
EFI-23-9

Non-Supersymmetric Heterotic Strings on a Circle

Bernardo Fraiman,1 Mariana Graña,2 Héctor Parra De Freitas2 and Savdeep Sethi3

1 CERN, Theoretical Physics Department, 1211 Meyrin, Switzerland
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Abstract

Motivated by a recent construction of non-supersymmetric AdS3, we revisit the
O(16) × O(16) heterotic string compactified on a torus. The string one-loop potential
energy has interesting dependence on the classical moduli; extrema of this potential in-
clude loci where the gauge symmetry is maximally enhanced. Focusing on the case of a
circle, we use lattice embeddings to find the maximal enhancement points together with
their spectra of massless and tachyonic modes. We find an extended Dynkin diagram that
encodes the global structure of the moduli space, as well as all symmetry enhancements
and the loci where they occur. We find 107 points of maximal enhancement with 8 that
are free of tachyons. The tachyon-free points each have positive cosmological constant.
We determine the profile of the potential energy near each of these points and find that
one is a maximum while three are saddle points. The remaining four live at the boundary
of a tachyonic region in field space. In this way, we show that every point of maximal
symmetry enhancement is unstable. We further find that the curvature of this stringy po-
tential satisfies the de Sitter swampland conjecture. Finally, we discuss the implications
for constructions of AdS3.
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1 Introduction

The absence of experimental signals of supersymmetry motivates a deeper exploration of
models with no ultraviolet supersymmetry. The O(16)×O(16) heterotic string is one of a
handful of ten-dimensional non-supersymmetric theories of quantum gravity which can be
analyzed perturbatively using worldsheet techniques and is free of tachyons at tree level [1,
2]. It is constructed using a different choice of GSO projection than its supersymmetric
counterparts, which leads to mismatched bosonic and fermionic degrees of freedom at
each mass level. At the massless level the projection keeps the graviton, B-field, dilaton
and SO(16)× SO(16) gauge fields, while projecting out their supersymmetric partners.1

There are also new massless fermionic states, including a bifundamental under the gauge
group, which are not present in the supersymmetric theory. At the massless level there
are more fermionic than bosonic degrees of freedom. However, this mismatch oscillates
with increasing mass or level, realizing a very interesting structure called ‘misaligned
supersymmetry’ [3, 4]. Many aspects of non-supersymmetric strings have been studied in
recent work; see, for example, [5–18] and references therein.

Besides the O(16) × O(16) theory, there are five more ten-dimensional non-
supersymmetric heterotic theories with tachyons [1, 19, 20]. In the bosonic formulation
of the heterotic string, all non-supersymmetric theories of rank 16 can be described as
Scherk-Schwarz reductions on the internal T 16 of the E8×E8 and SO(32) theories [21,22].
As such, they preserve many of the properties of the parent supersymmetric theory at the
classical level, like the local structure of the moduli space for the toroidally compactified
theory.

Yet this breaking still gives rise to interesting phenomena like a non-trivial spacetime
potential energy, which determines the spacetime cosmological constant at critical points
of the potential. We will somewhat loosely refer to the spacetime potential as the cosmo-
logical constant on occasion. It is important to stress that this potential energy computed
with a Minkowski spacetime is not even a continuous function of the moduli. As one en-
ters a region with tachyons, it can jump discontinuously to minus infinity. There are more
exotic pathologies of this type that we will encounter later.

As is typical for non-supersymmetric compactifications, Minkowski spacetime is not
a stable solution because of the non-vanishing string one-loop vacuum energy, which
serves as a potential for the dilaton. One can remedy this problem by introducing extra
ingredients like fluxes which lead to AdS spacetimes with a stabilised dilaton but often
with additional tachyons; see, for example, [8, 23, 24]. A recent construction uses the
O(16) × O(16) heterotic string on AdS3 × S3 × S3 × S1 [25]. The dilaton is already
stabilized at tree-level using fluxes and the string coupling can be made arbitrarily weak.
The internal circle was chosen to be at the self-dual radius R =

√
α′ with all Wilson

lines turned off. This choice by itself extremizes the one-loop cosmological constant at a

1For definiteness and compatibility with past literature we use O(16) × O(16) for the name of the
non-supersymmetric heterotic string and SO(16) × SO(16) for the gauge symmetry. The actual gauge

group is Spin(16)×Spin(16)
Z2

⋊ Z2. See Section 3.1.3.
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positive value [26]. In turn, the value of the cosmological constant for the AdS background
is uplifted by this 1-loop correction, although not enough to result in a de Sitter vacuum.

In principle, there are many other critical points in the classical moduli space of
S1 compactifications which could be used in such constructions. This motivates us to
tackle a basic string theory problem: characterizing the classical moduli space of non-
supersymmetric heterotic strings on S1, and T d more generally, with a focus on extrema
of the 1-loop cosmological constant and their stability properties.

The main features of toroidal compactifications of non-supersymmetric heterotic
strings have been understood for a long time [26, 27]. Similar to their supersymmetric
cousins, they exhibit gauge symmetry enhancement at special points of the classical mod-
uli space. In this case, however, such points have the added feature of extremizing the
potential energy to all orders in string perturbation theory when the gauge enhance-
ment is maximal.2 The task of finding extrema of the spacetime potential energy then
includes finding points of maximal symmetry enhancement. There can also be points of
non-maximal enhancement and even no enhancement that also extremize the potential
energy. We will find examples of non-maximal critical points even on S1. It then remains
to determine whether these critical points are minima, maxima or saddle points. This
question has been addressed for a few examples in past literature [14, 26], but so far no
systematic study has been performed.

As we will explain in the main text, the task of finding maximal symmetry enhance-
ments on T d is formally the same for the supersymmetric and non-supersymmetric strings.
For this reason, we can carry over techniques used for classifying maximal enhancements
in the supersymmetric setting [28–32]. In particular, for supersymmetric S1 compactifi-
cations, there exists an extended Dynkin diagram (EDD), related to the Coxeter-Dynkin
diagrams that appear in mathematics, which encodes the global structure of the moduli
space [28, 33, 34].3 A main result of this paper is to construct an EDD for the non-
supersymmetric case. From this diagram, we can easily obtain every non-Abelian symme-
try enhancement and the values of the moduli where the enhancement occurs. We find
that there are 107 points of maximal enhancements in total. Studying the spectra of these
enhancements we find that only 8 of them are free of tachyons.

We then compute the potential energy and its variation around these points of maximal
enhancement, each of which is an extremum of the potential. We find that none of the 8
tachyon-free maximal enhancement points are minima.4 Three of them are saddle points,
one is a local maximum, while the other four, using the mountain-inspired language of [26],
reside at ‘knife edges.’ Namely, they lie at a boundary of a tachyonic region where the

2By a point of maximal enhancement, we mean a point in moduli space that is fully fixed under
reflections in the T-duality group. This will be discussed more fully in Section 4.

3This diagram also made a recent appearance in the study of 3D magnetic quivers [35,36].
4This is different from the results of [26] where the enhancement to SO(16) × SO(16) × SU(2) was

thought to be a minimum of the potential. While this point is indeed a minimum with respect to changing
the circle radius, we find that variations in Wilson line moduli decrease the value of the energy, in
agreement with recent results in the literature [14]; see Section 5.3. The authors of [26], when contacted
36 years after their work appeared, did not feel our conclusions are unreasonable.
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potential energy drops to minus infinity. The three saddle points are minima along the
radial direction, but are unstable along the Wilson line directions. We also find that the
minimum value of the Hessian of the one-loop potential at these points, divided by the
value of the potential itself, is always smaller than approximately -0.64. At these very
stringy critical points, which are far from the regime of validity of effective field theory,
the refined de Sitter swampland conjecture appears to be satisfied.

As a byproduct, we also find four points which extremize the potential but do not
correspond to maximal symmetry enhancements, showing that maximal enhancement is
a sufficient but not necessary condition for extrema. These four points are also unstable;
each either a saddle point or a knife edge. Again they are minima of the radial modulus
but have instabilities along some of the Wilson line directions.

Although our focus is on S1 compactifications, we set up and analyse in detail the
case of generic T d. We show, for example, how the massless and tachyonic spectra can
be computed using lattice embedding techniques, and how these embeddings encode the
topology of the gauge symmetry groups. We also determine the full T-duality group of
the theory, extending the results of [12]; concretely we find that, as in the supersymmetric
case, the group corresponds to the automorphism group of the charge lattice of the theory,
with some dualities generated by charge vectors associated to tachyonic states. In this way
we connect to recent results about tachyons and spin structures in non-supersymmetric
heterotic worldsheets [18].

Lastly, we revisit the construction of AdS3 in light of our results about S1. We find that
any extremum of the potential energy on R9 × S1 can be used to build a perturbatively
stable solution for some range of flux quantum numbers. However, there now appears to be
a non-trivial quite fascinating constraint on the existence of intrinsically quantum AdS3

solutions with no electric H3-flux threading the spacetime. These cases are particularly
interesting as the likely endpoints of non-perturbative string nucleation processes that
can discharge the electric flux. They are, perhaps, the best candidates for examples of
non-supersymmetric AdS/CFT. Yet we see that their existence depends on the mass of
the most tachyonic mode at a given critical point of the potential energy. This gives a
more precise reason to know the exact value of the constant that also appears in the
refined de Sitter conjecture, where it is assumed to be of order one.

The paper is organized as follows: to make our analysis self-contained, we start in
Section 2 with a brief review of the supersymmetric E8 × E8 heterotic string. Its non-
supersymmetric counterpart, the O(16) × O(16) heterotic string, is described in Section
3 initially using the fermionic formulation to showcase the difference in massless spectra.
Passing to the bosonic formulation, we discuss torus compactifications following [26],
but with the introduction of further refinements based on lattice theory. In Section 4
we construct the extended Dynkin diagram. This encodes all gauge groups, the loci in
moduli space where enhancements are realized, as well as the fundamental domain of the
moduli space. In Section 5 we compute the cosmological constant in the neighborhood of
tachyon-free enhancements, showing that they are all unstable. In Section 6, we examine
the AdS3 construction. Finally in Section 7 we summarize our results.
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2 Supersymmetric heterotic strings on T d

Here we review torus compactifications of the supersymmetric heterotic strings and their
symmetry enhancements. The goal is to set the stage by introducing all the basic concepts
that get generalized or modified in the non-supersymmetric case. For completeness we will
start with a very brief review of the fermionic formulation of the E8 ×E8 heterotic string
in ten dimensions, which can be later modified to give the non-supersymmetric O(16) ×
O(16) heterotic string, putting them on the same footing. We then move to the bosonic
formulation, which is a more convenient framework to study torus compactifications.

2.1 The E8 × E8 theory

2.1.1 Fermionic formulation

In the fermionic formulation of the heterotic theory, the 16 extra left-moving bosons XI

are replaced by 32 left-moving worldsheet fermions λÃ, Ã = 1, ..., 32. These fermions
have the same mode expansion as the worldsheet fermions of the superstring, and their
boundary conditions can also be periodic (Ramond) or anti-periodic (NS). In the E8×E8

heterotic theory that we will use as a starting point, these 32 fermions are split into two
sets of 16 and 16, Ã = (A,A′), with possibly different boundary conditions for each set.
One then has eight sectors, according to the two possible boundary conditions on the first
16, the last 16, or the 10 right-moving worldsheet fermions with a spacetime index.

The GSO projection defining this supersymmetric theory leaves states that are even
under the operators (−1)F , (−1)F

′
and (−1)F̃ , where F (F ′) and F̃ are the worldsheet

fermion numbers for the first (last) 16 left-moving fermions and the right-moving fermions,
respectively. This leaves the following eight sectors,5

A A′ µ{
NS+

R−

}
⊗

{
NS+

R−

}
⊗

{
NS+

R−

}
,

(2.1)

where the sub-index ± denotes the required value of (−1)F,F
′,F̃ .

Spacetime bosons belong to the spacetime NS sector i.e. the last column of (2.1), while
fermions belong to the R sector. Since these two sectors appear on the same footing, the
construction is spacetime supersymmetric.

The zero point energies are −1/2 for every NS sector, 1/2 for internal R sectors, and
0 for the spacetime R sector. Massless bosons, which are in the spacetime NS sector, can
be constructed in two ways: either completely from the NS sector with N + Ñ = 3/2. The

5We use the conventions of [37], where the spacetime NS ground state is taken to have F̃ = 1, while

the R ground states (either in the sixteen internal directions or in spacetime) have (−1)F,F ′,F̃ = −1, and
the latter contain a chirality matrix (see (10.2.22) in [37]).
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only possibility satisfying the level matching condition is then N = 1, Ñ = 1/2 . Or from check

one NS and one R sector with N + Ñ = 1/2 and level matching only allowing N = 0,
Ñ = 1/2. Thus we have the following states,

ψ̃µ
1
2

αν
−1 |0, k⟩NS−NS−NS , (1, 1, 35⊕ 28⊕ 1)

ψ̃µ
1
2

λA1
2

λB1
2

|0, k⟩NS−NS−NS , (120, 1, 8v)

ψ̃µ
1
2

λA
′

1
2

λB
′

1
2

|0, k⟩NS−NS−NS , (1, 120, 8v) (2.2)

ψ̃µ
1
2

|0, k⟩R−NS−NS , (128, 1, 8v)

ψ̃µ
1
2

|0, k⟩NS−R−NS , (1, 128, 8v)

where we have listed the irreducible representations under SO(16)×SO(16)×SO(8). The
last factor is the little group in spacetime. The 128 representation appears because the
R sector gives spinors of Spin(16), which are chiral due to the GSO projection and thus
have 27 = 128 states. The first line corresponds to the graviton, B-field and dilaton, while
the remaining lines are gauge fields. The second and third lines are SO(16) × SO(16)
adjoint gauge fields, while the last two lines enhance this group, giving gauge fields in the
adjoint of E8 × E8. The spacetime R sector gives the superpartners of these fields.

2.1.2 Bosonic formulation and T d compactifications

In the bosonic formulation, the sixteen extra left-moving worldsheet bosons are not traded
for fermions, but instead are compactified on a sixteen-dimensional torus at a point of
enhanced E8 × E8 symmetry. The oscillators along these directions are encoded in a
sixteen-dimensional vector of this even self-dual lattice,

πI , I = 1, ..., 16 , π ∈ Γ8 ⊕ Γ8 . (2.3)

For compactifications on a torus, T d, the momenta and winding numbers along T d combine
with the internal torus to give a vector in the Narain lattice

Γ8 ⊕ Γ8 ⊕ Γd,d = Γ16+d,d . (2.4)
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The spectrum is obtained from the mass formula and level matching condition, which
take the form:6

1

4
m2 =

1

2
P 2
L +N − 1 =

1

2
p2R + Ñ −

{
0 R sector
1
2

NS sector
. (2.5)

Here NS and R refer to the right-moving sector, (PL, pR) ≡ (pI , pL, pR) are given by a
vector in the Narain lattice polarized according to the values of the moduli gij, Bij and
the Wilson lines AI

i as follows:

pR =
1√
2
ê∗i
[
ni − Eijw

j − π · Ai

]
, (2.6a)

pL =
1√
2
ê∗i
[
ni + (2gij − Eij)w

j − π · Ai

]
, (2.6b)

pI = πI + AI
iw

i , (2.6c)

with ni and w
i the integer momenta and winding numbers on the torus, ê is the vielbein

for g−1 and E is the following combination of metric, B-field and Wilson lines:

Eij = gij + bij +
1

2
Ai · Aj . (2.7)

The massless bosons satisfying these conditions are given by

• N = 1 , Ñ = 1
2
, PL = 0 , pR = 0 ⇒ gµν , Bµν , gµi, Bµi, A

I
µ, gij, Bij, A

I
i , ϕ

• N = 0 , Ñ = 1
2
, P 2

L = 2 , pR = 0 ⇒ Aα
µ

where in the first line gµi ± Bµi are the U(1)dL × U(1)dR gauge fields and AI
µ the U(1)16L

gauge bosons, and in the second line Aα
µ are extra massless gauge bosons that can appear

at particular points in moduli space, as we discuss in detail later. Note that the massless
condition on the right-moving sector can also be satisfied by Ñ = 0, p2R = 1, but since the
lattice of momenta is even, there are no vectors of length-squared one . This possibility check

will appear, however, in the non-supersymmetric case.

2.2 Symmetry enhancement

As mentioned, the U(1)d+16
L × U(1)dR symmetry of the gauge fields in the first line is the

generic symmetry in moduli space, arising from states with ni = wi = 0, π = 0. The fact

6In the bosonic formulation, note that the left-moving R vacua in either of the 8 directions, which
transform in the 128 spinor representation, are associated to vectors π with entries ±1/2 in all eight
components, which have 1

2 |π|
2 = 1. On the other hand, in the fermionic formulation, the R vacua have no

oscillations along these directions, thus giving no contribution to the mass. In order for the mass formulae
to match, in the bosonic formulation one has to use â, defined in Table 1, for the left-moving sector. This
is always 1 and therefore the zero point energy depends only on the right-moving sector to which the
state belongs.
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that the E8 × E8 symmetry of the ten-dimensional theory is broken in compactifications
at a generic point in moduli space is because of the Wilson lines: indeed, the condition
pR = 0, for states with wi = 0 implies π · Ai = ni ∈ Z, and thus for generic Wilson lines check

this is only satisfied for π = 0, ni = 0.

On the other hand, for Wilson lines Ai ∈ Γ8⊕Γ8 the condition pR = 0 can be satisfied
at any Eij taking ni = π · Ai, w

i = 0 with π the roots of E8 × E8, and one recovers the check

E8 × E8 symmetry of the ten-dimensional theory along with an additional U(1)dL × Ud
R.

Additionally, at special values of Eij the U(1)
d
L symmetry can also be enhanced by states

with non-zero winding. For other (special) Wilson lines and values of Eij, there can be
vectors satisfying P 2

L = 2 such that both pL and pI are non-zero, and thus the symmetry
gets enhanced by states charged under both the torus and the 16 directions. Generically,
the vectors with P 2

L = 2 (and pR = 0) then give the roots of the rank 16+d gauge algebra
at that point (or surface) in moduli space.

In terms of the Narain lattice, the condition pR = 0 defines a primitive embedding of
a rank d + 16 positive definite lattice W into Γd+16,d, provided the moduli are rational.
The vectors in W with P 2

L = 2, to which we refer as roots, give massless states in the
adjoint representation of the gauge algebra of the corresponding vacuum. In other words,
the root sublattice of W is exactly the root lattice of the physical gauge algebra. The
overlattice of this root sublattice, which for maximal enhancements is simply W , is then
the weight lattice of the gauge group of the model.

