
’

Ideal fracton superfluids

Jay Armas,1 Emil Have2

1Institute for Theoretical Physics and Dutch Institute for Emergent Phenomena, University
of Amsterdam, 1090 GL Amsterdam, The Netherlands

2School of Mathematics and Maxwell Institute for Mathematical Sciences,
University of Edinburgh, Peter Guthrie Tait Road, Edinburgh EH9 3FD, UK

E-mail: j.armas@uva.nl, emil.have@ed.ac.uk

Abstract: We investigate the thermodynamics of equilibrium thermal states and
their near-equilibrium dynamics in systems with fractonic symmetries in arbitrary
curved space. By explicitly gauging the fracton algebra we obtain the geometry
and gauge fields that field theories with conserved dipole moment couple to. We
use the resultant fracton geometry to show that it is not possible to construct an
equilibrium partition function for global thermal states unless part of the fractonic
symmetries is spontaneously broken. This leads us to introduce two classes of fracton
superfluids with conserved energy and momentum, namely p-wave and s-wave fracton
superfluids. The latter phase is an Aristotelian superfluid at ideal order but with
a velocity constraint and can be split into two separate regimes: the U(1) fracton
superfluid and the pinned s-wave superfluid regimes. For each of these classes and
regimes we formulate a hydrodynamic expansion and study the resultant modes. We
find distinctive features of each of these phases and regimes at ideal order in gradients,
without introducing dissipative effects. In particular we note the appearance of a
sound mode for s-wave fracton superfluids. We show that previous work on fracton
hydrodynamics falls into these classes. Finally, we study ultra-dense p-wave fracton
superfluids with a large kinetic mass in addition to studying the thermodynamics of
ideal Aristotelian superfluids.
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1 Introduction

Fracton phases of matter have received considerable attention in recent years [1–
5] because of their potential applications in quantum information [6–9], ultracold
atoms [10, 11] and holography [12, 13], and because they offer new perspectives on
systems with constrained excitations including supercooled liquids (see, e.g., [14, 15]
for a review). Indeed, it has been found that certain conventional phases, at least in
appropriate linear regimes, can be recast as fracton phases, such as ordinary crystals
with topological defects and fluids as well as superfluids with vortices [14–16].

Most phases of matter can be characterised by a particular pattern of sym-
metry breaking, and fracton phases of matter appear to be no exception. These
exotic phases are characterised by fractonic symmetries which impose various mo-
bility constraints on inherent quasi-particles (i.e., fractons, lineons or planons). The
low-energy effective field theories that govern the dynamics of such phases naturally
couple to Aristotelian background geometries in combination with U(1) and higher-
rank symmetric gauge fields that implement multipolar symmetries [17, 18], although
the dynamics governing certain symmetric tensor gauge theories [4, 19–21] are only
consistent on certain special backgrounds [17, 18, 22].

Given the novelty of these phases of matter, an important problem is to identify
unique experimental signatures of many-body quantum systems with fractonic sym-
metries. To this end, one seeks to understand how to characterise the equilib-
rium thermodynamics of such systems and their low-energy, long-wavelength near-
equilibrium excitation spectra. In other words, one would like to develop a consistent
framework for fracton hydrodynamics based on symmetry principles, a well-defined
gradient expansion and the second law of thermodynamics. The aim of this paper
is precisely to formulate different classes of fracton hydrodynamics in generic curved
spacetimes, and to identify the low energy spectra on flat backgrounds.

Many approaches to fracton hydrodynamics have been pursued recently. In par-
ticular, [23–25] have used the fracton algebra and associated Poisson brackets in flat
space to define classes of ideal and dissipative fracton hydrodynamics by postulating
that only momentum gradients appear in the constitutive relations; while others [26–
29] have used Schwinger–Keldysh effective field theory to formulate classes of zero
and finite temperature dissipative fracton hydrodynamics in flat space and mostly
without conserved energy currents. Here we complement and provide a different
perspective to these approaches by formulating fracton hydrodynamics based on the
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geometry to which the field theories are coupled and their associated conservation
laws (Ward identities); in particular we do not postulate any such conservation laws
but derive them from symmetry principles. Our analysis will be restricted to ideal
order and thus we will not consider dissipative effects, except in specific cases. Below
we describe in further detail the results of this work.

One of the central results of our work is the construction of an equilibrium
partition function for many classes of fracton hydrodynamics with conserved dipole
moment and non-zero charge density, following the methods of [30–32]. This requires
a consistent coupling of the fluid to the appropriate background geometry and gauge
fields. To achieve this, we explicitly gauge the fracton algebra using the methodology
of [33]. The gauging of the spacetime symmetries leads to Aristotelian geometry,
while the gauging of the dipole symmetry leads to a U(1) gauge field Bµ and a gauge
field Ãa

µ. In particular, we show that by setting the U(1) curvature to zero, the
gauge field Ãa

µ reduces to the spatially symmetric tensor gauge field Aµν considered
in [17, 18, 20, 21].1

Armed with the appropriate geometry, we show that, as in the case of higher-
form symmetries at finite temperature [34–38], it is not possible to find global thermal
states with non-zero charge density and non-zero fluid flow unless the fractonic sym-
metry is spontaneously broken.2 This implies that there are no classes of fracton
fluids, and instead we uncover different classes of fracton superfluids (see Fig. 1). We
show that these classes are sufficiently broad to encompass much previous work on
fracton hydrodynamics.

Given the existence of U(1) and dipole global symmetries, there are two pos-
sible patterns of spontaneous symmetry breaking, one of which can be split into two
different regimes. When the dipole symmetry is spontaneously broken, there is a
massless vector3 Goldstone field Ψµ in the hydrodynamic theory. Adopting the ter-
minology of [41] we refer to this phase as p-wave fracton superfluids, which is also the
phase discussed in [29]. If in addition we spontaneously break the U(1) symmetry
another Goldstone field ϕ is introduced and we land in a s-wave fracton superfluid
phase, again adopting the terminology of [41]. The combination of the two Gold-
stone fields allows for a “mass term” for Ψµ in the effective action akin to the mass
terms appearing in [38, 42]. Depending on the strength ℓ′ of that mass term it is
possible to identify two different regimes of s-wave fracton superfluids. For large ℓ′

the vector Goldstone can be integrated out, leading to a regime in which only the
1The vanishing of the U(1) curvature corresponds physically to the absence of elementary dipoles,

as pointed out in [18].
2This is in line with the work of [29] where it was argued, using a version of the Mermin–Wagner

theorem, that the dipole symmetry must be spontaneously broken.
3Formally, Ψµ are the components of a one-form. To avoid confusion with the terminology used

in the context of higher-form symmetries, see, e.g., [39, 40], where p-form Goldstones transform as
gauge fields, we refer to the Goldstone Ψµ as a vector Goldstone field.
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Figure 1: Diagram of ideal fracton superfluid phases and regimes studied in this
paper. The phase of p-wave superfluids occurs due to spontaneous symmetry break-
ing (SSB) of dipole symmetry leading to a vector Goldstone Ψµ. It is possible to
introduce a parameter ℓ controlling the relative strength of the kinetic mass. For
large ℓ ≫ k with k the wavenumber probing the system, the kinetic mass is small
and we are in true low energy regime of p-wave superfluids that exhibits magnon-like
(quadratic) dispersion relations with velocity ωp and attenuation Γp. On the other
hand, for small ℓ ≪ k we are in a regime of ultra-dense fracton superfluid and the
spectrum has a sound mode with velocity vUD

s of order O(ℓ). In turn the s-wave frac-
ton superfluid is the result of SSB of U(1) and dipole symmetries leading to a scalar
ϕ and vector Ψµ Goldstone fields. Two regimes can be distinguished depending on
the strength ℓ′ of a mass term for Ψµ that features in the effective action. For large
ℓ′ ≫ k we are in a U(1) fracton superfluid regime in which Ψµ can be integrated out
leading to sounds modes with velocity v̄s and attenuation Γ̄s and to magnon modes
with velocity ωM and subdiffusive attenuation ΓM . Otherwise, for ℓ′ ≪ k we are in
a pinned s-wave fracton superfluid regime in which both Goldstone fields feature in
the theory and the mode structure also contains sound modes with velocity v̂ and
magnon modes with velocity ω ̸B2 . The direction of the dashed lines denotes the dir-
ection of increasing ℓ and ℓ′. The solid curved line represents the separation between
the two regimes.

Goldstone ϕ features in the hydrodynamic theory with both U(1) and dipole sym-
metries remaining spontaneously broken. We refer to this regime as a U(1) fracton
superfluid. On the other hand, in the small ℓ′ regime of s-wave fracton superfluids,
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which we refer to as a pinned s-wave fracton superfluids, both Goldstone fields fea-
ture the hydrodynamic theory leading to novel effects (see Fig. 1). This latter regime
is a conventional Aristotelian superfluid at ideal order but with an additional velo-
city constraint. Given its relevance to fracton hydrodynamics, we study Aristotelian
superfluids using the formalism of equilibrium partition functions (see Appendix B).

The field content of the different phases of fracton superfluids consists of the
temperature T , a fluid velocity uµ, a set of chemical potentials µI , where I is a label,
and the Goldstone fields ϕ and/or Ψµ coupled to the Aristotelian spacetime geometry,
parameterised by a clock form τµ and a spatial metric hµν , and the gauge fields Bµ

and Aµν . In order to formulate a hydrodynamic theory, a gradient ordering must
be specified. In conventional theories of superfluidity, space and time derivatives
have the same gradient ordering but, contrary to conventional superfluids, in p-
wave fracton superfluids time derivatives scale as O(∂2) and spatial derivatives as
O(∂) in agreement with the observations made in [25]. Furthermore, in typical
hydrodynamic theories of Aristotelian fluids [43–47] the fluid velocity is of ideal order,
but a central result of this work is the observation that for p-wave fracton superfluids
the spatial velocity is derivative suppressed ui ∼ O(∂); a result which follows from the
consistent definition of the chemical potentials µI and from the dipole Ward identity.
Furthermore, in the case of s-wave fracton superfluids there are two possible gradient
expansion schemes, both with peculiar features. In Appendix C we study in detail
the scheme we used for p-wave superfluids applied to s-wave superfluids while in the
main text we adopt the alternative gradient scheme proposed in [48] in which time
and space derivatives scale as usual with O(∂). Within the context of this latter
scheme we show that s-wave superfluids are Aristotelian superfluids at ideal order
but with a constraint on the spatial fluid velocity, though the spatial fluid velocity is
not gradient suppressed in this case. In Section 6 we discuss some of the issues with
both schemes.

The above features make p-wave fracton hydrodynamics different from earlier
work on Aristotelian hydrodynamics [43–47] while s-wave fracton hydrodynamics
shares several similarities. A striking difference of p-wave superfluids compared with
Aristotelian fluids is that p-wave fracton superfluids do not admit equilibrium states
with constant background spatial velocity, though s-wave fracton superfluids can.
The structure of linear perturbations is also rather different as there are no sound
modes at ideal order in p-wave fracton superfluids. In particular p-wave superfluids
exhibit attenuated magnon-like dispersion relations with “magnon velocity” ωp and
attenuation Γp (see Fig. 1)4, similarly to what was reported in [25, 29, 49]. The U(1)
fracton superfluid regime of s-wave fracton superfluids has dispersion relations that
are also magnon-like with “magnon velocity” ωM but with sub-diffussive attenuation

4By “magnon-like” dispersion relations we mean that the dispersion relation is quadratic in k

and we refer to “magnon velocity” as the coefficient appearing with k2 in the dispersion relation
though it does not have dimensions of velocity.
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ΓM as well as a linear sound mode with velocity v̄s and attenuation Γ̄s. Pinned s-
wave fracton superfluids also have a similar mode structure with sound modes with
velocity v̂ and magnon modes with “velocity” ω̸B2 , as depicted in Fig. 1. Furthermore,
equilibrium states for U(1) fracton superfluids can have non-zero spatial velocities
leading to dispersion relations in which each of two sound modes has different velocity.
We also consider a new regime of ultra-dense fracton superfluids with large kinetic
mass which can lead to sound modes with velocity vUD

s (see Fig. 1). Introducing a
parameter ℓ controlling the strength of the kinetic mass reveals a transition between
an ultra-dense p-wave fracton superfluid regime and the true low energy regime of
p-wave superfluids in which the kinetic mass is a second order transport coefficient.

This paper is structured as follows. In Section 2 we introduce the fracton al-
gebra, gauge it to find the fracton geometry, and discuss the conservation laws. In
Section 3 we show that fracton fluids cannot flow unless the fractonic symmetry is
spontaneously broken. In Section 3.3 we discuss the different spontaneous symmetry
breaking patterns of fractonic symmetries. In Section 4 we study p-wave superfluids
and construct the corresponding equilibrium partition functions. We also discuss
out of equilibrium dynamics by finding solutions to the adiabaticity equation and
deriving dynamical equations for the Goldstone fields. In this section we also give
a linearised analysis of the equations and obtain the different mode spectra for each
phase of fracton superfluids. In Section 5 we perform a similar analysis for s-wave
fracton superfluids. In Section 6 we conclude with some open questions and sugges-
tions for future work. We also provide some appendices. In particular, in Appendix A
we provide additional details on geometric variations, while in Appendix B we review
ideal relativistic superfluids and study ideal Aristotelian superfluids. In Appendix C
we study the consequences of applying another gradient expansion scheme to s-wave
fracton superfluids.

Note added

While completing this work several papers appeared on ArXiv which overlap with
parts of this work [25, 29] and, more recently, [50] in which different two versions
of fracton superfluids are discussed. This paper also has overlap with the paper by
Akash Jain, Kristan Jensen, Ruochuan Liu and Eric Mefford [48] that appeared on
the same day and which we describe in more detail. Ref. [48] discusses in detail the
structure of p-wave fracton superfluids beyond the ideal order analysis. As such our
Section 4 overlaps with, and agrees with the results of [48], at ideal order. Section
4.3 in which we consider a special case where the mass density scales in a specific
way with thermodynamic parameters is not considered in [48]. Ref. [48] briefly
considers s-wave superfluids, in particular what we termed the U(1) regime and
suggests an alternative derivative counting with respect to the one employed for
p-wave superfluids. However Ref. [48] does not explore any of the two derivative
counting schemes for s-wave superfluids in great detail. To wit, Ref. [48] does not
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consider the regime which we termed pinned s-wave superfluids. As such only parts
of Section 5.5 and parts of Appendix C.2 have some overlap with [48] as far as s-wave
fracton superfluids are concerned.

2 Fracton symmetries and geometry

In this section, we discuss general aspects of fracton field theories and their algebraic
properties. We begin by introducing dipole symmetries and the fracton algebra. We
then gauge the fracton algebra to derive the geometry to which these field theories
couple to. We discuss the spacetime Aristotelian geometry that results from that
gauging as well as the fracton gauge fields. Using this fracton geometry we derive
all conservation laws/Ward identities. Finally, we spell out the procedure for gauge
fixing the dipole shift symmetry which is useful for certain applications.

2.1 Dipole symmetries and fracton algebra

We first consider field theories with a conserved dipole moment in flat space before
generalising to curved spacetime. We assume the existence of a conserved current
Jµ = (ρ, J i), where i = 1, . . . , d is a spatial index, satisfying ∂µJ

µ = ρ̇ + ∂iJ
i = 0,

with ρ the charge density and J i the charge flux. Given this conservation law we
may construct a Noether charge Q(0) =

∫
ddx ρ satisfying

Q̇(0) = −
∫

ddx ∂iJ
i = 0 , (2.1)

since J i is assumed to vanish at the boundary. The dipole moment of ρ is given by

Qi
(2) =

∫
ddx xiρ , (2.2)

which is conserved if
J i = ∂jJ

ij , (2.3)

for some symmetric current J ij, since Q̇i
(2) = −

∫
ddx xi∂j∂kJ

jk = 0. This implies
that the charge conservation equation takes the form

∂µJ
µ = ρ̇+ ∂i∂jJ

ij = 0 . (2.4)

The currents Jµ and J ij couple to the gauge fields Bµ and Aij, respectively, where,
like J ij, the gauge field Aij is symmetric in its two spatial indices.

Suppose, then, that we have an action S describing “fracton matter”, abstractly
denoted by φ, coupled to such gauge fields. Then the currents Jµ and J ij arise by
variation with respect to the gauge fields Bµ and Aij

δS[φ,Bµ, Aij] =

∫
dd+1x

[
Eφδφ− JµδBµ + J ijδAij

]
, (2.5)
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where Eφ is the equation of motion for φ. The conservation equations (2.3) and (2.4)
should arise as Ward identities for the gauge transformations of the field Bµ and Aij.
The conservation of the charge current ∂µJ

µ = 0 comes from endowing the gauge
field Bµ with a standard U(1) gauge transformation

δσBµ = ∂µσ . (2.6)

In addition, to ensure that (2.3) holds, we must introduce a “dipole shift symmetry”
Σi such that

δΣBi = −Σi , δΣAij = ∂(iΣj) . (2.7)

This is in fact a Stueckelberg symmetry and we can set Bi = 0 by appropriately
choosing Σi, leaving behind the residual transformations

Σi = ∂iσ . (2.8)

As such, once fixing the Stueckelberg symmetry only the time component of the
gauge field

Φ := Bt , (2.9)

remains as well as the symmetric gauge field Aij itself transforming as

δΦ = ∂tσ , δAij = ∂(i∂j)σ . (2.10)

In this context, we will refer to the transformation with parameter σ as a dipole
gauge transformation.

In addition to the U(1) and dipole symmetries, we demand invariance under
spacetime translations and rotations. Together, these symmetries generate the frac-
ton algebra f with generators {H,Pi, Lij, Q

(0), Q
(2)
i }, where H is the generator of

time translations, Pi of space translations, Lij of spatial rotations, Q(0) of U(1)
gauge transformations, while Q

(2)
i generates dipole transformations. The associated

Poisson brackets are

{Lij, Lkl} = −δikLjl + δilLjk + δjkLil − δjlLik ,

{Ljk, Pi} = −δijPk + δikPj ,

{Ljk, Q(2)
i } = −δijQ

(2)
k + δikQ

(2)
j ,

{Pi, Q(2)
j } = δijQ

(0) ,

(2.11)

where we note, in particular, that the Hamiltonian H is central. Ignoring the gener-
ators Q(0) and Q

(2)
i leaves us with the generators of spacetime symmetries, in which

case the algebra in Eq. (2.11) reduces to the Aristotelian algebra. We will be using
the full algebra above as a starting point for writing fracton field theories in curved
space.
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2.2 Gauging the fracton algebra

To determine the geometry that these field theories couple to, we can “gauge” the
fracton algebra f in (2.11). This will simultaneously tell us about the background
spacetime geometry that fracton field theories couple to and the gauge fields present
in the low-energy description, as well as the transformation properties of these fields.
“Gauging algebras” [51, 52] has a long and illustrious history in the context of non-
Lorentzian geometry [53–56], while complementary approaches involving Lie algebra-
valued connections have previously been considered for fractonic theories in [57–60].

As was demonstrated in [33], the gauging procedure is formally equivalent to
building a Cartan geometry on a manifold M , namely, starting with a Lie algebra
g, one must first specify a subalgebra h, known as the stabiliser, such that dim g −
dim h = dimM . In general, many different such subalgebras exist for the same g,
which then lead to different geometric structures on M [61]. For us, g = f will be the
fracton algebra with brackets given in (2.11). We then choose the isotropy subalgebra
to be

h = ⟨La b, Q(2)
a , Q(0)⟩ , (2.12)

where a, b = 1, . . . , d are spatial “tangent space indices” that replace i, j, . . . in (2.11)
in the general case. As it stands, the Klein pair (f, h) is non-effective, that is, h

contains the Abelian ideal i consisting of the “internal symmetries”

i = ⟨Q(0), Q(2)
a ⟩ . (2.13)

Quotienting by this ideal allows us to construct the locally effective and geometrically
realisable Klein pair (f/i, h/i), that is, the Klein pair of the (d+1)-dimensional static
Aristotelian spacetime, which will be the homogeneous space on which the Cartan
geometry is modelled. In this way, the dipole and U(1) symmetries that form i

will not be part of the spacetime symmetries, but rather play the rôle of internal
symmetries as we alluded to above. The next step involves writing the Cartan
connection A ∈ Ω1(M, f), which is an f-valued 1-form defined on M . The Cartan
connection has components

Aµ = Hτµ + Pae
a
µ +

1

2
ωabµ Lab +Q(0)Bµ −Q(2)

a Ãa
µ . (2.14)

The gauge fields associated to the internal U(1) and dipole transformations, respect-
ively, are related to the fracton gauge fields that we introduced in Section 2.1, and
will be discussed in further detail below. Under h-gauge transformations, the Cartan
connection transforms as

δA = dΛ + [A ,Λ] , (2.15)

where Λ ∈ Ω0(M, h) specifies the gauge transformation and which we can paramet-
erise according to

Λ =
1

2
λa bLa b − ΣaQ(2)

a + σQ(0) , (2.16)

– 8 –



where λab is a local rotation, Σa is a local “dipole shift”, and σ is a standard U(1)
gauge transformation. Under these, the components of the gauge fields in the Cartan
connection (2.14) transform according to

δτµ = 0 , δeaµ = ebµλb
a , δωabµ = ∂µλ

ab + ωaµcλ
cb + ωbµcλ

ac ,

δBµ = ∂µσ − eaµΣa , δÃa
µ = ∂µΣ

a + ωaµbΣ
b + Ãb

µλb
a ,

(2.17)

under h. Only the fracton gauge fields Bµ and Ãa
µ transform under the internal

symmetries i. In the next subsections we describe in detail the meaning of the
various fields appearing in Eq. (2.17).

