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ABSTRACT: Frenkel, Lepowsky, and Meurman constructed a vertex operator algebra
(VOA) associated to any even, integral, Euclidean lattice. In the language of physics,
these are examples of chiral conformal field theories (CFT). In this paper, we define
non-chiral vertex operator algebra and some associated notions. We then give a
construction of a non-chiral VOA associated to an even, integral, Lorentzian lattice
and construct their irreducible modules. We obtain the moduli space of such modular
invariant non-chiral VOAs based on self-dual Lorentzian lattices of signature (m,n)
assuming the validity of a technical result about automorphisms of the lattice. We
finally show that Narain conformal field theories in physics are examples of non-chiral
VOA. Our formalism helps us to identify the chiral algebra of Narain CFTs in terms
of a particular sublattice and break its partition function into sum of characters.
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1 Introduction

The study of vertex (operator) algebras started with the work of Borcherds [1] and
Frenkel, Lepowsky, and Meurman [2| in relation to Monstrous Moonshine and two
dimensional conformal field theory. The first non-trivial examples of the theory were
constructed starting from an even, integral Euclidean lattice, see [3, 4] for a more
physical construction. These are examples of what are called chiral conformal field
theory in physics, see Subsection 1.1.1 for an introduction. There are ample examples
of non-chiral conformal field theories which cannot be described mathematically in
the language of vertex operator algebra. One large class of such theories is the Narain
CFTs based on Lorentzian lattices.

In this paper, we define the notion of non-chiral vertex operator algebra and
study various related notions. Our definition is based on the notion' of full field
algebras introduced by Huang and Kong in |7] and full vertex algebras introduced
by Moriwaki in [8]. We use formal calculus as well as complex analysis to formulate
our axioms. We replace the Jacobi identity axiom of vertex (operator) algebras by
a locality axiom which is general enough to imply the duality and hence operator
product expansion of vertex operators. Various well-known examples of non-chiral
conformal field theories in physics are examples of our definition. More concretely,
we construct a class of examples of non-chiral VOAs based on Lorentzian lattices
which cover the moduli space of Narain CFTs as examples of our definition. We then
define modules and intertwiners of non-chiral VOAs on the lines of [9]. In the rest
of this section, we describe a dictionary between non-chiral VOAs of this paper and
the notion of (non-chiral) conformal field theory in physics.

1.1 The dictionary from non-chiral VOA to non-chiral CFTs

In this section, we give a dictionary between conformal field theories as generally
understood in physics and the non-chiral vertex operator algebra definition in this
paper. This dictionary, for the case of chiral conformal field theory, is well-known
to experts. We extend it to the case of non-chiral VOA. We start by describing the
defining data of a conformal field theory in physics.

1.1.1 Physical definition of a CFT

We begin with the Belavin-Polyakov-Zamalodchikov (BPZ) definition of a conformal
field theory [10]. We follow [11-16] for this exposition.
A bosonic CFT is an inner product space .7 which? is decomposable as a direct

1See also [5, 6] for some earlier related but different discussion on non-chiral VOAs.
2Physically, one always has a Hilbert space.



sum of tensor product
H =P Vhc)@V(he), (1.1)

hh
h—heZ

of irreducible highest weight modules of Vir, x Virz, where where Vir, and Vir; are
two copies of the Virasoro algebra with central charge ¢, ¢ :

L, Ln] = (1 = 0) Lonin + ~=m (m2 = 1) Gprgmo -

12
[Z)m, En] = (m —n)Lyin + 1—62m (m2 — 1) Omtn0 s (1.2)
[Lma I/n] - O’

such that the following are satisfied :

1. Identity Property : There is a unique vector |0) € V(0,¢) ® V(0,¢) which is in-
variant under the s[(2) x s[(2)-subalgebra of Vir, x Vir; generated by Lg, Lo, L1,
and I_/:I:l .

2. For each vector o € JZ there is an operator ¢,(z, Z) acting on J#, parameter-
ized by z € C. Also, for every operator ¢, there exists a conjugate operator
oo, partially characterized by the requirement that the operator product ex-
pansion (OPE) of ¢, and ¢,v contains a descendant of the identity operator.

3. L, Property : For a € V(h,c) ® V(h,¢) a highest weight state of the (Vir, x
Vire)-action, we have

(L, 0a(z,2)] = (Z”H% + h(n+ 1)z”> balz,2),

(Lo, 6a(2,2)] = (z"“% + hin + 1)z"> da(2,2),

z
for real numbers h and h.

4. Duality Property : The inner products (0 |@q, (21, 21) - - - @a,, (2n, Zn)| 0) exist for
|z1] > ... > |z,] > 0 and admit an unambiguous real-analytic continuation,
independent of ordering®, to C" \ {z1,...,2, = 0,00; z; = 2, }.

5. Modular invariance property : The torus partition function and correlation
functions, given in terms of traces exist and are modular invariant.

These axioms do not characterise a CF'T but are necessary for a well defined CFT. A
particular subset of operators which only depend only on z or Z are of interest. Such
operators are called chiral (z dependent) and anti-chiral (Z dependent) operators.

3For Fermionic fields, one has to keep track of signs while commuting them past each other.



The set of chiral and anti-chiral operators form an algebra which we denote by .o
and o7 respectively. For any CFT, 1 € & ® o/, T(z) € o and T(Z) € o/ where T
and T are the holomorphic and anti-holomorphic stress tensor with modes L,, and
L, respectively. Let {O%(2)} be a basis of &/. The OPE of chiral operators takes the
form

O'(2)0(w) = Y — 2Ok (w), (1.4)

- (z — w)hir

for some coefficients c¢;;, where h;j, = h; + h; — hy. By the usual contour integral
manipulations we can write the above OPE as the algebra of modes:

[O:w O]m} = Z Ciﬂﬁ(”? m)OZ—&-m ) (1'5)
k
where
Olz) =Y 0z, (1.6)

Similar OPE holds for anti-chiral operators. This is called the chiral algebra (anti-
chiral algebra) of the CFT. In the following, we will only speak of the chiral algebra
but all statements hold for anti-chiral algebra equally well. The chiral algebra of any
CFT contains the (universal enveloping algebra of) Virasoro algebra since the stress
tensor is always a chiral operator. Other examples of chiral algebra include the affine-
Kac Moody algebra [17] and the W3 algebra [18]. Only the zero mode the of chiral
operator O(z) commute with the Hamiltonian (Lo + Lo) and are hence called the
symmetry-generating algebra. In the inner product space (1.1), one can talk about
subspaces .7, which form irreducible representations of the chiral algebra .o/. For
this reason the full chiral algebra is sometimes also called the spectrum-generating
algebra. We can thus decompose the physical Hilbert space ¢ as:

H =P Nt @ A, (1.7)

1,0

where ., 7+ are irreducible representations of .27, o7 respectively and N;; € Ny =
N U {0}, the set of non-negative integers, is the number of times J# ® #; appears
in .. For the index value 7,7 = 0, we take & and %, to be the subspace of J#
which contains states corresponding to &7 and &7 respectively modulo the null states.
Hence, N;o = 950, Noj = 093

Let us now describe the relation between the two decompositions (1.1) and (1.7).
A general state |h,h) € S is called a Virasoro primary of conformal dimension
(h, h) if

Lolh, k) = h|h,B)  Lo|h, k) = hlh, )

LR (1.8)
Lolh B = Lok, BY =0, n > 0.



This follows from the OPE
h w. ) + Ow®(w, )

T(z)p(w,w) = (Z_w)2¢( W) + == hol.
, i (1.9)
T(2)0(0,0) = o, o) + 2 4 il

where ¢(w, W) is the operator corresponding to the |h, k). One can identify the state
|h, h) with
\h, h) = lim (2, 2)[0) . (1.10)
2,2

We will consider |h, h) as the tensor product of states |h), |h): |h, h) = |h) ®|h). The
Verma modules V (h,c) and V (h,€) is given by

V(h,c) :=Spanc{L_y, ... L_p,|h) :n1,...,ng >0,k € N},

— - - - - 1.11
V(h,¢) :=Spang{L_p, ... L_p,|h) :n1,...,nx >0,k € N}. (L11)

The commutators (1.2) and the Virasoro primary condition makes the Verma module
V(h,c) ® V(h,¢) into a (Vir, x Virg)-representation. In general, this representation
is reducible and one has to quotient out singular or null states * from these Verma
modules to make them irreducible. We will assume that this has already been done
and that V(h,¢) ® V(h, &) is an irreducible (Vir, x Vir;)-module. Note that from the
OPE (1.9) we must have h = 0 (h = 0) for a chiral (anti-chiral field). Now we can
identify. 74 ® 4, as

A @R Ay = (EB V(h,c)> ® @V(ﬁ,a) C A, (1.12)

hes heS
where

S:={he€Z:|h)®|0)=lh0) €},

-y _ _ (1.13)
S:={heZ:|0)®l|h)=10,h) € I} .
A chiral primary is a Virasoro primary |h, h) satisfying
Omlh,h) = Op|h,h) =0, m >0, (1.14)

and is an eigenstate of Oy and O, for every O € o/ and O € A, the operator cor-
responding to it will be called the chiral primary field. Then each irreducible factor
in (1.7) is a subspace of a Verma module constructed over a chiral primary by the
modes of every chiral and anti-chiral operator.

4A singular or null state is a vector which is not a highest weight vector but is annihilated by
Ly, L,, n>0,see [19, Section 7.1.3| for a detailed discussion.



One can then talk about characters of the CFT defined for each irreducible factor
TR %;
2T

Xii(1,7) = Tt g7 g0 5075, g =€, g=e 27 (1.15)

where 7 € H := {z + iy € C: y > 0} is in the upper half plane. From the fact that
H;, ® A7 is built over some highest vector |h;, h;), we see that the character has the

form -
)

nm:

»&‘“‘

g (1.16)

Q |

Xi,{(’rv 77_) 4

for some integers a(n),a(m). Thus we can separate the character into chiral and
anti-chiral characters:

Xii (7, T) = xi(T)x:(T) (1.17)
where . .
Xi(r) = "5 an)g", X(F) =" 5D am)g™ . (1.18)

The partition function of the CF'T is then given by sum over chiral characters

Z(1,7) = Trpg™ 5 5 =Y Nipy(r)x(7) - (1.19)

Modular invariance of the partition function implies that the chiral characters form
a weight-zero weakly holomorphic vector valued modular form °. Using this property
of chiral characters, one can classify CFTs with finitely many primary fields and given
central charge [16, 21-27|. A CFT is called a chiral CFT if the partition function and
its correlation functions decompose into a product of an analytic function of 7 and
an analytic function of 7. In such a case, we say that the CFT admits a holomorphic
factorisation. A non-chiral conformal field theory does not admit a holomorphic
factorisation.

1.1.2 Non-chiral vertex operator algebras

We now briefly describe the notion of non-chiral vertex operator algebras studied
in this paper. We refer to Section 2 for precise and detailed discussions. Just as
vertex operator algebras, we start with a vector space V' which is (R x R)-graded.
We have the vertex operator map Yy : V. — End(V){z,z} where =,z are two
formal variables. We require the existence of a vacuum vector 1 and conformal
vectors w,w such that Yy (1,2,Z) = 1 and the coefficients of the formal series for
Yv(w,x,Z), Yy (w, z, T) satisfies two copies of the Virasoro algebra. The vertex op-
erators are required to satisfy certain translation and L(0) axioms similar to VOAs.

®See for example [20] for the definition of vector valued modular forms.



It turns out that that the Jacobi identity for VOAs is difficult to formulate for non-
chiral VOAs [8]. The appropriate locality axiom is motivated from full field algebras
of [7]. Roughly speaking, locality of vertex operators says that the matrix elements
of the product Yy (v, z1, 21) Yy (w, 22, Z2) and Yy (v, 21, 21) Yy (w, 22, Z2), defined when
|z1] > |22| and |z3] > |z1| respectively, are equal to the same function, which is
multi-valued and analytic in 21, z1, 22, 2o and single valued when Zz;, Z; are complex-
conjugates of zy, 2, defined on C* minus a diagonal subset. This version of locality
turns into a statement of analytic continuation of matrix elements for chiral vertex
operators and allows us to use contour integration for manipulating the modes of the
vertex operators. Moreover, locality allows us to prove duality of vertex operators
which in turn gives us the operator product expansion of the product of two vertex
operators. Modules and intertwiners of a non-chiral VOA are then defined analogous

to modules of a VOA.

1.1.3 The Dictionary

Let us now describe the dictionary between non-chiral VOA and its modules and a
non-chiral CFT. Given a bosonic CFT, its chiral and anti-chiral algebra is a non-chiral
VOA according to our definition. Note that our notion of non-chiral VOA allows for
more general structure in the sense that the chiral algebra of a CFT always has the
structure of a tensor product /4 ® €, as described above but non-chiral VOAs are
allowed to have more general vector spaces. The chiral and anti-chiral operators are
identified with the vertex operators of the VOA. For general non-chiral VOA, chiral
and anti-chiral vertex operators form only a subsector of the set of vertex operators,
see Definition 2.2 and Theorem 2.1 below. Next, the irreducibles £ ® #; must
be identified with modules of the VOA. Again in our generic construction we allow
for the modules to have more general structure rather than a tensor product. The
chiral primary field corresponding to an irreducible J7 ® 7 is identified with the
intertwiner y(i%’)i()om (w,z,Z) of type ((i,{()i’(io),o)) where (0,0) indicates the VOA as a
module for itself. The state-operator correspondence for the space (1.7) corresponds
to the vertex operator map for the VOA and its modules along with the intertwining
operators of type ((@%&30))' The full dictionary is summarised in Table 1. We hope
to expand the dictionary to include fusion rules and rationality on the CFT side to
the notion of tensor product of modules and (strong) regularity of non-chiral VOAs

in a future publication.



Non-chiral CFT Non-chiral VOA
Chiral space of states /% ® # (1.12) (R x R)-graded vector space V' (2.12)
State-operator map « — ¢, (2) on Page 3 Vertex operator map v — Yy (v, x, %) (2.15)
Stress tensor T'(z), T(Z) Conformal vertex operators Yy (w, x), Yy (w,z) (2.26)
Duality of operators (4) on Page 3 Locality of vertex operators Def. 2.1 (9)
Chiral and anti-chiral algebra (1.5) Chiral and anti-chiral algebra (2.73)
Irreducible representation % ® #; of &7 ® &/ | Irreducible module (W, Yyy,) of non-chiral VOA (V,Y;,) Def. 4.1
Characters x;;(7,7) (1.15) Graded dimension yw (7,7) (4.21)
Chiral primary operator ¢, for o € J4 @ H; Intertwiner y(z‘(,?)i()o,o) (w,x,Z) of type ((i’gf&o)) Def. 4.2

Table 1: Dictionary between a CFT and non-chiral VOA




1.2 Lorentzian Lattice Vertex Operator Algebra (LLVOA)

One of the main constructions of this paper is a concrete example of a non-chiral VOA
based on an even integral Lorentzian lattice. The construction is similar in spirit to
Euclidean lattice VOAs but differs in that it is inherently non-chiral and does not
admit holomorphic factorisation thus providing the first non-trivial example of a non-
chiral VOA. We call it the Lorentzian lattice vertex operator algebra (LLVOA). The
modules for a non-chiral VOA introduced in this paper can be defined analogous to
modules for usual VOAs. Infact, we are able to construct modules for the LLVOA in
one to one correspondence with certain cosets of the lattice. Collecting the VOA and
its modules, we define the partition function of the non-chiral CFT (see Definition
4.3) thus obtained. We find that the modules of the LLVOA constructed using
the cosets of the lattice give rise to a modular invariant partition function. We
further attempt to classify all possible modular invariant non-chiral CF'T based on
even, integral self-dual Lorentzian lattices of a given signature. This leads us to a
conjecture about automorphisms of Lorentzian lattices which we prove for signature
(m, m) but are unable to prove for general signature (m,n) with m # n. Following
the physics terminology, we call the equivalence classes of non-chiral CFTs based
on Lorentzian lattices as the moduli space of LLVOAs. As expected from physical
arguments, the moduli space in signature (m,n) is given by (see Theorem 5.5)

O(m,n,R)
O(m,R) x O(n,R) x O(m,n,Z)

My n & (1.20)

The paper is organised as follows: in Section 2, we introduce the notion of
non-chiral VOA and prove some elementary consequences of the definition. Then
in Section 3, we construct the LLVOA and prove that it is an example of a non-
chiral VOA. In Section 4 we define the notion of modules and intertwining operators
and prove some important consequences and results required later. In Section 5
we construct the modules of LLVOAs. We formulate a precise conjecture about
automorphism of Lorentzian lattices and under that assumption, prove that the
moduli space of LLVOAs in signature (m,n) is given by (1.20). Finally in Section 6
we review the physical construction of Narain CF'Ts and comment on their relation to
LLVOAs. Appendix A deals with the independence of central extensions of lattices
on the chosen basis of the lattice. Appendix C contains some technical results about
modules of Heisenberg algebras and Appendix D contains the proof of Conjecture 1
for the special case m = n.



2 Non-Chiral Vertex Operator Algebra

2.1 Formal calculus

We begin by collecting some notatations about formal calculus. The reader is referred
to [2, Chapter 3,8] and |28, Chapter 2| for more details.
Let = be a formal variable. For a vector space V', we define the following;:

V]z] = { Z v,x" 1 v, € V, where only finitely many v,, # O} : (2.1)

n€Ng

Vl[z]] = { Z V" v, € V} , (2.2)

neNy

V{z} = {Z vp” v, € V} , (2.3)

nelF

where Ny = NU {0} and F is an arbitrary field of characteristic not 2. We will
mostly be interested in the case F = R or C. For a complex number s € C and
formal variables x1, x5, we will define

- S -n_.n
(r1+ x2)° = E (n) xy ay (2.4)
n=0

where the binomial coefficient is defined as

(8)25(3_1)'”(3_"+1). (2.5)

n n!

Note, in a series like this, we will always have non-negative integral powers of the
second variable. With this formula, one can check that

<1 - ﬂ) xy = (x9 — 11)°. (2.6)
If we replace x1, x5 by complex variables zq, zo then by definition [29]

(z1 — 20)° := exp(slog(z1 — 22)),

i (2.7)
(22 — 21)* 1= exp(slog(22 — 21)).
Using the fact that
oo Zn
log(1—2) =— — 1 2.8
a1 =37 <1 2.9

— 10 —



and the identity °

(—1)’“(2)::1 (_g}e 3 LW (2.9)

ni,...,ng>1
it is easy to see that *
S
(3= 2" = explslogtes = 20) = X ()15, Ll > Ll
n=0 (2.10)
S —n . n
(s 1) = expslog(a = 2) = 3 (1) s el > el
n>0

which is consistent with the definition (2.4). Let f(x) = > v,z" € V|[z,27]], then
we have the formal version of Taylor’s theorem:

o™ i flz) = f(x + ), (2.11)

One can prove this by expanding both sides and comparing terms of equal power of
x,xo. As before, we need to expand the RHS in non-negative integral powers of x.

2.2 Definition of non-chiral VOA

Let
v= I Vin (212

be an R x R-graded complex vector space vector space. Let

V = H ‘/(h,ﬁ) ) (213)

(h,h)ERXR

denote the algebraic completion of V. Let

vi= I Vi (2.14)

(h,h)ERXR

be the contragradient of V' where V(/h,h) is the dual of V{;, ). A series ) f,, in V is said

to be absolutely convergent if for every f' € V' the series > [(f’, f,)| is convergent.
Here, (f’, fn) = f'(fn) € C is just the action of the linear functional on f" on f,.

6This identity can be proven by using the relation (1 — z)* = exp(slog(1 — x)) for any real x
with |z| <1 and s € C.
7 Another way of proving this identity is to use Taylor’s theorem.

— 11 -



Definition 2.1. A non-chiral vertex operator algebra of central charge (c,¢) is a
quintuple (V, Yy, w,,1) where V is an R x R-graded complex vector space and Yy,
is a linear map, called the vertex operator map,

Yy : VeV — Vgt 72},

(2.15)
u®v— Yy (u,x,%)v,

or equivalently a map

Yy :C* x C* — Hom(V ®@ V, V)

2.16
(2,2) — Yy (,2,2) tu®v— Yy (u, 2, 2)v, (2.16)

which is multi-valued and analytic if z, Z are independent complex variables and
single valued when Z is the complex conjugate of z. The vertex operator Yy (u, z, T)
is expanded as a formal power series

Yv(u,x, ) = Z Uz~ ™12 € End(V){o*!, 75}, (2.17)

m,neER

and when u € V{3 1), it can also be expanded as

Yo(u,2,2) = Y Zpo(u)z ™"z " € End(V){z*, 75}, (2.18)
m,neR
so that
T (W) = Uppi -1 i1, MM E L. (2.19)

We call x,,,(u) the modes of the vertex operators Yy (u,z,7). The degree (h,h) is
called the conformal weight of u € V{;, ) and we write

wt(u) = h, wt(u)=h. (2.20)

The vector 1 € V(g is called the vacuum vector and w € Vi), € V(o2) are chiral
and anti-chiral conformal vectors respectively. This data is required to satisfy the
following properties:

1. Identity property: The vertex operator corresponding to the vacuum vector
acts as identity, i.e.
Yv(1,z,Z)u=u, YueV. (2.21)

2. Grading-restriction property: For every (h,h) € R x R,
dim (Vi py) < 00, (2.22)
and there exists M € R, such that

Vi =0, for h <M or h < M. (2.23)

- 12 —



3. Single-valuedness property: For every homogenous subspace Vi, ;)

h—hecZ. (2.24)

4. Creation property: For any v € V

lim Yy (v,2,2)1 =0, (2.25)

z,z—0

that is Yy (v, z, Z)1 involves only non-negative powers of x, z and the constant
term is v.