In the case d = 1 every symmetry enhancement can be obtained by means of an
extended Dynkin diagram (EDD) which encodes the global structure of the moduli space
[33, 34]. We briefly review its construction in Section 4.1.1, which we will in fact be able
to generalize to the non-supersymmetric theory. For d ≥ 2, however, such a diagram does
not exist; one can use instead an algorithm that explores the moduli space by “jumping”
along points of maximal enhancement [29]. This algorithm has been successfully applied
in d = 2, 3, 4, both in T d compactifications and asymmetric orbifolds of tori [30, 31, 38].
In the special case d = 4 every possible symmetry enhancement can be obtained from
Niemeier lattices in a way similar to how one obtains symmetry enhancement from the
EDD [32]; Niemeier lattices similarly encode discrete symmetry enhancements in this
special case [39, 40]. In this paper we focus our attention primarily on the d = 1 case
and the EDD, leaving the generalization of the other methods to the non-supersymmetric
theory for future work.

3 Non-supersymmetric heterotic strings

We now generalize the discussion above to the non-supersymmetric heterotic string. We
will also discuss the problem of classifying the ten-dimensional theories, the topology of
the gauge groups and a relation between the presence of tachyons and chirality of the
matter spectrum.
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# A A’ µ A A’ µ a ã â
1 NS+ NS+ NS+ 0 0 v 1 1/2 1
2 R− R− NS+ s s v -1 1/2 1
3a NS+ R− R− 0 s s 0 0 1
3b R− NS+ R− s 0 s 0 0 1
4 R+ R+ R+ c c c -1 0 1
5a NS− R+ NS− v c 0 0 1/2 1
5b R+ NS− NS− c v 0 0 1/2 1
6 NS− NS− R+ v v c 1 0 1

Table 1: States surviving the projections leading to the non-supersymmetric O(16) × O(16)

theory. In the µ column we have given only the representation on the right-moving sector (the

left-moving part can be in the scalar or vector representation). The a and ã are minus the zero

point energy in the left and right-moving sectors respectively. We have introduced â ≡ a+α+α′

for later convenience.

3.1 The O(16)×O(16) theory

3.1.1 Fermionic formulation

The non-supersymmetric O(16) × O(16) theory is obtained in a similar manner to the
E8 × E8 theory by imposing a GSO projection given instead by the operators

(−1)F+F ′+F̃ , (−1)F+α′+α̃ , (−1)F
′+α+α̃ , (−1)F̃+α+α′

. (3.1)

Here F (F ′) and F̃ are, respectively, the worldsheet fermion numbers in the first (last) 16
left=movers and the right-moving sector. For the R sector α = 1 while for the NS sector
α = 0, and we use the same notation as for the F . Note that there is no independent pro-
jection (−1)F̃ , hence supersymmetry is broken; this will be clearly seen from the resulting
spectrum.

The eight sectors that survive the projections are given in Table 1, where a, ã are minus
the zero-point energies on the left and right-moving directions, and we have given the
SO(16)×SO(16)×SO(9, 1) representations that appear in each sector7. In our conventions
s (c) is a spinor of negative (positive) chirality. The first three sectors (counting 3a and 3b
as a single sector) appear in the supersymmetric heterotic string (see eq. (2.1)), while the
last three, involving a R+ sector and/or at least one NS− sector are new sectors which in
the ordinary heterotic string are projected out by the GSO projection. On the other hand,
sectors of the heterotic string like, for example, NS+ NS+ R−, are projected out. Since
the gravitino belongs to this sector, one sees again that supersymmetry is broken in this
construction. We work out the ten-dimensional spectrum up to the massless level. Since
by level matching condition the mass on the left-moving side has to be the same as that

7In the column labelled by µ we only give the right-moving part of the SO(1, 9), the left-moving part
can be 0 or v in every sector
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of the right-moving side, and the mass-squared has a term with −a and −ã, respectively,
tachyons can only appear when both (a, ã) are greater than zero. This happens only in
the NS+ NS+ NS+ sector, but Ñ = 0, which is the only possibility that would give rise to
a tachyon, is projected out (it is in the spacetime NS− sector, see footnote 5). As a result,
there are no tachyons in the spectrum.

Massless states can only arise when both a and ã are greater than or equal to zero,
which happens in four of the eight sectors. Let us start with the NS+ NS+ NS+ sector.
The + projections select states that have an even number of left-moving excitations along
A or A′ directions, and an odd number of right-moving excitations along spacetime. Since
a = 1, ã = 1/2, massless states then have N = 1, Ñ = 1/2, and are of the form

ψ̃µ
1
2

αν
−1 |0, k⟩NS−NS−NS , (1, 1, 35⊕ 28⊕ 1) ,

ψ̃µ
1
2

λA1
2

λB1
2

|0, k⟩NS−NS−NS , (120, 1, 8v) , (3.2)

ψ̃µ
1
2

λA
′

1
2

λB
′

1
2

|0, k⟩NS−NS−NS , (1, 120, 8v) .

These states also appear in the supersymmetric theory (c.f. the first three lines of (2.2)),
and correspond to the graviton, B-field and dilaton. The second and third line correspond
to gauge fields in the adjoint of SO(16)× SO(16).

The 3a and 3b sectors are spacetime fermions with positive (negative) chirality for
an odd (even) number of right-moving excitations with integer oscillation number. In the
2a sector, with NS+ R− R−, one has an even number of left-moving excitations with
half-integer oscillation number along the first sixteen components, while the last 16 are
spinors of SO(16), and have an odd (even) number of excitations with integer oscillation
number for positive (negative) chirality. In the 2b sector, the first 16 and the last ones are
interchanged. Massless states have N = Ñ = 0, and transform under SO(16)×SO(16)×
SO(8) as

3a : (1, 128s, 8s) , 3b : (128s, 1, 8s) . (3.3)

In the supersymmetric theory, these states are superpartners to the gauge bosons in the
fourth and fifth lines of (2.2), which are projected out in this theory. Here instead they
play the role of matter states transforming in the fundamental representation of each
gauge group factor, giving a straightforward example of how supersymmetry breaking
enriches the physics of the theory.

In the 5a and 5b sectors, there are no massless states because these states should have
N = 0 and Ñ = 1/2, but these are projected out of the spectrum by the NS− projections
which require an odd number of left-moving excitations, incompatible with the former
condition, and an even number of right-moving excitations, incompatible with the latter.

Finally in sector 6 the massless states have N = 1, Ñ = 0 and require an odd number
of left-moving excitations in each of the 8 directions. They are therefore of the form

6 : λA
−1
2

λA
′

−1
2

|0, k⟩R , (16, 16, 8c) . (3.4)
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These fermions transform in the bi-fundamental of SO(16)× SO(16) and do not appear
in the supersymmetric heterotic theory.

To recap, the massless bosonic states are the metric, the B-field, the dilaton and the
gauge fields in the adjoint of SO(16) × SO(16). The massless fermionic states comprise
two types of matter fields: those transforming in the spinor representation of one SO(16)
factor (and trivially under the other) and those transforming in the bi-fundamental rep-
resentation of the full gauge group.

3.1.2 Bosonic formulation: orbifold construction

As we saw in Section 3, the non-supersymmetric O(16) × O(16) heterotic theory keeps
some of the sectors of its supersymmetric counterpart, those numbered 1, 2 and 3 in Table
1, while sectors 4, 5 and 6 are new twisted sectors. The zero point energies −â and −ã only
depend on the right-moving sector, both for the untwisted and the twisted sectors. The
mass formula and level matching conditions are thus the same as in the supersymmetric
version

1

4
m2 =

1

2
π2 +N − 1 = Ñ −

{
0 R sector
1
2

NS sector
, (3.5)

but now the momenta π belong to a different lattice, as we now describe in detail.

In the following discussion, we give a heuristic description of the orbifold construction
of the ten dimensional theory, which is easily extended to T d compactifications. We restrict
to the facts relevant for computing the massless and tachyonic spectrum for different values
of the moduli, and refer to the original work [26] for more details.

To break the E8 ×E8 gauge symmetry of the parent theory to SO(16)× SO(16), one
can use a shift vector of the form

δ = (07, 1; 07, 1) , (3.6)

which is of order two in the gauge lattice, 2δ ∈ Γ8 ⊕ Γ8. This would leave only states
with NS-NS or R-R boundary conditions in the A,A′ directions, i.e those in sectors 1
and 2 of Table 1, together with their supersymmetric counterparts in the spacetime R
sector. The latter should, however, be projected out from the spectrum. On the other
hand, the states with mixed NS-R and R-NS boundary conditions (again referring to the
A,A′ directions) have π · δ = Z + 1

2
, and in the supersymmetric compactification would

be projected out, while here they appear in the spacetime fermions of sector 3. These two
features are realized if we quotient the E8 × E8 theory by,

β = (−1)2π·δ(−1)α̃ , (3.7)

where α̃, defined below eq. (3.1), is actually the spacetime fermion number. Projecting
onto states that are even under this operation leaves only sectors 1, 2 and 3 as desired.

To describe the twisted sectors (4, 5 and 6), which involve R+ and NS− instead of the

11



R− and NS+ appearing in the untwisted sectors, one can also use the vector δ. For this,
note that the elements of the original Γ8 lattice are either in the NS+ or R− sectors, since
for the former the sum of its entries give an even number (thus they belong the conjugacy
class 0, and for the latter the number of plus signs is even (in our conventions, this is the
class s). The NS− vectors on the other hand are in the class v, while the R+ in the class c.
These two types of vectors are precisely of the form π + (07, 1), with π ∈ Γ8. The twisted
sector thus contains vectors in Γ8 ⊕ Γ8 + δ. Supersymmetry is also broken in this sector:
there is no symmetry between the spacetime bosons, which have R+-R+ or NS−-NS−, and
the fermions, which have mixed boundary conditions. In order to realize this feature, we
again invoke the spacetime fermion number. The surviving states are those which are odd
under β.

The spectrum of the theory is thus separated into four conjugacy classes, which are
conveniently described in terms of the subsets

Γ+ = {π ∈ Γ8 ⊕ Γ8|π · δ ∈ Z} ,
Γ− = {π ∈ Γ8 ⊕ Γ8|π · δ ∈ Z+ 1

2
} .

(3.8)

These distinguish between the NS-NS and R-R states (in Γ+) and the NS-R and R-NS
states that are in Γ−. The untwisted sector where the (ten-dimensional) massless gauge
bosons and spacetime fermions then belong to the following conjugacy classes

Sectors 1 and 2 : (Γ+; v) ,

Sectors 3a and 3b : (Γ−; s) ,
(3.9)

where v and s denote their spacetime class. In the twisted sector the two conjugacy classes
are

Sectors 5a and 5b : (Γ− + δ; 0) ,

Sectors 4 and 6 : (Γ+ + δ; c) .
(3.10)

For convenience we let us rename

Γv ≡ Γ+ , Γs ≡ Γ− , Γc ≡ Γ+ + δ , Γ0 ≡ Γ− + δ . (3.11)

3.1.3 Charge lattice and gauge group topology

The charge lattice of the theory is the union of the sets corresponding to each sector as
mentioned before. Let us denote it by

Υ16 ≡ Γv ∪ Γs ∪ Γc ∪ Γ0 . (3.12)

It is not difficult to show that, in fact, this lattice is simply the dual of the vector conjugacy
class lattice,

Υ16 = Γ∗
v ; (3.13)

12



more details are provided in Section 3.2.

In the supersymmetric setting the heterotic string excitations produce the electrically
charged particles in the spectrum, hence the perturbative electric charge lattice is com-
plete. On the other hand, the allowed representations of the gauge group under which the
particle content can transform is given by the gauge group’s topology, and completeness
of the spacetime spectrum implies that all of these representations are realized in the
lattice. It follows that the charge lattice encodes the topology of the gauge group, i.e. its
fundamental group. For example, the Spin(32)/Z2 string has fundamental group Z2 in
accord with the fact that there are only Spin(32) spinors in the spectrum and no vectors
or co-spinors, as encoded in the charge lattice D+

16.

Let us assume that, similarly, the O(16)×O(16) heterotic string excitations produce
the full spectrum of electrically charged particles in the theory. The full gauge group G can
then be encoded in its so-called weight lattice, which is the dual of the lattice containing
all the allowed representations on top of the adjoint of G. This latter lattice is nothing
more than Υ16, and so from (3.13) we see that Γv is the weight lattice of G. This lattice

comprises the root lattice of D8 ⊕ D8 together with the (s, s) element µ = (1
2

16
) which

satisfies 2µ ∈ D8 ⊕D8, hence the fundamental group of G is Z2. On the other hand there
is an outer automorphism of the gauge group exchanging the Spin(16) factors, just as in
the E8 ×E8 ⋊Z2 heterotic string. The upshot is that the full gauge group takes the form

G =
Spin(16)× Spin(16)

Z2

⋊ Z2 . (3.14)

3.2 Other ten dimensional theories, tachyons and chirality

Apart from the O(16)×O(16) heterotic string, there are six other heterotic strings without
supersymmetry in ten dimensions [1, 19, 20]. Although these theories are tachyonic, five
of them are relevant to us because they become T-dual to the O(16)×O(16) string upon

circle compactification. These have rank 16 charge lattices which we will denote Υ
(p)
16 ,

p = 1, ..., 5, with p indicating the number of tachyons 2p; for the tachyon-free theory we
will write Υ

(0)
16 ≡ Υ16, i.e. p = 0. These lattices are related to the gauge algebras as follows:

Υ
(0)
16 ∼ so16 ⊕ so16 , Υ

(1)
16 ∼ su16 ⊕ u1 , Υ

(2)
16 ∼ 2(e7 ⊕ su2) ,

Υ
(3)
16 ∼ so8 ⊕ so24 , Υ

(4)
16 ∼ e8 ⊕ so16 , Υ

(5)
16 ∼ so32 .

(3.15)

Other contributions to the lattice specify, in particular, the matter content and tachyons
in the spectrum.

The spectrum of each of these theories is similarly divided into four sectors according
to how the states transform under the spacetime symmetry group, and the charge lattice
Υ

(p)
16 is the union of the four conjugacy classes (cf. eq. (3.12)). The dual of this charge

lattice is, as before, the lattice corresponding to the vector conjugacy class:

Υ
(p)∗
16 ≃ Γ(p)

v . (3.16)
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This is particularly easy to prove for Υ
(4)
16 ; the theory is defined using a shift δ = (08) ×

(07, 1), hence Γ
(4)
v ≃ E8⊕D8, while the remaining three conjugacy classes are in one-to-one

correspondence with the spinor, co-spinor and vector representations of Spin(16) in such a

way that Υ
(4)
16 ≃ E8⊕D∗

8. The other cases can be similarly worked out. Heuristically, every

Γ
(p)
v has determinant 4, hence its discriminant group Γ

(p)∗
v /Γ

(p)
v has four elements each of

which is associated to a spacetime conjugacy class and so we can identify Γ
(p)∗
v ≃ Υ

(p)
16 .

3.2.1 Interpolation (T-duality) from lattice isomorphisms

Without entering into the details of circle compactifications, we state here an important
consequence of extending the charge lattice by adding the hyperbolic lattice encoding the
corresponding KK momentum and winding numbers on the circle:

Υ
(p)
16 → Γ1,1 ⊕Υ

(p)
16 . (3.17)

One can then check that the following lattice isomorphisms hold:

Γ1,1 ⊕Υ
(p)
16 ≃ Γ1,1 ⊕Υ

(q)
16 , ∀ p, q . (3.18)

In other words, the charge lattice is the same for the circle compactification of any of
these theories, and we will denote this lattice by Υ17,1. This situation is exactly the same
as the case of supersymmetric heterotic strings, where the isomorphism can be derived
trivially by using uniqueness results for even self-dual lattices. We see that the six theories
are T-dual on the circle, as already worked out in [26].

What is perhaps more interesting is that the lattices Υ
(p)
16 form a lattice genus. This

statement can be understood better in terms of their duals Γ
(p)
v . For even lattices, a genus

turns out to comprise exactly those lattices which become isomorphic upon extension by
a Γ1,1 factor just as above [41]; that these belong to the same genus is therefore trivial
as seen by taking the dual of both sides in (3.18), and it follows that the charge lattices
themselves are also in the same genus. It is non-trivial however that the genus is complete,
which can be checked by using the Smith-Minkowski-Siegel mass formula in the same way
one classifies even self-dual lattices [42]. This can be interpreted as a kind of classification
of T-dual non-supersymmetric heterotic strings, or more accurately a classification of
certain decompactification limits in the classical moduli space under consideration.

More generally, decompactification limits are characterized by orthogonal decompo-
sitions of the charge lattice Υ17,1 into a possibly scaled Γ1,1 sublattice and another rank
16 sublattice. Each such decomposition assigns a real positive modulus to the Γ1,1 part
which is equivalent to the compactification radius from the point of view of the limiting
ten dimensional theory; the rank 16 part is then associated to the heterotic gauge bundle.

There are only two other possible orthogonal decompositions of Υ17,1 aside from those
of (3.18). Namely,

Υ17,1 ≃ Γ1,1(
1
2
)⊕ E8 ⊕ E8 ≃ Γ1,1(

1
2
)⊕D+

16 , (3.19)
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where D+
16 is the weight lattice of Spin(32)/Z2. We recognize the two decompactification

limits to the supersymmetric heterotic strings in ten dimensions. In total there are eight
decompactification limits, matching the known classification of heterotic strings [1,19,20].
In particular one can consider curves in the moduli space which go from one such limit
to another; these are known as “interpolating models” in the literature [27,43].

We note that given these lattice isomorphisms one can define a change of basis

(n,w; π) 7→ (n′, w′; π′) , (3.20)

with the first two integers describing the hyperbolic lattice factor and π, π′ describing
the remaining rank 16 part of the charge lattice. This change of basis induces a trans-
formation in the moduli, i.e. the compactification radius and the Wilson line, that maps
from one compactified theory to another. This procedure is described in detail for the
supersymmetric case in [29] and is straightforward to extend to the case at hand once the
basis changes are known explicitly.

3.2.2 Symmetries of the charge lattice and tachyons

The automorphism group of the charge lattice in ten dimensions is a group of global
symmetries of the heterotic worldsheet theory, hence gauge symmetries of the spacetime
physics. For the E8 × E8 ⋊ Z2 string, the inner automorphisms comprise the Weyl group
of E8 ×E8 while the outer automorphism exchanges the E8 factors. For the Spin(32)/Z2

string, there are only inner automorphisms corresponding to the Weyl group of Spin(32);
the lack of Spin(32) co-spinors means that the outer automorphism conjugating the
spinors is not present.