2.3 Aristotelian geometry

The g/h-valued gauge fields τ and ea appearing in Eq. (2.17) define an Aristotelian
structure on M . They consist of a nowhere-vanishing 1-form τ , the clock form, and
the spatial vielbein (or coframe) ea. This notion of Aristotelian geometry was first
considered in the context of boost-agnostic fluid dynamics in [46] (see also [47] for a
formulation that includes a charge current using Schwinger–Keldysh methods), and
was shown to provide the correct background spacetime geometry to which fracton
field theories couple [17, 18]). It is useful to introduce a dual basis (or frame) (vµ, eµa)
to (τµ, e

a
µ) such that

vµτµ = −1 , vµeaµ = eµaτµ = 0 eaµe
µ
b = δab . (2.18)

The frame and coframe satisfy the completeness relation

hµν := eµae
a
ν = δµν + vµτν , (2.19)

which also defines the spatial projector hµν . In what follows, we will primarily work
with “rulers” hµν and hµν , defined as

hµν = δabe
a
µe
b
ν , hµν = δabeµae

ν
b . (2.20)

Notably, the geometric data that make up the Aristotelian structure, viz., τµ, v
µ

and eaµ, e
µ
a , have no boost tangent space transformations and transform only under

diffeomorphisms and local spatial rotations. This stands in contrast to other (non)-
Lorentzian geometries, where the vielbeins transform under an appropriate boost
symmetry such as Lorentz boosts for Lorentzian geometry, Galilei (or Milne) boosts
for Newton–Cartan geometry, and Carroll boosts for Carrollian geometry. Note
furthermore that an Aristotelian geometry admits many invariants [62, 63] and it
can be viewed as being simultaneously a Carrollian and Galilean geometry, admitting
both Carrollian and Galilean invariants, but also both Lorentzian and Riemannian
invariants. For example, the combination gµν = −τµτν+hµν is a bona fide Lorentzian
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metric, although being made up from more “fundamental” Aristotelian invariants, it
is not a particularly useful object.

In [17], it was shown that there exists a special affine connection ∇ compatible
with the Aristotelian structure with the property that its torsion is given only in terms
of the so-called intrinsic torsion of the Aristotelian geometry [63]. This connection
is given by

Γρµν = −vρ∂µτν +
1

2
hρσ (∂µhνσ + ∂νhµσ − ∂σhµν)− hρστνKµσ , (2.21)

where
Kµν = −1

2
£vhµν , (2.22)

is symmetric and spatial, i.e., vµKµν = 0. Compatibility with the Aristotelian struc-
ture means that

∇µτν = ∇µv
ν = ∇µhνρ = ∇µh

νρ = ∇µh
ν
ρ = 0 , (2.23)

while the torsion of the affine connection is given by

T ρ
µν := 2Γρ[µν] = −vρτµν + 2hρστ[µKν]σ , (2.24)

where τµν = 2∂[µτν]. As demonstrated in [63], Kµν and τµν capture the intrinsic
torsion of an Aristotelian geometry. We remark that τµν is the torsion of a Galilean
geometry, while Kµν is the intrinsic torsion of a Carrollian geometry. This connection
is related to the rotation connection ωabµ via the vielbein postulate

∂µe
a
ν − Γρµνe

a
ρ + ωaµbe

b
ν = 0 . (2.25)

To integrate functions on Aristotelian geometries we need to introduce the volume
form defined as

edd+1x , where e = det(τµ, e
a
µ) . (2.26)

We note that throughout this work we will, for simplicity, assume that the intrinsic
torsion vanishes, which implies that (2.24) is zero. This concludes the discussion
of the spacetime geometry obtained by gauging the fracton algebra but we give
additional details in appendix A. We now turn our attention to the remaining gauge
fields associated with the generators of i, which become the fracton gauge fields.

2.4 The fracton gauge fields

The curved space generalisations of the fracton gauge fields that feature in (2.5)
consist of a gauge field Bµ and a symmetric spatial gauge field Aµν satisfying vµAµν =

0. Their gauge transformations generalised to curved backgrounds are

δBµ = ∂µσ − Σµ , δAµν = hρµh
σ
ν∇(ρΣσ) , (2.27)
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where Σµ = Σae
a
µ. While the gauge field Bµ is identical to that which appears in

the Cartan connection (2.14), Aµν is not, at first glance, equivalent to Ãa
µ. To make

them equivalent, we must impose a curvature constraint, as we will now discuss.
Associated to the Cartan connection (2.14) is an f-valued 2-form curvature F ∈

Ω2(M, f) defined by

F = dA +
1

2
[A ,A ] , (2.28)

where the bracket hides a wedge. This curvature is not dipole invariant in the
general case. However, the U(1) component is dipole invariant when the intrinsic
torsion vanishes. The dipole curvature is given by(

F
∣∣
Q(0)

)a
= −d∇Ãa , (2.29)

where d∇Ãa = dÃa + ωab ∧ Ãb, which transforms under dipole transformations as

δΣ(−d∇Ãa) = −ΩabΣb , (2.30)

where Ωab = dωab + ωac ∧ ωcb is the L-component of F . This is nothing but the
usual statement that the field strength of the dipole gauge field transforms into a
Riemann tensor [17, 18, 22]. The transformation of the U(1) curvature under dipole
transformations is

δΣ

(
F

∣∣
Q(0)

)
= −ΣaΘ

a , (2.31)

where Θa = d∇ea is the torsion, i.e., the P -component of F . We could therefore add
a torsion term with the Bµ-field to make the gauge-fixing condition dipole invariant,
but then it would not be U(1) invariant.

Ignoring the i-valued part of F , this curvature describes the deviation of the
Cartan geometry from the model static Aristotelian spacetime with Klein pair (f/i, h/i).
In what follows, we only need the Q(0)-component of F , so we will refrain from writ-
ing down the other components. This Q(0)-component is given by

F
∣∣
Q(0) = dB + Ãa ∧ ea . (2.32)

To make contact with the fracton gauge fields introduced in Section 2.1, we demand
that the U(1) curvature F

∣∣
Q(0) vanishes5, leading to

Ãa
µeνa − Ãb

νeµa = −∂µBν + ∂νBµ =: Fνµ , (2.33)

where we defined the field strength F = dB with components

Fµν = ∂µBν − ∂νBµ . (2.34)
5Note that this is a gauge-invariant statement since we asumme that Kµν = τµν = 0.
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While this field strength is invariant under U(1) gauge transformations, it transforms
under dipole shifts as

δΣFµν = −2∂[µΣν] . (2.35)

The relation (2.33) reduces the number of independent components in Ãa
µ from d(d+

1) to d(d + 1)/2 which is the same number of components as in Aµν and related to
Ãa
µ via

Aµν = Ãa
ρea(µh

ρ
ν) . (2.36)

This symmetric and spatial gauge field transforms as (using the vielbein postu-
late (2.25))

δAµν = hρµh
σ
ν∇(ρΣσ) , (2.37)

under dipole transformations in agreement with (2.27). We can interpret the im-
position of the curvature constraint as a particular choice of improvement terms for
the dipole and U(1) currents. To see this, note that the relevant part of a generic
variation involving Ãν

µ = Ãa
µe
ν
a

δS ⊃
∫

dd+1x e
[
−JµδBµ +Dµ

νδÃ
ν
µ

]
. (2.38)

The U(1) Ward identity is, as before,

∇µJ
µ = 0 , (2.39)

while the dipole shift Ward identity now reads

Jνhµν −∇νD
νµ = 0 , (2.40)

where Dνµ = Dν
ρh

ρµ. In the absence of torsion, these Ward identities are invariant
under the improvements6

J̃µ = Jµ +∇νχ
νµ , D̃µν = Dµν + χµρhνρ , (2.41)

where χµν = −χνµ. In flat spacetime, the total dipole charge is now

di =
∫

ddx
(
xiJ t −Dti

)
, (2.42)

where Dti is the flat space version of τµD
µ
ν and captures the the“internal dipole

density”. We may, however, choose χµν above such that

D̃ti = 0 , D̃[ij] = 0 , (2.43)

which removes the internal dipole density by removing d(d+1)/2 components of the
dipole current. Imposing the curvature constraint, which removes the same number
of components from Ãa

µ, corresponds to choosing the improvement above. In the rest
of this work, we will choose this improvement and work with the gauge fields Bµ and
Aµν .

6We thank an anonymous referee for pointing this out to us.
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2.5 Currents and conservation laws

Given the Aristotelian geometry and the gauge fields discussed above, we can now
couple fracton field theories to curved backgrounds. As noted in (2.27), the fracton
gauge fields Bµ and Aµν transform according to

δBµ = £ξBµ + ∂µσ − Σµ , δAµν = £ξAµν + hρµh
σ
ν∇(ρΣσ) , (2.44)

under fracton gauge transformations parameterised by (Σ, σ) and infinitesimal diffeo-
morphisms ξµ. Consider now the variation of an action functional S[τµ, hµν , Bµ, Aµν ]

that depends on the Aristotelian structure and the fracton gauge fields

δS[τµ, hµν , Bµ, Aµν ] =

∫
dd+1x e

[
−T µδτµ +

1

2
T µνδhµν − JµδBµ + JµνδAµν

]
,

(2.45)

where T µ is the energy current, T µν = T (µν) the stress-momentum tensor, Jµ the
U(1) current, and Jµν = J (µν) the dipole current. The stress-momentum tensor T µν

is only defined up to terms of the form Xvµvν , where X is an arbitrary function since
vµhµν = 0. The dipole current Jµν is purely spatial, i.e.,7

Jµντν = 0 . (2.46)

The conservation laws (or Ward identities) corresponding to U(1) gauge transform-
ations and dipole shifts, cf., (2.44), are

∇µJ
µ = 0 , (2.47a)

Jνhµν −∇νJ
νµ = 0 , (2.47b)

where we remind the reader that we assumed, as we do throughout, that the tor-
sion (2.24) vanishes.

The energy current and the momentum-stress tensor are not invariant under
dipole transformations Σµ, as was observed in [18]. To determine their transformation
properties under dipole transformations, we use the fact that S is dipole invariant,
which means that the second variation vanishes

0 = δ(δΣS)

=

∫
dd+1x e

[
− δΣT

µδτµ +
1

2
δΣT µνδhµν − δΣJ

µδBµ + δΣJ
µνδAµν + δτµJ

µνvρ∇ρΣν

+ δhµν

(
−τσJ

σΣρh
ρνvµ + hρν∇σ(J

µσΣρ)−
1

2
hρσ∇σ(J

µνΣρ)

)]
,

(2.48)

7This can be implemented explicitly as a Ward identity by replacing Aµν with an arbitrary
symmetric tensor Âµν with a Stueckelberg symmetry of the form δχÂµν = χ(µτν). The associated
Ward identity is precisely (2.46), and after imposing this off-shell, we can fix the Stueckelberg
symmetry by setting Âµν = Aµν . We will see an explicit example of this procedure in Section 4.
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where we used the (torsion-free) variation of the Aristotelian connection (A.8) as
well as the variations of the Aristotelian geometric objects in (A.3). Additionally,
we used the Ward identities (2.47). Hence, we conclude that the U(1) and dipole
currents are invariant

δΣJ
µ = δΣJ

µν = 0 , (2.49)

while the stresses transform as8

δΣT
µ = Jµνvρ∇ρΣν ,

δΣT µν = hρσ∇σ(J
µνΣρ) + 2τσJ

σΣρh
ρ(µvν) − 2hρ(µ∇σ(J

ν)σΣρ) .
(2.50)

We remark that for simplicity we have not included additional matter fields and
their equations of motion in Eq. (2.45), but in later sections we will add additional
matter in the form of Goldstone fields. The variation in (2.45) is the curved space
generalisation of (2.5).

The diffeomorphism Ward identity is

∇νT
ν
µ + FµνJ

ν − Jνρ∇µAνρ + 2∇ν(J
νρAρµ) = 0 , (2.51)

where we defined the energy-momentum tensor

T µ
ν = −T µτν + T µρhρν , (2.52)

and used the U(1) Ward identity (2.47a). Eq. (2.51) expresses that the energy-
momentum tensor is not conserved due to the presence of Lorentz-type forces in-
duced by non-vanishing gauge fields. Furthermore, although (2.51) does not look
gauge invariant, it is in fact gauge invariant when taking into account the dipole
transformation of the energy-momentum tensor that follows from (2.50), in particu-
lar

δΣT
ν
µ = −τµJ

νρvσ∇σΣρ +∇σ(J
ν
µΣ

σ) + τσJ
σvνΣµ −∇σ(J

σ
µΣ

ν)−∇σ(J
νσΣµ) .

(2.53)

Using this, one may show that the diffeomorphism Ward identity (2.51) is invari-
ant under dipole shifts upon repeatedly using the U(1) and dipole Ward identities
in (2.47) as well as the Ricci identity (A.6).

When S is a fluid functional, as we shall consider in later sections, these conser-
vation laws become the hydrodynamic equations of motion together with additional
Josephson relations for Goldstone fields which we will introduce. Below we discuss
a particular gauge-fixing of the fracton gauge fields introduced above.

8These expressions differ from those in [18] due to our choice of Aristotelian connection.
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2.6 Gauge fixing

For some of the symmetry-breaking patterns and regimes that we are interested in,
in particular those in which the U(1) symmetry is spontaneously broken, it will be
useful and most natural to gauge fix the dipole symmetry. As such we begin by
decomposing Bµ into its temporal and spatial components according to

Bµ = Φτµ + hνµB̄ν . (2.54)

This definition implies that B̄µ enjoys a shift Stueckelberg symmetry

δB̄µ = fτµ , (2.55)

where f is an arbitrary function. This shift symmetry makes sure that the pair
(Φ, B̄µ) has the same number of components as Bµ. As we will see below, the
associated Ward identity ensures that the temporal component of the current that
couples to B̄µ is zero, hence leading to the same number of components in the current
as prior to the decomposition (2.54). The fields Φ and B̄µ in this decomposition
inherit the following transformations from Bµ

δΦ = £ξΦ− vµ∂µσ , δB̄µ = £ξB̄µ + hνµ∂νσ − Σµ . (2.56)

Using these new variables we can express variations of the action (2.45) as

δS[τµ, hµν ,Φ,B̄
µ, Aµν ] =∫
dd+1x e

[
−T̄ µδτµ +

1

2
T̄ µνδhµν − J̄0δΦ− J̄µδB̄µ + JµνδAµν

]
,

(2.57)

where the currents that appear in (2.57) are related to those that appear in (2.45)
via

T̄ µ = T µ + ΦJµ + hµνJ
νvρB̄ρ , T̄ µν = T µν + 2τρJ

ρB̄σh
σ(µvν) ,

J̄0 = τµJ
µ , J̄µ = hµνJ

ν ,
(2.58)

while Jµν remains unchanged. The Ward identity for the shift symmetry (2.55)
derivable from (2.57) implies that

J̄µτµ = 0 , (2.59)

ensuring that (J̄0, J̄µ) have the same number of components as Jµ. The Ward iden-
tity (2.47b) associated to dipole shifts now takes the form

J̄µ − hµνh
ρ
σ∇ρJ

νσ = 0 , (2.60)
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while the U(1) Ward identity becomes

−vµ∂µJ̄
0 +∇µJ̄

µ = 0 , (2.61)

where, in both cases, we used the shift Ward identity (2.59) to simplify the expres-
sions. Both of these Ward identities reduce to (2.47a) and (2.47b), respectively, when
using the relations in (2.58). The diffeomorphism Ward identity obtained from (2.57)
reads

−∇νT̄
ν
µ − J̄0∂µΦ− J̄ν∇µB̄ν +∇ν(J̄

νB̄µ) + Jνρ∇µAνρ − 2∇ν(AµρJ
νρ) = 0 , (2.62)

where the full energy-momentum tensor is given by T̄ µ
ν = −T̄ µτν + T̄ µρhρν . Using

the inverse relations Φ = −vµBµ and B̄µ = hνµBν , this Ward identity reduces to (2.51)
when using the relations between the currents (2.58). Since the Ward identities (2.47)
are true off-shell, we may impose (2.60) in (2.57) leading to the following action
variation

δS[τµ, hµν ,Φ, B̄
µ, Aµν ] =∫

dd+1x e

[
−T̄ µδτµ +

1

2
T̄ µνδhµν − J̄0δΦ− hµνh

ρ
σ∇ρJ

νσδB̄µ + JµνδAµν

]
.

(2.63)

As we already remarked in Section 2.1, the dipole shift Σµ is a Stueckelberg symmetry,
which together with the shift symmetry (2.55), can be used to set B̄µ = 0. Before
we fix this particular gauge, however, it is useful to make yet another change of
variables. We can define a dipole shift invariant symmetric two-tensor

Ãµν = Aµν + hρ(µh
σ
ν)∇ρB̄σ , (2.64)

which only transforms under diffeomorphisms and U(1) gauge transformations

δÃµν = £ξÃµν + hρµh
σ
ν∇ρ∂σσ . (2.65)

The variation of the functional S (2.63) now takes the form

δS[τµ, hµν ,Φ, B̄
µ, Ãµν ] =

∫
dd+1x e

[
−T̃ µδτµ +

1

2
T̃ µνδhµν − J̄0δΦ + JµνδÃµν

]
,

(2.66)
with T̃ µ = T̄ µ+ · · · and T̃ µν = T̄ µν+ · · · , where the “· · · ” represents terms involving
B̄µ that we refrain from writing since we are interested in gauge fixing B̄µ = 0. The
particular choice of gauge B̄µ = 0 is achieved by choosing f and Σµ such that both
B̄µ = 0 and δB̄µ = 0. The latter condition states that the condition B̄µ = 0 is stable
under variations and imposes relations between the gauge parameters (f,Σµ) and
(ξ, σ). Since only B̄µ transforms under f and Σµ, the precise form of these relations

– 16 –



is not important. Fixing the Stueckelberg symmetry therefore leaves us with the
gauge fields ϕ and Ãµν equipped with the gauge transformations

δΦ = −vµ∂µσ , δÃµν = hρµh
σ
ν∇ρ∂σσ . (2.67)

These are preciely the curved spacetime analogues of the flat space fields that feature
in (2.10). As in Section 2.5, the stresses in (2.66) are not invariant under dipole gauge
transformations. In particular, the second variation is

0 = δ(δσS)

=

∫
dd+1x e

[
− δσT̃ δµ +

1

2
δσT̃ µνδhµν − δσJ̄

0δΦ + δσJ
µνδÃµν

+ δτµ
(
J̄0vµvν∂νσ + 2Jµνvρ∇ρ∂νσ

)
+ δhµν

(
hρ(µ∇λ(J

ν)λ∂ρσ)−
1

2
hρλ∇λ(J

µν∂ρσ)− J̄0hρ(µvν)∂ρσ

)]
.

(2.68)

Just like in (2.48), we conclude that J̄0 and Jµν are invariant under dipole gauge
transformations, while the energy current and stress-momentum tensor now trans-
form as

δσT̃
µ = J̄0vµvν∂νσ + 2Jµνvρ∇ρ∂νσ ,

δσT̃ µν = hρλ∇λ(J
µν∂ρσ) + 2J̄0hρ(µvν)∂ρσ − 2hρ(µ∇λ(J

ν)λ∂ρσ) .
(2.69)

The diffeomorphism Ward identity obtained from (2.66) is

−∇νT̄
ν
µ − J̄0∂µΦ + Jνρ∇µAνρ − 2∇ν(AµρJ

νρ) = 0 , (2.70)

while the dipole Ward identity becomes

−vµ∂µJ̄
0 +∇µ∇νJ

µν = 0 . (2.71)

Combining this with (2.69), and using the Ricci identity (A.6), one may verify that
the diffeomorphism Ward identity in (2.70) is invariant under dipole gauge transform-
ations. This completes the discussion of the geometric aspects of fracton field theor-
ies. In the remainder of this paper, we will make use of these notions to understand
equilibrium partition functions and hydrodynamic modes for fracton (super)fluids.

3 Fracton fluids do not flow

In this section we show, first using the fracton algebra and later using the equilibrium
partition function in curved space, that global thermal states cannot have a non-zero
flow velocity, suggesting that the fracton symmetry must be spontaneously broken.
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The approach pursued here and the results obtained are in fact similar to those found
in the context of equilibrium partition functions of higher-form hydrodynamics [34–
38]. As such, at the end of this section we discuss the possible symmetry breaking
patterns. In Sections 4 and 5 we will use these results to construct classes of fracton
superfluids that can have a non-zero fluid velocity.