5. Virasoro property: The vertex operators Yy (w,z,z) and Yy (w,z,z), called
conformal vertex operators, have Laurent series in z, Z given by

ner (2.26)

where L(n), L(n) are operators which satisfy the Virasoro algebra with central
charge ¢, ¢ respectively:

o (2.27)
and

[L(m), L(n)] = 0. (2.28)

6. Grading property: The operator (L(0), L(0)) is the grading operator on V| that
is for v € Vi, py

L(0)v = hv, L(0)v = ho. (2.29)
7. L(0)-property :
[L(0), Yy (u,z,T)] = w%YV(u,x,x) + Yy (L(0)u, x, T),
) ; ) (2.30)
[L(O)v YV(ua Z, .I')} - E%YV(uv €, x) + YV<L(O)u7 T, E)

8. Translation property: For any u € V

[L(—1),Yy(u,z,7)] = Yy (L(—1)u,2,T) = %Yv(u,x,:p),

[L(~1), Yir(u,2,7)] = Y (L(~1)u, 2,7) = %yv(u,x,x). (2.31)

— 13 —



9. Locality property: For uy,...,u, € V, there is an operator-valued function ®
M (U vey U3 215 215 ooy 20y Zn)
defined on ?
{21y 20,21,y Z0) € CP | 24,2 £ 0,2 # 25,2 # %}, (2.32)

which is multi-valued and analytic when Zi, ..., z, are viewed as independent
variables and is single-valued when Zy, ..., Z, are equal to the complex conjugates
of zy,...,2,. Moreover, for any permutation o € S, the product of vertex

operators

Yo (Uo(1)s 2o01), Zo1) =+ Yo (Uotn)s Zo(n)s Zotn)) (2.33)
is the expansion of my, (uy,...,Uy; 21,21, -+, 2n, Zn) in the domain ‘20(1){ >
|zg(2)‘ > oo > |2om| > 0. Here, Z,q), ..., Zy(n) are complex conjugates of

Zo(1), -+ Zo(n) Tespectively. If a function m,, satisfying above properties exists,

we say that the vertex operators

Yv (u1,21,21) -+, Yy (Up, 2n, Z,) are mutually local with respect to each other.
We will often denote the non-chiral VOA by (V, Yy ) or simply by V.

Remark 2.1. For a homogeneous vector u € V{3, the sum in (2.17) and (2.18)
runs only over the set {(m,n) € R?| m —n € Z}. To see this, first note that the
L(0)-property 7 implies the commutator

[L(0), i (u)] = =Mz (u),

: (2.34)
[L(O), xmn(u)] = —NTpy ().
Equivalently,
L(0), Upn| = (h —m — D)y,
[200),t ) = (h =~ T, .
[L(O), umn] =(h—n—1)Un,.
This implies that
Wt Zppn(u) = —m, Wt Zpn(u) = —n, (2.36)

Wt Uy =h—m—1, Wt Up,=h—n—1.

The single-valuedness property 3 implies that m —n € Z in both the sums. We will
thus write the expansions of the vertex operators as

Yo(u,2,2) = Y tmar "' € End(V){z* 7}

m,neER
(m—n)€Z

= Z T (w)z~ ™z

m,neR
(m—n)€Z

(2.37)

8We thank Yi-Zhi Huang for discussions on this point.
9The matrix elements of this operator are called correlation functions in Physics.
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Remark 2.2. The single-valuedness property 3 implies that the vertex operators
(2.15) is single-valued. To prove this, we must show that

Yy (u, 2, 2) = Yy (u, ™z, 72 2). (2.38)
From Remark 2.1, we have

Yy (u, 62mz, 672mz> _ 2 : um7n27m7127n7162m(7m+n)
m,neR
(m—n)€Z (239)

=Yv(u,z,Z).

Remark 2.3. For v € V|, ), if in the expansion (2.18) the index runs over m €

Z— h, n € Z — h, then assuming that z,Z are independent complex variables, we
can use Cauchy’s residue theorem to write

T s(v) = ﬁj{j{dzdz Yy (v, 2, 2)7" 1 gsHh1 (2.40)
where the contour of the integration is a circle around z = 0 and z = 0 respectively.
Remark 2.4. The creation property implies also the injectivity condition, i.e.

Yv(v,2,2) =0 implies v =0, forv e V. (2.41)

2.3 Some consequences of the definition

We now prove some consequences of the definition.

Lemma 2.1. For anyv € V, we have
Yy (v, 2,7)1 = " LDer L=y, (2.42)

Proof. We use the translation property 8 and Taylor’s theorem (2.11). For another
formal variable xg, zo, Taylor’s theorem gives

Yy (e“”L(_l)eﬂ(_l)v, Zo, f()) = ex%eid%Yv(v, xo, To) = Yy (v, 2 + x0, T + To) . (2.43)

Now applying this operator on 1, taking limit xq, g — 0 we get

mog{go Yy (exL(—l)eii(—l)U7 Zo, ;Tc()) 1= xo%giz?io Yv(v,x + xo, T + Tg)1, (2.44)

and then using (2.25) we obtain (2.42). O
Lemma 2.2. For any v € V we have

e“L(_l)e@E(_l)Yv(v, x1, i"l)e_“L(_l)e_@E(_l) =Yy (v, 11 + 22,71 +32).  (2.45)
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Proof. Using the BCH formula (3.107) and translation property 8, we have

each(—l

L(— YV v ZL‘l,Il
Ca Z ( )]

)YV<U71’17$1 ' )

1), (2.46)

ii
n—=0 nl
=e 2EYV(U, r1,%1),
=Yy (v, 21 4+ 22,71) ,

where in the last step we used Taylor’s theorem (2.11). Similarly we have

T

VY (0, 2, 7)) = Yy (v, 21, Ty + To). (2.47)
Since L(—1) and L(—1) commute, the result follows. O

We now prove skew-symmetry which will be useful in proving the duality of
vertex operators.

Lemma 2.3. For any u,v € V', we have
Yy (u, 2z, 2)v = XEVSELEVY (0, —2, —2)u. (2.48)
Proof. Using Lemma locality property 9, 2.1 and Lemma 2.2, we have
Yy (u, z,2)Yy (v, 2/, 2)1 ~ Yy (v, 2/, 2) Y (u 2,2)1

=Yy (v, 2, 7)e* D2 L=y, (2.49)

=e” (_1)eZL(_1)YV(U, 2 —z2,7 — 2.

Now taking z’, 2/ — 0 and using the creation property, we obtain the required result.
]

The following proposition shows the uniqueness of vertex operators. The proof
is on the lines of [3].

Proposition 2.1. Let U : V. — V{z,z} be a linear operator which is local with
respect to every other vertex operator, in the sense of Property 9, and satisfies

Uz, z)1 = e® LD L=y, (2.50)

for some v € V, then
U(z,2) =Yv(v,2,2), (2.51)

for a mon-zero complex number z.
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Proof. For any w € V, from Lemma 2.1 and locality property 9 we have

Uz, 71)e2 02 LoDy = Uz, 7)Yy (w0, 29, %1
~ Yy (w, 29, Z 2)U(Z1,Zl)
= Yy (w, 29, Zp)e? HDem LoDy (2.52)
= Yv(w, 22, 20) Yy (v, 21, Z1)1,

(

~ Yy (v, 21, %)Yy (w, 22, Z2)1 |

where ~ indicates equality up to analytic extension in the sense of Property 9. Now
taking zo,Zs — 0 we obtain,

Uz, z1)w = Yy (v, 21, Z1)w. (2.53)
As the two operators in (2.53) are equal for all w € V| they are equal as operators. [
We now prove the duality of vertex operators.

Proposition 2.2. For any v,w € V we have
YV(U7 21, ZI)YV<U}7 292, 22) - YV<YV(U7 21 — %2, 21 - 22)w7 292, 22) B (254)

in the domain |z1| > |z2| > |21 — 22| > 0, where the RHS is defined by

Yv (Y (v, z21—22, 21— Z2)w, 29, Z2) = Z YV(Um,n'wazm52)(21—22)_m_1(21—52)_n_1-
m,neER
(m—n€)€Z

(2.55)

Proof. The proof is on the lines of [30, Page 23]. For any u € V, we have

YV(U, 21, 21)Yv(w 2, 22)623 E(—l) 23 L(—l)u

=Yy (v, 21, 21)Yv(w, 29, Z2) Y/ (u, 23, Z3) 1,

~ Yy (u, z3, 23)Yv (v, 21, 21) Yi (w, 29, Z2) 1,

=Yy (u, 2,2 3)YV(U ,71)eR2 LD en L)y, (2.56)
= Yv (u, 23, Z3)e™ Lhe MDYy (v, 21 — 20,21 — 2w,

= Yv(u, 23, 23)YV (Yv(v,21 — 29,21 — Zo)w, 29,22) 1,

~ YV (YV(U7 21 — %2, Zl - Zg)w, 292, ZQ) YV(U, 23, 23)17

where we used Lemma 2.1, Lemma 2.2, and Locality property 9. Now taking z3, z3 —
0 and using Proposition 2.1, we obtain the duality relation. Note that the sum on
the RHS of (2.55) converges. Indeed for any u € V, using skew-symmetry

0We thank Yi-Zhi Huang for clarification on this point.
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(Lemma 2.3) we have

YV(YV(Uazl — 22, Z1 - Z2)11)7 22, ZQ)U/

= Z Yv (V- w, 22, Z2) (21 — 22)_m_1(51 — 22)—71—1“

m,neR
(m—n)€eZ

= Z 622 Z(_l)ez2 L<_1)Y\/(U, —Z9, _22>Um,n . U)(Zl — 22)_m_1(21 — 22)—71—1

m,neR
(m—n)€Z

= 2 L) L(’l)YV(u, — 29, —Z3) Z Uy - W(21 — 22) " (2 — Z2) 7!

m,neR
(m—n)€Z

Zo L(—1) yz2 L(—1 = z z
= P2 L= gz L )YV(U, —29, —2) Yy (u, 21 — 22,21 — Z2)w .

(2.57)

Since the RHS of the last line is well defined in |z3] > |21 — 23|, the operator
Yv(Yv (v, 21 — 29,21 — Zo)w, 22, Z9) is well defined in |z > |21 — 23] O

Proposition 2.2 shows that a product of two vertex operators can be written as
a sum of single vertex operator:

Yv (v, 21, 21) Yy (w, 22, 22) = E Yy (U - W, 22, Z2) (21 — 22)7”%1(51 — 52)7"71-
m,neR
(m—n)€Z

(2.58)
In physics, we usually ignore the non-singular terms in the expansion above and call
it the operator product expansion.

Remark 2.5. The sum in the operator product expansion has finitely many terms
with negative powers of (z; — z3) and (Z; — 23). To see this, we first expand the vertex
operator Yy (v, r,7) for v € Vi, ) as

Yv(v,2,2) = Z xm’n(v)x’m’hi""’ﬁ, (2.59)
m,neER
(m—n)€EZ
Since
Wt Ty (V) = =, Wt 2y n(v) = —n, (2.60)

for w € Vi jy we have
.Tmm(U) W E ‘/(h’—m,ﬁ’—n)' (261>

Due to the grading-restriction property 2, there exists M € Z such that
Tmn(V) - w =0, m,n> M. (2.62)

Thus the operator product expansion is upper truncated.
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Proposition 2.3. The operator product expansion of the conformal vertex operator
T (z) with itself is given by

_¢ 1 27T (x5) 1 0 . -
T(l‘l)T(l’Q) = %(1‘1 — 332)4 + (.1'1 __71_2)2 + (1131 _ .272) axZT( 2) + Gl( 1, 2)
T(21)T(72) = g(:vl —1m2)4 (5171(222))2 + & i %) 822T(i2) + Go(Z1, T2) (2:63)

T($1>T<£Z'2) - G3(x17 E2)7

where Gy (21, 22), G3(21, 29) € End(V)[[2E!, (21—2)]], G2(Z1, Z2) € End(V)[[z5", (71—
T)]]-

Proof. The proof is straightforward using the Virasoro algebra (2.27), see [31, Chap-
ter 3] for more details. O

Of particular interest are the chiral and anti-chiral vertex operators.

Definition 2.2. A vector v € V is called a chiral (anti-chiral) vector if the cor-
responding vertex operator Yy (u,x, ) belongs in End(V){z*'} (End(V){z*'}) or
equivalently only depends on z (Z). Such vertex operators will be called chiral (anti-
chiral) vertex operators.

Remark 2.6. From the translation property 8 we see that the vertex operator cor-
responding to v is chiral if and only if L(—1)v = 0 and anti-chiral if and only if
L(—1)v = 0. The algebra of the modes of chiral (anti-chiral) vertex operators is
called the chiral (anti-chiral) algebra in physics, see Corollary 2.10.

Remark 2.7. In the locality property 9 involving a chiral (resp. anti-chiral) vertex
operator Yy (ug, z1)(resp. Yy (u1,21)) and another vertex operator Yy (ug, 22, 22), we
will often denote the function m by

R(Yv(ul, Zl)Yv(’LLQ, 29, 52)) (resp. R(Yv(ul, El)YV(Ug, 22, 22))) (264)
so that
Y ) Y ) 77 f > 9
R(YV<U’17 21>YV(U2722722)) = v <U1 Zl)_v <UQ & Z2) o ‘Zl, |Z2| (265)
Yv (ug, 29, 22) Y (u1,21)  for |29 > |2
and
)% ,721) Y, ,29,2) | > |22,
RV (1, 2) o (1,20, 7)) = | () Y (2] or ] = el )
Yv (ug, 29, 22) Yy (u1,21)  for |zo| > |2

respectively. In physics, this is called radial ordering. Here 25, Zo are complex conju-
gates of each other.
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Lemma 2.4. Let u,v be homogeneous chiral and anti-chiral vector. Then the asso-
ciated chiral and anti-chiral vertex operator has an expansion of the form

an g (whumwhu) o End(V)[[z*"]],

et (2.67)
Yv(v,z) = Tp(0)T" (whv—wtv) o End(V)[[z il]],
nez
where
Tn (1) = Ty 550 —win(U),  Tn(V) = T gon—wto(V). (2.68)

Proof. From the expansion (2.37), we see that Yy (u, xz, z) will be independent of z if
and only if
Tmn(u) =0 unless n = —wtu. (2.69)

But as m —n € Z we then have
Tmn(u) =0 unless n = —wtu, m € Z — wtu. (2.70)

This gives us the required expansion. The proof for anti-chiral vector v is similar.
The fact that Yy (u,z) € End(V)[[z*]], Yy (v, Z) € End(V)[[z*!]] follows from the
single-valuedness property 3. O

Remark 2.8. By the above lemma, for chiral and anti-chiral vertex operators, the
requirements in Remark 2.3 is satisfied and hence we can write

1 _
xn(u) _ 27” j{dz Yv(u Z) n+(wtu7wtu)717
(2.71)
> _ 1 dz Ya sn+(wtv—wtv)—1
Z,(v) = 5 zYy(v,2)z :

where u, v are chiral and anti-chiral vectors respectively and the contour of integration
is a circle around z = 0,z = 0 respectively.

We now derive the commutator of the modes of two vertex operators and the
Borcherd’s identity [1].

Theorem 2.1. Let u; € ‘/(hi,ili) and u; € ‘/(hj,h;) (Ui S Vv(h;jl;) and v; € Vv(h;_ﬁ;)) be
homogeneous chiral (resp. anti-chiral) vectors with corresponding vertex operators

Z g (hi—hs Z n—(hi =R
Uz, an z (hs Z)7 u], xn (ks ])7

nez neL (2 72)
hl) h/) .
Uza xn Uz ; v]? xn Uj
nel nez
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Then the vectors x,(u;)-u; and T,(vg)-ve are chiral and anti-chiral vectors respectively.
Further, we have

(o) (ug)] = ) 1(2

+
_|_
EAOENH D DI (o

(hy=Hi) =1y, (2.73)
h! / Thyn(Tp(v) - vj)
P2 (R —h))+1 (hi — hi) — 1) k+
[z (us), Tr(v;)] = 0.
In particular,
[L(n), zp(u;)] = 2. (Z::__ i) Tgn (L(p) - us)

More generally, for m € Z and my € Zso we have the Borcherd’s identity:

Z (T) ((_1)T%+m—r(ui)$k+r(uj) — (_1)m+%k+m—r(uj)xn+r(ui)>

= (T i, et )

p>1—(hi—hs) Pt
(2.75)
= . (2.76)
n+ (hi —hi) — 1\ _ _
) p>1%h§) (p j: (R, — h) — 1>xk+n+h§‘h3(xp+m(vi) “05),5
2 (nvlf) (<_1)Tx"+m+*r(“i)fk+r(vj) - (_1>m++rjk+m+*7“<vj)wn+r(ui)> =0
- (2.77)

Proof. We first show that z,(u;) - u; and Z,(vy) - v are chiral and anti-chiral vectors
respectively. Indeed by the translation property 8

[L(=1), zp(u;)] = 0, (2.78)
which implies that
L(=1) - (wylus) - u5) = @y(ug) - L(~1)u; = 0. (2.79)
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Similarly
L(=1) - (Zp(vk) - ve) = 0. (2.80)

Now, we will follow the usual contour integration procedure, see for example [31,
Section 3.3.10|. First note that

YV(Uia 21)YV(U]', 22), YV(U]‘, ZQ)YV(Ui7 21)7 R(YV(W, Zl)YV(uj> 22)) ) (2-81)

are single-valued and analytic in 2z, 2o since their partial derivative with respect to
Z1, Zo is zero. So we can use Cauchy’s residue theorem to integrate over 21, zo on any
contour. Now let r; > ry > r3 > 0 be real numbers. Let C?(z) denote a contour
in the variable z;, in counterclockwise direction, of radius a and centered around z.
Further, CT := C7(0). Let f(z1, 22) be a rational function analytic in z;, 2o with poles
only at z; = 0,29 = 0, 21 = z5. The integrals

j{r sz?{ dz Yv(ui, 21)Yv (uj, 20) f(21,20)  and
Cy? ot

(2.82)
7{ dzzj[ dzy Yy (uj, 20) Yy (ui, 21) f (21, 22)
052 CI‘3
are well-defined. By the locality property 9 and the OPE (2.55), we see that
% dZQf le Yv(ui,21>Yv(Uj,ZQ)f(Zl,Zz)
5?2 ot
— % dZQ% le YV(UJ',ZQ)YV(Ui,zl)f(Zl,ZQ)
Cy? crd
:7{ dzzj{ dz1 R(Yv (us, 21)Yv (ug, 22)) f (21, 22) (2.83)
Cy? cit-cp?

dzzj{ dz YV(YV(W,Zl - 22)%’, Zz)f(zl, 22)
2 C9(22)

= jéw dzo ]{5 dz Z Yo (2, () - uj, 20) (21 — 22) P70 £ 20)
oy c

i(z2) pEZL

where § is some small real number, see [31, Section 3.3.10] for details of the change
in contour. If we now choose

f= Z;ﬁ(hi—f’u)—lzgﬂhrﬁj)*l : (2.84)

then using (2.71) the LHS is' [z,,(u;), 2x(u;)] while Cauchy’s residue theorem gives
the RHS to be

n—+ (hz - BZ) —1 k+ hj—ibj +n—p—1
fote 3 (a0 gy

2 p>—(h;i—h;)+1

HThere is a factor of (27i)? which cancels on both sides, so we ignore it.
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where we used the identity

]{ doy 2 = (n (b~ hy) )z;”’. (2.86)
Coz) (21— 2Pt et A p ot (hy — hi) — 1

Note, that it is necessary that (h; — h;) € Z, which is true by the single valuedness
property 3, for (2.86) to hold. Finally, using (2.71) and the fact that

Tp(i)-5 € Vit bty (2.87)
the RHS becomes
n+ (h; — 7%) —1
) (p + (hi — hi) — 1)”5“”(%(“@‘) ;) (2.88)
p>—(h;—h;)+1

The second commutator is similar. To prove the third commutator, note that since
821R<Yv(ui, 21>Yv(1}j, 22)) = 822R<Yv(ui, Zl)Yv(Uj, Zg)) = O, (289)

R(Yv (u;, 21)Yy (vj, Z2)) cannot have any dependence on (2, — 23) or (Z; — Z2). More-
over, from the proof of the OPE in Proposition 2.2, we see that it cannot also have
(21 — Z3) dependence as well. This implies that the contour integral on the RHS of
(2.83) vanishes and we get

[T (wi), Tp(vy)] = 0. (2.90)

The three Borcherd’s identity follow by using

+(hi—hi)—=1 _k+(h;j—h;)—1
fl—ZIL i)— 2y (] ]) (Zl—Zg)m,
_n—+(h,—h})—1 _k+(hl—h})—1,_ —
fo= TR T GO 5y, (2.91)
+(hi—hg)—1 _k+(hj—h5)—1 _
f3=21 gy T T (g — )™,

where for the second Borcherd’s identity, we need to integrate against dz;,dzs on
the curves C7}, C7? respectively and for the third Borcherd’s identity, we need to

Z19

integrate against dz;,dZ; on the curves C7!, C% respectively. O

Remark 2.9. For n = 0, —1 in (2.74) we obtain the L(0)-property 7 and the transla-
tion property 8 of chiral vertex operators. Note that we already used these properties
in proving the OPE.