Except for the exchange of E8’s, both automorphism groups are generated by reflec-
tions. Recall that a reflection σv of a lattice Γ is an involution defined by a vector v ∈ Γ
acting on every other vector w ∈ Γ as

v 7→ σv(w) = w − 2
v · w
v2

v . (3.21)

For self-dual lattices it turns out that only vectors with norm v2 = 2, i.e. roots, can
generate reflections, and in this case it is the set of simple roots which generates the full
Weyl group. For more general lattices, such as the charge lattices Υ

(p)
16 , there can be in

principle more possibilities for which we have to account.

We will start by considering the charge lattice Υ
(4)
16 ≃ E8⊕D∗

8. A naive approach could
consist in noting that this lattice is an extension of E8 ⊕ E8 by the co-spinor and vector
classes in D8 ⊂ E8 associated to twisted states. This suggests that the automorphism
group of the lattice contains, in particular, the Weyl reflections of E8×E8, but this is not
the case; reflections generated by the spinor class, e.g.

v = (1
2
, ..., 1

2
) ∈ E8 , (3.22)
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act on an twisted state vector class element w = (0, ..., 0, 1) by

σv(w) = w − v

v2
=
(
−1

4
, ...,−1

4
, 3
4

)
/∈ D∗

8 . (3.23)

In other words, the spinor class elements of D8 are reflective in E8 but not in D∗
8. The

upshot is that the automorphism group of E8⊕E8 gets reduced when passing to E8⊕D∗
8 to

that of the Weyl group of E8 ×Spin(16). This is not the whole story, however, the vector
class elements in fact turn out to be reflective in D∗

8. For an arbitrary vector w ∈ D∗
8 and

v = (0, ..., 0, 1), we have
σv(w) = w − 2(v · w)v , (3.24)

and the product (v ·w) is always in 1
2
Z; hence σv(w) ∈ D∗

8. Note that this reflection acts by
changing the sign of the last component of w, which indeed is a symmetry of D∗

8 because
both spinor and co-spinor classes are present.8 Note that using instead the basis of the
O(16)×O(16) string, the reflection is a bit more complicated because it has to exchange,
for example, elements in the (0, s) representation of SO(16) × SO(16) with elements in
the (v, v), which are associated to spacetime spinors and co-spinors, respectively.

Observe that the Weyl group of E8 in general mixes the elements of the underlying D8

with its spinor conjugacy class. This mixing is precisely due to the reflections generated by
the latter, and that they are projected out in the non-supersymmetric theory is consistent
with keeping spacetime vectors and spinors independent. In general, the reflection group
of the underlying E8 ⊕ D8 ⊂ Υ

(4)
16 will not mix any of the four conjugacy classes with

another. On the other hand, the extra reflections generated by the vector class exchange
the spinor and co-spinor classes, as shown above, while acting trivially on the adjoint and
vector classes. The presence of these reflective vectors is synonymous with the spectrum
being non-chiral. In turn, it is precisely these vectors which, because of their length, give
rise to tree-level tachyons (see eq. (3.5)). Hence we see that

Matter is non-chiral ⇔ Spectrum has tachyons . (3.25)

This whole analysis generalizes to the other non-supersymmetric theories. Indeed, the
O(16)×O(16) string is tachyon-free and its spectrum is chiral.9

The fact that certain Weyl reflections are projected out naturally by extending the
charge lattice is also in accord with projecting out the corresponding gauge bosons. In
other words, knowledge of the charge lattice itself and its reflection group is enough
to determine the gauge algebra of the theory, without any reference to its microscopic
construction.

8This reflection in Υ
(4)
16 ≃ Γ∗

v is also an automorphism of the lattice Γv since the automorphism group
of a lattice and its dual are the same. In this latter case the automorphism is not a reflection since there
are no norm 1 vectors in Γv to generate it; it is instead an outer automorphism exchanging the two
spinorial nodes in the Dynkin diagram of D8.

9The same conclusion can be reached from the point of view of the string worldsheet [18], which also
applies to the E8 string. In this language, spacetime tachyons correspond to worldsheet free Majorana-
Weyl fermions, which in turn imply invariance under changes in the spin structure induced by stacking
Arf theories.
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We conclude this discussion by noting that because of (3.16), the lattice Γ
(p)
v corre-

sponds in general to the weight lattice of the gauge group. Denoting the corresponding
gauge groups by Gp, we see that

G0 =
Spin(16)× Spin(16)

Z2

⋊ Z2 , G1 =
SU(16)

Z4

× U(1)⋊ Z2 ,

G2 =
(E7 × SU(2))2

Z2

⋊ Z2 , G3 =
Spin(8)× Spin(24)

Z2

,

G4 = E8 × Spin(16) , G5 = Spin(32) .

(3.26)

For G1 we specify only the fundamental group of the non-Abelian factor, with the outer
automorphism acting by conjugation of the SU(16) representations; these representations
include massive states which are charged both under SU(16) and U(1).

3.3 T d compactifications

We now move to torus compactifications of the O(16)×O(16) string which, as discussed
above, is equivalent to those of the other five non-supersymmetric heterotic strings.

The mass formula and level-matching conditions are the same as in the toroidal com-
pactification of the supersymmetric heterotic string, given in (2.5). The momenta are also
defined as in the supersymmetric setting (eqs. (2.6a),(2.6b) and (2.6c)):

pR =
1√
2
ê∗i
[
ni − Eijw

j − π · Ai

]
, (3.27a)

pL =
1√
2
ê∗i
[
ni + (2gij − Eij)w

j − π · Ai

]
, (3.27b)

pI = πI + AI
iw

i , (3.27c)

where E is defined in (2.7) and now π ∈ Υ16. One defines

|Z⟩ = |wi, ni, π⟩ (3.28)

with inner product given by

⟨Z|Z̃⟩ = nw̃ + ñw + π · π̃ . (3.29)

Note that

⟨Z|Z⟩ = P 2
L − p2R = 2

[
N̄ −N +

{
1 R sector
1
2

NS sector

]
, (3.30)

where as before PL = (pL, p
I).
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To determine the lattice of the vectors Z one can apply the procedure used in ten
dimensions to the torus compactifications of the E8 × E8 string by restricting the action
of the orbifold to the E8 ⊕ E8 part of the Narain lattice

Γd+16,d = Γd,d ⊕ E8 ⊕ E8 . (3.31)

The shift vector is now taken as δ = (02d; 07, 1; 07, 1), and its action on Γd+16,d defines the
subsets

Γ+ = {v ∈ Γd+16,d|v · δ ∈ Z} ,
Γ− = {v ∈ Γd+16,d|v · δ ∈ Z+ 1

2
} ,

(3.32)

and the four sectors according to spacetime conjugacy class (cf. eqs. (3.9) to (3.11)). The
subtlety now is that torus compactifications are non-chiral, and so the labels in Γs and
Γc are now unphysical. We will keep this notation for clarity, however.

In this procedure, the sublattice Γd,d of the Narain lattice is simply a spectator, and
so each of the conjugacy classes is exactly as for the ten dimensional theory up to an
orthogonal sum with Γd,d. The union of these classes gives, as before, the charge lattice
of the theory, and so we see explicitly how the extension (3.17) can be deduced. We write
the charge lattice as

Υd+16,d ≃ Γd,d ⊕Υ16 , (3.33)

with Υ16 the charge lattice of the ten dimensional theory. Alternatively we could choose
δ such that 2δ ∈ Γ1,1, e.g. with half an unit of winding and zero momentum along the
associated circle, which corresponds to turning on a spacetime fermion number holonomy
along this circle. This is nothing more than the Scherk-Schwarz mechanism and leads
explicitly to the presentation

Υd+16,d ≃ Γd−1,d−1 ⊕ Γ1,1(
1
2
)⊕ E8 ⊕ E8 , (3.34)

in accord with the lattice isomorphism (3.19).

We will now show some properties of this lattice, while in section 3.4 we discuss the
massless states.

3.3.1 T-duality

As discussed in Section 3.2.2, automorphisms of the charge lattice in ten dimensions
are gauge symmetries of the theory. Upon torus compactification, the charge lattice gets
promoted from an Euclidean lattice to a Lorentzian one, i.e. with time-like as well as
space-like directions. This in turn promotes its automorphism group to one of dualities.
In the supersymmetric setting it is customary to refer to this automorphism group as the
T-duality group, extending the usual notion of exchanging winding and KK momentum
appearing in the bosonic string to operations involving the quantum numbers in the gauge
lattice. In the non-supersymmetric theory we proceed in a similar manner, but further
taking into account the subtleties involving mixing of conjugacy classes discussed above.

18



The way in which the T-duality group of the supersymmetric heterotic string changes
on breaking supersymmetry was investigated at length in [12]. This change was determined
to be a reduction to a congruence subgroup, which in practice consists of those elements of
the original T-duality group which do not mix spacetime conjugacy classes. To illustrate
this consider the case of Wilson line shifts in nine dimensions, which act on the moduli
and quantum numbers as follows,

A→ A+Q , R → R ,

n→ n− 1
2
Q2w −Q · π , w → w , π → π +Q ,

(3.35)

with Q an element in the gauge lattice E8 ⊕ E8. A translation by a D8 ⊂ E8 spinor
Q = (1

2

8
) would mix elements in the classes Γv and Γs, hence is projected out in the

congruence subgroup. We must restrict to Q ∈ Υ
(p)
16 , e.g. Q ∈ E8 ⊕D8.

Similarly to the ten-dimensional case with p = 4, we find here that the presence of
vector class elements in D∗

8 takes care of projecting out the undesired transformations.
Indeed, for e.g. Q = (08) × (1, 07), we have that n → n − 1

2
w − π9 which is generically

in 1
2
Z and so the shift is not an automorphism of Υ17. But again by projecting out

such transformations we do not get the full automorphism group. We should extend the
congruence subgroup by including the transformation which exchanges the classes Γs and
Γc, as they are physically indistinguishable because of the lack of spacetime chirality in
nine dimensions. In the basis with p = 4 used above, it consists in changing the sign of one
of the components of the Wilson line sitting in D8, whereas in the original supersymmetric
theory one is allowed to change the sign of a pair of components at a time.

The moral of the story is that that the full duality group of the theory is the auto-
morphism group O(Υ17,1) and so the classical moduli space, now for arbitrary d, is of the
familiar form

Mnon-susy ≃ [O(Υd+16,d)\O(d+ 16, d)/O(d+ 16)×O(d)]× R+ , (3.36)

with R+ the dilaton factor. Interestingly, since the automorphism group of a lattice and
its dual are the same, one can describe the global structure of the moduli space in terms
of O(Γv) instead; the spacetime vector class already contains this global information.

3.4 Symmetry enhancement

We are interested in the appearance of extra massless states at special points in moduli
space. The mass formula and level matching conditions are the same as for compactifica-
tions of the E8 × E8 theory, given in (2.5), where now (ni, ω

i, π) ∈ Υd+16,d.
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The massless bosons satisfy any one of the following conditions:

•N = 1 , Ñ = 1
2
, PL = 0 , pR = 0 ⇒ P = 0 ,

•N = 0 , Ñ = 1
2
, P 2

L = 2 , pR = 0 ⇒ P ∈ Γv ,

•N = 0 , Ñ = 0 , P 2
L = 2 , p2R = 1 ⇒ P ∈ Γ0 ,

•N = 1 , Ñ = 0 , PL = 0 , p2R = 1 ⇒ P ∈ Γ0 .

(3.37)

The last two lines are states that are not present in the supersymmetric theory. The third
line gives scalars which are discussed in detail in the next section, while the last line gives
right-moving vectors, to be discussed below.

At generic points in the moduli space, i.e. in the bulk of the fundamental domain,
the massless bosonic spectrum of the theory are given by states satisfying the conditions
in the first line. These particles are the graviton, B-field, dilaton as well as 16 + d gauge
vectors and d graviphotons. This is nothing but the bosonic content of the supersymmetric
theory. Generically the gauge symmetry group is U(1)16+d×U(1)d, while at special regions
corresponding to finite distance boundaries in the fundamental domain the U(1)d+16 factor
undergoes enhancement to a non-Abelian group.

Symmetry enhancement in the left-moving sector occurs when, as in the supersym-
metric string, there are massless states of the type in the second line. The discussion
in Section 2.1.2 then carries over if we exchange the Narain lattice by the vector class
lattice Γv. Massless gauge bosons have pR = 0 and P 2

L = 2 and define a root lattice whose
overlattice W primitively embedded into Γv is the weight lattice of the gauge group G.
To prove this last statement simply note that since Υd+16,d is the dual of Γv and W is
primitively embedded into the latter, Υd+16,d has by construction every vector which is
integrally paired with W and so its projection onto the real span of W yields the dual
lattice W ∗.10

At this point it is worth making a curious observation. The lattice Γv always admits a
primitive embedding into the Narain lattice corresponding to the supersymmetric theory
with one more compact direction,

Γv ≃ Γd,d ⊕ E8 ⊕D8 ↪→ Γd,d ⊕ Γ1,1 ⊕ E8 ⊕ E8 , (3.38)

with orthogonal complement Γ1,1(2); to see this just embed D8 primitively into Γ1,1⊕E8.
This implies that every weight lattice W considered above admits a primitive embedding
into Γd+16,d ⊕ Γ1,1 and so its associated gauge group is realized in the supersymmetric
theory with one more compact dimension. This implies that for d = 2 every non-simply-
connected gauge group G satisfies the constraint derived in [45] for N = 1 theories in
eight dimensions to be free of 1-form center anomalies since every weight lattice embedded

10Alternatively one can use the general framework for computing the fundamental group of a gauge
group when the charge lattice of the theory is not self-dual [44]. We look for embeddings of the co-root
lattice into the dual charge lattice where the primitively embedded overlattice corresponds to the weight
lattice of the gauge group. Since every root system here is simply-laced and the dual of the charge lattice
is Γv the result above follows.
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primitively into the Narain lattice for any d trivially satisfies it [30]. Since the analysis of
this reference is independent of the theory being supersymmetric, this result serves as an
interesting verification extending the scope of the expected properties of charge lattices.

We come now to the states in the last line of (3.37), which are absent in the super-
symmetric theory. They give rise to extra right-moving vectors, enhancing the U(1)d part.
The enhanced gauge algebra is given by the root sublattice of the orthogonal complement
T = W⊥ in Υd+16,d, where roots have norm −1, and as such it can only involve su2 factors.
To see this, note that these roots live in the sublattice Γv ∪ Γ0 ≃ Γd,d ⊕ E8 ⊕ Z8, which
is manifestly integral. Hence the product of two norm −1 vectors cannot be −1/2 as
required to form an su3. Moreover, as suggested by the length of the roots, the associated
worldsheet current algebras have level 2.

3.5 Matter content and tachyons

At special points in the moduli space the spectrum of the theory acquires massless
fermions as well. The mass formula and level matching condition (2.5) in the R sector
gives massless fermions for11

•N = 0 , Ñ = 0 , P 2
L = 2 , pR = 0 . (3.39)

These are spin 1/2 fermions corresponding to elements in the conjugacy classes Γs and
Γc with the same P 2

L, pR as the spacetime vectors. Their charge vectors are not reflective,
however, and so their appearance is not tied to being at a boundary of the moduli space.
On the other hand they do appear generically accompanying symmetry enhancements,
and this is the situation we will be interested in.

The first thing to note is that the union of any of the spinor conjugacy classes with the
vector class produces an even self-dual lattice. Indeed the union Γv∪Γs is nothing but the
Narain lattice of the parent supersymmetric theory. Having at hand a primitive embedding
W ↪→ Γv it may then admit an overlattice inside e.g. Γv∪Γs with extra elements satisfying
pR = 0; if some of them in turn satisfy P 2

L = 2, they give rise to massless spinors. This is a
generalization of the ten-dimensional situation where, for example, each D8 has overlattice
E8 in the O(16)×O(16) heterotic string charge lattice. The situation is similar for the Γc

class, where an overlattice of W in Γv ∪ Γc can lead to having massless co-spinors.

There are massless scalars accompanying any massless vector, since the states with
Ñ = 1

2
in the second line of (3.37) are allowed to have this oscillation along the external

space, giving rise to vectors, as well as on the internal space, giving rise to scalars. These
scalars, which also appear in the supersymmetric theory, transform in the adjoint of the
gauge group, and are massive in the vicinity of the points of enhancement. Similarly, the
states in the last line have their (right-moving) scalar partners. On the other hand, for
the scalars with N = Ñ = 0 the situation is subtler. On top of those becoming massless

11Another solution is N = 1 Ñ = 0 , P 2
L = 0 , pR = 0, corresponding to the gravitino, but it is projected

out of the spectrum; otherwise it would be in a sector of the form NS+ NS+ R.
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at special points (third line of (3.37)), there are scalars with

•N = 0 , Ñ = 0 , P 2
L = 1 , p2R = 0 . (3.40)

These are tachyonic with m2 = −2. We can compute the overlattice of W in Γv ∪ Γ0,
which is an odd self-dual lattice, and for each element with norm 1 we have a tachyon.
The subtlety lies in considering other tachyonic states with p2R > 0 up to p2R = 1 at which
point they become massless scalars. Such states are not encoded in overlattices of W , but
as we explain shortly they are still amenable to computation using basic lattice embedding
techniques.

The general situation in Γ0 is that any vector in Υd+16,d with

0 ≤ p2R ≤ 1 , P 2
L = p2R + 1 , (3.41)

gives a tachyonic or massless scalar with

m2 = −2(1− p2R) , (3.42)

and to obtain them we proceed as follows: as already mentioned, the union Γv ∪ Γ0

is an odd self-dual lattice. Most importantly, however, it is integral. Every element u
in Γ0 is integrally paired with those in Γv, and in particular with those in W and its
orthogonal complement T ≡ W⊥ in Γv. This means that the projections uW and uT on
these sublattices are respectively integrally paired with W and T , hence they belong to
their duals W ∗ and T ∗. It follows that every possible u = (uW , uT ) can be obtained by
considering every possible pair of elements in these dual lattices and checking afterwards
that the result indeed lies in Γ0 i.e. that their components are well quantized. Since
u2W = P 2

L, we can filter at the outset the elements in W ∗ by asking that 1 ≤ u2W ≤ 2, and
the result is the full scalar conjugacy class spectrum up to massless level.

