sinφ cosφ sinθ sinφ
− sinθ 0 cosθ



 , (41)

and proceed by rotating the spin-quantization axis to be along n⃗0, which amounts to defining
new spin operators through

Sαj = Rαβ0 σ
β
j R0 ≡ R(θ0,φ0) . (42)

We then employ a Holstein-Primakoff representation for σαj

σz
j = s− a†

j a j , σ+j =
r

2s− a†
j a j a j . (43)

This generates a 1/s-expansion of the Hamiltonian

H = s h0 +
p

s h1 + s0 h2 + s−1/2 h3 + . . . , (44)

where h0 is a constant and

h1 =
∑

j

λ a j + h.c. ,

h2 =
∑

i, j

�

t i ja
†
i a j +
�

∆i jaia j + h.c.
��

,

h3 =
∑

i, j

Vi ja
†
i a†

j a j + h.c. . (45)
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Here we have defined

λ=−
h
p

2
Rzx

0 −
Γ
p

2

�

Rx x
0 − i Rx y

0

�

Rxz
0 ,

∆ jk =∆ j−k = −
J jk

4

� �

Rx x
0

�2 − 2 i Rx x
0 Rx y

0 −
�

Rx y
0

�2 �
,

t jk = t j−k = −
J jk

2

� �

Rx x
0

�2
+
�

Rx y
0

�2 �
+δ j,k

�

hRzz
0 + Γ
�

Rxz
0

�2 �
,

Vjk =Vj−k = δ j,k
h

4
p

2
Rzx

0 +
1
p

2

�

Rx x
0 + i Rx y

0

�

Rxz
0

�

J jk +
Γ

4
δ j,k

�

. (46)

Importantly we have by virtue of (40) that

|λ| ≪ 1 , (47)

which makes the O(
p

s) term in the Hamiltonian parametrically small and precludes the gener-
ation of a large bosonic occupation n j = 〈a

†
j a j〉 over time. We now take into account the inter-

action terms h3 in the framework of the SCTDMFT of Appendix A. Denoting by ××O ×× normal or-
dering with respect to the Gaussian mean-field state |ψMF(t)〉 and 〈O〉t = 〈ψMF(t)|O|ψMF(t)〉,
we have for example

a†
i a†

j a j =××a†
i a†

j a j
×
× +m a†

i a†
j +m∗ a†

i a j +m∗ n̂ j + a†
i ( f j j − 2|m|2) + a†

j ( fi j − 2|m|2)

+ a j(g
∗
i j − 2m∗m∗)−m g∗i j −m∗ fi j −m∗ f j j + 4m∗|m|2 , (48)

where we have defined

m(t) = 〈a j〉t , fi j(t) = fi− j(t) = 〈a
†
i a j〉t , gi j(t) = gi− j(t) = 〈aia j〉t . (49)

In the SCTDMFT we drop the cubic normal ordered term. We then ought to proceed analo-
gously with the infinitely many interaction terms in the 1/s-expansion (44) of the Hamiltonian,
which is a difficult problem. In practice we instead truncate the 1/s-expansion by discarding
all contributions beyond h3. This leads to the self-consistent mean-field Hamiltonian of the
form

HMF(t) =
∑

i, j

�

Ai j(t) a
†
i a j + (Bi j(t) aia j + h.c.)

�

+
∑

j

�

Λ(t) a j + h.c.
�

+ C(t), (50)

where C(t) is a constant and

Λ(t) =
p

2 sλ+
1
p

2s

∑

ℓ

�

V ∗ℓ j

�

f jℓ(t)− 2|m(t)|2
�

+ V ∗jℓ
�

fℓℓ(t)− 2|m(t)|2
�

+ Vℓ j

�

g∗ℓ j(t)− 2 m∗(t)m∗(t)
�

�

,

A jk(t) = t jk +
1
p

2s

�

Vjkm∗(t) + c.c.
�

+
1
p

2 s
δ jk

�

m∗(t)
∑

ℓ

Vℓk + c.c.
�

,

B jk(t) =∆ jk +
1
p

2s
V ∗jkm∗(t) . (51)

The self-consistency conditions follow straightforwardly from the EOMs

ṁ=− i
∑

ℓ

�

A jℓm+ 2B∗jℓm∗
�

− iΛ∗ ,

ḟ jk = i
∑

ℓ

�

A jℓ fℓk − Akℓ f jℓ + 2B jℓgℓk − 2B∗kℓg
∗
jℓ

�

+ i (Λm−Λ∗m∗) ,

ġ jk =− i
∑

ℓ

�

A jℓgℓk + Akℓg jℓ + 2B∗jℓ fℓk + 2B∗kℓ(δ j,ℓ + fℓ j)
�

− 2iΛ∗m . (52)
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These EOMs conserve energy, as proved in full generality in Appendix A.
In order to benchmark this approximation we focus on the α= 0 case for finite sizes of the

system, where quantum effects are important even though the problem is equivalent to the
time evolution of the single large spin (36). Choosing as initial configuration a fully ordered
state restricts us to the sector of maximum total angular momentum s2 = s(s + 1/N), which
is conserved by the fully connected Hamiltonian1. Thus, the dimension of the part of the
Hilbert space involved in the time evolution is simply 2 W + 1 where W ≡ Ns and we are
able to obtain exact results from diagonalization of the Hamiltonian in the restricted sector.
In the fully connected case the formalism of the previous section can also be expressed in
terms of a single boson a introduced by the HP transformation whose z-component reads
∑

j σ
z
j = W − a†a. From this is clear that the large parameter s from last section is here

replaced by W , i.e. the total number of lattice sites contribute to the main variable that controls
our truncation scheme. Fig. 7 shows the exact time evolution for quenches starting from
cosθ0 = δ · h/Γ for several values of δ and compares to the results from our truncated spin-
wave theory. As expected the approximation becomes worse as we increase the angle between
the initial direction and the stationary one. Fig. 7c shows how for small values of δ the
approximation remains reasonable up to fairly large times. Comparison of Fig. 7a and 7c
shows that the goodness of the approximation primarily depends on the value of δ and is not
strongly influenced by the large parameter W .
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Figure 7: Exact time evolution of
∑

i〈S
x
i 〉 in the fully connected TFIC with h = 0.8,

Γ = 2 J , cosθ0 = δ · h/Γ and comparison with the SCTDMFT of the cubic spin-wave
approximation. a) W = 1000 and δ = 1.2; b) W = 1000 and δ = 1.4; c) W = 100
and δ = 1.2.

1For spin variables with s ≥ 1 this is true only if in the fully connected TFIC we re-insert the self-interactions
Jii ̸= 0, which introduces minor changes to the equations derived in this section.
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2.3 Spin-wave theory around a time-dependent direction

As we have seen in the previous subsection, if the magnetic order in the initial state is oriented
along a different direction compared to the order in the stationary state reached at late times,
a self-consistent spin-wave approximation in a fixed frame is quantitatively accurate only if the
angle between the two orders is small. A possible path around this limitation was proposed
in Refs [78, 79] for the example of an infinite-range transverse-field Ising chain (TFIC) with
additional finite-range perturbations, by considering spin-wave theory in a self-consistently
determined rotating frame. The method has been further developed in the infinite-range case
[82] and extended to generic models with spatially decaying long-range interactions in [73].
However, it still possesses a number of serious complications that arise when one tries to
implement a SCTDMFT scheme in a rotating frame – for example it generally does not conserve
energy2.

We will now revisit the approach of Refs [78,79] and show that a more accurate approxima-
tion can be obtained by employing a systematic 1/s-expansion. This will in particular expose
fundamental differences with spin-wave theory in equilibrium, such as the necessity of s being
large when the interactions are sufficiently short-ranged.

We consider a generic translationally invariant spin-s Hamiltonian in d dimensions of the
form

H = −
1
2 s

∑

i, j

∑

α≤β

Jαβi j Sαi Sβj −
∑

i

∑

α

hα Sαi , (53)

where the self-interaction Jαβii is set to zero and

Jαβi j := Jαβ(r i − r j) Jαβi j = Jαβji i ̸= j . (54)

Here r i is the position of site i on the d-dimensional lattice. The basic idea of Ref. [79] is to
introduce a rotating reference frame, in which the z-axis is aligned with the direction specified
by the time-evolving expectation value of the spin operators 〈Si〉. This amounts to defining
new spin operators σγt,i fulfilling SU(2) commutation relations by

σ
γ
t,i = Sµi Rµγ(t) = V (t)†Sγi V (t) , (55)

where R(t) = R(θ (t),φ(t)) is the matrix (41) and

V (t) = exp
�

iθ (t)
∑

j

S y
j

�

exp
�

iφ(t)
∑

j

Sz
j

�

. (56)

In the approach of [78, 79] the rotation matrix R(t) is to be determined self-consistently by
requiring

〈ψi |σ
β
t,i(t) |ψi〉= 0 ∀t, β = x , y , (57)

where |ψi〉 is the known initial state at time t = 0 and σβt,i(t) = eiH tσ
β
t,ie
−iH t . In the following

we will relax the condition (57) for convenience and require the expectation value to be merely
small instead of zero. However, we stress that our conclusions remain unchanged if we impose
(57) strictly. Using the definition (55) it is straightforward to show that the new spin operators
fulfil equations of motion

d
d t
σ
γ
t,i(t) = i
�

H̃(t),σγt,i(t)
�

, (58)

2In practice there can of course be situations where the change in energy is extremely small on short and
intermediate time scales, and the method will provide a good approximation.
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where

H̃(t) =−
1
2 s

∑

i, j

∑

α≤β

∑

µ,ν

Jαβi j Rαµ(t)Rβν(t)σµt,i(t)σ
ν
t, j(t)−
∑

i

∑

α,µ

hα Rαµ(t)σµt,i(t) ,

− θ̇ (t)
∑

i

σ
y
t,i(t)− φ̇(t)
∑

i

∑

µ

Rzµ(t)σµt,i(t) . (59)

As in the rotating frame the spins are approximately aligned along the z-axis, cf. (57), it is
natural to employ a HP representation of the new spin-operators

σz
t,i(t) = s− a†

i (t) ai(t) σ+t,i(t) =
Ç

2 s− a†
i (t) ai(t) ai(t) . (60)

The ability to define bosonic variables ai(t) whose occupation number is small is the main
rationale behind the rotating frame approach. Combining the equations of motion (58) with
(60) results in a BBGKY hierarchy for the equal time expectation values of products of HP
boson operators. In order to exhibit this structure we find it convenient to express the spin
operators σγt,i(t) as

σ
γ
t,i(t) = Ũ(t)†σγ0,i Ũ(t) , σ

γ
0,i = Sµi Rµγ(0) . (61)

Here the unitary operator Ũ(t) combines the effects of the rotating frame and the time evolu-
tion, and is given by

Ũ(t) = T
�

exp

�

−i

∫ t

0

d t ′h̃(t ′)

��

, h̃(t)≡ H̃(t)

�

�

�

�

σ
γ
t,i(t) → σ

γ
0,i

. (62)

Defining a state
|ψ̃(t)〉 ≡ Ũ(t) |ψi〉 , (63)

which is different from the standard time-evolved state |ψ(t)〉 ≡ exp(−iH t)|ψi〉, the require-
ment (57) becomes

〈ψ̃(t) |σβ0,i | ψ̃(t)〉= 0 ∀t, β = x , y , (64)

with now 〈ψ̃(t) |σz
0,i | ψ̃(t)〉 being close to s. This leads us to employ the time-independent

HP representation

σz
0,i = s− a†

i ai σ+0,i =
Ç

2 s− a†
i ai ai . (65)

In the following we will determine the time evolution of the spins σα0, j using spin-wave meth-
ods. Equal time expectation values of the physical spins are then obtained by

〈ψ(t)|Sα1
j1

. . . Sαn
jn
|ψ(t)〉= Rα1β1(t) . . . Rαnβn(t) 〈ψ̃(t)|σβ1

0, j1
. . .σβn

0, jn
|ψ̃(t)〉 . (66)

The formalism just presented can be easily generalized to non-translationally invariant cases
by introducing a site-dependence on the rotation angles.