Remark 2.10. The commutator of the modes of chiral and anti-chiral vertex opera-
tors is closed. The algebra in (2.73) thus obtained is called the chiral and anti-chiral
algebra respectively of the non-chiral VOA (V, Yy).
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Definition 2.3. Let (V,Yy) be a non-chiral VOA with central charge (¢,¢). The
graded dimension or character of V' is defined by

XV(Ta 77) = TrV qL(O)_in(O)_i = Z (dlm ‘/(h,il)) qh_iqﬁ_i s (292)
(h,h)ERXR
where ¢ = €™ =€ 2™ and T € H:= {r =2z + iy : y > 0}.

Note that the single-valuedness property implies that xv(7+1,7+1) = xv (7, 7)
if
c—c =24k, (2.93)
for some integer k.
Let (Vi, Yy, wy,, 0v, 1v,), (Va, Yi,, wis, @y, 1y,) be two non-chiral VOAs with the

same central charge. Then a map f : V] — V4 is called a non-chiral VOA homomor-
phism if it is a grading-preserving linear map such that

F(Vin (w2, B)0) = Yoy (f(u), 2, 7) f(v) for u,v € VA, (2.94)
or equivalently,
F (U - 0) = FWomf @) for ,v € Vi, nmeR, (2.95)
and such that
fAw) =1y, flon) =wy, flon) =0y, . (2.96)

An isomorphism of non-chiral VOAs is a bijective homomorphism. An endomorphism
of a non-chiral VOA V' is a homomorphism from V to itself, and an automorphism
of V' is a bijective endomorphism. In particular, an automorphism can be defined as
a linear isomorphism f : V' — V such that

foYy(v,2,2)0 f =Yy (f(v),r,2) forveV,

B B (2.97)
flw=w, fl@)=0.
It follows that f is grading-preserving and f(1y) = 1y.

It is easy to see that the graded dimension of isomorphic non-chiral VOAs are
identical.

3 Lorentzian Lattice Vertex Operator Algebra (LLVOA)

In this section, we will construct a non-chiral vertex operator algebra corresponding
to an even, integral Lorentzian lattice A C R™". In the first subsection, we recall
some basic facts about Lorentzian lattices and set up the notations for the rest of
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the paper. We also record some results we will need later. In the next subsection,
we gather the ingredients needed to construct a non-chiral vertex operator algebra,
i.e. we will construct a vector space V, associated to the lattice, a vertex operator
map Yy, for this vector space, a vacuum 1, and conformal vectors wy, wgr. In the
last subsection, we will prove that (Vi, Yy, ,wr,wg, 1) is a non-chiral VOA, which we
will call the Lorentzian lattice vertex operator algebra (LLVOA).

3.1 Lorentzian lattices

We begin with some basic definitions. Let R™ be the Euclidean space equipped with
a symmetric bilinear form (-,-),,,. Let R"™" denote the (m + n)-dimensional vector
space R™™" equipped with the symmetric bilinear form

—

xzox' = (2,7 — (J,7 )n, (3.1)

where
x= (o' ... 2™y y") = (2,9, (3.2)

and similarly &’. We will omit the subscript on (-, ),, to make the notation lighter.

Definition 3.1. 1. A d = (m + n)-dimensional Lorentzian lattice of signature
(m,n) is a subset A C R™" which is also a free Z-module spanned by m + n
vectors A; € R™" 1 < j < m++n, linearly independent in R™". More explicitly

m+n
A:{an)\j:njEZ}. (33)
j=1

{\; };’Z{" is called an wntegral basis of A. When n = 0 we call A a Euclidean
lattice. We will simply refer them as lattices when we do not need to specify
their signature.

2. The dual lattice of a lattice A, denoted by A*, is defined as
N={z eR"™:xzox' €ZVxecA}. (3.4)

The lattice A is said to be integral if A C A*, ie. xoy € Z for all x, &’ € A
and self-dual if A = A*. The lattice A is said to be even if

zox = ||7]]* —||y|* € 22, (3.5)
for all = (Z,7) € A, where ||Z||* := (Z, 7).

3. A generator matrix for A is an (m +n) X (m + n) matrix such that the Z-span
of its rows is A.
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4. A lattice homomorphism of two lattices f : A —» A of the same signature is
simply a Z-module morphism which also preserves the bilinear form:

f®)of(x')=xox, V x,a' €. (3.6)

A bijective lattice homomorphism is called a lattice isomorphism. Two lattices
are said to be isomorphic if there exists a lattice isomorphism between them.

5. An automorphism of the lattice A is a lattice isomorphism from the A to itself.
The group of all automorphisms (the group operation being composition) is
called the automorphism group of A and denoted by Aut(A).

A generator matrix for the lattice A in (3.3) is given by

NN g
Ga=| & i i (3.7)
where \; = (A},..., A\"*") is a basis vector of A. It is not hard to show that two

generator matrices Gy, G generate the same lattice if and only if they are related by
an (m +n) x (m + n) unimodular matriz'* U € GL(m + n, Z):

Gr =UG) . (3.8)

Indeed U is the change of basis matrix between the primed and unprimed generator
matrices since it is invertible and since it is also integral, it preserves the lattice. If we
take the symmetric bilinear form (-,-) on R™ R™ to be the standard inner product,
that is,

(7,7 = Z z'z’" (3.9)
i=1

where Z = (z',...,2™) € R™ and similarly 7 and analogous inner product on R",
then a lattice isomorphism between lattices of signature (m,n) can be identified with
an element of O(m,n,R) where O(m,n,R) is the group of matrices, A, satisfying

1 0
T = = m ) 1
A gm,nA I9mmny,  Gmn < 0 —]ln) (3 0)

We have the following theorem:

Theorem 3.1. [32, Chapter V| An even, self-dual lattice of signature (m,n) exists if
and only if (m —n) = 0 mod 8. Moreover, there is a unique such lattice when n > 1
up to an O(m,n,R) transformation.

12A matrix U is called unimodular if det(U) = 1.
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The canonical choice of an even, self-dual lattice of signature R™", denoted by
IL,, ., is

1 m—+n
L, = {(al,...,am+n)GRmv":aiGZOY ai€Z+§> ;%GQZ}- (3.11)

A generator matrix for this lattice is
10---0/00---00 -1
01---000---00 -1
00---1[00--- 00 —1
00---0{10---00 -1

_ A2
gIIm,n 00---0/01---00 -1 (3 )
00---0/00---10 —1
00---0/00---00 2
L 1 S
2 2 212 2 22 2

We will use this lattice to elucidate many of the notations which we now introduce.
Consider a d-dimensional even, integral, Lorentzian lattice A C R"™"™ with Lorentzian
inner product, denoted as before by o, where m+n = d. We will often write a vector
A€ Aas )= (a*, B), where o € R™ and 8* € R". Then we can write

Ao = (™ a??) — (BN, g) € Z. (3.13)
Note that in general (o, a?2), (8, 3*2) & Z. We define the Z-modules

A = {a* | X = (*, p*) € A for some B* € R"} C R™,

3.14
Ay = {BM| X = (o, 3Y) € A for some o € R™} C R". (3.14)

Let {\; = (o, M)}, be a basis of A. Then it is easy to see that
Ay = Spang{a*}% | Ay = Span,{B}L . (3.15)

Note that in general A; and Ay are not lattices, they are just finitely generated Z
modules possibly with non-trivial torsion. For the lattice 11, ,, in (3.12), it is easy to
see that
()1 = 2™ <Z+ 1>m,
’ 2
IT =7" Z Ay
(m,n)2— U( +§) .

(3.16)
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We further identify even, integral, Euclidean sublattices of A as follows:
A} = {(a,0) € A|a € R™},
Ay :={(0,5) € A|B € R"}.

These can be identified naturally with submodules of A; and A, respectively. Clearly,

(3.17)

A, A9 are sublattices of A since any submodule of a finitely generated free module
is free. We also introduce the notation

Ao =AY DAY, (3.18)

Note that the direct sum of A? and A$ is meaningful as they are two Z-modules. For
the lattice II,, , in (3.12), (IL0)0 = (In0)] @ (IL,,,)3 is easily seen to be generated
by

Gttmmlo = ( Ogmm Og) (3.19)
where
100---0-1
010---0-1
Gri= ... , (3.20)
000---1-1
000---0 2 e

and G, is defined similarly. It is useful to characterize the automorphisms of A. We
will take the symmetric bilinear form on R™ R" to be the standard inner product
for brevity. We have the following important result.

Theorem 3.2. Let A € R™" be an integral Lorentzian lattice. Then Aut(A) =
Ox(m,n,Z) where
Oa(m,n,Z) :={A € GL(m +n,Z) : Gy AGx € O(m,n,R)}. (3.21)

Proof. Choose an integral basis {\;} of A. Then the group of Z-module automor-
phisms of A can be identified with GL(m + n,Z). Now given any A\, \' € A there

exists coulumn vectors 7,7 € Z™™ such that A = @7Gy and X = 7 7G,. Any
module automorphism A € GL(m + n,Z) acts by
A(\) =T AG, . (3.22)

For A to preserve inner product, we must have

AN) 0o A(X) = iT AGr G Gr AT,

= 1" GrGma G 52

which implies
AGAGnnGr AT = GrGim Gy - (3.24)
Since {\;} is a basis for R™" and A must preserve the inner products of \;’s, we
must have that A = GyOG, ! for some O € O(m,n,R). O
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3.2 Construction of the LLVOA

Let A C R™" be a d = (m + n)-dimensional Lorentzian lattice. We denote by C[A]
the group algebra of the lattice A and denote the element A € A embedded in C[A]
by e*. The multiplication in C[A] is defined'? by

A1 A2

MM = M2 (3.25)

Define the vector space
h, =N ®,C, =12 (3.26)

and extend the bilinear form on A; to h; C-linearly. Here A; is defined as in (3.14).
We define the Lie algebra

b= (@ (b1 ®@t") @ (hy ® z?s)) @ (Ck @ Ck). (3.27)

r,SsEL

Introduce the notation
a(r)=a®t’, B(s)=p&1t", a€cby,pfEbh. (3.28)
The non-zero Lie bracket on 6 is

[a(r1),d/(12) ]
[B(s1), 5/(52) ]

™ <OZ, O/> 57’1-}—7‘2,0 k7

51 (B, B") 0sr4sp0K . (3.29)

Note that

h="bih@h Dby, (3.30)
where 6{, 6; are the standard Heisenberg algebras associated to the abelian Lie alge-
bras by, ho respectively [2, Chapter 1] and

B = @t° =2 by, 0Y:=hy @ = bs. (3.31)

Define

h™ = (@(m@ﬂ)@(fh@fs)) , b= et")e (hot')eCke Ck,

bt = (@(hl ®t") B (h2®t8)).

r,s>0

(3.32)

Note that
h=h"@p’@hH'. (3.33)

13Technically speaking, C[A] is the group algebra of the formal group e® := {e* : A € A} with
group multiplication given by e* - e*2 = eMFA2 je. C[A] = Cle?]
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We now define the space
Vi := S(h7) ® C[A} @ AY], (3.34)

where A and AJ is defined as in (3.17) and for any Lie algebra g, S(g) is the
symmetric algebra for g, and C[A} & A9] = C[Ao] is considered as a subspace of C[A].
The space V) is generated by elements of the form

(1 (=my) - an(—ma) - - ag(—my) - (=) - Bo(—ma) - - Br(—1mz)) ® @) (3.35)

for m;, m; > 0, k,k >0, (a, B) € Ao, a; € by, and B; € by. The space V, is a natural
module of h~. We define the action of h° on C[A], and hence on C[A], by

o/ (0) ei = (o, ozi> ei : (3.36)
B'0)er = (6, 5% e,

where o/(0) € %, #(0) € hY. The central elements k and k act on C[A] as identity.
Let b+ act on C[A] by 0. We can extend the action of these subspaces of b to Vi, by
using the Lie bracket given in (3.29). This makes Vj into an h-module.

We define a Z-bilinear map € : A x A — Z, which acts on the basis as [33]
AioA; 1>7,
() =40 (3.37)
0 1<,
where {\;}21" is an integral basis of A. The action of € on general vectors is defined

by the Z-bilinearity of e. Consider A = Z, x A, with the multiplication on it given
by

0,)) - (1, \N) = (97 (—1)AX) \ x) . (3.38)
We now consider the Z, central extension of the lattice A:
0—Zy —A—A—0. (3.39)

We denote elements (1, ), (6,0) € A by ey = (1, A) and 6 = (6,0) respectively. Then
it is easy to check that
(97 )\) = 98)\ = eA«9, (340)

and
exe, = (—1) ey, (3.41)

Using the above relation, it can be shown that (see Lemma A.1 for proof)

exe, = (—1)*" e, ey . (3.42)
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This property requires that the lattice be even and integral. Note that we chose an
integral basis of A to define the central extension. In Appendix A we show that a
cocycle € defined analogous to (3.37) for a different choice of basis is cohomologous to
€, and hence gives rise to an isomorphic central extension. A acts on C[A] as follows

(B, N) e = (—1)< NV AN (3.43)
In particular for (0, ') = (1, \) = ey, we have
ey et = (=1) NN AN (3.44)
Note that the same cocycle € restricted to Ag
€:NgxNg — 7, (3.45)
defines a central extension Ag := Zy x Ay C A:
0 —Zy —3 Ny —> Ay —> 0. (3.46)

Moreover, the action (3.43) restricted to Ay makes C[Ag] into a Ag-module. This
makes V) into a Ag-module where A, acts only on C[Ag]. Let x, Z be formal variables.
For any vector A = (a?*, 3), define the operators 2, 7% by the following actions

!
(@*,at)

7 (u@e) (w®e"),
P uweV) = @),

! (3.47)

where u € S(h7), N € Ao. Note that 2", 77" acts as 2@, 28O For A = (o}, ) €
Ay, define the vertex operators

Yy, (e}, 1, %) := [exp (— Z oz’\;?")xr> exp (— Z aifr)x’)

B, ) N\ )
R e/
From the Lie bracket in (3.29), it is easy to show
[0*(r), B(s)] = 0 (3.49)

for all r,s € Z, so that the order of exponentials with a*(r) and S*(r) does not
matter. For a formal variable z, we introduce the notation

= Z o M)z Z aMr)x T+ o (0)2 (3.50)

r>0 r<0
N

J

o (2)+ o ()~
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Similarly, we can also define 5*(z). We define the formal integration as the map by

xr—i—l
/dx "= n#—1. (3.51)

r+1’

We can then write the vertex operator as

Yy, (e}, z,T) = exp (/ dx o/\(a:)) exp (/ dx a’\(x)+)
X exp (/ dz BA(j:)) exp (/ dz ﬁ%f)*) exz® 7.

(3.52)

For a general vector v of the form (3.35), the vertex operator is defined as

k _
d" oy (x) 1 d™'By(a) P
Yin (0,2.7) = 8HH( e a— ) ((ms—l)! . )me 2,7)8,

r=1s=1
(3.53)
where the normal ordering 88 is defined as
: , ap)eX(q) p<q,
8’ (p) ™ (q)8 = 8a™ (q) a*(p)8 = {a,\/((q)) ax(p; »
- (3.54)

>
o
3
~—r

s a*(plexs = sex at(p)s = ey a
A
8% eyx8 =8eyax¥ 8 =eya
. . DN . .
and similarly for 8* and #°". The vertex operator for general vectors in V} is defined
by linear extension to all of Vj.

Remark 3.1. Using the central extension (3.39), (3.53) can be used to define vertex
operators even if e* € C[A]. These vertex operators will act on vectors of the form
(3.35) with e* € C[A] rather than C[Ag]. This will be crucial when we construct
module vertex operators and intertwining operators on the modules of Vj.

The vacuum vector is given by 1 = e°.

below, see (3.70).

The conformal vector is constructed

3.3 Proof of axioms

We now prove that (Vy, Yy, ,wr,wg, 1) is a non-chiral VOA.

Proof of identity property 1: From the definition (3.48), it is clear that Yy, (1,z,Z) =
€y = 1.
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Proof of grading-restriction property 2: The grading on Vj is given by defining the
conformal weight of vector v of the form (3.35) by

(@a) N~ o BB S~
hv = 9 + ;mi, hv = T + ;mj s (355)

where m; and m; are positive integers appearing in (3.35). Note that for e* with
A = (o, ) € Ay, we have (,0) € A, (a,0) o (e,0) = (e, cx) € 2Z,. Then we have
that hy, h, > 0 so that Vinpy = 0 for h or h <0,ie. M =0in (2.23).

Similarly, (3, 8) € 2Z,., which implies that both h, and h,, are positive integers **.

We will now show that dim(Vj, 7)) < oco. Note that A} and A are lattices.
It suffices to show that there exist only finitely many vectors of the form (3.35),
satisfying the conditions in (3.55). We first show that for any h, h € R the number
of distinct A = (a, §) € Ag satisfying

{a,a) < 2h and (B, 8) < 2h, where a € A}, B € AY, (3.56)
can be only finitely many. Consider the sets
X, ={ae N | {a,a) <2h}, (3.57)

Xo={B €Ay | (B,8) < 2h}, (3.58)

which have finite cardinality, say N; and N,, due to the fact that A} and A are
discrete. Then the set

X={=(a,8) €| (a,a) <2h, (8,8) <2h} (3.59)

is finite because the map

X—>X1 XXQ
A= (o, ) — (a, )

is injective. More precisely #X < N;N,. Now, as there are only finitely many

(3.60)

combinations of positive integers {m;}%_, and {m;}*_, such that

<Oé, Oé> : 7, <675> i _
h,U - 9 = ;mi, hv — T = ;mj y (361)

hence there are only finitely many generating vectors possible, which implies that
dim(V}, ;) < o0.

4Note that this argument also works for a general e* € C[A] with A\ € A since (a,a), (3,8) > 0
even in this case.
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Proof of single-valuedness property 3: For the general vector v of the form (3.35)
we have

C {a,0) = (8,8) | <
hy — hy = 5 +;mi—;mj

- (3.62)
Yo k k
i=1 j=1
where we used the fact that A is an even Lorentzian lattice.
Proof of creation property 4: We want to show that for any state v € V,,
lim Yy, (v,2,2)1 = v. (3.63)

x, z—0

Let us first consider the case when v = e*, then the Yy, operator is given in (3.48).
One then has to expand the exponentials, we ignore the terms when a*(n) and 5*(n)
have n > 0, as they annihilate C[Aq]. The two exponentials that remain will only
have positive powers of = and z, which vanish when we take the limit. Hence
hm0 Yy, (e),2,7)1 = ey - 1. (3.64)
T, T—

Here, we used the fact that 1 = ¢° so that the action of " (:iﬂk) on this is by identity,
since (a*,0) =0 ((6*,0) = 0). Hence

hmOYVA( 2, 7)1 = ey el = (—1)ONer =&t (3.65)
T, r—r

where we have used (3.37), (3.43) and that ey, = (1, A). We now prove (3.63) for a
general vector v of the form (3.35). The normal ordering in the definition (3.53) and
the fact that b annihilates C[Aq] forces the product to take the form

d™ o, (r) o
dxmr—1 Z (mT - 1)!ar(pr)x pr ", (366)
per*mT
and g (s
xm?slx = Y (m = 1)B(g)z7 4™ (3.67)
qs<—ms
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Thus we have

T (L AT (1 dmA) i
; HH ((mr — 1)l dam1 ) ((ﬁzs — 1) dxms—! ) Y (e} z,7) 8 1

- Z s (Pl)OQ(pz) . Oék(pk)Q;f(p1+~~-pk)*(m1+---+mk)
e (3.68)

Pr<S—myg

< 3 Bi(a)Ba(@) .. Bilgp)a @ m Y, (A g 7) 8 1

g <—m

ar<=my,
When we take z,7 — 0 only the p, = —m,.,qs = —m, terms in the sum survives.
Combining this fact with the proof of (3.63) for v = e*, we get

lim Yy, (v, 2, 7)1

z,z—0

= (a1(—=my) - as(=ma) - - ap(—my) Bir(—1ma) - fo(—1na) - - - Be(—15)) @ * =,
(3.69)

where we also use the fact that Yy, (e}, z,Z) can only contribute terms with 2" and
™, where n and m are greater than 0.

Proof of Virasoro property 5: The conformal vector is given by

1 dim(h1) dim(f2)
wni=g 3, (WD) @145 3 (w-))@l=w +we  (370)
i=1 i=1

where u; € Ay ®z C,v; € Ay ®z C are orthonormal basis of h; and b, respectively!®:
<Ui, Uj) = (51"]', <Ui,1}j> == (51"]'. (371)
Since an integral basis of A is also a basis of R™" | it is clear that dim(h;) = m and
dim(h2) = n. One can check that the conformal vertex operator is given by
Y, (w,z,z) = Yy, (wr, 2, Z) + Yy, (Wr, ©, T)
=Y L4+ Y Lap)a (3.72)
pEZ PEL

where the Virasoro generators are given by [2, Section 8.7

La) = 3 3 3 suslbyua(p — g

" (3.73)
La(p) = B Z Z gvi(k)vi(p — k) 8.

i=1 k€Z

15Note that a different choice of orthonormal basis will give isomorphic LLVOAs. Indeed if {u}}
and {v}} are orthonormal bases of ; and by respectively, different from {u;} of and {v;}. Then
the map f : VA — Vi which acts trivially on C[Ag] and maps u; — u}, v; — v} is a non-chiral
VOA isomorphism.
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Using the Lie brackets

[ui(p),u;(q)] = Pdijdprqok,

[vi (p)’ vj (q) } = p 5@',]’ 5p+q’0 l_{, (374)

one can show that the Virasoro generators indeed satisfy the Virasoro algebra (2.27)
with central charge m = dim(h;),n = dim(hs) respectively, see [2, Chapter 2|.