Among the tachyons that can appear for different enhancements in the theory, those
with m2 = −2, i.e. pR = 0, play a special role. As discussed in Section 3.3.1, their charge
vectors are reflective, and these reflections become symmetries of the theory at the loci
of the moduli space where pR = 0 is satisfied. It follows that whenever there is a tachyon
of this type in the spectrum, the content of the spinor and co-spinor conjugacy classes is
exactly the same; this generalizes the situation in ten dimensions where tachyonic theories
are non-chiral. We will see in Section 4.2 in which representation of the gauge group these
tachyons transform. Note that there can be tachyons with pR ̸= 0 in the compactified
theory, which do not imply this symmetry.
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4 Classical moduli space and symmetry enhance-

ments in d = 1

We now specialize to circle compactifications, which is the main subject of this paper.
Our interest is in obtaining the full list of maximal symmetry enhancements,12 which as
shown in [26] extremize the cosmological constant. Such enhancements can be obtained
very easily in the supersymmetric case by means of an extended Dynkin diagram, which
encodes the codimension one walls of a fundamental domain of the moduli space and
how these walls intersect; equivalently it encodes the generators of the reflexive part of
the T-duality group. This prompts the question of whether such a diagram exists in the
non-supersymmetric case we are considering.

As we will see, such a diagram does exist, allowing us to find the symmetry enhance-
ments in a manifestly exhaustive way. After constructing it and extracting this data we
turn to characterizing each maximal enhancement in the rest of the section.

4.1 Extended Dynkin diagram

4.1.1 Diagram for the supersymmetric theory

In the supersymmetric case the extended Dynkin diagram (EDD) can be constructed by
adding the affine node to both E8 factors (0), (0’), giving them a momentum or winding
charge with respect to the circle direction, and adding an extra node (c) connecting the
two affine nodes:

1 2 3 4 5 6 0

7

8

c 0’ 6’ 5’ 4’ 3’ 2’ 1’

7’

8’

(4.1)

where we colored the nodes that have momentum and/or winding charge.

Alternatively, one can affinize the Dynkin diagram of D16 and add two nodes (c) and
(w) which respectively account for the extra root obtained from the Γ1,1 lattice and the

12By maximal symmetry enhancement we mean rank 17 gauge groups without U(1) factors (enhanced
gauge symmetry completely fixed by reflections in the duality group). For example, SU(18), ignoring
the graviphoton, or enhancements with one U(1) factor associated to a pair of tachyons such as the
SU(16) × U(1) gauge symmetry in ten dimensions. In this definition we do not consider enhancements
of the right-moving sector because these enhancements do not constrain the moduli in the same way and
can be considered accidental.
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spinor which extends D16 to the charge lattice D+
16:

1 2 3 4 5 6 7

16

w

8 9 10 11 12 13 14 15

0

c

(4.2)

As one can see, both procedures lead to the same diagram. This diagram was first consid-
ered in the context of circle compactifications of heterotic strings in [46], but had made
appearances before in other contexts [33, 47].

From the extended Dynkin diagram one can obtain all the maximal enhancements in
the theory by deleting two nodes such that what remains is of ADE type [34]. Each node
gives a co-dimension one surface in moduli space, and the intersection of seventeen of them
defines the point where the maximal enhancement occurs. More generally, all enhance-
ments of rank k, and the 17− k-dimensional surfaces in moduli space where they occur,
can be obtained by deleting 19− k nodes. Extensions of these ideas to compactifications
to lower dimensions were explored in [29].

4.1.2 Diagram for the non-supersymmetric theory

We now apply the procedure of affinization and extension outlined above to get the
extended Dynkin diagram for the non-supersymmetric theory. In principle we can take as
a starting point any of the six non-supersymmetric theories, since they are dual upon circle
compactification. However, the absence of tachyons in the O(16)×O(16) string makes the
process considerably clearer. We will proceed in analogy with the supersymmetric case by
adding nodes to the affine diagrams of both SO(16) ∼ D8 gauge factors, accounting for
the compactification circle and the spinor-spinor element in the gauge lattice [2D8]

+.

We work in the basis of Γv ≃ Υ∗
17,1 where charge vectors are written as

|Z⟩ = |w, n; π⟩ , w, n ∈ Z , π ∈ [2D8]
+ , (4.3)

with inner product given by (3.29). The simple roots and lowest root of the D8 sublattices
are embedded into Γv as follows

φi = |0, 0;αi, 0
8⟩ , φ′

i = |0, 0; 08, αi⟩ , i = 1, ..., 8 ,

φ0 = |0, 1;α0, 0
8⟩ , φ′

0 = |0, 1; 08, α0⟩ ,
(4.4)

where

α1 = (1,−1, 06) , ... , α7 = (06, 1,−1) , α8 = (−1,−1, 06) , α0 = (06, 1, 1) . (4.5)

Note that the nodes corresponding to the lowest roots have momentum charge on the
circle, making them linearly independent from the simple roots.
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We extend the root system by adding two more nodes. The first one corresponds to
the circle direction and reads

φc = |−1,−1; 08, 08⟩ . (4.6)

The second one is constructed in analogy with the SO(32) heterotic string: we take the

spinor-spinor element (1
2

16
) and add winding w = −1 and momentum n = 1 such that its

norm goes from 4 to 2,
φw = |−1, 1; 1

2

8
, 1
2

8⟩ . (4.7)

The way in which the extra nodes are linked to the affine 2D8 turns out to be very simple,
leading to a very symmetric extended diagram:

φ2 φ3 φ4 φ5 φ6

φ′
2 φ

′
3 φ

′
4 φ

′
5 φ

′
6

φ8

φw

φ′
8

φ0

φc

φ′
0

φ1 φ7

φ′
7φ′

1

(4.8)

As in the supersymmetric case reviewed above, we have colored the nodes extending
the original (non-affine) 2D8 diagram, i.e. those which have non-zero momentum and/or
winding.

The diagram (4.8) looks quite promising and indeed we will see that it plays a special
role. Strictly speaking, however, it does not tell the full story. An extended diagram is
supposed to encode the reflective part of the duality group, and as we have seen in Section
3.3.1, there are reflections generated by vectors with norm 1 which are not accounted for
so far. This suggests that the diagram has to be extended by adding “short roots.”13

Before proceeding, however, note that any extra node we add must correspond to a vector
in the charge lattice Υ17,1, and that there are already 20 nodes in our diagram. For this
reason, a generic extra node will have non-trivial links with many of those already in the
diagram — constructing a “simple” extension of (4.8) is a highly constrained problem.

4.1.3 Tachyon contributions and infinite distance limits

With this constraint in mind we look for extensions of (4.8) by solving a system of linear
equations which determines a norm 1 vector in Υ17,1 linked as simply as possible with
those given in (4.4), (4.6) and (4.7). Remarkably, there is a solution with only two links,

13The reason for the quotation marks is that in the nine-dimensional theory these correspond to scalars
rather than vectors, so they are not part of the gauge group.
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given by
φt = |−1, 1;−1

2
, 1
2

7
, 07, 1⟩ , (4.9)

and the resulting diagram takes the form

2 3 4 5 6

2′ 3′ 4′ 5′ 6′

8

w

8′

0

c

0′

1

7

7′

1′

t

(4.10)

where we have dropped the φ’s for clarity. As already discussed, the short roots are
associated to tachyons, hence the subscript t.

To see if the diagram just obtained completes the picture it is instructive to put it
through another test. In the supersymmetric case, the extended diagram not only encodes
every symmetry enhancement at finite distance. It also encodes infinite distance limits,
where one gets the affine version of the two ten-dimensional gauge symmetries [48]. Indeed,
the affine subdiagrams are the starting point of the construction. Naturally we expect the
same to occur in the non-supersymmetric setting, although here the extended diagram is
required to encode eight different decompactification limits instead of two (six correspond-
ing to the non-supersymmetric theories given in (3.15) and two to the supersymmetric
ones). Remarkably, the diagram (4.10) almost passes this test. By appropriately deleting
nodes we find the affine Dynkin diagrams of all the ten-dimensional limiting gauge groups
except SU(16)×U(1) (see Figure 1); in this latter case, an affine node is missing. Note that
to properly read the diagrams we must take into account the fact that the charge vectors
of tachyons are strictly seen as roots by the theory and that they transform as vectors
of the gauge group Spin(2n). The root system of Spin(2n) combined with the weights
sitting in the vector representation is isomorphic to the root system of Spin(2n+1), hence
the subdiagram we look for is not D̂n but rather B̂n.

To correct the issue of the missing affine subdiagram, note that because of the sym-
metry of the diagram (4.8), when we added the node (t) connecting (1) and (7′) we might
as well have added instead a node (t′) connecting (1′) and (7). We must in fact add both
nodes at the same time. The node (t′) is given by the vector

φt′ = |−1, 1; 07, 1,−1
2
, 1
2

7⟩ , (4.11)

which has inner product −1 with φt; the two extra nodes are then linked by a double
line and furnish the affine Dynkin diagram of B1. The resulting diagram can be shown
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2 D̂8 Â15 +B1

!

2 Ê7 + B̂2

D̂12 + B̂4 Ê8 + B̂8 B̂16

2 Ê8 D̂16

Figure 1: Affine Dynkin diagrams encoded in the almost complete extended diagram of
the O(16) × O(16) heterotic string on S1. Red nodes are to be removed. The first six
cases correspond to the ten dimensional non-supersymmetric heterotic strings while the
last two cases correspond to the supersymmetric ones. The second case, corresponding
in the decompactification limit to the SU(16)× U(1) string, shows that an extra node is
required in order to have affine B1, but it is not necessary to obtain every possible finite
distance gauge symmetry enhancement.
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to account for all the walls in the fundamental domain of the moduli space, and so is
complete. It takes the form:

(4.12)

Here we omit labels and arrows for clarity, but note that the double link between yellow
nodes does not involve an arrow as the corresponding vectors have the same length.
Remarkably, this same diagram was found by Vinberg in his classification of hyperbolic
Coxeter groups [47], where he also found the one for the lattice Γ1,17 corresponding to
circle compactifications of the supersymmetric heterotic strings. This reflects the fact
that the fundamental domains of the classical moduli space of both supersymmetric and
non-supersymmetric heterotic strings on a circle (with rank 16) are Coxeter polytopes.

4.1.4 Fundamental domain

The extended Dynkin diagram allows us to determine the fundamental region in moduli
space, whose walls are the fixed points of the symmetry corresponding to each node of
the diagram. In the the supersymmetric Spin(32)/Z2 heterotic string the fundamental
domain has the form of a chimney14 [34] whose vertical walls are given by constant values
of the Wilson lines, and the horizontal ones are two spherical walls corresponding to the
nodes c and w in the extended Dynkin diagram (in the E8 × E8 string description there
is only one spherical boundary due to the node c because there is no node w). Here we
determine the fundamental domain for the non-supersymmetric O(16)×O(16) string.

The boundaries of the fundamental domain are given by the co-dimension one walls
in moduli space given by the moduli that satisfy

pR = 0 ⇔ n− Ew − π · A = 0 (4.13)

for a given charge vector |w, n; π⟩ associated to each node in the extended Dynkin diagram;
recall this is one of the conditions for the respective gauge bosons to become massless. Each
wall then defines two T-dual regions of the moduli space such that only one of them is kept
in the fundamental domain, e.g. the one that satisfies the inequality n−Ew− π ·A ≤ 0.
The 22 nodes of the extended Dynkin diagram then give a set of 22 inequalities that
define the fundamental region of moduli space. These are recorded in Table 2 for the

14Very much like in the SL(2,Z) case, where the vertical “walls” (lines in this case) are at a fixed value
of the real part of τ , and there is a circular boundary at the bottom given by |τ | = 1.
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Node Generator Fundamental region

φi=1,...,7 |0, 0;αi, 0
8⟩ Ai ≤ Ai+1

φ8 |0, 0;α8, 0
8⟩ −A2 ≤ A1

φ0 |0, 1;α0, 0
8⟩ A8 ≤ 1− A7

φ′
i=1,...,7 |0, 0; 08, αi⟩ Ai+8 ≤ Ai+9

φ′
8 |0, 0; 08, α8⟩ −A10 ≤ A9

φ′
0 |0, 1; 08, α0⟩ A16 ≤ 1− A15

φw |−1, 1; 1
2

8
, 1
2

8⟩ 2R2 ≥ 2− (A− w)2

φc |−1,−1; 08, 08⟩ 2R2 ≥ 2− A2

φt |−1, 1;−1
2
, 1
2

7
, 07, 1⟩ 2R2 ≥ 1− (A− t)2

φt’ |−1, 1; 07, 1,−1
2
, 1
2

7⟩ 2R2 ≥ 1− (A− t’)2

Table 2: Fundamental region of the O(16) × O(16) string compactified on a circle. Here
w, t and t’ denote the 16-dimensional piece of the corresponding node. The boundaries
are given by saturating the inequalities.

charge vectors in (4.4), (4.6) and (4.7).

The constraints associated to the nodes (c), (w), (t) and (t′) all involve the radius R,
and give rise to four spherical boundaries at the bottom (small R) of the moduli space.
In Figure 2 we plot these boundaries in a 3-dimensional slice given by an appropriate
parametrization of the Wilson line moduli Ai. The two larger walls, absent in the super-
symmetric case, correspond to the tachyon nodes which, as explained above, are doubly
linked. They therefore intersect at infinite distance R → 0 (red dot) where the theory
decompactifies15 to the SU(16)× U(1) string. The significance of this is that every finite
distance intersection cannot involve both of these walls simultaneously, and so the full set
of symmetry enhancements is encoded already in the subdiagram (4.10). For our purposes,
then, the full non-planar diagram (4.12) will not be necessary.

4.2 Maximal enhancements

Maximal symmetry enhancements are obtained from the EDD (4.10) by simply deleting
four nodes such that what remains is the Dynkin diagram of a finite-dimensional Lie
algebra. The presence of the tachyon node (t) leads to a Bn component, which signals a
spin2n gauge algebra at level 1 together with a tachyon of mass m2 = −2 sitting in its
vector representation 2n. The remaining pieces of the diagram then correspond to various
ADE factors completing the rank of the gauge algebra to 17. The reader is encouraged to
verify this for the trivial SU(2) enhancements at the self-dual radius for the five tachyonic

15This point, as well as the green dots, all located at R = 0, are actually T-dual to the usual decom-
pactification limits R → ∞.
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Figure 2: Slice of moduli space withWilson line A = (−a1, (a1)6, 1− a1,−a2, (a2)6, 1− a2),
showing the four spherical boundaries of the fundamental domain. The red and green dots
are, respectively, associated to the Â15+ B̂1 and D̂16 decompactification limits (cf. Figure
1).

heterotic strings; for example, see the diagram:

2E7 +B2 + A1

(4.14)

The values of the moduli are then obtained by saturating the corresponding inequalities
in Table 2, yielding in this case

R = 1
4
, A = (05, 1

4

2
, 1
2
, 02, 1

2

6
) . (4.15)

Finally one can determine the rest of the spectrum up to the massless level as explained
in Section 3.5. This requires the embedding data of the root lattice into Υ17,1, which is
simply given by the collection of charge vectors associated to the nodes in the left-over
Dynkin diagram.

The full list of maximal enhancements, including those with the tachyonic node in the
EDD, comprises 107 distinct cases. We record the relevant data in Table 8 of Appendix A.
Out of these cases, there are 12 enhancements corresponding to deletions of the nodes (1)
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and (7′) in the EDD (4.10), which means they have a U(1) factor in their gauge group. We
take these enhancements to be on the same footing as those without U(1) factors, since
they are also obtained by deleting only four nodes, and thus appear at points in moduli
space which are fixed points under 17 reflection symmetries. On the other hand, there are
rank 16 non-maximal enhancements that occur at lines in moduli space, fixed under 16
reflection symmetries, and are therefore not on the same footing as the preceding case.

In general, enhancements without tachyons of mass m2 = −2 are those encoded in the
subdiagram (4.8). There are in total 22 of these which are maximal, up to symmetries of
the diagram which are symmetries of the theory, but 14 of them do contain tachyons with
mass −2 < m2 < 0. Only the remaining 8, recorded in Table 3, are candidates for tachyon-
free critical points of the cosmological constant. As will be explained shortly, however, four
of these have scalars in the conjugacy class Γ0 which makes them automatically unstable.

# WL v s c 0

41
(
016
)

[A1 + 2D8 ;Z2]
(1,128,1)

(1,1,128)
(1,16,16) none

40
(

1
2

2
, 014

)
[A1 +A2 +D6 +D8 ;Z2]

(2,1,32,1)

(1,1,1,128)
(1,1,12,16) none

36
(

1
2

3
, 013

)
A4 +D5 +D8 (1,1,128) (1,10,16) none

17
(

1
2

3
, 05, 1

2

3
, 05
)

[A7 + 2D5 ;Z4] none
(1,10,10)

(70,1,1)
none

51
(
1, 015

)
D8 +D9 (128,1) (16,18) (128,1)× 2

37
(

1
2

4
, 012

)
[D4 +D5 +D8 ;Z2]

(1,1,128)

(8,10,1)
(8,1,16) (8,16,1)× 2

28
(

1
2

2
, 06, 1

2

2
, 06
)

[2A1 +A3 + 2D6 ;Z2
2]

(2,1,1,32,1)

(1,2,1,1,32)

(1,1,1,12,12)

(2,2,6,1,1)

(2,1,1,32,1)× 2

(1,2,1,1,32)× 2

73
(

1
2

5
, 03, 1

4

7
, - 14

)
[A11 + E6 ;Z3] none none

(143,1)× 2

(1,78)× 2

Table 3: The eight tachyon-free maximal enhancements, all realized at R2 = 1− 1
2
A2, their

Wilson lines and massless spectra. The numbers indicate their location in the complete
list of maximal enhancements given in Table 8.

.

4.2.1 Scalars and knife edges

Consider the maximal enhancement obtained by turning on a Wilson line

A = (1, 07, 08) (4.16)
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and setting the critical radius R2 = 1/2. The effect of the Wilson line is to project out

the element (1
2

8
) in the gauge lattice [2D8]

+ making the gauge group simply connected,

A : G =
Spin(16)× Spin(16)

Z2

→ Spin(16)× Spin(16) . (4.17)

Upon tuning the radius to 1/
√
2, the Spin(16) factor in which the Wilson line sits is

subsequently enhanced to Spin(18), and so the maximal enhancement has gauge group
G = Spin(18) × Spin(16). This model has no tachyons and correspondingly it can be
obtained from the extended diagram (4.8):

D9

D8

(4.18)

As observed in [26], however, there are massless scalars in the spectrum which do become
tachyonic as soon as any of the Wilson line moduli associated to the D8 factor are turned
on. The cosmological constant goes to −∞ for any infinitesimal variation along any of
eight directions in moduli space, and so the maximal enhancement point sits on a “knife
edge” making it unstable. We discuss this in detail in Section 5.3.4.