2.3.1 Holstein-Primakoff representation and 1/s-expansion

When expressed using Holstein-Primakoff bosons the Hamiltonian h̃(t) takes the form

h̃(t) = s h̃0(t) + s1/2 h̃1(t) + s0 h̃2(t) + s−1/2 h̃3(t) + . . . , (67)
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where in close similarity with (45) we have

h̃1(t) =
∑

j

λ(t) a j + h.c. ,

h̃2(t) =
∑

jℓ

�

t jℓ(t) a
†
j aℓ +
�

∆ jℓ(t) a jaℓ + h.c.
�

�

,

h̃3(t) =
∑

jℓ

Vjℓ(t) a
†
j a

†
ℓ
aℓ + h.c. . (68)

By defining 2 Mµν

αβ
≡ RαµRβν + RανRβµ and Γαβ ≡

∑

ℓ Jαβjℓ , the coefficients appearing in the
previous two equations read

h̃0(t) = −
N
2

∑

α≤β

ΓαβM zz
αβ(t)− N
∑

α

�

hα +δαzφ̇(t)
�

Rαz(t) ,

λ(t) = −
∑

α≤β

Γαβ
M xz
αβ
(t)− i M yz

αβ
(t)

p
2

−
∑

α

hα +δαzφ̇(t)
p

2

�

Rαx(t)− i Rαy(t)
�

+
i
p

2
θ̇ (t) ,

∆ jℓ(t) = −
1
4

∑

α≤β

Jαβjℓ

�

M x x
αβ (t)− 2i M x y

αβ
(t)−M y y

αβ
(t)
�

,

t jℓ(t) = δ j,l

�

∑

α≤β

ΓαβM zz
αβ(t) +
∑

α

�

hα +δαzφ̇(t)
�

Rαz(t)
�

−
∑

α≤β

Jαβjℓ

2

�

M x x
αβ (t) +M y y

αβ
(t)
�

,

Vjℓ(t) =
1
p

2

∑

α≤β

�1
4
δ j,ℓΓ

αβ + Jαβjℓ

��

M xz
αβ(t) + i M yz

αβ
(t)
�

+
1

4
p

2
δ j,ℓ

�∑

α

�

hα +δαzφ̇(t)
� �

Rαx(t) + i Rαy(t)
�

+ i θ̇ (t)
�

. (69)

We note that (69) reduce to (46) if we set θ̇ = φ̇ = 0 and choose the Jαβjℓ , hα associated with
the long-range TFIC of (33).

2.3.2 Gaussian approximation and energy non-conservation

The next step after going to the rotating frame and expressing the spins in terms of boson
operators is to approximate |ψ̃(t)〉 by a SCTDMFT Gaussian bosonic state

|ψ̃MF(t)〉= T
�

exp

�

−i

∫ t

0

d t ′h̃MF(t
′)

��

|ψ̃(0)〉 , (70)

where the quadratic h̃MF(t) is obtained starting with h̃(t) and applying the normal ordering
procedure of Appendix A at every order in the infinite 1/s expansion3. An important issue that
arises in this step is whether energy is conserved. From (66) we have

E = 〈ψ(t)|H |ψ(t)〉= 〈ψ̃(t)| h̃(t)− h̃θφ(t) |ψ̃(t)〉 , (71)

where
h̃θφ(t) = −θ̇ (t)

∑

i

σ
y
0,i − φ̇(t)
∑

i

∑

µ

Rzµ(t)σµ0,i . (72)

3As already mentioned before, in practice the mean-field decoupling of this infinite series is a difficult problem
and one usually starts by truncating the original Hamiltonian. However, our conclusions on the non-conservation
of energy clearly also hold in truncated versions of the theory.

18



SciPost Physics Submission

In the SCTDMFT we replace |ψ̃(t)〉 by |ψ̃MF(t)〉 and the mean-field energy then is

EMF(t) = 〈ψ̃MF(t)| h̃(t)− h̃θφ(t) |ψ̃MF(t)〉 . (73)

By construction we take our initial state to be Gaussian, so that EMF(0) = E. Making use of
the underlying normal ordering in the definition of any self-consistent mean-field decoupled
term, the time derivative gives

ĖMF(t) = −i〈ψ̃MF(t)|[h̃θφ(t)− h̃θφMF(t), h̃(t)− h̃MF(t)]|ψ̃MF(t)〉. (74)

In contrast to the general proof of conservation of energy in any “fixed-frame” formalism (Ap-
pendix A), the previous term will generally not vanish. Hence we either need to adjust the
rotation R(t) to ensure that ĖMF(t) = 0, or restrict the application of the SCTDMFT to a time
window in which the change in energy is very small. We have investigated the former for the
example of the long-range TFIM but found that the resulting approximation becomes poor
after a relatively short time. We therefore restrict our discussion to the latter in the following.

2.3.3 Cubic SCTDMFT (“Cubic I”)

In practice it is necessary to truncate the 1/s-expansion expansion and we now consider an
approximation in which we drop all terms h̃n≥4(t). All higher truncations can be treated in
the same way. We start by fixing the rotation matrices Rαβ(t) such that λ(t) = 0 in (68). The
corresponding matrix is denoted by R0(t) and θ0(t), φ0(t) coincide with the classical rotation
angles. It is convenient to choose θ0(0) and φ0(0) such to align the z-axis of the rotating
frame with the direction of magnetic order in the initial state. We then treat the cubic term
h̃3(t) in the same way as in the fixed-frame approach of Section 2.2 to arrive at a mean-field
Hamiltonian

h̃MF(t) =
∑

i, j

�

Ai j(t) a
†
i a j + (Bi j(t) aia j + h.c.)

�

+
∑

j

�

Λ(t) a j + h.c.
�

+ C(t) . (75)

Here C(t) is a constant and

Λ(t) =
1
p

2s

∑

ℓ

�

V ∗ℓ j(t)
�

f jℓ(t)− 2|m(t)|2
�

+ V ∗jℓ(t)
�

fℓℓ(t)− 2|m(t)|2
�

+ Vℓ j(t)
�

g∗ℓ j(t)− 2 m∗(t)m∗(t)
�

�

,

A jk(t) = t jk(t) +
1
p

2s

�

Vjk(t)m
∗(t) + V ∗k j(t)m(t)

�

+
1
p

2 s
δ jk

�

m∗(t)
∑

ℓ

Vℓk(t) + c.c.
�

,

B jk(t) =∆ jk(t) +
1
p

2s
V ∗jk(t)m

∗(t) . (76)

The mean fields m(t), f jk(t) and g j,k(t) are defined in the same way as in the fixed-frame
approach (49), and the equations of motion arising from (75) are identical to (52). The
leading contribution to the expectation values of the spin operators in the original frame is
obtained from (66)

〈Sαj (t)〉 ≈ s Rαz
0 (t) +

p
2 s
�

Rαx
0 (t)Re (m(t)) + Rαy

0 (t) Im (m(t))
�

− Rαz
0 (t) f j j(t) . (77)

We note that the second term on the r.h.s. of (77) is in fact O(s0) because the mean field
m(t) = O(s−1/2) as a consequence of λ(t) = 0 and our choice of θ0(0), φ0(0). As ex-
pected, the approximation constructed in this way does not conserve energy and we find
ĖMF(t) = O(s−1/2). This remains true if we impose 〈ψ̃(t) |σ+0,i | ψ̃(t)〉 = 0 as in Refs [78, 79]
rather than setting λ(t) = 0 in (68), thus introducing rotation angles that slightly deviate from
the classical ones.
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2.3.4 A different cubic TDMFT (“Cubic II”)

The cubic SCTDMFT discussed above is based on normal ordering with respect to the time
evolving Gaussian state |ψ̃MF(t)〉 and dropping normal-ordered terms that are cubic (or higher
order) in bosons. By construction this results in time-dependent mean-fields that include terms
of all orders in 1/s. As we will see for the example of the long-range transverse field Ising
model below this will generate an approximation that becomes poor at finite times. It turns
out that a better approximation is obtained by avoiding resummations to all orders in 1/s.
This can be done in the case of cubic interactions by choosing the rotation angles such that
〈ψ̃(t) |σ+0,i | ψ̃(t)〉= 0 up to a certain order in 1/s. To do so we expand θ (t), φ(t) as

θ (t) = θ0(t) +
1
s
θ2(t) + . . . φ(t) = φ0(t) +

1
s
φ2(t) + . . . , (78)

from which analogous expansions of Rµ(t) and Mµν

αβ
(t) follow. We then consider the following

Gaussian approximation

|ψ̃(t)〉 ≈ |ψ̃G(t)〉= T
�

exp
�

−i

∫ t

0

ds h̃2(θ0(s),φ0(s))
�

�

|ψ̃(0)〉, (79)

where the corrections to the classical angles are generated by the presence of h̃3(t) through
the equations of motion

θ̇2(t) =−
∑

α≤β

ΓαβM yz
αβ |2 +
∑

j

∑

α≤β

Jαβi j

�

M xz
αβ |0 Im
�

Q+i j + P+i
�

+M yz
αβ |0 Re
�

Q−i j + P−i
��

+
∑

α

(hα +δαzφ̇0)
�

−Rαy
2 + Rαx

0 Im
�

P+i
�

+ Rαy
0 Re
�

P−i
��

+ θ̇0 Re
�

P−i
�

,

φ̇2(t) =
1

Rzx
0

�

−
∑

α≤β

ΓαβM xz
αβ |2 +
∑

j

∑

α≤β

Jαβi j

�

M xz
αβ |0 Re
�

Q+i j + P+i
�

−M yz
αβ |0 Im
�

Q−i j + P−i
��

+
∑

α

(hα +δαzφ̇0)
�

−Rαx
2 + Rαx

0 Re
�

P+i
�

− Rαy
0 Im
�

P−i
��

− θ̇0 Im
�

P−i
�

�

. (80)

Here we have defined

Q±i j ≡ 〈ψ̃G(t)|a
†
j a j + a†

j ai ± aia j|ψ̃G(t)〉 , P±i ≡
1
4
〈ψ̃G(t)|2 a†

i ai ± aiai|ψ̃G(t)〉. (81)

The expectation values of spin operators are approximated by

〈Sαj 〉t ≈ s Rαz
0 (t) +
�

Rαz
2 (t)− Rαz

0 (t)〈ψ̃G(t)|a
†
j a j|ψ̃G(t)〉
�

. (82)

If we fix θ (0), φ(0) so that the z-axis in rotating-frame z-axis points along the initial direction
of magnetic order one can show that (79) and (80) reproduce the leading orders in a “bare”
1/s expansion of the exact EOMs for the one and two point functions4. This implies that (82)
coincides with the exact result for 〈Sαj 〉t up to O(s0) and doesn’t possess any term beyond this
order. Clearly an equivalent result for 〈Sαj 〉t can be obtained also starting from fully classical
angles which set λ(t) = 0.