3.1 No-flow theorem

We begin with the observation that a conserved dipole density does not give rise to
an additional hydrodynamic variable [26, 27], which means that the hydrodynamic
variables are the same as those of a charged Aristotelian fluid as developed in [44,
46, 47]. In particular we can introduce a temperature T , chemical potential µ and
spatial fluid velocity ui satisfying the Euler relation

E = Ts− P + uipi + µρ , (3.1)

where P is the pressure, s the entropy density, E the energy density, pi the momentum
density and ρ, as in Section 2.1, the charge density. It is important to note that all
thermodynamic functions and constitutive relations are functions of T, µ, ui and their
derivatives, in particular P = P (T, µ, u⃗2), where u⃗2 = uiui, at ideal order in deriv-
atives. In the grand canonical ensemble, the associated first law of thermodynamics
reads

dE = Tds+ uidpi + µdρ . (3.2)

Now, given that pi must be given in terms of T, µ, ui, at ideal order we can only write

pi = mui , (3.3)

where m is the kinetic mass density (or momentum susceptibility). The Gibbs–
Duhem relation obtained from P = P (T, µ, u⃗2) is

dP = sdT +
1

2
mdu⃗2 + ρdµ , (3.4)

where s = ∂P/∂T is the entropy, m = 2∂P/∂u⃗2 the kinetic mass density that enters
in (3.3), and ρ = ∂P/∂µ the U(1) charge. A perfect Aristotelian fluid has the
following energy-momentum tensor and U(1) current

T 0
0 = −E , T 0

j = pj , T i
0 = −(E + P )ui ,

T i
j = Pδij + uipj , J0 = ρ , J i = ρui = ∂jJ

ji .
(3.5)

Since the Noether charges of a dipole invariant charged Aristotelian fluid realise the
algebra (2.11), the bracket {Pi, Q(2)

j } implies that the momentum density transforms
under a dipole transformation with (constant) parameter Σi as

δΣpi = Σiρ . (3.6)
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Using Eq. (3.3), this implies that δΣ(mui) = Σiρ and hence that either m and/or
ui transform under dipole transformations. On the one hand, ui is an Aristotelian
spatial vector defined (in general) in terms of a background Killing vector that does
not transform under Σi but only under diffeomorphisms. Another way to see this is
to notice that Jµ is invariant under dipole transformations, in which case (3.5) again
implies that ui is invariant. On the other hand, given that P must be invariant under
dipole transformations, the kinetic mass density m = 2∂P/∂u⃗2 is also invariant since
ui is also invariant. This makes (3.6) a contradiction for nonzero ρ. Hence, the
formulation cannot involve pi, which is operationally equivalent to setting ui = 0.
Therefore, given (3.6), for P to be invariant, and for consistency with Section 2.3,
we must have that either

ρ = 0 or ui = 0 . (3.7)

This is in fact what is naively expected from a thermal bath of fracton particles.
In particular, if the charge density is non-zero, the fracton fluid cannot move (all
fluxes will be zero) and thus does not merit the moniker “fluid” and in which case
the currents (3.5) become trivial. If, on the other hand, the charge density is zero,
we are left with an ordinary neutral Aristotelian fluid without any dipole moment.

The conclusion (3.7) suggests that in fact a well defined theory of fracton fluids
requires additional fields beyond T, µ, ui that can realise (3.6). The authors of [23–
25] avoided the choices (3.7) by working with a dipole invariant spatially symmetric
two tensor Vij = ∂(i(ρ

−1pj)) and modifying the first law (3.2) appropriately. We will
show in Section 4.6 that this is indeed possible to do but requires the introduction
of new hydrodynamic fields and interpreting it as a theory of fracton superfluidity.
Below, we corroborate these results from the perspective of an equilibrium partition
function.

3.2 The view from the hydrostatic partition function

Global equilibrium thermal states are defined via a partition function Z obtained
from an Euclidean path integral [30, 46, 47, 64]

Z[τµ, hµν , Bµ, Aµν ] =

∫
Dφ exp

(
−SHS[τµ, hµν , Bµ, Aµν ;φ]

)
, (3.8)

over all possible configurations of dynamical fields φ. Here we have introduced the
hydrostatic effective action SHS[τµ, hµν , Bµ, Aµν ;φ] which is constructed from all sym-
metry invariants in the theory, in this case, invariant under diffeomorphisms, U(1)
and dipole shift transformations. We focus on the case in which there are no ad-
ditional low energy fields φ and hence SHS ≡ SHS[τµ, hµν , Bµ, Aµν ]. The invariance
of SHS requires the existence of a set of symmetry parameters K = (kµ, σK ,ΣK

µ )
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satisfying the equilibrium conditions

δKτµ = £kτµ = 0 , δKhµν = £khµν = 0 ,

δKBµ = £kBµ + ∂µσ
K − ΣK

µ = 0 ,

δKAµν = £kAµν + hρµh
σ
ν∇(ρΣ

K
σ) = 0 .

(3.9)

From these conditions we deduce that kµ is a Killing vector field and that the sym-
metry parameters transform under diffeomorphisms ξµ and gauge transformations
with parameters σ and Σµ according to

δkµ = £ξk
µ , δΣK

µ = £ξΣ
K
µ −£kΣµ , δσK = £ξσ

K −£kσ . (3.10)

These conditions are obtained by requiring that the last two equations in (3.9) are
stable under variations, e.g., δ(δKBµ) = 0 and using, where possible, the equilib-
rium conditions themselves to simplify the expressions. Now, given the symmetry
parameters K and the fracton geometry as well as their transformations, we wish to
characterise the possible structures that can enter in SHS and which are invariant
under all symmetries. It is straightforward to note that there are two scalar and one
vector invariant, in particular

T =
T0

kµτµ
, u⃗2 = hµνu

µuν , uµ =
1

kρτρ
kµ . (3.11)

Here T is interpreted as the local fluid temperature, T0 a constant global temperature,
uµ the fluid velocity and u⃗2 the square of the spatial fluid velocity

u⃗µ := hµνu
ν . (3.12)

These are precisely the same invariants obtained for a neutral Aristotelian fluid
[46, 47]. In particular we see that given Eq. (3.10) they only transform under diffeo-
morphisms as expected. The spatial component of the fluid velocity ua = eaµu

µ (or
u⃗µ) is precisely the fluid velocity introduced in9 Eq. (3.1), which, as earlier advertised,
does not transform under dipole shifts but only as a spacetime vector field.

For arbitrary kµ it is not difficult to see that the invariants T, u⃗2, u⃗µ and gradi-
ents thereof are the only invariants that are possible to construct with the geometry
at hand. In particular, the typical chemical potential associated to a charged Aris-
totelian fluid [47]

µ = T (σK + kµBµ) , (3.13)

is not invariant under dipole transformations. However, if we restrict the Killing
vector field to be purely temporal such that

kµ = − 1

T
vµ , (3.14)

9In flat space, we may identify the tangent space indices a, b, c, · · · with the spatial indices
i, j, k, · · · .
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or equivalently that u⃗µ = 0 (or ua = 0), then the chemical potential (3.13) is invari-
ant under all transformations in (3.10). Thus, we reach the same conclusion as in
Eq. (3.7), that is, either the fluid cannot carry a charge density or the fluid cannot
“flow”. Below discuss the different symmetry breaking patterns that introduce low
energy dynamical fields in (3.8), interpreted as Goldstone fields, allowing to define
invariant chemical potentials.

3.3 Different symmetry breaking patterns

As discussed in Section 2.4 the symmetries associated with the fracton gauge fields
consist of a U(1) symmetry and a dipole shift symmetry. These symmetries can be
spontaneously broken leading to two symmetry breaking patterns:

• p-wave fracton superfluids: In this case the dipole symmetry is spontan-
eously broken but the U(1) symmetry remains intact, leading to a spatial vector
Goldstone Ψµ. This turns out to be the conceptually simpler case and hence
the first case we present below. This is also the case addressed in [29] and we
show that it is equivalent to [25].

• s-wave fracton superfluids: This class of superfluids has both the U(1)
and the dipole symmetry spontaneously broken. Describing this phase requires
introducing both Goldstone fields ϕ and Ψµ. However, this pattern of symmetry
breaking can be split into two different regimes depending on the strength ℓ′

of the mass term proportional to (Bµ + ∂µϕ − Ψµ) that can be added to the
hydrostatic effective action. For large ℓ′ ∼ O(∂−1), Ψµ can be integrated out
and only the Goldstone ϕ features in the theory with both U(1) and dipole
symmetries spontaneously broken [41]. We refer to this regime as a U(1) fracton
superfluid and we discuss it in detail in Section 5.5. In the second regime, for
small ℓ′ ∼ O(1), the mass term plays a crucial role, and we call the resulting
phase a pinned s-wave fracton superfluid phase akin to the pinned phases that
appear in [38, 42, 65].10

In the next sections we discuss these symmetry breaking patters and regimes of s-
wave fracton superfluids in detail, following common approaches to conventional su-
perfluids. As an aid to the reader unfamiliar with such treatments, we have included
Appendix B where we review relativistic superfluids, and where we also provide a
formulation of U(1) superfluids coupled to Aristotelian geometry.

10This pinned phase is different than other pinned phases appearing in the context of charge
density waves, crystals and higher-form symmetries studied in [38, 42, 65]. In these situations the
pinning is induced by explicit symmetry breaking while in the context of s-wave fracton superfluids
there is no explicit symmetry breaking. Nevertheless it is possible to define a “mass term” involving
a specific combination of Goldstone fields.
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4 The p-wave fracton superfluid

As mentioned in Section 3.3, the p-wave fracton superfluid phase spontaneously
breaks the dipole symmetry while leaving the U(1) symmetry unbroken. In this
case we can introduce a Goldstone field Ψ̃µ that transforms under dipole gauge
transformations and temporal Stueckelberg shifts according to

δΨ̃µ = χτµ − Σµ , (4.1)

where we have ignored diffeomorphism transformations and we remind the reader
that vµΣµ = 0. Only the spatial components of the Goldstone Ψ̃µ are physical since
χ is an arbitrary function parameterising the Stueckelberg shift symmetry and can
be used to set the temporal component to zero.11 For this reason, we define the
spatial Goldstone field Ψµ such that

Ψµ = hνµΨ̃ν , δΨµ = −Σµ . (4.2)

The usage of Ψ̃µ as a dynamical field in the action of fracton superfluids allows us
to set appropriate constraints on currents but once action variations are performed,
we will gauge fix the χ-transformation to set Ψ̃µ = Ψµ.

As in conventional U(1) superfluids [66] and in higher-form superfluids [35, 36],
Goldstone fields only feature the hydrodynamic theory via gauge-invariant combin-
ations. Hence, analogously, we can also introduce a dipole and U(1) gauge invariant
superfluid “velocity” Aµν defined as

Aµν = Aµν + hρµh
σ
ν∇(ρΨσ) , (4.3)

which in this case is a symmetric and spatial two-tensor superfluid velocity. Unlike
convential and higher-form superfluids, the theory of p-wave fracton superfluids can,
in fact, also depend directly on Ψµ via the dipole invariant gauge field B̂µ that
transforms as a typical U(1) gauge field, namely

B̂µ = Bµ −Ψµ , δB̂µ = ∂µσ . (4.4)

The two objects introduced here, specifically (4.3)–(4.4), form the basis of the theory
of p-wave fracton superfluidity.

4.1 Conservation laws

Before explicitly constructing the equilibrium partition function it is useful to make
some comments about the general form of the action functional that we are interested
in and the resulting conservation laws. In the presence of Goldstone fields we consider

11Instead of introducing this Stueckelberg shift symmetry, we could have worked with a Goldstone
field Ψa where a is a tangent space index. To avoid a cluttering of indices we refrain from doing so.
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functionals of the form S[τµ, hµν , Bµ, Aµν ; Ψ̃µ] for which arbitrary variations can be
parameterised according to

δS =

∫
dd+1x e

[
−T µδτµ +

1

2
T µνδhµν − JµδBµ + JµνδAµν +KµδΨ̃µ

]
. (4.5)

We note that even in the case in which the functional S only depends on Ψ̃µ via
(4.3) and (4.4), T µ and T µν may explicitly depend on Ψ̃µ. The response Kµ is the
equation of motion for Ψ̃µ. Indeed for arbitrary variations of the Goldstone field we
must have

Kµ = 0 . (4.6)

Given the form (4.5) we readily see that under the transformations (4.1) we obtain
the Ward identities

Jνhµν −∇νJ
µν = Kµ , Kµτµ = 0 . (4.7)

The first of these equations is the dipole Ward identity which reduces to the correct
form (2.47) once the Goldstone equation of motion (4.6) is imposed. The second
Ward identity is associated with the Stueckelberg shift symmetry and states that
only spatial components of Kµ are physical.

As the theories we are interested in depend explicitly on (4.3) and (4.4), it
is useful and convenient to make a change of variables and parametrize variations
according to

δS =

∫
dd+1x e

[
−T µ

Ψδτµ +
1

2
T µν
Ψ δhµν − JµδB̂µ + JµνδAµν +KµδΨ̃µ

]
, (4.8)

where we have defined the modified response to Ψ̃µ variations such that

Kµ = Kµ − (Jνhµν −∇νJ
µν) , (4.9)

and defined the dipole gauge invariant energy current T µ
Ψ and stress T µν

Ψ . It is
important to remark that the two variations (4.5) and (4.8) are equivalent to each
other up to boundary terms, which do not play a role in this paper. In addition, it
is necessary to keep in mind that in order to obtain the dynamical equation for Ψ̃µ

one must take into account that δB̂µ and δAµν are not independent from variations
of Ψ̃µ and hence that the equation of motion is still (4.6). The variation (4.8) has
various advantages. In particular, a dipole gauge transformation now leads to Kµ = 0

recovering the Ward identity (4.7) directly as the other variations are manifestly
dipole gauge invariant. In addition, the energy current T µ

Ψ and stress TΨ
µν as well

as the remaining currents are manifestly dipole gauge invariant. As a consequence,
under diffeomorphism transformations we obtain

∇νTΨ
ν
µ + F̂µνJ

ν − Jνρ∇µAνρ + 2∇ν(J
νρAρµ) = 0 , (4.10)
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where we have imposed (4.6) and (4.7) and defined the field strength F̂µν = 2∂[µB̂ν].
Here TΨ

ν
µ is defined as in (2.52) using T µ

Ψ and TΨ
µν . Thus, from the point of view

of (4.8), we obtain a conservation law (4.10) that is manifestly gauge invariant.
Eq. (4.10) together with the dipole Ward identity (4.7) and the U(1) conservation
law (2.47) obtained from (4.8) form the set of Ward identities associated to p-wave
fracton superfluids.

4.2 Gradient expansion and equilibrium partition function

Given the conservation laws derived above and the dipole invariant structures (4.3)–
(4.4), we may consistently construct an equilibrium partition function. However, as
in every hydrodynamic theory we must first provide a gradient ordering. As in typical
theories of superfluidity (see, e.g., [36]) one wishes for the effects of the superfluid
velocity to be relevant at ideal order in the gradient expansion. As such, given the
definition (4.3), we deduce that

Aµν ∼ Aµν ∼ O(1) , Ψµ ∼ O(∂−1) , (4.11)

thus recovering the usual gradient order of a Goldstone field. The typical scale setting
the strength of O(∂) is the thermal length scale of the system. This gradient ordering
implies that

hµν B̂µ ∼ O(∂−1) , (4.12)

while for the time component we choose vµB̂µ ∼ O(1) as the typical ordering of
background gauge fields. Furthermore, as in typical hydrodynamic theories we choose
the stresses and currents to be ideal order, that is12

T µ
Ψ ∼ T µν

Ψ ∼ Jµτµ ∼ Jµν ∼ O(1) , (4.13)

though due to the nature of the dipole Ward identity hµνJ
ν ∼ O(∂). Given this

ordering all terms in the conservation law (4.10) are of at least order O(∂) except for
the second term which contains the time derivative vµ∂µB̂ν . The spatial component
of the latter co-vector, using (4.12), is of O(1) leading to an inconsistent gradient
scheme. To remedy this we must require that

vµ∂µ ∼ O(∂2) . (4.14)

The conservation law (4.10) thus implies that for ideal order fracton superfluids
O(∂2) time derivatives are on the same footing as O(∂) spatial derivatives. This
anisotropic scaling between time and space derivatives is unusual in Aristotelian

12While this gradient expansion works for p-wave superfluids, it is possible to allow for a more
general gradient scheme in which pν = τµT µλhλν ∼ O(∂−1). This is allowed because pν enters the
conservation laws and equations of motion with an appropriate number of derivatives. We will see
examples of this when we work with gauge non-invariant stresses in p-wave fracton superfluids.
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fluids, but indeed required for all the different symmetry breaking patterns of fracton
hydrodynamics.13

Given this gradient ordering we can consider writing down the partition function
(3.8), which requires classifying the possible non-vanishing ideal order scalars that
can enter SHS in equilibrium. As explained in Section 3.2, invariance of SHS requires
that there is a set of symmetry parameters K = (kµ, σK ,ΣK

µ ) satisfying the conditions
(3.9) in addition to

δKΨµ = £ξΨµ − ΣK
µ = 0 , (4.15)

where, again, the symmetry parameters themselves transform as in (3.10). As for any
Aristotelian fluid, we can find invariants corresponding to the temperature T , fluid
velocity uµ and the spatial velocity u⃗2 (see Eq. (3.11)). The problem, as described
in Section 3.2, is to find a chemical potential. It is straightforward to realise that
given the presence of the Goldstone field, we can use (4.4) to construct the chemical
potential µp according to

µp = TσK + uµB̂µ , (4.16)

which is manifestly invariant under all gauge symmetries. However, since we want
this chemical potential to be of ideal order µp ∼ O(1) and given the gradient ordering
(4.12), this is only possible if

u⃗µ = hµνu
ν ∼ O(∂) . (4.17)

We thus recover the statement we made in Section 1, namely, a p-wave fracton
superfluid can flow, but slowly. The gradient ordering (4.17) has the consequence
that the scalar u⃗2 introduced in (3.11) is not of ideal order but actually O(∂2) and
hence does not feature, contrary to typical Aristotelian fluids, in the ideal order
equilibrium partition function. In addition, there are many scalars that can be built
from (4.3) and so, for simplicity, we will restrict to the only ideal order scalar that
is linear in Aµν , namely,14

ξ = hµνAµν . (4.18)

There are no other ideal order scalars that can be built from the symmetry paramet-
ers, gauge field B̂µ and linear in the superfluid velocity. As such that the hydrostatic
effective action is of the form15

SHS[τµ, hµν , Bµ, Aµν ; Ψµ] =

∫
dd+1x eP (T, µp, ξ) +O(A2

µν) +O(∂) . (4.19)

13This particular gradient ordering agrees with the one implemented in [25].
14Previous works [25, 29] only consider quadratic terms in Aµν due to thermodynamic stability.

For certain applications it may be that linear terms must vanish but even if such terms do vanish,
as is the case for ordinary crystals [37, 67], their thermodynamic derivatives do not necessarily do
so and are unaffected by stability arguments.

15Formally, as in [35, 36] we should also introduce an external source Kµ
ext that couples to Ψµ

but since for all practical purposes we set Kµ
ext = 0 we do not explicitly introduce it.

– 25 –



From (4.19) we can extract the equilibrium currents via (4.8) and obtain

T µ
Ψ = Pvµ − (sT + ρµp)v

µ + (sT + ρµp)u⃗
µ +O(∂) ,

T µν
Ψ = Phµν − 2fsAρσh

ρ(µhν)σ +O(∂) ,

Jµ = ρvµ − ρu⃗µ +O(∂) ,

Jµν = fsh
µν +O(∂) ,

(4.20)

which are manifestly gauge invariant and where we have defined the entropy density
s, charge density ρ, and superfluid density fs via the Gibbs–Duhem relation

dP = sdT + ρdµp + fsdξ . (4.21)

In addition, using the definition of energy density τµTΨ
µ
νv

ν = E , we find the following
Euler relation

E + P = sT + ρµp . (4.22)

In turn, defining the spatial momentum in the usual way, that is pµ = τµT
µ
λh

λ
µ, we

readily see that pµ = 0. From (4.19) we can also obtain the equilibrium equation for
the Goldstone field by explicitly varying with respect to Ψµ, in particular

Kµ = Jνhµν −∇νJ
µν = −ρu⃗µ − hµν∇νfs = 0 , (4.23)

therefore explicitly setting the spatial fluid velocity to be of O(∂). Note also that this
equation of motion is precisely the dipole Ward identity. The currents at ideal order
given in (4.20) are complete but we have noted, by adding O(∂) to all expressions,
that they will receive higher-order derivative corrections which can be hydrostatic
or dissipative, as in [47]. However, we do not explore such corrections in this paper.
Before studying the system out of equilibrium, we consider a special case of ultra-
dense fracton superfluids.

4.3 Ultra-dense fracton superfluids

In our analysis above, we disregarded the scalar u⃗2 = hµνu
µuν since u⃗µ ∼ O(∂).