Proof of grading property 6: From (3.73) and normal ordering (3.54), we have

) STCIESIES 3) SrEe RO

1 lnl reZ i=1 >0 ) (375)
= 5228%(7“)% ZZ’UZ + 2%(0)2'
i=1 reZ i=1 r>0

Then for v € Vj, of the form (3.35), using the Lie bracket (3.74) and the action (3.36),
we have

=Y my[a;(—my) -] @t + = Z Ui, QYU (3.76)

La(0)o = | > mj+ v (3.77)
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Proof of L(0)-property 7: Let (a, ) € Ag. Then

(24 (0), )] = 5 32 57 lsuls)u(—s)z.afr)) a7

r€Z+ s€7 i=1

-5 (Z s(=s)ui(s), ()] + [1(0)%, a(r)]

rel+ =1 s>1

1 Z Z (50(=58)8s4r0 — n(8)) 6p_sor ™"
2

r€Z+ s#0
= Z Zn&(—s)55+r,oa¢”"’l
ré€Z+ s#0
=— Z ra(r)e"!
rel+

where we used
> ui(=s)ui(s), a(r)] = > ui(=s) [ui(s), a(r)] + [ui(—s), a(r)] u;(s)

i=1 %

Rearranging terms, we get
do(z)*

- + a(z)*.

[LA(O),oz(x)i] =z

Similarly

[24(0). B(@)*] = 22 8(@)* + 5(a)*.

Note that the same proof also shows that

[£4(0),a(2)] = o--a(x) + a(x)
[La(0), B(7)] = x%ﬁ(x) + B(2).

Next using (3.80) we have
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where we used integration by parts for the formal integration. Similarly
200, [ s 5(e)*] = s6(0)* (3.51)

By BCH formula (3.107) we have

— exp (/ iz a(x)i> La(0) + i% K— /dx oz(x)i)n | LA(O)] |

(3.85)
By (3.83) and the fact that [a(r), a(s)] =0 for r,s <0 or r,s > 0, we get

:LA(O),eXp (/ dx a(x)i): = T exp (/ da a(x)i) afx)*. (3.86)

-EA(O) exp (/ dz ﬁ(x)i)— = T exp (/ dz ﬁ(x)i) B(z)*. (3.87)
Finally, it is clear that for X = (o/, f') and u € S (h~) we have

/ /
[LA(0), exz®] <u®e = (AN ( atd, a+a <a ,2a)) gl <u®e’\+’\/>

(< Dt o >) (130 (g )
- (<O"20‘> e\a® + ew%xa) (u ® e’\/>
Putting all this together, we obtain
[LA(0), Yy, (e, 2,7)] :xd% {exp (/ dx a(x)_) exp (/ dx a(x)+)]
X exp (/ dz f(z)” >
+ exp ( / dz a(z)” ) exp < / iz a(x)+§ .

Similarly

(3.88)
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Similarly

For general vertex operators, we observe that

£00) (o) = 4 (o0t + (o)
_ dd; _ (%a( )—f—xdd—;a(x)) + dira(x)

dr d"
dﬂa(m) +(r+ 1)dxroz(x).

=z
This implies that for a general vector of the form (3.35) we have

[LA(0), Yy, (v,2,Z)] = inVA (v, 2,7) <Z m; +

dx
d _ _
= x%YVA(v, z, %)+ Yy, (La(O)v,2,T) .

Similarly

Proof of translation property 8: Observe that

[Lal=1),a(=r)] =3 3 3 lbus)us(~1 = 5)8, (1)
=5 3 Sl —1— ) uifs), ()]

1
>
=2 (ra(-1-r) ~ (=a(-1-n) =ra(-r - 1)
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) Yy, (v, z, %)

d _
[LA(0), Yy, (v,2,7)] = Zf%YVA(U,:E, ) + Yy, (La(O)v, 2, 7).

(3.90)

(3.91)

(3.92)

(3.93)

>3 (w1 = s)lui(s),a(=r)] + [u(=1 = s). a(=r)] ui(s))

i Z (35s—r,o<ui, a) ui(—1 —8) — (1 4 8)0pysi1,0(i, @) ul(s))

(3.94)



Using the above commutator, it is easy to see that

La(=1) (a(=m) - - - a(=mu) i (=) - Bo(=1ma) - - - Bp(—mg)) © el

m

= Z (r(=mq) - - ap(=my) Bi(=m1) - Bp(—mg)) @ LA(—l)e(O‘”B)

=1

kol

+ ) mi(a(=ma) - ai(=1—my) - ap(=my) i (=) - - Bp(—mg)) @ el*P).

=

(3.95)
Now since
La(—1)e?) = ZZ°UZ s)u(—1 — 5) g e
i=1 s€Z

= U; 0 Ui —1 e(o"ﬂ)

> w0l -
:Z<ui,a>uz( 1)e(@?)

=1
= a(—1)e®?,

hence we get the action of Lx(—1) on generating vectors v of the form (3.35) to be:

k

—1v = Zml (an(=ma) - ei(=1 = my) - - ag(=my) Br(=imn) - - - Br (=) © el

+ (a(=Day(=mq) - - ai(=1 — my) - - (=) Br(=ma) - - - Br(—mmg)) @ el
(3.97)

The proof of the translation property now follows from exact same calculation as in
[33, Proposition 2.2].

3.3.1 Proof of locality of vertex operators

In this section, we will prove the locality of two vertex operators and defer the proof
of product of multiple vertex operators to Appendix B.

Proposition 3.1. The vertex operators Yy, (e*,z, %) for X € Ay satisfy the local-
ity property 9. More precisely there exists, multi-valued, operator-valued functions
f(z1,22) and g(z1, Z2) analytic in 2y, ze and Zy, Zo respectively with possible singulari-
ties at {(z1,20) € C?| 21,20 # 0,21 # 22}, such that f(z1,22)g(Z1, ) is single-valued
when Z1, Zo are the complex conjugates of zy, zo respectively and equals

Yy, (€}, 21, 7)Yy, (€, 20, Z5) when | 21| > |20

Vo (N AV (o B " (3.98)
vy (€, 20, 20)Yy, (€7, 21, Z1) when |zo| > |z .
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Proof. We will closely follow the proofs of results in [33, Section 2|. We begin by
proving that

g e T e
[8(21), B'(Z2)] = (B, ) [(952 — 1) = (=72 + 71) ]
where A = (o, 8), N = (<, 5'). We have
[a(z1),d'(x3)] = ) [a(r), o/ (s)]ay" Hay !
= Z (o, /Y1 0prgoay tag®!
= —(a, ) Z sty st
ez (3.100)

= _<a’a/>8ix1 inxz_s_l
_— o/>(,)%1 (21— )" — (—as + 1))

- <Oé7 O/> ((:L‘l - x?)_Q - <—ZL'2 + l‘l)_z) )
Note that this commutator is also true for complex variables 1 = 21, 22 = z5. Indeed
from (2.10)

a(z1)a’(z2) = 8a(z1)a(zs) 8 +{a, &) Z szfs”z;*l

s€Z
= 8a(z1)a(ze) 8 +%, |21] > |22], (3.101)
and
o' (z9)a(z1) = 8a/(29)a(z1) 8 —(d, @) Z 52y 1t
/ (o OSGZ (3.102)
= 8a'(z)a(z) 8 ) |29 > |21]-
It is easy to see that
ga(z1) (22)8 = 8a/(z2)a(21) 8 (3.103)
which gives us the commutator. In particular
[a(21), ' (22)] = 0. (3.104)

The other Lie bracket in (3.99) can be proved similarly. Using (3.99), we can show
that'f

of ()~ ol o] Z L0 fa@tan (3.105)
Tr1 — X2

6we will use exp and e interchangeably.
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Integrating both sides of (3.105) gives us

{_/O" (xz)idxz,efo‘(xlﬁd“

= ({o, /) log (21 — m3) — (o, @) log ) ef @@ dn

= <Oé, Oé/> (10g($1 — I'Q) - lOg(l‘l) ) efa(zl)+d$1 — <O{, O/) log 1— ﬂ efa(iﬂl)er&?l.

T
(3.106)
One can write analogous formulas for [3'(Z;)* exp( [ B(z2) ) Using the BCH iden-
tity

exp(X)Y exp(— Z (3.107)
s=0 ’
where
X V] =[X... [X,[X,Y]..], [X°.Y]=VY, (3.108)
e
we get

exp (— / dzs o/(g;Q)-> exp ( / dz, a($1)+) exp ( / dzs 0/(:62)_)
_ (1 - i—)H exp ( / d, a<x1>+) .

(3.109)
To show the locality of vertex operator, we will also require the identities
ey = 2" eyaf, (3.110)
=B =(B.8" . =B '

1’26)\/ - 332 eA/.%Q’
the first of which is shown below
rfen (u® e’\//) = (—1)6(’\/”\//) xf(u® e’\/+’\”) :(—1)5(’\/’)‘”) x%a’a”ﬂa’a”(u ® e’\/+’\”)

(_1)E(Al,)\//)x§a,a”> (u ® e)‘/—i_A”)'
(3.111)

ey .CE? (U@e)\n) § >e)\/ (u®e)‘”)

We now have!”

YVA (e)\7 x, jl)YVA (e/\ , L2, jQ)

~ exp (/ a(xl)_) exp (/a(x1)+) exp (/5@31)-) exp (/B(an)*) ext§
exp (/O/(xg)> exp (/ (22) )exp (/5 %) )exp (/ﬁ %) >e>\/x§ %

1"We will often write [dz a(z) = [ a(z) to simplify the expressions.

’
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Now, utilizing (3.49) and the fact that ey, =%, and Z7 commute with exponential of
integrals

oo ( faten) oo ([ atoir Yoo ([t esn [t
exp (/5(:31)) {eXp (/mfm) exp (/5’(%))] exp </5 ) )eAxlxlexa:g/xgl .

(3.113)
After which we use (3.109) and (3.110) to write

) (1 ) z_?) () (1 ) %) (6.6) - (/ a($1)_) exp (/ a,(x2>_)
oo (ot Yoo [ e ([ 00 Yoo f e
exp ( / 5(:@1)+) exp ( / 5'(z2)+> exen 2972 5

Finally we use (2.6) to collect terms to get

= (21— 22)") (71 — 22)P) exp (/a(xl)_) exp (/ o/(xg)—) exp (/oz(a:l)+)
o ([ atten)esw ([ s )eo ([ ) esw ([ s Yoo [ )

!
S\ ZL‘?QSQ Ig

= (Q?l — xQ)(a,a) (.Tl — f2)<ﬂ’5/> F(l’l, .]TQ)F(fl, i’g),

(3.114)

(3.115)

where we used (3.49), (3.109) and (3.110) and F(x, x9) F(Z1, ;) contains the oper-
ator part of Yy, (e}, z1, 7)Yy, (eV, 22, T5). Similarly we have

Yy, (e)\/a T, T2) Yy, (e’\, x1,T1)

= (z3 — 22)" ) (25 — 7)) exp ( / o/(xQ)) exp ( / a(ml)) exp ( / a'(x2)+>
exp (/Oé(xlﬁ) exp (/ ﬁ'(@)) exp (/5(551)) exp (/ 5/(9752)+> exp </ 5(f1)+)

/
(—1)*Nerenad s 18

= (=1 (22 — 20) ' (22 — 2) P F2y, 20) F (21, 72),
(3.116)

where we used (3.42). Note that (—z, +22)@) = (25 — 1)) when'® (o, /) > 0.
To prove locality, we take complex variables ©1 = 21,29 = 20 and T; = Z1, %y = Zo.

18Recall that when s € C, (—z1 + 22)° is to be expanded in positive integral powers of z3 as in
(2.4).
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Note that when we plug complex variable in place of formal variable, we must consider
(r1 — x9)*® as a formal series so that

YVA(e)\; 21, EI)YVA (e)\” 2, 22) — (Z(_l)pzfoz,a >ng> <Z(_1)QZ§/5,5 >ng>

q=>0
X F(z1,22)F (21, %2),
(3.117)

and similarly Yy, (eV, 2o, Z2) Yy, (¢}, 21, Z1). To complete the proof of locality, consider
the operator valued functions

f(21, 22) = exp ({a, ') log (21 — 22)) F (21, 22),
9(z1,22) = exp ({3, f') log(z1 — 22)) F(z1, Z2) .
Then by (2.10) for |z;]| > |2z2] we see that

f(z21,22)9(%1, 22) = <Z(—1)pz1a’a/>_ng> (Z(—l)quﬁ’[i/)_ng) F(z1,2)F(Z1, 2%2).
= - (3.119)

(3.118)

For |z3| > |z1| we have
f(z1,2)9(21, 22) = exp ({@, @) log(—(22 — 1)) exp ({8, 8) log(—(22 — 21)))
= @)= B0 exp (@, o) log (22 — 21)) exp ({8, ') log (%2 — 21)) F (21, 22) F (21, 2)

=(—1)*¥ (Z(—wzf’“”‘%f) (Z(—nqzéw”‘qz%) F(z1,2)F (21, 22)

p=>0 q>0

(3.120)
where we used the fact that in the principal branch of logarithm to write
log(—z2) = log |z| + i(7m + Arg(z)), log(—%) =log|z| —i(m + Arg(z))  (3.121)
with
—m <7+ Arg(z) < . (3.122)
O

Remark 3.2. From the calculations above, it is easy to see that the following formal
commutativity axiom holds for the vertex operators: there exists K, K € N such that

(21 — 22)5 (71 — 70)E [YVA(e’\,xl,a_:l), Yy, (6", za, :zg)} —0. (3.123)
Indeed we have
[YVA (e, x1, 7)), YVA(e’\/,xg,fg)] = ((xl — I2)<a’a,> (71 — f2)<’8’5/>
—(=1)*N (2 — $1)<a’al> (Zo — fl)w’m) F(xy,20)F (%1, 72)
_ <(x1 — )@ (3, — ,) 880

(=g + 1) (=7 + :7;1)W’>) F(x1,22) F (71, )

(3.124)
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Since (a, B), (o, B") € Ay, we have (o, '), (3,3') € Z and we can choose K, K € N
large enough such that

K+ {(a,d)eN, K+{B,p)eN. (3.125)
We then get

(21 — 22)K (71 — 22)K [Yo, (&), 21, 71), Yo, (¥, 2, @)]
= ((5101 — z5)EH a,a’) (T, — )K+<,6’6>

A :zl)ff“ﬁﬂ”) F(x1,22) F(1, )
_ ((xl ) KHed) (3 g )K+(65>

— (11— 22) K (7 — 7, +W>) F(x1, 1) F (71, %)

= 0.
(3.126)

We now prove the locality for general vertex operators.

Theorem 3.3. The vertex operators Yy, (v,z,Z), where v is the general vector of
Vi, satisfy the locality property 9. More precisely there exists, multi-valued, operator-
valued functions f(z1,29) and g(z1,Z2) analytic in z1, 2o and Zy, Zo respectively with
possible singularities at {(21, z2) € C?| 21,20 # 0, 21 # 23}, such that f(z1,22)g(z1, Z2)
18 single-valued when Z1, Zo are the complex conjugates of z1, zo respectively and equals

Yv, (v, 21, 21) Yy, (w, 29, Z2) when |z1| > | 2], (3.127)

Yy, (w, 29, 22) Yy, (v, 21, 21) when |z2| > |z].

Proof. We will prove the locality for the spanning set of vectors of the form (3.35).
Explicitly, we will prove the locality for vertex operators of the form

k dmr—lar(;c) 1 dms_lﬁs(f) i
H ( -t damet ) ((ms — 1) dzms—t )YVA(eAa%x)g

k

Yy, (v,2,2) =8 H
r=1

¢

=1s=1
2 _ 5 _ _
dnp 10/ (CL’) 1 dnq 16/(517)
_ p q A =)o
Yoo, 2, 7) U H( ) dat ) ((nq ") dzrat >YVA<€ B2,
p=1gq=1
(3.128)

see [34] for a similar calculation. Following the exact same steps as in the proof of
[33, Eq. (2.14)] with appropriate modifications, we can show that

[O/ ($1)+ ,efa(@)fdm] — < <a’ @ > _ <a’ & >) efa(xl)idxl' (3.129)

T — T2 T
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Differentiating on both the sides of (3.129) with respect to x; we obtain

{lw efa(x2)dx2:| _ (_1)5 < <Oé,o/> . <Oé,o/>) efoa(wl)*dxl. (3.130)

+1
sl dxs (11 —z2)5*t 2}

Differentiating both sides of (3.105) with respect to x5 we obtain

FM efa<:v1>+dw1] _(wa)  a@yta (3.131)

st dxy (x1 — x0)° 1!
Analogous formula holds for [5'(z1)*, exp ( [ B(x2) ) In addition, we need
a(0)eyz® = (o, oYeyz® +eyvz®a(0), N =(,3). (3.132)

This follows from the following calculation: for u € S(h~), N = (a/, 8'), N = (”, 8")
we have

a(0)eyz® (u ® e’\//)
_ (_1)6()\’,/\”)1,(0/,@”)<a/’O/ + O//> (U ® e)\'—l—)\”)

/ 1"

_ (_1)6(/\’,/\”) (o, a”><a7a/> (u ® ex+v> + (—1)6(*/’”)3:@ o ><a,a”> (u ® ex+x’>

(a, o) ez (u ® eA"> + ez a(0) (u ® exl> :
(3.133)
Analogous formulas for 3(0)ey 7 is

6(0)6)\/i’5/ <B 5 > exx —|— e)\/jﬁlﬁ(O), (3134)

which can be proved as follows:

B(0)exz” (u ® e’\“>
= (_1)6(>\’,>\”)j<5'75”> (8,8 + 8" (u ® e>‘/+>‘”>
= <(—1) N N) (88" ) (8, 8') ( X+/\”> + (_1)e(>\’,,\")j<5/7,3~> (3, 8") (u % e)\,H\,,))

e,\/jrﬁl ( )‘N> + exiﬁlﬂ(O) (u ® e’\"> )
(3.135)

Let us now consider the product of two vertex operators, as in (3.127). Using the
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normal ordering from (3.54) we have

Yy, (v, 1, 21) Yy, (w, T2, 2) = exp (/04(5’31)> exp </6(i1))
<1 () ()
X exp (/a(;cm) exp (/ a'(x2)> exp (/5@1)*) exp (/ ﬁ’(@)) eAz§ 7

- ﬁﬁ 1 dnp—la;(xz) 1 dﬁq_lﬂ;(@) )
° (r, — 1)! dx;p_l (g — 1)! dzy! ’

2

(3.136)

where we have used that ewi"a‘:f commutes with the exponential of integrals and the

exponential of & and f commute with each other. Now, using (3.109) we get

Yo (0,21, 1) Yo (w, 9, F) — (1 _ i—j) o (1 _ ;—T)W> exp </a(x1)> exp </5(z1))
x ﬁﬁ (<mrl_ 1)! dm;xlgnojr—(?)) ((msl— 1)! dm:lzzs—(fl>> i

X exp / 0/(11:2)_> exp ( / 5/(:52)—) exp ( / a(x1)+> exp ( / 5(@1)+) exz0 7

T () ()

X exp /@/($2)+) exp (/ 5,($2)+) exas T .

Further, using (3.130), (3.131), (3.132), and (3.134) successively on the product in

(3.137)
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normal order, (3.110), and the formal variable identity (2.6) we get

YVA (’U7fL’1, ij)YVA(U}, ZL‘Q,{EQ) = ({El — x2)<a,a’> (ZZ‘ )(55

X exp (/a(x1)> exp </ o/(xg)) exp (/ %) )exp (/ﬁ )
- gﬁ [(mrl— 1)!dm;lx}oir(fl) D <($fa_$2)>m - <ax;fgr>ﬂ

1[ L) e (2 10)]

o
o

iy (ms — 1)' di’?s_l T, — ?Z’Q)ms fTS
-, . 10! (1) (o, a) (o, a) (3.138)
0 op\r)  ay) Q)
X OZH [(np — 1)' dx;lpfl (xl _ l‘g)np ( 1) xgp ]
d 1 dw'Bl(z) (8,5 no1 (B: By
’ qul [(ﬁq -0 amyt @ w)h = Ty
X exp (/a(x1)+) exp (/6(x1)+> exp (/ (x2) ) exp (/B Tg) )
X eAe,\/x(f‘ff:ﬁg‘,a’:g,.
Next we have
YVA (w,l'g, jZQ)YVA<U, Il,[El) (ZEQ — .171 e ) (IL‘Q — x1)<’8 ﬂ/> AO)‘
xexp(/a(xﬂ)(/a T9) )exp(/ﬁxl )exp(/ﬁ Tg) >
¢ 1 At (x) _— (o, o) (o, ay)
) 011;[1 [ D dahr! += (@2 —z) xy )
Tl d @) (BB (86
I e (e - )
: la(n) _ (oa,) oy
d" o (1 o a, o1 (0,
e H [ D de T (g oy Y e

di’?s_l (:Z‘Q - fl)ms

X exp (/a(x2)+> exp (/5(x2)+> exp (/ (1) )exp (/B )

— ,7 4
X eAe,\/x?xfxg‘ a:g )

o

F dmsilsfl las ms—1 ' s
XH[ms_l 6( ) <66> _( ) <65>:|°

where we used (3.42). Now, let us take x1, 5,71 and Ty to be complex numbers
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21, 22, Z1 and Zy respectively. Then we can rewrite (3.139) as

Yy, (w, 22, EQ)YVA(U, 21, 21) (22 — 21 o) )(Bb’) ( 1>>\o>\'

(o) (o You( e )

gﬁ{( 1 d™la(z) (o) - 1)%_1(@_@}

m, — 1) dZ{nT 1 (ZQ — Zl)mr Zl

F 1 dmsilﬁs(zl) . <6/765> . ms—1 </6/ 55> o
il A L

X — —
L Lims = dzpe! (22 — Zy)ms Z
P gy ) ) (3.140)
X 8 H 1 7?411(122) + (_1)np—1 ( <Oé 7ap> o <Of 771?17>)
p= (ny —1)! dzy” (22 — 21)" Z9

(g~ D s B a)

X exp (/a(22)+) exp (/B(Z2)+> exp (/ (1) )exp (/6 )

_ 1 _ A
X e,\e,\/zf‘zfzg‘ 25 .