To see how these scalars are obtained, note first that the weight lattice of the gauge
group G is W = D8 ⊕ D9, as G is simply connected (this and other lattice embedding
statements can be checked explicitly by using the embedding data of the roots obtained
from the EDD). The dual lattice W ∗ therefore contains the spinor class of D8 which
comprises vectors with norm 2. On the other hand, the orthogonal complement of W in
Γv can be shown to be T = A1(−2), whose dual T ∗ contains two vectors with norm −1.
Combining these sets of dual vectors we obtain a total of 128×2 = 256 vectors in Γ0 with
p2L = 2 and p2R = 1. As explained in Section 3.5, these give rise to scalars in the spacetime
spectrum. A pair of such vectors takes the form

|±1,∓1;∓1, 07, -1
2
, 1
2

7⟩ . (4.19)

Turning on a Wilson line ϵ in the D8 factor, say A = (1, 07, ϵ, 07), the value of p2R for these
vectors is then

p2R =
1

2R2
(∓1∓ E − A · π)2 = (∓1 + 1

2
ϵ)2 , (4.20)

so that one vector has p2R > 1 while the other has p2R < 1. The scalar associated to the first
vector thus becomes massive while that associated to the second becomes tachyonic. In
general, 128 out of the 256 scalars become massive while the other 128 become tachyonic,
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for any value of ϵ.

The general lesson here is that whenever there are massless scalars transforming in
a non-trivial representation of a gauge group factor, varying these moduli such that this
gauge symmetry is broken will always produce tachyons. The presence of scalars of this
type always signals an instability in the theory.

4.2.2 Scalars in the adjoint and right-moving gauge bosons

Let us now consider the tachyon-free maximal enhancement with gauge group E6 ×
SU(12)/Z3. In the supersymmetric heterotic string on S1 there is also a maximal enhance-
ment with this gauge group, and it turns out that its weight lattice W has orthogonal
complement T = A1(−2) in the Narain lattice Γ17,1. We can therefore break supersymme-
try at this point by using a norm −1 shift vector along T given by its generator divided
by 2. Since this shift is orthogonal to W , the gauge group is preserved, and the result is
the aforementioned non-supersymmetric maximal enhancement.

Whenever a non-supersymmetric enhancement can be obtained by putting a shift
along T , the conjugacy class Γ0 will contain norm −1 vectors. From Section 3.4 we see
that these vectors give rise to SU(2) enhancements at level 2 in the right-moving sector.
In this case, the result is that the full gauge symmetry is

G =

(
E6 × SU(12)

Z3

)
L

× SU(2)R . (4.21)

On the other hand, one can add together the aforementioned norm −1 vectors with the
charge vectors associated to the roots of the left-moving gauge group, resulting in norm
1 vectors giving rise to massless scalars as in the previous example. To be precise we
obtain a spacetime scalar transforming in the adjoint representation of the full gauge
symmetry group. Any variation of the moduli whatsoever results in some of the states
forming this scalar becoming tachyonic, and so this maximal enhancement is completely
unstable; it sits at a knife edge with respect to every direction in moduli space. There are
various maximal enhancements exhibiting SU(2)R gauge symmetries (see Table 8), but
the example discussed here is the only one without tachyons in nine dimensions.

We remark that in the case of T 8 compactifications there are 24 special points in
the classical moduli space where Υ8,24 splits orthogonally into NI ⊕ D∗

8(−1) with NI

one of the 24 Niemeier lattices. There is an enhancement of the right-moving sector to
SU(2)8/Z7

2 in accord with the fact that the worldsheet CFT must factorize into a left-
moving CFT based on NI and a right-moving CFT realized with 24 real fermions and
current algebra 8 Â1,2 [49]. Since the NI are self-dual, there are no tachyons nor massless
fermions. Moreover, in the case of the Leech lattice, which lacks roots, there is no left-
moving non-Abelian gauge group and so there are no knife edges. These 24 points belong
to a family of so-called MSDS models [50]; their massive spectra are degenerate since the
partition function of the right-moving CFT is exactly 24.16

16We thank B. Percival for bringing these models to our attention.
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5 One-loop cosmological constant

All maximal enhancements lie at the intersection of seventeen walls in moduli space, and
as such are invariant under the seventeen reflections corresponding to each node. This
is sufficient to show that maximal enhancements extremize the one-loop cosmological
constant [26]. However the proof does not tell us if they are maxima, minima or saddle
points. Furthermore, the sign of the cosmological constant could be either positive or
negative. Here we compute the one-loop cosmological constant in the whole seventeen-
dimensional moduli space, and determine its Hessian at the eight points of tachyon-free
maximal enhancement. We will show that none of them are minima.

5.1 Computing the cosmological constant for T d compactifica-
tions

The one-loop cosmological constant is obtained by integrating the partition function over
the fundamental domain F0 of the complex structure of the world-sheet two-torus (see
Figure 3)

Λ1−loop = −(4π2α′)−
10−d

2

∫
F0

d2τ

2τ 22
Z(τ) , (5.1)

where 10− d is the number of external dimensions.

The partition function of the O(16)×O(16) theory compactified on T d was computed
in [12] and involves sums over states in subsets of the charge lattice Υd,16+d,

Z(τ) = Z8−d
(
V̄8 Zv − S̄8 Zs − C̄8 Zc + Ō8 Z0

)
. (5.2)

The SO(8) characters V8, S8, C8, O8 are given in (B.2), and the individual partition func-
tions are

Z8−d(τ) = τ
− 1

2
(8−d)

2 (ηη̄)−(8−d) ,

Zv,s,c,0(τ) =
1

η16+d η̄d

∑
P∈Γv,s,c,0

q
P2
L
2 q̄

p2R
2 ,

(5.3)

with the Dedekind eta function given by

η(τ) = q1/24
∞∏
n=1

(1− qn) , q = e2πiτ . (5.4)

Using O8 and V8 = S8 = C8 given in (B.2), we get

Z =
1

2τ
8−d
2

2 η24∗ η̄
12
∗

[
f1(q̄) (zv − zs − zc) + f2(q̄) z0

]
, (5.5)
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Figure 3: A fundamental domain for τ , divided into two regions. When integrating over
the fundamental domain, the yellow region gets contributions only from terms with no
dependence on τ1.

where we have defined

η∗(q) = q−1/24η(τ) =
∞∏
n=1

(1− qn) = 1− q − q2 +O
(
q5
)
,

f1(q̄) =
1√
q̄

(
∞∑

n=−∞

q̄
1
2(n+

1
2)

2

)4

= 16 + 64q̄ + 96q̄2 +O(q̄3) ,

f2(q̄) =

(
∞∑

n=−∞

q̄
n2

2

)4

+

(
∞∑

n=−∞

(−1)nq̄
n2

2

)4

= 2 + 48q̄ + 48q̄2 +O(q̄3) ,

and

zv,s,c =
1

q

∑
P∈Γv,s,c

q
P2
L
2 q̄

p2R
2 =

∑
P∈Γv,s,c

eπiτ1(⟨Z|Z⟩−2)e−πτ2(P 2
L+p2R−2) ,

z0 =
1

q
√
q̄

∑
P∈Γo

q
P2
L
2 q̄

p2R
2 =

∑
P∈Γ0

eπiτ1(⟨Z|Z⟩−1)e−πτ2(P 2
L+p2R−3) ,

(5.6)

where we used (3.29) for the difference P 2
L − p2R that appears in the terms with τ1.

To compute the one-loop cosmological constant (5.1), one has to integrate over the
fundamental domain for τ (see Figure 3) where |τ | ≥ 1. As such, it makes sense to use the
small |q| = e−2πτ2 ≡ ϵ expansion. Furthermore, from the sum over vectors in the lattice,
the states with the smallest |P |2 contribute most significantly. The lowest orders in the ϵ
expansion of (5.3) are

Z = [(c0 + c1ϵ) (zv − zs − zc) + (c′0 + c′1ϵ) z0] +O(ϵ2) z , (5.7)
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where (ignoring the overall 1/τ2) c and c
′ depend only on τ1 (and are independent of the

point in moduli space). On the other hand, the sums in z involve semi-positive powers of
ϵ if

P 2
L + p2R ≥ 2 for P ∈ Γv,s,c ,

P 2
L + p2R ≥ 3 for P ∈ Γ0 .

(5.8)

Under these conditions, the contribution of each state to the cosmological constant is
finite. These inequalities are precisely saturated by the massless bosons and fermions. On
the other hand, the tachyons (in Γ0) violate the second inequality (see (3.41)) and thus the
regions in moduli space where there are tachyons have a divergent one-loop cosmological
constant.

Note however that there is a subtlety here: if the τ1 dependence of the terms that have
an inverse power of ϵ is such that the integral over the yellow region of the fundamental
domain in figure 3 (where ϵ → 0) vanishes then the contribution of those states to the
cosmological constant is finite, even when the conditions (5.8) are not met. One such state
is the graviton, with P = 0. The τ1 dependent parameters c and c′ are explicitly

c0 =
8

τ
8−d
2

2

, c1 =
64

τ
8−d
2

2

(3e2πiτ1 + 2 e−2πiτ1) ,

c′0 =
1

τ
8−d
2

2

, c′1 =
12

τ
8−d
2

2

(2 e2πiτ1 + 3 e−2iπτ1) .
(5.9)

At the same time, since ⟨Z|Z⟩ is even for Z ∈ Γv,c,s and odd for Z ∈ Γ0, both zv,c,s
and z0 have integer powers of e2πτ1 . Therefore, the integral over the yellow region, with
τ1 ∈ [−1/2, 1/2], will vanish unless the overall power is zero. States with P = 0, which
contribute to zv with a power 1/ϵ have ⟨Z|Z⟩ = 0, which implies that the overall power
of the term with c0 is non-zero, and thus they do not give a divergent contribution to the
cosmological constant.

Additionally because c0 is independent of τ1, the only possible states leading to a
divergent contribution are those with ⟨Z|Z⟩ = 2. On the other hand, |P |2 = ⟨Z|Z⟩ +
2p2R ≥ ⟨Z|Z⟩, and therefore these states satisfy the inequality (5.8) and are therefore not
dangerous. We conclude that none of the states in Γv,c,s gives an infinite contribution to
the cosmological constant. This is not the case for states in Γ0: out of the states that
violate the inequality (5.8), only the ⟨Z|Z⟩ = 1 are dangerous. This is precisely the
situation for the tachyons but not any other state. Thus the τ1 dependence does not save
the tachyons from giving an infinite contribution to the cosmological constant. On the
other hand, by the same argument as above, tachyons are the only states in Γ0 that do
give a divergent contribution. We conclude that the only states in Υ16+d,d that give a
divergent contribution to the cosmological constant are the tachyons.

So far we have talked about the individual contribution of each state to the cosmolog-
ical constant. However, the sum over all states in a given sector like say, Γv, could a priori
diverge because the number of states grows exponentially with |P |2. This is in fact not
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the case for all the points of maximal enhancement in S1 compactifications. Furthermore,
we found that the cosmological constant is always finite in any region in moduli space
where there are no tachyons. We expect this to be the case for all T d compactifications
because of the difference in sign from the boson and fermion contributions.

We will now explore compactification on a circle in more detail.

5.2 Cosmological constant in S1 compactifications

As mentioned in the previous section, in the absence of tachyons the largest contribution
of individual states to the cosmological constant comes from massless states. Even though
the contribution from all other states can be larger than that of the massless states as
is the case of, for example, the point with symmetry enhancement to E6 × SU(12), it is
instructive to compute the contribution of the massless terms to the partition function,
which we can do for T d compactifications for any d, and to the cosmological constant for
the specific case d = 1.

The massless states comprise states with P = 0, which are massless at any point
in moduli space, and states with P ̸= 0 which become massless at particular points in
moduli space. The former include the metric, B-field, dilaton, gauge bosons of U(1)16+2d.
The latter include the ten-dimensional massless fermions charged under the gauge group
which acquire a mass at a generic point in moduli space. The contribution of the P = 0
bosons to the partition function can be obtained from eqs. (5.6)-(5.7), and is given by

ZP=0 =
8

τ
8−d
2

2

[
e−2πiτ1e2πτ2 + 8(3 + 2e−4πiτ1)

]
+O(e−2πτ2) . (5.10)

The extra massless states that appear at points of symmetry enhancement are the vectors
and spinors with pR = 0, P 2

L = ⟨Z|Z⟩ = 2, the scalars with P 2
L + p2R = 3, ⟨Z|Z⟩ = 1,

plus the right-moving vectors with PL = 0, p2R = −⟨Z|Z⟩ = 1. Their contribution to the
partition function, which we will call Zenh, is

Zenh =
1

τ
8−d
2

2

[
8 (Nv −Ns −Nc) +N0 +

[
e−2πiτ1e2πτ2 + 12(2 + 3e−4πiτ1)

]
N ′

0

]
(5.11)

+O(e−πτ2) ,

where Nv, Ns, Nc, N0 and N ′
0 are the number of massless vectors, spinors in s and c rep-

resentations, scalars and right-moving vectors, respectively.17

The total partition function is then

Z = ZP=0 + Zenh +
∑

O(e−πτ2) , (5.12)

17We use the subscript 0 in N0′ because they are scalars from the left-moving point of view and belong
to Γ0.
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where we emphasized the fact that there is a sum of subleading terms which at the end
of the day can give a contribution larger than the contribution from the massless states.

The integral of Z over the fundamental region depends on the dimension. For S1

compactifications we evaluate it numerically, and find that the massless states generate a
one-loop cosmological constant given by:

(4π2α′)
9
2 Λm=0 = 28.1+1.1 (Ns+Nc−Nv)− 0.1N0+3.4N ′

0+O(10−4)(Nf −Nb) . (5.13)

Here Nf −Nb denotes schematically the number of fermions minus the number of bosons.
These numbers, as well as the the contribution to the cosmological constant from the
massless sector, are recorded in Table 4 for the eight points of maximal enhancement
without tachyons. In some cases, like the enhancement to A1 + 2D8, this approximates
the total cosmological constant reasonably well. In other cases, it does not provide a good
approximation at all. In particular, for A11 + E6, where there are no massless fermions,
this contribution is negative while the true cosmological constant is positive, as we discuss
below.

Nv Ns Nc N0 N ′
0 Λm=0 Λ

A1 + 2D8 226 256 256 0 0 341.6 431.4

A1 +A2 +D6 +D8 180 192 192 0 0 251.8 383.5

A4 +D5 +D8 172 128 160 0 0 155.4 359.2

A7 + 2D5 136 0 170 0 0 65.6 303.8

D8 +D9 256 128 288 256 0 168.7 305.0

D4 +D5 +D8 176 208 128 256 0 168.7 305.0

2A1 +A3 + 2D6 136 128 168 256 0 168.7 305.0

A11 + E6 204 0 0 408 2 −243.7 180.4

Table 4: Cosmological constant for the eight tachyon-free maximal enhancements. We
additionally give the number of massless states (excluding the graviton) and their contri-
bution to the cosmological constant.19

Given that the contribution from light states can completely change the value of the
cosmological constant from the value computed using massless states only, one is forced
to include many more states in the calculation, and see where one can safely truncate
the sum. We computed the cosmological constant for S1 compactifications numerically at
the eight points of maximal enhancement without tachyons, and in the vicinity of these
special points. The values at the points of maximal enhancement are recorded in Table
5. The cosmological constant is always positive at these points. It is surprising that for
the E6 × SU(12) enhancement, where there are no massless fermions, the cosmological
constant is nevertheless positive. The reason for this is that there are very light fermions

19For clarity we give only the first decimal digit of the cosmological constant but we have actually
computed it up to O(10−4).
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that give a very large positive contribution, uplifting the negative cosmological constant of
the bosonic massless states. Since this goes against the common lore that “the cosmological
constant goes like the number of massless fermions minus the number of massless bosons,”
which is true close to the decompactification limits where supersymmetry is restored, but
not necessarily in the bulk, we work out this example in detail in Appendix B.2.

Our results also show that out of the eight extremal points shown in Table 4, three
have exactly the same value of the cosmological constant at one loop. Even though the
numbers of bosons and fermions at each mass level are different, it seems that their
overall partition functions coincide so they should have the same cosmological constant at
all loops. Proving this statement is outside of the scope of the present work, but it would
be interesting to do it. As we will see in Section 5.4, there are two more extrema of the
cosmological constant with this same value (although they are not maximal enhancements
by our definition).

5.2.1 Plots of the cosmological constant

Here we present some plots of the cosmological constant for two-dimensional slices of the
seventeen-dimensional moduli space, given either by the radius and one parameter of the
Wilson line, or two parameters of the Wilson lines keeping R2 + 1

2
A2 fixed at the value

E = 1 where there are maximal enhancements.20

There are many interesting features to notice about these plots. The most obvious
ones are the reflective symmetries at the maximal enhancement points, and the fact that
they are extrema of the cosmological constant.

In figure 4, with one component of the Wilson line, we see the maximal enhancements
2D8 + A1 and D8 + D9. The former appears at different points, a = 0 and R = 1, the
standard one, and at dual points, which are in different fundamental regions. This plot
already shows a surprise: while the point 2D8 + A1 (i.e. with gauge symmetry SO(16)×
SO(16) × SU(2)) is a minimum with respect to the radial direction, it is a maximum if
we move in the direction of the Wilson line. Therefore this point is not a local minimum,
but a saddle point, contradicting the claim in [26] (in agreement on the other hand with
the recent results of [14]).

On the other hand, the enhancement to D8 + D9 in figure 4, as well as the one to
D8 + D6 + A2 + A1 in plot 7, appear as local minima. We will see in the next section
whether this feature persists to the whole moduli space, though we can already guess
that these enhancements cannot be local minima. The fact that at these points there
are massless scalars in Γ0 (the ones we called N0) implies that tachyons appear when
moving infinitesimally away in certain directions, as shown in section 4.2.1, and therefore
these are knife edges. The knife-edge property of the first enhancement is illustrated in
figure 6, where it is mostly surrounded by tachyons with the tachyonic regions depicted in
red. In the tachyonic regions the cosmological constant is dominated by the scalars in Γ0

20Maximal enhancements at E ̸= 1 can be found from the EDD whenever the central node is deleted.
However, all of them are dual to another point in the fundamental region with E = 1.
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that become massless at their boundaries, and slightly massive nearby. In figure 6 we can
see that tachyons appear when moving in the a1 direction (where we break the SO(16)
symmetry), while when moving in the a2 direction, corresponding to breaking the O(18)
symmetry, we get a positive cosmological constant.

On the other hand, the slice chosen in figure 5, where D8 + A1 also appears as a
local maximum, shows a tachyonic region closeby (but at a finite distance). This figure
also shows that one can pass from negative to positive cosmological constant avoiding
tachyons.