However, It is possible to include it at ideal order, albeit artificially, by appropriately
tuning the corresponding susceptibility, known as the kinetic mass density m. We
thus augment the hydrostatic effective action (4.19) with this scalar, leading to

SHS[τµ, hµν , B
µ, Aµν ; Ψµ] =

∫
dd+1x eP (T, µp, ξ, u⃗

2) +O(A2
µν) +O(∂) . (4.24)

To appropriately control the strength of the response to u⃗2, we introduce a book-
keeping parameter ℓ of order ℓ ∼ O(∂) such that

dP = sdT + ρdµp + fsdξ +
1

2
ℓ−2mdu⃗2 . (4.25)

– 26 –



Indeed the bookkeeping parameter implements the gradient ordering 1
ℓ2
m ∼ O(∂−2)

(with m ∼ O(1)) leading to a very large kinetic mass density, hence the name ultra-
dense fracton superfluids. This is analogous to the parameter that is introduced to
control the strength of pinning of pseudo-Goldstone fields [38, 42, 65] and hence in
general adding such term does not describe the true low energy behaviour of this
phase, though probing the system with ℓ ≫ k for wavenumber k as we will see in
Section 4.5 effectively recovers the low energy regime in which the kinetic mass is a
second order transport coefficient. Nevertheless, it can be interesting to explore this
construction in view of phenomenological models of fracton fluids. Controlling the
strength of the kinetic mass allows to model systems whose kinetic mass can increase
or decrease abruptly by dialling a thermodynamic parameter. As we will seen when
looking at the modes, a very large kinetic mass can have drastic consequences in the
spectrum.

When including the kinetic mass, the equilibrium currents (4.20) and Euler re-
lation (4.22) are modified according to

T µ
Ψ = Pvµ − (sT + ρµp + ℓ−2mu⃗2)vµ + (sT + ρµp + ℓ−2mu⃗2)u⃗µ +O(∂) ,

T µν
Ψ = Phµν − 2fsAρσh

ρ(µhν)σ + ℓ−2mu⃗µu⃗ν + 2ℓ−2mu⃗(µvν) +O(∂) ,

E + P = sT + µpρ+ ℓ−2mu⃗2 ,

(4.26)

while Jµ and Jµν remain unchanged. Given these currents we can extract the mo-
mentum pµ = τµTΨ

µ
λh

λ
µ = −ℓ−2mu⃗µ. Thus for such ultra-dense fluids, the mo-

mentum is very large: it is of order O(∂−1). As we will see below when comparing
with earlier work, such scaling for the momentum appears to be typical for fracton
superfluids. We will comment again on this particular case when looking at the spec-
trum of linear excitations. In order to do so, we first study the entropy production.

4.4 Entropy production

As in other theories of superfluidity, out of equilibrium the Josephson equation (or
Goldstone equation of motion (4.23)) may acquire non-trivial corrections at ideal
order (see, e.g., [68, 69]). To understand whether this is the case for fracton super-
fluids we study entropy production using the off-shell formulation of hydrodynamics
[70] and postulate the existence of out of equilibrium parameters B = (χµ, σB,ΣB

µ )

which in equilibrium revert to the values K = (kµ, σK ,ΣK
µ ). These parameters act

on the various fields as in the first equality in (3.9) and (4.15) with K replaced by
B. The parameters B transform as in (3.10).

Given the parameters B and the action (4.8), the requirement that the second
law of thermodynamics holds is embedded into the adiabaticity equation for the free
energy current Nµ, more precisely there must be a quadratic form ∆ ≥ 0 such that

∇µN
µ = −T µ

ΨδBτµ +
1

2
T µν
Ψ δBhµν − JµδBB̂µ + JµνδBAµν +KµδBΨµ +∆ . (4.27)
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We can recast (4.27) as entropy production by defining the entropy current Sµ ac-
cording to

Nµ = Sµ +
1

T
T µ
Ψνu

ν − µp
T
Jµ +

2

T
uρAρνJ

µν . (4.28)

At ideal order Nµ = Puµ/T and one can explicitly check using (4.28) that Sµ = suµ.
With the definition (4.28) at hand (4.27) becomes the usual (off-shell) statement of
the second law of thermodynamics

∇µS
µ − uµ

T
(−∇νTΨ

ν
µ − F̂µνJ

ν + Jνρ∇µAνρ − 2∇ν(J
νρAρµ))

− µp
T
∇µJ

µ − (Kµ − (Jνhµν −∇νJ
µν))δBΨµ = ∆ ≥ 0 .

(4.29)

Given the gradient expansion we introduced above, the first three terms of (4.29) are
of at least O(∂) but the last term is not necessarily so. For (4.29) to hold we thus
must require that

Kµ = −aµνδBΨν + Jνhµν −∇νJ
µν +O(∂) , (4.30)

for some positive definite aµν . We note that the last two terms in (4.30) precisely
correspond to the dipole Ward identity, which is equal to the Goldstone equation
in equilibrium (4.23). Hence when the Goldstone equation of motion is satisfied
Kµ = 0 and when the dipole Ward identity holds we find that δBΨµ = 0 even out of
equilibrium. At higher-orders, derivative corrections will appear in (4.30) but using
the redefinition freedom ΣB

µ → ΣB
µ + δΣB

µ for a gradient suppressed δΣB
µ , we can set

δBΨµ = 0 to all orders in the gradient expansion and hence remove ΣB
µ entirely from

the theory. Similar considerations hold also in the context of higher-form symmetries
[35, 36]. This analysis implies that there are no new equations to take care of besides
the conservation laws and Ward identities in p-wave fracton superfluids. We will now
look at the linearised equations and the spectrum of excitations.

4.5 Linearised equations and modes

We now focus on linearised perturbations around particular equilibrium states. We
restrict to flat spacetime backgrounds with τµ = δtµ and hµν = δijδ

i
µδ

j
ν and gauge

fields
Bµ = 0 , Aij =

ξ0
d
δij , (4.31)

where d is the number of spatial dimensions and ξ0 is the equilibrium value of ξ. We
also consider states with uµ = (1, 0⃗) and constant T = T0, µp = µ0.16 In turn this
corresponds to the equilibrium values σK = µ0/T0 and Ψi = 0. The subscript “0”
emphasises that these are the equilibrium values of the parameters which solve the

16In Aristotelian fluids it is possible to have equilibrium configurations with non-vanishing equi-
librium velocity vi0. These are difficult to realise for p-wave fracton superfluids but possible for
s-wave superfluids as we will see in Section 5.5.3.
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conservation law (4.10) and the Ward identities (2.47). We now consider fluctuations
of the parameters around this class of equilibrium states such that

T = T0 + δT , µp = µ0 + δµp , Ψi = δΨi , uµ = (1, δvi) . (4.32)

These fluctuations leads to fluctuations of the superfluid velocity and gauge field
acording to

Aij =
1

d
ξ0δij + ∂(iδΨj) , B̂µ = −δiµδΨi , (4.33)

as well as to fluctuations of pressure δP , energy density δE , charge density δρ and su-
perfluid density δfs. The conservation laws and Ward identities give 2d+2 equations
for the 2d+ 2 unknowns (δT, δµp, δΨi, δv

i) and read

∂tδE = −(E0 + P0)∂iδv
i − f 0

s ∂t∂
jδΨj ,

ρ0∂tδΨi = −∂iδP + f 0
s ∂i∂

jδΨj ,

∂tδρ = −ρ0∂iδv
i ,

ℓρ0δv
i = −∂iδfs ,

(4.34)

where in particular we note that ξ0 has dropped out of the equations. In addi-
tion we note that the spatial component of the conservation law (4.10) provides
dynamics for the Goldstone field Ψi. We now consider plane wave perturbations
for (δT, δµp, δΨi, δv

i) of the form ei(−ωt+kix
i) where the wave vector has modulus k.

Solving the resultant system of equations, noting that the last equation in (4.34) can
be used to solve for δvi, leads to two non-trivial magnon-like modes with attenuation

ω = ±ωpk
2 − i

2
Γpk

2 +O(k3) . (4.35)

Here the velocity ωp and the attenuation Γp arise as the real and imaginary parts of
the solution of a quadratic equation C + iBω +Aω2 = 0 for coefficients A,B,C and
whose general form is not particularly illuminating. In particular, we find that

ω2
p =

[(∂ρ/∂µ)0(∂fs/∂ξ)0 − (∂ρ/∂ξ)0] (s
2
0T0(∂ρ/∂µ)0 + ρ20T0(∂s/∂T )0)

T0ρ20(∂s/∂T )0(∂ρ/∂µ)
2
0

+O ((∂s/∂µ)0) +O ((∂s/∂ξ)0) ,

Γp =
2(∂ρ/∂ξ)0
(∂ρ/∂µ)0

+O ((∂s/∂µ)0) +O ((∂s/∂ξ)0) .

(4.36)

We note that we must have Γp ≥ 0 for stability. Magnon-like dispersion relations
at ideal order are expected for p-wave superfluids as noted in [25, 29].17 Typical

17The authors of [29] do not consider terms linear in the superfluid velocity Aµν but only quadratic
terms. We have checked that by adding a scalar of the form Ξ = hµρhνσAµνAρσ− 1

dh
µνhρσAµνAρσ

to the hydrostatic effective action corresponding to the symmetric traceless part of the tensor aijkl

introduced in [29] reproduces their mode calculation in the appropriate regime of parameters and
has the same form as in (4.35).
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viscous corrections are expected to come with powers of k3 or higher and hence of
higher-order.

We can also perform the same analysis taking into account the ultra-dense cor-
rections of Section 4.3. In this case we have to prescribe a relative ordering for the
parameter ℓ, which we do by following the procedure developed in [38, 42, 65]. In
order to remain within the hydrodynamic regime we must require the wavenumber k
to satisfy k ≪ L−1

T where LT is the thermal length scale. In addition, in order to stay
within the large kinetic mass regime, we must require that ℓ ≪ L−1

T . However, the re-
lative scale between ℓ and k can be different. If we focus on the regime k ≪ ℓ ≪ L−1

T ,
we expect to find small corrections to the spectrum of p-wave superfluids above. At
ideal order, however, no such corrections appear and we again recover the modes the
low energy spectrum of p-wave superfluids (4.35). On the other hand, in the regime
ℓ ≪ k ≪ L−1

T , the large kinetic mass density leaves an imprint on the spectrum and
instead we find a pair of sound modes of the form

ω = ±vUD
s k +O(ℓ2) , (4.37)

where vUD
s = Ω̃ℓ, with Ω̃ ∼ O(1), is the sound speed and given in terms of a

complicated function of the thermodynamic variables. As in [38, 42, 65], one may
be tempted to interpret the change between these two regimes, say via an increase
in temperature modelled by the variable strength of ℓ, as a phase transition between
the low energy regime of a p-wave fracton superfluid and a fracton fluid with very
large kinetic mass. Before concluding our discussion of p-wave fracton superfluids,
we now make an explicit comparison with [25].

4.6 Comparison with Głódkowski, Benítez and Surówka

We now compare the p-wave superfluid theory introduced above with the work of
[25] using the fracton algebra (2.11) in flat spacetime and without external gauge
fields. We will in particular show that the work of [25] can be interpreted as p-wave
superfluidity.

In flat space τµ = δtµ and hµν = δijδ
i
µδ

j
ν , and with vanishing background fields

Bµ = Aµν = 0, the energy-momentum conservation equations (2.51) and the U(1)
conservation equation (2.47) can be written as

∂tT
t
t = −∂iT

i
t , ∂tT

t
j = −∂iT

i
j , ∂tJ

t = −∂i∂jJ
ij , (4.38)

where we have implemented the dipole Ward identity (2.47). In order to compare
these equations with those of [25] we note that the authors of [25] have identified, to
all orders in the gradient expansion, the various components of the currents according
to

T t
t = ϵ , T i

t = J iϵ , T t
j = pj , J t = n , (4.39)
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where ϵ is the energy density J iϵ the energy flux, pj the fluid momentum, and n

the charge density while T i
j and J ij remain as spatial stress and dipole current

respectively. Introducing these identifications in (4.38) leads to Eq. (2) of [25] and
therefore shows that Eq. (4.38) match those of [25]. The authors of [25] further
postulate the following first law, Euler relation and Gibbs–Duhem relation

dϵ = Tds̃+ µ̃dn+ U ijdVij , ϵ+ P = T s̃+ µ̃n , dP = s̃dT + ndµ̃− U ijdVij , (4.40)

where s̃ is the entropy density, µ̃ the chemical potential, Vij = ∂(i
(
n−1pj)

)
and U ij

its thermodynamic conjugate.18 At ideal order [25] finds the constitutive relations

J iϵ = (ϵ+ P )V i − U ij∂t

(pj
n

)
, (4.41)

J ij = −U ij , (4.42)

T ij = Pδij + V ipj + V jpi +
pk

n
∂kU

ij + U ijV k
k , (4.43)

where V i = −n−1∂jU
ij and where we have ignored the dissipative coefficient α in

Eq.(21) of [25] since we do not consider dissipative corrections in this paper. We now
wish to show that all this can be recovered from p-wave superfluidity.

We begin by noting that [25] works with dipole non-invariant stresses since using
the algebra (2.11), δΣpi ∼ nΣi for a constant Σi. Therefore we must compute the
full dipole non-invariant stresses using (4.5) which yields

T µ = Pvµ − (sT + ρµp)v
µ − fsh

λµvρ∂ρΨλ + (sT + ρµp)u⃗
µ +O(∂) ,

T µν = Phµν + 2ρv(µhν)ρΨρ + 2hρ(µhν)σΨσ∂ρfs − hµνhρσ∂ρ(fsΨσ) +O(∂) ,

Jµ = ρvµ − ρu⃗µ +O(∂) ,

Jµν = fsh
µν +O(∂) ,

(4.44)

where we have specialised to flat spacetime. Comparing the dipole current in (4.44)
with (4.41) we obtain, after sending fs → −fs

U ij = fsδ
ij , ρ = n , pj = −nΨj , Vij = −∂(iΨj) . (4.45)

These identifications make J ij and T ij match the corresponding expressions in (4.41).
In order to match the energy currents we use the dipole Ward identity (2.47) which
gives

ui = V i +O(∂) , (4.46)

where ui is the spatial fluid velocity. We remind the reader that the redefinition
fs → −fs was implemented. Comparing the energy currents we deduce that

ϵ = E , sT + ρµp = s̃T + nµ̃ , (4.47)
18To compare notation here with [25] we must set s̃ → s, µ̃ → µ and Uij → Fij .
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where E = T µ
νv

ντµ for an exact match. Using the definition of the chemical potential
in (4.16), we note that

µp = µ̃+
V ipi
n

, (4.48)

and hence deduce that µp as defined in (4.16) is the effective chemical potential
defined in [25] once the change fs → −fs is taken into account. Using now (4.47) we
obtain that s̃ = (s+ V ipi)/T . This completes the proof that the fluid theory in [25]
is precisely a type of p-wave fracton superfluidity at ideal order.

A few remarks are in order. The identification pj = −nΨj agrees with the
gradient ordering introduced in [25], namely that pj ∼ O(∂−1). In this sense we
can view the momentum pj as the Goldstone field of spontaneously broken dipole
symmetry, as noted in [29]. However, since the momentum is not dipole invariant
and vanishing from the point of view of the gauge invariant stresses (4.20), this
point of view only holds in a specific choice of gauge. Secondly, the identification
(4.46) justifies interpreting V i as the spatial fluid velocity. Thirdly, it is important to
investigate the possible matching at higher orders in derivatives and when including
dissipative effects. We begin by noting that in hydrodynamics out of equilibrium we
have the redefinition freedom

T → T + δT , ui → ui + δui , µp → µp + δµp , (4.49)

where δT, δui, δµp are terms that are of first or higher order in gradients, besides field
redefinitions of the Goldstone field

Ψµ → Ψµ + δΨµ . (4.50)

We can use the field redefinitions of T and µp in (4.49) to enforce that to all orders
T 0

0 = ϵ and J0 = n thereby ensuring that the conservation laws for the energy density
and charge density keep the same form as given by the identifications in (4.39) to all
orders. We can also use the redefinition freedom associated with Ψµ (and hence with
pj via (4.45)) given in (4.50) to keep the conservation law for the momentum the
same as given by the identifications in (4.39) to all orders in derivatives. In turn, the
redefinition freedom of ui can be used to remove any second or higher order terms
from the dipole Ward identity (4.46). However, it cannot be used to remove first
order terms that could potentially arise from dissipative or first-order corrections to
Jµ. We have not investigated the theory of p-wave superfluidity beyond ideal order
and so we conclude that there are two possibilities. If there are no dissipative and
first-order corrections to (4.46) then the theory in [25] is exactly the same as p-wave
superfluidity. On the other hand, if there are dissipative and first-order corrections to
(4.46), the energy currents would differ and the theory in [25] would be a restricted
sector of p-wave superfluidity. We note that the case of ultra-dense fracton fluids
discussed in Section 4.3 is an exception since it modifies the thermodynamics (4.40).
This concludes our discussion of ideal fracton p-wave superfluids. In the next section
we study s-wave fracton superfluids.
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5 The s-wave fracton superfluid

In this section we consider the s-wave symmetry breaking pattern discussed in Sec-
tion 3.3. In this scenario, both the U(1) symmetry and the dipole symmetry are
spontaneously broken and lead to two different regimes which we refer to as U(1)
fracton superfluids and pinned s-wave fracton superfluids, respectively. The analysis
that follows in this case is very similar to what was discussed for p-wave fracton
superfluids in Section 4 but with a few important differences.

When the dipole symmetry is spontaneously broken, as we discussed in Section 4,
the Goldstone field Ψ̃µ is part of the hydrodynamic theory and transforms as in
(4.1). If, in addition, the U(1) symmetry is spontaneously broken another scalar
Goldstone field ϕ must be introduced in the theory, which transforms under U(1)
gauge transformations as

δϕ = −σ . (5.1)

The presence of both Goldstone fields allows for the introduction of two “superfluid
velocities”, namely

Bµ = Bµ + ∂µϕ−Ψµ , (5.2a)

Aµν = Aµν + hρµh
σ
ν∇(ρΨσ) , (5.2b)

which are invariant under both U(1) and dipole transformations. The second of these
is precisely the symmetric two-tensor superfluid velocity we introduced in (4.3), while
the first one is a U(1) superfluid velocity from the point of view the Goldstone ϕ,
but akin to the misalignment tensor introduced in [38, 42, 65] from the point of view
of Ψµ.19

Given the two Goldstone fields we can parameterise a general variation of the
effective action according to

δS =

∫
dd+1x e

[
−T µδτµ +

1

2
T µνδhµν − JµδBµ + JµνδAµν +Kµ

ΨδΨ̃µ +Kϕδϕ

]
=

∫
dd+1x e

[
−T µ

Ψδτµ +
1

2
T µν
Ψ δhµν − JµδBµ + JµνδAµν +Kµ

ΨδΨ̃µ +Kϕδϕ

]
,

(5.3)

where in the second line we changed variables to (5.2) in order to work with gauge-
invariant fields. We have also defined Kµ

ψ and Kϕ as the responses to variations of
the Goldstone fields, which when set to zero

Kµ
Ψ = 0 , Kϕ = 0 , (5.4)

19In the context of [38, 42, 65], Bµ leads to massive Goldstone fields once considering the explicit
dependence on Bµ in the hydrostatic effective action. Here, however, as we will see, such terms do
not play the same rôle.
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are the dynamical equations for the Goldstone fields. These responses are related to
Kµ

Ψ and Kϕ according to

Kµ
Ψ = Kµ

Ψ − (Jνhµν −∇νJ
µν) , Kϕ = Kϕ −∇µJ

µ . (5.5)

We note that the two variations in (5.3) differ from each other by boundary terms.
The Ward identities associated with U(1) and dipole transformations give

Kµ
Ψ = 0 , Kϕ = 0 , (5.6)

while the Stueckelberg shift symmetry of Ψ̃µ in (4.1) gives again Kµ
Ψτµ = 0. The

conservation law associated to diffeomorphism transformations that arises from (5.3)
reads

∇νTΨ
ν
µ = −FµνJ

ν + Jνρ∇µAνρ − 2∇ν(J
νρAρµ) , (5.7)

where we have defined Fµν = ∂µBν−∂νBµ = ∂µB̂ν−∂νB̂µ = F̂µν . Given the geometry
of s-wave fracton superfluids, we can now construct the equilibrium partition function
for global thermal states.