[ 1 dﬂ415;<22>+(_1)nq1((<ﬁ' By) <6’nﬂq>)]8

Here it is important that we understand (z; — 25)® as the power series since we
obtained it by replacing z7 — 21,22 — 2z in (x; — x2)® which is a formal series.
In this step we have used the fact that the two normal ordered products commute.
To see this, note that the normal ordered product can be written as the product
without normal order plus a multiple of the central element k, k using (3.29). Then
since a(z1) and o/(z2) commute by (3.99), hence their derivatives and normal ordered
products commute too.

Now the operators in (3.138) and (3.139) are the same. Thus locality follows if we
can show that the functions appearing in (3.138) and (3.139) are the expansions of a
single smooth function in the domains |z1| > |z2| and |z2| > |21 respectively. We have
already proved in Proposition 3.1 that the functions (z; — z2)<a’a/> (71 — 7)) ) and
(—1)* (29 — z1)<a’a/> (7, — 7)) #) understood as power series as explained above,

are the expansion of the function

exp ({a, ') log(z1 — 29)) exp ({8, 8') log(z1 — 22)) . (3.141)

It remains to prove that the functions appearing in the normal ordered products
are also expansions of a single smooth function. It can easily be checked that the

(—=1)m—t <( (o) <o/,oz,«)> AR (3.142)

functions

myr

21 — 29)™r 2]
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and
(@00 (o)

my )

(29 — 21)™ 2]
are the expansions of the function

e (- N .10

m,log(z1 — 22)) 2]

|22| > |21|, (3143)

in the respective domains except for poles at z; = zo and z; = 0. O

Remark 3.3. A similar calculation as in Remark 3.2 shows that formal commuta-
tivity holds for general vertex operators:

(21 — 22) 5 (71 — T2)5 [V, (0, 21, 1), Yo, (w0, 22, T2)] = 0, (3.145)
with v, w € Vj.

Remark 3.4. The proof of locality goes through even if we take vertex operators
corresponding to vectors of the form (3.35) with e* € C[A] (see Remark 3.1 for
definition of such vertex operators). This requires A to be an integral Lorentzian
lattice. It is worth noting that formal commutativity fails to hold for general vertex
operators since (o, ), (8, 8) € Z in general.

The graded dimension of the LLVOA can be easily computed. Using the structure
of the vector space V, and the general discussion in [2, Section 1.10], we find that

_ 1 (a.0) _(8.8)
X (T, T) = ————— Z g2 qz2, (3.146)
TZ(T)"‘U(T) (a,8)€Ag

where 7(7) is the Dedekind eta function

g2 H (1—¢" (3.147)

We now give explicit examples of isomorphisms and automorphisms of the LLVOA.

Theorem 3.4. Let (Vj, Yy, wr,wr, 1v,) and (V3, Yx, @, Or, 1v;)be LLVOAs corre-
sponding to lattices A, A C R™". Suppose A and A are related by an O(m,R) x
O(n, R)-transformation, then the two LLVOAs are isomorphic (Vy,Ya) = (Vi, Y3).

Proof. Suppose f : A — A is the isomorphism relating A and A, then for any
A= (B €A
f(@,8Y) = (01- 0,0, ), (3.148)

where Oy and O, lie in O(m,R) and O(n,R) respectively. Further from the action

(3.148), it is clear that f(A9) = A% and f(A9) = AY and further that the restrictions

to AY, AY are norm-preserving isomorphisms. Using f we can define the maps
fZA’L —>]\i; 1= 1,2,

ot 0, pre 0y 57, (3:149)
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which are norm-preserving maps when we consider A; and A; (A3 and /~\2) as sub-
spaces of R™ (R™).

Since an integral basis of A and A is also a basis of R™", it is clear that the
dimension

dim(;) = dim(h;) = m, dim(h,) = dim(h,) = n, (3.150)

where

b =N ®2,C, hi=A®zC, i=12, (3.151)

this implies that the central charges of the two LLVOAs are the same. We then
extend f1 : by — By and fo : by — by by C-linearity and observe that the bilinear
form on bh;’s are preserved under this map. We then extend f; and f5 to 61, 62, by
mapping k and k back to themselves.

Consider the orthonormal bases, which were chosen when defining the conformal
vectors wr,wr, @p, and @g, ie. {u}™, {v ¥, and {@; )7, {0}, of by, by and
b, 62 respectively so that

n

1 — 1
Wy, = 5 Z (ul(—1)2) & 1VA7 WR — 5 Z (Ui<_1)2) &® 1VA
; =l ) = (3.152)
S DI(TEIC PR LT
i=1 i=1
Define the isomorphism of complex vector spaces
— by, — b
b1 b1, b2 b2 (3.153)

U — U, vy, 1=1,....m, j=1,...,n.

Denote by & € by, 5 € by the image of a € by, 8 € b, under the above map. Define
the map 1 : Vo — Vj by

b (=m) - ag(—my) - ag(—my) 51(—7711); 52(—7712); - Br(—mg) @ el *P))
= ay(—mq) - Ga(—ma) - - - ag(—my) Br(—m1) - Bo(—m2)

o Bp(—mg) @ e @2,
(3.154)

Clearly
Y(1y,) =1y, , (w;) =@ , wherei= L, R. (3.155)

Since f; is norm preserving, from (3.55) it is clear that ¢ is grading preserving. We
now check that (2.94) is satisfied. Let us first check (2.94) for u = ¢ and v of the
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form (3.35). From the definition (2.17) we see that

You (e¥ 2,20 = lexp (_ s S<s>$_s> o (_ o S<s>$_s> o (_ >

s<0 s>0 s<0

>\/ li i
SASEIS
s>0 s
’ ’ by A\
(1) A e ) (88 [eXp (_ yo o (5)x5> exp (_ Y <S):c5>
s<0 § s>0 s
B¥(s) __, B (s)
exp(—z P exp —Z P
s<0 s>0

cr(—mn) - a(=m3) - (i) - Bu(=r) - Bo(—ia) -+ (i) @ ¥,

(3.156)

Now expanding the exponentials, we obtain a linear combination of terms of the form

X (n1) - ¥ (n2) -~ a(ny) - B¥(70) - BY (2) - -~ B (p)
ag(—myq) - ag(—mg) - ag(—my) - fr(—mq) - Po(—ma) - - fr(—mz) @ N H(@,B)
(1) N e o) g(8Y 82 7

(3.157)

with n;,7; € Z,p,p > 0 and the sum is over £, ¢ with

i=1 =1

Now we can use the Heisenberg algebra (3.74) to commute the operators o (n;), 8 (7i;)
with n;,n; > 0 past other operators and then annihilate eNt(@h)  The result will
be a vector of the form (3.35) with some factors of the form (o', o), (o', a;) and
(BN, BN, (BY, B;). Thus under the map 1 in (3.154), we see that (Y, (¥, x, 7)v)
is a linear combination of terms as on the right hand side of (3.154) with factors of
the form

(_1)e(>\’,>\)x(aA/,aA>j<5A/7/3’A>7 <O/\l, Oé)\l>’ <04X, ai), <B>\l>ﬁ>\l>a <@>\” @]>
/ o), f1 (M) Ay, A / / /
_ (_1)50\ ,A)x<f1( ). f1( )>x<f2(ﬁ ), f2(8 )>7 <f1(a)‘),f1(o/\)>, <f1(04>‘ )7f1(ai)>

(RBY) LB)), (R8"). L(3)).
(3.159)

where by equality we mean the first term in L.H.S is equal to the first term on
R.H.S, and so on. Further, we used the fact that f;, fo are norm preserving maps to
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show this equality. Consider now the LLVOA obtained from the lattice A but with
the central extension A of A constructed from the cocycle ¢ using the integral basis
{f() 3 of A where {\;}7{" is the integral basis of A used to define the cocycle
for A. By Proposition A.2, central extensions corresponding to cocycles defined using
different bases of A are equivalent, thus the LLVOA constructed using those central
extensions are isomorphic. Hence, we may assume that the cocycle € for the central
extension A is defined by (3.37) using the basis { f(\;)}7™*™ of A. Now, following the
same calculation as above and using the map ), it is clear that Yy, (7N 2, Z)ah(v)

is given by the exact same linear combinations terms of the form of the right hand
side of (3.154) as for YVA(ef(’V), x,Z)Y(v) but with factors

(TN AR BEOLE) (i (0¥), (@), (Ai(¥), file))
(R, £08%), (RB).L(5)).

(3.160)
Now, consider any X' =) . ;A\, A =), d;\; € A, observe that
m+n m+n
SN, FN) = D eadie(f(N) FOg)) = D eads (f (N, F(A)))
i,j=1 tj=1
o (3.161)
= adje(Ni, A) =€V, N),
ij=1

where the third equality follows from the fact that f is norm-preserving. Using the
fact that e(A', A) = €(f(N), f(\)) we see that the factors in (3.160) are equal to the
factors on the R.H.S of (3.159), and hence

Yy, (W(e™), x, B)h(v) = (Y, (e, 2, Z)v). (3.162)

When we take u to be a more general vector, the corresponding vertex operator has
products of operators which can again be expanded and dealt with as above. This
completes the proof of the proposition. O

Corollary 3.1. Let f € Aut(A) such that f(AY) = AV, i = 1,2. Then f can be
extended to an automorphism of the LLVOA associated to A.

Proof. We define the map
Y(et) =N AeA,. (3.163)

Then define ¢ : V) — V,, analogous to (3.154) which acts as identity on the factors
a;(—m;) and B;(—m;) and as (3.163) on C[Ag]. It can be checked that ¢ defines an
automorphism of the LLVOA V), by following the same calculation as in Theorem
3.4. [
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From Corollary 3.1, automorphisms of the lattice whuch preserve A?, ¢ = 1,2
can be extended to automorphisms of the LLVOA. We then propose the following

Conjecture 1. Any automorphism f € Aut(A) preserves A?, i =1,2.

We prove this conjecture for m = n in Appendix D. Although we were not able to
prove this conjecture for m # n there are physical reasons to believe this conjecture:
T-duality group in string theory acts by automorphism of a reference Lorentzian
lattice [35]. By definition, T-duality must preserve the chiral and anti-chiral algebra
of the CF'T. In our formalism, the chiral and anti-chiral algebra is identified with the
algebra of modes of the chiral and anti-chiral vertex operators of non-chiral VOA (see
Table 1), thus the automorphism of the reference lattice must act as automorphism
of the LLVOA. This physical consideration supports the conjecture. We will assume
the truth of this conjecture and derive the moduli space of LLVOAs later in Section
5 below.

4 Modules and intertwining operators

4.1 Modules

We now define modules of a non-chiral VOA.

Definition 4.1. Let (V,Yy,w, @, 1) be a non-chiral VOA. A module for V' is a tuple
(W, Yw) where W is an (C x C)-graded complex vector space, Yy is a linear map,
called the module vertex operator map,

Y : VoW — W{z*! 7'}

(4.1)
u®@w — Y (u,z,T)w

or equivalently a map

Y :C* x C* — Hom(V @ W, W)

4.2
(z,2) — Yw(2,2) s u®@wr+— Y (u, z, 2)w, (4.2)

which is multi-valued and analytic if 2,z are independent complex variables and
single valued when Z is the complex conjugate of z. As before the vertex operator
Yw (u, 2, ) for u € V3, ) is expanded as a formal power series

Yw(u,z,z) = Z upy e
m,neC
(m—n)€Z ) (43)
= Z x%n(u)x_m_h:i_"_hGEnd(W){xil,:iil}.
m,neC
(m—n)€Z

The following properties must be satisfied:
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. Identity property: The vertex operator corresponding to the vacuum vector
acts as identity, i.e.
Yw(1l,z,2)w=w, YweW. (4.4)

. Grading-restriction property: For every' (h,h) € C x C,
there exists M € R, such that

Wi =0, for Re(h) < M or Re(h) < M. (4.6)

. Single-valuedness property: For every homogenous subspace W, 7

h—he€Z. (4.7)

. Virasoro property: The vertex operators Yy (w,z,z) and Yy (w,z, ), called
conformal vertex operators, have Laurent series in x, T given by

Yw(w,z,z) = Z LY (n)z="72,

neL

Yw(@,2,2) =Y LY (n)z "2,

nel

(4.8)

where LW (n), LW (n) are operators which satisfy the Virasoro algebra (2.27)
with central charge c, ¢ respectively.

. Grading property: For w € W,

LY (0)w = hw, LY (0)w = hw. (4.9)

. LY(0)-property :

) %Z” ) (4.10)
[LY(0), Y (u, z,7)] = jzgYW(u,m, z) + Y (L(0)u, z, T).

. Translation property: For any u € V

[LY(-1), Yw (u,2,2)] = Y (L(-1u,z,Z) = %Yw(u,z,x),

[I_JW(_D,YW(U;IB,@)] =Yw (E(—l)u,x,:ﬁ) = %Yw(u,gg,x), (4.11)

Note that h,h are not complex conjugates of each other. We will explicitly specify this when

this is the case.
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8. Locality and Duality property: The module vertex operators must be local,
that is given n module vertex operators Yy (u;, 2;, Z;), ¢ = 1, ..., n, there exists
an operator-valued function m,(u, ..., Uy, 21,. .., 2n, 21, - - -, 2n) satisfying the
requirements in Property 9 of Definition 2.1. Moreover, for uy,us € V,

Y (u1, 21, 21) Y (ug, 22, 22) ,
Y (ug, 29, 22) Y (u1, 21, 21) , (4.12)

Yiw (Y (u1, 21 — 22,21 — Za) ug, 22, 22)

are the expansions of a function m (uq,us, 21, Z1, 22, Z2) in the sets given by
|21] > |z2| > 0, |22] > |z1] > 0, and |2z3| > |21 — 22| > 0, respectively, where
Z1, Zo are the complex conjugates of z; and zy respectively. Also m is an
End(W)-valued function, linear in wy, us, defined on

{(21,22) 662‘2’1,2’2 7&0,21 #ZQ}, (413)

multi-valued and analytic when Zzj,Zz, are viewed as independent variables
and is single-valued when Zi, Z; are equal to the complex conjugates of zy, 2o
respectively. We say that the module vertex operators Yy (uq,21,2;) and
Y (ug, 29, Z2) satisfy locality and duality with respect to each other if they
satisfy (4.12).

Remark 4.1. The module for non-chiral VOA defined here is related to the notion
of module in |2] and [9], and ordinary module in [36].

Remark 4.2. The equality of only the first two expressions of (4.12) is the usual
locality of two module vertex operators and the equality of first and third expressions
in (4.12) is called duality of module vertex operators. From Proposition 2.2, we
see that locality implies duality for vertex operators of a non-chiral VOA, while
for module vertex operators, Proposition 4.1 below gives a sufficient condition for
locality to imply duality in terms of existence of a certain intertwining operator (see
Definition 4.2).

Chiral and anti-chiral module vertex operators are defined analogous to chiral
and anti-chiral vertex operators. For v € V, with conformal weights (h, ), we will
expand the module vertex operator Yy (v,z,Z) as in (4.3). As in Lemma 2.4, for
chiral and anti-chiral vectors u € V{;, ;),v € V(i py, we expand the module vertex
operators as

Yiv(u,x) = Y apy (wa 0P,

mer o (4.14)
Yie(v,2) =Yz (v)z ™ ")

MEZ

The proof of Theorem 2.1 goes through even for module vertex operators. We record
the result for later reference.
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Theorem 4.1. Let u; € Viy, 1,y and v; € Viyr i1y be homogeneous chiral and anti-chiral
vectors respectively with corresponding vertex operators

u“ 2 I’ uz T (h; h)

neZ
/ / (415)
w (v, T Za: (v;)z™"" (hi—h7)
nez
Then we have
n+ hi—]_lz
) e )] = Y ( T et )
pZ*(hrﬁz) p ’ !
_ + (b, —h}) —1 4.16
CHOE T EED DR (i e L A RO
p>—(hi—h})+1 i !

In particular,

(4.17)

2% (n), 2l (u)] = 0.

More generally, for m € Z we have the Borcherd’s identity

5 () (0t wall u) = ™l )l )

n+ (hi - ]_%) —1
B Z ( (hz - Bl) — 1)1‘E{Fn+m+hi_hj (:Ep—i-m(ui) : Uj),

po1 i T
(4.18)
" " m--r
Z <T> << 1) Imm r(vz)x}x‘r(vj) (_1) * xl‘::[—/&—m 1’(7}])1‘7‘/1[:—7“(1}1’))
r>0
n+ (b, —h)) — 1\ _ )
R I Ce vt ) L SR
p>1—(h}—h})
(4.19)

3 (m) (1 a¥ )Tl (0g) — (—1)™ 2 ()2 () =0, (4.20)
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The graded dimension or character of a module W of a non-chiral VOA is defined
similar to that of the VOA:
X (7, 7) = Try ¢~ O-51g2" 0-51 = Z (dim W, 5) ¢"51g" 2. (4.21)
(h,h)eCXC
Let (W,Yw) be a module of a non-chiral VOA V. A V-submodule of W is a vector
subspace W7 C W such that the vertex operator map restricts to a map on Wji:
Yw VoW, — Wiz, x
v ' e, 2} (4.22)
u® wr— Yy (u,z, z)w

and is a V-module in its own right. A V-module is called irreducible if it has no non-
zero proper submodules. Irreducible modules are also called simple modules. Direct
sum of two V-modules is another V-module with the obvious definition of vertex
operator map. A homomorphism between two V-modules (W1, Yy, ) and (W, Yiy,)
is a grading preserving linear map f : W, — W satisfying

fYw, (v, 2, 2)w) = Yy, (v, 2,Z) f(w), YVoveV,weW. (4.23)

The notion of isomorphisms and automorphisms are defined analogous to the non-
chiral VOA. Again, isomorphic modules have identical graded dimension. A semi-
simple V-module is a V-module isomorphic to the direct sum of finitely many simple
V-modules.

4.2 Intertwining operators
In this section, we define intertwining operators and study some of their properties.

Definition 4.2. Let (V,Yy,w,, 1) be a non-chiral vertex operator algebra and let
(Wi, Y:), (W;,Y;) and (Wy, Yy) be three V-modules. An intertwining operator of type

w; . .
(WjWk> is a linear map

W) @ Wiy = VW), T, T) W),

or equivalently a map

Y :C* x C* — Hom(W,; @ W, W) (4.25)
(2,2) —> V(- 2, 2) 1wy @ wiy — Y w), 2, 2)wi, ‘

which is multi-valued and analytic if z, Z are independent complex variables and single
valued when Z is the complex conjugate of z. The intertwining operator Y (w;), z, 7)
is expanded as

Y(wgy,z,2) = Y (w))nme """ € Hom (Wi, Wi) {z, z}. (4.26)

nmeC

The following properties must be satisfied:
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1. L(0)-property: For any wy € W;

_ 0 _ . _
[L(0), Y(wg), 7, 7)] = w o= P(wg), @, 8) + ;LY (0)wg), , 2),
i 55 i (4.27)
[L(O)a y('LU(]), xz, f)] = :Z'%y(w(])a xz, f) + Y;(LW] (O)W(j)a z, i')a
where the commutator on the LHS is understood to be
[L(0), Y(wyy, =, Z)] = LY (0)V(w, x, ) — Y(wgy, z, Z)LV(0), (4.28)
[L(0), Y(wy, 2, 2)] = LV (0)V(wy, =, %) = V(wg), z,7)L7(0).
2. Translation property: For any w; € W;
_ . _ 0 _
[L(=1), Y(wg), z,2)] = Y (L™ (=Dwg), 2,7) = 5-V(wg), 2, 7), (4.29)
_ B R B 0 B ’
[L(—1), Y(wg), 2, 7)] = YV (LY (= Dwy), 2, 7) = %y(w(j),x,x)

where the commutativity is understood as above.

3. Locality property: The module vertex operators and the intertwiner must be
local, that is given vectors uy, ..., u,—1 € V,w(; € W, there exists an operator-
valued function my,(ui,. .., Up—1, W), 21, .., %n, 21, ., 2n) satisfying the re-
quirements in Property 9 of Definition 2.1. Here, the product of vertex op-
erators in (2.33) is replaced by

Y, (Ua(1)7 Zo(1), Eg(l)) Y (Ua(a—l); Zo(a—1); Ea(a—l)) Y (w(j)7 Zas Za) (4‘30)

Yk (ua(aJrl); Zo(a+1); 20(a+1)) e Yk (uo(n)a Zo(n)s za(n)) .
We will denote the intertwining operator by
i Wi
Y jk O ijka
when we need to indicate its type.