All plots contain points that are decompactification limits (or rather, they are at R = 0
which is T-dual to decompactification points). Figures 5 and 6 contain, respectively, the
infinite distance points R = 0, a = 1 and a1 = a2 = 1 which happens at R = 0.
When approaching these points the quantity Λ × R, which one identifies as the ten-
dimensional cosmological constant, tends to zero in agreement with the fact that we
recover the ten-dimensional supersymmetric SO(32) theory. Recall there are other infinite
distance limits that correspond to ten-dimensional non-supersymmetric heterotic theories,
see discussion around figure 1. Close to the points of supersymmetry restoration we get
a very small cosmological constant which seems negative when approaching the limit at
constant Wilson line a = 1 in figure 5 and also in figure 6, where the infinite distance
limit is taken by keeping E = 1 fixed. In the latter case, when moving away from the
decompactification point, one always reaches a tachyonic region where the cosmological
constant is −∞; after which it becomes positive. It would be very interesting to see if all
the regions of negative cosmological constant are of this type, i.e. if the magnitude of the
cosmological constant is very small and the regions are “close” to a decompactification
point.

In the decompactification limits with zero Wilson lines, we recover the cosmological
constant of the ten-dimensional O(16) × O(16) theory after multiplying (dividing) Λ by
R for small (big) radius. With generic Wilson lines and outside of tachyonic regions, the
cosmological constant tends to +∞. It would be interesting to see what happens with
Λ×R in this case.

We leave for future work a detailed analysis of the behavior of the cosmological constant
close to decompactification limits, as well in the regions where it is negative.
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Figure 4: Cosmological constant of the slice of moduli space given by the radius R and
Wilson line of the form A = (015, a). In this slice we find the enhancements 2D8+A1 and
D8 +D9.
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Figure 5: Cosmological constant of the slice of moduli space given by the radius R and
Wilson line of the form A = (07, a, 07, a). In this slice we find the enhancement 2D8 +A1.
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Figure 6: Cosmological constant of the slice of moduli space given by the radius
R2 = 1 − 1

2
A2 and Wilson line of the form A = (07, a1, 0

7, a2). In this slice we find the
enhancements 2D8 + A1 and D8 +D9.

Figure 7: Cosmological constant of the slice of moduli space given by the radius
R2 = 1 − 1

2
A2 and Wilson line of the form A = (06, a21, 0

6, a22). In this slice we find the
enhancements 2D8 + A1, A1 + A2 +D6 +D8 and 2A1 + A3 + 2D6.
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5.3 Maximal enhancements: maxima, minima or saddle points?

We now want to determine if the extrema corresponding to the eight points of maximal
enhancement without tachyons are maxima, minima or saddle points. To this end, we
compute the Hessian of the cosmological constant at these points.

To compute the Hessian, it is convenient to write the sums (5.6) appearing in the
cosmological constant solely in terms of pR as follows,

zv,s,c =
∑

Z∈Γv,s,c

eπiτ1(⟨Z|Z⟩−2)e−πτ2(2p2R+⟨Z|Z⟩−2) ,

z0 =
∑
Z∈Γ0

eπiτ1(⟨Z|Z⟩−1)e−πτ2(2p2R+⟨Z|Z⟩−3) ,
(5.14)

where we used (3.29) to solve for PL. This expression is easier to handle when taking
derivatives with respect to the moduli because all the moduli-dependence is encoded in
the norm of the d-dimensional vector pR, which we rewrite here for the d = 1 case that
we will analyse:

p2R =
1

2R2
(n− E ω − π · A)2 = 1

2R2

(
n− (R2 +

1

2
A2)ω − π · A

)2

. (5.15)

5.3.1 Extremal points

The fact that maximal enhancements extremize the cosmological constant was proven
in [26], but for what follows it is instructive to rederive these results in a more explicit
way.

Recall all the moduli-dependence is encoded in the sums zv,c,0 defined in (5.6), so it
is enough to show that the gradient of these sums with respect to the moduli vanishes.
This gradient is given by

∇z = g(τ)
∑
Z

eπiτ⟨Z|Z⟩e−2πτ2p2R pR∇pR (5.16)

where g(τ) are functions independent of the moduli and Z. These functions will not play
a role in this section, but we give them for future reference

gv,s,c(τ) = −4πτ2e
−2πiτ , g0(τ) = −4πτ2e

−πiτe2πτ2 . (5.17)

We combine the moduli in a ket

|E⟩ = (−1, E,A) (5.18)
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with the same O(17, 1) inner product as |Z⟩, given in (3.29).21 Note that

− ⟨E|E⟩ ≡ |E|2 = 2R2 , ⟨E|Z⟩ = n− E ω − π · A = |E| pR . (5.19)

Defining

|∇⟩ = ∂

∂ ⟨E|
= (∂�E, ∂E, ∂A1 , ..., ∂A16) (5.20)

where we have defined a spurious coordinate ��E in the kets : |E⟩ = (��E,E,A), which is set
to −1. After some manipulation, we can show that22

⟨∇pR| =
1

|E|
⟨Z|
(
I+

1

|E|
|E⟩ ⟨E|

)
. (5.22)

Points of maximal enhancement have E = 1 and rational Wilson lines, and therefore the
moduli vector |E⟩ can be embedded in the charge lattice by rescaling by an integer n.
One can then use this lattice vector n |E⟩ to perform a Weyl reflection and get another
lattice vector

|Z ′⟩ = |Z⟩ − 2 n⟨E|Z⟩
n2⟨E|E⟩n |E⟩ = |Z⟩ − 2 ⟨E|Z⟩

⟨E|E⟩ |E⟩ . (5.23)

The reflected vector satisfies

⟨Z ′|Z ′⟩ = ⟨Z|Z⟩ , ⟨E|Z ′⟩ = −⟨E|Z⟩ ⇒ p′R = −pR , |∇p′R⟩ = |∇p′R⟩ . (5.24)

Looking back at ∇z given in (5.16), we see that the contribution from Z ′ cancels that of
Z, and thus we conclude ∇z = 0, which means

∇Λ|max enh = 0 . (5.25)

Note that in the proof we did not need to perform the integral over the fundamental
domain of the genus one surface that gives the one-loop contribution. This implies that
the fact that maximal enhancements are extremal is true at all loops, as already pointed
out in [26]. Also note that in this proof we have restricted to reflections in the T-duality
group, but as shown in [26], the proof extends beyond reflections to also include outer
automorphisms. There is, for example, a point in the moduli space of T 8 compactifica-
tions associated to the Leech lattice which is fully stabilized by outer automorphisms;
later in this section, we will give some examples involving outer automorphisms in S1

compactifications.

21Actually this argument is for generic d, but to avoid confusion with d indices we just write it for the
circle.

22Note that the matrix |E⟩ ⟨E| is computed using the O(17, 1) invariant, namely

|E⟩ ⟨E| =

�EE �E
2

�EA
E2 E�E EA
ATE AT

�E ATA

 . (5.21)
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5.3.2 Hessian

The Hessian of the cosmological constant is given by the matrix |∇⟩ ⟨∇|Λ. As pointed
out before, the moduli dependence of the cosmological constant appears only in z. Eq.
(5.16) says that

|∇⟩ ⟨∇| z = g(τ)
∑
Z

eπiτ⟨Z|Z⟩ |∇⟩
(
e−2πτ2p2R pR ⟨∇pR|

)
, (5.26)

where

|∇⟩
(
e−2πτ2p2RpR ⟨∇pR|

)
=(1− 4πτ2p

2
R)e

−2πτ2p2R |∇pR⟩ ⟨∇pR| (5.27)

+ e−2πτ2p2RpR |∇⟩ ⟨∇| pR .

Using |∇⟩ (⟨E|E⟩) = 2 |E⟩ we compute the second term:

pR |∇⟩ ⟨∇| pR = pR
1

|E|2
|E⟩ ⟨Z|+ |Z⟩ ⟨E|

|E|
+ p2R

(
I+ 3 |E⟩⟨E|

|E|2

)
. (5.28)

The first term is odd with respect to the Weyl reflection (5.23), and cancels with its Weyl
reflected partner in the sum over lattice vectors, while the second term survives. The first
term in (5.27) gives

|∇pR⟩ ⟨∇pR| =
1

|E|2

[
|Z⟩ ⟨Z|+ p2R

|E|2
|E⟩ ⟨E|+ pR

|E|

(
|E⟩ ⟨Z|+ |Z⟩ ⟨E|

)]
. (5.29)

The last term, being odd in pR, does not contribute to the Hessian.

Putting all the pieces together we get23

|∇⟩ ⟨∇| z =g(τ)
2R2

∑
Z

eπiτ⟨Z|Z⟩e−2πτ2p2R × (5.31)[
(1− 4πτ2p

2
R) |Z⟩ ⟨Z|+ p2R I+

2πτ2p
4
R

R2
|E⟩ ⟨E|

]
.

23Recall that �E is a spurious coordinate, so in these matrices we have to remove the first row and
second column (see eq. (5.21)), such that the Hessian is a 17 × 17 matrix given by

|∇⟩ ⟨∇| =

 ∇2
E ∇E∇A

∇T
A∇E (∇T∇)A

 . (5.30)
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Therefore the Hessian of the cosmological constant is,24

(4π2α′)
9
2 |∇⟩ ⟨∇|Λ =

∫
F0

d2τ

4τ
12−d

2
2 η24∗ η̄

12
∗

[
f1(q̄) |∇⟩ ⟨∇| (zs + zc − zv) (5.32)

− f2(q̄) |∇⟩ ⟨∇| z0
]
.

As for the cosmological constant itself, we see again that terms with increasing pR con-
tribute less significantly to its Hessian, which is computed using a power expansion in q.
We will illustrate this explicitly in the next subsection for the simplest point of maximal
enhancement.

5.3.3 Example SO(16)× SO(16)× SU(2)

We illustrate the computation of the Hessian with the simplest example of maximal en-
hancement to 2D8 + A1 at A = 0, E = R = 1. We have

|∇⟩ ⟨∇| z = g(τ)

2

∑
(ω,n,π)∈Γ

eπiτ(2ωn+π2)e−2πτ2p2R

[
(1−4πτ2p

2
R)
(
ω2 0
0 πT π

)
+p2R I+

2πτ2p
4
R

R2
( 1 0
0 0 )

]
,

with p2R = 1
2
(ω − n)2. Here we have used that in the off-diagonal terms of |Z⟩ ⟨Z|, equal

to ωπ, the contribution from a vector with a given ω cancels with that of opposite ω and
same π. The sum over vectors in the lattice can be split into a sum over π ∈ Γv,s,c,0 (we
refer here to the sixteen-dimensional part only), and a sum over (ω, n) ∈ Γ1,1. For the
former, we define the theta series of a lattice Γ by

θΓ(q) ≡
∑
π∈Γ

q
π2

2 . (5.33)

In (B.3), we give the leading terms of the q series expansion for the various θ series for the
16-dimensional part of Γv,c,s,0 defined in (3.11). For computing the terms with πTπ, we
use the following observation: for lattices symmetric both under permutation of directions
and under reflections on any pair of directions, one has∑

π∈Γwithπ2=π2
0

πTπ =
N

r
π2
0 Ir ,

∑
π∈Γwithπ2=π2

0

πTπ q
π2

2 =
N

r
π2
0 q

π2
0
2 Ir =

2N

r
q
∂

∂q
q

π2
0
2 Ir ,

(5.34)

24 Note that here we are computing the Hessian of the partition function and then doing the integral
over the fundamental domain. These two operations commute if the integral of the partition function
converges, which is not the case in the presence of (nearby) tachyons.
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where N is the number of terms in the sum, and r is the rank of the lattice. These relations
imply ∑

π∈Γ

πTπq
π2

2 = q
I16
8

∂θΓ(q)

∂log(q)
. (5.35)

For the sums over momenta and winding we define the functions

σk(q, q̄) ≡
∑
w,n

w2kq̄
(w−n)2

4 q
(w+n)2

4 . (5.36)

The power series expansions for the cases k = 0, 1 that appear in the Hessian are given
in (B.4). In terms of σk, we see that

|∇⟩ ⟨∇| zv,s,c,0 =
gv,s,c,0(q, q̄)

2

[
1
8

(
0 0
0 I16

) ∂θv,s,c,0
∂log(q)

(1− 8πτ2
∂

∂Log(q̄)
)σ0(q, q̄)

+θv,s,c,0

[
( 1 0
0 0 ) (1− 8πτ2

∂
∂log(q̄)

)σ1(q, q̄) +
(
2
(
0 0
0 I16

)
∂

∂log(q̄)
+ 8πτ2 ( 1 0

0 0 )
∂2

∂log(q̄)2

)
σ0(q, q̄)

]]
,

where we have replaced e−2πτ2p2R = (qq̄)
1
2
p2R , and p2R e

−2πτ2p2R = 2 ∂
∂log(q̄)

e−2πτ2p2R , and we

used the explicit form of the function g(τ) given in (5.17).

Inserting the power expansion of this result into (5.31) and performing the integral
over the fundamental domain numerically, we find

HΛ ≃ (4π2α′)−
9
2

(
416 0
0 −306 I16

)
. (5.37)

Surprisingly, this extremum is not a local minimum, as one might reasonably have thought,
but is instead a saddle point. In this particularly simple case, where the cosmological
constant is most significantly sourced by the massless states, one can get some intuition
about what is going on.

When moving in the radial direction, while keeping the Wilson line turned off, only the
SU(2) bosons get a mass, and none of the spinors. Then Nv decreases while Ns and Nc are
constant, and therefore (5.13) says that the cosmological constant increases, compatible
with the Hessian in the radial direction being positive. On the other hand, when turning
on a Wilson line that breaks all of the SO(16)×SO(16) symmetry, all bosons except the
graviton, B-field and dilaton become massive, and thus the first term in (5.13) stays the
same, while the next term decreases, and thus the cosmological constant decreases.
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5.3.4 Hessian for all maximal enhancement points

Computing the Hessian of the cosmological constant for other points of maximal enhance-
ment is more cumbersome. We will not present the technical details here, but we just give
in Table 5 the eigenvalues of the Hessian at all points of maximal enhancement without
tachyons.

As we can see from that table, none of the points of maximal enhancement is a local
minumum.

We initially concentrate on the first four enhancements, since, as discussed earlier, the
last four are knife edges. The first three points are saddle points, while the fourth one is
a local maximum. All three saddle points are minima in the radial direction, while they
are a maximum in most of the directions involving varying the Wilson line.

With regard to the last four points, one should take the Hessian in some of the di-
rections in moduli space with a grain of salt: at these points there are no tachyons, but
since they have N0 ̸= 0 massless scalars, tachyons appear when moving away from those
critical points in specific directions (see section 4.2.1), and the cosmological constant in
those regions jumps to −∞ (the minus sign is because the leading order divergent term
for tachyons has a negative sign). They are therefore knife edges.

The reason why we see a finite value for the Hessian in all directions for these knife
edges is that in the directions where tachyons arise, the cosmological constant is not a
continuous function, and thus its derivatives are ill-defined. What we are computing is the
integral over the fundamental domain of the Hessian of the partition function. We expect
this to coincide with the Hessian of the cosmological constant only when the integral of
the partition function converges (see footnote 24).

Group R2 Wilson line Λ ∇i∇jΛ

[Spin(16)2] /Z2 × SU(2) 1 016 431.4 -30616, 831

[Spin(16)× Spin(12)× SU(2)] /Z2 × SU(3) 3
4

014, 1
2

2
383.5 -30715, 5442

Spin(16)× Spin(10)× SU(5) 5
8

013, 1
2

3
359.2 -5695, -2568, 3554

[Spin(10)2 × SU(8)] /Z4
1
4

04, 1
2

4
, 1
4

8
303.8 -19517

Spin(18)× Spin(16) 1
2

015, 1 305.0 -12838, 5889

[Spin(16)× Spin(10)× Spin(8)] /Z2
1
2

012, 1
2

4
305.0 -12834, -3478, 5885

[Spin(12)2 × SU(4)× SU(2)2] /Z2
2

1
2

06, 1
2

2
, 06, 1

2

2
305.0 -12832, -34712, 5883

[E6 × SU(12)] /Z3
1
8

03, 1
2

5
, -1

4
, 1
4

7
180.4 -7217

Table 5: One loop cosmological constant in units of (4π2α′)−
9
2 and the eigenvalues of

the Hessian matrix (5.30) multiplied by R2 for the eight tachyon-free maximal enhance-
ments.26

26The multiplicative factor of R2 gives the Hessian in an orthonormal frame with respect to the classical
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5.3.5 Refined de Sitter swampland conjecture

Having computed the Hessian of the cosmological constant, or more precisely, the Hessian
of the one-loop potential energy, it is straightforward to see whether the refined de Sitter
conjecture is satisfied [51,52]. This conjecture states that at extremal points with positive
cosmological constant,

min(∇i∇jV )

V
≤ −c , (5.38)

with c some order one constant, and where the left-hand side means the minimum of the
Hessian in an orthonormal frame. We record in Table 6 these ratios for the four unstable
points of maximal enhancement which are not knife edges; these are the first four entries
of Table 5. The table shows that the refined de Sitter conjecture is satisfied at all points
of maximal enhancement in circle compactifications of the non-supersymmetric heterotic
string with c = 0.64.

Group Λ min(∇i∇jV )/V

[Spin(16)2] /Z2 × SU(2) 431.4 −0.71

[Spin(16)× Spin(12)× SU(2)] /Z2 × SU(3) 383.5 −0.80

Spin(16)× Spin(10)× SU(5) 359.2 −1.58

[Spin(10)2 × SU(8)] /Z4 303.8 −0.64

Table 6: Minimum eigenvalue of the Hessian of the potential divided by the potential at
the four points of maximal enhancement that are not knife-edges.

5.4 Extrema without maximal enhancement

As discussed in Section 5.3.1, maximal enhancement points are guaranteed to be extrema
of the cosmological constant. However, the converse is not necessarily true: there can
in principle exist extremal points that do not have maximal enhancement. We actually
found four such points, proving that maximal enhancement is a sufficient but not nec-
essary condition. These points, which we list in Table 7, are points of “almost maximal
enhancement,” meaning that they are obtained from the EDD (4.8) by keeping only 16
instead of 17 nodes.

Note that we are not strictly proving that there are extrema of the cosmological con-
stant which fall outside of the proof relating them to maximal enhancements. Technically
speaking, this proof works for any point which is completely fixed by the T-duality group,
but it is not true that every fixed point of T-duality has gauge symmetry enhancement.
For example consider the outer automorphism of the charge lattice which exchanges the
SO(16) factors in the ten-dimensional gauge group. It fixes a region in moduli space where

metric on moduli space. In the circle reduction of the heterotic string, the derivatives in an orthonormal

frame are given by (see e.g. [48]) ∇ρ =
√
7
4 R∇R , ∇Ã = R∇A.