4In particular, they generate the exact 1-point functions up to O(s−1/2), which vanish, and the exact 2-point
functions up to O(s0).
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2.3.5 Full counting statistics of the subsystem magnetization

For the quench setup considered above there are at least two magnetizations of interest in a
subsystem A with ℓ total sites. The first are the magnetizations in the rotating frame. The
associated characteristic functions are

χ
γ
A(λ, t) = 〈ψ(t)|exp

�

i
λ

s ℓ

∑

i∈A
σ
γ
t,i

�

|ψ(t)〉

≈ 〈ψ̃MF(t)|exp
�

i
λ

s ℓ

∑

i∈A
σ
γ
0,i

�

|ψ̃MF(t)〉 . (83)

If we impose 〈ψ̃(t) |σ+0,i | ψ̃(t)〉 = 0 in our SCTDMFT the rotating frame follows the average
magnetization and χγA(λ, t) are then the characteristic functions of the subsystem magnetiza-
tions in this frame. For simplicity we focus on

χz
A(λ, t)≈ 〈ψ̃MF(t)|exp

�

i
λ

s ℓ

∑

i∈A

�

s− a†
i ai

�

�

|ψ̃MF(t)〉 , (84)

which is obtained by direct application of (12). The associated PDF then follows from (6).
The other magnetizations of interest are the ones associated with original spins Sγi . Using

(66) their characteristic functions are given by

Π
γ
A(λ, t) = 〈ψ(t) |exp

�

i
λ

s ℓ

∑

i∈A
Sγi

�

|ψ(t)〉

≈ 〈ψ̃MF(t) |exp

�

i
λ

s ℓ

∑

i∈A

∑

µ

Rγµ(t)σµ0,i

�

| ψ̃MF(t)〉 . (85)

Here application of (12) is less straightforward, given that the observables contain terms be-
yond quadratic order in the bosons. One way of proceeding is to truncate the spin operators
at second order in 1/s

1
s

∑

µ

Rγµσµ0,i −→ Rγz
0 +

1
p

2 s

��

Rγx
0 − iRγy

0

�

ai + h.c.
�

+
1
s

�

Rγz
2 − Rγz

0 a†
i ai

�

, (86)

where R2(t) is the first order beyond the classical rotation when we set 〈ψ̃(t) |σ+0,i | ψ̃(t)〉= 0.
The characteristic function ΠγA,T obtained in this way possesses a periodicity of 2πsℓ/Rγz

0 (t),
reflecting the fact that the truncated observable (86) and the original one don’t share the
same eigenvalues. However, for the specific case of the long-range TFIM we will see in the
next section that it is still a very good approximation to calculate the PDF over the truncated
observable’s spectrum using ΠγA,T inside (6) and then interpolate the values of the probability
over the exact eigenvalues.

2.3.6 Long-range transverse field Ising chain

We now apply the rotating-frame formalism to the long-range transverse field Ising chain
(33). As in Section 2.2.1 we benchmark the method by comparing it with the exact time-
evolution of the α = 0 case in a finite-size system, where the large control parameter of the
theory is W = N s and quantum fluctuations arise from a global bosonic variable a defined
by
∑

j σ
z
0, j = W − a†a. As we are no longer restricted to initial states with magnetic order

along a direction close to (38), we start from the fully polarized state along the x direction
and retain a finite value of h. In Fig. 8 we compare the exact time evolution of 〈

∑

j S x
j 〉/W and
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Figure 8: Time evolution of 〈
∑

j S x
j 〉/W and 〈a†a〉 in the fully connected transverse

field Ising model for h = 0.6 and W values of 400 in (a) and (b), 3000 in (c) and
(d). The plots compare exact results with cubic I and II time evolutions.

|〈
∑

j S j〉| = W − 〈a†a〉 in the two cubic SCTDMFTs of subsections 2.3.3 (with rotation angles

chosen to impose 〈ψ̃(t) |σ+0,i | ψ̃(t)〉 = 0) and 2.3.4. We refer to these as “cubic I” and “cubic

II” respectively. The results of cubic II are very good up to fairly large times t ∼ W 1/2. In
contrast, cubic I is accurate only on significantly shorter times5. We expect Cubic I and Cubic
II to retain comparable levels of accuracy in the entire range 0< α < 1, where in the thermo-
dynamic limit the model is still expected to yield a classical time evolution whenever starting
from a fully polarized state [75].

In the region α > 1 the cubic SCTDMFTs formally require s ≫ 1 in order to possess a
small expansion parameter. However, one might wonder whether the theory provides a fair
approximation even for small values of s, analogously to what happens in the spin-wave theory
of the Heisenberg AFM. To check this we have compared predictions from cubic I and II with
the TDVP numerics of [76] in the case of s = 1/2 in a chain with open-boundary conditions.
All methods turn out to be poor after a very short time scale, thus highlighting some intrinsic
limitations of the approach.

In the large-s limit another well-known approach to the problem is to truncate the BBGKY
hierarchy of the original spin variables. For the sake of completeness we summarize the sim-
plest variant of this approach in Appendix B. This method has comparable accuracy to cubic
II at α= 0 (cfr. Appendix B) but still fails at very early times when α > 1.

The exact diagonalization of the α = 0 Hamiltonian in the relevant symmetry sector and
associated time evolution provide us directly with the weights that form the probability distri-
bution of any observable involving the total spin s . Consider the α = 0 system with s = 1/2

5We have verified that the variant of cubic I that sets to zero the linear part of h̃(t) is equally poor.
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Figure 9: PDFs in the subsystem A for s = 1/2 at different times of
(a) the x-magnetization

∑

i∈A S x
i and (b) the rotated-frame z-magnetization

∑

i∈Aσ
z
t,i =
∑

i∈A Sµi Rµz(t). Here h = 0.6, N = 400 and ℓ = 40. The plots com-
pare the exact PDFs with the ones obtained by combining the cubic II Gaussian state
with the method described in Section 2.3.5.

spin variables and N total sites, i.e. W = N/2. Given the probability distribution PN of any sγ

total spin over the time-evolving state, the probability distribution PA of
∑

i∈A Sγi over a subset
A with ℓ total sites is given by

PA(n) =
N
∑

i=1

�

i
n

�

PN (i)
�

ℓ

N

�n�N − ℓ
N

�i−n

, (87)

where PA(i), PN (i) indicate the probability of the configuration possessing i spin-flips compared
to the fully ordered state in the direction γ. In Fig. 9 we compare the exact PDFs of

∑

i∈A S x
i

and
∑

i∈Aσ
z
t,i =
∑

i∈A Sµi Rµz(t), with the ones obtained combining the cubic II time evolution
with the Gaussian method described in the previous section, for a quench governed by the
fully connected Hamiltonian with h = 0.6 and N = 400 (i.e. W = 200). We find very good
agreement at the level of probability distributions in the time window for which the expectation
value of the magnetization computed in spin-wave theory agrees with the exact result, see
Fig. 8.

3 2D disordered Heisenberg antiferromagnet

So far our discussion focused on cases where our quantum state was characterized by well-
formed long-range magnetic order. We now turn to situations where the quantum state of
interest is disordered. We focus on the full counting statistics of the staggered magnetization
in the isotropic 2-dimensional spin-1/2 Heisenberg antiferromagnet in thermal equilibrium
and after quantum quenches from disordered initial states.

3.1 Schwinger boson mean-field theory (SBMFT)

We begin by considering the spin−1/2 Heisenberg antiferromagnet in two dimensions at
T > 0, i.e. in the disordered phase. The simplest approach to this problem is by means of
the Schwinger bosons mean-field theory developed by Arovas and Auerbach in [83], which
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we briefly review below. The spin correlation length ξ predicted by this theory is

ξ∝ c1/T exp(c2/T ) , (88)

where c1, c2 are O(1) positive constants [84]. This functional dependence dependence matches
the one-loop renormalization group result for the nonlinear σ model, but the 1/T pre-factor
disagrees with the two-loop RG calculation [85] and Monte Carlo results [39]. Our goal is
to assess the ability of this theory to produce a satisfactory approximation for the PDF of the
staggered subsystem magnetization, both in and out of equilibrium. We introduce Schwinger
bosons (SB) on the “even” (A) and “odd” (B) sublattices by

Sz
i =

1
2

�

u†
i ui − d†

i di

�

S+i = u†
i di i ∈ A ,

Sz
j =

1
2

�

d†
j d j − u†

j u j

�

S+j = −d†
j u j j ∈ B . (89)

The single occupancy constraint for physical states |ψ〉 reads

Ĉi|ψ〉= |ψ〉 , Ĉi ≡ u†
i ui + d†

i di . (90)

The operators Ĉi are integrals of motion for any spin Hamiltonian, giving rise to a local U(1)
gauge symmetry. The isotropic Heisenberg Hamiltonian is expressed in Schwinger bosons as

H = J
∑

〈i, j〉

Si · S j = −
J
2

∑

〈i, j〉

�

A†
i j Ai j −

1
2

�

, (91)

where Ai j ≡ uiu j+did j and in the last equality the exact constraint Ĉi = 1 on the Hilbert space
of physical states has been used. The mean-field approximation assumes that

∆≡ 〈Ai j〉= 〈A
†
i j〉 ̸= 0 i, j nearest neighbours , (92)

which explicitly breaks the gauge invariance and involves unphysical boson states with site
occupation different from one. To approximately recover (90) one imposes the constraint
only on average 〈Ĉi〉= 1. The unbroken SU(2)-invariance implies

〈u†
i d j〉= 〈uid j〉= 0 i, j ∈ A∪ B

〈u†
i u j〉= 〈d

†
i d j〉= 0 〈uiu j〉= 〈did j〉 i ∈ A, j ∈ B

〈uiu j〉= 〈did j〉= 0 〈u†
i u j〉= 〈d

†
i d j〉 i, j ∈ A or i, j ∈ B .

(93)

Combining the last equation in (93) with 〈Ĉi〉 = 1 leads to 〈u†
i ui〉 = 〈d

†
i di〉 = 1/2 for any

i ∈ A∪ B. The resulting mean-field Hamiltonian reads

HM F =Q
∑

〈i, j〉

�

uiu j + did j + h.c.
�

+µ
∑

i∈A∪B

�

u†
i ui + d†

i di

�

+
�

4
J

Q2 −µ
�

L2 , (94)

where the Lagrange multiplier µ imposes the constraint on average and Q ≡ −J∆/2. The
mean-field Hamiltonian is diagonalized by going to momentum space and carrying out a Bo-
goliubov transformation

ũk = coshθk α̃k + sinhθk α̃
†
−k d̃k = coshθk β̃k + sinhθk β̃

†
−k ,

tanh 2θk = −
4Qγ(k)
µ

, γ(k)≡
1
2

�

cos kx + cos ky

�

. (95)
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This gives

HM F =
∑

k

ϵk(α̃
†
kα̃k + β̃

†
k β̃k) + E0 , ϵk = µ

√

√

√

1−
�

4Qγ(k)
µ

�2

µ > 0 , (96)

with the requirement µ ≥ 4Q. Imposing self-consistency of the expectation values (92) fixes
µ and Q via

Q =
2J
L2

∑

k

Qγ2(k)
ϵk

(1+ 2 nk) 1=
µ

2L2

∑

k

(1+ 2 nk)
ϵk

, (97)

where nk is the Bose occupation factor associated with the mode of energy ϵk and inverse
temperature β . Very similar equations are obtained when dropping the assumption that ∆ is
real. For T > 0.91J the only solution to the self-consistent equations is the trivial one Q = 0
[86]. This reflects the inability of the theory to describe the high-temperature disordered phase
of the 2D Heisenberg antiferromagnet, where nearest neighbours correlations are strongly
suppressed. At finite temperatures 0< T < 0.91J non-trivial solutions to (97) exist.