5.1 Gradient expansion and equilibrium partition function

As in the case of p-wave fracton superfluids, we need to prescribe a gradient expan-
sion. As we noted in Section 1 there are two possible gradient expansion schemes.
In one scheme we can adopt the same ordering as for p-wave superfluids, namely
Aµν ∼ O(1), and thereby deduce that Ψµ ∼ O(∂−1) as in (4.11). We delegate an
analysis of this scheme to Appendix C. Instead here we adopt an alternative gradient
expansion proposed in [48]. This scheme sets Aµν ∼ O(∂), leading to

Ψµ ∼ O(1) , hµνBµ ∼ O(1) , ϕ ∼ O(∂−1) . (5.8)

We note in particular that according to this scheme, Ψµ scales differently than in
the p-wave superfluid case. Due to Aµν ∼ O(∂) we also have that Jµν ∼ O(∂−1)

and hµνJ
ν ∼ O(1). As a consequence, since we are demanding that vµBµ ∼ O(1),

both time and space derivatives scale in the usual way: ∂t ∼ O(∂) and ∂i ∼ O(∂).
This gradient expansion is thus very similar to conventional Aristotelian superfluids
(cf., Appendix B). We note that the scaling Aµν ∼ O(∂) has the implication that
s-wave flows must have small dipole superfluid velocity. In the context of the types
of couplings to Aµν that we will consider below, this means that the dipole superfluid
densiy must be treated perturbatively.

Given this gradient scheme, we may proceed with the construction of the equi-
librium partition function using the invariant gauge fields in (5.2) as well as the
symmetry parameters introduced in (3.9). The action of a symmetry transformation
on Ψµ is given in (4.15), while it acts on ϕ according to

δKϕ = £kϕ− σK = 0 . (5.9)
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The chemical potential that can be built from the available set of fields is again given
by (4.16), which we can now write as

µp = TσK + uµB̂µ = TσK + uµBµ − uµ∂µϕ . (5.10)

In equilibrium, it follows from (5.9) that µp = uµBµ and so uµBµ which is an invariant
in itself is not an independent scalar. We note, however, that since we require
µp ∼ O(1) we deduce that u⃗µ ∼ O(1). We see that this is rather different from the
scaling (4.17) for p-wave superfluids as there is no longer a constraint on the spatial
fluid velocity. This means that, like in ordinary Aristotelian fluids, we must include
the scalar u⃗2 and its associated response m: the kinetic mass density (see [46, 47]
and Appendix B.2 for details).

In addition we can introduce two ideal order scalars that do not have a counter-
parts in p-wave fracton superfluids, namely

ν = hµνu
νBµ , B2 = hµνBµBν . (5.11)

Both of these scalars have counterparts in Aristotelian superfluids, though B2 ac-
quires a slightly different interpretation since it also involves the vector Goldstone
Ψµ. In particular, it is analogous to the Goldstone mass/pinning terms explored in
[38, 42, 65], but since it does not originate from explicit symmetry breaking it leads
to different effects. There is an additional ideal order scalar, namely vµBµ but it is
not independent in equilibrium since vµBµ = ν−µp. We note that since Aµν ∼ O(∂),
there are no ideal order scalars that can be built from it.

With these scalars and our chosen gradient expansion we can write the hydro-
static effective action as

SHS[τµ, hµν , Bµ, Aµν ; Ψµ, ϕ] =

∫
dd+1x eP (T, µp, u⃗

2, ν,B2) +O(∂) . (5.12)

It will prove useful to introduce a new bookkeeping parameter ℓ′, which we take to
be of order O(1) to control the strength of the response to B2, as in [38, 42, 65].
Using the second variation in (5.3) we can extract the gauge invariant stresses and
currents for the ideal s-wave fracton superfluid

T µ
Ψ = Pvµ + (sT + µpρ+ νN +mu⃗2)uµ + (µp − ν)Nu⃗µ + ℓ′2(µp − ν)WhσµBσ +O(∂) ,

T µν
Ψ = Phµν +mu⃗µu⃗ν + 2mu⃗(µvν) − 2NBρhρ(µvν) − ℓ′2Whρ(µhν)σBρBσ +O(∂)

Jµ = ρvµ − (ρ+N)u⃗µ − ℓ′2WhµνBν +O(∂) ,

Jµν = O(∂) ,

(5.13)

where the entropy density s, charge density ρ, kinetic mass density m, U(1) superfluid
density N , mass parameter W and energy density E are defined via the Gibbs–Duhem
and Euler relations, respectively

dP = sdT+ρdµp+Ndν+
1

2
mdu⃗2+

1

2
ℓ′2WdB2 , E+P = sT+µpρ+νN+mu⃗2 . (5.14)
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We note that even though the stresses computed above are gauge invariant, they
still give rise to a non-trivial spatial momentum pµ = τνT νλ

Ψ hµλ = NBνhνµ −mu⃗µ ∼
O(1) which, in particular, is of a different gradient order as for the p-wave case in
(4.44). We note that the stresses and currents in (5.13) are precisely those of an ideal
Aristotelian superfluid (B.32). Finally, we can extract both Goldstone equilibrium
equations from (5.12) by explicit variation with respect to ϕ and Ψµ. Specifically we
find

Kϕ,HS = −∇µ (Nu⃗µ)− ℓ′2hµν∇µ(WBν) ,
Kµ

Ψ,HS = −(ρ+N)u⃗µ − ℓ′2WhµνBν ,
(5.15)

where we have added the subscript HS to Kϕ,HS and Kµ
Ψ,HS to make manifest that

these are the equations of motion in equilibrium. We note that Kµ
Ψ,HS is equal to the

dipole Ward identity (5.6) but Kϕ,HS is not the same as the U(1) Ward identity. We
see that when the equation of motion for Ψµ is satisfied, the fluid velocity is given
in terms of Bν , which is similar to the p-wave case. In addition, from Eq. (5.6) we
deduce that it is possible to have non-trivial spatial fluid velocities in equilibrium by
appropriately tuning hµνBµ.

Looking at the dipole Ward identity in (5.15), obtained by setting Kµ
Ψ,HS = 0,

we can distinguish between two different regimes. If we allow ℓ′ to be very large,
ℓ′ ∼ O(∂−1), we may use this Ward identity to set hµνBµ = 0 to all orders in the
derivative expansion and thereby eliminate Ψµ from the theory as described in [41].
In particular, from hµνBµ = 0 we deduce that Ψµ = hνµ(Bν + ∂νϕ)

20, and we end up
with a theory with just a singly scalar Goldstone field ϕ. This theory can be described
from the very beginning by just introducing one Goldstone field that spontaneously
breaks the U(1) and the dipole symmetry, which we describe in detail in Section 5.5.
On the other hand, if we take ℓ′ ∼ O(1), the effects of hµνBµ become significant and
define a pinned s-wave fracton superfluid. In fact in this regime the action (5.12) is
very similar to the Aristotelian superfluid of Appendix B.2 but with a constraint on
the fluid velocity given by Kµ

Ψ,HS = 0. In turn, fractonic effects are not visible at ideal
order since Jµν = 0. We will investigate below possible signatures of a conserved
dipole moment.

5.2 Higher-derivative hydrostatic corrections

For the s-wave fracton superfluid, the symmetric tensor gauge field only enters at
first order in derivatives. There are several gauge invariant first-order scalars that
can be build from the available structures, in particular.

ξ = hµνAµν , Ω = hµν∇µBν , uµuνAµν , uµBνAµν , BµBνAµν ,

(5.16)
20It would be interesting to study this identity from the point of view of inverse Higgs constraints

as in [71].
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where Bµ = hµνBν . There is one additional first-order scalar that may be constructed
using Aµν but is not independent, since hµν(Aµν +∇µ(Bµ+ ∂µϕ)) = ξ +Ω. Further-
more, there are scalars associated with derivatives of the ideal order thermodynamic
potentials such as vµ∂µT that feature in Aristotelian fluids [46, 47]. Our purpose
in what follows is not to make an exhaustive study but to highlight the possible
fractonic effects due to potential higher-order derivative corrections.

We note that in p-wave superfluids Aµν ∼ O(1), making it a phenomenological
assumption which scalars built from Aµν should be included at ideal order in the
pressure. In contrast, Aµν ∼ O(∂) within the gradient scheme for s-wave superfluids
that we introduced above, and so only specific powers of Aµν and its derivatives can
enter at a given order in the gradient expansion. As Aµν includes a background
scale we must control its strength by introducing a bookkeeping parameter ε ∼
O(∂) analogous to ℓ′ and treat the inclusion of the dipole superfluid velocity Aµν

perturbatively. To understand the effect of higher-order corrections we consider a
general set of corrections to the ideal order hydrostatic effective action involving ξ

which we parameterise as

P(T, µp, u⃗
2, ν,B2, ξ) = P (T, µp, u⃗

2, ν,B2) +
∑
I=1

εIκI(T, µp, u⃗
2, ν,B2)ξI , (5.17)

where κI(T, µp, u⃗2, ν,B2) are a set of higher-order transport coefficients that multiply
the I’th power of ξ. Working with such a pressure we can expand our results to any
given order in ε if necessary. It is convenient to write a Gibbs-Duhem–type relation
for P , in particular

dP = s̃dT + ρ̃dµp + Ñdν +
1

2
m̃du⃗2 +

1

2
ℓ′2W̃dB2 + f̃sdξ , (5.18)

where f̃s is the superfluid density and the quantities s̃, ρ̃, Ñ , m̃, W̃ are the conjugate
variables to T, µp, u⃗

2,B2 which can be written in terms of P, κI , ξ using (5.17); for
example, we have that

s̃ =
∂P

∂T
+
∑
I=1

εI
∂κI
∂T

ξI , f̃s =
∑
I=1

IεIκIξ
I−1 . (5.19)

Now using the second variation of (5.3) we can obtain the gauge invariant stresses
that correct those of (5.13) by including the effects of ξ

T µ
Ψ = Pvµ + (s̃T + µpρ̃+ νÑ + m̃u⃗2)uµ + (µp − ν)Ñ u⃗µ + ℓ′2(µp − ν)W̃hσµBσ +O(∂) ,

T µν
Ψ = Phµν + m̃u⃗µu⃗ν + 2m̃u⃗(µvν) − 2ÑBρhρ(µvν) − ℓ′2W̃hρ(µhν)σBρBσ

− 2f̃sAρσh
ρµhνσ +O(∂)

Jµ = ρ̃vµ − (ρ̃+ Ñ)u⃗µ − ℓ′2W̃hµνBν +O(∂) ,

Jµν = f̃sh
µν +O(∂) ,

(5.20)
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where we have kept “O(∂)” in the expressions as a reminder that there are many other
possible first-order corrections. We can also define an Euler-type relation involving
the pressure P that takes the form

Ẽ + P = s̃T + µpρ̃+ νÑ + m̃u⃗2 , (5.21)

where Ẽ = τµT
µ
Ψ. Due to these modifications, the equations for the Goldstone fields

(5.15) are modified to

Kϕ,HS =
δ

δϕ

∫
dd+1eP = −∇µ

(
Ñ u⃗µ

)
− ℓ′2hµν∇µ(W̃Bν) ,

Kµ
Ψ,HS =

δ

δΨµ

∫
dd+1eP = −(ρ̃+ Ñ)u⃗µ − hµν∂ν f̃s − ℓ′2W̃hµνBν .

(5.22)

We see the appearance of the term hµν∂ν f̃s in Kµ
Ψ,HS as the one for the p-wave

superfluid. If the mass term were absent (ℓ′ = 0), this equation would imply that
u⃗µ = 0 in equilibrium at ideal order since ∂ν f̃s ∼ O(∂) and we would thus recover
the scaling u⃗µ ∼ O(∂). However, in general this is not the case.

Lastly, using the first variation in (5.3) we can extract the gauge non-invariant
stresses, yielding

T µ = Pvµ − (s̃T + µpρ̃+ νÑ + m̃u⃗2)uµ − Ñ u⃗µvρBρ − fsh
µνvρ∇ρΨν

− ℓ′2W̃vρhµσBρBσ +O(∂) ,

T µν = Phµν − 2f̃sAρσh
ρµhνσ − 2ÑBρhρ(µvν) − ℓ′2Whρ(µhν)σBρBσ

+ 2ρ̃v(µhν)ρΨρ + (2hρ(µhν)σ − hµνhρσ)∇σ(f̃sΨρ) + m̃u⃗µu⃗ν + 2m̃u⃗(µvν) +O(∂) .

(5.23)

The important quantity to be extracted from here is the momentum pµ = τνT λν
Ψ hµλ =

ÑBνhνµ − ρ̃Ψµ − m̃u⃗µ ∼ O(1) and thus it is a combination of the invariant part,
extracted above, and the p-wave contribution that we deduced in Section 4.6. We
now turn our attention to a derivation of the Goldstone equations of motion from
entropy production.

5.3 Entropy production

Our goal now is to understand the dynamics of the Goldstone fields ϕ and Ψµ out
of equilibrium so that later we can derive the spectrum of linearised perturbations.
To this end, we proceed as in Section 4.4. In particular, using the second variation
of the action in (5.3) we can derive the off-shell adiabaticity equation

∇µN
µ = −T µ

ΨδBτµ +
1

2
T µν
Ψ δBhµν − JµδBBµ + JµνδBAµν +KϕδBϕ+Kµ

ΨδBΨµ +∆ ,

(5.24)
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where ∆ ≥ 0 is a quadratic form that needs to be determined. This equation can
be rewritten as the off-shell second law of thermodynamics by defining the entropy
current via

Nµ = Sµ +
1

T
TΨ

µ
νu

ν − µp
T
Jµ +

2

T
uρAρνJ

µν . (5.25)

At ideal order, Nµ = Puµ/T and Sµ = suµ. Including the derivative corrections we
discussed above we have Nµ = Puµ/T and Sµ = s̃uµ. Using this definition of the
entropy current we can recast the adiabaticity equation as a linear combination of
the Ward identities

∇µS
µ − uµ

T
(−∇νT

ν
µ −FµνJ

ν + Jνρ∇µAνρ − 2∇ν(J
νρAρµ))

− uνBν
T

∇µJ
µ −KϕδBϕ−Kµ

ΨδBΨµ = ∆ ≥ 0 .

(5.26)

Given the gradient expansion introduced above for s-wave fracton superfluids, and
the ideal order currents obtained in (5.13), we must have that

Kϕ = −αδBϕ− γµδBΨµ +∇µJ
µ −Kϕ,HS +O(∂) ,

Kµ
Ψ = −αµνδBΨν + γµδBϕ+ (Jνhµν −∇νJ

µν) +O(∂) ,
(5.27)

for dissipative transport coefficients α ≥ 0 and αµν ≥ 0 while γµ is unconstrained.
Note that we added the hydrostatic correction to Kϕ which appears when considering
the equilibrium currents. When the equations of motion for the Goldstone fields are
satisfied Kϕ = Kµ

Ψ = 0 and the dipole and Ward identities imposed we deduce that

δBΨν = O(∂) , (5.28)

where the terms of O(∂) may arise due to dissipative corrections. Because Ψν ∼ O(1)

for s-wave fracton superfluids, we can only use the redefinition freedom associated
with ΣB

µ to remove potential contributions at order O(∂2) or higher. Nevertheless,
Eq. (5.28) can still be used determine ΣB

µ in terms of gradients of the remaining
hydrodynamic variables and hence remove it from the spectrum. In addition, we
find the Josephson equation for ϕ, namely

vµBµ = ν − µp −
T

α
Kϕ,HS +O(∂) , (5.29)

where Kϕ,HS is given in (5.22). We have ignored corrections arising from other poten-
tial first order derivative terms. We will now make use of this equation to compute
the spectrum of linear perturbations of s-wave fracton superfluids.

5.4 Linearised equations and modes

As in the case of p-wave fracton superfluids, we wish to find clear signatures of s-wave
fracton superfluidity. We will accomplish this by computing linear perturbations in
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flat spacetime τµ = δtµ and hµν = δijδ
i
µδ

j
ν with background fields Bµ = 0 and constant

nonzero Aij. In these backgrounds we consider equilibrium states with21 uµ = (1, 0⃗)

and constant thermodynamic potentials T0, µ0, ξ0, ρ̃0, s̃0, f
0
s , Ñ0, W̃0 together with ν =

B2 = Ψµ = 0 and ϕ = µ0t in equilibrium. We then perform general perturbations
around this equilibrium state leading to

uµ = (1, δvi) , T = T0 + δT , µp = µ0 + δµp ,

ν = 0 , ξ = ξ0 + ∂iδΨi , B2 = 0 ,

ϕ = µ0t+ δϕ , Ψi = δΨi , Bt = µ0 + ∂tδϕ ,

Bi = ∂iδϕ− δΨi , Aij =
ξ0
d
+ ∂(iδΨj) ,

(5.30)

and we note that ν and B2 remain zero to linear order in perturbations. The equa-
tions of motions that provide dynamics to these perturbations are the conservation
equations (5.7), the dipole and U(1) Ward identities (5.6) and the Josephson equa-
tion (5.29). We will from the very beginning consider the stresses and currents which
include higher-derivative corrections (5.20). In this context, these equations become

∂tδẼ = −ℓ′2W̃0µ0(∂
i∂iδϕ− ∂iδΨi)− ∂iδv

i(s̃0T0 + µ0(Ñ0 + ρ̃0))− f 0
s ∂t∂

iδΨi ,

∂tδΨi =
1

(Ñ0 + ρ̃0)

[
∂iδP + Ñ0∂t∂iδϕ− f 0

s ∂i∂
jδΨj − m̃0∂tδvi

]
,

∂tδρ̃ = −(Ñ0 + ρ̃0)∂iδv
i − ℓ′2W̃0(∂

i∂iδϕ− ∂iδΨi) ,

∂iδf̃s = −(Ñ0 + ρ̃0)δv
i − ℓ′2W̃0(∂

iδϕ− δΨi) ,

∂tδϕ = δµp +
T0

α0

[
Ñ0∂iδv

i + ℓ′2W̃0(∂
i∂iδϕ− ∂iδΨi)

]
.

(5.31)

We note that the second to last equation above can be used to eliminate δvi from
the equations when ℓ′ ∼ O(1). We also note that B2 appearing in (5.14) with “mass”
W̃0 in equilibrium does not feature in the second linearised equation above giving
dynamics to Ψi. For this reason, the interpretation of this term is different than
what was considered in [38, 42, 65] in which context such terms in the hydrostatic
effective action would give rise to a mass term in the Josephson equation.

Before we analyse solutions to (5.31) in momentum space, we note that these
equations depend on the control parameter ℓ′, which determines the regime of the
s-wave superfluid, and they depend implicitly on ε via the energy density Ẽ and
pressure P as well as through f 0

s . The relative scaling between ℓ′, ε and momentum
k can be chosen arbitrarily leading to many possible regimes. The requirement that
the superfluid velocity Aµν ∼ O(∂) is treated perturbatively implies that all results

21It is possible to realise equilibrium states with non-zero spatial velocity but we do not consider
these here. We briefly study these effects in the U(1) fracton superfluid regime in Section 5.5.3.
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should be expanded in powers of ε. With this mind below we study in detail the
special case in which the mass term is absent (ℓ′ = 0), the “pinned” regime ℓ′ ≪ k

and the U(1) regime ℓ′ ≫ k. We will comment on the relative ordering between ε

and k at the end of this section.

Modes with vanishing “mass term” ℓ′ = 0

We begin by considering plane wave perturbations for the case when the “mass term”
is absent, so that ℓ′ = 0. In the regime ε ≫ k, we find a pair of modes of the form

ω = ±ω̸B2k2 − i

2
Γ̸B2k4 +O(k5) , (5.32)

where

ω2
̸B2 =

1

(Ñ0 + ρ̃0)2 [(∂s̃/∂µp)20 − (∂s̃/∂T )0(∂ρ̃/∂µp)0]

×
[
2s̃0(Ñ0 + ρ̃0)

[
(∂s̃/∂ξ)0(∂ρ̃/∂ξ)0 − (∂s̃/∂µp)0(∂f̃s/∂ξ)0

]
+ (Ñ0 + ρ̃0)

2
[
(∂s̃/∂T )0(∂f̃s/∂ξ)0 − (∂s̃/∂ξ)20

]
+ s̃20

[
(∂ρ̃/∂µp)0(∂f̃s/∂ξ)0 − (∂ρ̃/∂ξ)20

] ]
,

(5.33)

and Γ̸B2 is another complicated expression of the thermodynamic variables. In prin-
ciple, this pair of modes can be magnon-like or diffusive depending on the sign of
ω2
̸B2 . However, for stability we require ω2

̸B2 ≥ 0 and Γ̸B2 ≥ 0 and hence the modes are
magnon-like but with sub-diffusive behaviour.

The result presented in (5.32) and (5.33) should be understood as being implicitly
expanded in small ε, which gives

ω = ±εD̸B2k2 +O(k3) , (5.34)

with

D2
̸B2 =

1

(∂s/∂µp)20 − (∂ρ/∂µp)0(∂s/∂T )0

[
2κ02(∂s/∂T )0 − (∂κ1/∂T )

2
0)

+ 2s0(N0 + ρ0)
−1((∂κ1/∂T )0(∂κ1/∂µp)0 − 2κ02(∂s/∂µp)0)

+ s20(N0 + ρ0)
−2(2κ02(∂ρ/∂µp)0 − (∂κ1/∂µp)

2
0)
]
.