Remark 4.3. The vertex operator map Yy (-, x,Z) acting on a non-chiral VOA V
is an example of an intertwining operator of type (%) and Yy (-, 2, ) acting on a
V-module W is an example of an intertwining operator of type (}};, ).

Remark 4.4. Following the proof of (2.34) and using the L(0)-property 1 along
with the grading-restriction property 2 of modules, one can show the following lower
truncation property for intertwiners: for w(;) € W; and wy,) € Wy,

(W) )nmwe) = 0 for n,m sufficiently large . (4.31)
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Proposition 4.1. Let (V,Yy) be a non-chiral VOA and (W,Yw) be a V-module.
Suppose there exists an intertwining operator of type Yy, where (V,Yy,) is considered
as a module for itself. Suppose further that the intertwining operator satisfies

lim Yy (w, 2, 2)1 =w, weW. (4.32)

z,z—0

Then the locality property of module vertex operators implies the duality property (see
Remark 4.2 for terminology):

Yw(u, 21, zl)Yw(U, 22, 22) = Yw(Yv<u, 21— 29,21 — 22)1], 29, 52), u,veV. (433)
In particular, we have the OPE:

Y (u, 21, 21)Yw (v, 22, Z) = Z Yw (U - 0, 22, Z2) (21 — 2) "Nz — 7)Y
m,neC

(4.34)
where Uy, ,, € End(V) defined using the expansion (2.17).

Proof. The proof is analogous to the proof of Proposition 2.2. Let w € W be an
arbitrary vector. First note that (4.32) along with the translation property 2 implies
that Lemma 2.1 is true for the intertwiner Yy, (w, z, T):

IV (w, z,2)1 = e HD et L=y, (4.35)

Then we have
Yiv (u, 21, 21) Yiv (v, 2, Z5)e® HDezs L=y,
= Y (u, 21, 21) Y (v, 22, Z2) Vs (w, 23, Z3)1
= Vv (w, 23, 23) Yy (u, 21, 21) Yy (v, 22, Z2)1 (4.36)
= Vv (w, 23, 23) Yy (Yo (u, 20 — 29,21 — Z2)0, 29, Z2) 1
= Y (Yo (u, 21 — 20, 21 — Z2)0, 22, Z2) Yy (w, 23, Z3) 1,
where we used the locality property of intertwiner )%, and the duality of vertex
operators in Proposition 2.2. Now taking the limit z3,z3 — 0 gives the required
result. O]

4.3 Non-chiral CFT and modular invariance

Given a non-chiral VOA (V,Yy ) with the set of all isomorphism classes of simple
modules {(W;, Yw,)}, one can construct a non-chiral CFT by taking the non-chiral
VOA and a subset of the simple modules?. Note that one is allowed to choose copies
of the same module.

20A crucial requiremnt in choosing what subset of simple modules to include is to make sure that
the OPE of appropriate intertwiners between modules closes in the sense that the right hand side
of the OPE contains interwiners and vertex operators for modules which are included in the subset
we choose. We will explore these fusion rules for intertwiners in a future work. For the purposes
of this paper, we will work with the simplistic definition given below.
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Definition 4.3. A non-chiral VOA (V,Yj/) along with a subset {(W,, Y, )}aer of
simple modules, with possibly (Wy, Yw,) = (Wg, Yiy,) for some a, 3 € I, will be
called a non-chiral CFT.

Two non-chiral CFTs are said to be equivalent if the underlying non-chiral VOAs
and their simple modules are isomorphic. Note that the isomorphism is allowed to
permute the (non-trivial) modules but not the non-chiral VOA which is considered
as a module for itself.

Let {Wy}taer with Wy = V being the non-chiral VOA V' considered as a module
for itself be a non-chiral CFT. The torus partition function of the non-chiral CFT is
defined by

Zy(r,7) = xw, (7, 7). (4.37)
iel
It is clear that equivalent non-chiral CFTs have identical partition function.

A non-chiral CFT is called modular invariant if its torus partition function is modular

invariant:
Zy(y1,47T) = Zy(1,7), 7 € SL(2,7Z), (4.38)
where
art +b aT +b ab
= T amra (Cd)GS(,) (4.39)

Given a non-chiral CFT, its torus partition function need not be modular invariant.
Modular invariance is a physical requirement and it puts strong constraints on which
modules of a non-chiral VOA is allowed to construct the non-chiral CFT.

5 Moduli space of non-chiral CFTs over Lorentzian lattices

5.1 Construction of modules of LLVOA

Given any [u] = [(u1,p2)] € AJ/Ag be a coset. We will construct a module for
the LLVOA corresponding to this coset. First observe that there is a one-to-one
correspondence between cosets A/Ag and C[A]/C[Ao] given by the map

(1] = Clp + Ag] = e - C[Ag] = Spanc{e"™ : X\ € Ao} . (5.1)
Using the coset Clu + Ag], define the vector space
W, = S(57) @ Cly + Ag]. (52)
Note that W, is generated by elements of the form

(p1,p2)+(a,B)
(5.3)

w = (ay(=mq) - ag(—mg) - ag(—my) Br(—=ma) - Pa(=1m2) - - - Br(—1mz))@e
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for m;, m; > 0, k,k > 0, (o, B) € Ag. The vertex operator map is exactly the same
as for (Yy,,Va):

Yw, (-, 2,2) =Yy, (-, 7, 7). (5.4)
Note that Yy, (-, 2, Z) acts on W, for which the required action of 6%, k, k on Clu+Ao]
is defined in (3.36).The action of z, ° is defined exactly the same as in (3.47) and
the action of Ay on Clp+A] is given in (3.44). The grading on W), is given by defining
the conformal weights of w in (5.3) to be

k k

(m + o+ a) = {2+ B pa+ ) §

h= ; +Zmi, h= ; +ij. (5.5)
i=1 j=1

Remark 5.1. In view of (5.4), the modes % (u) of the vertex operator Yw, (u,,7)

is the same as the mode z,,,(u) of Yy, (u,z,Z) but now acting on W,, see Remark

3.1.

Theorem 5.1. For every [u] € A/, the tuple (W, Yw,) is a Vi-module.

Proof. We prove the properties in Section 4 to show (W, Yyy,) is a Vi-module. The
proof of Properties 1 through 7, except Property 2 are exactly the same as in the
case of the LLVOA, which we had shown in Subsection 3.3.

Now, it can be seen that h and h in (5.5) are both positive numbers, as m; are
positive integers and the bilinear forms, inherited from R™ and R", on A; and A,
are positive definite. Hence, M = 0 for Property 2. To show dim(W(hv,;)) < 00, We
show that for any h, h € R the number of distinct A = («, 5) € Ag satisfying

{1 + o, g + ) <2h and (g + B, e + B) < 2k, where « € Ay, € Ay,  (5.6)

can be only finitely many. We basically mimic the proof for the grading restriction
property for the LLVOA, noting that pu; + Ay and ps + Ay are also discrete.

The proof of the locality of module vertex operators is same as for the LLVOA
case. We prove the duality property. We will show that there exists an intertwining
operator of type yVV:,/ZVA satisfying the hypothesis of Proposition 4.1. Indeed, for
w € W, of the form (5.3), consider the operator

Vi (0, 2,7) = HH <<mT1— D) dm;;?@) ((msl— ) dn;;?sgj)) (57)

W, _
yWu‘\L/A (eﬂ"r(a,ﬁ) y Ly l’) s )

where
Vi (OB v ) = Yy, (AT 1, 7). (5.8)

nVA
The operators appearing in the intertwiner above act on Vj in the obvious way. The
axioms of intertwiners along with the hypothesis of Proposition 4.1 for yWVZ;A follows
from the general proofs in Subsection 3.3. O
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We now show that these modules are irreducible.

~ ~

Proposition 5.1. Any Vj-module (W, Yyy) is also an (bt @ b%)-module, where b* are
Heisenberg algebras associated to b;.

Proof. For any a € by, consider a(—1)® 1 € V. The corresponding vertex operator
is
Y (a(=1) ®1,z,%) := oV (z) := Z o (n)z" L (5.9)

neZ

This implies that W is also an ﬂf—module. Similarly considering the vector f(—1) ®
1 € V), and its vertex operator, we see that W is also an h3-module. O

Remark 5.2. When W = W, is the module of the LLVOA corresponding to the
coset [u] € A/Ag, then oV (z) = a(x) and o' (n) = a(n), see Remark 5.1.

Theorem 5.2. For [u] € A/Ag, the Vi-module (W, Yw,) is irreducible.

Proof. Suppose W C W, is a Vj-submodule. Then W is also an (bt @ b3)-module.
By Theorem C.2

W = S(hy) ® S(hy) ® Qw = S(h7) @ Qw, (5.10)

where Qy is the vacuum space of W, see Appendix C for definition. Since the
vacuum space of W, is C[p + Ag] we have

Qw CClu+ A= P Ce (5.11)
Aep+Ag

Since W is invariant under «/(0), 5(0) for all o € by, 8 € by and Ce* are eigenspaces
for «(0), 3(0), we must have
Qw = C[M], (5.12)

for some non-empty subspace M C u+ Ay. Finally note that for any A € Ay we have

ey = exp (—/dm a)‘(:v)_) exp (— /da: ﬂk(:p)‘) Yy, (e, z, %)
X exp <— / dx Oz’\(m)+) exp <— / dz ﬁ%f)*) N

(5.13)

Noting that 2=, 277" acts as 2= (@, 7780 respectively, we see that W must be
invariant under ey for all A\ € Ay. This means that M = p + A since {e) : A € Ag}
acts transitively on C[u + Ag. O
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The graded dimension for the module W, for any [u] € A/Ay can be easily
calculated. As for LLVOA, we obtain

_ 1 (a.a) _(B.8)
=L ¥ 510
77(7—) 77(7—) (a,B)Ep+Ao

Using (3.146) and (5.14), we see that the partition function of the non-chiral CFT
consisting of the LLVOA (V}, Yy, ) and its modules ** {(W,,, Y, ) }jjea/a, is given by

ZVA (7—7 7_—) = Z XW, <T> 7__)

[ken/ Ao

()

(5.15)

5.2 Moduli space of modular invariant non-chiral CFTs over Lorentzian
lattices

Given a Lorentzian lattice A C R™", we have constructed a non-chiral vertex oper-
ator algebra based on A and constructed a set of its irreducible modules. In general,
these non-chiral CFTs, consisting of the LLVOA and its irreducible modules, are not
modular invariant. To construct a modular invariant non-chiral CF'T we restrict to
even self-dual lattices and only consider the irreducible modules constructed here
which are in 1-1 correspondence with the cosets A/Ag. Indeed, we have the following
theorem.

Theorem 5.3. Let A € R™" be an even self-dual lattice such that m—n = 0 mod 24.
Then the non-chiral CFT consisting of the LLVOA Vi and its modules {W,}1en/a,

1s a modular invariant non-chiral CFT.

Proof. The partition function of the non-chiral CFT in the statement of the theorem
is given by %2 (5.15):

Zmod( ) — 1 _ Z q(a;)q(ﬁé@

(5.16)

where ©,(7,7) is the Siegel-Narain theta function [37, 38| associated to the lattice
A. Invariance under 7 — 7 + 1:

ZN T+ 1,7+ 1) = Z32 (7, 7), (5.17)

21'We stress that these are not all the modules of the LLVOA. But if we want the non-chiral CFT
to be modular invariant, we need to restrict to this set of modules, see Theorem 5.3.
22We are using a different notation for the partition to emphasize modular invariance.
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follows from m — n = 0 mod 24 because
n(r+1) = 62”/2477(7') , (5.18)

Invariance under the modular transformation:

1 1 eI 1 (0,0) _(B,8)
z (——7——) = e i) ) T e T g g
A T T det Ga| n(r)™n(r) (a,B)EA*

= Zp°d (1, 7) |

(5.19)

follows from the fact that A is unimodular and self-dual. Here we used the modular
transformation of the Dedekind eta function:

0(-3) = V=, (520)

and the modular transformation of the Siegel-Narain theta function [37, 39]. O

We now want to classify all non-chiral CFTs based on Lorentzian lattices of
signature (m, n) upto isomorphism. Following the physics convention, we call the set
of isomorphism classes the moduli space of modular invariant non-chiral CFTs over
Lorentzian lattices and denote it by M,, .

Theorem 5.4. Under the assumptions of Theorem 3./, the non-chiral CFTs based
on A, A are isomorphic.

Proof. Let (W, Yw, )jea/a, and (W, Y/Wu)[u] ci/A, De the isomorphism classes of irre-
ducible modules of the corresponding LLVOAs (Vj, Yy, ) and (Vj, Yy, ). By Theorem
3.4 the two LLVOAS are isomorphic. It now suffices to show that for 0 # [u] € A/A,,
there exists 0 # [v] € A/Aq such that

(W, Yi,) = (W, Yy, ) - (5.21)
Pick a representative p € [u] and let v = f(u). Then define the map
o: W, — W,
(1 (=ma) - aa(—=mg) - - - ap(—mx) Bi(—=1) - Ba(—1ma) - - Br(—mmg)) @ el#2)+ ()
— <5Y1(—m1) Ay —my) - Ag(—my) Bi(—mn) - Fo(—1mg) - - '5/5(—%;))

® e(f1(u1+a)7f—2(u2+6)’
(5.22)

where f; : Ay — A, Az' = 1,2 is defined as in (3.149) and extended to f; : 61 — 6@
by C-linearity. Here b; is constructed as in (3.26) and (3.27) for A. This map is
grading preserving since fi, fo are norm-presering on Ay, Ay respectively. One can

now show that ¢ now defines an isomorphism of modules of isomorphic LLVOA by
following the same calculations as in the proof of Theorem 3.4. ]
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It is known that all even self-dual Lorentzian lattices of signature (m,n) are
related by an O(m,n,R) transformation [32]. Thus the set of all non-chiral CFTs
based on Lorentzian lattices in signature (m,n) can be identified with O(m,n,R).
But in view of Theorem 5.4, many of the lattices determine isomorphic non-chiral
CFTs. Moreover, for any non-chiral CFT based on A, from Corollary 3.1, one can
identify a discrete subgroup of O(m,n, R) which acts as automorphisms of the CFT.
If we believe the truth of Conjecture 1, then we can identify this discrete subgroup of
O(m,n,R) as the automorphism group of the lattice. More precisely, from Theorem
3.2 it is easy to see that the discrete subgroup is isomorphic to GyOx(m, n, Z)ggl C
O(m,n,R). This subgroup, somewhat inaccurately, but conventionally [35, 40] is
denoted by O(m,n,Z). Thus we have the following theorem.

Theorem 5.5. Assuming Conjecture 1, the moduli space M., , of modular invariant
non-chiral CFTs based on Lorentzian lattices of signature (m,n) is isomorphic to
O(m,n,R)

Mo = S0 R) < O, R) x O(mon Z) (5:23)

where O(m,R) x O(n,R) acts on O(m,n,R) by right multiplication and O(m,n,7Z)
acts by left multiplication.

Proof. Choose a reference Lorentzian lattice A, with generator matrix G,.;. Then
the set of all Lorentzian lattices can be identified with O(m, n, R) under the map??

(O grefo- (524)

From above discussion, the non-chiral CFT based on G,;O and G,.;O0 with O €
O(m,R) x O(n,R) is isomorphic. Thus we must quotient out by the right action of
O(m,R) x O(n,R) on O(m,n,R). Also automorphisms of A, which is isomorphic
to a discrete subgroup of O(m,n,R) and denoted by O(m,n,Z), act by right multi-
plication on Ger. So we must quotient by the left action of O(m,n,Z) on O(m,n,R).
This gives the required structure of the moduli space. O

Remark 5.3. In deriving the moduli space of non-chiral CFTs based on Lorentzian
lattices, we imposed modular invariance as a requirement. This was crucial in re-
stricting the lattices to self-dual ones. If we lift the modular invariance requirement,
we obtain more general non-chiral CFTs recently discussed in [41] and called gener-

alised Narain theories 2*.

Remark 5.4. At a general point in the moduli space (5.23), the sublattice Aq is
trivial and the LLVOA is simply S(h~) = S(h;) ® S(h5 ). The chiral and anti-chiral

Z3Recall that in our convention, lattice vectors are written as rows rather than columns.
24We thank Masahito Yamazaki for discussion on this point.
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algebra is then generated by the vertex operators

wi(z) = Zui(r)x_T_l, v;(z) = Zvi(r)j_T_l, i=1,...m, j=1,...,n,

rez rez

(5.25)
corresponding to states {u;(—1) -1}, and {v;(—1) - 1}, where {u;}, {v;} are or-
thonormal basis of 61, 62 respectively. All other chiral vertex operators are given
by products of derivatives of w;(x),v;(Z) (see (3.53)). In physics, these are called
Kac-Moody currents and their modes generate U(1)™ x U(1)" Kac-Moody algebra
in the non-chiral CFT. Thus at a generic point in the moduli space, the chiral and
anti-chiral algebra is extended from Virasoro to U(1)™ x U(1)" Kac-Moody algebra.
At certain points in the moduli space where Ay # 0, the chiral and anti-chiral algebra
is further extended to some enhanced symmetry algebra 2°. It would be interesting
to identify the chiral and anti-chiral algebra at these special points in the moduli
space with known algebras.

6 Narain CFT

Narain CFTs are a large class of conformal field theories which are constructed by
compactifying free bosons on a torus and coupling them to a background antisym-
metric B-field. Narain CF'Ts naturally appear in string theory when we perform
toroidal compactification of strings in multiple directions. In this section, we will de-
scribe these CFTs and explain how they provide physical examples of the non-chiral
VOA we constructed in Section 3. We restrict to m = n case for this discussion.

6.1 Construction of Narain CFTs

We describe the construction of Narain CFTs. The exposition is based on [42, Sec-
tion 4.1] and [35, Section 8.4].

Let I' C R™ be an n-dimensional Euclidean lattice and 27I" be the rescaled lattice.
Let T" = R"/(27T") be the n-dimensional torus obtained by imposing the equivalence
relation

x~a — x—a e2nrl. (6.1)

We then consider n bosons X*, p = 1,...,n on a two dimensional surface (world-
sheet) moving on the torus T" (target space). Alternatively, X* can be considered
as coordinates on the torus T". Note that

Xt~ XF 4 2met, eel. (6.2)

25We thank Anatoly Dymarsky for discussions on this point.
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Let us parameterize the worldsheet by o,t. Then the action for the CFT is given by

1 2 2 y v
S = o /dt/da (X* - X" -2B,X"X"), (6.3)
where . .
X?=) XrXH X7 =) XWX, (6.4)
p=1 u=1

with dot indicating derivative with respect to ¢ and prime with respect to o, B, is
an anti-symmetric matrix and o/ is a coupling constant (called Regge slope in string
theory). The equation of motion for X* is given by

XH— X" =0, (6.5)
which is the wave equation in 2 dimensions with solutions

X(o,t) =X} (t+0)+ Xi(t—0). (6.6)

Here X, Xy are called the left moving and right moving components. We now take
the o coordinate on the worldsheet to be periodic, ¢ ~ o + 27 so that

XH(t, o+ 2m) = XH(t,0) +2me!, €€l (6.7)
The periodicity implies that we have a Fourier expansion of the form

K K ; b
Xt +0) =+ oLt o)+ LY Dngrintro)

2 2 2 o
x ' i b (68)
R n _—in(t—o
XE(t—o) = 7+a’7(t—a)+§zge (t=0)
n#0
where .
(67 — — —
3(pL—pR)=€EF, (6.9)
so that
XMt o) =X} (t+0)+ Xp(t—0)
O{/ ~ i alrt —in(t+o blrt —in(t—o 6.10
=o'+ S (LRt + o+ > <ge (& )+Ee (t >> , (6.10)

satisfies the periodicity (6.7). Note that the total momenta given by

1 2m ) /
Pt = 27r0// do <X'“_BMVX;> :%(p%+p’é)—3””ey, (6.11)
0

must be a vector of the dual lattice I'* defined as

r* = {56R”|€-Q€Z,V5’€F}, (6.12)
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since X (t,0) is only defined up to arbitrary shifts by 27é for € € I'. We have

o/ P* + (B* 4 M) e,

Oé/

o PF 4+ (B*™ — §")e,

O{,

i = . P = (6.13)

Thus the set of vectors® \ = (pr,pr) € R™" form a lattice A C R™". Moreover
2 2 45
Aod:=lprl” —llprll” = =P -¢€. (6.14)
We now fix o/ = 2, so that Ao X € 2Z. Next for any A\, \" € A
NoX =P —Pr- ¥
Core PR (6.15)
=P .¢+P-¢cZ.