3.1.1 PDFs in equilibrium

We are now in a position to determine the probability distributions of some observables in
SBMFT. It is instructive to consider the PDF of the constraint operator Ĉi = u†

i ui + d†
i di . Using

the identities (93) and the imposition of the constraint on average, the one-site reduced density
matrix ρ1 in SBMFT takes the simple temperature-indepedent form

ρ1 =
4
9

exp
�

− log(3) Ĉ1

�

. (98)

Using (2) and (6) we then obtain the PDF for Ĉ1

PĈ1
(c) =

∫ π

−π

dλ
2π

e−icλ 4

(3− eiλ)2
. (99)

The probability distribution of Ĉi in SBMFT is shown in Fig. 10a. We see that satisfying the
constraint only on average introduces a large number of unphysical states in the theory, with
the unphysical vacuum of bosons being the most probable state. This already suggests that
SBMFT generally cannot be a quantitatively accurate approximation for physical observables.
In Fig. 11 we show the PDF of the staggered magnetization ΣA on a disc-shape sub-system
A of ℓ = 80 total sites computed in SBMFT for Jβ = 1.59, 2.22. The PDF is obtained by
expressing ΣA in terms of bosons by the SB mapping (89) and applying the general formula
(12) for the characteristic function. The geometry of the subsystem is chosen in order to
facilitate comparisons with previous numerical and experimental works [9, 20]. The Monte-
Carlo results of [20] were obtained for a disc-shape subsystem in a total system of linear
size L = 32, but for the temperatures and subsystem sizes considered here finite-size effects
are expected to be small. For the higher temperature (β = 1.59/J) shown in Fig. 11a the
Monte Carlo results are well described by a Gaussian PDF, which as noted in Section 2.1 is
expected to arise asymptotically when the linear subsystem size becomes much larger than the
correlation length. At the lower temperature (β = 2.22/J) shown in Fig. 11b the correlation
length is larger and the Monte-Carlo results are no longer well described by a Gaussian. The
PDF obtained from SBMFT is seen to be a poor approximation to the Monte-Carlo data. In
particular, the tails of the SBMFT distributions decay much slower than the Monte Carlo results
and extend beyond the physical thresholds ΣA/ℓ = ±1/2. The disagreement is especially
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Figure 10: a) PDF of the constraint Ĉi = u†
i ui + d†

i di in SBMFT and comparison with
the exact constraint. b) PDF from mean-field MSWT (Section 3.2) of the occupation
number n̂i = a†

i ai and comparison with the exact distribution of the disordered phase.
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Figure 11: PDF for the staggered magnetization ΣA in a disc-shape subsystem A of
ℓ= 80 sites as computed in SBMFT at a) β = 1.59/J and b) β = 2.22/J . Comparison
with the exact Monte Carlo results from [20] are shown. The black dashed lines
represent the physical thresholds on the eigenvalues of ΣA.

pronounced at lower temperatures where the exact distribution is broader. We remark that
given the presence of unphysical states, the eigenvalues of the staggered magnetization over 80
sites expressed using the SB representation (89) include both integer and half-integer numbers.
In Fig. 11 we have excluded the unphysical half-integer eigenvalues and renormalized the
distribution accordingly. The spirit of this is exactly the same discussed in Section 2.3 for the
probability distribution of the S x magnetization.

3.1.2 Non-equilibrium dynamics in SBMFT

We now turn to non-equilibrium dynamics in the SBMFT. More precisely, we aim to generalize
SBMFT to study quantum quenches in the SU(2) invariant Heisenberg model starting in initial
states |ψi〉 that exhibit no magnetic order. We are particularly interested in situations where
|ψi〉 is characterized by a short correlation length and low energy density relative to the ground
state. We then expect the correlation length to grow under time evolution and the PDF of the
staggered subsystem magnetization (along any direction) to become broader and flatter. In
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order to generalize SBMFT to out-of-equilibrium settings we

1. Introduce a complex time-dependent mean field which is determined self-consistently

Q(t) = −J〈ψi|U
†
MF(t)u juh U†

MF(t)|ψi〉 , j, h nearest neighbour sites

= −
J
L2

∑

k

γ(k)〈ψ(t)| ũk ũ−k |ψ(t)〉 , (100)

where UMF(t) is defined as in (26) and |ψ(t)〉= UMF(t)|ψi〉.

2. Drop the Lagrange multiplier term that imposes the constraint on average. This is possi-
ble because when starting from an initial state that satisfies 〈Ĉi〉= 1, time evolution with
a time-dependent SBMFT Hamiltonian automatically ensures that the average constraint
is fulfilled at all times.

The resulting time-dependent SBMFT Hamiltonian takes the form

HMF(t) = 2Q∗(t)
∑

k

γ(k)
�

ũkũ−k + d̃k d̃−k

�

+ h.c.+
4L2

J
|Q(t)|2 . (101)

The equation of motion for the constraint operator Ĉi is

d
d t
〈Ĉi〉= i



[HMF(t), Ĉi]
�

= i
∑′

j

¬

Q∗(t)(uiu j + did j)−Q(t)(u†
i u

†
j + d†

i d†
j )
¶

= 0 , (102)

where the primed sum is restricted to the nearest neighbours of site i and the last equality
follows from the self-consistent nature of Q(t) and the spatial symmetries of the problem.
This justifies point 2. above. It is important to note that the above time-dependent SBMFT is
consistent in the sense that the time evolution of physical observables is unaffected if we add
a term to HMF(t) that is proportional to the constraint

Γ
∑

k

�

ũ†
kũk + d̃†

k d̃k

�

. (103)

This can be seen by considering the equations of motion

d
d t
〈ũ†

kũk〉= −8γ(k) Im [Q∗(t)〈ũkũ−k〉] , (104)

d
d t
〈ũkũ−k〉= −4 i γ(k)Q(t)

�

2〈ũ†
kũk〉+ 1
�

− 2 i Γ 〈ũkũ−k〉 , (105)

and similarly for d-bosons by replacing u→ d. Using (100) we see that the only effect of Γ is
to change 〈ũkũ−k〉 by a phase factor exp(−2 i Γ t), which however does not affect expectation
values of spin operators. Hence we are free to set Γ = 0. We note that (104) and (105) imply
that |Q(t)| is constant in time, which ensures conservation of energy. The equation of motion
for its phase φ(t) is derived from

d
d t

Q(t)≡ iQ(t) φ̇(t) = iQ(t)

�

4J
L2

∑

k

�

γ(k)2
�

1+ 2 〈ũ†
kũk〉
��

�

. (106)

To solve the Heisenberg equations of motion we still need to specify an initial Gaussian state.
We choose the latter to be of the form

|ψi〉= C exp





1
4

∑

i∈A, j∈B

ηi j

�

u†
i u

†
j + d†

i d†
j

�



 |0〉 , (107)

27



SciPost Physics Submission

where |0〉 is the vacuum of bosons and ηi j := η(|x i − x j|) imposes spatial symmetries. Given
that Sγtot for γ= x , y, z commutes with u†

i u
†
j+d†

i d†
j and that every spin-operator annihilates the

vacuum of bosons, |ψi〉 is annhilated by all Sγtot, which ensures invariance under SU(2). We
choose the parameters ηi j such that the constraint is satisfied on average and that the initial
state is normalizable and possesses a finite correlation length ξi for spin-spin correlations. We
stress that by satisfying the constraint only on average the Gaussian state (107) is not a physical
state, but it is expected to generate a dynamics with features similar to those obtained starting
from physical singlet states or SU(2)-invariant density matrices with correlation length close to
ξi . At late times the system will thermalize at an effective temperature set by the energy density
in the initial state. Spin correlations in this thermal state can approximately be described by
SBMFT and will exhibit a finite correlation length ξ f . To clearly exhibit the growth of the
spin correlation length under time evolution we adjust the parameters ηi j in order to achieve
ξ f ≫ ξi . In practice, we consider non vanishing ηi j for the first seven consecutive classes
of nearest-neighbours (ηi for i = 1, ..., 7) and tune them to maximize the correlation length
growth.

Expectation values of operators that do not conserve total boson number exhibit persistent
oscillations at a frequency which is determined by the thermal value of φ̇(t) in (106). In
contrast, physical spin observables relax at late times, cf. (103)-(105). In Fig. 12a we show
results for the time evolution of the (equal-time) spin-spin correlation function 〈Si ·S j〉 in time-
dependent SBMFT, where i and j are taken to belong to different sub-lattices. As expected we
observe a light-cone effect [87,88], and at late times relaxation towards approximately thermal
values. It is well-understood that while a simple self-consistent time-dependent mean-field
approximation like the one employed here cannot correctly describe thermalization [59, 60,
62,63,89], it can describe relaxation to a steady state that is approximately thermal, see e.g.
Ref. [64].

In Fig. 12b we show the initial and late time PDF of the staggered magnetization in a
rectangular subsystem A with ℓ = 4× 40 total sites obtained by employing our FCS formula
(12) together with (6). This correctly shows the expected broadening arising from the increase
in correlation length over time. However, by comparison with the equilibrium Monte Carlo
results of Fig. 11, the shape of the distribution is seen to be still poor due to the heavy tails.

3.2 Takahashi’s modified spin-wave theory (MSWT)

A different approach to the problem of determining equilibrium properties of the 2D Heisen-
berg antiferromagnet in the disordered phase was proposed by Takahashi [90, 91]. This
method yields the same functional form (88) for the temperature dependence of the corre-
lation length. However, as we highlight below, it improves over the SBMFT results by giving
less weight to unphysical states. The first step is to employ a Dyson-Maleev (DM) representa-
tion of spin operators [92,93]

Sz
i = s− a†

i ai S−i = a†
i S+i = (2s− a†

i ai) ai i ∈ A

Sz
j = −s+ b†

j b j S−j = b j S+j = b†
j (2s− b†

j b j) j ∈ B ,
(108)

where ai and b j are bosonic annihilation operators and [ai , b j] = [ai , b†
j ] = 0. This gives the

following expression for the s = 1/2 Heisenberg Hamiltonian

H = J
∑

〈i, j〉

Si · S j =
J
2

∑

〈i, j〉

�

a†
i ai + b†

j b j + ai b j + a†
i b†

j − a†
i (ai + b†

j )
2 b j

�

−
J
2

L2 . (109)

Note that by construction the DM representation is non-Hermitian with respect to the standard
inner product and a constraint on the boson occupation is implicit. Alternatively, one can use
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Figure 12: SBMFT time evolution from an initial state of the form (107) with
η1 = 0.35, η2 = η3 ∼ 0.024, η4 ∼ 0.012, η5 = 0, η6 ∼ 0.008, η7 ∼ 0.015 (ξi ∼ 15,
ξ f (β ,µ) ∼ 200). a) Spin-spin correlation functions −〈Si · S j〉 (on different sublat-
tices) and comparison with the values obtained by a Gibbs ensemble with values of
β and µ set by the initial state (horizontal lines). b) Initial and late time PDF for the
staggered magnetization ΣA in a rectangular subsystem A of size ℓ = 4 × 40. The
black dashed line represent the physical thresholds on the eigenvalues of ΣA/ℓ.

a Holstein-Primakoff representation of spin operators and retain only terms involving at most
2n bosons in H, as done up to n = 2 in Section 2.1. This results in an approximation that we
refer to as “MSWT/HP2n” in the following.