(5.35)

In the equation above the quantities without a tilde are calculated using P and
not P (cf. (5.17)). We furthermore note that the modes (5.33) do not appear at
ideal order since at ideal order ∂s̃/∂ξ = ∂f̃s/∂ξ = 0. However they do appear at
subleading orders in derivatives when including κi in (5.17). At higher-orders we will
also find corrections of the form ∼ ε2k2.
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Modes in the “pinned” regime ℓ′ ≪ k

We now turn on the “mass term” by assuming ℓ′ ̸= 0. As in the case of ultra-dense
fracton superfluids of Section 4.5 we can consider two different regimes depending on
the relative strength of ℓ′ with respect to the wavenumber k. Here we consider the
“pinned” (see footnote 10 for an explanation of this terminology) s-wave superfluid
regime with ℓ′ ≪ k and later the U(1) regime with ℓ′ ≫ k. In particular, in the
“pinned” regime we consider the scalings ℓ′ ≪ k ≪ ε ≪ L−1

T , which leads to four
modes of the form

ω = ±v̂ℓ′k +O(ℓ′2) , (5.36a)

ω = ±ω ̸B2k2 +O(ℓ′2) , (5.36b)

where ω ̸B2 was defined in (5.33), while the square of the velocity of the linear mode
is

v̂2 = s̃20W̃0(∂f̃s/∂ξ)0

/[
(Ñ0 + ρ̃0)

2
(
(∂f̃s/∂T )

2
0 − (∂s̃/∂T )0(∂f̃s/∂ξ)0

)
− s̃0(Ñ0 + ρ̃0)

(
(∂f̃s/∂µp)0(∂f̃s/∂T )0 − (∂s̃/∂µp)0(∂f̃s/∂ξ)0

)
+ s̃20

(
(∂f̃s/∂µp)

2
0 − (∂ρ̃/∂µp)0(∂f̃s/∂ξ)0

)]
.

(5.37)

We note that the expression for v̂ is affected by the higher order corrections provided
by κi in (5.17). In addition, depending on the sign ω2

̸B2 , we find a pair of diffus-
ive/“magnon” modes with attenuation/“magnon velocity” ω̸B2 at second order in the
gradient expansion. At ideal order the mode structure resembles that of an Aris-
totelian fluid and is in stark contrast to p-wave fracton superfluids. Again, these
modes should be expanded in O(ε), which gives (5.33) for the diffusive/“magnon”
mode, while the expansion of the linear mode in (5.36a) gives

ω = ±v̂0ℓ
′k +O(ℓ′2, ε) , (5.38)

where

v̂20 = 2κ0
2s

2
0W0

/[
(N0 + ρ0)

2
(
(∂fs/∂T )

2
0 − 2κ0

2(∂s/∂T )0
)

− s0(N0 + ρ0)
(
(∂κ1/∂µp)0(∂κ1/∂T )0 − 2κ0

2(∂s̃/∂µp)0
)

+ s20
(
(∂κ1/∂µp)

2
0 − 2κ0

2(∂ρ/∂µp)0
)]

,

(5.39)

is the O(1) piece in the ε-expansion of v̂ as defined in (5.37).

Modes in the U(1) regime ℓ′ ≫ k

On the other hand, in the U(1) fracton superfluid regime in which ℓ′ is large, i.e.,
k ≪ ℓ′ ∼ ε ≪ L−1

T , we find a pair of sound modes

ω = ±vsk − i

2
Γsk

2 +O(k3) , (5.40)
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where the speed of sound vs and attenuation Γs are given by

v2s =
ℓ′2W̃0s̃

2
0(∂ρ̃/∂µp)0

((Ñ0 + ρ̃0)2 + m̃0W̃0ℓ′2)((∂s̃/∂µp)20 − (∂s̃/∂T )0(∂ρ̃/∂µp)0)
,

Γs = ℓ′2
ρ̃20T0W̃0

α0((Ñ0 + ρ̃0)2 + m̃0W̃0ℓ′2)
.

(5.41)

This pair of sound modes is present at ideal order in derivatives and hence constitutes
the low energy spectrum. Expanding the sound mode in the small parameter 1/ℓ′ ≪
1, we find that vs = v̄s +O(1/ℓ′2) and Γs = Γ̄s +O(1/ℓ′2), where

v̄2s =
s̃20(∂ρ̃/∂µp)0

m̃0((∂s̃/∂µp)20 − (∂s̃/∂T )0(∂ρ̃/∂µp)0)
, Γ̄s =

T0ρ̃
2
0

α0m̃0

. (5.42)

As we alluded to above, we can integrate out Ψµ in the regime where ℓ′ ≫ k, which
only leaves the scalar Goldstone ϕ. Indeed, we will demonstrate in Section 5.5 that
we can recover the low energy spectrum (5.40) by just considering a theory with
a single Goldstone field from the very beginning using the gauge-fixed formalism of
Section 2.6. In the addition to the sound modes (5.40) we also find a pair of “magnon”
modes

ω = ±ωMk2 − i

2
ΓMk4 +O(1/ℓ′2) , (5.43)

where we have expanded the non-trivial thermodynamic expression for the subdif-
fusive attenuation coefficient ΓM for large ℓ′ to simplify the expressions and defined
the “magnon velocity”22

ω2
M = − (∂f̃s/∂ξ)0

(∂ρ̃/∂µp)0
. (5.44)

We have assumed that ω2
M > 0 and ΓM ≥ 0 for stability. Looking at this expression,

we see that ωM is only non-trivial if we consider second order derivative corrections
in (5.17). We also see that adding higher-order derivative corrections modifies the
“magnon velocity” at this given order of k.

These modes should be expanded in powers of ε, which is equivalent to consid-
ering the regime where ε ∼ k. In this regime we find the following pair of modes

ω = ±v̄s
∣∣
ε=0

k ± εṽk +
iΓ̄s

∣∣
ε=0

2
k2 +O(L3, 1/ℓ′) ,

v̄s
∣∣
ε=0

=
s0
√

(∂ρ/∂µp)0√
m0[(∂s/∂µp)20 − (∂ρ/∂µp)0(∂s/∂T )0]

,

(5.45)

where v̄s and Γ̄s are given in (5.42), while ṽ ∼ κ1 is the O(ε) term in the ex-
pansion of v̄s, though we refrain from writing it explicitly. There is also a pair of

22The spectrum for ℓ′ = 1 is given by the sounds modes in (5.40) with v2s and Γs in (5.41) with
ℓ′ = 1 and the magnon modes in (5.43).
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magnon/diffusive modes of the form

ω = ±ωM
∣∣
ε=0

εk2 +O(ε4, k4, . . . ) ,
(
ωM

∣∣
ε=0

)2
= − 2κ0

2

(∂ρ/∂µp)0
, (5.46)

where ωM is given in (5.44).
Finally, we note that we can interpret a large increase in ℓ′, mediated for instance

by an increase or decrease in temperature, as a phase transition between a U(1)
fracton superfluid regime and the “pinned” s-wave superfluid regime (see Fig. 1). We
will comment on this further in Section 6.

Summary of the mode structure

Here we summarise the results we obtained on the modes of s-wave superfluids. The
gradient expansion scheme we used required that the dipole superfluid velocity Aµν

is gradient suppressed Aµν ∼ O(∂). This means that s-wave flows are required to
have small dipole superfluid velocity. To enforce it we introduced a small parameter
ε in front of the transport coefficients κi, whose relative scaling with respect to k

and ℓ′ can differ. We noted that assuming ε ∼ k or ε ≫ k gives rise to the same
results for the modes in the U(1) regime, where for ℓ′ ≫ k with ε ∼ k we found a
mode structure of the form

ω =±
(
V(0,1) + εV(1,2) + ε2V(2,3) + ...

)
k +

(
R(0,2) + εR(1,3) + ε2R(2,4) + ...

)
k2

+O(k3, ε3, 1/ℓ′) ,

ω =±
(
T(2,2)ε+ T(3,4)ε

2 + ...
)
k2 +O(k3, ε3, 1/ℓ′) ,

(5.47)

where V,R, T are coefficients that depend on the thermodynamic variables and the
subscript (X, Y ) indicates at which derivative order X they appear and at which
order Y in a momentum expansion k they appear. For instance V(0,1) appears at ideal
order in derivatives and at linear order in momentum while V(1,2) appears at first order
in derivatives and at quadratic order in momentum. Truncating the modes (5.47)
to quadratic order in momentum requires only taking into account the coefficients
V(0,1), V(1,2), R(0,2). We see from (5.47) that at each coefficient for a given power of k
receives corrections due to ε. This is not unexpected since if we were dealing with a
typical U(1) superfluid and treated the superfluid density perturbatively, the same
type of corrections would appear.23 The modes in the pinned regime ℓ′ ≪ k follow a
similar structure to (5.47), though the corresponding coefficients V,R, T come with
an additional index that keeps track of the powers of ℓ′. Finally, it is also possible
to consider the regime in which ε ≪ k. In this case, depending on the exact scaling

23This would amount to expanding the modes in (B.24) and (B.25) in a small f expansion. We
also note that the same type of corrections would appear when turning on a weak background
source such as a background electric or magnetic field and in the latter case giving rise to cyclotron
motion [72].
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between ε and k various coefficients could be pushed to higher-orders in k. For
instance, if we scale ε ∼ k2 then the coefficient V(1,2) would change its order in the
momentum expansion according to V(1,2) → V(1,3).

As we mentioned in Section 1 we discuss a different gradient expansion for s-
wave superfluids in Appendix C. It is instructive to compare the structure of (5.47)
with the structure we get using this alternative scheme for ℓ′ ≫ k. The major
difference is that the linear term in k in the first mode in (5.47) only appears at
second order in derivatives so that ω = ±V(2,1)k + R(0,2)k

2 + ... due to a second
order gradient correction to the hydrostatic partition function proportional to mu⃗2

where m is the mass density while the term quadratic in k2 already appears at ideal
order in gradients. This suggests that higher-order corrections (second order gradient
corrections) are introducing novel effects in the infra-red (low k regime, in particlar
at linear order in k) and therefore we adopted the other gradient scheme.

This concludes our discussion of the modes in s-wave superfluids. Below we
discuss the U(1) regime of the s-wave fracton superfluid from a different point of
view.

5.5 The U(1) regime of the s-wave fracton superfluid

In this section we discuss in more detail the U(1) fracton superfluid regime of the
s-wave fracton superfluid introduced in the previous section. This is the regime in
which ℓ′ ∼ O(∂−1) and the vector Goldstone Ψµ can be integrated out leading to a
theory that only contains ϕ as the low energy degree of freedom. Alternatively we can
also view this regime as the regime that is probed when looking at k ≪ ℓ′ ≪ L−1

T from
the point of view of the s-wave superfluid theory introduced above. As mentioned in
Section 2.6, this case is better addressed using the gauge fixed fields since this leads
to manifestly gauge invariant stresses.

Instead of introducing two Goldstone fields and integrating one out, we con-
sider the outcome of just U(1) spontaneous symmetry breaking and introduce the
Goldstone field ϕ transforming as in (5.1). Using the fields Φ and Ãµν and their
transformations under U(1) as in (2.67) we can construct a gauge invariant scalar
potential Φ̃ and a gauge invariant superfluid velocity Ãµν according to

Φ̃ = Φ− vµ∂µϕ , Ãµν = Ãµν + hρµh
σ
ν∇ρ∂σϕ . (5.48)

Given these invariants we can recast the variation of a general action according to

δS =

∫
dd+1x e

(
−T̄ µδτµ +

1

2
T̄ µνδhµν − J̄0δΦ + JµνδÃµν +Kϕδϕ

)
=

∫
dd+1x e

(
−T̄ µ

ϕ δτµ +
1

2
T̄ϕµνδhµν − J̄0δΦ̃ + JµνδÃµν +Kϕδϕ

)
,

(5.49)

where we have defined the gauge invariant stresses T̄ µ
ϕ and T̄ϕµν as well as

Kϕ = Kϕ + vµ∂µJ̄
0 −∇µ∇νJ

µν . (5.50)
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The Ward identity associated with gauge transformations and the equation of motion
for the Goldstone fields gives, respectively

Kϕ = 0 , Kϕ = 0 . (5.51)

As for the diffeomorphism Ward identity we can use the second variation in (5.49)
to write it as

∇νT̄ϕ
ν
µ = −J̄0∂µΦ̃ + Jνρ∇µÃνρ − 2∇ν(ÃµρJ

νρ) , (5.52)

where we have defined the gauge invariant energy-momentum tensor T̄ϕ
ν
µ = −T̄ µ

ϕ τν+

T̄ϕµρhρν . We will now use these considerations to construct the equilibrium partition
function.

5.5.1 Gradient expansion and equilibrium partition function

As in the previous s-wave fracton superfluid case, we require Φ̃ ∼ O(1) and Ãµν ∼
O(∂) leading to the same scaling for the Goldstone field as in (5.8). The latter
condition implies that flows in the U(1) regime must have a small dipole superfluid
velocity. To construct appropriate scalar invariants, we consider the transformations
of the gauge fixed fields under the symmetry parameter

δKΦ = £kΦ− vµ∂µσ
K = 0 ,

δKÃµν = £kÃµν + hρµh
σ
ν∇ρ∇σσ

K = 0 ,
(5.53)

while the Aristotelian sources transform as (3.9) and ϕ as (5.9). Besides the invariant
scalars T, u⃗2 we can define the chemical potential

µU = TσK + Φ− u⃗µ∂µϕ . (5.54)

Requiring µU ∼ O(1) we deduce that u⃗µ ∼ O(1). The scalar potential Φ̃ is an
invariant in itself but the equilibrium condition for ϕ in (5.9) sets Φ̃ = µU in equilib-
rium and hence Φ̃ is not an independent scalar. Since no ideal order scalars can be
built from Ãµν we have the ideal order hydrostatic effective action for U(1) fracton
superfluids

S[τµ, hµν ,Φ, Ãµν ;ϕ] =

∫
dd+1x eP (T, u⃗2, µU) +O(∂) . (5.55)

Using (5.49) we can easily extract the stresses and currents and obtain

T̄ µ
ϕ = vµP − (sT +mu⃗2)vµ + (sT +mu⃗2)u⃗µ +O(∂) ,

T̄ϕµν = Phµν +mu⃗µu⃗ν + 2mu⃗(µvν) +O(∂) ,

J̄0 = −ρ+O(∂) , Jµν = O(∂) ,

(5.56)

where we have defined the entropy density, charge density and superfluid density via
the Gibbs–Duhem relation dP = sdT + ρdµU + mdu⃗2/2. Explicitly computing the
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energy density using (5.56) we obtain the Euler relation E + P = sT +mu⃗2, while
momentum pµ = τν T̄ϕµν = −mu⃗µ ∼ O(1). Finally, we can obtain the equilibrium
equation for the Goldstone ϕ by varying (5.55) with respect to it yielding

Kϕ = ∇µ(ρu⃗
µ) , (5.57)

where we have used the Ward identity (5.51). It is interesting to note that in this
formulation of s-wave superfluids, there is no constraint on the fluid velocity, which
is what is expected when considering ℓ′ ∼ O(∂−1). This also makes it clear that
equilibrium configurations with non-zero fluid velocity can be realised.

As for the earlier analysis of s-wave superfluids, we would like to explore fractonic
effects by turning on higher-derivative corrections. We consider the same class of
corrections as in (5.17) and define

P(T, µp, u⃗
2, ξ) = P (T, µp, u⃗

2) +
∑
I=1

εI κ̃I(T, µp, u⃗
2)ξI , (5.58)

for some transport coefficients κ̃I and with a slight abuse of notation we defined
ξ = hµνÃµν . As in the previous section, because Ãµν ∼ O(∂) contains a background
scale, we have introduced the bookkeeping coefficient ε ∼ O(∂) in (5.58). Given this
modified hydrostatic effective action we compute the corrected stresses and currents
leading to

T̄ µ
ϕ = vµP − (s̃T + m̃u⃗2)vµ + (s̃T + m̃u⃗2)u⃗µ +O(∂) ,

T̄ϕµν = Phµν + m̃u⃗µu⃗ν + 2m̃u⃗(µvν) − 2f̃sÃρσh
ρ(µhν)σ +O(∂) ,

J̄0 = −ρ̃+O(∂) , Jµν = f̃sh
µν +O(∂) ,

(5.59)

where s̃, ρ̃, m̃, f̃s are defined as in (5.18). Furthermore, the Goldstone equation (5.57)
becomes

Kϕ = ∇µ(ρ̃u⃗
µ) + hµν∇µ∇ν f̃s , (5.60)

We can also consider working with gauge non-invariant stresses. Using the first
equality in (5.49) we can extract such stresses from (5.55) and obtain

T̄ µ = Pvµ + (s̃T + m̃u⃗2)uµ + ρ̃vµvν∂νϕ− 2f̃sv
ρhσµ∇ρ∂σϕ+ hµνvρ∇ν(f̃s∂ρϕ) ,

T̄ µν = Phµν + m̃u⃗µu⃗ν + 2m̃u⃗(µvν) + 2ρ̃v(µhν)λ∂λϕ− 2f̃sh
ρµhσνÃρσ − 2f̃sh

ρµhνσ∇ρ∂σϕ

+ (2hρ(µhν)σ − hµνhρσ)∇σ(f̃s∂ρϕ) .

(5.61)

From the point of view of these stresses we can see that momentum is now pµ =

−m̃u⃗µ − ρ̃hνµ∂νϕ ∼ O(1), thus taking the same gradient ordering as in the general
s-wave case. In this case spatial momentum is aligned with a “superfluid velocity”
given by the gradient of ϕ and with u⃗µ. We now consider entropy production for
U(1) fracton superfluids.
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5.5.2 Entropy production

Before linearising the equations and studying linearised perturbations we need to
derive the Goldstone equation of motion Kϕ out of equilibrium. As in previous
sections we consider the adiabaticity equation, now using (5.49), which takes the
form

∇µN
µ = −T̄ µ

ϕ δBτµ +
1

2
T̄ µν
ϕ δBhµν − J̄0δBΦ̃ + JµνδBÃµν +KϕδBϕ+∆ , (5.62)

where ∆ ≥ 0 is a quadratic form. It is again useful to rewrite the adiabaticity
equation in terms of entropy production by defining

Nµ = Sµ +
1

T
Tϕ

µ
νu

ν +
2

T
JµνÃνρu

ρ , (5.63)

where Nµ = Puµ/T and Sµ = suµ at ideal order and Nµ = Puµ/T and Sµ = s̃uµ

when including the higher-order derivative terms we considered. This leads to the
off-shell second law of thermodynamics

∇µS
µ − uµ

T

[
−∇νT̄ϕ

ν
µ − J̄0∂µΦ̃ + Jνρ∇µÃνρ − 2∇ν(ÃµρJ

νρ)
]
−KϕδBϕ = ∆ ≥ 0 .

(5.64)

Given the gradient ordering introduced above, the first two terms in the equation
above are at least of order O(∂). Therefore we must have that

Kϕ = −α̃δBϕ− vµ∂µJ̄
0 +∇µ∇νJ

µν −∇µ(ρ̃u⃗
µ)− hµν∇µ∇ν f̃s +O(∂2) , (5.65)

where α̃ is a dissipative transport coefficient satisfying α̃ ≥ 0. Once the Goldstone
equation of motion is satisfied, Kϕ = 0, and the U(1) Ward identity imposed, we find

Φ̃ = µU − T

α̃

(
∇µ(ρ̃u⃗

µ) + hµν∇µ∇ν f̃s

)
+O(∂) , (5.66)

where the two last terms in this equation are precisely the equation of motion for ϕ in
equilibrium (5.60). We note that we have ignored other potential higher-order deriv-
ative corrections. We will now use this to look at perturbations around equilibrium
states.

5.5.3 Linearised equations and modes

As in previous sections we now wish to find signatures of this superfluid phase by
finding the spectrum of linear excitations. We consider flat spacetime backgrounds
with τµ = δtµ and hµν = δijδ

i
µδ

j
ν and gauge fields

Φ = 0 , Ãij =
ξ0
d
δij , (5.67)
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where ξ0 is the equilibrium value of ξ. We also consider states with uµ = (1, 0⃗)

and constant T = T0, µU = µ0. In turn this corresponds to the equilibrium values
σK = µ0/T0 and ϕ = µ0t. Considering fluctuations of the various fields we have

T = T0 + δT , µU = µ0 + δµU , ϕ = µ0t+ δϕ ,

uµ = (1, δvi) , Φ̃ = µ0 + ∂tδϕ , Ãij =
ξ0
d
δij + ∂i∂jδϕ .

(5.68)

Using the conservation law (5.52), the Ward identity (5.51), the Goldstone equation
(5.66) and taking the stresses and currents with high-derivative corrections (5.59) we
obtain the linearised equations

∂tδP = s̃0∂tδT + T0∂tδs̃+ s̃0T0∂iδv
i + ρ̃0∂t∂tδϕ+ f̃ 0

s ∂t∂
i∂iδϕ ,

∂iδP = ρ̃0∂i∂tδϕ+ f̃ 0
s ∂i∂

j∂jδϕ+ m̃0∂tδvi ,

∂tδρ̃ = ∂i∂iδf̃s ,

∂tδϕ = δµU − T0

α̃0

[
∂i(ρ̃0δv

i) + ∂i∂iδf̃s

]
.