49



the first and the last eight components of the Wilson line are equal; however, this con-
dition does not lead to any enhancement in the spectrum. In general, involutions in the
T-duality group may fix regions with enhanced gauge bosons or tachyons if they are inner
automorphisms, or with no enhancement at all if they are outer automorphisms.

It turns out that the fourth entry in Table 7 is completely fixed under T-duality. Delet-
ing the nodes (0), (0′), (8) and (8′) in the EDD (4.8) leaves us with 16 nodes associated
to inner automorphisms and so a rank 16 gauge symmetry enhancement. By considering
the aforementioned outer automorphisms exchanging the values of the Wilson line entries,
it is easy to see that the values of the moduli in Table 7 are fixed. It is likely that the
three remaining cases behave in a similar way, lying at point-like boundaries in the moduli
space. It would be interesting to check this further.

Algebra R2 Wilson line Λ ∇i∇jΛ

D8 +D5 +A3 3/8
(
05, 1

2

3
, 08
)

367.1 -33814, 4243

D8 +D4 +A4 2/5
(
03, 4

5

5
, 08
)

359.2 -569, -4128, -2564, 3554

4D4 1/2
(
04, 1

2

4
, 04, 1

2

4
)

305.0 -34716, 588

2A7 + 2A1 1/2
(

1
4

16
)

305.0 -1283, -34714, 5882

Table 7: Points in moduli space that do not correspond to maximal enhancements, yet
are extrema of the cosmological constant.

As commented in Section 5.2, two of the points in Table 7 have the same value of Λ
as three of the maximal enhancements in Table 4. There could be some deep reason why
this is so, and if so, it would be very interesting to understand it.

6 Building AdS3 vacua

We can now examine the implications of our results for the construction of stabilized
string vacua. Typically in discussions of non-supersymmetric string theory, the dilaton is
left unfixed with the expectation or hope that it will be stabilized at weak coupling by
non-perturbative physics. The focus is usually on the conformal field theory moduli of the
worldsheet theory. The first thing we note is that the Minkowski background R9 × S1 is
now unstable even at the level of these CFT Narain moduli because no extremum of the
1-loop potential energy is a minimum.

Now one might say that this observation simply places the CFT moduli on the same
footing as the dilaton, which also has no extremum in Minkowski space. Fortunately
stabilizing the dilaton is a problem that can be solved for an AdS3 spacetime using
ingredients that admit a tractable worldsheet description [25].
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In light of our realization that there are no minima for the CFT moduli, we will revisit
that AdS3 construction. Specifically we consider

AdS3 × S3 × Ŝ3 × S1 , (6.1)

with (n1, n5, n̂5) quanta of H3-flux threading AdS3 × S3 × Ŝ3, respectively. In this model
the dilaton is stabilized at a tunably small value of the string coupling gs determined by
the flux quanta. Ignoring the 1-loop string potential for the moment, we note that

g4s ∼ n2
5n̂

2
5(|n5|+ |n̂5|)

n2
1

. (6.2)

To make gs small, we choose n1 large with (n5, n̂5) fixed. The spacetime cosmological
constant is determined by the D = 3 potential energy,

ΛAdS =
1

2
VD=3 = − 1

α′

(
1

|n5|
+

1

|n̂5|

)
. (6.3)

Note that this is a classical potential energy, which did not appear in our preceding
discussion of R9×S1. These results are modified by the 1-loop potential energy on R9×S1,
which is a key ingredient in this construction.

The analysis in [25] examined how the values of gs and Λ change when the 1-loop
potential is taken into account. For example, the classical string coupling of (6.2) diverges
as n1 → 0. The 1-loop potential, however, prevents such a divergence even when n1 = 0.
Let us denote 1-loop corrected quantities with a loop subscript. The 1-loop corrected
string coupling scales like gs,◦ ∼ 1/

√
n for n = n5 = n̂5 and n1 = 0. This case corresponds

to an intrinsically quantum string vacuum that only exists because of a balance between
a tree-level potential and a 1-loop potential.

What changes because the extrema on S1 are not minima but saddle points? There now
exist CFT moduli from the S1 which become tachyonic at 1-loop with masses determined
by the Hessian of the potential energy studied in Section 5. Unlike flat space, tachyons
in AdS are not necessarily problematic. If the tachyon is above the BF bound [53], the
background is still perturbatively stable.

n1 >> 1

There are two regimes that we can examine. In the first regime, n1 is very large compared
to n5 and n̂5 ensuring that gs is very small. In this limit, the 1-loop potential is a small
perturbation on the classical string background.

Using the one-loop quantum corrected AdS cosmological constant, ΛAdS,◦, we can
approximate the one-loop corrected BF bound for AdS3 at small gs [25]:

m2
BF,◦ := ΛAdS,◦ = ΛAdS +

1

4α′λg
2
s +O(g4s) . (6.4)
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Here quantities on the right-hand side without a loop subscript are tree-level values and
λ is a constant that is essentially the value of the D = 3 1-loop potential evaluated at a
chosen critical point:

V 1−loop = 2λ
g2s
α′ . (6.5)

In the notation of Section 5 and Tables 4, 5 and 6, λ = Λ
(2π)9

. We need to worry about

the most tachyonic mode from the S1 critical point and impose the condition that it is a
safe tachyon above the BF bound (6.4).

There are two issues to take into account. First we need to know the value of the
largest negative eigenvalue of the Hessian for the 1-loop potential studied in Section 5.3.2.
Second we need to make sure the tachyonic mode is normalized so that the kinetic term
is canonical. The kinetic terms can be evaluated at tree-level using the metric on Narain
moduli space, which is a locally homogeneous space, because we are in a regime of small
gs. These are exactly the same issues that arose in checking the de Sitter swampland con-
jecture in Section 5.3.5. We can conveniently parametrize the mass of the most tachyonic
mode in terms of c of (5.38) as follows,

m2
tachyon = −cV 1−loop , (6.6)

which gives the constraint:∣∣∣∣∣m2
tachyon

m2
BF,◦

∣∣∣∣∣ < 1 →

∣∣∣∣∣∣ c

1
2λg2s

(
1

|n5| +
1

|n̂5|

)
− 1

∣∣∣∣∣∣ < 1 (6.7)

Taking a sufficiently large n1 always guarantees that this constraint is satisfied because
gs can be made as small as one desires. Our first conclusion is that this background is
perturbatively stable for fixed (n5, n̂5) and large enough n1.

However, there is now a critical value of g2s where the BF bound is violated. Without
worrying about precise numerical factors, this is roughly given by

g2s ∼
(

1

|n5|
+

1

|n̂5|

)
→ n1 ∼

(n5n̂5)
2√

|n5|+ |n̂5|
. (6.8)

This instability can appear in a regime of very weak coupling! However we need to be
careful because with this critical scaling for gs, the 1-loop potential energy (6.5) is com-
parable to the tree-level potential (6.3), and we might worry about using the expansion
(6.4).
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The n1 = 0 case

To simplify the discussion, let us take n5 = n̂5 = n. Unfortunately, there are no closed
form expressions for the general case and numerical techniques are needed. The exception
is the intrinsically quantum case with n1 = 0 to which we now turn. In this case, one finds
that [25]

m2
BF,◦ := ΛAdS,◦ = − 12

5
√
5

1

α′|n|
, (6.9)

and that,

g2s,◦ =
24

5
√
5

1

λ|n|
, V 1−loop = 2λ

g2s,◦
α′ . (6.10)

This gives the constraint,

4 c < 1 . (6.11)

This differs in spirit from the refined de Sitter swampland conjecture in the sense that it
is a sharp statement about whether the AdS vacuum is perturbatively stable or not.

It does not appear that any of the critical points we found satisfies this criterion.
The smallest value of c, which is determined by the largest negative eigenvalue of the
Hessian, is c ∼ 0.64. The intrinsically quantum vacuum is a very special case because our
a priori expectation is that any AdS3 vacuum with n1 > 0 will decay non-perturbatively
down to this case by discharging the spacetime electric H3-flux via string nucleation. So
finding perturbatively stable examples with n1 = 0 is important in the hunt for non-
supersymmetric examples of AdS/CFT.

7 Summary and discussion of results

In this paper we used lattice embedding techniques to characterize all points of gauge sym-
metry enhancement and their massless spectra in compactifications of the O(16)×O(16)
string on the circle. We constructed an extended Dynkin diagram (EDD) that encodes
all the information about gauge symmetry enhancements. The full diagram contains 22
nodes, corresponding to the generators of the 22 Weyl reflections of the T-duality group;
see Figure 4.12. Two of them are nodes of norm 1 which correspond to “extremal” tachyons
with the largest absolute value of the mass, namely m2 = −2, which generate reflections
that exchange the (s) and (c) spinor classes. Because of these two nodes, the EDD be-
comes non-planar. Each node represents a boundary of moduli space; for example, the
central node corresponds to R2 + 1

2
A2 = E = 1, see Table 2. The fundamental region has

the form of a chimney with four horizontal walls, corresponding to the central, the spinor
weight and the two tachyonic nodes delimiting the fundamental region in moduli space
(see Figure 2).
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All non-Abelian left-moving gauge groups of rank k can be obtained from the diagram
by deleting 22 − k nodes, such that the resulting diagram is ADE, plus eventually a
tachyonic node. When this happens, the algebra which seems to be Bn is actually to be
understood as Dn plus an extremal tachyon. The hypersurface in moduli space where
the enhancements arise is found by satisfying the equations of the remaining nodes. The
equations corresponding to the two tachyonic nodes are only satisfied at the same time
at a decompactification point shown in red in Figure 2. Therefore, for any enhancement
at a finite distance point it suffices to work with the single-tachyon planar diagram in
Figure 4.10 and delete 21 − k nodes. The non-supersymmetric setting also allows for an
enhancement of the right-moving U(1)R to SU(2)R.

We found a total of 107 maximal enhancements,27 of which only eight are tachyon-
free. The complete list of maximal enhancements is given in Table 8, while the tachyon-
free algebras are reported in Table 3 (see also Table 5 for the actual groups and their
global structure). Four of the maximal enhancements have massless scalars that signal the
presence of tachyons when moving infinitesimally in certain directions in moduli space.
Only the E6 × SU(12) point has an enhancement of the right-moving gauge symmetry.
Note that this tachyon-free point is actually surrounded by tachyons, which we showed
is an expected feature. It is also the only tachyon-free maximal enhancement with no
massless fermions.

The EDD additionally gives the affine algebras that arise at the eight decompactifica-
tion limits to the two supersymmetric and six non-supersymmetric heterotic theories (see
Figure 1), which arise as R → 0 or R → ∞ with various Wilson lines.

Maximal enhancements are particularly interesting points in moduli space because
they extremize the cosmological constant to all loops, which one can show using the fact
that they are fixed points under the full reflective symmetries. We numerically computed
the one-loop cosmological constant at these points and at their vicinity. We found that
all eight tachyon-free maximal enhancements have a positive cosmological constant, but
are in fact unstable points. The four enhancements with massless scalars are knife edges.
When one moves infinitesimally in moduli space in directions where these scalars become
tachyonic, the cosmological constant jumps to minus infinity. Of the other four points,
one is a local maximum while the remaining three are saddle points. We give the Hessian
of the one-loop potential at these points in Table 5. For the purpose of illustration, we
gave the contribution of the massless states to the cosmological constant. This showed
that massless states do not necessarily provide the dominant contribution to the vacuum
energy. The extreme case is the E6×SU(12) enhancement where the cosmological constant
is positive despite the absence of any massless fermions.

We computed the minimum value of the Hessian of the potential divided by the poten-
tial, and obtained an order one constant, in accord with the refined de Sitter swampland
conjecture. We also presented a few points in moduli space that are extrema of the cos-

27This list includes enhancements with the tachyonic node disconnected from the rest, which actually
corresponds to a U(1) gauge group plus an extremal tachyon. According to the EDD, these enhancements
are on the same footing as the maximal ones.
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mological constant, yet do not possess maximal enhancement, showing that the latter is
a sufficient but not necessary condition.

Plots of the cosmological constant for two-dimensional slices in moduli space are given
in Figures 4 to 6, where the unstable nature of the critical points can clearly be seen.
In one of the plots, we can see a decompactification limit (or rather, its T-dual limit
R → 0), where the cosmological constant multiplied by the radius goes to zero, signaling
a decompactification to one of the supersymmetric theories. The paths towards super-
symmetric theories that do not cross tachyonic regions are particularly interesting. This
is because the cosmological constant can be exponentially suppressed along paths where
there is bose-fermi degeneracy at the massless level [5, 6, 14]. These regions merit further
exploration.

It would be very interesting to see if one can find actual local minima of the potential
energy in compactifications on higher-dimensional tori. We leave this for future work.
There are many other compelling avenues to explore. As one example: constructing non-
supersymmetric theories with rank reduction. It is interesting to note that the O(16) ×
O(16) theory combines the Z2 gauge factors appearing in the supersymmetric cousins
Spin(32)/Z2 and E8 × E8 ⋊ Z2. Each of these Z2 factors can be used to further orbifold
the parent theory to generate a reduced rank theory.

The outer automorphism can now be used to construct a non-supersymmetric analog of
the CHL string in nine dimensions, perhaps giving rise to the theory recently constructed
in [54].28 The non-trivial fundamental group could be exploited in eight dimensions to
construct a ‘holonomy double’ flat connection in analogy to the compactification without
vector structure of the Spin(32)/Z2 string [56].

Finally there are many issues to explore around the AdS3 construction and construct-
ing non-supersymmetric AdS more generally. Here we mention two directions: the first is
taking the AdS3×S3×S3 geometry into account when computing the spacetime potential
energy, rather than just studying R9 × S1. Specifically whether the pathologies we see in
the potential energy, like the knife-edges, are smoothed by quantum gravity. The second
direction is exploring the bound we see on intrinsically quantum AdS solutions. Is this
bound satisfied by any critical points found in toroidal compactifications? Are there any
completely stable non-supersymmetric examples of AdS/CFT?
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A All maximal enhancement groups

Here we present the list of maximal enhancements in S1 compactifications of the O(16)×
O(16) heterotic string.