The next step is to mean-field decouple the quartic interaction in (109) while ensuring a
disordered state with 〈Sγj 〉= 0 ∀γ. To obtain 〈Sz

j 〉= 0 Takahashi introduces a chemical poten-

tial term in the Hamiltonian that fixes the average occupation numbers 〈a†
i ai〉= 〈b

†
j b j〉= 1/2,

while the z-rotational invariance6 ensures 〈S x
j 〉= 〈S

y
j 〉= 0, together with

〈a†
i b j〉= 〈aiai′〉= 〈b j b j′〉= 0 ∀ i, i′ ∈ A, j, j′ ∈ B . (110)

Imposing 〈a†
i ai+q〉= 〈b

†
j b j+q〉 given the physical equivalence between the two sublattices and

〈ai b j〉 ∈ R to obtain an Hermitian theory results in the MSWT/DM Hamiltonian

HMF =− J∆
∑

〈i, j〉

�

a†
i ai + b†

j b j + ai b j + a†
i b†

j

�

−µ
∑

i∈A, j∈B

�

a†
i ai + b†

j b j

�

+ EMF

= −(4J∆+µ)
∑

k

�

ã†
k ãk + b̃†

k b̃k

�

− 4J∆
∑

k

γ(k)(ãk b̃−k + ã†
k b̃†
−k) + EMF ,

(111)

where ∆ ≡ 〈ai b j〉 ∈ R for i, j nearest neighbours, EMF is a constant and γ(k) is defined as in
(22). We note that MSWT/HP4 results formally in the same mean-field Hamiltonian (111) for
∆ ∈ R, cf. (21). We diagonalize (111) by a Bogoliubov transformation

ãk = coshθk α̃k − sinhθk β̃
†
−k b̃k = coshθk β̃k − sinhθk α̃

†
−k

tanh2θk ≡ ηγ(k) η≡
4J∆

4J∆+µ
,

(112)

thus obtaining

HMF =
∑

k

ϵk

�

α̃†
kα̃k + β̃

†
k β̃k

�

+ E0 ϵk = −(4J∆+µ)
Æ

1−η2γ(k)2 . (113)

6In terms of bosons, a rotation around the z-axis is obtained by a→ aeiφ , b→ be−iφ .
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Here we have |η| < 1 and (4J∆+ µ) < 0. In equilibrium at inverse temperature β the self-
consistency equations for ∆ and µ read

∆= −
1
L2

∑

k

ηγ(k)2
p

1−η2γ(k)2
(1+ 2nk) , 1=

1
L2

∑

k

(1+ 2nk)
p

1−η2γ(k)2
, (114)

where nk is a Bose occupation number for a mode of energy ϵk at inverse temperature β . Equa-
tions (114) have the same form of (97) and the same considerations regarding the existence
of non-trivial solutions and the possibility of promoting ∆ to a complex variable apply.

The mean-field theory derived in this way violates spin rotational symmetry as a result of
the particular choice of quantization axis. In order to address this issue Takahashi introduces
an explicit rotational averaging [91]. This involves the replacement of expectation values of
(products of) spin operators by explicitly spin rotationally invariant ones

〈Ψ|O|Ψ〉 → 〈Ψ|O|Ψ〉= 1
8π2

∫ π

0

dθ sinθ

∫ 2π

0

dφ

∫ 2π

0

dψ 〈Ψ|U† OU |Ψ〉 , (115)

where U is a general global SO(3) rotation

U(θ ,φ,ψ) = exp

�

iθ
∑

i

S y
i

�

exp

�

iφ
∑

i

Sz
i

�

exp

�

iψ n̂ ·
∑

i

Si

�

, (116)

and n̂ is the direction specified by the θ and φ angles. This prescription ensures that for any
SO(3) rotation V

〈Ψ|V † O V |Ψ〉= 〈Ψ|O|Ψ〉 , (117)

and for SU(2) singlet states |Ψ0〉

〈Ψ0|O|Ψ0〉= 〈Ψ0|O|Ψ0〉 . (118)

Some examples of this rotational averaging are

〈Ψ|Sαj |Ψ〉= 0 , 〈Ψ|Sαj Sγk |Ψ〉=
δα,γ

3
〈Ψ|S j · Sk|Ψ〉 ,

〈Ψ|(Sγi Sγj SγkSγ
ℓ
)|Ψ〉=

1
15
〈Ψ|
�

Si · S j

�

(Sk · Sℓ) + (Si · Sk)
�

S j · Sℓ
�

+ (Si · Sℓ)
�

S j · Sk

�

|Ψ〉 . (119)

3.2.1 PDFs in equilibrium

We start by considering the PDF for the occupation number ni = a†
i ai (the same will be true for

b j) in a thermal state at inverse temperature β as this provides a useful diagnostic for the role
of unphysical boson states that have been introduced by not treating the constraint exactly.
As for the case of the constraint in SBMFT, it is possible to obtain an analytical temperature-
independent expression

Pni
(n) =

∫ π

−π

dλ
2π

e−inλ 2
3− eiλ

. (120)

In Fig. 10b we plot Pni
(n) as a function of n. While there are significant deviations from the

exact PDF, the agreement is significantly better than for SBMFT. This is a first indication that
MSWT is a better approximation than SBMFT.

When considering PDFs of the staggered magnetizationΣA (without loss of generality along
the ẑ direction) in a subsystem A we encounter a drawback of modified spin-wave theory:
the rotational averaging precludes us from applying our FCS formula (12). This is because
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κ2/ℓ

β Monte Carlo MSWT/HP6 MSWT/DM SBMFT
1.59 1.32 1.56 1.59 2.38
2.22 2.19 2.51 2.71 3.89

Table 1: 2nd cumulant per site of the staggered magnetization ΣA in the disc-shape
subsystem A with ℓ = 80 sites in the various mean-field approximations and Monte
Carlo results from [20].

〈exp (iλΣA)〉 is not given by the expectation value of a Gaussian bosonic operator. We there-
fore proceed by computing the first few cumulants of the PDF by brute force, i.e. employing
Wick’s theorem. The first and third cumulants vanish identically as a result of the rotational
averaging. The second cumulant is given by

κ2 ≡ 〈Σ2
A 〉=

1
3

∑

i, j∈A
vi j 〈Si · S j〉 , (121)

where vi j is equal to 1 if i, j are both in the same sublattice and −1 otherwise. Expressing
the spin operators by the DM representation (108) and using (111) with the condition ∆ ∈ R
gives

κ2 =
1
3

�

2
∑

i,i′∈A

�

〈a†
i ai′〉2 +

1
2
δi,i′

�

+ 2
∑

i∈A, j∈B

〈ai b j〉2
�

i, i′, j ∈A . (122)

The same result is obtained by expressing the spins in terms of HP bosons and discarding
terms beyond quartic interactions. Thus κ2 is the same in MSWT/DM and MSWT/HP4. We

κ4/ℓ

β Monte Carlo MSWT/DM MSWT/HP4 SBMFT
1.59 −51.5 −42.0 243.0 748.2
2.22 −240.2 −427.7 −60.8 2059.9

Table 2: 4th cumulant per site of the staggered magnetization ΣA in the disc-shape
subsystem A of ℓ= 80 sites.

explicitly computed κ2 for the disc-shape subsystemA of ℓ= 80 sites and the two temperatures
Jβ = 1.59, 2.22 already considered above. In Table 1 we report values from MSWT/DM as
well as the next order in the HP expansion (MSWT/HP6), obtained by including and mean-
field decoupling sextic interactions in the Hamiltonian and taking into account sextic terms
arising in (121). We further report the results of Monte-Carlo simulations [20] and the SBMFT
approach considered above. We see that the MSWT results are in fair agreement with Monte-
Carlo simulations, in contrast to SBMFT.

The 4th cumulant of ΣA is given by

κ4 ≡ 〈Σ4
A〉 − 3κ2

2 , (123)

and its evaluation requires Wick decompising a fairly large number of terms, as evident from
(119). We thus limit the evaluation of κ4 to the cases of MSWT/DM and MSWT/HP4, for
which we obtain the two different results reported in Table 2, together with the corresponding
4th cumulants from the Monte Carlo simulations and SBMFT. We see that MSWT/DM is better
than MSWT/HP4 in this case, and that both are better than SBMFT.

31



SciPost Physics Submission

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

0

0.2

0.4

0.6

0.8

1

1.2

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

0

0.2

0.4

0.6

0.8

1

1.2

Figure 13: MSWT/DM approximate characteristic functions from (125) in the disc-
shape subsystem A with ℓ= 80 sites and comparison with χA(λ) extracted from the
full Monte Carlo PDFs. a) β = 1.59. b) β = 2.22.

The cumulants κn are related to the characteristic function by

χA(λ) = exp

�∞
∑

n=1

κn
(iλ)n

n!

�

. (124)

In order to compare with the Monte Carlo simulations of [20] we construct approximate PDFs
using our results for the first 4 cumulants and neglecting all κn>4 by

χA(λ)≈ exp
�

−
1
2
κ2λ

2 +
1

24
κ4λ

4
�

. (125)

As shown in Fig. 13 the MSWT/DM approximation is in fairly good agreement with the Monte-
Carlo results. The approximate PDFs7 generated by integrating (125) are shown in Fig. 14,
with κ2, κ4 from MSWT/DM or extracted directly from the Monte Carlo results. The agreement
with the full Monte Carlo PDFs is significantly better than in the SBMFT case. We note that
the approximate construction of PDFs just presented works only under the condition κ4 < 0
and thus cannot be applied to MSWT/HP4 at β = 1.59, cf. Table 2.

3.2.2 Non-equilibrium dynamics in MSWT

We now generalize MSWT to non-equilibrium dynamics. We consider the same class of quan-
tum quenches as in Section 3.1.2 above. Given that the DM Hamiltonian (109) is non-Hermitian
we define the Heisenberg-picture time evolution from an initial state |ψi〉 following [94]

〈ψi|eiH t O e−iH t |ψi〉 . (126)

Applying the normal ordering prescription of Appendix A to (126) leads to the following time-
dependent mean-field Hamiltonian

HMF(t) = −4 J
∑

k

�

∆(t) ã†
k ãk +∆(t) b̃†

k b̃k

�

− 4J
∑

k

γ(k)
�

∆(t) ãk b̃−k +∆(t) ã
†
k b̃†
−k

�

+ EMF(t) . (127)

7The PDFs obtained assuming κn = 0 for n > 4 contain in general some negative values and are not properly
normalized, but these effects are negligible in the examples considered.
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Figure 14: Staggered magnetization PDFs in the disc-shape subsystem A with ℓ= 80
sites as reconstructed from 2nd and 4th cumulants using (125), and comparison with
full Monte Carlo PDFs. a) β = 1.59 with κ2, κ4 extracted from full Monte Carlo PDFs.
b) β = 1.59 with κ2, κ4 from MSWT/DM. c) β = 2.22 with κ2, κ4 extracted from
full Monte Carlo PDFs. d) β = 2.22 with κ2, κ4 from MSWT/DM.

Here we have defined two complex mean fields by

〈O〉t := 〈ψi|UM F (t)
−1 O UM F (t)|ψi〉 , UMF(t) = T

�

e−
∫ t

0 ds HMF(s)
�

,

∆(t) = 〈ai b j〉t , ∆(t) = 〈a†
i b†

j 〉t , i, j nearest neighbours. (128)

In deriving the expression (127) we have already made use of 〈a†
i ai〉t = 〈b

†
i bi〉t = 1/2 ∀t.