(5.69)

Using plane wave perturbations as in the previous sections, and choosing the scaling
ε ≫ k, these equations lead to 4 non-vanishing gapless modes of the form

ω = ±v̄sk − i

2
Γ̄sk

2 +O(k3) ,

ω = ±ωMk2 − i

2
ΓMk4 ,

(5.70)

where ωM and ΓM are as in (5.43). If ω2
M is positive then the first two modes in

(5.70) are magnon-like modes with ω2
M the “magnon velocity” and ΓM is a subdiffusive

coefficient. Otherwise, if ω2
M is negative then the first two modes are diffusive modes

but since the ansatz is ei(−ωt+kix
i), allowing for this possibility would lead to an

instability and as such we discard it as unphysical. We thus take ω2
M ≥ 0 and

ΓU ≥ 0 for stability at arbitrary k. For the sound mode, we find

v̄2s =
s̃20(∂ρ̃/∂µp)0

m̃0((∂s̃/∂µp)20 − (∂s̃/∂T )0(∂ρ̃/∂µp)0)
,

Γ̄s =
T0ρ̃

2
0

α̃0m̃0

− s̃0ρ̃
2
0(∂ρ̃/∂µp)0

α̃0m̃0((∂s̃/∂µp)20 − (∂s̃/∂T )0(∂ρ̃/∂µp)0)
.

(5.71)

As we mentioned in 5.4, we should recover the low energy spectrum of the s-wave
superfluids when ℓ′ ≫ k. Indeed, the magnon-like modes in (5.70) are precisely the
magnon-like modes of the s-wave (5.43), but the attenuation of the sound mode is
different from (5.42). To remedy this, we write α̃0 as

α̃0 → α0 +∆(α0) , (5.72)
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which we can solve for ∆(α0) to make the attenuations match. However, ΓM also
involves α̃0, and so redefining it means that the subdiffussive attenuations do not
match. Again, we can fix this by redefining, for instance, (∂ρ̃/∂ξ)0 → (∂ρ̃/∂ξ)0 +F ,
where F is a complicated function of the thermodynamic variables. This is similar
to the various redefinitions that need to be implemented to obtain the liquid regime
after melting [65]. As before, these modes should be expanded in powers of ε, which is
equivalent to the regime ε ∼ k and which reproduces the modes in (5.45) and (5.46),
though the attenuations only match after performing a field redefinition à la (5.72).
This expansion clarifies that the sound mode appears at ideal order in derivatives
while the magnon mode appears at first order in derivatives. The regime ε ≪ k leads
to similar conclusions as discussed at the end of Section 5.4.

In addition, contrary to the p-wave fracton superfluids, the U(1) fracton super-
fluid allows for equilibrium states with non-zero background velocity vi0 such that
kiv

i
0 = v0k cos θ for some angle θ. If we perturb around such states with uµ = (1, vi0),

the linearised (modified) Gibbs–Duhem relation becomes

δP = s̃0δT + ρ̃0δµp + m̃0v
i
0δv

i − if̃ 0
s k

2δϕ . (5.73)

For simplicity, we assume that vi0 is aligned with ki (i.e., θ = 0), which leads to
modes of the form

ω = (±v̄s + bv0 +O(v20))k − i

2
(Γ̄s + cv0 +O(v20))k

2 ,

ω = (±ωM + (±A+ iB)v20 +O(v30))k
2 +O(v0k

3) ,
(5.74)

where b, c, A,B are complicated functions of the thermodynamic variables and where
we have expanded in small v0 to simplify the expressions. Thus, including a non-zero
background velocity strongly affects the mode structure in the U(1) regime, which is
similar to what happens for an ordinary Aristotelian fluid [47]. In particular we can
see that the sound speeds have different velocities due to a non-vanishing equilibrium
velocity. This is a natural consequence of the absence of boost symmetry. This
concludes our analysis of fracton superfluids.

6 Discussion

In this section, we provide an overview of our results and list important future
directions inspired by our work with the goal of understanding many-body quantum
systems with emergent fracton symmetries.

We began by gauging the fracton algebra in order to extract both the background
geometry as well as the low-energy degrees of freedom, which are those relevant for
hydrodynamics, that describe field theories with a conserved dipole moment. This
procedure allowed us to recover the gauge fields present in symmetric tensor gauge
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theories that have been widely studied in the literature, but also more general gauge
fields that reduce to those of the symmetric tensor gauge theory when an appropriate
curvature constraint is imposed. In particular, the gauge field Ãa

µ that we found in
Section 2.4 reduces to the symmetric tensor gauge field Aµν once the U(1) part of
the Cartan curvature is set to zero.

Our main motivation was to understand the thermodynamics of equilibrium
global states in such theories and their near-equilibrium dynamics. As such, we
began by showing that, at finite temperature, no such global thermal states with
non-zero flow velocity can exist unless the fracton symmetries are spontaneously
broken.24

Given this crucial observation, we introduced two different classes of fracton su-
perfluids distinguished by their particular symmetry breaking pattern; i.e., whether
one, or both, of the U(1) and the dipole symmetries are spontaneously broken, which
leads to two distinct superfluid phases, one of which has two different regimes. We
noted several novel features of fracton superfluids compared to conventional Aris-
totelian superfluids which we studied in Appendix B, and which had not yet been
coupled to non-trivial Aristotelian backgrounds. For p-wave superfluids these fea-
tures included, for instance, the observation that the spatial fluid velocity satisfies
u⃗µ ∼ O(∂) and that the gradient expansion imposes a different scaling for space and
time derivatives. For s-wave superfluids we followed the gradient scheme proposed in
[48] which leads to the point of view that at ideal order s-wave fracton superfluids are
conventional Aristotelian superfluids with a constraint on the spatial fluid velocity
imposed by the dipole Ward identity.

We have also demonstrated that these different classes of superfluids have dis-
tinctive signatures, highlighted by the different ideal order mode structure depicted
in Fig. 1. The possibility of measuring such dispersion relations, say via specific
correlators, would allow to determine which phase of fracton superfluidity a given
system would be in. We have also shown that fracton hydrodynamic theories con-
sidered earlier in the literature [23–25] fall into the class of p-wave fracton superfluids
introduced in Section 4, which is also the class of theories discussed in [29].25

It is important to clarify a few points regarding the s-wave fracton superfluid
phase that we described in Section 3.3. From an effective field theory point of view,
the hydrostatic effective action (5.12) should contain all scalars allowed by symmetry.

24At zero temperature it is possible to describe other fracton phases such as what is referred to
as the “normal phase” in [50] which does not require the introduction of Goldstone fields.

25The recent reference [50] introduces two classes of fracton superfluids, the dipole condensate,
which is equivalent to the p-wave fracton superfluid studied here, and the charge condensate which is
equivalent to the s-wave fracton superfluid studied here. Also, Ref. [50] focuses on zero temperature
fluids without momentum conservation and with an emphasis on dissipative effects. The p-wave and
s-wave phases introduced here appear to have the same field content but a proper comparison is not
possible given that in this paper we work at finite temperature with both energy and momentum
conservation, and we did not investigate dissipative effects.
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We note that as soon as we add the scalar B2 (without controlling the coupling
constant ℓ′) we can use the dipole Ward identity (5.15) to eliminate Ψµ from the
hydrodynamic theory [41]. This procedure is equivalent to considering a large ℓ′ ∼
O(∂−1). In such circumstances, the field content of the theory only contains a single
Goldstone field ϕ but both U(1) and dipole symmetries are spontaneously broken.
This situation we described in further detail in Section 5.5. Thus at low energies,
there are only two fracton superfluid phases: the p-wave phase and the U(1) regime
of the s-wave phase.26 However, taking ℓ′ ∼ O(1) we can describe a “pinned” s-wave
fracton superfluid phase, that shares similar features to [38, 42, 65], in which a “mass
term” for the vector Goldstone Ψµ is included in the hydrostatic effective action.27

The introduction of the parameter ℓ′ allows us to model a phase transition from a
pinned s-wave fracton superfluid regime (ℓ′ ≪ k) to a U(1) fracton superfluid regime
(ℓ′ ≫ k). In [41], a microscopic model for s-wave fracton superfluids was proposed in
which the “mass term” becomes large at low temperatures and the vector Goldstone
Ψµ can be integrated out. In the context of this model, ℓ′ increases with decreasing
temperature. It would be interesting to better understand this transition from the
point of view of this microscopic model.

A few comments about the possible gradient expansions for s-wave superfluids
are in order. Originally we introduced a gradient expansion similar to p-wave super-
fluids and applied it to s-wave superfluids, leading to the scalings Ψµ ∼ O(∂−1) and
ϕ ∼ O(∂−2) as well as u⃗µ ∼ O(∂−1). One of the issues with this scaling is that, con-
trary to p-wave superfluids, in s-wave superfluids the dipole Ward identity does not
constrain the spatial fluid velocity to be gradient-suppressed and we are not aware of
a way to impose such a constraint by hand as u⃗µ evolves in time. The second issue
with such a scaling is that including the supposedly second order term

∫
dd+1x emu⃗2

for a coefficient m(T, µU , ξ) in the hydrostatic effective action (5.55) leads to the
appearance of a linear mode. Hence the addition of this particular higher derivative
term is affecting the infra-red regime.28 We have discussed in detail in Appendix C
this gradient expansion and its physical consequences. In the main text we instead
followed the alternative gradient scheme proposed in [48]. Within this scheme the
dipole superfluid velocity Aµν must be treated perturbatively since Aµν ∼ O(∂) and
which we accounted for by treating the corresponding dipole superfluid density fs
perturbatively. We summarised the mode structure in Section 5.4 and showed that
this gradient scheme leads to a consistent expansion in wavenumber k in which the
dipole superfluid velocity appears as small corrections to the various coefficients. As
we noted in Section 5, we only studied a particular subset of higher order corrections

26We thank Akash Jain and Piotr Surówka for pointing this out to us.
27We note that the origin of the “mass term” in [38, 42, 65] is different from the one employed

here since none of the dipole symmetries are explicitly broken.
28One might also speculate whether this is related to UV/IR mixing, which is known to occur in

fracton theories [5].
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to the hydrostatic effective action and a more thorough investigation of the higher-
derivative structure of s-wave superfluids would be useful to clarify the nature of
the gradient expansion and which gradient expansion is the most suitable one to
organise the hydrodynamic theory. We also note that to the level of effects and
higher-derivative corrections that we studied here, both these schemes give rise to
the same spectra at second order in the gradient expansion.

A theory of fracton superfluids at ideal order constitutes the first step towards un-
derstanding fracton theories in thermal equilibrium and identifying potential experi-
mental signatures. Nevertheless, many interesting properties of many-body quantum
systems generically rely on the structure of dissipation. While we have not considered
dissipative effects in detail, we expect that many interesting types of transport will
appear at higher orders in the gradient expansion, including sub-diffusive behaviour
and more reported in [23–25, 29, 50]. Moreover, while we have identified the ther-
modynamics and linear excitations of fracton superfluids, we have not computed hy-
drodynamic correlation functions which are important for potential measurements;
we leave this important generalisation for future work.

Another interesting direction involves working with the gauge field Ãa
µ obtained

by gauging the fracton algebra in Section 2.4 without imposing the curvature con-
straint (2.33) that reduces Ãa

µ to the symmetric tensor gauge field Aµν . This gener-
alisation would allow for further effects even at ideal order, including the presence
of additional chemical potentials.29 Finally, it is also possible to consider fracton
hydrodynamic theories with conserved multipole moments. The geometry and gauge
fields for such theories were discussed in [18] and the methodology developed in this
work could be applied to these cases as well. More generally, one could aim at
studying hydrodynamic theories with subsystem symmetries [73, 74]. This should be
possible by gauging subsystem symmetries as in Section 2.2 and obtain the curved
background fields.30
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A Variational calculus for Aristotelian geometry

In this appendix, we provide useful and explicit variational relations for Aristotelian
geometry as well as for the fluid variables that are defined using the background
geometry, complementing Section 2.3. By varying the completeness relation

δµν = −vµτν + hµρhρν , (A.1)

and using the following properties of the fields that make up the Aristotelian geo-
metry

vµτµ = −1 , vµhµν = τµh
µν = 0 , (A.2)

we obtain the variations

δe = e

(
−vµδτµ +

1

2
hµνδhµν

)
, δhµν = 2v(µhν)ρδτρ − hµρhνσδhρσ ,

δhµν = vµhρνδτρ − τνh
µρvσδhρσ , δvµ = vµvνδτν − hµνvρδhρν .

(A.3)

As explained in Section 3.2, hydrodynamic theories based on Aristotelian geometry
in equilibrium configurations involve a Killing vector kµ that defines the local tem-
perature T and the fluid velocity uµ defined via (3.11). Varying these quantities
leads to

δT = −Tuµδτµ , δuµ = −uµuνδτν , δu⃗2 = uµuνδhµν − 2u2uµδτµ . (A.4)

We recall that the affine connection that we use throughout the paper is given by
(2.21), and that we assume that this is torsion-free, corresponding to the vanishing
of the intrinsic torsion

Kµν = τµν = 0 . (A.5)

The Riemann tensor associated with the affine connection (2.21) is defined via the
Ricci identity

[∇µ,∇ν ]Xρ = Rµνρ
σXσ ,

[∇µ,∇ν ]Y
ρ = −Rµνσ

ρY σ ,
(A.6)

where Xµ is an arbitrary 1-form and Y µ an arbitrary vector. The components of the
Riemann tensor are

Rµνρ
σ = −∂µΓ

σ
νρ + ∂νΓ

σ
µρ − ΓσµλΓ

λ
νρ + ΓσνλΓ

λ
µρ . (A.7)
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The Ricci scalar is defined as the contraction Rµν = Rµρν
ρ. Finally, varying the

connection (2.21) and setting Kµν = τµν = 0 produces the result

δΓρµν = −vρ∇µδτν +
1

2
hρσ(∇µδhνσ +∇νδhµσ −∇σδhµν)

− hρλτνv
σ∇(µδhλ)σ +

1

2
hρλτν£vδhµλ ,

(A.8)

where we remark that the two terms on the second line will play no rôle in the main
text since they always appear contracted with a spatial tensor. The restriction to
τµν = 0 means that we do not have access to the full energy current but only its
divergence (see, e.g., [76]), while the restriction to Kµν = 0 means that we also do
not have access to the most general stress-momentum tensor T µν . However, such
terms play no rôle when restricting to torsion-free spacetimes.

B Ideal relativistic and Aristotelian superfluids

In this appendix we briefly review ideal relativistic superfluids and later we provide
a formulation of ideal Aristotelian superfluids coupled to curved geometries and non-
trivial gauge fields. The purpose of this appendix is for the reader to familiarise
themselves with conventional theories of superfluid dynamics, which can be contras-
ted with the fracton superfluid theories introduced in the main text.

B.1 Ideal relativistic superfluids

The ideal relativistic superfluid was described using equilibrium partition function
methods, for example, in [30] (see also [36, 68]). The dynamics of relativistic su-
perfluids was discussed in [77, 78]. We begin by introducing the gradient expansion
and equilibrium partition function. Then we move on to entropy production and
linearised fluctuations.

B.1.1 Gradient expansion and equilibrium partition function

Relativistic superfluids are coupled to a background metric gµν and a gauge field Aµ

that transforms under gauge transformations as δAµ = ∂µσ where σ is a gauge para-
meter. Since we are dealing with a superfluid, the description includes a Goldstone
field ϕ that transforms as31

δσϕ = σ , (B.1)

under U(1) gauge transformations with parameter σ. This allows us to define the
superfluid velocity according to

ξµ := Aµ − ∂µϕ , (B.2)
31Note that the U(1) Goldstone transforms with the opposite sign in this appendix as compared

to the U(1) Goldstone we introduced for the s-wave fracton superfluid in Section 5.
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which is manifestly gauge invariant. Requiring the superfluid velocity to be ideal
order ξµ ∼ O(1) implies that

Aµ ∼ O(1) , ϕ ∼ O(∂−1) . (B.3)

In equilibrium, we introduce the set of parameters K consisting of an isometry cap-
tured by a Killing vector field kµ and a background U(1) parameter σK such that

δKgµν = £kgµν = 0 , δKAµ = £kAµ + ∂µσ
K = 0 , δKϕ = £kϕ+ σK = 0 . (B.4)

Note that these imply that δKξµ = 0 in equilibrium. The U(1) parameter transforms
as

δσK = £ζσ
K −£kσ , (B.5)

under diffeomorphisms parameterised by ζµ and U(1) gauge transformations with
parameter σ. This result may be obtained from requiring that δ(δKϕ) = 0 and using
the last equation in (B.4). From the gauge-invariant object ξµ and the Killing vector
kµ, we can construct the following gauge invariant hydrodynamical variables

T =
T0√
−k2

, uµ =
kµ√
−k2

, µ = uµAµ + TσK , ξ2 = gµνξµξν , (B.6)

where k2 = gµνk
µkν , and where the first three are the usual scalars introduced for

a relativistic charged fluid with unbroken U(1) global symmetry. Note that we also
have an extra scalar uµξµ but this is the same as µ in equilibrium, since

uµξµ = uµAµ − uµ∂µϕ = uµAµ + TσK = µ , (B.7)

where we used that δKϕ = 0, so that uµ∂µϕ = T£kϕ = −TσK . In terms of these
variables, the ideal hydrostatic effective action takes the form

SHS[gµν , Aµ;ϕ] =

∫
dd+1x

√−gP (T, µ, ξ2) +O(∂) . (B.8)

The variation of P gives rise to the following Gibbs–Duhem relation

dP =

(
∂P

∂T

)
µ,ξ2

dT +

(
∂P

∂µ

)
T,ξ2

dµ+

(
∂P

∂ξ2

)
T,µ

dξ2

:= sdT + ρdµ− 1

2
fdξ2 ,

(B.9)

where we defined

s =

(
∂P

∂T

)
µ,ξ2

, ρ =

(
∂P

∂µ

)
T,ξ2

, f = −2

(
∂P

∂ξ2

)
T,µ

. (B.10)
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Variations of SHS with respect to the background fields and Goldstone field can be
parameterised as

δSHS =

∫
dd+1x

√−g

(
1

2
T µνδgµν + JµδAµ −Kϕ,HSδϕ

)
, (B.11)

where Kϕ,HS is the hydrostatic contribution to the Goldstone equation of motion. In
equilibrium Kϕ,HS = 0. In order to extract the equilibrium currents, we note that
the variations of the gauge invariant scalars in (B.6) are

δT =
T

2
uµuνδgµν , δuµ =

1

2
uµuνuρδgνρ , δµ =

µ

2
uµuνδgµν + uµδAµ ,

δξ2 = −gµρgνσδgρσξµξν + 2gµνξµδAν − 2ξµ∂µδϕ .
(B.12)

Using these, and the relation δ
√−g = 1

2

√−ggµνδgµν , the energy-momentum tensor
and U(1) current, as well as the hydrostatic equation of motion for ϕ, become

T µν = Euµuν + P∆µν + fξµξν ,

Jµ = ρuµ − fξµ ,

Kϕ,HS = ∇µ(fξ
µ) ,

(B.13)

where ξµ = gµνξν and ∆µν = gµν + uµuν , and where we used the Euler relation and
first law of thermodynamics

E + P = sT + µρ , dE = Tds+ µdρ+
1

2
fdξ2 . (B.14)

In turn, the U(1) and diffeomorphism Ward identities are given by, respectively

∇µJ
µ +Kϕ

HS = 0 ,

∇νT
ν
µ + JνFνµ −Kϕ

HSξµ = 0 ,
(B.15)

where we used the U(1) Ward identity to simplify the diffeomorphism Ward identity.

B.1.2 Entropy production and the Josephson equation

Out of equilibrium the equation of motion for the Goldstone typically differs from its
hydrostatic counterpart. To derive it, we consider the adiabaticity equation derivable
from (B.11), namely

∇µN
µ =

1

2
T µνδBgµν + JµδBAµ −KϕδBϕ+∆ , (B.16)

for a quadratic form ∆ ≥ 0. Here B = (χµ, σB) is the set of symmetry parameters
that in equilibrium yield K = (kµ, σK). The action of B on the various background
sources and dynamical fields is the same as for K. We note that at ideal order we
have Nµ = Puµ/T . We have also defined Kϕ as the full equation for the Goldstone
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field ϕ which on-shell satisfies Kϕ = 0. Instead of finding solutions to the adiabaticity
it is convenient to define the entropy current via

Nµ = Sµ +
uν

T
T µ

ν +
µ

T
Jµ , (B.17)

where at ideal order Sµ = suµ. In terms of this we can recast the adiabaticity
equation as the off-shell second law of thermodynamics

∇µS
µ +

uν

T
(∇µT

µ
ν − JµFνµ) +

µ

T
∇µJ

µ +KϕδBϕ = ∆ . (B.18)

To solve this equation we note that given the gradient expansion introduced earlier,
the first 3 terms in the above equation are of O(∂). This allows us to extract the
Josephson equation in the form

Kϕ =
α

T
(µ− uµξµ) +∇µ(fξ

µ) +O(∂) , (B.19)

for a dissipative transport coefficient α ≥ 0 and where we have used the ideal order
currents to recover the hydrostatic correction ∇µ(fξ

µ). We precisely see that when
Kϕ = 0, uµξµ is determined in terms of the other hydrodynamic variables.