So A is an even®” Lorentzian lattice. In fact, A is self dual [42]. A generator matrix
for A in the coordinates [43|

_5L+Z7R _ﬁL—ﬁR
o =—= b=

V2 V2 o

1 [297]0
e 1 (228) o

where v and v* = (7_1)T are the generator matrices for I' and I'* respectively. Upon

A= (a, ), (6.16)

18

quantisation, we impose the commutators

ab,a; | = ndpim o0, |05, 0] = n0nimod", lak, by | =0,
L L AREL A 615,
[x#7pL] = [$#7pR] =10"".
For every (pr,pr) € A we have a primary operator given by
VpL,pR(Z7 z) = geiﬁL'XL(Z)+iﬁR'XR(2)g 7 (6.19)

where z = €/#*9) 7 = ¢(*=9) which is obtained by Wick rotating t — it. The normal
ordering is defined via

Vo qH <
a’ a* m<n
m - n I
gaha, 8 =8a, as = {

n“m?°
w v
abay, m=>n,
8 ah,py8 = 8py a8 = ahpy, (6.20)
2" alg = 8alzts = alat,

8 2¥p8 = 8pl 28 = 2py

26We again take the lattice vectors to be rows in R™".
2TNote that an even lattice is necessarily integral.
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and similarly for b%, pl,. The Virasoro generators are given by

1 - 1

Ln=3 Z 80 Gnm8,  Ln =7 Z 8B - b 8 - (6.21)
meZL meZ

It is an easy exercise to show that L., L, satisfy the Virasoro algebra with central

charge (¢,¢) = (n,n). The OPE of these primary operators takes the form [35,

Section 8.4|

VPLJ’R (Zv z)ni,p}{(wv IU) ~ (Z - w)pLip/L (2 - w)pR.p;{VEDLer'L,pRer'R (w7 w) . (6‘22)

From the OPE we see that as the first vertex operator circles around the second, it
picks up a factor of e>™ P PL=PrPR) So for the OPE to be single valued, one requires
the lattice A to be integral.

The torus partition function of the theory is

1

SR

Z q||ﬁL\\2/2ql|ﬁR||2/2, qg= eQT&"i’T’ j= CZWﬁ, (6.23)
(PL.PR)EA

where 7(7) is the Dedekind eta function

o

n(r)=q= [J(1—q"). (6.24)

n=1

and 7 is the moduli of the torus. Here 7, 7 are complex conjugates of each other. The
partition function (6.23) is modular invariant since A is self-dual. This construction
gives a CFT for any even, self-dual Lorentzian lattice A C R™" of signature (n,n),
this is called the Narain CFT associated to the lattice A.

It is easy to see that the partition function is invariant under an orthogonal action on
Pr, Pr separately. Thus two Narain CFT associated on lattices A, A" are equivalent if
A, A\’ is related by the right action of O(n,R) x O(n,R), where O(n,R) C GL(n,R)
acts on R” and preserves the Euclidean inner product. Next, any two Lorentzian
lattices are related by the left action of O(n,n,R), where O(n,n,R) C GL(2n,R)
acts on R™" and preserves the Lorentzian inner product of signature (n,n). But note
that if two lattices are related by an O(n,n,Z)-transformation then the two lattices
are the same. Thus the moduli space of Narain CFTs is given by the quotient

O(n,n,R)
O(n,R) x O(n,R) x O(n,n,Z)’

(6.25)

where the first two factors in the denominator act on the right and relate physically
equivalent lattices to each other while the last factor acts on the left.
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It is immediate to see from the dictionary between conformal field theory in physics
and our notion of non-chiral CF'T described in Subection 1.1 that Narain CFTs are
simply non-chiral CFTs based on a Lorentzian lattice of signature (n,n). The moduli
space structure (6.25) is then a special case of Theorem 5.5. The general case m # n
also appears in toroidal compactification of heterotic string theory, see [38, 44—46]
for details. Our general result in Theorem 5.5 is a more mathematical statement of
the moduli space of Narain compactifications for general signature, see [47] for more
details from physical viewpoint.

Finally we note that [42| gives a construction of Lorentzian lattices of signature
(n,n) from stabiliser codes. Our construction of LLVOA then completes the parallel
with the construction of VOAs from codes. The code-Narain CFT correspondence
has been explored extensively recently [48-52]. It would be interesting to study their
implications on LLVOAs.

7 Conclusion and Future Directions

In this paper, we have initiated a mathematically rigorous study of non-chiral VOAs
and presented the construction of a non-trivial example of our definition, namely
the Lorentzian lattice vertex operator algebra and its modules. We also showed the
relevance of the construction by demonstrating that Narain CFTs which appear in
string compactifications are physical examples of our construction. In this section,
we sketch some future directions of the study.

(1) Rationality, Regularity, and C>-Cofiniteness: We have defined the notion
of non-chiral VOA. It is natural to introduce the notion of rationality , regularity,
and strong regularity as in the theory of vertex operator algebras. One would also
like to define the notion of Cy-cofiniteness and and see if Cy-cofiniteness and ratio-
nality implies regularity as in [36]. The main result that we would like to prove
is the theorem of Zhu [53]: the graded dimensions of the irreducible modules of a
Cy-cofinite VOA with certain additional properties is a representation of SL(2,7Z).
To be more precise, the set of graded charaters is a vector-valued modular form. We
would like to prove a similar theorem for non-chiral VOA in the generalised sense of
a bi-modular form:

ar+b at+b
XWi cr+d et +d

)= St 1= (L,) esen @

where p(7);; is the representation matrix of 7. Furthermore, we would like to classify
all irreducible modules of the LLVOA on the lines of Dong [54] and obtain condi-
tions on the Lorentzian lattice so that the associated LLVOA is, rational, regular

— 71 —



and strongly regular. The first result in this direction is due to Katrin Wendland
[55], see also [43] for some recent progress from physical viewpoint.

(2) Modular Tensor Categories and the Verlinde Conjecture: In confor-
mal field theory in physics, one expects the Verlinde conjecture [56] to hold even for
non-chiral CFTs. In [12], Moore and Seiberg showed that Verlinde conjecture fol-
lows from the axioms of a rational conformal field theory which they defined. Their
axioms had an important associativity assumption. Huang [57] established the asso-
clativity (axiom in [12]) from the axioms of vertex operator algebra and its modules.
It required the introduction of the notion of tensor product of modules [58]. Huang
also proved the Verlinde conjecture using the definition of tensor product of modules
of a VOA and the associativity theorem.

We would like to define a similar notion of tensor product of modules for non-
chiral VOA and then prove the associativity theorem and Verlinde conjecture. Ad-
ditionally, one of the main results of [12] was the realisation that conformal field
theories can be understood as generalisation of group theory - the chiral (anti-chiral)
algebra and its modules along with intertwining operators forms a category called a
modular tensor category [59]. Huang proved that the vertex operator algebras and
their modules are examples of braided tensor categories [60]. We would like to follow
a similar approach and establish these results for non-chiral VOAs.

Acknowledgments. The authors would like to thank Anatoly Dymarsky, Yi-Zhi
Huang, Gregory Moore, Ananda Roy, Siddhartha Sahi, Hubert Saleur, Ashoke Sen,
and Masahito Yamazaki for some useful correspondence and discussions. We espe-
cially thank Anatoly Dymarsky, Yi-Zhi Huang, and Hubert Saleur for comments
on the manuscript and raising some interesting questions. We also thank Runkai
Tao for proof-reading the manuscript. The work of R.K.S is supported by the US
Department of Energy under grant DE-SC0010008.
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A Lattice central extensions

In this appendix, we collect some results about central extensions and refer the reader
to |2, Chapter 5| for more details. Recall that a central extension of G by A is a
short exact sequence

0— A5G —G—0, (A1)

such that t(A) is contained in the center Z(G) of G. Here — denotes the surjective
(projection) map. We sometimes call G as the central extension of G by A. Two
central extensions G and G’ are said to be equivalent if there exists an isomorphism
(1S G — & such that the following diagrams commute

oy —

0 y A —— @ y G s 0

Lok

0 AL G — @ s 0

We now specialize to an abelian group G, written additively, and A = Zy = {1}.
A 2-cocycle is a bilinear map € : G x G — Zs satisfying

€(a,b) +e(a+b,c) =e(b,c) + e(a, b+ c). (A.2)
A 2-cocycle € is called a 2-coboundary if there exists 1 : G — Zs such that
€(a,b) =n(a+b) —n(a) —n(b), a,beq. (A.3)

Two 2-cocycles differing by a 2-coboundary are said to be cohomologous. A 2-cocycle
determines a central extension G of G' by Z, as follows:

G=ZyxG={(0,a):0€ZyacG} (A.4)
with group operation
(6,a) - (7,b) = (07 (=1)"*Y a +b). (A.5)

A 2-coboundary determines a central extension equivalent to the trivial extension
Zs x G (i.e. the direct product of Zs and G) and two cohomologous 2-cocycles de-
termine equivalent central extensions. It turns out that equivalence classes of central
extensions is classified by the group cohomology H?*(G,Z,) which is the quotient of
2-cocycles by 2-coboundaries (|2, Proposition 5.1.2]).

We define the commutator map ¢ : G x G — Z, of a central extension G by
the relation

N

(_1)0(675) — abaflbfl, a,beq. (A-6)

The following proposition will be useful.
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Proposition A.1. |2, Proposition 5.2.3] Two central extensions of G by Zs are
equivalent if and only if their commutator maps are the same.

Let us now consider the Lorentzian lattice A as an abelian group. Let A be the
central extension of A by Z, determined by the cocycle € defined in (3.37).

Lemma A.1. The commutator function ¢ : A x A — Zy for the central extension A
in (3.39) is given by c(p1, p2) = p1 0 o mod 27Z.

Proof. We use the notation ey = (1, \), like in Section 3. Using the group operation
(A.5), it can be shown that
e e ::<_J)duhuﬂ
11 Cpo

eu1+u2 ) (A?)

- (_1)6(%7“1) Clr+pa -

CusCuy

Using the above equations, the commutator function is seen to be

(1) s = e ep,ey ey = (—1) Ul (A.8)

If we take the basis of the lattice to be given by {\;}7“'", then we have say

m+n m+n
M1 = Z CiNiy M2 = Z di Ni, ¢, d; € Z. (A.9)
i=1 i=1

Using this, we can write

m—+n

cidje(Ag Aj)—cidje( N, mAn
(_1)6(“1,#2)76(;12,’“1) _ (_1)24221 idje( i Aj)—cidje(Nj,\q) _ H (_1)Cz‘dj(6()\2‘7)\]')*6()\]',)\1')) .
ij=1
(A.10)
Using (3.37), each term in the above product can be written as
(_1)cidj )\io)\j’ 7> j,
(_1>Cidj(E()\h)\j)—E()\j,)\i)) — (_1)—cid]- AioX; (_1)cidj /\io)\j’ i <, (A]_l)
1= (_1>cidj )\iO)‘i, i = j,

where the equality in i < j case follows as (—1)" = (—1)"", when n € Z, and the
equality in case i = j follows as the lattice is even. Hence, we can simplify (A.10) as

m-+n

(—1)ctmm=climim) = T (—1)esds Mods = (—qymoee = (<q)bm) (A1)
ij=1
Hence, we conclude ¢(puy, p2) = p11 © 1o mod 27Z. [
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Proposition A.2. Let {\}™" be a basis of A different from {\;}™". Then the
cocycle € : A X N — Zy defined as in (3.37)

Y XZ 5\’7 ) > .7
%(Ai,m:{ St (A.13)

0, otherwise,

and extended to A by Z-bilinearity, determines a central extension equivalent to the
one determined by €.

Proof. From Lemma A.1, the commutator maps of ¢ and € are the same. Thus by
Proposition A.1, the two central extensions are equivalent. O
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B Locality of product of multiple vertex operators

In this appendix, we show that that the product of multiple vertex operators of
LLVOA and its modules exists and is local in the sense of the locality property 9.

We first prove the existence and locality for product of three vertex operators.
For three vectors e*, eV, e € C[A], we want to calculate the product

1"

YVA (GA, Z, jl)YVA (e’\/, T, fg)YVA (e , L3, fg). (Bl)

From (3.115) and (3.52), we have
A

YVA (e , L1, jl)YVA (e/\/a T, jQ)YVA (e)\”’ €3, jS)

(@ — 25) ™) (F5 — 75) ) Vi, (&, 20, F1) exp ( / a'(x2)—> exp ( / o/'(x3)—>
exp ( / d(mw) exp ( [ )exp ( JEL 2>—) exp ( / mxg)—)
exp ( / 5'(x2)+) exp ( / B"(x3)+) exenal T 28"z

= (3 — x3)" ) (25 — 25)7 exp (/a(wl)_) exp (/a(x1)+)
o ([ s ) oo [ ) xstat s [ st ) ([t
exp < ) exp ( ($3)+) exp (/ 5'(572)> exp (/ 5"(3733)>
exp < / B () )exp ( / 8" (z5) )e,\/exr% G

Now using (3.109) and (3.110) we get

(B.2)

YVA(e)\ xluid)YVA(e)\/ $27j2>YVA< /\”7‘%‘37"%3)

= (21— 22) ") (21 = 22) M (@1 = ) (@1 = )P (0 — ) (2 — )
on(f o Yo f 2>)6Xp( o) oo (o)
(o) e s)en{ ) )
exp(/ﬁ”xg )exp(/ﬁxl )exp(/g x2+)eXP(//BH )

)(0404>

€x ExENr Ty l’f[L‘Q $2/{E3”$§H
= (931 o x2)<a’a> (5771 o j2)<5,ﬁ> ($1 . x3)<a’a ) (ffl N jg)wﬁ ) (332 _ 333)(04 ) (9?"2 . j3)<5 6
F(x1, 29, 23)G(Z1, T2, T3).
(B.3)
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Substituting complex variables 1 = z1, x5 = 29 and x3 = 23, it is easy to show that
the right hand side of (B.3) is the expansion of the function

exp ({a, ') log(z1 — 22)) exp ({8, ') log(z1 — Z2)) exp ({a, &) log (21 — 23))
exp ({8, 8") log(z1 — 23)) exp ((, @) log(22 — 23)) exp ((§', 8") log(22 — 23)) (B.4)
F(Zl, 29, Zg)G(Zl, 22, 23)

in the region |z;| > |23| > |23|. Following the same arguments as in Section 3.3.1, we
see that the three vertex operators satisfy locality for transpositions (12), (23) € Ss.
For the transposition (13) € S3, we get a sign (—1)*A+A A"+ from the exchange
of operators ey ey ey — ey eyeys. This sign can be used to show that the functions
appearing in (B.3) after the permutation z; <> z3 is the expansion of the function
(B.4) in the region |z3] > |22] > |21|. Since Ss is generated by the three permutations
(12), (23), (13), the locality property holds for any permutation in Ss.
The proof for an arbitrary number of vertex operator is entirely similar.

We now prove locality for general vectors of the form (3.35). We first want to
calculate
YVA(U7Q317£1)YVA<U7x27i2>YVA(w7x37'f3)7 (B5>

with vectors u, v, w of the form (3.35):
U= (041(—11) cag(=la) - ap(=lk) - ﬁl(—l_l) ) ﬁ2(—l_2) - 5}2(__12)) ® e(®P) ’
2

v = (a)(=mq) - ag(—ma) - - af(—my) - B1(—1m) - By(—mma) - - By(—1mp)) ® @)
w = (@(—m) - Q=) all(—rm) - BY(— ) « BL(—7a) -+ B —m) 2 6,

~

and we further use the notation that A = (a, 8),\N = (¢, '), and X" = (", 5").
Using (3.138), we have

Yy, (u, 21, 71) Yy, (v, 29, T2) Yy, (W, 73, T3) = (71 — 239) <a’a/>( <65>YV (u,z1,71)

xexp</a'<x2>)exp(/a ) )exp(/ﬁ ) )eXp(/ﬁﬂ )

)

$1—$2

X 8

r=1

CT1 0 dmga) m (BB (BB
Xg[(ms—l)! dzy ! +=D <(9772—f3)_ 75" >]
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d" o) (xs) (o, o)

- ﬁ [<np = PR T R e H)W%]
xcﬁl [(nq 1— 1)! d”nggi;’(lxg) B (aziﬁ: ?:i;" - (_1)%1%] ° (B.7)
X exp ( / o/(:z:g)+> exp ( / 5/<f2)+) exp < / o//<x3)+) exp ( / ﬁ”(@)*)

OL/—B/ Oé“—ﬁ”
X exexTy Ty Ty Ty .

Now using the general expression for vertex operator (2.17) and the relations (3.130),
(3.131), (3.132), and (3.134) successively on the product in normal order, along with
relations (3.109),(3.110) and the formal variable identity (2.6), we obtain

) (2 — 7))

/ 1

D e (e R e |

1 I1—$2)
[ L) +(_1)lj_1( 8.8) (8.8 _ (8.5 _(6”,lﬁj>>]g

_ MBIy -
(1 — o) 7 (71 — Z3)" z!

/

gﬁ[(ml dmr‘lam)ﬂ_l)mr_l(( (a0} <a",a;>_<a,a;>)_( (001}

To — Tz)™r xy'" xH" Ty — :BQ)mr]

r=1
: L d™ B3 w1 (8780 (880 (BB 6,5 1,
X 81:[1 [<m8 D dape T + (—=1)™s ! ((xg AT z - 7 ) T (T 3|

3ﬁ [ 1 dvlal(z) (ool <a,a;§>np _ (cqyn ((d,ag) N (a,ag>)

(1) (<@x€;’> PG B;’>)] :

(np = 1! dapr™! (w2 —z3)™ (21 — x3)

1
[ L ) (8.8 (BB

(Rg — 1! azho (Ty — T3)"™ (T — T3

X exp (/a(xﬂ*) exp (/ a’(x2)+) exp (/ o’ (z3) )
X exp (/ﬁ(xm) exp </ 6’(x2)+) exp (/ ﬁ”(m)*)

_ gl gl
x exeyeyaliias ©h g

q

)
L

£

+
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To prove locality, we substitute formal variables with complex numbers x; — z;, 7; —
Zi, 1 =1,2,3. We can write

YVA (U, 21, ZI)YVA (U7 22, EQ)YVA <w7 Z3, 23)

(o120, 25, B2y B, ) X XD (/oz(zl)) exp (/ 0/(22)> exp (/ oz//(z;),))
(] (]

dila,(z k 1 di1B.(z
( 1) +f11<21’22,23 :| H [ l _6J( 1) +g1,j(21,22723)] 8

X 8
(L — 1)- dzg -t gz

.:1??

@
I
—

Jj=1

X
oo
—"

(m, — 1)) dzyr!
1 d™og(zs)

1 _(np -1 dzgp_l q=1

X exp (/a(z1)+) exp (/ a’(22)+) exp (/ o/’(23)+)
X exp (/B 1) > exp (/5 Z) ) exp (/B” Z3) ) exen e 2} 21’322 Zzﬂ,zg"zg”,

(B.9)

(ms — 1)1 dzyet

=1

ﬁ
Il
-
©

s

X 8

d_nq—l

S
Il

in the domain |z| > |2| > |23, where

f(z1, 22, 23,21, 22, 23)

— exp ({a, ) log(z1 — 22)) exp (8, ) log(z1 — 5)) exp ({a, ") log(z1 — 7))
exp (8, 8") log(z1 — 23)) exp ((o, &) log(22 — z3)) exp (', B”) log(%2 — 7)) ,
(21 20 22) = (—1)i1 <O/7al> _ <a/7ai>

futen ) = (U (e -

(" o) () )
exp(l;log(z1 — z3))  exp(l;log z1)
e [ BB ()

915202 %) = (=1) (exp(ljlog(zl—z2)) exp(l}logz)

(8", ;) BB )

exp (l} log(z, — 23)) exp(l}- log 21)
(B.10)
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(", ay) (o, ar) (o, ) >

mylog(zs — 23))  exp(m,logzs)  exp(m, log z)

B (o, op)
exp(m; log(z1 — 22))’
5 5 3\ — (_1\mns—1 <5”?Bg> - <ﬁ”7ﬁg> . <ﬁaﬁg>
92,5(%1, 22, 23) = (—1) (exp(ms log(z, — 2z3))  exp(m,log(z)) exp(m, log(Zg)))
(8, 35)

B exp(mslog(z; — 22))’

B (o, oz;,’) B (v, ozg>

exp(ny,log(ze — z3))  exp(n,log(z — z3))

e (o, ) (o, o)

= (= (exp(np log z3) + exp(n, log z;;)) ’
B (B, 87) B (B, 8)

exp(nglog(za — Z3))  exp(nglog(z — Z3))

_(_l)ﬁq_1< @8 B )

exp(nglog z3)  exp(n,logzs)

f3,p(21,Z27Z3) =

G3,4(Z1, 22, Z3) =

(B.11)

One can check that under any permutation o € S3 of the vertex operators, the
product is given by the right hand side of (B.9) in the domain |2,(1)| > |26(2)| > |20(3)|-
For more than three vertex operators, the locality can be proved in a similar

way.
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C Heisenberg algebras and their representations

In this appendix, we prove some properties of Heisenberg algebras which is used in
the paper. See |2, Section 1.7| for definitions. We start with some results about Lie
algebras.

C.1 Preliminaries
Let U be a left R-module and D = Endgz(U) be the ring of R-linear endomorphisms
of U. One can consider U as a left D-module by defining

p-u=pu), peD, uel. (C.1)

The D-linear (in)dependence of a subset of U is defined in an obvious way. A D-linear
operator on U is a map f : U — U such that

flo-u=v)=9¢-f(u) = f(v) = o(f(w)) = f(v), veD, wvel. (C2)

Theorem C.1. (Jacobson Density Theorem, [61, Theorem 13.14]) Let U be a simple
left R-module and write D = Endg(U). Let a be any D-linear operator on U and
let X C U be any finite D-linearly independent subset. Then there exists an element
r € R such that re = ax for all z € X.

Finally, we will need a generalisation of Schur’s lemma to countably-infinite
dimensional representations.

Lemma C.1. (Dixmier’s Lemma, [62, Lemma 100]) Suppose V is a vector space
over C of countable dimension and that S C End(V') acts irreducibly. If T' € End(V)
commutes with every element of S, then T is a scalar multiple of the identity operator.