Indeed, like in the time-dependent SBMFT, there is no need to introduce a Lagrange multiplier
to impose the average constraint at all times, as it is automatically satisfied if we start from
an initial state in which it holds. The EOMs for the momentum space space 2-point functions
derived from (127), (128) are

d
d t
〈ãk b̃−k〉t = i4J

�

(∆+∆)〈ãk b̃−k〉t +∆γ(k)
�

〈ã†
k ãk〉t + 〈b̃

†
−k b̃−k〉t + 1
��

,

d
d t
〈ã†

k b̃†
−k〉t = −i4J
�

(∆+∆)〈ã†
k b̃†
−k〉t +∆γ(k)
�

〈ã†
k ãk〉t + 〈b̃

†
−k b̃−k〉t + 1
��

,

d
d t
〈ã†

k ãk〉t = i4Jγ(k)
�

∆〈ã†
k b̃†
−k〉t −∆〈ãk b̃−k〉t

�

=
d
d t
〈b̃†
−k b̃−k〉t . (129)

The structure of (129) ensures that the initial conditions ∆(0) =∆(0)∗, 〈ãk b̃−k〉∗0 = 〈ã
†
k b̃†
−k〉0

and 〈ã†
k ãk〉0, 〈b̃†

k b̃k〉0 ∈ R remain valid at all times. Thus at the level of 2-point functions8,
the non-Hermitian time evolution defined by (128) preserves the relations expected from an

8This is in contrast to the EOMs for 1-point functions, which expose the non-unitary nature of UMF(t) in (128).
However, all 1-point functions vanish due to the z-rotational invariance of the DM and HP4 Hamiltonian.
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Hermitian theory. Indeed, one can verify that by starting from the Hermitian HP4 Hamiltonian
and performing the usual SCTDMFT decoupling of Appendix A, one arrives exactly at the EOMs
(129) with the identification ∆(t)≡∆∗(t).

From (129) we easily derive that |∆| is a conserved quantity, and this ensures conservation
of energy. The equation of motion for the phase φ of ∆ is

dφ
d t
= 8 J

�

Re(∆) +
1
L2

∑

k

γ(k)2
�

〈ã†
k ãk〉+ 〈b̃

†
−k b̃−k〉+ 1
�

�

. (130)

The initial state is determined similarly to the SBMFT case. By requiring it to respect the ẑ
rotational invariance and the spatial symmetries of the Hamiltonian, we are constrained to the
functional form

|ψi〉= C exp



−
1
2

∑

i∈A, j∈B

ηi ja
†
i b†

j



 |0〉 , (131)

where |0〉 is the vacuum of bosons and ηi j := η(|x i − x j|) in order to enforce the spatial
symmetries. We note that even though (131) breaks SU(2) invariance, the latter is recovered
after applying the averaging procedure (115). The ηi j are chosen by requiring the state to
be normalizable, to possess an average bosonic occupation on a site equal to 1/2 and to have
initial energy density low enough to ensure ξi ≪ ξ f , where ξi , ξ f are respectively the initial
and final correlations lengths. As before, we have considered as non-vanishing only the first
seven consecutive classes of nearest neighbours ηi i = 1, ..., 7.

An important difference compared to the time-evolution in SBMFT is that here all bosonic
operators relax at late times, as can be seen e.g. in the inset in Fig. 16, which shows relaxation
of the imaginary part of the anomalous correlator∆= 〈ai b j〉with i, j nearest-neighbours. This
is expected because 〈ai b j〉 represents the leading order in the 1/s-expansion of the two-point
function of spins 〈S+i S−j 〉, which must relax at late times. In Fig. 15 we plot the time evolu-
tion, starting from (131), of SU(2)-invariant 2-point functions of spins and their approximate
thermalization. Note that expressing the operators Si · S j in terms of bosons and using Wick’s
contractions to compute their expectation value in the SCTDMFT yields identical results for the
DM and HP representations. The same is not true for 2n-point spin-functions with n ≥ 2. As
expected, correlators between spins on different sublattices possess antiferromagnetic nature,
as opposed to those within the same sublattice. Fig.16 proves that the time evolution for the
2-point spin functions agrees in functional form with the Lieb-Robinson bound for correlation
functions [87,88].

3.2.3 Non-equilibrium FCS in MSWT

In Fig. 17 we show the DM time evolution, starting in two different initial states, of the 2nd and
4th cumulant of the staggered magnetization in a square subsystem A with ℓ= 30× 30 sites.
We compare the late time values with the DM thermal values at appropriate β and µ. The DM
time evolution of the 2nd cumulant coincides with the HP4 result, but this is not true for the
4th cumulant. We have determined the HP4 time evolution of the 4th cumulant and noticed
that it results in a poorer agreement between stationary values and thermal ones. This is
perhaps not surprising given that HP4 represents a truncation of the exact HP mapping, while
the DM mapping requires no truncation. One may expect that considering higher truncations
HP2n with n ≥ 3 would lead to results closer to DM. As seen in Fig. 17 both the 2nd and 4th
cumulants increase in absolute value after the quench. This is a consequence of the fact that
the final correlation length is larger than the initial one and thus antiferromagnetic correlations
grow in strength. We also notice that the agreement between stationary values and thermal
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Figure 15: Time evolution of 2-point spin correlation functions in MSWT/DM–HP4
starting from the initial state (131) with η1 = 0.35, η2 = η3 ∼ 0.024, η4 ∼ 0.012,
η5 = 0, η6 ∼ 0.008, η7 ∼ 0.015 (ξi ∼ 20, ξ f (β ,µ) ∼ 200), and comparison with
thermal values at appropriate β and µ. a) Same sublattice. b) Different sublattices.
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Figure 16: Light cone effect in MSWT/DM–HP4 time-evolution as seen from the spin-
spin correlation functions and exponential fit a ·exp (−(L − 2vt)/b) predicted by the
Lieb-Robinson bound. Inset: relaxation of Im(∆) at late times. Same initial state of
Fig. 15.

ones is better for the quench possessing a larger final correlation length. This is expected as
by construction MSWT works better at low energy densities.

Given that κ4 < 0 during the whole time evolution, we can generate approximate PDFs
obtained from the knowledge of κ2 and κ4 as discussed before. Results are shown in Fig. 18.
As expected the PDFs broaden in time and eventually approach the appropriate thermal values.
The agreement with the latter is better the smaller the energy density is. Moreover, the shapes
of the approximate PDFs are closer to what one might expect after a quench in which the
correlation length strongly increases than those obtained in SBMFT.

4 Summary and Conclusions

In this work we have considered the problem of computing the quantum mechanical PDFs of
observables defined on subsystems in lattice models of quantum spins both in thermal equilib-
rium and after global quantum quenches. We have focused on situations in which the physi-
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Figure 17: Time evolution of DM cumulants starting from the state |ψ1〉 specified by
the ηi of Fig. 15 and the state |ψ2〉 specified by η1 ∼ 0.386, η2 ∼ 0.017, η3 ∼ 0.012,
η4 ∼ 0.007, η5 ∼ 0.001, η6 ∼ 0.0, η7 ∼ 0.025 (ξi ∼ 10, ξ f (β ,µ) ∼ 45). The
subsystem A is a square with ℓ = 30× 30 sites. Comparison with thermal values is
shown. a) 2nd cumulant κ2(t). b) 4th cumulant κ4(t).

cal properties are well described by Gaussian fluctuations around some appropriately defined
mean fields. In situations characterised by the presence of magnetic order we have employed
the Holstein-Primakoff representation of spin operators in conjunction with a self-consistent
time-dependent mean-field approximation. In absence of magnetic order we have instead used
non-equilibrium versions of Schwinger-boson mean field theory and Takahashi’s modified spin-
wave theory based on the Dyson-Maleev representation, to obtain Gaussian approximations of
the spin dynamics. We then determined the PDFs of the subsystem (staggered) magnetizations
in the framework of these Gaussian theories. This was achieved by means of the determinant
representation (12) for the corresponding characteristic functions, which provides an efficient
way for computing the PDFs numerically. Our main findings are as follows. (i) In the ordered
phase in equilibrium of the antiferromagnetic Heisenberg model (T = 0 in d = 2 and T < Tc in
d = 3) the PDF of the subsystem order parameter at intermediate subsystem sizes is strongly
skewed and can be reasonably well fitted to extreme value distributions. The time evolution of
the subsystem order parameter in the 3D Heisenberg model after a quench from a Néel-ordered
state at an energy density below the one corresponding to Tc relaxes to the thermal value in an
oscillating fashion, as shown in e.g. Fig. 5a, 5b. A characteristic feature of these quenches is
that the direction of the order parameter is fixed throughout the time evolution. (ii) In order to
investigate situations where the direction of the order parameter changes during the thermal-
ization process after a quantum quench we have considered the transverse-field spin-s Ising
chain with long-range interactions, which ensure the existence of long-range magnetic order
at low energy densities even though the model is one dimensional. We have shown that the
dynamics after quenches from initial states characterised by order parameters at small angles
(θ0,φ0) relative to the order parameter in the stationary states reached at late times can be
obtained by a standard self-consistent time-dependent mean field (Gaussian) approximation,
even if s is small. In order to address the case of large (θ0,φ0) we have considered spin-
wave expansions in a time-dependent frame along the lines of Refs [78, 79]. We have shown
that these are quantitatively accurate only for large s and sufficiently short times, and under
these restrictions we have computed the time evolution of the subsystem order parameter af-
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Figure 18: Approximate PDFs of ΣA constructed from the DM 2nd and 4th cumu-
lants at different times, in the time evolution from initial state specified by the ηi of
Fig. 15. The subsystem A is the 30×30 square of Fig. 17. Comparison with the PDF
constructed from the DM thermal κ2 and κ4 is shown.

ter a quantum quench. (iii) Finally, we have considered the case of the 2D antiferromagnetic
Heisenberg model at finite temperature and after quantum quenches. As long-range magnetic
order is absent in these cases we have resorted to Schwinger-boson mean field theory and
Takahashi’s modified spin-wave theory in order to obtain Gaussian approximations in terms of
lattice bosons. We found that modified spin-wave theory appears to provide a more accurate
approximation both in thermal equilibrium and after quantum quenches. In the quenches we
consider, the correlation length grows in time and the PDF of the staggered magnetization
becomes flatter.