B.1.3 Linearised equations and modes

We now consider the linearised equations of motion and linear perturbations in flat
spacetime. We can choose Cartesian coordinates xµ = (t, xi) in terms of which the
metric takes the form

ds2 = ηµνdx
µdxν = −dt2 + δijdx

idxj . (B.20)

In addition we focus on vanishing gauge fields Aµ = 0 and perturb around an equi-
librium state with constant temperature and chemical potential T0, µ0, and with
uµ = (1, 0⃗) and ϕ = −µ0t. The relevant perturbations can be parameterised as

T = T0 + δT , uµ = δµt + δviδµi , ϕ = −µ0t+ δϕ , µ = µ0 + δµ , (B.21)

where σK0 = µ0/T0. This parameterisation implies

ξµ = µ0δ
t
µ − ∂µδϕ , ξ0 = ∂tδϕ− µ0 , ξi = −∂iδϕ , δξ2 = 2µ0∂tδϕ . (B.22)

The dynamics of the perturbations are governed by the conservation law and the
U(1) Ward identity (B.15) as well as the Josephson equation (B.19). Ignoring the
dissipative coefficient α, the linearised equations become

∂tδE = −µ2
0∂tδf + 2f0µ0∂t∂tδϕ− w0∂iδv

i − f0µ0∂
i∂iδϕ ,

∂iδP = −w0∂tδv
i − f0µ0∂t∂

iδϕ ,

∂tδρ = −µ0∂tδf + f0∂t∂tδϕ− f0∂
i∂iδϕ− ρ0∂iδv

i ,

∂tδϕ = −δµ ,

(B.23)
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where we have defined w0 = E0+P0. Using a plane wave ansatz for the perturbations
we find two pairs of sound modes

ω = ±v1k , ω = ±v2k . (B.24)

These frequencies are solutions of an equation of the form A0 −B0ω
2
1 +C0ω

4
1 = 0 for

some coefficients A0, B0, C0 which are complicated functions of the thermodynamic
variables. In terms of these, the sound speeds are given by

v21 =
1

2C0

(
B0 −

√
B2

0 − 4A0C0

)
, v22 =

1

2C0

(
B0 +

√
B2

0 − 4A0C0

)
. (B.25)

The second pair of sound modes is the well-known “second sound” of superfluids.
This concludes our discussion of ideal relativistic superfluids.32

B.2 Ideal Aristotelian superfluids

In this appendix we discuss ideal Aristotelian superfluids. This class of superfluids
has been explored in [42] and also in [79]. However, a full analysis of their ideal
order structure and the coupling to general curved Aristotelian geometries and non-
trivial gauge fields has not previously appeared in the literature and we provide such
extension.33 Nevertheless, our analysis, even at ideal order, is not exhaustive as for
instance we do not compute the linear spectrum of excitations. Such an analysis is
interesting and important, and we leave it for future work.

B.2.1 Gradient expansion and equilibrium partition function

Aristotelian superfluids couple to the Aristotelian structure (τµ, hµν) introduced in
Section 2.3 and a gauge field Aµ. In addition, as for the relativistic case we introduce
a Goldstone field ϕ. These fields transform according to

δτµ = £ξτµ , δhµν = £ξhµν , δAµ = £ξAµ + ∂µσ , δϕ = £ξϕ+ σ ,

(B.26)

under infinitesimal diffeomorphisms ξµ and gauge transformations σ. These fields
allow us to define the gauge invariant superfluid velocity as in (B.2). Requiring it
to be O(1) implies again the gradient scheme (B.3). Given this we can now focus
on additional equilibrium scalars. Under the existence of the isometry parameters
K = (kµ, σK), where σK transforms as in (B.5), satisfying the equilibrium conditions

δKτµ = £kτµ = 0 , δKhµν = £khµν = 0 , δKAµ = £kAµ + ∂µσ
K = 0 ,

δKϕ = £kϕ+ σK = 0 ,
(B.27)

32First order dissipative corrections to relativistic superfluids were considered at length in [66].
33On the other hand, Galilean superfluids have been comprehensively investigated [80].
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it is possible to construct various additional scalars. In particular, we can construct
the temperature T and square of fluid velocity u⃗2 introduced in (3.11). In addition
we can form the following gauge invariant scalars

ξ̄2 = hµνξµξν , µ = TσK + uµAµ , ν = hµνu
νξµ . (B.28)

We note that all these scalars are order O(1) and that u⃗µ ∼ O(1). The superfluid
velocity also allows us to define two more scalars, namely, vµξµ and uµξµ. However
these are not independent since ν + vµξµ = uµξµ, and in equilibrium µ = uµξµ. As
there is no restriction on u⃗µ, a conventional Aristotelian fluid can have additional
ideal order scalars compared with the s-wave fracton superfluids of Section 5. In par-
ticular, for s-wave fracton superfluids the scalar ν is the same as for the Aristotelian
superfluids described here. However, a version of ξ̄2 instead plays the rôle of a “mass
term” and requires a controlling parameter ℓ′, while µ appearing in (B.28) cannot be
defined and is instead replaced by µp.

Given these considerations, the ideal order hydrostatic effective action takes the
form

SHS[τµ, hµν , Aµ;ϕ] =

∫
dd+1x eP (T, u⃗2, µ, ν, ξ̄2) +O(∂) . (B.29)

A generic variation of this effective action can be parameterised according to

δSHS =

∫
dd+1x e

[
−T µδτµ +

1

2
T µνδhµν + JµδAµ +Kϕ,HSδϕ

]
, (B.30)

where T µ is the energy current, T µν the stress-momentum tensor, Jµ the charge
current and Kϕ,HS = 0 the Goldstone equation in equilibrium. The U(1) and diffeo-
morphism Ward identities are, respectively,

∇µJ
µ = Kϕ,HS , ∇µT

µ
ν = −JµFµν −Kϕ,HSξν . (B.31)

We remind the reader that we are working under the assumption of the absence of
torsion. Using the action variation (B.30) and the variational formulae in Appendix A
we can extract the ideal order currents

T µ = Pvµ + sTuµ +mu⃗2uµ + µρuµ − fvρhσµξρξσ +N(νuµ − vνξν u⃗
µ) ,

T µν = Phµν +muµuν − fξρξσh
ρµhσν − 2Nξρh

ρ(µvν) ,

Jµ = −ρvµ + (ρ+N)u⃗µ + fhµνξν ,

(B.32)

where we introduced the entropy density s, kinetic mass m, charge density ρ, spatial
superfluid density N and superfluid density f via the Gibbs–Duhem relation34

dP = sdT +
1

2
mdu⃗2 + ρdµ+Ndν +

1

2
fdξ̄2 . (B.33)

34We note that our Gibbs–Duhem relation in (B.33) is more general than the one presented in [79].
In particular, by generalising the responses in [79] to gi = mvin +Nvis and hi = −Nvin − fsv

i
s, the

authors of [79] could have included the independent response N to the scalar ν that we introduced
in (B.28). The ideal order thermodynamic properties of Aristotelian superfluids that we consider
here are thus more general than what has so far been studied in the literature.
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We note that the currents presented in (B.32) are precisely the same as those for
s-wave superfluids at ideal order (5.13) with ξµ replaced by Bµ. The Euler relation
is determined by the relation E = τµT

µ, yielding E + P = sT + mu⃗2 + µρ + Nν.
Finally, the equilibrium equation for ϕ is given by

Kϕ,HS = hµν∇µ(fξν) +∇µ(Nu⃗µ) . (B.34)

We will now determine the non-equilibrium corrections to the Goldstone equation of
motion.

B.2.2 Entropy production and the Josephson equation

In this section we briefly look at entropy production in order to derive the Josephson
equation. Following the same footsteps as in the relativistic case in Section B.1.2,
we can write the off-shell second law of thermodynamics as

∇µS
µ − uν

T
(−∇µT

µ
ν − JµFµν) +

µ

T
∇µJ

µ −KϕδBϕ = ∆ ≥ 0 , (B.35)

where Kϕ = 0 is the Josephson equation out of equilibrium that we wish to determ-
ine. Written in this way, the second law of thermodynamics takes the same form
as its relativistic counterpart in (B.18). Analogously, given the gradient scheme em-
ployed here, we derive the same Josephson equation (B.19) but with the hydrostatic
correction in (B.19) replaced by Kϕ,HS given in (B.34). This concludes our analysis
of ideal Aristotelian superfluids.

C Alternative gradient expansion for s-wave superfluids

In this appendix we give details of the gradient scheme that we first considered
applying to s-wave superfluids. This consists of requiring, as for p-wave superfluids,
that Aµν ∼ O(1) leading to an ideal order superfluid velocity and Ψµ ∼ O(∂−1), as
in (4.11). Such scaling for the vector Goldstone implies a similar version of (4.12)
and an unusual scaling for the U(1) Goldstone field, namely

hµνBµ ∼ O(∂−1) , ϕ ∼ O(∂−2) . (C.1)

In turn the requirement that vµBµ ∼ O(1) leads directly to the anisotropic scaling
between time and space derivatives as in (4.14) and the scalings (4.13). As such,
the gradient expansion is the same as for p-wave fracton superfluids but with the
addition of the scaling of ϕ as in (C.1). We can now begin to build invariant ideal
order scalars and construct the chemical potential (5.10). We note, however, that
since we require µp ∼ O(1) we deduce again the gradient suppression of u⃗µ ∼ O(∂)

as in (4.17). Again, in equilibrium, µp = uµBµ and so uµBµ is not independent.
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In addition we can introduce two ideal order scalars that do not have a counter-
part in p-wave fracton superfluids, namely

ν = hµνu
νBµ , Ω = hµν∇µBν . (C.2)

The ν thermodynamic potential is also present at ideal order in the scheme em-
ployed in Section 5 and also features in the set of ideal order scalars in conventional
Aristotelian superfluids (see Appendix B.2 above). The other scalar Ω is of ideal
order in this gradient expansion scheme but first order in the other scheme and for
Aristotelian superfluids. We begin to see that from the point of view of the gradi-
ent expansion in this appendix, ideal order s-wave superfluids share some similarities
with Aristotelian superfluids but also several differences, in constrast with the scheme
we adopted throughout the main text.

Additional ideal order scalars can be built but they are also not independent in
equilibrium, in particular

vµBµ = ν − µp , hµν(Aµν +∇µ(Bµ + ∂µϕ)) = ξ + Ω , (C.3)

where ξ = hµνAµν was introduced in (4.18). The scalar u⃗2 is now pushed to O(∂2).
This phase of s-wave fracton superfluids also allows to introduce a different class of
scalars, in particular

B2 = hµνBµBν , (C.4)

which is O(∂−2). This is analogous to the Goldstone mass/pinning terms explored
in [38, 42, 65], but since it does not originate from explicit symmetry breaking it
leads to different effects. In order to do so we need to introduce a new bookkeeping
parameter ℓ̃, which we take to be of order O(∂) to control the strength of the response
to B2.

With these scalars and gradient expansion we can write the hydrostatic effective
action as

SHS[τµ, hµν , Bµ, Aµν ; Ψµ, ϕ] =

∫
dd+1x eP (T, µp, ν,B2, ξ)+O(∇µBν)+O(A2

µν)+O(∂) ,

(C.5)
where, for simplicity, we have ignored the scalar Ω and other possible scalars of the
abstract form A∇B. Using the second variation in (5.3) we can extract the gauge
invariant stresses and currents in the form

T µ
Ψ = Pvµ + (sT + µpρ+ νN)uµ + (µp − ν)Nu⃗µ + ℓ̃2(µp − ν)WhσµBσ +O(∂) ,

T µν
Ψ = Phµν − 2fsAρσh

ρµhνσ − 2NBρhρ(µvν) − ℓ̃2Whρ(µhν)σBρBσ +O(∂)

Jµ = ρvµ − (ρ+N)u⃗µ − ℓ̃2WhµνBν +O(∂) ,

Jµν = fsh
µν +O(∂) ,

(C.6)
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where the entropy density s, charge density ρ, U(1) superfluid density N , mass
parameter W and dipole superfluid density fs and energy density E are defined via
the Gibbs–Duhem and Euler relations, respectively

dP = sdT + ρdµp +Ndν +
1

2
ℓ̃2WdB2 + fsdξ , E + P = sT + µpρ+ νN . (C.7)

We note that even though the stresses computed are gauge invariant, they still give
rise to a non-trivial spatial momentum pµ = τνT νλ

Ψ hµλ = NBνhνµ ∼ O(∂−1) which is
of the same gradient order as for the p-wave case in (4.44).35 Finally, we can extract
both Goldstone equilibrium equations from (5.12) by explicit variation with respect
to ϕ and Ψµ. Specifically we find

Kϕ,HS = −∇µ (Nu⃗µ)− ℓ̃2hµν∇µ(WBν) ,
Kµ

Ψ,HS = −(ρ+N)u⃗µ − hµν∂νfs − ℓ̃2WhµνBν .
(C.8)

We see that when the equation of motion for Ψµ is satisfied, the fluid velocity is
given in terms of derivatives of fs and Bν , which is similar to the p-wave case. In
addition, it is possible to have non-trivial spatial fluid velocities in equilibrium by
appropriately tuning hµνBµ.

As with the gradient scheme of Section 5 we can distinguish two different regimes.
If we would allow ℓ̃ to be very large ℓ̃ ∼ O(1) then we can use this Ward identity
to set hµνBµ = 0 to all orders in the derivative expansion and eliminate Ψµ from the
theory leading to a U(1) fracton superfluid. On the other hand, if we take ℓ̃ ∼ O(∂),
the effects of hµνBµ become significant and define a pinned s-wave fracton superfluid.
The results of entropy production in Section 5.3 remain unchanged with this different
gradient expansion, however given the gradient ordering of Ψµ employed here we can
set ΣB

µ = 0 to all orders in the gradient expansion as for p-wave fracton superfluids.

C.1 Linearised equations and modes

We now wish to compute the linearised spectrum with this gradient expansion
scheme. We use the same equilibrium states as described in Section 5.4 and ob-
tain the following linearised equations

∂tδE = −ℓ̃2W0µ0(∂
i∂iδϕ− ∂iδΨi)− ∂iδv

i(s0T0 + µ0(N0 + ρ0))− f 0
s ∂t∂

iδΨi ,

∂tδΨi =
1

(N0 + ρ0)

[
∂iδP +N0∂t∂iδϕ− f 0

s ∂i∂
jδΨj

]
,

∂tδρ = −(N0 + ρ0)∂iδv
i − ℓ̃2W0(∂

i∂iδϕ− ∂iδΨi) ,

∂iδfs = −(N0 + ρ0)δv
i − ℓ̃2W0(∂

iδϕ− δΨi) ,

∂tδϕ = δµp +
T0

α

[
N0∂iδv

i + ℓ̃2W0(∂
i∂iδϕ− ∂iδΨi)

]
.

(C.9)

35We see that for s-wave superfluids, the gauge invariant stresses can have terms of the order
O(∂−1) as discussed in Section 4.2 for p-wave superfluids.
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We can prooceed and solve this system of equations as in Section 5.4. If we turn off
the mass term (ℓ̃ = 0) we find again the magnon modes (5.32) with velocity given
by (5.33) but where the “tildes” are removed from the expression. Contrary to the
other gradient scheme, these magnon modes appear at ideal order.

Turning on the mass parameter by considering ℓ̃ ̸= 0 we find in the pinned s-
wave regime ℓ̃ ≪ k ≪ L−1

T a pair of magnon modes and a pair of sound modes with
the form (5.36) but where v̂ is given in terms of thermodynamic quantities without
“tildes” In contrast to the other gradient scheme, both these pairs of modes are part
of the low energy ideal order spectrum.

In the opposite U(1) fracton superfluid regime in which k ≪ ℓ̃ ≪ L−1
T , we find

a pair of magnon-like modes as in (5.43) with “magnon velocity” given by (5.44) but
without “tildes”. In addition we also find a pair of sound modes of the form (5.40) but
with vs and Γs given in (5.41) with m̃0 = 0 and removing the “tilde” from all other
quantities as well as with ℓ′ replaced by ℓ̃. To note is that in the absence of m̃0 from
(5.41), both the velocity and attenuation scale with ℓ̃. This means that in the strict
U(1) regime of s-wave superfluids in which ℓ̃ ≫ k we do not find the sound mode
with velocity and attenuation in (5.42). This is the reason why in the main text we
adopted the other gradient scheme since when adding a second order term (according
to this gradient scheme) proportional to u⃗2 to the partition function (C.5), the sound
mode with velocity (5.42) suddenly appears. This signals a mismatch between the
gradient expansion and an expansion in wavenumber, appearing to be a case of
UV/IR mixing. Thus in the low energy regime (k ≪ ℓ̃ ≪ L−1

T ), according to this
scheme, we only find a pair of magnon modes at ideal order. The phase transition
depicted in the right hand side of Fig. 1 is still accurate according to this gradient
scheme as long we replace ℓ′ by ℓ̃ and we remove the sound mode in the U(1) regime
as it does not feature the low energy spectrum, though it appears at next order when
including u⃗2 in the partition function. It should be noted that at second order in
derivatives both schemes give the same spectrum of modes, at least to what concerns
the effects and terms we considered in this paper. We give a few more details about
the U(1) regime below.

C.2 U(1) regime

For the U(1) regime studied in Section 5.5 we can also employ the gradient scheme
discussed in this appendix. This is done by requiring Ãµν ∼ O(1) and following the
same footsteps as above leading to (C.1) and u⃗µ ∼ O(∂). In this context we can
introduce the ideal order hydrostatic effective action in the form

S[τµ, hµν ,Φ, Ãµν ;ϕ] =

∫
dd+1x eP (T, µU , ξ) +O(Ã2

µν) . (C.10)

– 64 –



Using (5.49) we can easily extract the stresses and currents and obtain

T̄ µ
ϕ = vµP − sTvµ + sT u⃗µ +O(∂) ,

T̄ϕµν = Phµν − 2fsÃρσh
ρ(µhν)σ +O(∂) ,

J̄0 = −ρ+O(∂) , Jµν = fsh
µν +O(∂) ,

(C.11)

where we have defined the entropy density, charge density and superfluid density
via the Gibbs–Duhem relation dP = sdT + ρdµU + fsdξ. Explicitly computing the
energy density using (5.56) we obtain the Euler relation E+P = sT , while momentum
pµ = τν T̄ϕµν = 0. Finally, we can obtain the equilibrium equation for the Goldstone
ϕ by varying (C.10) with respect to it yielding

Kϕ = ∇µ(ρu⃗
µ) + hµν∇µ∇νfs , (C.12)

where we have used the Ward identity (5.51). We note that this Ward identity does
not impose a restriction on u⃗µ and hence we can have non-vanishing equilibrium
velocities. The entropy production analysis remains the same as in Section 5.5.2.
We now look at linearised fluctuations around the equilibrium states of Section 5.5.3
giving rise to the equations

∂tδP = s0∂tδT + T0∂tδs+ s0T0∂iδv
i + ρ0∂t∂tδϕ+ f 0

s ∂t∂
i∂iδϕ ,

∂iδP = ρ0∂i∂tδϕ+ f 0
s ∂i∂

j∂jδϕ ,

∂tδρ = ∂i∂iδfs ,

∂tδϕ = δµU − T0

α̃0

[
∂i(ρ0δv

i) + ∂i∂iδfs
]
.

(C.13)

Using plane wave perturbations as in the previous sections, these equations lead to
three non-vanishing modes of the form

ω = ±ωMk2 − i

2
ΓMk4 , ω = −iγ − i

2
ΓUk

4 , (C.14)

where ω2
M is given in (5.44) but without the “tildes” and where ΓU is a complicated

function of the thermodynamic parameters. We thus see that at ideal order we find
a pair of magnon modes but no sound modes. In addition we also find a gapped
mode with damping γ given by

γ =
α0

ρ20

s20(∂ρ/∂µU)0
s0(∂ρ/∂µU)0 − T0(∂s/∂µU)20 + T0(∂s/∂T )0(∂ρ/∂µU)0

. (C.15)

We see that the attenuation of the gapped mode is controlled by the dissipative
coefficient α. For stability at arbitrary k we require γ,ΓU ≥ 0. We note, however,
that when taking into account first order gradient corrections we expect additional
contributions to (C.14). As we mentioned in Section 5.4, we should recover the low
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energy spectrum of the s-wave superfluids (ignoring gapped modes or other higher
energy modes) when ℓ̃ ≫ k. Indeed, the magnon-like modes in (C.14) are precisely
the magnon-like modes of the s-wave (5.43) with “magnon velocity” given by (5.44)
but without “tildes”. We thus also find perfect agreement of the two low energy
spectra using this gradient scheme. At second order in derivatives, including the
scalar u⃗2 in the partition function leads to the sound mode in (5.70).
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