Proposition C.1. Let gy, g2 be two complex Lie algebras (possibly countably infinite
dimensional). Then every irreducible (g1 @ g2)-module which contains an irreducible
g1 or go-module is isomorphic to the tensor product of two irreducible g1, ga-modules.
Conversely, the tensor product of irreducible g1, go-modules of countable dimension
is an irreducible (g1 @ go)-module.

Proof. Let V' be an irreducible (g; & g2)-module and suppose Y C V' is an irreducible
go-module. X = Homyg, (Y, V) is the space of go-linear maps from Y to V, i.e.

X={¢:Y =2 V|d(g2-v—w)=gs- o) —p(w), Vg2 € go,v,w € Y}. (C.3)
Then X is a g;-module under the bilinear map

(91, 0) = g1-d:y— g1 (o)) . (C.4)
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It is easy to see that X ® Y is a (g; @ go)-module with the action

(91,92) - (0@ y) = (91-Pg) QY+ @ (92-¥)- (C.5)
Moreover the natural map from X ® Y to V'
PRy oY), (C.6)

is a (g1 @ g2)-module map. We first show the map (C.6) is non-zero. Take ¢ = id :
Y — V, which clearly lies in X, then id®y +— id(y) = y. Hence, the (non-zero) image
of this (g1 & g2)-module map, (C.6), is a (g1 @ g2)-module. As V is an irreducible
(g1 @ g2)-module, the image is entire V', and the map (C.6) is surjective. Finally, we
show this map is injective. Indeed suppose ¢ ® v — ¢(v) = 0. Then it suffices to
show that either v = 0 or ¢ = 0. Suppose v # 0. By go-linearity of ¢, we see that

0=yg2-d(v) =d(g2-v), Vg € g2. (C.7)

By irreducibility of Y, we see that ¢ = 0. This implies that V= X @Y as (g1 © g2)-
modules, and that the latter is also an irreducible module. As X ® Y is an irreducible
(g1Pg2)-module, X must be an irreducible g; module. Similar arguments apply when
Y is an irreducible g;-module.

To prove the converse, we follow [63]. We want to show that if X Y are irre-
ducible g1, go-modules, then X ® Y with (g; @ gs)-action defined by

(91,92) (z®y) = (1-2) @Y+ 2@ (g2-¥), (C.8)

is an irreducible (g; @ g2)-module. Suppose M C X ® Y be a non-trivial (g; @ g2)-
submodule. It suffices to show that M contains non-trivial pure tensors and then
the irreducibility of X,Y will imply that M = X ® Y. Let us assume that z ® y
is a pure tensor in M. The irreducibility of X,Y guarantees that g; - z = X and
g2 -y = Y, which guarantees that + ® Y and X ® y C M. Consider any pure tensor
T®y eV, we know that £ ® y belongs in M. Applying only gs on this vector, we
can show that * ® y € M, which implies that M = X ® Y, since pure tensors span
XQY.

We now show that M contains a pure tensor. Since any g-module is also a U(g)-
module, our strategy is to produce a pure tensor from an arbitrary vector in M using
the action of an element of U(g; @ g2). Start with an arbitrary non-zero vector

U:in@)yiEM. (C.9)

i=1
Without loss of generality, we may choose {z;} to be linearly independent over C

and y; # 0 for all 7. By Dixmier’s Lemma (or Schur’s lemma when X,Y are finite
dimensional), we have

EndU(gl) (X) = C, EndU(QQ) (Y) = C (ClO)
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In the statement of Jacobson Density Theorem, choose U = X, R = U(g;), hence
D = Endy(g,)(X) = C, due to (C.10). Thus, let us take {x1,2s,...,x,}, which is a
finite D-linearly independent subset. Consider a C- linear map «, such that

=1,
ar; = ot (Cll)
0 ¢>1.

We can then use Jacobson Density Theorem to conclude that there exists u € U(g;)
such that
ar; = ux;, (C.12)

V1 <i<mn. Hence, foru®@1 € U(g1) @ U(g2) = U (g1 & g2),
(u®lv=r1®Y1, (C.13)
which is a pure tensor. O

C.2 Modules of direct sum of Heisenberg algebras

We now prove some basic results about the modules of direct sum of Heisenberg
algebras. We will use the notations of [2, Chapter 1] in this section.
For a Z-graded vector space

g= @gn, (C.14)

nez

we will write

o" =g o =Pon ¢ =0. (C.15)

n>0 n<0

Let g1, g2 be two Heisenberg algebras with central elements k and k respectively.
Analogous to the €, condition for a module of a Heisenberg algebra (see |2, Page
23]), we define the € ; condition for an (R x R)- graded module V' of the direct sum
g1 @ g2 of two Heisenberg algebras g, go. We say that V satisfies the € 3 condition
if

1. k and k act on V by multiplication with k& and k respectively.

2. There exist M;, M, € R, such that V,,, ,, = 0, if either m > M; and n > M,.

The vacuum space of V', denoted by €y, C V, is a subspace of non-zero vectors such
that any v € Qy satisfies (g7 ® g5) - v = 0. Let M(k), M (k) denote the unique (up
to isomorphism) irreducible module of gy, g2 respectively. In particular, we have |2,
Section 1.7]

M(k) = S(gr), M(k)=5(g;)- (C.16)

Then we have the following proposition.
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Proposition C.2. Let g;,g> be two Heisenberg algebras with central elements k, k
respectively. Then the following are true:

1. M(k)® M(k) is the unique (up to isomorphism) irreducible (g1 & ga)-module
satisfying condition & .

2. The vacuum space Qo) 18 one-dimensional and
Qe = Carr @ Lym) - (C.17)

8. For any (g1 ® g2)-module satisfying condition & i, the (g1 ® g2)-module gener-

ated by a vacuum vector is equivalent to M (k) @ M (k).

Proof. (1) Any (g1 @ g2)-module is in particular a go-module and hence completely
reducible by [2, Proposition 1.7.2]. Thus it contains an irreducible go-module. By
Proposition C.1, every such irreducible (g; @ g2)-module is isomorphic to a tensor
product X ® Y where X, Y are irreducible g, go-module respectively. By |2, Propo-

sition 1.7.2] we have X @ Y = M (k) ® M (k).

(2) Since M (k), M (k) satisfies the conditions €, €; of [2, Page 23], it is clear that

M (k)® M (k) satisfies the condition € ;. The vacuum space of M (k) ® M (k) is easily

seen to be the tensor product of the vacuum spaces of M (k) and M (k) respectively
and hence is one-dimensional.

(3) Let V be any (g1 ® g2)-module satisfying condition & ;. Let v € V and consider
the (g1 @ g2)-submodule of V/

{(91,92) v : (91,92) € 91 D g2} - (C.18)
It is easily seen that this gives an irreducible (g; & go)-module and is isomorphic to
M (k) ® M(k) by (1). O

We now have the following theorem.

Theorem C.2. Any (g1 ® g2)-module is completely reducible and is isomorphic to

copies of M (k) @ M(k). More precisely, for any such module V', the (well-defined)

canonical linear map

[ U(g1 @ 92) Quipraes) v — V,

(C.19)
u@viu-v, uwelU(g ®g),veQy,
is a (g1 D g2)-module isomorphism. In particular, the linear map
M (k) @ M(k) @c Qv =U(gy © ;) ®c Qv — V, ©20)

u@vi—u-v, ueU(gy ®gy),v €y,

defines a (g1 Dga)-module isomorphism, Qy now regarded as a trivial (g;Dgs)-module.
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Proof. We closely follow [2| for this proof. First, we show the f in (C.19) is an
injective map. Note that from the action of f, it is clear that f is injective on
1@ Qy = U(gr @ 92) Qu(pians) v. Let K be the kernel of f. Then it is easy to
see that K is a (g1 @ go2)-submodule of U(gi @ g2) ®@u(v,@p,) v and has a grading
induced from U(g; ® g2) ®u (s, a0,) 2v. Thus K satisfies the condition € . It follows
that it has a vacuum vector, say v € K. But then v € )y, because the vacuum space
of U(g1 @ 92) ®u(sabs) Sdv is precisely Q. Since f(v) = 0, it contradicts the fact
that f is injective on Q.

We now prove the surjectivity of f. Suppose V/Im(f) # 0. Since Im(f) is a
(g1 @ g2)-submodule of V', V/Im(f) is naturally a (g; & g2)-module and satisfies the
condition € ; since V' does. Then there exists a vacuum vector w € V/Im(f). Let
w = [v] for some v € V. It follows that v € Im(f) and

X1 U, Lo -V € Im(f), 1€ Z+ R (C21)

since xy; - [v], x9; - [v] = 0. Moreover, due to the € ; property, there exists iy, jo € Z
such that
21 -V, T2 -v =0 forall i >1iy,j > jo. (C.22)

We will now show that there exists ¢ € Im(f) such that
Tpi -t =g -v, forall i € Z, and k € {1,2}. (C.23)

This will imply that ¢ — v is a vacuum vector but t —v € V' \ Qy, since t —v ¢ Im(f)
and Qy C Im(f), which is a contradiction. To this end, choose a basis {w, } er (I'
an index set) of Q.. Then by injectivity of f and the first isomorphism theorem

Im(f) =[] U(g1 @ 92) @u(oreny) Cws - (C.24)

vyel

Let 5117, 5% be the component of zy; - v, x9; - v respectively under this decomposition.

Then for any 4,7, j, 7" € Z, we have
T1;T15 UV = T14#T14 * U, To;To; + U = ToirTo; * V. <025)

as the Lie Bracket is zero on g and g3 . This implies that for all v € T

Ty * Szl/'y = T - 87;17, Toj - szx,y = Ty - 532'7' (026)
It is also clear from (C.22) that
Siy =53, =0, forall i>ip,j>jo. (C.27)

Moreover there is a finite subset I'y C I" such that

st =52 =0, forall y€TI'\Ty, (C.28)

vy Jv
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since any vector in Im(f), in particular zy; - v and zy; - v, has a finite decomposition
in (C.24). Now, fix a v € I’y and identify U(g1 @ g2) ®uv (6, @p,) Cw, as the polynomial
algebra over generators ¥y;, ¥2;. Then (C.26) implies that

o, o , 9 , 0

o Si =35 ) S — S, 9 i)i/7 .7 ! E Z . 029
Oyri *7 Oy 7 Oy 7T Oyay D J + (C.29)
Since s;,55, = 0 for i > ig,j > jo, it is clear from (C.29) that s; ,s? lie in the

polynomial algebra generated by finitely many y,, y2; respectively for i < ig, 7 < jo.
Thus there exists s', s? in these algebras such that

O 1_a 7.9 o2 _ o
k391i8 = 5, kay%s = Spy (C.30)

for i <1¢,7 < jo and hence for all 7,7 € Z,. We then take t# = sl,ti = 52 and put

te=) (th+12). (C.31)

vel’

Note that xo; -t} = 21; - 2 = 0 and hence (C.23) holds. O

— 86 —



D Proof of Conjecture 1 for m = n Case

Suppose A C R™™ is a Lorentzian lattice. We want to show that for any f € Aut(A)
we have

FIAY) =AY, f(A9) = AS. (D.1)
We will prove this in a series of results.

Lemma D.1. Let A and A be two Lorentzian lattice related by an O(m,R) x O(m, R)
transformation O, i.e.

Gi = Gr0. (D.2)
Then we have
Aut(A) = OAut(A)O~1. (D.3)
Moreover Aut(A) preserves A? if and only if Aut(A) preserves A?, where i € {1,2}.
Proof. Let f € Aut(A), then f = OfO~' € Aut(A). Thus OAut(A)O~" C Aut(A).
The reverse containment is similar.
Now suppose Aut(A) preserves A?. For any (a,0) € AY, we have f(a,0) =

(O~ f0)(a,0) for some f € Aut(A). Since O,0! preserves (o, a) and (a,a) for
any (a, ) € A it is clear that

f(@,0) = (o/,0) € AL, (D.4)
Similarly, f preserves A9. The converse is analogous. O

Theorem D.1. Let A C R™™ be any Lorentzian lattice, then their exists an O(m, R)x
O(m,R) transformation which relates A to a Lorentzian lattice Ag with generator

%G(LHV) (D.5)

T 7%

where B is an anti-symmetric matriz, v is the generator matrix for a lattice I' in

matrix of the form

R™, and v* is the generator matrix for the dual lattice T'*.

Proof. We will use the result of [42, Appendix C]| for the proof of this theorem. Let
{e;}?™ be the standard basis of R™™. Then we change the basis of R™™ from
standard basis to the basis {f;}27:

= € + emyi
V2 (D.6)

€= Cm
Jmti = ——=,

V2
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where i € {1,...,m}. Let Gy and G, be the generator matrix for A in the {e;} and
{fi} Dbasis respectively. Now from Appendix C of [42], by an O(m,R) x O(m,R)
transformation, we can transform A into the lattice Ag with generator matrix?®

~ 1 (2710
Org = —= ; D.7
NG (73 7) (D-7)
in the {f;} basis for some antisymmetric matrix B. Changing the basis of R”"™ back
to the standard basis {e;} amounts to right multiplying the generator matrix (D.7)

by
(f f), (D.8)
V2 V2

where 1 is the m x m identity matrix. This gives the generator matrix in (D.5). O
We now have the following important theorem.

Theorem D.2. Let Ag C R™™ be the Lorentzian lattice with generator matriz Gag
given in (D.5). Then Aut(Ag) preserves (Ag)?, i =1,2.

79

Proof. Let {a;}!", be an integral basis of T" and {a}}", be the basis of I'* dual to

m

> () =8, Y (ap)i(an) =4l (D.9)
k=1 k=1
Here the superscript j over the vector denotes the jth component of the vector in the
standard basis of R™. A general vector A € Ag can be written as A = («a, ) where

m 1 m
J — —
0% ;ml( i 2 ; <Z 7k Oéz z) ) ni,
. T_n . (D.10)
B =S maty + L3 (z Bt - (o) )
1= i=1 k=1
and m;,n; € Z. In vector notation we have
et —»T * ( B + 1)
a=m" + il VT )
D.11
T % =T B -1 ( )
R R

28Note that in our convention, the rows of the generator matrix are basis for the lattice while in
[42] it is the columns.
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We then have

= 1 = 1
(a, ) = Z mymg{a;, af) + 2 x St Z Bre(a})*(a;)" +2 x §minj<a;,aj>
ij=1 k=1
1 — . ; 1 & ko 1
+Z Z nianjk(ai) Bﬂ(ap) + 2 X Z_l Z nmgBjk(ozi) (Oél) + anj<ai,aj>
kl,p=1 k=1

=mig™tm + Z mmj(Ozj)p(Oz;)p(qu)kBM(Ozj)(Z +mi
4,5,k,4,p,q=1

1 . : 1
1Y mmplaian) Bale) (@)i() Bula,) + i gi

i7j7k7€7p7u7v787t:1

1 1
=mlg '+ mTbg i+ m'in — —i bg 'bil + ZﬁTgﬁ
=mlg lm+mbg A+ m A+ ~id’ (g — bg 'b)ii,

NS

(D.12)

where 11,7 € Z™ are column vectors, g;; = (a;, ;) and gf; = g;;' = (a}, o) are the
Gram matrices of I and I'* respectively and b;; = («;)* Bie(a;)* is the antisymmetric
matrix B in the {a;} basis of R™. In the last step we used (D.9) and the fact that
B and b are antisymmetric. In terms of matrices we have

g=1" g=70")"=0"""r"=¢" (D.13)
b=9By", B=7"by" '
Similarly we have
1
(8, 8) =" g™ + ' bg i — i + 1" (g — bg” b7 (D.14)

From [64, Chapter 10|, we have that the following transformations generate the group
O(m,m,Z):
S = o, 1 —1
(1) M+ 7a and 2g <—>§(g—bg b)

bg! < —g b, (D.15)

(2) M —n —Nii and b —b+2N,

where N is an arbitrary anti-symmetric matrix with integer entries. These transfor-
mations must be understood in the following way: a transformation on the lattice
can be implemented in two ways, first by action on the integer coordinates (m?, ')
and second, by acting on the generator matrix G,  from the left. The transforma-
tions in (D.15) is a composition of both of these. To show that these transformations
indeed generate the automorphism group O, (m, m,Z) we need to show that these
transformations leave the inner product invariant and preserves the lattice. It is easy
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to check that under these transformations the («,a) and (3, 5) are preserved [64].
In particular these transformations preserve the Lorentzian inner product. We now
show that these transformations preserve the lattice. Let us start with (1). It is
clear that m <> 7 preserves the lattice. We now check that the transformation on
the generator matrix preserves the lattice. First note that from (D.15) we get®

1
g & I (g —bg'b),

b 4(b—gblg) . (D-16)

From these transformations, we want to find how v and 7* transform. Using the fact
that b is antisymmetric, we guess the transformation to be

v £2 (v by = g,
1 (D.17)

7 e 5 (vEDY) =L

It is easy to check that (D.17) reproduces the first equation in (D.16). These are all

the solutions to the first equation in (D.15) but as we will show below, only two of

them preserve the lattice. We also see that under the second equation of (D.16) we

have

B=7"'by" & (y+by)" (b— gb_lg)_l (y+by") = B (D.18)

We claim that the following two transformations on the generator matrix preserve
the lattice:

. gl v Q . g -7z
(1> Ors = ( B+1 . B 1) - gAS = ( B—i’_+1l B'—1 | >
Y Y+ 2

T T (D.19)
. v (i) . % s
i gA:( )%g .:( , ,>.
(ii) s V% 7% As _,y+32+]l 7_321
We now do some manipulations to prove our claim. We have
* 1 * 1
’Y+:§(”Y+b7):§’7(3+]1)' (D-20)
Similarly
N 1
V= —57(3 —1). (D.21)

Note that we are assuming that b and B are invertible in writing this transformation but one
can also write the transformation in a nonsingular way even when b is not invertible [46]. The
manipulations below will also be modified in a nonsingular way.
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Next we have

B +1 L (r+ bv*)T (b — gb_lg)_1 (v+by)+1

=2(y+by)

Y+

2 2

= (b—gb'g) " (v +by") + (v +by)".
Observe that

(b—gb7'g) " (v+by) = (b—gb'g) " (y+1B)
— (b—gb'g) " (1 + B)
= (y"b+77'gb 'g) (14 B)
= (By" —+4"b ') (1 + B)
= (BY" = (9B)'") " (1 + B)
(B=B)9") " (1+B)
*(B=B")(1+B).
Next note that
B-B'=(1+B)(1-B").

Then we get
—1

(b—gb'g) " (y+by) =" (1 - B
=~ ((B-1)B™)

-1

= —*B(1 - B)™.
We also have . .
(v+by")" = (v(1 + B))
=7 (1-B)"
Putting all this together we get
B'+1 .
T+ T

Similarly we have

B -1
2

Y-

We now use

to get
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=y |(B-B) " (-B) -1+ B

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)



From (D.20), (D.21), (D.27) and (D.30) we see that

B+1 B-1
W _ (v vy _ (01 D.31
Ias (7* 7*) (ﬂo)gAs (D-31)
01

Since (] §) is determinant —1 and integral, the transformation (i) of (D.19) preserves
the lattice. Similarly we have

B+1 B-—1
w_ (v (0 1 D.32
Gas ( -y ) (—]l 0>gAS (b-32)

and hence preserves the lattice. The full transformation (1) of (D.15) acting on the
integer coordinates as well as the generator matrix can be written as a transformation
acting only on the integer coordinates as follows:

(1) (m*,a") — mh,ah), (i) (m,at) — (-mt, —ib). (D.33)

This generates a Zy subgroup of the automorphism group Oa,(m,m,Z). Obviously
these transformations preserve (a, ) and (3, 3) and hence the full Lorentzian norm.
One could check directly that other choices in (D.17) does not preserve the lattice.
Now, we will show that the second transformation in (D.15) preserves the lattice too.

Using the transformation of b — b + 2N, we obtain
vB = by* — by* + 2Nvy* = yB + 2Ny~ (D.34)

We can input the above relation into the generator matrix to see how it transforms:
,y‘k ,y* , ,y* ’Y*
(N =< _ )—>Q :z( _ > : (D.35)
TR TR T B ANy B Ny

From the above equation it follows that

1
Gre = (N ]01) Gas - (D.36)

Again since (£ 9) is unimodular and integral, this transforamtion preserves the lat-
tice. The transformation on integer coordinates in (2) of (D.15) can also be nicely
represented as

(T, 7Y = (7 — N)T, i) = (i + 77N, T = (T, ) (Iﬂ ]?) . (D)

where we have used that N is an anti-symmetric integral matrix. To get the complete

transformation on the integer coordinates fixing without transforming the generator
matrix, we compose these two transformations to see that

ity = (1) (p) (e y) = 077+ 200N, (D.39)

— 92 —



As N is integral, we see that the transformed vector lies on the lattice again. Checking
that this transformation preserves the norm is a straightforward computation.

Thus all automorphisms of Ag will preserve (a,a) and (3, 5). Now suppose
(a,0) € (Ag)? maps to (o/, ") € Ag under some automorphism. Since (5, 3) = 0
and the norm on R™ is positive definite, we conclude that 5 = 0 and the automor-

phism preserves (Ag)?. Similarly (Ag)J is also preserved under any automorphims of
As. O

Combining Theorem D.2, Theorem D.1 and Lemma D.1 proves Conjecture 1 for
m = n case. We remark that the methods of this Appendix clearly do not apply to
m # n case. One needs new tricks to prove the general result.
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