Overall, the PDFs of subsystem (staggered) magnetizations in the Heisenberg and Ising
models we investigated exhibit rich behaviours after quantum quenches. It would be interest-
ing to investigate these experimentally, e.g. in the setup of [9].
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A Self-consistent time-dependent mean-field theory (SCTDMFT)

Consider a generic many-body Hamiltonian H written in terms of bosonic creation and annihi-
lation operators a† = (a†

1, . . . , a†
n, a1, . . . , an). We are interested in studying the time evolution

of a Gaussian bosonic state |ψ(0)〉 under H. In general, the presence of interacting terms in
the Hamiltonian turn |ψ(t)〉 into an entangled non-Gaussian state at any t > 0, and no exact
solution for the dynamics can be determined. To approximately derive the time evolution we
employ a self-consistent time-dependent mean-field theory (SCTDMFT) approach [30,53–65],
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where H is replaced with a quadratic time-dependent Hamiltonian HMF(t) that preserves the
Gaussianity of the state

|ψMF(t)〉= UMF(t)|ψ(0)〉= T
�

exp

�

−i

∫ t

0

d t ′HMF(t
′)

��

|ψ(0)〉 . (132)

Given the Gaussian nature of |ψ(t)〉MF it can be written in the form

|ψMF(t)〉=Q(t)|0〉 Q(t) = C exp
�

1
2

a†Λ(t)a+λ(t) · a
�

, (133)

where |0〉 is the boson vacuum. This shows that |ψMF(t)〉 is a “vacuum” for the operators

di(t) =Q(t) ai Q(t)−1 . (134)

Given the form of Q(t), di(t) is a linear combination of operators a, a†, plus a constant. This
also implies [di(t), d j(t)] = 0, [di(t), d†

j (t)] ∈ C. Inverting (134) we get

ai = Mi j(t) d j(t) + Ni j(t) d
†
j (t) + 〈ψMF(t)| ai |ψMF(t)〉 , (135)

where M , N are matrices. We can now express H as a function of the d(t) bosons and apply
Wick’s theorem to efficiently write H only in terms of normal ordered operators with respect
to |ψMF(t)〉. We split the result of this operation in the two contributions

H = N[H≥3(t)] +HMF(t) , (136)

where H≥3(t) indicates terms in H that contain 3 or more d(t), d†(t) and N is the normal
ordering operator. Equations (132) and (136) self-consistently define HMF(t), which generally
takes a simple form when re-expressed back in terms of a, a† and their 1 and 2-point functions.
Using normal ordering arguments, it is easy to see from (136) that

1. Energy is conserved in the sense that

d
d t
〈ψMF(t)|H |ψMF(t)〉= i〈ψMF(t)| [HMF(t), H] |ψMF(t)〉= 0 . (137)

2. The equations of motion (EOMs) of 1 and 2-point functions of bosons, from which every
expectation value can be obtained by Wick’s contractions, are given by

d
d t
〈ψMF(t)|O |ψMF(t)〉= i〈ψMF(t)|[HMF(t), O]|ψMF(t)〉= i〈ψMF(t)|[H, O]|ψMF(t)〉 ,

(138)
where O contains one or two a, a† operators. The last equality makes apparent that the
SCTDMFT truncates the infinite BBGKY hierarchy of EOMs [56,59,60] by considering the
expectation value of the exact term [H, O] over a Gaussian state. This allows to express
the result only in terms of Wick’s contractions, thus closing the otherwise infinite set of
coupled differential equations in the hierarchy.

Importantly, there always is an early time window in which the SCTDMFT is expected to be
quantitatively accurate. This follows from the fact that the EOMs in (138) neglect the con-
tribution of connected n-point functions of bosons for n > 2, which however vanish at t = 0
because |ψ(0)〉 is Gaussian. In many cases of interest, like when interaction strengths are
small, the growth of the connected n-point functions is expected to be slow and the SCTDMFT
is quantitatively accurate up to parametrically large times.
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B Truncation of the equations of motion hierarchy in the rotating
frame

In Section 2.3 the truncation of the BBGKY hierarchy of EOMs in a large class of spin-models
was performed in terms of bosonic HP variables by employing the SCTDMFT. In Section 2.3.6
we have explicitly applied this method to the case of the long-range transverse field Ising
chain (LRTFIC). In this appendix we describe an alternative approximate description of the
time-evolution in the LRTFIC, which can can be straightforwardly generalized to the whole
class of models of Section 2.3. The basic requirement is to consider only initial states that
exhibit vanishing or very small connected correlations functions of spins.

Our starting point is the rotating-frame formalism of Section 2.3 based on the Hamiltonian
h̃(t) of (62) and the requirement (64) which defines the rotation angles θ (t) and φ(t). Here
we discuss directly the more general non-translationally invariant case and thus write the
LRTFIC h̃(t) as

h̃(t) =−
1
2 s

∑

i, j

∑

µ,ν

Ji j Rxµ
i (t)R

xν
j (t)σ

µ
0,i σ

ν
0, j

−
∑

i

∑

µ

�

hi + φ̇i(t)
�

Rzµ
i (t)σ

µ
0,i −
∑

i

θ̇i(t)σ
y
0,i ,

(139)

where Ji j have been defined in (34). The site-dependence of the angles θ , φ and of the matrix
R is absent in presence of translational invariance. In the following we use notations such that
〈O 〉 denotes the expectation value of an operator O in the state |ψ̃(t)〉 = Ũ(t)|ψi〉 defined in
(63). The equation of motion for the one- and two-point functions of spins are

d
d t

¬

σα0,i

¶

=
∑

j

∑

ν,γ

Tνγi j (α)
¬

σ
γ
0,iσ

ν
0, j +σ

ν
0, jσ

γ
0,i

¶

+
∑

γ

Pγi (α)
¬

σ
γ
0,i

¶

(140)

d
d t

¬

σα0,iσ
β
0, j

¶

= i
¬

σα0,i

�

h̃(t),σβ0, j

�¶

+ i
¬�

h̃(t),σα0,i

�

σ
β
0, j

¶

, (141)

where

Tνγi j (α)≡
1
2 s

Ji j

∑

µ

Rxµ
i Rxν

j ϵµαγ Pγi (α)≡
�

hi + φ̇i

�

∑

µ

Rzµ
i ϵµαγ + θ̇i ϵyαγ . (142)

The right-hand side of (141) involves 3-point spin correlation functions. In order to obtain a
closed system of equations we assume that the connected part of 3-point functions vanishes at
all times, so that



σα0,iσ
β
0, jσ

γ

0,ℓ

�

→



σα0,i

�


σ
β
0, jσ

γ

0,ℓ

�

c +



σ
β
0, j

�


σα0,iσ
γ

0,ℓ

�

c +



σ
γ

0ℓ

�


σα0,iσ
β
0, j

�

c

+



σα0,i

�


σ
β
0, j

�


σ
γ

0,ℓ

�

, (143)

where 〈.〉c denotes a connected correlator. We then impose 〈σx
i 〉= 〈σ

y
i 〉= 0 by appropriately

choosing the rotation angles θi and φi and thus remain with a closed system of coupled ODEs
for the variables θi ,φi , 〈σz

i 〉 and all the 2-point functions 〈σαi σ
β
j 〉. The main advantage of trun-

cating the BBGKY hierarchy in the rotating frame lies in the fact that the only non-vanishing
1-point function is 〈σz

i 〉 and this greatly simplifies the decomposition on the right-hand side of
(143). Furthermore, numerical tests using exact diagonalization in the fully connected TFIC
suggest that connected correlation functions of the rotated-frame variables σαt,i overall grow
slower in time than the connected functions in the fixed-frame spin variables Sαi .
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Figure 19: Fully connected TFIC time-evolution: comparison of exact results (Sec-
tion 2.3.6) with the Cubic II (Section 2.3.6) and EOMs truncation in spin-space (this
Appendix) approaches. a) Time evolution of 〈

∑

j S x
j 〉/W . b) Time evolution of 〈a†a〉.

In the specific case of the fully-connected TFIC the approximation just derived naturally
acquires a control parameter9, namely the total number of sites, due to the fact that in the
thermodynamic limit the model results in a classical evolution whenever starting from a fully
ordered state. In Fig. 19 we plot the result of this method applied to the case of the fully-
connected TFIC with finite sizes. Comparison with the exact result and the Cubic II approach
from Fig. 8 of Section 2.3.6 show that the EOMs truncation in spin-space yields results which
are even slightly better than Cubic II.

C Derivation of the characteristic function formula

In this appendix we derive equation (12) for the characteristic function

χ(λ) = Tr [ρ exp (iλR)] , (144)

where ρ is a Gaussian density matrix

ρ =
1
Z

exp
�

1
2

a†W a+ w † · a
�

, W =W †, w † = w TΣx . (145)

Here the normalization Z enforces Tr[ρ] = 1 and W is restricted to be negative definite. The
definition (7) of the vector a always allows to choose W such that

ΣxWΣx =W T . (146)

The 1-point functions and the correlation matrix ∆ in this Gaussian state are [69,95]

ω= Tr [ρ a] = −W−1w ,

∆= Tr
�

ρ (a−ω)(a† −ω†)
�

−
1
2
Σz = −

1
2

coth
�

1
2
Σz W
�

Σz , (147)

where ∆ = ∆† is positive definite. For the quadratic observable R we consider the general
class

R=
1
2

a†Ga+ g † · a, G = G†, g † = g TΣx , Det(G) ̸= 0 . (148)

Similarly to (146) we choose without loss of generality Σx GΣx = GT . We will consider the
special case Det(G) = 0 at the end of this appendix.

9Even for small values of s.
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We start by defining displacement operators Dβ associated with vectors of complex con-
stants β

Dβ ≡ exp
�

a†Σzβ
�

, D−1
β = D†

β
, (149)

which have the following properties

D−1
β ai Dβ = ai +β i , DβDτ = Dβ+τ exp

�

−
1
2
β†Σzτ

�

. (150)

The displacement operators are a complete orthogonal set on the space of bounded operators
[69]. For operators O such that Tr

�

O Dβ
�

is well defined this translates into

O =
1
πℓ

∫

d2β Tr
�

O Dβ
�

D†
β

Tr
�

Dτ Dβ
�

= πℓδ2ℓ (τ+β) , (151)

where d2β =
∏ℓ

i=1 dRe(βi) dIm(βi). We can use this to express the characteristic function in
the form

χ(λ) =
�

1
πℓ

�2
∫

d2β

∫

d2τ Tr
�

ρ Dβ
�

Tr
�

exp (iλR) Dτ
�

Tr
�

D†
β

D†
τ

�

=
1
πℓ

∫

d2β Tr
�

ρ Dβ
�

Tr
�

exp (iλR)D−β
�

. (152)

The first factor is known, see e.g. [69],

Tr
�

ρ Dβ
�

= exp
�

−
1
2
β†Σz∆Σzβ +ω†Σzβ

�

, (153)

where ∆ and ω are defined in (147). This reduces the problem to determining the second
factor, which is of the form

f (β , H, h) = Tr
�

ei( 1
2 a†Ha+h†·a) Dβ
�

, (154)

where H, h have absorbed the λ factor in front of G, g . Shifting the boson operators by a
constant s = −H−1h gives

f (β , H, h) = exp
�

−i
1
2

h† H−1h− h† H−1Σzβ

�

f (β , H, 0) . (155)

We can now use a splitting formula derived in Appendix D to write the second factor as

f (β , H, 0) = Tr
�

ei
�

1
2 a† Ha+A†·a
�

�

exp
�

iB
�

,

A† =
�

−β†Σz
�

[exp (iΣzH)− I]−1 (ΣzH) ,

B =
1
2

�

A†H−1
�

[H −Σz sin (ΣzH)]
�

H−1A
�

. (156)

Noting that A retains the symmetry A† = ATΣx of β we can perform a final shift to a new set
of canonical bosons b

Tr
�

ei
�

1
2 a† Ha+A†·a
�

�

= e−
i
2 A†H−1A Tr
�

e
i
2 b† Hb
�

. (157)

Putting everything together we obtain

f (β , H, h) = ZG exp
�

−
1
2
β†Σz∆GΣ

zβ +ω†
GΣ

zβ

�

, (158)
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where

ωG = −G−1g , ∆G(λ) = −
1
2

coth
�

iλ
1
2
ΣzG
�

Σz ,

ZG(λ) = exp
�

−iλ
1
2

g † G−1g
�

Tr
�

eiλ 1
2 b† G b
�

. (159)

The first complication in evaluating the trace in ZG(λ) is that in general b† G b cannot be
diagonalized by a transformation to canonical bosons. In Appendix D we review how to diag-
onalize these generic quadratic forms by introducing a set of “almost canonical” bosons, which
provide us with a generic formula to calculate the trace needed. The second complication is
that the trace in ZG(λ) is in general not well defined. However, we know from Section 1.1 that
χ(λ) is bounded and well-defined for any R, given the presence of the physical density matrix
ρ. This allows one to introduce an infinitesimal regularization when evaluating ZG(λ). The
result follows directly from the trace formula of Appendix D and is given by

ZG(λ) = exp
�

−iλ
1
2

g † G−1g
�

Det
�

2Σz sinh
�

−iλ
1
2
ΣzG
��−1/2

. (160)

Substituting (153) and the expression (158) for f (−β ,λG,λg ) back into (152) we obtain

χ(λ) = ZG
1
πℓ

∫

d2β exp
�

−
1
2
β†Σz (∆+∆G)Σ

zβ +
�

ω† −ω†
G

�

Σzβ

�

=

=
ZG
p

Det (∆+∆G)
exp
�

−
1
2

�

ω† −ω†
G

� �

∆+∆G

�−1�
ω−ωG

�

�

,
(161)

which is the result (12) stated in the main text. The last equality follows from standard Gaus-
sian integrals [69] when we transform the integration from complex to real variables z by

β = S z S ≡
1
p

2

�

Iℓ×ℓ i Iℓ×ℓ
Iℓ×ℓ −i Iℓ×ℓ

�

=
�

S†
�−1

. (162)

The convergence of the integral for any choice of the Hermitian matrix G in (148) is a con-
sequence of the fact that S† (∆+∆G)S is a complex symmetric matrix with positive-definite
real part10.