# L H k m2 Nb Nf Wilson line R2

1 2A1 + 3A5 Z6 11141 -2, - 2
3

94 160 1
5
(03, 14, 41, 02, 26) 3

25

2 A1 + 2A1 +A3 +A5 +A6 Z2 111230 -2, - 5
6

90 128 1
18

(02, 35, 151, 02, 76) 7
54

3 2A1 + 2A1 + 2A3 +A7 Z2Z4
1111004
0011116 -2, -1 88 96 1

6
(02, 15, 51, 02, 24, 32) 1

9

4 2A1 +A2 +A5 +A8 Z3 00146 -2, -1 112 80 1
8
(02, 36, 17, 71) 9

64

5 A1 + 2A1 +A2 +A3 +A9 Z2 111005 -2, - 7
6

114 48 1
16

(02, 34, 82, -61, 67) 15
128

6 2A1 +A5 +A10 1 -2, - 17
33

144 80 1
18

(02, 76, -31, 36, 151) 11
108

7 2A1 + 2A2 +A11 Z6 111110 -2, - 4
3

148 0 1
8
(03, 23, 42, -31, 37) 3

32

8 A1 + 2A1 +A3 +A11 Z4 01119 -2, - 2
3

150 48 1
6
(02, 15, 51, 02, 25, 41) 1

12

9 2A1 +A2 +A13 1 -2, - 17
21

192 0 1
16

(02, 55, 111, 27, 141) 21
256

10 2A1 +A15 +A
(R)
1 Z4 114 -2 244 0 1

6
(02, 25, 41, -11, 16, 51) 1

18

11 2A1 +D1 + 2A7 Z2Z4
11104
00126 -2, 0 118 0 1

4
(02, 15, 31, -11, 15, 22) 1

8

12 D1 + 2A8 Z3 036 -2, 0 146 0 1
10

(-31, 37, 27, 81) 9
50

13 A1 +D1 +A6 +A9 Z2 1105 -2, - 4
7

136 0 1
22

(02, 65, 161, -71, 77) 35
242

14 D1 +A5 +A11 Z6 1210 -2, -1 164 0 1
3
(03, 14, 21, -11, 17) 1

9

15 A1 +D1 +A15 Z4 014 -2 244 0 1
4
(02, 15, 31, -11, 16, 31) 1

16

16 D1 +A16 1 -2 274 0 1
22

(-71, 77, -61, 66, 161) 17
242

17 A7 + 2D5 Z4 213 136 170 1
2
(05, 13, 05, 13) 1

4

18 A4 +A8 +D5 1 -2, - 8
9

132 0 1
38

(03, 44, 341, 95, 193) 45
722

19 A1 +A2 +A9 +D5 Z2 1052 -2, - 4
5

138 0 1
22

(03, 65, -91, 95, 112) 15
242

20 A1 +A11 +D5 Z2 062 -2, - 2
3

174 0 1
7
(03, 25, -31, 37) 3

49

21 A12 +D5 1 -2, - 8
13

196 0 1
22

(03, 65, -91, 96, 131) 13
242

22 A7 +D5 +D5 Z2 422 -2, -1 136 0 1
8
(05, 43, -31, 37) 1

16

23 A1 + 2A1 +A3 +A5 +D6 Z2
2

0002310
1110311 -2, - 1

2
108 176 1

6
(06, 32, -21, 25, 32) 1

6

24 2A1 +A4 +A5 +D6 Z2 110301 -2, - 1
3

114 208 1
10

(06, 52, -31, 34, 53) 3
20

25 2A1 +A2 +A7 +D6 Z2 110411 -2, - 2
3

126 128 1
8
(06, 42, -31, 37) 3

16

26 2A1 +A9 +D6 Z2 00510 -2, - 1
5

154 128 1
6
(06, 32, -21, 26, 41) 5

36

27 A1 +A5 +D5 +D6 Z2 13211 - 1
2

132 224 1
2
(06, 12, 05, 13) 3

8

28 2A1 +A3 + 2D6 Z2
2

0021010
1100101 0 136 296 1

2
(06, 12, 06, 12) 1

2

29 2A1 +A3 + 2D6 Z2
2

0021001
1100110 -2, 0 136 256 1

4
(06, 22, -11, 13, 24) 1

8

30 A1 +D4 + 2D6 Z2
2

0011001
1101110 -1 146 320 1

2
(06, 12, 04, 14) 1

4

31 A1 +A4 +A6 +D6 1 -2, - 9
7
, - 3

5
124 128 1

24
(03, 24, 221, 76, 122) 35

576

32 2A1 +A2 +A7 +D6 Z2 110411 -2, - 5
4
, - 2

3
126 128 1

14
(02, 15, 131, 46, 72) 3

49

33 2A1 +A9 +D6 Z2 10511 -2, - 6
5
, - 1

5
154 128 2

9
(02, 16, -21, 27) 5

81

34 A1 +A10 +D6 1 -2, - 13
11

172 128 1
14

(02, 36, -61, 66, 81) 11
196

35 A1 +A5 +D5 +D6 Z2 13211 -2, - 4
3
, - 1

2
132 128 1

6
(05, 33, -21, 25, 32) 1

24

36 A4 +D5 +D8 1 172 288 1
2
(013, 13) 5

8

37 D4 +D5 +D8 Z2 11210 0 176 336 1
2
(012, 14) 1

2

38 D4 +D5 +D8 Z2 11201 -2, 0 176 256 1
6
(04, 13, 51, 14, 34) 1

18

39 A1 + 2A1 +D6 +D8 Z2
2

0111101
1001010 -2, -1 178 256 1

4
(04, 13, 31, 02, 12, 24) 1

16

40 A1 +A2 +D6 +D8 Z2 100110 180 384 1
2
(014, 12) 3

4

41 A1 + 2D8 Z2 01010 226 512 (016) 1

42 D1 + 2D8 +A
(R)
1 Z2

2
00110
11011 -2, 0 226 0 1

6
(04, 23, 41, -11, 13, 34) 1

18

43 A4 +A5 +D8 1 -2, - 1
3

162 256 1
17

(03, 14, 161, 68) 15
289

57



# L H k m2 Nb Nf Wilson line R2

44 A1 +A2 +A6 +D8 1 -2, - 2
7

162 256 1
20

(02, 15, 191, 78) 21
400

45 A1 +A8 +D8 1 -2, - 2
9

186 256 2
13

(-31, 37, 18) 9
169

46 A9 +D8 1 -2, - 1
5

202 256 1
15

(03, 34, 121, 03, 74, 81) 1
45

47 A4 +D5 +D8 1 -2, - 2
5

172 256 1
10

(05, 53, -31, 34, 53) 1
40

48 A1 + 2A1 +A5 +D9 Z2 11132 -2, - 4
3

180 224 1
3
(07, 31, 02, 16) 1

6

49 D1 +A7 +D9 Z2 142 -2, -1 202 0 1
4
(07, 41, -11, 17) 1

4

50 A4 +D4 +D9 1 -2, - 2
5

188 288 1
5
(07, 51, 03, 25) 1

10

51 D8 +D9 1 0 256 416 (015, 11) 1
2

52 D8 +D9 1 -2, 0 256 256 1
3
(07, 31, 18) 1

18

53 2A1 + 2A1 +A3 +D10 Z2
2

0100210
1011001 -2, - 3

2
, 0 200 208 1

4
(07, 41, 02, 14, 22) 1

8

54 A1 +D1 +A5 +D10 Z2
2

00310
11001 -2, - 4

3
214 0 1

6
(07, 61, -11, 15, 32) 1

6

55 A1 +A2 +D4 +D10 Z2 101101 -2, - 2
3

212 320 1
6
(07, 61, 03, 23, 32) 1

12

56 A1 +D6 +D10 Z2 01010 -1 242 304 1
2
(07, 21, 06, 12) 1

4

57 A1 +D6 +D10 Z2 11101 -2, -1 242 128 1
4
(07, 41, 16, 22) 1

16

58 A1 + 2A1 +A2 +D12 Z2 011010 -2, - 5
3
, - 2

3
276 192 1

6
(07, 61, 02, 13, 33) 1

12

59 D1 +A4 +D12 Z2 1010 -2, - 8
5

286 0 1
10

(07, 101, -11, 14, 53) 1
10

60 A1 +D4 +D12 Z2 01110 -2, -1 290 384 1
4
(07, 41, 03, 12, 23) 1

16

61 D5 +D12 1 - 3
2

304 240 1
2
(07, 21, 05, 13) 1

8

62 D5 +D12 +A
(R)
1 Z2 210 -2, 0 304 0 1

6
(07, 61, 15, 33) 1

18

63 D5 +D12 1 -2, - 3
2
, 0 304 0 1

6
(05, 33, -21, 26, 41) 1

72

64 D4 +D13 1 -2, 0 336 416 1
3
(07, 31, 03, 14, 21) 1

18

65 A4 +D13 1 -2, - 8
5
, - 2

5
332 0 1

24
(03, 24, 221, 77, 171) 5

288

66 A1 + 2A1 +D14 Z2 10010 -2, -1 370 224 1
4
(07, 41, 02, 15, 31) 1

16

67 A1 +A2 +D14 1 -2, - 5
3
, - 2

3
372 0 1

14
(02, 15, 131, 47, 101) 3

196

68 D1 +D16 +A
(R)
1 Z2 001 -2, 0 482 0 1

6
(07, 61, -11, 16, 51) 1

18

69 A1 +D16 1 -2, -1 482 0 2
9
(-21, 27, -11, 17) 1

81

70 D17 +A
(R)
1 1 -2, 0 544 0 1

14
(-61, 66, 81, -31, 37) 1

98

71 A1 + 2A5 + E6 Z3 0241 - 2
3

134 80 1
4
(05, 23, 16, 22) 3

16

72 A4 +A7 + E6 1 - 13
20

148 70 1
10

(05, 53, 25, 53) 3
20

73 A11 + E6 +A
(R)
1 Z3 41 0 204 0 1

4
(05, 23, 17, 31) 1

8

74 A6 +D5 + E6 1 -2, - 8
7

154 0 1
26

(05, 42, 221, 75, 133) 21
338

75 A1 +A4 +D6 + E6 1 -2, - 7
5
, - 1

3
154 128 1

16
(05, 22, 141, 56, 82) 15

256

76 D4 +D7 + E6 1 -2, - 1
2

180 224 1
4
(07, 31, 03, 25) 3

32

77 A3 +D8 + E6 1 - 1
2

196 224 1
2
(011, 15) 3

8

78 A3 +D8 + E6 1 -2, - 1
2

196 256 1
11

(05, 12, 101, 48) 6
121

79 D11 + E6 1 -2, - 4
3

292 0 1
16

(05, 22, 141, 57, 111) 3
128

80 A1 + 2A1 +A3 +A4 + E7 Z2 111201 -2, - 2
5

164 272 1
10

(06, 52, 01, 45, 52) 1
10

81 2A1 +A3 +A5 + E7 Z2 11031 - 4
3
, - 1

2
172 176 1

6
(06, 32, 26, 32) 1

6

82 2A1 +A3 +A5 + E7 Z2 11031 -2, - 1
2

172 304 1
8
(06, 42, 01, 34, 43) 3

32

83 A1 +A4 +A5 + E7 1 - 7
5
, - 1

3
178 152 1

10
(06, 52, 35, 53) 3

20

84 2A1 +A2 +A6 + E7 1 -2, - 2
7

178 224 1
14

(06, 72, 01, 67) 3
28

85 A1 +A2 +A7 + E7 Z2 1041 - 5
4

190 182 1
6
(05, 33, 02, 23, 33) 1

12

86 2A1 +A8 + E7 1 -2, - 2
9

202 224 1
10

(06, 52, 01, 46, 61) 9
100

87 A1 +A9 + E7 1 - 6
5

218 112 1
6
(06, 32, 27, 41) 5

36

88 A5 +D5 + E7 Z2 321 -2, - 4
3

196 0 1
10

(06, 21, 81, 35, 53) 3
50

89 2A1 +A2 +D6 + E7 Z2 110101 -2, - 2
3

196 352 1
6
(06, 32, 01, 23, 34) 1

12

90 A1 +A3 +D6 + E7 Z2 12111 - 3
2
, 0 200 248 1

2
(06, 12, 03, 15) 1

8

91 D4 +D6 + E7 Z2 11011 -2, -1 210 192 1
4
(06, 11, 31, 03, 25) 1

16

92 A1 +A3 +D6 + E7 Z2 12111 -2, - 3
2
, 0 200 128 1

6
(06, 11, 51, 26, 32) 1

18

93 A1 + 2A1 +D7 + E7 Z2 11121 -2, 0 216 336 1
2
(07, 11, 02, 16) 1

8

94 2A1 +D8 + E7 Z2 10101 -1 242 304 1
2
(010, 16) 1

4

95 A2 +D8 + E7 1 -2, - 2
3

244 256 1
8
(06, 11, 71, 38) 3

64

96 D10 + E7 1 -2, -1 306 0 1
6
(06, 11, 51, 27, 41) 1

36

97 A1 + 2A1 + 2E7 Z2 01111 -2, -1 258 448 1
4
(06, 22, 01, 12, 25) 1

16

98 A1 +A2 + 2E7 1 - 5
3

260 224 1
6
(06, 32, 13, 35) 1

12

99 A3 + 2E7 +A
(R)
1 Z2 211 -2, 0 264 0 1

6
(06, 21, 41, 13, 35) 1

18

100 D4 +D5 + E8 1 -2, - 3
2
, 0 304 160 1

4
(05, 12, 31, 03, 25) 1

32
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# L H k m2 Nb Nf Wilson line R2

101 A4 +D5 + E8 1 -2, - 8
5
, - 2

5
300 0 1

14
(07, 101, 55, 73) 5

98

102 A1 +A2 +D6 + E8 1 -2, - 5
3
, - 2

3
308 128 1

8
(07, 61, 36, 42) 3

64

103 A1 +D8 + E8 1 -2, -1 354 256 2
5
(07, 21, 18) 1

25

104 D9 + E8 +A
(R)
1 1 -2, 0 384 0 1

8
(07, 61, 37, 51) 1

32

105 A3 + E6 + E8 1 -2, - 4
3

324 0 1
10

(07, 61, 33, 55) 3
50

106 2A1 + E7 + E8 1 -2, -1 370 224 1
4
(07, 21, 12, 26) 1

16

107 D1 + 2E8 +A
(R)
1 1 -2, 0 482 0 1

6
(07, 21, 11, 37) 1

18

Table 8: Maximal enhancements in the O(16)×O(16) heterotic string compactified on a
circle and the moduli where they appear. L is the gauge algebra, H the fundamental group
and k its generators. Underm2, we list the non-positive squared masses appearing as states
in Γ0, which are associated to either tachyons or scalars leading to instabilities. Nb = Nv

is the number of massless gauge bosons, while Nf = Ns + Nc is the number of massless
fermions. The color red indicates that there are tachyons in the vector representation of
the associated so2n gauge factor.

B Further technical details

B.1 SO(8) characters

The SO(8) characters are written in terms of theta functions with characteristics, defined
by

ϑ

[
a
b

]
(0, τ) =

∞∑
n=−∞

e2πbi(a+n)+πiτ(a+n)2 . (B.1)

The SO(8) characters are given by

Ō8 =
1

2η̄4

(
ϑ̄4

[
0
0

]
(0, τ) + ϑ̄4

[
0
1
2

]
(0, τ)

)

=
1

2η̄4

( ∞∑
n=−∞

q̄
n2

2

)4

+

( ∞∑
n=−∞

(−1)nq̄
n2

2

)4
 ,

V̄8 =
1

2η̄4

(
ϑ̄4

[
0
0

]
(0, τ)− ϑ̄4

[
0
1
2

]
(0, τ)

)
=

1

2η̄4
ϑ̄4

[
1
2
0

]
(0, τ)

=
1

2η̄4

( ∞∑
n=−∞

q̄
1
2(n+

1
2)

2

)4

,

S̄8 =
1

2η̄4

(
ϑ̄4

[
1
2
0

]
(0, τ) + ϑ̄4

[
1
2
1
2

]
(0, τ)

)
=

1

2η̄4
ϑ̄4

[
1
2
0

]
(0, τ)

=
1

2η̄4

( ∞∑
n=−∞

q̄
1
2(n+

1
2)

2

)4

,

C̄8 =
1

2η̄4

(
ϑ̄4

[
1
2
0

]
(0, τ)− ϑ̄4

[
1
2
1
2

]
(0, τ)

)
=

1

2η̄4
ϑ̄4

[
1
2
0

]
(0, τ)

=
1

2η̄4

( ∞∑
n=−∞

q̄
1
2(n+

1
2)

2

)4

.

(B.2)
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The q-expansion of the theta series for the lattices Γv,s,c,0 defined in (3.11) is given by,

θv = 1 + 224q + 31200q2 + 522880q3 +O(q4) ,

θs = θc = 256q + 30720q2 + 527360q3 +O(q4) ,

θ0 = 4096q
3
2 + 147456q

5
2 +O(q

7
2 ) ,

(B.3)

while the expansion of the functions σ0,1 defined in (5.36) is given by,

σ0(q, q̄) =1 + 2q̄ + 4q̄
1
4 q

1
4 + 4q̄

9
4 q

1
4 + 2q + 4q̄q + 4q̄

1
4 q

9
4 + 4q̄

9
4 q

9
4

+O(q
13
4 ) +O(q̄

13
4 ) ,

σ1(q, q̄) =2q̄ + 2q̄
1
4 q

1
4 + 10q̄

9
4 q

1
4 + 2q + 8q̄q + 10q̄

1
4 q

9
4 + 18q̄

9
4 q

9
4 (B.4)

+O(q
13
4 ) +O(q̄

13
4 ) .

B.2 Light fermions in E6 × SU(12) enhancement

The enhancement to E6 × SU(12) is the best counterexample to the common lore that
the cosmological constant is roughly the number of massless fermions minus the number
of massless bosons. This enhancement has no massless fermions, yet the cosmological
constant is positive. The reason is that there are many – more precisely 2176 – very light
fermions (m2 = 1

2
), half in class (s) and half in class (c) that give a contribution to the

cosmological constant that is in order of magnitude about 1.5 times that of the massless
states. Below we list these spinors, which have all p2R = 1

4
and p2L = 9

4
.

There are 1088 class (s) spinors,

(−w, n, π1, . . . , π8,−π9, π10, . . . , π16) =



±
(
k, 0, 03, 05,−1

2

3−2k
, 1
2

5+2k
)

→ 144

±
(
k, 1, 03, 0, 12k,−1

2
, 1
2

7
)

→ 400

±
(
2, 2, 0, 0,±1, 15, 1

2

7
, 3
2

)
→ 96

±
(
k − 1, 0,±1

2

3

even
,−1

2

4−2k
, 1
2

1+2k
, 08
)

→ 176

±
(
1, 1,±1

2

3

even
, 1
2

5
, 06, 12

)
→ 224

±
(
(1 + 2k)2,±1

2

3

odd
, 1
2

4−4k
, 3
2

1+4k
, k8
)

→ 48
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and 1088 class (c) spinors:

(−w, n, π1, . . . , π8,−π9, π10, . . . , π16) =



±
(
0, 0, 07,−1, 07, 1

)
→ 128

±
(
2k, 2k, 02+k, 11−k, k5, 07−4k, 11+4k

)
→ 160

±
(
k, 1, 03, 04−2k, 11+2k, 07, 1

)
→ 352

±
(
k + 1, 2, (±1

2
)3even,

1
2

4−2k
, 3
2

2k+1
, 1
2

8
)

→ 176

±
(
1, 1, (±1

2
)3even,−1

2
, 1
2

4
, 1
2

8
)

→ 40

±
(
1, 1, (±1

2
)3odd,

1
2

5
,−1

2

2
, 1
2

7
)

→ 224

±
(
1, 1, (±1

2
)3odd,

1
2

5
, 1
2

8
)

→ 8

where the underline means any permutation of the entries. On the right side we count the
total number of states for each Z.

Each state has a contribution to zs or zc of q
1
8 q̄

1
8 = e−

πτ2
2 . After integrating over the

fundamental region, we get a contribution to Λ of 0.177 for each state. The 2176 total
fermionic states at this mass level increase Λ by 385.2, dominating over the massless
states with negative contribution of −243.7. As a result we get a positive cosmological
constant even though there are no massless fermions. Note that there is still a piece of the
cosmological constant coming from heavier states because the contribution of the massless
states plus these fermionic states equals 141.5, while the total cosmological constant at
this enhancement point is 180.4.
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[48] V. Collazuol, M. Graña, and A. Herráez, E9 symmetry in the heterotic string on S1

and the weak gravity conjecture, JHEP 06 (2022) 083, [arXiv:2203.01341].

[49] S. M. Harrison, N. M. Paquette, D. Persson, and R. Volpato, BPS Algebras in 2D
String Theory, Annales Henri Poincare 23 (2022), no. 10 3667–3752,
[arXiv:2107.03507].

[50] C. Kounnas, Massive Boson-Fermion Degeneracy and the Early Structure of the
Universe, Fortsch. Phys. 56 (2008) 1143–1156, [arXiv:0808.1340].

[51] D. Andriot, On the de Sitter swampland criterion, Phys. Lett. B 785 (2018)
570–573, [arXiv:1806.10999].

[52] H. Ooguri, E. Palti, G. Shiu, and C. Vafa, Distance and de Sitter Conjectures on
the Swampland, Phys. Lett. B 788 (2019) 180–184, [arXiv:1810.05506].

[53] P. Breitenlohner and D. Z. Freedman, Positive Energy in anti-De Sitter
Backgrounds and Gauged Extended Supergravity, Phys. Lett. B 115 (1982) 197–201.

[54] S. Nakajima, New non-supersymmetric heterotic string theory with reduced rank and
exponential suppression of the cosmological constant, arXiv:2303.04489.

[55] P. Forgacs, Z. Horvath, L. Palla, and P. Vecsernyes, Higher Level Kac-Moody
Representations and Rank Reduction in String Models, Nucl. Phys. B 308 (1988)
477–508.

[56] E. Witten, Toroidal compactification without vector structure, JHEP 02 (1998) 006,
[hep-th/9712028].

65

http://arxiv.org/abs/2008.10605
http://arxiv.org/abs/2203.01341
http://arxiv.org/abs/2107.03507
http://arxiv.org/abs/0808.1340
http://arxiv.org/abs/1806.10999
http://arxiv.org/abs/1810.05506
http://arxiv.org/abs/2303.04489
http://arxiv.org/abs/hep-th/9712028

	Introduction
	Supersymmetric heterotic strings on Td
	The E8 x E8 theory
	Symmetry enhancement

	Non-supersymmetric heterotic strings
	The O(16) x O(16) theory
	Other ten dimensional theories, tachyons and chirality
	Td compactifications
	Symmetry enhancement
	Matter content and tachyons

	Classical moduli space and symmetry enhancements in d=1
	Extended Dynkin diagram
	Maximal enhancements

	One-loop cosmological constant
	Computing the cosmological constant for Td compactifications
	Cosmological constant in S1 compactifications
	Maximal enhancements: maxima, minima or saddle points?
	Extrema without maximal enhancement

	Building AdS3 vacua
	Summary and discussion of results
	All maximal enhancement groups
	Further technical details
	SO(8) characters
	Light fermions in E6 x SU(12) enhancement