So far we have assumed that G is invertible. If G is singular we introduce a regulator ϵ
such that det(Gϵ) ̸= 0. We then replace

(∆+∆Gϵ)
−1 = −iλGϵ + Gϵ MGϵ Gϵ , (163)

where MGϵ is non-singular in the limit ϵ→ 0. Given that

Σz sinh
�

−iλ
1
2
ΣzGϵ

�

= Gϵ LGϵ LGϵ non-singular for ϵ→ 0 , (164)

one can easily verify that all terms formally ill-defined in (161) for ϵ→ 0 exactly cancel.
Some comments are in order:

1. Equation (161) generalizes the analogous formula for the trace of the product of two
physical Gaussian density matrices ρ1 and ρ2 specified by Hermitian negative-definite
matrices [69,97–99].

10The positive-definiteness of the real part ensures convergence and the formula can be proved for complex
matrices by analytic continuation from the real matrices formula [96]
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2. A result similar to (161) has been derived in [100] for the specific case R =
∑

i a†
i ai ,

by employing coherent states to replace the evaluation of the trace in (144) with two
Gaussian integrals. In order to handle the general case with the method of [100] one
needs to first work out the decomposition

exp (iλR) = exp
�

a†
i Ai ja

†
j

�

exp
�

a†
i Bi ja j

�

exp
�

aiCi ja j

�

exp
�

Diai + D̃ja
†
j

�

. (165)

This can be done with the algebraic methods presented in Appendix D.

3. A result similar to (161) in the case of specific observables relevant for the Gaussian
boson sampling problem has been derived in [101].

D Diagonalisation of quadratic forms of bosons and splitting for-
mulas

We recall the notations

Σx =

�

0 Iℓ×ℓ
Iℓ×ℓ 0

�

, Σy = i

�

0 −Iℓ×ℓ
Iℓ×ℓ 0

�

, Σz =

�

Iℓ×ℓ 0
0 −Iℓ×ℓ

�

. (166)

Arranging the boson operators in a vector a† = {a†
1, . . . , a†

ℓ
, a1, . . . , aℓ} we have

�

ai , a†
j

�

= Σz
i, j . (167)

Consider now a quadratic form

a†W a , ΣxW TΣx =W , ΣzW diagonalizable , (168)

where the second identity can be enforced without loss of generality due to the definition of
a. As the bilinear form (168) generally cannot be diagonalized by a canonical transformation
we follow [102] and consider left and right eigenvectors of ΣzW such that

ΣzWRa = EaRa , L†
aΣ

zW = EaL†
a , L†

a ·Rb = δa,b , ΣzW =
2ℓ
∑

a=1

EaRaL†
a . (169)

By virtue of the second identity in (168) the complex eigenvalues come in pairs (Ea,−Ea) and
we can choose without loss of generality

Eℓ+ j = −E j , D ≡ diag(E1, . . . , Eℓ,−E1, . . . ,−Eℓ) . (170)

We now define operators

γ j = (L
†
j )k ak , γ j = a†

nΣ
z
n,p(Rk)pΣ

z
k, j , (171)

where the arrangement of eigenvalues in (170) implies

γ j = γ j+ℓ := γ j , γ j+ℓ = γ j := γ j , j = 1, . . . ,ℓ. (172)

It is easy to check that they fulfil bosonic commutation relations
�

γi ,γ j

�

= Σz
i, j , (173)
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and that they bring (168) to a very convenient normal form

a†W a = γDΣzγ= 2
ℓ
∑

i=1

Ei

�

γi γi +
1
2

�

. (174)

If W = W † and all eigenvalues of ΣzW are real one can choose γ†
i = γi

11 [102]. A sufficient
condition for this is requiring a positive or negative definite W [103]. The transformation
(171) can alternatively be expressed in the form

Fa j F
−1 = γ j , F = e

1
2 a†Aa
�

e−Σ
zA
�

j,k = (L
†
j )k . (175)

Given the bosonic Fock states

|n〉=
1
p

n1!n2! . . . nℓ!
(a†

1)
n1 . . . (a†

ℓ
)nℓ |0〉 , (176)

we now construct left and right Fock states as follows

|n〉R ≡ F |n〉=
1
p

n1!n2! . . . nℓ!
(γ1)

n1 . . . (γℓ)
nℓ |0〉R ,

L〈n| ≡ 〈n|F−1 = L〈0|(γ1)
n1 . . . (γℓ)

nℓ 1
p

n1!n2! . . . nℓ!
. (177)

Here the left and right vacua respectively fulfil

γ j|0〉R = 0= L〈0|γ j , j = 1, . . . ,ℓ , (178)

and by construction we have

L〈n|m〉R =
ℓ
∏

j=1

δn j ,m j
, γmγm|n〉R = nm|n〉R . (179)

The left and right Fock states can be used to compute traces as follows

Tr[O] = Tr[F−1OF] =
∑

n

〈n| F−1 O F |n〉=
∑

n
L〈n|O |n〉R . (180)

Combining (174) with (180) and (179) we have

Tr
�

exp
�

1
2

a†W a
��

=
∑

n
L〈n|exp

�

ℓ
∑

i=1

Ei

�

γi γi +
1
2

�

�

|n〉R =
∑

n

exp

�

ℓ
∑

i=1

Ei

�

ni +
1
2

�

�

.

(181)

Assuming Re(Ei)< 0 ∀ i the sum over the ni ’s converges to

Tr
�

exp
�

1
2

a†W a
��

=
ℓ
∏

i=1

1
e−Ei/2 − eEi/2

= Det
�

Σz
�

e−
1
2Σ

zW − e
1
2Σ

zW
��−1/2

. (182)

In the above discussion we have implicitly assumed that the states |0〉R and |0〉L are well-
defined in the sense that they have a regular expansion in the original basis states |n〉. We
have

|0〉R = F |0〉= CR exp
�

MR
i j a†

i a†
j

�

|0〉 |0〉L =
�

F−1
�† |0〉= CL exp
�

M L
i j a†

i a†
j

�

|0〉 , (183)

11To achieve this the additional freedom in choosing the overall sign within a pair ±(|Ea|,−|Ea|) must be used.
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where MR and M L are matrices derived from the A in (175) and CR, C L ∈ C. These states are
well-defined and normalizable only if all singular values σR

i , σL
i of MR and M L are bounded

by σR
i < 1, σL

i < 1 [104]. We note that in many cases these inequalities can be satisfied by
using the freedom in the arrangement of the eigenvalues in (170), namely the signs in the
definitions of the pairs (±|Ea|,∓|Ea|). The trace formula (181) is only valid when a choice of
the pairs signs exists such to satisfy σR,L

i < 1 ∀ i = 1, . . . ,ℓ.
The diagonalization just introduced allows us to easily prove a splitting formula which is

used in Appendix C. Given a matrix H that satisfies12 H = Σx HTΣx and a generic vector h the
following decompositions hold

exp
�

1
2

a†Ha+ h† · a
�

= exp [CL]exp
�

h†
L · a
�

exp
�

1
2

a†Ha
�

= exp
�

1
2

a†Ha
�

exp
�

h†
R · a
�

exp [CR] , (184)

where

h†
R,L = ±h† (ΣzH)−1 [exp (±ΣzH)− I] ,

CR = CL = −
1
2

h†H−1
�

H −Σz sinh (ΣzH)
��

H−1Σx(h†)T
�

. (185)

To prove this we start by diagonalizing the quadratic form that appears on the right-hand side
of (184) by the transformation to γ, γ operators. By calling Q the matrix whose columns are
the right-eigenvectors Ra of (169) we obtain

exp
�

1
2

a†Ha
�

exp
�

h†
R · a
�

= exp
�

1
2
γE γ
�

exp
�
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R Qγ
�
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i=1

exp
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Ei

2

�

exp
�

Eiγiγi

�

exp
�

giγi + fiγi

�

, (186)

where Ei = Eii = Ei+ℓ,i+ℓ = Ei+ℓ, gi ≡ (h
†
R Q)i , fi ≡ (h

†
R Q)(i+ℓ) for i = 1, . . . ,ℓ. We now aim to

apply the Baker-Campbell-Hausdorff (BCH) formula to the individual factors on the r.h.s. in
(186). We do this by employing a faithful 3× 3 matrix representation of the bosonic algebra
generated by γi and γi [105]. Denoting by ei j the 3× 3 matrix with entries eαβi j = δi,αδ j,β we
use the identifications

γiγi → e22 γi → e23 γi → e12 1→ e13 . (187)

Using the explicit matrix representation and the BCH formula we find

exp [Eie22]exp [gie12 + fie23] =





1 gi 1/2 fi gi
0 exp Ei fi exp Ei
0 0 1



=

= exp
�

Eie22 +
gi Ei

exp(Ei)− 1
e12 −

fi Ei

exp(−Ei)− 1
e23 +

1
4

fi gi
Ei − sinh(Ei)
sinh(Ei/2)2

e13

�

.

(188)

Substituting the ei j for γ and γ and using Q (Σz E)Q−1 = Σz H we obtain (185).

Another splitting formula concerns purely quadratic forms. Given two matrices Wi i = 1, 2
respecting Wi = ΣxW T

i Σ
x , the following identity holds

exp
�

1
2

a†W3 a
�

≡ exp
�

1
2

a†W1a
�

exp
�

1
2

a†W2 a
�

(189)

12Without loss of generality, see Appendix C.
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exp [Σz W3] = exp [Σz W1]exp [Σz W2] . (190)

Here also W3 respects the property W3 = ΣxW T
3 Σ

x . To prove this, we use the matrix S of
(162) to pass to vectors of real bosons z = S†a with commutation relations

�

z,zT
�

= −Σy

and notice that the BCH structure of nested commutators appearing implicitly in (189) at the
bosonic operators level is automatically transferred to the matrix level.

We remark that the two splitting formulas just discussed and the trace formula (182) are
sufficient to derive in a purely algebraic way our characteristic function formula (12), as op-
posed to the method of Appendix C. This follows in the obvious way by identifying W1 and W2
respectively with W and iλG of Appendix C, while the first splitting formula takes care of the
linear parts.
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